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TAME DYNAMICS AND ROBUST TRANSITIVITY

CHAIN-RECURRENCE CLASSES

VERSUS HOMOCLINIC CLASSES

C. BONATTI, S. CROVISIER, N. GOURMELON, AND R. POTRIE

Abstract. One main task of smooth dynamical systems consists in finding
a good decomposition into elementary pieces of the dynamics. This paper
contributes to the study of chain-recurrence classes. It is known that C1-
generically, each chain-recurrence class containing a periodic orbit is equal
to the homoclinic class of this orbit. Our result implies that in general this
property is fragile.

We build a C1-open set U of tame diffeomorphisms (their dynamics only
splits into finitely many chain-recurrence classes) such that for any diffeomor-
phism in a C∞-dense subset of U , one of the chain-recurrence classes is not
transitive (and has an isolated point). Moreover, these dynamics are obtained
among partially hyperbolic systems with one-dimensional center.

1. Introduction

1.1. Decomposition of the dynamics. In the setting of hyperbolic diffeomor-
phisms, Smale’s spectral decomposition theorem organizes the global dynamics by
decomposing them into a finite number of homoclinic classes which play the role of
elementary pieces. After the first examples of open sets of non-hyperbolic systems
[AS,N] the research focused on non-hyperbolic dynamics trying to recover a decom-
position in pieces in this new setting. Many such examples have been obtained, and
we can distinguish two main different behaviors, tame and wild, which are defined
as follows:

– The dynamics can be globally “indecomposable”: there are open sets of
transitive systems, i.e. having a half-orbit which is dense in the whole
manifold; see [S,M,BD1]. In the same spirit, other examples present a de-
composition in finitely many disjoint, isolated, robustly transitive compact
invariant sets [Ca,BV,BD1].

– On the opposite side, the dynamics of generic systems in some Cr-open sets
(r ≥ 1) splits into infinitely many pieces; see [N,BD2]. Necessarily in this
case, some pieces of the decomposition are accumulated by other ones.

These two patterns (finite or infinite number of indecomposable pieces) are called
tame and wild systems: in order to formalize these notions we have to explain what
we mean by “pieces”. Several definitions have been proposed:

– A natural way for a piece to be dynamically indecomposable is to be transi-
tive. Among notable transitive sets are the homoclinic classes of hyperbolic
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periodic orbits, that is, the closure of the transversal intersection of their
invariant manifolds. These classes contain dense subsets of hyperbolic pe-
riodic orbits that are homoclinically related: the stable manifold of each of
these orbits intersects transversally the unstable manifold of each other.

– Other natural candidates for pieces are the maximal transitive sets [BD2].
They always exist but may fail to be disjoint, and there may be non-trivial
dynamical behavior outside of those sets. By this we mean that the union
of the maximal transitive sets may not cover the entire limit set.

– By weakening the notion of transitivity, Conley [Co] defined the very general
notion of chain-recurrence classes for a homeomorphism f on a compact
manifold M . The chain-recurrent set R(f) is the set of points x contained
in closed ε-pseudo-orbits1 for every ε > 0. This set splits into invariant
compact subsets called chain-recurrence classes : two points x, y ∈ R(f)
are in the same class if for every ε > 0 they are contained in the same
closed ε-pseudo-orbit. The chain-recurrence classes cover the whole inter-
esting dynamics, as this notion of recurrence is the weakest possible: the
chain-recurrence set contains the limit and non-wandering sets. Moreover,
the different chain-recurrence classes can be separated by filtrations of the
dynamics (see [Co], [BDV, Chapter 10]).

Each of these notions of elementary piece has its advantages and drawbacks and
in general they do not coincide. For C1-generic diffeomorphisms, that is, for any
f in a residual subset of Diff1(M), one gets better properties. For instance, [BC]
showed that any chain-recurrence class containing a hyperbolic periodic orbit O
coincides with the homoclinic class H(O) of O and is the unique maximal transitive
set containing O.

In the case of hyperbolic diffeomorphisms (that is, diffeomorphisms whose chain-
recurrent classes are hyperbolic), the elementary pieces indeed correspond to each
of these notions: there are finitely many chain-recurrence classes which robustly
are the homoclinic classes and are also the maximal transitive sets.

The different notions of elementary pieces of a hyperbolic periodic point do not
coincide anymore for arbitrary diffeomorphisms. As we said before they coincide for
C1-generic diffeomorphisms. One can expect that they coincide on larger classes of
systems, in particular for some close Cr-diffeomorphisms. More precisely one can
ask:

Question 1. Consider a hyperbolic periodic orbit Of of a diffeomorphism f . Its
continuation exists in a C1-neighborhood U0 of f . Under what conditions does there
exist a dense open subset U ⊂ U0 such that for any g ∈ U the chain-recurrence class
containing Og is transitive? coincides with the homoclinic class H(Og)?

Note that, as hyperbolic periodic points have continuation, so does the ho-
moclinic class of a periodic point (those may not vary continuously). On the
other hand, chain-recurrence classes may have no well-defined continuation (see
section 2.2, where these properties are discussed).

1.2. Tame dynamics. Question 1 can be asked for the important particular case
where the continuation of the chain recurrence class is defined. A chain-recurrence
class E of a diffeomorphism f is robustly isolated (for the C1-topology) if there exists

1An ε-pseudo-orbit is a sequence x0, . . . , xn, n ≥ 1, such that n ≥ 1 and dist(f(xk), xk+1) ≤ ε,

for all k.
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a neighborhood O of E and a C1-neighborhood U of f such that, for every g ∈ U ,
the set R(g) ∩ O of chain-recurrent points in O coincides with a chain-recurrence
class Eg of g called its continuation.

Following [BD3] (see also [A] for an earlier definition using C1-generic diffeomor-
phisms), one says that a diffeomorphism f is tame if each of its chain-recurrence
classes is robustly isolated. In this case, the number of chain-recurrence classes is
finite and constant on a C1-neighborhood of f ; in particular, tame diffeomorphisms
form a C1-open set of diffeomorphisms. A diffeomorphism is wild if it cannot be
approached in the C1 topology by tame ones: in other words, the set of wild dif-
feomorphisms is the complement of the closure of the set of tame diffeomorphisms,
and therefore is C1-open too. C1-generic wild diffeomorphisms have infinitely many
chain recurrence classes (see [A,BC]).

Morse-Smale and more generally Axiom A diffeomorphisms are tame, but there
are also non-hyperbolic diffeomorphisms which are tame. Much more is known on
the dynamics of C1-generic tame systems than for wild ones; for instance, all their
chain-recurrence classes are homoclinic classes [BC].

Until now, the unique known examples of tame dynamics have robustly transitive
chain-recurrence classes, i.e. robustly isolated classes whose continuation remains
transitive for any C1-perturbation. For this reason it was natural to ask:

Question 2 ([BC, problem 1.3]). Is there a dense subset D in the space Diffr(M)
of Cr-diffeomorphisms such that every robustly isolated chain-recurrence class of
any f ∈ D is robustly transitive?

The present paper gives a negative answer to this question.

Main theorem (first version). Any compact manifold M , with dim(M) ≥ 3,
admits a smooth C∞-diffeomorphism f with a C1-robustly isolated chain-recurrence
class Ef satisfying for any r ≥ 1 the following property: The diffeomorphisms g
such that the continuation Eg of Ef is not transitive form a Cr-dense subset of a
C1-neighborhood of f in Diffr(M).

Remark 1. Wemention that the diffeomorphism f can be constructed in any isotopy
class of diffeomorphisms of M . This results from the fact that our construction
is semilocal, in a ball and done by surgery at some sink. Every isotopy class
of diffeomorphisms of a manifold M has some Axiom A representative admitting
some periodic sink (see [F]). Therefore our construction builds a C1-open set of
tame diffeomorphisms having a (robustly isolated) chain-recurrence class which is
not robustly transitive, in any isotopy class of diffeomorphims of compact manifolds
of dimension ≥ 3 (see section 3.1 below).

Actually, for a class to be robustly isolated brings several restrictions on the
dynamics. On surfaces, it is well known that such a class is far2 from homoclinic
tangencies [N,PS]. Also it was shown in [BDP] that it presents dominated splittings
and volume hyperbolicity. Indeed the dominated splitting (more precisely, the fact
that the stable/unstable splitting along the hyperbolic periodic orbits is dominated)
is the structure which is an antagonist to the homoclinic tangencies [W,G]. Con-
versely, we expect (see [B, Conjecture 11]) that, C1-generically, any chain-recurrent
class exhibiting enough hyperbolicity is robustly isolated: this should be the case

2We say that f is far from homoclinic tangencies if it cannot be C1-perturbed into a diffeo-
morphism admitting a hyperbolic periodic point with a homoclinic tangency.
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for partially hyperbolic classes with a one-dimensional center bundle (see a precise
definition in section 2.1).

The aim of this paper is to build an example of a robustly isolated chain-recurrent
class as close as possible to being hyperbolic, in particular, C1-far from homoclinic
tangencies and partially hyperbolic with central dimension one, which nevertheless
is not robustly transitive. Before stating more precisely our result, let us informally
explain the main idea of our construction.

1.3. Our main tool: Cuspidal periodic points. Our construction comes from
a very simple geometric property. Let us explain it for a diffeomorphism f on
a 3-manifold. Consider a hyperbolic periodic point p of stable index 2 (it has
two eigenvalues of modulus smaller than 1), and assume its orbit has three real
eigenvalues of distinct moduli. For simplicity we may assume that p is fixed. The
hypothesis on the eigenvalues means that there is a Dfp-invariant splitting TpM =
Ess

p ⊕ Ec
p ⊕ Eu

p such that the bundles Ess
p and Ec

p are contracted by Dfp (though
Ess

p is more contracted than Ec
p) while Eu

p is expanded by Dfp. This gives rise to
an invariant strong stable manifold W ss(p) tangent to Ess

p contained in the stable
manifold W s(p) which is tangent to Ess

p ⊕ Ec
p (see [KH]).

Consider the chain-recurrence class E(p) of p. Assume that the strong stable
manifold of p cuts E(p) only on the orbit of p. This is always a C1-robust prop-
erty: according to the Conley theory, chain-recurrence classes admit a basis of
neighborhoods which are filtrating sets (the intersection of an attracting region
with a repelling region); this implies in particular that the punctured strong stable
manifold W ss(p) \ {p} admits a (compact) fundamental domain out of a filtrating
neighborhood U of E(p). Small perturbations of f keep this fundamental domain
out of U .

Now consider the intersection W s(p) ∩ E(p). As this intersection is a closed
invariant set disjoint from the (punctured) strong stable manifold, it is contained,
at least close to p, in a very thin region bounded by two weak stable curves of p
which are both tangent to Ec

p at the point p. This region where the local stable
manifold of p can intersect E(p) consists of two components which are cuspidal
triangles that meet exactly at p: the component at the right of p and the one at the
left of p. A priori, E(p) can meet both of these cuspidal regions (see the left part
of Figure 1). We say that p is a (stable) cuspidal point if furthermore E(p) meets
only one of these cuspidal regions (the right part of Figure 1).

This geometric behavior of E(p) on W s(p) extends along the unstable manifold of
p: the class E(p) is contained in a cuspidal prism whose edge is the strong unstable
manifold of p; see Figure 3.

Clearly, we can define an analogous notion for periodic points q of stable index
1: q is an unstable cuspidal point if it is a stable cuspidal point for f−1. Thus, the
class E(q) is contained in a cuspidal prism whose edge is the strong stable manifold
of q.

What happens when the unstable manifold of a stable cuspidal point intersects
the stable manifold of an unstable cuspidal point? The two cuspidal prisms are
intersecting, and the position in which they intersect will be a key point for under-
standing how the dynamics bifurcates.

In this paper we present a global setting which ensures that each time the unsta-
ble manifold of p intersects the stable manifold of an unstable cuspidal point q at a
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p

W s(p)

W ss(p)

p

W s(p)
W ss(p)

Figure 1. Cuspidal regions in the stable manifold of p.

point x, then x is the unique intersection point of the cuspidal prisms in a neighbor-
hood of x: the cuspsidal prisms look like two blades hiting each other as in Figure 2
(notice that [BD5] explores consequences of another geometric configuration of the
prisms).

W u(p)

W s(q)

x

Figure 2. The geometry of the cuspidal prisms imposes that their
intersection gives rise to an isolated point.

Let us describe this setting. We assume that:

– f is a diffeomorphism of a 3-manifold having two hyperbolic periodic points
p and q, of stable dimension equal to 2 and 1 respectively, which belong
robustly to the same chain recurrence class Ef = E(p) = E(q): for any
diffeomorphism C1-close to f , the continuations of p and q belong to the
same class. This is obtained, as is often the case, by using large uniformly
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hyperbolic sets called blenders for building robust heterodimensional cycles
(see [BDV, Chapter 6]);

– in some filtrating neighborhood of E(p) f leaves invariant a partially hy-
perbolic splitting Es ⊕ Ec ⊕ Eu into one-dimensional bundles;

– Ec is orientable and f preserves the orientation of Ec. Therefore, for each
hyperbolic periodic point, the center direction has two sides, called right
and left.

– p is a right stable cuspidal point : the cuspidal sector containingW s(p)∩E(p)
is on the right of p;

– q is a left unstable cuspidal point : the cuspidal sector containing Wu(q) ∩
E(q) is on the left of p.

In that setting, each time Wu(p) intersects W s(q) at a point x, the point x is an
isolated point of the chain recurrence class (the fact that the point belongs to the
chain-recurrence class is immediate since it is forward and backward asymptotic to
the class; what one must prove is the isolation by studying the geometry explained
above). As p and q belong robustly to the same class, arbitrarily small perturbations
produce heteroclinic intersections between Wu(p) and W s(q), each time creating
isolated points in the class which prevents the class from being transitive: Indeed,
an infinite transitive set cannot have isolated points.

Let us summarize this phenomenon as a general criterion (see also Proposition 2
where this criterion is precisely restated):

Isolated point criterion. Let Ef be a partially hyperbolic chain-recurrence class.
Assume that its central bundle is one-dimensional and endowed with an invariant
continuous orientation. Let p be a right stable cuspidal point in Ef and q a left
unstable cuspidal point in Ef . Then, any intersection point x ∈ Wu(p) ∩W s(q) is
isolated in Ef .
1.4. Precise statement of our result.

Main theorem. When dim(M) ≥ 3, there exist a C1-open set U ⊂ Diffr(M),
1 ≤ r ≤ ∞, a Cr-dense subset D ⊂ U and an open set U ⊂ M with the following
properties:

(I) Isolation: For every f ∈ U , the set Ef := U ∩ R(f) is a chain-recurrence
class.

(II) Non-robust transitivity: For every f ∈ D, the class Ef is not transitive.
(III) Partial hyperbolicity: For any f ∈ U , the chain-recurrence class Ef is

partially hyperbolic with a one-dimensional central bundle.

More precisely:

(1) For every f ∈ U , there exists a hyperbolic periodic point p ∈ Ef whose
homoclinic class Hf is inside Ef and coincides with the homoclinic class
of any other hyperbolic periodic point of Ef . Moreover, any two hyperbolic
periodic points in Ef with the same stable dimension are homoclinically
related.

(2) For any f ∈ U there exists a hyperbolic periodic point q ∈ Ef satisfying
dimEs

p = dimEs
q+1 and Ef is the disjoint union of Hf with Wu(p)∩W s(q).

Moreover, the points of Wu(p)∩W s(q) are isolated in Ef . In particular, if
Wu(p) ∩W s(q) 	= ∅, the class Ef is not transitive.

(3) The dense set D is given by D := {f ∈ U : Wu(p) ∩W s(q) 	= ∅} and is a
countable union of one-codimensional submanifolds of U .
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(4) The chain-recurrent set of any f ∈ U is the union of Ef with a finite number
of hyperbolic periodic points (which depend continuously on f).

Remark 2. The isolated points Ef \Hf are non-wandering for f . However, they do
not belong to Ω(f |Ω(f)) (since they are isolated in Ω(f) and non-periodic).

Our construction strongly uses the existence of strong stable and strong unstable
manifolds outside of the chain-recurrence class Ef . Therefore this class cannot
be an attractor,3 that is, a transitive set with a neighborhood U satisfying Ef =⋂

n≥0 f
n(U), nor can it be an attractor for f−1. The following question remains

open.

Question 3. Is there a dense Gδ subset G ⊂ Diff1(M) such that every transitive
attractor of any f ∈ G is robustly transitive?4

In section 2 we give a precise definition of cuspidal points and prove the isolated
point criterium (see Proposition 2). Then in section 3, we construct an explicit
example that satisfies the main theorem.

2. A mechanism for the existence of isolated points

in a chain-recurrence class

In this section, we prove the isolated point criterium explained in the introduc-
tion. We first recall a few definitions regarding partially hyperbolic dynamics. We
precisely define the notion of cuspidal points which plays a fundamental role in our
construction. The mechanism is made explicit in section 2.4, and the criterium
(Proposition 2) is finally proved in section 2.5.

2.1. Preliminaries on invariant bundles. Consider f ∈ Diff1(M) preserving a
set Λ, that is, f(Λ) = Λ.

A Df -invariant subbundle E ⊂ TΛM is uniformly contracted (resp. uniformly
expanded) if there exists N > 0 such that for every unit vector v ∈ E, we have

‖DfNv‖ <
1

2
(resp. > 2).

A Df -invariant splitting TΛM = Ess ⊕ Ec ⊕ Euu is partially hyperbolic if Ess is
uniformly contracted, Euu is uniformly expanded, both are non-trivial, and if there
exists N > 0 such that for any x ∈ Λ and any unit vectors vs ∈ Ess

x , vc ∈ Ec
x and

vu ∈ Euu
x we have

2‖DfNvs‖ < ‖DfNvc‖ <
1

2
‖DfNvu‖.

Ess, Ec and Euu are called strong stable, center, and strong unstable bundles.

Remark 3. We will sometimes consider a Df -invariant continuous orientation of
Ec. In a one-dimensional bundle, an orientation corresponds to a continuous unit
vector field tangent. When Λ is the union of two different periodic orbits Op, Oq

and of a heteroclinic orbit {fn(x)} ⊂ Wu(Op)∩W s(Oq), such an orientation exists
if and only if above each orbit Op, Oq, the tangent map Df preserves an orientation
of the central bundle.

3In fact, it cannot be a quasi-attractor either, but we will not define this concept here; see for
example [BC].

4Flavio Abdenur and the second author announced a positive answer in a particular case:
Question 3 has a positive answer if f is transitive and preserves a global partially hyperbolic
structure with a one-dimensional center bundle.
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2.2. Preliminaries on homoclinic classes and chain-recurrence classes. Let
Hf (p) denote the homoclinic class of a hyperbolic periodic point p for a diffeo-
morphism f . As defined in the introduction, by this we mean the closure of the
transverse intersections between the stable and unstable manifolds of points in the
orbit of p.

We recall some of their main properties:

– They are compact and transitive invariant sets, and periodic points of the
same index as p are dense in Hf (p).

– If two hyperbolic periodic points p1, p2 with orbits Op1
and Op2

of the
same stable dimension are homoclinically related (i.e. there are transverse
intersections between W s(Op1

) and Wu(Op2
) and between W s(Op2

) and
Wu(Op1

)), then their homoclinic classes coincide.

An important property of a homoclinic class is that, as for hyperbolic periodic
points, we can define their continuation. This means that if Hf (p) is the homoclinic
class of a periodic point p for a diffeomorphism f , then, in a neighborhood U0 where
the continuation of p is well defined, we can define Hg(pg) to be the homoclinic class
of pg for g ∈ U0. By the continuous variation of stable and unstable manifolds in
compact parts we know that the map g �→ Hg(pg) is semicontinuous in the sense
that for g0 ∈ U0 given an open set U of M such that Hg0(pg0)∩U 	= ∅, there exists
U1 a neighborhood of g0 in U0 such that if g ∈ U1, we have that Hg(pg) ∩ U 	= ∅.

We will also list some properties of chain-recurrence classes that we will use later
and that are easy to prove:

– If p, q ∈ E a chain-recurrence class, then every point in W s(p) ∩ Wu(q)
also belongs to E . In particular, the homoclinic class of a periodic point is
contained in its chain-recurrence class.

– For any non-trivial chain-recurrence class E we have that if it possesses an
isolated point, then the chain-recurrence class is not transitive.

In general, the continuation of a chain-recurrence class is not well defined, but
as was explained in the introduction there is an important exception to this rule:
If a chain-recurrence class is robustly isolated we know that it coincides robustly
with the maximal invariant set of some neighborhood. In this case, it also varies
semicontinuously but in the inverse sense that if Ef is disjoint from an open set U ,
then there is a neighborhood U of f for which if g ∈ U we will have that Eg∩U = ∅.

In both cases, using standard point-set topology arguments we know that for a
residual subset of diffeomorphisms the variation is in fact continuous.

2.3. Cuspidal periodic points. Let p be a hyperbolic periodic point whose orbit
is partially hyperbolic, with a stable one-dimensional central bundle: the stable
bundle at p writes as Es

p = Ess
p ⊕ Ec

p, and dimEc
p = 1. Then there exists a

uniquely defined strong stable manifold W ss(p) tangent to Ess
p that is invariant by

the iterates fτ that fixes p. It is contained in W s(p) and separates it into two closed
manifolds whose boundary is W ss(p). We call them the half stable manifolds.

Let us consider an orientation of Ec
p. The unit vector at p defining the orientation

goes inward on one of the half stable manifolds of p that we call the right half stable
manifold Rs(p). The other one is called the left half stable manifold Ls(p). These
half stable manifolds are invariant by an iterate fτ which fixes p if and only if the
orientation of Ec

p is preserved by Dfτ
p . When the central space is unstable, one

similarly defines the right and left half unstable manifolds Ru(p), Lu(p).
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Definition 1. A hyperbolic periodic point p is right stable cuspidal if:

– its orbit is partially hyperbolic and the central bundle is one-dimensional
and stable;

– the left half stable manifold of p intersects the chain-recurrence class of p
only at p.

One symmetrically defines the left stable cuspidal points and can define left/right
unstable cuspidal points in a similar way.

Let p be a right stable cuspidal point and assume that the chain-recurrence class
E containing p is not reduced to the orbit Op of p; then, there must be intersection
points between E and W s(p) different from p. This implies that there must exist a
Df -invariant orientation on the central bundle of Op and that E intersects W s(p)
in the right half stable manifold of p. A similar remark holds for any other type of
cuspidal point.

The choice of the name cuspidal has to do with the geometry it imposes on
E ∩W s(p) in a neighborhood of p; see Figure 3. This notion appears with the same
definition as in [BD5] but in a different setting. It is stronger than the notion of
stable boundary points defined in [CP].

W s(p)

Ls
loc

p

E

W u(p)

Figure 3. Geometry of a chain-recurrence class E near a stable
cuspidal fixed point.

Lemma 1. If p is a right stable cuspidal point, then the hyperbolic continuation pg
is still right stable cuspidal for every g that is C1-close to f .

Proof. Denote by τ the period of p. Let Ds be an open ball in W s(p) whose
closure is contained in W s(p) and such that fτ (Ds) is contained in Ds. Then
Δs = Ds \ fτ (Ds) contains a fundamental domain of W s(p) \ {p} for fτ . In
particular, Δs,L = Δs∩Ls(p) is a compact set which meets every orbit of Ls(p)\{p}
and which is disjoint from R(f).
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By the upper semicontinuity of the chain-recurrent set (see section 2.2), a small
neighborhood V of Δs,L is disjoint from R(g) for any g close to f and meets every
orbit of the continuation of Ls(p) \ {p}. �
2.4. Description of the mechanism. Let x be a point in a chain-recurrence class
E . We introduce the following assumptions (see Figure 4):

(H1) E contains two periodic points p, q such that dim(Es
p) = dim(Es

q) + 1.
(H2) The point x belongs to Wu(p)∩W s(q). The union Λ of the orbits of x, p, q

has a partially hyperbolic decomposition with a one-dimensional central
bundle.

(H3) There exists a Df -invariant continuous orientation of the central bundle
over Λ for which:
(i) the point p is a right stable cuspidal point;
(ii) the point q is a left unstable cuspidal point.

Note that from Remark 3 and the fact that a central orientation is preserved for
cuspidal points, a Df -invariant continuous orientation of the central bundle over Λ
always exists. The following proposition implies the isolation point criterion stated
in the introduction.

x

p
Ls(p)

q

Ru(q)

Wu(p)

Figure 4. Hypotheses (H1)-(H3). The central orientation is given
at each point by a unit vector tangent to the central bundle.

Proposition 2. Under (H1)-(H3), the point x is isolated in the chain-recurrence
class E . Thus, E is not transitive and in particular not a homoclinic class.

2.5. Proof of Proposition 2. We shall denote du = dimEu
p = dimEu

q − 1 and
ds = dimEs

q = dimEs
p − 1. We have that dimM = ds + du + 1.

This section consists of three parts. We first define a notion of coherence (with
respect to the central orientation) for embeddings of the disk [−1, 1]d

u+1 centered at
a point of W s(q) and that transversely intersect W s(q). Then Lemma 3 will give us
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that the right part of such small disks has an iterate close to a small neighborhood
V u,R of a fundamental domain of the right-hand part of Wu(q).

Finally we will deduce that all points in the right part of a small cube centered
at x admit a positive iterate in V u,R and in particular do not intersect E . The same
result on the left will end the proof of Proposition 2 since it implies that inside the
cube centered at x the only point of E is x.

Let q be the periodic point given by hypotheses (H2)-(H3). Any z ∈ W s(q) has
a stable direction Es

z of dimension ds and a center stable direction Ecs
z of dimension

ds+1, both being uniquely defined. The first one is the tangent space TzW
s(q); the

second one is the (ds + 1)-space made of the vectors v ∈ TzM \ {0} whose positive
iterates stay away from Euu

q .
If E′ ⊂ E are two vector subspaces of TzM such that

Ez ⊕ Es
z = E′

z ⊕ Ecs
z = TzM

(in particular, dimE = du + 1 and dimE′ = du), then F = Ecs
z ∩ E is a one-

dimensional space whose forward iterates converge to the central bundle over the
orbit of q (see Figure 5). As a consequence, there exists an orientation of F which
converges by forward iterations to the orientation of the central bundle.

Recall that the orientation is seen as a unit vector in F . There is a connected
component of E \ E′ that contains it. The closure of this component is called the
right half-plane of E \E′. The closure of the other component is the left half-plane
of E \ E′.

Consider a C1-embedding ϕ : [−1, 1]d
u+1 → M such that z := ϕ(0) belongs to

W s(q).

Definition 2. The embedding ϕ is coherent with the central orientation at q if

– E := D0ϕ(R
du+1) and E′ := D0ϕ({0} × R

du

) are transverse to Es
z , E

cs
z

respectively;
– the half-plaque ϕ([0, 1] × [−1, 1]d

u

) is tangent to the right half-plane of
E \ E′.

Let τ ≥ 1 be the period of q and χ : [−1, 1]d → M be coordinates such that

– χ(0) = q;
– the image Du := χ((−1, 1)×{0}d−du−1× (−1, 1)d

u

) is contained in Wu(q);
– the image Duu := χ({0}d−du × (−1, 1)d

u

) is contained in Wuu(q);
– the image Du,R := χ([0, 1)× {0}d−du−1 × (−1, 1)d

u

) is contained in Ru(q);
– f−τ (Du) is contained in Du.

We define Du,± as the components of Du \Duu with + or − corresponding to
the chosen orientation.

Let Δu = Du,+ \ f−τ (Du). Then the right-hand part

Δu,R = Δu ∩Ru(q)

of Δu is a compact set that meets each orbit of Ru(q) \ {q} (see Figure 5).

Lemma 3. Let A = [−ε, ε]d1 and {ϕa}a∈A be a continuous family of C1-embeddings
that are coherent with the central orientation at q. Consider any a0 ∈ A and any
neighborhood V u,R of Δu,R

a .
Then, there exist δ > 0 and some neighborhood A of a0 in A such that, for any

a ∈ A, any point z ∈ ϕa([0, δ]× [−δ, δ]d
u

) different from ϕa(0) has a forward iterate
in V u.
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zEcs
z

E
E′

Es
z

Right half
of E\E′

Δu,R
q

Ru(q)

Figure 5. The positive iterates of the right half-plane of E \E′

converge to the half-space tangent to Ru(q) at q.

Proof. The graph transform argument (see for instance [KH, section 6.2]) gives the
following generalization of the λ-lemma. See Figure 6.

Ru(q)

Da,n

fnτ

Δu
a,n

Du,+

Figure 6. The λ-lemma type argument.

Claim. There exists N ≥ 0 and, for all a in a neighborhood A of a0, there exist
some decreasing sequences of disks (Da,n) of [−1, 1]d

u+1 and (D′
a,n) of {0}×[−1, 1]d

u

which contain 0 and such that for any n ≥ N one has, in the coordinates of χ:

– fnτ ◦ ϕa(Da,n) is the graph of a function Fn : D
u → R

d−du−1 that is C1-
close to 0;

– fnτ ◦ϕa(D
′
a,n) is the graph of a function F ′

n : D
uu → R

d−du

that is C1-close
to 0.
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In particular, for large n, for any a ∈ A, the image by fnτ of

Δu
a,n = ϕa(Da,n \Da,n+1)

is contained in a small neighborhood of Δu.
For small δ > 0, for any a ∈ A, any point y ∈ ϕa([−δ, δ] × [−δ, δ]d

u

) different
from ϕa(0) belongs to some Δu

a,n, with n ≥ N . Consequently:

(i) Any y ∈ ϕa([−δ, δ] × [−δ, δ]d
u

) \ {ϕa(0)} has a forward iterate fn(y) in a
small neighborhood of Δu (and y belongs to ϕa(Da,n)).

Let us consider a ∈ A. The image by fnτ of each component of Da,n \ D′
a,n

is contained in a small neighborhood of one component of Du \ Duu. The angle
between fnτ (D′

a,n) and the central direction at q is uniformly bounded from below.
Since ϕ is coherent with the central orientation at q, one deduces that

(ii) fnτ ◦ ϕa

(
([0, 1]× [−1, 1]d

u

) ∩Da,n

)
is contained in a small neighborhood

of Du,R.

Putting properties (i)-(ii) together, one gets the announced property. �

Proof of Proposition 2. We have that ds + 1 (resp. du + 1) is the stable dimension
of p (resp. the unstable dimension of q) so that the dimension of M satisfies
d = ds+du+1. Consider a C1-embedding ϕ : [−1, 1]d → M with ϕ((0, 0d

u

, 0d
s

)) = x
such that:

– ϕ({0} × [−1, 1]d
s × {0}du

) is contained in W s(q);
– ϕ({0} × {0}ds × [−1, 1]d

u

) is contained in Wu(p);
– D0ϕ.(1, 0

ds

, 0d
u

) is tangent to Ec
x and has positive orientation.

Note that, by construction, all the restrictions of ϕ to [−1, 1]× {as} × [−1, 1]d
u

for as ∈ R
ds

close to 0 are embeddings coherent with the central orientation at q
(cf. Definition 2).

Let Δu,R ⊂ Ru(q)\{q} be as above. Since E is closed and q is left unstable
cuspidal, there is a neighborhood V u,R of Δu,R in M that is disjoint from E . Then
Lemma 3 can be applied: the points in ϕ([0, δ] × {as} × [−δ, δ]d

u

) distinct from
ϕ(0, as, 0d

u

) have an iterate in V u,R, and hence do not belong to E . This shows
that

E ∩ ϕ
(
[0, δ]× [−δ, δ]d−1

)
⊂ ϕ

(
{0} × [−δ, δ]d

s × {0}du
)
.

Hypotheses (H1), (H2) and (H3) are symmetrical upon the exchange of p and q,
replacement of f by f−1, and reversal of central orientation. Thus, one argues the
same way to get:

E ∩ ϕ
(
[−δ, 0]× [−δ, δ]d−1

)
⊂ ϕ

(
{0} × {0}ds × [−δ, δ]d

u
)
.

Both inclusions give that

E ∩ ϕ
(
[−δ, δ]d

)
= {ϕ(0)},

which says that x = ϕ(0) is isolated in E . �

3. Construction of examples

In this part we build a collection of diffeomorphisms satisfying the properties (I)
and (II) stated in the theorem. The construction will be made only in dimension 3
for simplicity. The generalization to higher dimensions is straightforward.
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3.1. Construction of a diffeomorphism. Let us consider an orientation-pre-
serving C∞ diffeomorphism h of the plane R2 and a closed subset D = D−∪C∪D+

such that (see Figure 7):

– D is an attracting region: h(D) ⊂ Int(D), and every orbit of R2 meets D;

– h(D− ∪D+) ⊂ Int(D−);
– the forward orbit of any point in D− converges towards a sink S ∈ D−;
– C is the square [0, 5]2 whose maximal invariant set by h is a hyperbolic
horseshoe;

– D− and D+ are topological disks.

On C∩h−1(C) the map h is piecewise linear, it preserves and contracts by 1/5 in
the horizontal direction and it preserves and expands by 5 in the vertical direction
(see Figure 7):

– The set C ∩ h(C) is the union of 4 disjoint vertical bands I1, I2, I3, I4 of
width 1. We will assume that I1 ∪ I2 ⊂ (0, 2 + 1

3 ) × [0, 5] and I3 ∪ I4 ⊂
(2 + 2

3 , 5)× [0, 5].

– The preimage h−1(C) ∩ C is the union of 4 horizontal bands h−1(Ii). We
will assume that h−1(I1 ∪ I2) ⊂ [0, 5] × (0, 2 + 1

3 ) and h−1(I3 ∪ I4) ⊂
[0, 5]× (2 + 2

3 , 5).

h

I4 I3 I2 I1

S

C

D−

h−1(I4)

h−1(I3)

h−1(I2)

h−1(I1)

D+

Figure 7. The map h.
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We now define a C∞ diffeomorphism F of R3 whose restriction to a neighborhood
of D × [−1, 6] is a skew product of the form

F : (x, t) �→ (h(x), gx(t)),

where the diffeomorphisms gx are orientation-preserving and satisfy (see Figure 8):

(P1) gx does not depend on x in the sets h−1(Ii) for every i = 1, 2, 3, 4.
(P2) For every (x, t) ∈ D × [−1, 6] one has 4/5 < g′x(t) < 6/5.
(P3) gx has exactly two fixed points inside [−1, 6], which are {0, 4}, {3, 4}, {1, 2}

and {1, 5}, when x belongs to h−1(Ii) for i respectively equal to 1, 2, 3 and
4. All fixed points are hyperbolic; moreover,
(i) g′x(t) < 1 for t ∈ [−1, 3 + 1/2] and x ∈ h−1(I1) ∪ h−1(I2).
(ii) g′x(t) > 1 for t ∈ [1 + 1/2, 6] and x ∈ h−1(I3) ∪ h−1(I4).

(P4) For every (x, t) ∈ (D− ∪D+)× [−1, 6] one has gx(t) > t.

q

51

1 2

3 4

40

p
h−1(I1)

h−1(I2)

h−1(I3)

h−1(I4)

Figure 8. The map gx above each rectangle h−1(Ii).

We assume furthermore that the following properties are satisfied:

(P5) F (D × [6, 8]) ⊂ Int(D × [6, 8]);
(P6) there exists a sink which attracts the orbit of any point of D × [6, 8];
(P7) F coincides with a linear homothety outside a compact domain;
(P8) D × [−1, 8] is an attracting region (its closure is mapped into its interior),

and any forward orbit of R3 meets D × [−1, 8].

One can build a diffeomorphism which coincides with the identity on a neigh-
borhood of the boundary of D0 × (−2, 9) and coincides with F in D × (−1, 8) (D0

denotes a small neighborhood of D in R
2).

On any three-dimensional manifold, one can consider an orientation-preserving
Morse-Smale diffeomorphism and by surgery replace the dynamics on a neighbor-
hood of a sink by the dynamics of F on D0 × (−2, 9). We denote by f0 the
diffeomorphism obtained by this surgery.

More generally, any diffeomorphism of a three-dimensional manifold can be de-
formed by isotopy to be axiom A with a sink (see [F]). This implies that, on any
three-dimensional manifold, every isotopy class of diffeomorphisms contains an el-
ement whose restriction to an invariant set is C∞-conjugated to F .
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3.2. First robust properties. We list some properties satisfied by f0 which are
also satisfied by any diffeomorphism f in a small C1-neighborhood U0 of f0.

Fixed points: By (P3), in each rectangle Int(Ii) × (−1, 6) there exist two
hyperbolic fixed points pi, qi. Their stable dimensions are respectively equal
to 2 and 1. Since p1 and q4 will play special roles, we shall denote them as
p = p1 and q = q4.

Isolation: The two open sets V0 = Int(D)×(−1, 8) and V1 = V0\(C×[−1, 6])
are isolating blocks, i.e. satisfy f(V0) ⊂ V0 and f(V1) ⊂ V1.

For V0, the property follows immediately from the construction. Using
that h(D− ∪D+) ⊂ Int(D−) and property (P3), one gets that the closure
of the second set V1 can be decomposed as the union of:

– D+ × [−1, 6], which is mapped into (D− × [−1, 6]) ∪ (D × [6, 8]),
– D− × [−1, 6], which is also mapped into (D− × [−1, 6]) ∪ (D × [6, 8])
and moreover has a forward iterate in D × [6, 8] by (P4),

– D × [6, 8], which is mapped into itself and whose limit set is a sink.
Hence, any chain-recurrence class which meets the rectangle C × [−1, 6]

is inside the rectangle. The maximal invariant set of f in C× [−1, 6] will be
denoted by Ef . Notice that in principle Ef may not be a chain-recurrence
class. We will prove below that this is indeed the case.

The set V1 is contained in the basin of attraction of the sink inside
D × [6, 9] (see (P6)); therefore any chain-recurrence class which meets V1

is reduced to that sink.
Partial hyperbolicity (property (III) of the theorem) and (H2): On

C × [−1, 6] ⊂ R
3, there exists some narrow cone fields Γs,Γcs around the

coordinate direction (1, 0, 0) and the plane (x1, 0, t) which are invariant by
Df−1. The vectors tangent to Γs are uniformly expanded by Df−1. Sim-
ilarly there exist some forward invariant cone fields Γu,Γcu close to the
direction (0, 1, 0) and the plane (0, x2, t).

In particular, Ef is partially hyperbolic. Moreover, the tangent map
Df preserves the orientation of the central direction such that any positive
unitary central vector is close to the vector (0, 0, 1).

If there exists an intersection point x ∈ Wu(p) ∩ W s(q) for f , then by
the isolating property it must be contained in Ef .5

Therefore it will be enough to have Wu(p) ∩W s(q) 	= ∅ to satisfy (H2).
Central expansion: Property (P2) holds for f when one replaces the deriv-

ative g′x(t) by the tangent map ‖Df |Ec(x, t)‖ along the central bundle.
Property (H3): There is a central orientation as was noticed before, and for

this orientation the point p is stable cuspidal and the point q is unstable
cuspidal: the left half stable manifold of p and the right half unstable
manifold of q are disjoint from Ef . Since the chain-recurrence classes of p
and q are contained in Ef , this implies property (H3).

Let us explain how to prove this property: it is enough to discuss the
case of the left half stable manifold of p and (arguing as in Lemma 1) to

5This does not need Ef to be a chain-recurrence class. Indeed, since Ef is the maximal

invariant set in V0 \ V1 we have that Wu(p) ⊂
⋂

n≥0 f
n(V0) and W s(q) ⊂

⋂
n≤0 f

n((V 1)c), so

the intersection points must be in Ef .
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assume that f = f0. From (P2) and (P3), we have:
– every point in C × [−1, 0) has a backward iterate outside C × [−1, 6];
– the same holds for every point in (C \ I1)× {0};
– any point in I1×{0} has some backward image in (C \I1)×{0}, unless
it belongs to Wu(p).

Combining these properties, one deduces that the connected component of
W s(p) ∩ (C × [−1, 0]) containing p intersects Ef only at p. Note that this
is a left half stable manifold of p, giving the required property.6

Hyperbolic regions: By (P3) item (i), the maximal invariant set Kp in
Qp := [0, 5]× [0, 2+ 1

3 ]× [−1, 3+ 1
2 ] is hyperbolic of stable dimension 2. The

stable manifold of the points in Kp are nearly parallel to the plane (x1, 0, t),
and the unstable ones are nearly parallel to the line (0, x2, 0). Since they
are large, they give a local product structure in Kp, so Kp is compact and
transitive (see [KH]). We can argue symmetrically on the maximal invariant
set Kq in Qq := [0, 5]× [2 + 2

3 , 5]× [1 + 1
2 , 6], this time using (P3) item (ii).

Summarizing:
• Kp is a hyperbolic compact and transitive set of stable dimension 2
which contains p, p2.

• Kq is a hyperbolic compact and transitive set of stable dimension 1
which contains q, q3.

Tameness (property (4) of the theorem): Since f0 has been obtained by
surgery of a Morse-Smale diffeomorphism and f is a small perturbation of
f0, the chain-recurrent set of f in M \ Ef is a finite union of hyperbolic
periodic orbits.

Any x ∈ Ef has a strong stable manifold W ss(x). Its local strong stable manifold
W ss

loc(x) is the connected component containing x of the intersection W ss(x)∩C ×
[−1, 6]. It is a curve bounded by {0, 5} × [0, 5]× [−1, 6]. Symmetrically, we define
Wuu(x) and Wuu

loc (x).

3.3. Central behaviors of the dynamics. We analyze the local strong stable
and strong unstable manifolds of points of Ef depending on their central position.
For the next lemma see Figure 9.

Lemma 4. There exists an open set U1 ⊂ U0 such that for every f ∈ U1 and
x ∈ Ef :
(R1) If x ∈ R1 := C × [−1, 3 + 1

2 ], then Wuu
loc (x) ∩W s(p) 	= ∅.

(R2) If x ∈ R2 := C × [1 + 1
2 , 6], then W ss

loc(x) ∩Wu(q) 	= ∅.
(R3) If x ∈ R3 := C × [ 12 , 2 +

1
2 ], then W ss

loc(x) ∩Wuu
loc (y) 	= ∅ for some y ∈ Kp.

(R4) If x ∈ R4 := C× [2+ 1
2 , 4+

1
2 ], then Wuu

loc (x)∩W ss
loc(y) 	= ∅ for some y ∈ Kq.

Moreover, p2 belongs to R2 and q3 belongs to R1.

Proof. Properties (R1) and (R2) follow directly from the continuous variation of
the stable and unstable manifolds; this may require reducing the neighborhood U0.
Similarly p2 ∈ R2 and q3 ∈ R1 by continuity.

We prove (R3) with standard blender arguments (see [BD1] and [BDV, chapter
6] for more details). The set Kp is a called blender-horseshoe in [BD4, section 3.2].
We need some preliminary definitions.

6This argument does not work for the other periodic points of stable index two in Ef : we rely

strongly on the fact that the center coordinate of p is the smaller among periodic points.
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Figure 9. The maps gx and the rectangles R1, . . . , R4

A cs-strip S is the image by a diffeomorphism φ : [−1, 1]2 → Qp = [0, 5]× [0, 2+
1
3 ]× [−1, 3 + 1

2 ] such that:

– The surface S is tangent to the center-stable cone field and meets C×[ 12 , 2+
1
2 ].

– The curves φ(t, [−1, 1]), t ∈ [−1, 1], are tangent to the strong stable cone
field and cross Qp, i.e. φ(t, {−1, 1}) ⊂ {0, 5} × [0, 2 + 1

3 ]× [−1, 3 + 1
2 ].

– S does not intersect Wu
loc(p) ∪Wu

loc(p2).

The width of S is the minimal length of the curves contained in S, tangent to the
center cone, and that joins φ(−1, [−1, 1]) and φ(1, [−1, 1]).

Condition (P2) (and (P3)(i)) is important to get the following (see [BDV, lemma
6.6] for more details):

Claim. There exists λ > 1 such that if S is a cs-strip of width ε, then, either f−1(S)
intersects Wu

loc(p) ∪Wu
loc(p2) or it contains at least one cs-strip with width λε.

Proof. Using (P2), the set f−1(S) ∩ C × [−1, 6] is the union of two strips crossing
C × [−1, 6]: the first has its two first coordinates near h−1(I1), the second near
h−1(I2). Their width is larger than λε, where λ > 1 is a lower bound of the
expansion of Df−1 in the central direction inside Q. We assume by contradiction
that none of them intersect Wu

loc(p) ∪Wu
loc(p2) or C × [ 12 , 2 +

1
2 ].

Since S intersects C × [ 12 , 2 + 1
2 ], from conditions (P2) and (P3) the first strip

intersects C× [ 12 , 4]. By our assumption it is thus contained in C× (2+ 1
2 , 4]. Using

(P2) and (P3) again, this shows that S is contained in C×(2, 4]. The same argument
with the second strip shows that S is contained in C × [−1, 2), a contradiction. �

As the size of the strips that do not meet Wu
loc(p) ∪ Wu

loc(p2) is bounded, we
can repeat the procedure and get an intersection point between Wu

loc(p)∪Wu
loc(p2)

and a backward iterate of the cs−strip. In turn it gives a transverse intersection
point z between the initial cs−strip and Wu(p)∪Wu(p2). By construction, all the
past iterates of z belong to Qp. Hence z has a well-defined local strong unstable
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manifold. In particular, the intersection y between Wuu
loc (z) and W s

loc(p) (which
exists by (R1)) remains in Qp both for future and past iterates, thus, it belongs to
Kp.

For any point x ∈ Ef ∩R3, we can find an arbitrarily thin cs-strip containing its
local strong stable manifold. We have proved that this cs− strip intersects Wuu

loc (y)
for some y ∈ Kp. One can consider a sequence Sn of thinner strips converging
to W ss

loc(x) and a sequence yn ∈ Kp such that Sn intersects Wuu
loc (yn). Since Kp

is closed and the local strong unstable manifolds vary continuously, we get at the
limit an intersection between W ss

loc(x) and Wuu
loc (y

′) for some y′ ∈ Kp as desired.
This gives (R3). Property (R4) can be obtained similarly. �

We have controlled the local strong unstable manifold of points in R1 ∪R4 and
the local strong stable manifold of points in R2 ∪ R3. Since neither R1 ∪ R4 nor
R2 ∪ R3 cover C × [−1, 6] completely, we shall also need the following result (see
also Figure 9):

Lemma 5. For every diffeomorphism in a small C1-neighborhood U2 ⊂ U0 of f0,
if a point has its backward orbit contained in C× [−1, 1

2 ], then it belongs to Wu(p);

symmetrically, if a point has its forward orbit contained in C × [4+ 1
2 , 6], then it is

in W s(q).

Proof. We argue as for property (H3) in section 3.2: the set of points whose past
iterates stay in C×[−1, 1

2 ] is the local strong unstable manifold of p (which coincides
with its unstable manifold since p has stable index 2). �

3.4. Properties (I) and (II) of the theorem. We now check that (I) and (II)
hold for the region U = Int(C × [−1, 6]) and the neighborhood U := U1 ∩ U2.

Proposition 6. For any f ∈ U and x ∈ Ef , there are arbitrarily large nq, np ≥ 0,
such that Wuu

loc (f
nq (x))∩W ss(yq) 	= ∅ and W ss

loc(f
−np(x))∩Wuu(yp) 	= ∅ for some

yq ∈ Kq, yp ∈ Kp.

Proof. If {fn(x), n ≥ n0} ⊂ C × [4 + 1
2 , 6] for some n0 ≥ 0, then x ∈ W s(q) by

Lemma 5 and this concludes.
In the remaining case, there are arbitrarily large forward iterates in R1 ∪ R4.

Then one of the following applies:

– There are arbitrarily large iterates in R1 so that Wuu
loc (f

n(x)) meets W s(p)
by Lemma 4. Since the unstable manifold of p intersects the stable one of
p2, by the λ-lemma there exists k ≥ 0 such that fk(Wuu

loc (f
n(x))) contains

Wuu
loc (x

′) for some x′ ∈ W s(p2) ∩R4 because p2 ∈ R4.
– There are arbitrarily large iterates of x intersecting R4.

In any case, by Lemma 4, fk(Wuu
loc (f

n(x))) intersects W ss
loc(y

′
q) for some y′q ∈ Kq

showing that Wuu
loc (f

n(x)) ∩W ss(yq) 	= ∅ with yq = f−k(y′q) in Kq.
We have obtained the first property in all the cases. The second property is

similar. �

The following corollary (together with the isolation property of section 3.2) im-
plies that for every f ∈ U , properties (I) and (H1) are verified.

Corollary 7. For every f ∈ U the set Ef is a chain-recurrence class.
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Proof. Given ε > 0, there exists n0 such that for every point z in Ef and n > n0,
the set fn(Wuu

loc (z) ∩Bε(z)) contains W
uu
loc (f

n(z)).
So, using Proposition 6 we find nq > n0 which allows us to create an ε-pseudo-

orbit from x toKq: We start from x = x0 and we consider x1 as the point f
−nq+1(y)

where y is the intersection point between Wuu
loc (f

nq (x)) and W ss
loc(yq) with yq ∈ Kq

given by Proposition 6; then, since Kq is invariant, we know that fn(x1) converges
to Kq with n → +∞. Since Kq is transitive we can in fact construct an ε-pseudo-
orbit from x to q3. Symmetrically, there exists an ε-pseudo-orbit from p to x.

By Lemma 4, the unstable manifold of q3 intersects the stable manifold of p;
hence there exists an ε-pseudo-orbit from q3 to p.

We can now take the concatenation of these pseudo-orbits in the appropriate
order to conclude. �

Now, we show that (H2) holds for a Cr dense set D of U . Since (H1) and (H3)
are satisfied, Proposition 2 implies that property (II) of the theorem holds with the
set D ⊂ U . In fact, as we noticed in section 3.2 it is enough to get the following.

Corollary 8. For every r ≥ 1, the set

D = {f ∈ U , Wu(p) ∩W s(q) 	= ∅}

is dense in U∩Diffr(M). It is a countable union of one-codimensional submanifolds.

In the C1-topology, this result is a direct consequence of the C1-connecting
lemma (see [BDV, Appendix A]) together with Proposition 6; however, here we
present another argument (without using the connecting lemma) which holds in
any Cr-topology. This is possible thanks to the additional structure of our specific
example.

Proof. Fix any f ∈ U . By Proposition 6, there exists x ∈ Kq such that Wu(p)
intersects W ss(x) at a point y (notice that y 	∈ Kq ∪ {p}). Since Kq and p are
disjoint and y ∈ W s(p) there exists U , a neighborhood of y such that:

– U is disjoint from the iterates of y, i.e. {fn(y) : n ∈ Z} ∩ U = {y};
– U is disjoint from Kq ∪ {p}.

Given a Cr neighborhood V of the identity, there exists a neighborhood V ⊂ U
of y such that, for every z ∈ V , the set V contains a diffeomorphism ϕz which
coincides with the identity in the complement of U and maps y at z.

Since Kq is locally maximal, there exists x̄ ∈ Kq ∩W s(q) near x. In particular,
W ss

loc(x) intersects V in a point z whose backward orbit is disjoint from U .
For the diffeomorphism Φ = ϕz ◦f (which is Cr-close to f) the manifolds W s(q)

and Wu(p) intersect. Indeed, both f and Φ satisfy f−1(y) ∈ Wu(p) and z ∈
W ss

loc(x). Since W ss
loc(x) ⊂ W ss(q) and Φ(f−1(y)) = z we get the density of D in

U ∩Diffr(M).
For each integer n ≥ 1, the manifolds fn(Wuu

loc(p)) and W ss
loc(q) have disjoint

boundary and intersect in at most finitely many points. One deduces that the
set Dn of diffeomorphisms such that they intersect is a finite union of the one-
codimensional submanifold of U . The set D is the countable union of the Dn. �

3.5. Other properties. Here we show properties (1), (2) and (3) of the theorem.
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Proposition 9. For every f ∈ U and x ∈ Ef we have:

– If x 	∈ W s(q), there exists a large n ≥ 0 such that Wuu
loc (f

n(x))∩W s(p) 	= ∅.
– If x 	∈ Wu(p), there exists a large n ≥ 0 such that W ss

loc(f
−n(x))∩Wu(q) 	=∅.

Moreover, in the first case x belongs to the homoclinic class of p and in the second
it belongs to the homoclinic class of q.

Proof. By Lemma 5, any point x ∈ Ef \W s(q) has arbitrarily large iterates fn(x) in
R1∪R4. Using Proposition 6 we get that proving that eitherWuu

loc (f
n(x))∩W s(p) 	=

∅ or x has an arbitrarily large iterate inside R4. In the latter case, since p is
homoclinically related to p2 we also deduce that Wuu

loc (f
n(x)) ∩W s(p) 	= ∅.

In particular, W s(p) intersects transversally Wuu
loc (x) at points arbitrarily close

to x. On the other hand, by Proposition 6 there exists a sequence zn converging
to x and points yn ∈ Kp such that zn ∈ Wu(yn) for each n, proving that Wuu

loc (zn)
intersects Wu(p) transversally at a point close to x when n is large. By the λ-
lemma, Wuu

loc (yn) is the C1-limit of a sequence of discs contained in Wu(p). This
proves that Wu(p) and W s(p) have a transverse intersection point close to x; hence
x belongs to the homoclinic class of p.

The other properties are obtained analogously. �

The next corollary gives property (1) of the theorem.

Corollary 10. For every f ∈ U , the homoclinic class of any hyperbolic periodic
point of Ef coincides with Hf . Moreover, the hyperbolic periodic points in Ef of the
same stable dimension are homoclinically related.

Proof. Let z ∈ Ef be a hyperbolic periodic point whose stable dimension is 2. By
Proposition 6, we know that W ss(z) intersects Wuu

loc (y) for some y ∈ Kp. This im-
plies that W s(z) intersects Wuu

loc (y), and since Wuu
loc (y) is accumulated by Wu(p) we

get that W s(z) intersects Wu(p). Now, by Proposition 9, Wu(z) intersects W s(p).
Moreover, the partial hyperbolicity implies that the intersections are transversal,
proving that z and p are homoclinically related. By the properties of homoclinic
classes mentioned in section 2.2, this implies that the homoclinic classes of p and z
coincide.

One shows in the same way that any hyperbolic periodic point whose stable
dimension is 1 is homoclinically related to q.

It remains to prove that the homoclinic classes of p and q coincide. The homo-
clinic class of q coincides with the homoclinic class of q3, so, by definition, it contains
a dense set of points of transverse intersection between Wu(q3) and W s(q3). In par-
ticular, such points do not belong to Wu(q) but hence belong to the homoclinic
class of p by Proposition 9. This gives one inclusion. The other one is similar. �

Properties (2) and (3) of the theorem follow from Corollary 8 and the following.

Corollary 11. For every f ∈ U we have Ef\Hf = W s(q) ∩Wu(p).

Proof. By Corollary 10, a point x ∈ Ef\Hf does not belong to the homoclinic class
of q (nor to the homoclinic class of p by definition of Hf ). Proposition 9 gives
Ef\Hf ⊂ W s(q) ∩Wu(p).

Proposition 2 implies that the points of W s(q)∩Wu(p) are isolated in Ef . Since
any point in a non-trivial homoclinic class is the limit of a sequence of distinct
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periodic points of the class (see section 2.2), we conclude that W s(q) ∩Wu(p) and
Hf are disjoint. Since the set W s(q) ∩Wu(p) is contained in Ef , we conclude the
proof of the corollary. �

The proof of the theorem is now complete.
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[M] Ricardo Mañé, Contributions to the stability conjecture, Topology 17 (1978), no. 4, 383–
396, DOI 10.1016/0040-9383(78)90005-8. MR516217 (84b:58061)

[PS] Enrique R. Pujals and Mart́ın Sambarino, Homoclinic tangencies and hyperbolicity for sur-
face diffeomorphisms, Ann. of Math. (2) 151 (2000), no. 3, 961–1023, DOI 10.2307/121127.
MR1779562 (2001m:37057)

[S] M. Shub, Topological transitive diffeomorphism on T 4, Lect. Notes in Math. 206 (1971),
39–40.

[N] Sheldon E. Newhouse, The abundance of wild hyperbolic sets and nonsmooth stable sets

for diffeomorphisms, Inst. Hautes Études Sci. Publ. Math. 50 (1979), 101–151. MR556584
(82e:58067)

[W] Lan Wen, Homoclinic tangencies and dominated splittings, Nonlinearity 15 (2002), no. 5,
1445–1469, DOI 10.1088/0951-7715/15/5/306. MR1925423 (2003f:37055)
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