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SUBGROUPS GENERATED BY TWO PSEUDO-ANOSOV

ELEMENTS IN A MAPPING CLASS GROUP.

II. UNIFORM BOUND ON EXPONENTS

KOJI FUJIWARA

In memory of Professor Shoshichi Kobayashi

Abstract. Let S be a compact orientable surface, and Mod(S) its mapping
class group. Then there exists a constant M(S), which depends on S, with the
following property. Suppose a, b ∈ Mod(S) are independent (i.e., [an, bm] �= 1
for any n,m �= 0) pseudo-Anosov elements. Then for any n,m ≥ M , the
subgroup 〈an, bm〉 is a free group freely generated by an and bm, and convex-
cocompact in the sense of Farb-Mosher. In particular all non-trivial elements
in 〈an, bm〉 are pseudo-Anosov. We also show that there exists a constant N ,
which depends on a, b, such that 〈an, bm〉 is a free group freely generated by
an and bm, and convex-cocompact if |n|+ |m| ≥ N and nm �= 0.

1. Introduction

Many groups G are known to satisfy the Tits alternative; namely, each subgroup
in G contains a free group of rank two unless it is virtually solvable. A typical
argument is to find “independent” elements a and b in the subgroup, then show
an and bm freely generate a free group of rank two for sufficiently large n,m. This
argument applies to, for example, word-hyperbolic groups and also mapping class
groups. The main goal of this paper is to obtain an upper bound on n,m which
does not depend on a, b, but only on the group G. We discuss groups G acting on
δ-hyperbolic spaces by isometries.

This paper is an improvement on [7], but one can read this paper independently.
We explain the improvement after we state the main results in this section.

1.1. Hyperbolic isometry and quasi-isometric embedding. A geodesic space
is called δ-hyperbolic for δ ≥ 0 if for any geodesics α, β, γ which form a triangle, α
is contained in the δ-neighborhood of β∪γ ([8]). Let Γ be a δ-hyperbolic space and
a an isometry of Γ. If there exist a point x ∈ Γ and a constant C > 0 such that
d(x, an(x)) ≥ Cn for any n > 0, then a is called hyperbolic.

Suppose that a finitely generated group G is acting on Γ by isometries. Fix a
finite generating set and let |a| be the word length of a ∈ G. Let x ∈ Γ be a point
and consider the map from G to Γ defined by sending a ∈ G to a(x) ∈ Γ. We call
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this map the embedding by an orbit of the action by G. If there exist constants
L,C > 0 such that for all a ∈ G

|a|/L− C ≤ d(x, a(x)) ≤ L|a|+ C,

then we say the map is a quasi-isometric embedding.
Notice that since G is finitely generated, the embedding by an orbit is always

Lipschitz; therefore, only a lower bound is important. Also, whether the embedding
is a quasi-isometric or not does not depend on the choice of the base point x, nor
on the choice of the generating set of G.

1.2. Main result. The main result is the following. The point is that although
the constant M depends on Γ and the action of G on Γ, it does not depend on a
and b. It will become clear how the constant M depends on the action.

Theorem 23. Suppose a group G acts acylindrically on a δ-hyperbolic graph Γ by
isometries. Then there exists a constant M with the following property. Suppose
a, b ∈ G act hyperbolically. Assume for any p, q �= 0, [ap, bq] �= 1 in G. Then
for any n,m ≥ M , 〈an, bm〉 is a free group freely generated by an, bm. Moreover,
the embedding of the free group 〈an, bm〉 by an orbit in Γ is quasi-isometric. In
particular, all non-trivial elements in 〈an, bm〉 are hyperbolic on Γ.

The acylindricity of an action (see section 3.3 for the definition) is a weak as-
sumption on properness, and in particular, the result applies to a word-hyperbolic
group and its action on a Cayley graph (see Corollary 24).

1.3. Convex cocompact subgroup in Mod(S). Our main application is regard-
ing subgroups of mapping class groups. Let S be a compact orientable surface,
possibly with boundary, and Mod(S) its mapping class group (this is the group
of isotopy classes of orientation preserving homeomorphisms S → S. We do not
assume its identity on ∂S). Let C(S) be the curve graph of S on which Mod(S)
acts by isometries (see for example [13], [19], [3] for the definition).

Masur-Minsky [19] showed that C(S) is δ-hyperbolic and an element a ∈ Mod(S)
is pseudo-Anosov if and only if it acts as a hyperbolic isometry on C(S).

For a subgroup G < Mod(S), Farb-Mosher [6] introduced the notion of convex-
cocompact in terms of the action on Teichmüller space. It has been shown ([9], [15])
that G is convex-cocompact if and only if the embedding of G by an orbit in C(S)
is quasi-isometric.

Since the action of Mod(S) on C(S) is acylindrical, our theorem applies. Namely,
we show the following in Section 4.

Theorem 27. Let S be a compact orientable surface, and Mod(S) its mapping class
group. Then there exists a constant M(S) with the following property. Suppose
a, b ∈ Mod(S) are pseudo-Anosov elements such that [an, bm] �= 1 for any n,m �= 0
(a, b are called independent). Then for any n,m ≥ M , the subgroup 〈an, bm〉 is a
free group freely generated by an, bm and convex-cocompact in the sense of Farb-
Mosher. In particular all non-trivial elements in 〈an, bm〉 are pseudo-Anosov.

If S is a 2-sphere minus at most three points, then MCG(S) is virtually abelian
and elements a, b which satisfy the assumption do not exist. If S is a 2-sphere minus
four points or a 2-torus minus at most one point, then MCG(S) is virtually free
(and the theorem applies).
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It was known ([13], [20]) that 〈an, bm〉 is free for sufficiently large n,m. A uniform
bound on n,m is new. In our previous study [7], a uniform bound on one of n,m
was shown. Namely, there exists a constant N(S) such that 〈an, bm〉 is free and
convex-cocompact if one of n,m is at least N and the other one is sufficiently large.
The previous study has also been used by Mangahas [18] to show the uniform
exponential growth of a mapping class group.

We do not know a bound for M(S). This is because our proof uses the acylin-
dricity of Bowditch [3]. This property is quantified by sets of numbers K(R), L(R)
(see Definition 10), and we need estimates (at least at certain values for R) on those
to have a bound on M(S), but no estimates are known. All other constants are
explicit in the argument. It would be interesting to know the asymptotics of M(S)
in terms of the Euler number of S.

Our result concerns only pseudo-Anosov elements a, b. It is unknown if a uniform
bound such as M(S) exists for two elements a, b of infinite order in general such
that the subgroup 〈an, bm〉 is free if n,m ≥ M . (Note that if a and b have infinite
order, the subgroup is never convex-cocompact unless both a and b are pseudo-
Anosov.) In the case that both a, b are Dehn twists ([11]), and more generally,
positive multi-twists ([10, Theorem 3.2]), it is known that 〈an, bm〉 is a free group
of rank two (but not convex-cocompact) or abelian if n,m ≥ 2. Recently, Leininger
and Margalit [17] have shown that if S is the n-times punctured sphere, then for
any two elements a, b ∈ Mod(S), 〈aN , bN 〉 is either a free group of rank two or
abelian for N = n!.

It would be interesting to know for which (n,m), the subgroup 〈an, bm〉 is a free
group of rank two for given a, b in our setting. The following theorem says that
for given a, b, the subgroup 〈an, bm〉 is free except for finitely many pairs (n,m).
It is not clear if the number of those exceptional pairs (n,m) is bounded, but the
constant N must depend on a, b in the following theorem (see Example 29).

Theorem 28. Let S be a compact orientable surface and a, b two independent
pseudo-Anosov elements. Then there exists N such that for any n ≥ N , both
〈a, bn〉 and 〈b, an〉 are free groups freely generated by the two elements and are
convex-cocompact. In particular, 〈an, bm〉 is a free group freely generated by the two
elements and is convex-cocompact if |n|+ |m| ≥ 2N and nm �= 0.

In this paper we work out constants (not best constants) in various arguments.
We also give arguments for some versions of standard facts in the appendix. We
hope it will be helpful in other places. The author thanks the referee, who suggested
this idea.

2. Preliminaries

We collect basic definitions and properties. Let X be a metric space. For two
points x, y ∈ X, we write the distance between the two points by |x− y|.

2.1. Paths, subpaths and the order on points. Let I be a connected interval.
Maybe it is infinite or bi-infinite. A path is a map γ : I → X. In this paper, we
only consider paths with the maps continuous. We may identify the map and its
image. For points p = γ(u), q = γ(v) with u ≤ v on the path γ, define the subpath
between p and q as

γp,q = {γ(t)|u ≤ t ≤ v}.
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Define it similarly if u > v. If γ is not injective, there is an ambiguity since γp,q
actually depends on the parameters u, v. So when we use this notation, if needed we
specify the parameters u, v. We will see that any two choices of γp,q are in a bounded
neighborhood of each other if γ is a quasi-axis (see the remark before the proof of
Lemma 1). We say a point in γp,q is between p and q (we use this expression when
the parameters u, v are understood). For points p = γ(u), q = γ(v) with u < v, we
sometimes write p < q. We may just write p < q if there exist such u < v for p, q.

2.2. Axis and quasi-axis. Let Γ be a δ-hyperbolic space. For x, y ∈ Γ, let [x, y]
be a geodesic from x to y. The geodesic is maybe not unique.

Many arguments in the paper will be estimates of constants using δ-hyperbolic
geometry. There will be two important constants:

Δ = 418δ, Λ = 2Δ+ 3δ.

They are chosen carefully so that the argument works. If δ = 0, then they are 0.
Suppose a is a hyperbolic isometry of Γ. If there exists a geodesic α such that

a(α) = α, then α is called an axis of a. Axes do not always exist in general.
The following fact is by elementary δ-hyperbolic geometry, but we do not know

any reference to it in this form, and we give an argument in the appendix with
Δ = 418δ. We said there is an ambiguity in the definition of αp,q , but the lemma
holds for any subpath between p and q (see the end of the proof of the lemma in
the appendix).

Lemma 1 (Quasi-axis). If a is a hyperbolic isometry of a δ-hyperbolic space Γ,
there exists a path α such that

(1) a(α) = α and there exists L > 0 such that a(α(t)) = α(t+ L).
(2) Let p, q ∈ α. Then a geodesic [p, q] and a subpath αp,q between p, q are in

the Δ-neighborhood of each other.

Δ depends only on δ. Δ = 0 if δ = 0.

We call such a path α a quasi-axis of a in this paper. We take the parametrization
t of α by arc length such that L > 0. This is the parametrization we use when we
write p(u) < q(v) for points on α if u < v. Note that for any point p ∈ α, we have
p < a(p), since if p = α(u), then the parameter of a(p) is u+ L.

A quasi-isometric map from a connected interval is called quasi-geodesic. We
may also assume that a quasi-axis is a quasi-geodesic, but we do not use this fact.
For us, (2) is more important. It follows from (1) and (2) that any two quasi-axes
of a are in the (2Δ + 2δ)-neighborhood of each other.

Of course an axis is a quasi-axis. The arguments become simpler if there are
axes for hyperbolic elements we discuss, but quasi-axes are always enough for us.
We only need to deal with constants which occur as error terms in the argument.

There is a notion of the ideal boundary ∂∞Γ of a δ-hyperbolic space Γ ([8]). A
quasi-axis of a hyperbolic isometry g defines two points in the ideal boundary, and
g has north-south dynamics with those two points fixed. Regarding Theorem 23,
one can prove 〈an, bm〉 is free if n,m are sufficiently large using the dynamics on
∂∞Γ, but we do not know how to get a uniform bound on n,m by this approach.

2.3. Translation length. For an isometry a of X, we define its translation length,
tr(a), by

tr(a) = lim inf
n→∞

|x− an(x)|
n

≥ 0
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for a point x. By triangle inequality, tr(a) does not depend on the choice of x.
Since the sequence {|x − an(x)|}n≥1 is subadditive by triangle inequality, in fact
lim inf = inf = lim in the above definition by Fekete’s subadditive lemma (cf. [21]),
and it follows that tr(an) = |n|tr(a) for any n. The isometry a is hyperbolic iff
tr(a) > 0.

Lemma 2. If a is a hyperbolic isometry on a δ-hyperbolic space with a quasi-axis
α, then for any N > 0 and any point p ∈ α, we have

|p− aN (p)| − 2δ − 2Δ ≤ Ntr(a) ≤ |p− aN (p)|.

We will give a proof in the appendix.

2.4. C-intersection. For a subset A ⊂ Γ, let NC(A) be the C-neighborhood of A.
Sometimes, AC will denote the C-neighborhood of the set A as well.

Definition 3. We define the C-intersection of two subsets A and B, denoted by
A ∩C B, as follows:

A ∩C B = (A ∩NC(B)) ∪ (B ∩NC(A)).

We define

|A ∩C B| = max (diam(A ∩NC(B)), diam(B ∩NC(A))) ,

which is maybe ∞. The diameter of an empty set is defined to be 0.
For three numbers K,L,M , if |K − L| ≤ M , then we write K ∼M L.

Clearly, diam(A ∩NC(B)) ∼2C diam(B ∩NC(A)) ∼2C |A ∩C B|.
For quasi-axes α, β, if α ∩C β is non-empty, then this subset looks like a narrow

tube. In fact, if the set is bounded, then it is contained in NC+2Δ+2δ([P,Q]), where
P,Q ∈ α are first/last points in α ∩NC(β). We call those P,Q extremal points in
α. To prove this fact, we need a lemma.

Lemma 4. Let A,B,C,D be points in δ-hyperbolic space with |A−C|, |B−D| ≤ L.
Then AD ⊂ CDL+2δ.

Proof. We have AB ⊂ (ADδ ∪ BDδ), BD ⊂ CDL, and AD ⊂ CDL+δ. It follows
that AD ⊂ CDL+2δ. �

Now, let P ′, Q′ ∈ β be the extremal points. Notice that P ′, Q′ ∈ [P,Q]Δ+C by
the definition of extremal points and Lemma 1 (2). Again by the same lemma,
α ∩C β ⊂ [P,Q]Δ ∪ [P ′, Q′]Δ ⊂ [P,Q]C+2Δ+2δ. We used Lemma 4 for the last
inclusion.

Also, by Lemma 1 (2), diam(α∩NC(β)) ∼2Δ |P −Q|; therefore, |P −Q| ∼2Δ+2C

|α ∩C β|.
We state a lemma we use later.

Lemma 5. For points x, y, z in a δ-hyperbolic space, we have

|x− y|+ |x− z| − |y − z| ∼6δ 2|[x, y] ∩δ [x, z]|.

Proof. Move a point from x to y on [x, y], and let p be the last point with p ∈
Nδ([x, z]). (Maybe p = y.) Then p ∈ Nδ([y, z]). Let q ∈ [x, z] and r ∈ [y, z] be such
that |q − p|, |r − p| ≤ δ. Then |q − r| ≤ 2δ.

Now, combine |x−p| ∼δ |[x, y]∩δ [x, z]| and |x−y|+|x−z|−|y−z| ∼4δ 2|x−p|. �
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For points a, b, c, define

(a, b)c =
|a− c|+ |b− c| − |a− b|

2
.

This is called the Gromov product of a, b w.r.t. c. We rephrase Lemma 5 as follows.

Lemma 6. If X is δ-hyperbolic, then we have the following for any a, b, c ∈ X:

|[a, c] ∩δ [b, c]| ∼3δ (a, b)c.

3. Generating free subgroups

3.1. Overview. In this section, we will find sufficient conditions for certain powers
of two independent hyperbolic isometries a, b to freely generate a free group. The
final result is Theorem 23.

It is well-known that for sufficiently large n,m > 0, an, bm generate a free
group (Proposition 8). The argument is an application of a geometric fact on a
δ-hyperbolic space (Proposition 7). We will give an upper bound on n,m which
does not depend on a and b. Since we use the idea repeatedly, we give details of
the argument for Proposition 8.

In Section 3.3, by analyzing the argument for Proposition 8 carefully, we first
show that there is an upper bound on n and m if the translation lengths of a and
b are comparable (Proposition 17). One extra issue is that we do not assume that
the action is proper, but only acylindrical in view of the application to mapping
class groups.

The other case, namely, one of the translation lengths, say for b, is much smaller
than the translation length of a, needs a new idea. In Section 3.4, we deal with
this case and show there is an upper bound on both n and m in this case too
(Proposition 18). In fact we can always take m = 1. This proposition is novel.

The two propositions are complimentary to each other, and combining them, we
obtain an upper bound on both exponents which does not depend on a and b in
Section 3.5 (Theorem 23).

3.2. Nielsen condition. We review a well-known fact (Proposition 8) and its
proof. We start with a fundamental result by Gromov [8, 7.2 C]. We quote it
from [4, Lemma 1.1] (see also [5, Lemma 1.3.4]).

Proposition 7 (Three points condition). Let Γ be a δ-hyperbolic space. Let pi ∈
Γ(i ≥ 1) be a sequence of points and U > 0 a constant such that for all i ≥ 1,

(1) |pi − pi+2| ≥ max(|pi − pi+1|, |pi+1 − pi+2|) + 2δ + U.

Then, for all i, j ≥ 1,

(2) |pi − pj | ≥ U |i− j|.

We call the inequality (1) the three points condition (for pi, pi+1, pi+2 and a
constant U). If the three points condition is satisfied for any three consecutive
points in a sequence, then we say the sequence satisfies the three points condition.
Note that the three points condition for P,Q,R is equivalent to

|P −Q|+ |Q−R| − |P − R|+ (U + 2δ) ≤ min(|P −Q|, |Q−R|).
Usually we try to verify this in the argument.
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Various versions of the following proposition are well-known ([8]; see also [16]),
but we give a detailed proof of this version, since we will generalize the statement
(and the argument).

Let
Λ = 2Δ+ 3δ.

If δ = 0, then both Δ,Λ = 0. In the rest of the paper, the subset α ∩Λ β for
quasi-axes α, β is important.

Proposition 8 (Nielsen condition). Suppose isometries a, b act hyperbolically on
a δ-hyperbolic space Γ with quasi-axes α, β. If 1 ≤ n,m ∈ Z are such that for some
constant U > 0,

tr(an) ≥ |α∩Λ β|+26δ+14Δ+4Λ+2U, tr(bm) ≥ |α∩Λ β|+26δ+14Δ+4Λ+2U,

then 〈an, bm〉 < Isom(Γ) is a free group freely generated by an, bm. Moreover, the
embedding of the subgroup 〈an, bm〉 to Γ by an orbit is quasi-isometric.

Proof. Set A = an, B = bm. We will find a point p ∈ Γ such that for any non-trivial
reduced word w on A,B,

U |w| ≤ |w(p)− p|,
where |w| is the word length of w with respect to A,B. This implies that A,B
freely generate a rank two free group, and the embedding of 〈A,B〉 in Γ using the
orbit of p is bi-Lipschitz.

There are two cases: (i) α∩Λ β �= ∅, (ii) α∩Λ β = ∅. We first discuss (i) in detail.
Let S, T ∈ α be the extremal points for α∩Λβ, and Q the mid-point of [S, T ] = �.

Take p ∈ α with |p−Q| ≤ Δ. Then p ∈ N2δ+2Δ+Λ(β).
Suppose

w = An1Bm1 · · ·AniBmi ,

where n1,mi are possibly 0. We discuss the case such that both n1,mi are not 0
(the other cases are similar and we omit them). To use Proposition 7, we define
a sequence of points in Γ from p to w(p). Let Π be the Cayley graph of the free
group 〈A,B〉 freely generated by A,B. Here we abuse letters A,B to define the
free group. Π is a tree. In Π, on the geodesic from 1 to w, the following vertices
appear in this order:

1, A,A2, · · · , An1 , An1B,An1B2, · · · , An1 · · ·AniBmi−1, w

if n1,m1,mi > 0. For example, if n1 < 0, then it will be

1, A−1, A−2, · · · , An1 , · · · , w.
For notational convenience, we will usually assume in this paper that the exponents
are positive when we list elements. We will say so when we do that.

The sequence of points in Γ will be the image of p by those elements in 〈A,B〉
in this order. We label them as pj or pj,k in the following way. First define

p0 = p, p1 = An1(p), p2 = An1Bm1(p), p3 = An1Bm1An2(p), · · · ,
p2i−1 = An1Bm1 · · ·Ani(p), p2i = An1Bm1 · · ·AniBmi(p),

then define more points between p0 and p1:

p0,0 = p0, p0,1 = A(p), p0,2 = A2(p), · · · , p0,n1
= An1(p) = p1,

and between p1 and p2:

p1,0 = p1, p1,1 = An1B(p), p1,2 = An1B2(p), · · · , p1,m1
= An1Bm1(p) = p2.
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Similarly, define additional points between p2j and p2j+1, and also between p2j
and p2j−1 for all j. We obtain a sequence of points pj,k with the order (the lexico-
graphical order on (j, k)).

We claim that the sequence {pj,k} satisfies the three points condition for U . It
then follows from Proposition 7 that

|p2i − p0| ≥ U(|n1|+ |m1|+ · · ·+ |ni|+ |mi|)

since there are |n1|+ |m1|+ · · ·+ |ni|+ |mi|+1 points between p0 and p2i including
the two points. We are done since |w| = |n1| + |m1| + · · · + |ni| + |mi| and p2i =
w(p), p0 = p.

We now verify the three points condition. There are two cases and the easy one
is such that the three (consecutive) points, say, x, y, z, are between pj and pj+1 for
some j. To be concrete, suppose that x, y, z is (a) between p0 and p1 or (b) between
p1 and p2. Then, the three points are on the quasi-axis α in (a) or “almost” (since
p is not exactly on β) on An1(β) in (b). We remark that An1(β) is a quasi-axis for
An1BA−n1 .

For (a), it suffices to verify the three points condition for A−1(p), p, A(p) ∈ α.
Since α is a quasi-axis, there is a point P ∈ [A−1(p), A(p)] with |p − P | ≤ Δ.
Therefore, by the triangle inequality,

|A−1(p)− p|+ |p−A(p)| − |A−1(p)− A(p)| ≤ 2Δ.

By Lemma 2, |A−1(p)− p| = |p−A(p)| ≥ tr(an)− 2δ − 2Δ; hence the three point
condition is easy to verify (see the following discussion for (b)). The case (b) is
similar. It suffices to verify the three points condition for B−1(p), p, B(p) after we
apply A−n1 (and some power of B). The point p is not exactly on β, but it is in
the (Λ + 2δ + 2Δ)-neighborhood of β. It follows that

|B−1(p)−p|+|p−B(p)|−|B−1(p)−B(p)| ≤ (2Δ+6(Λ+2δ+2Δ)) = 12δ+14Δ+6Λ.

Also, |B−1(p)− p| = |p−B(p)| ≥ tr(bm)− (2Δ+ 2δ)− 2(Λ+ 2Δ+ 2δ) = tr(bm)−
6(δ + Δ) − 2Λ. Combining those estimates and the original assumption, we have
|B−1(p)− p| + |p − B(p)| − |B−1(p)− B(p)|+ (U + 2δ) ≤ U + 14δ + 14Δ + 6Λ ≤
tr(bm)−6(δ+Δ)−2Λ ≤ |p−B(p)|. We are done with (a) and (b), and the argument
for the first case is complete.

The other case is such that the second point is pj for some j. Again, to be
concrete, look at the first such case, namely, j = 1. Then the three points are

An1−1(p), An1(p) = p1, A
n1B(p).

Apply A−n1 to those three points and obtain A−1(p), p, B(p). (If n1 < 0, then we
get A(p), p, B(p).) It suffices to verify the condition for those three points.

We state a lemma.

Lemma 9.

|p−A±1(p)|+ |p−B(p)| − |A±1(p)−B(p)| ≤ |α ∩Λ β|+ 22δ + 14Δ+ 4Λ.

We postpone proving the lemma and continue. By the lemma, |p − A±1(p)| +
|p−B(p)| − |A±1(p)−B(p)|+ (U + 2δ) ≤ |α ∩Λ β|+ 24δ + 14Δ+ 4Λ + U. By our
assumption, this is ≤ tr(an) ≤ |p−A±1(p)| and also ≤ tr(bm) ≤ |p−B±1(p)|. The
three points condition is shown. Now we prove the lemma.
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Proof. The argument is different for A(p) and A−1(p). If A maps p to the same
direction as B does, then the left hand side of the desired inequality is larger for
A(p) than for A−1(p). So, in the proof, we assume that A and B map p to the same
direction and only prove the inequality for A(p) (see Figure 1). The argument is
easier for A−1(p) and we omit it. If A−1 maps p to the same direction as B, the
argument is the same and we omit it.

Take x ∈ [p,A(p)] ∩Nδ[p,B(p)] with |p− x| ≥ |[p,A(p)] ∩δ [p,B(p)]| − 2δ. Take
y ∈ [p,B(p)] with |x− y| ≤ δ.

Since α is a quasi-axis and x ∈ [p,A(p)], there exists X ∈ α with |X − x| ≤ Δ.
Since p,B(p) ∈ NΛ+2δ+2Δ(β), it follows from y ∈ [p,B(p)], unless (i) |y − p| ≤ Λ+
4δ+2Δ or (ii) |y−B(p)| ≤ Λ+4δ+2Δ, that there exists Y ∈ β with |Y −y| ≤ Δ+2δ.
Indeed, let p′, p′′ ∈ β be points with |p− p′|, |B(p)− p′′| ≤ Λ+2δ+2Δ. Then there
is y′ ∈ [p′, p′′] with |y− y′| ≤ 2δ since both |y− p|, |y−B(p)| ≥ Λ+ 4δ+ 2Δ. Now,
use y′ ∈ NΔ(β) and the triangle inequality. We discuss (i) and (ii) later.

We find that |X − Y | ≤ 2Δ+ 3δ = Λ; therefore X ∈ α∩Λ β; i.e., X is contained
in the subsegment of α between S and T . So, since T is an extremal point for
α∩Λ β, we have |Q−X| ≤ |Q−T |+Δ. (Remember that Q is the mid-point of the
two extremal points S, T ∈ α.)

Now, by Lemma 5, |p − A(p)| + |p − B(p)| − |A(p) − B(p)| ≤ 2|[p,A(p)] ∩δ

[p,B(p)]|+6δ ≤ 2|p−x|+10δ ≤ 2|Q−X|+10δ+4Δ ≤ 2|Q−T |+2Δ+10δ+4Δ ≤
diam(α ∩NΛ(β)) + 2Λ + 10δ + 6Δ ≤ |α ∩Λ β|+ 2Λ + 10δ + 6Δ.

S Q T

A(p)

Δ

Λ + 2δ + 2Δ

β Λ + 2δ + 2Δ

p′′

x

y′

δ
y

2δ

α
A−1(p)

y1
B(p)

Y1

Y

Δ

p

p′

y (case(ii))

Δ

X
Δ

Figure 1. Lemma 9

We are left with the cases (i) and (ii). The case (i) is straightforward: |p−A(p)|+
|p−B(p)|−|A(p)−B(p)| ≤ 2|p−y|+12δ ≤ 2(Λ+4δ+2Δ)+12δ = 2Λ+4Δ+20δ. In
case of (ii), maybeX �∈ α∩Λβ. Therefore we first retake the point y to y1 ∈ [p,B(p)]
with |y1−B(p)| = Λ+4δ+2Δ. Then |y−y1| ≤ Λ+4δ+2Δ and |y1−p| ≥ Λ+4δ+2Δ.
Accordingly, we (can) choose Y1 ∈ β between p′ and p′′ with |y1 − Y1| ≤ Δ + 2δ,
x1 ∈ [p,A(p)] with |y1 − x1| ≤ δ, and X1 ∈ α between p,A(p) with |X1 − x1| ≤ Δ.
Then, |X −X1| ≤ Λ+ 4Δ+ 6δ. Also, |X1 − Y1| ≤ 2Δ+ 3δ; therefore X1 ∈ α∩Λ β.
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Now, we argue in the same way with X1 instead of X. At the end we get
|p−A(p)|+ |p−B(p)|−|A(p)−B(p)| ≤ |α∩Λβ|+(2Λ+10δ+6Δ)+2(Λ+6δ+4Δ).
The error term is larger by 2(Λ + 6δ + 4Δ) since we retake X to X1. Lemma 9 is
shown.

We are done with the case α ∩Λ β �= ∅. Now we are left with the case such that
α ∩Λ β = ∅. In this case, let � be a geodesic segment which realizes the distance
between α and β, and let p ∈ � be the mid-point. Then the rest is the same as
before, and verifying the three points condition is even easier. We omit details. �

3.3. Acylindrical action. In this section, we assume certain properness of an
action, acylindricity, and also improve Proposition 8 to Proposition 17, which has
a bound on the exponents.

Definition 10 (Bowditch [3]). Let Γ be a δ-hyperbolic graph, and G a group
acting on Γ by isometries. The action is acylindrical if for any R > 0, there exist
K(R), L(R) ≥ 1 such that for any vertices x, y ∈ Γ with d(x, y) ≥ L(R), the
following set has at most K(R) elements:

{g ∈ G|d(x, g(x)) ≤ R, d(y, g(y)) ≤ R}.

Remark 11. There is a notion called WPD (weak proper continuity), which is a
priori weaker than acylindricity. WPD is defined for each hyperbolic isometry, and
roughly speaking, the finiteness in the definition is required only for points x and
y on a quasi-axis (see [1]). WPD is enough for some of our arguments.

The translation length is uniformly positive under acylindricity.

Lemma 12. Suppose G acts on a δ-hyperbolic space Γ. If the action is acylindrical
with constants K(R), L(R), then there exists an integer P ≥ 1 such that for any
element a ∈ G which acts hyperbolically on Γ, we have tr(aP ) ≥ 1. The constant P
depends only on δ and K(2(δ +Δ) + 1).

Proof. Fix a constant R > 2(δ +Δ). (We will take R = 2(δ +Δ) + 1 at the end.)
Let α be a quasi-axis of a. Fix a point x ∈ α. Since a is hyperbolic, let N be such
that y = aN (x) ∈ α satisfies |x−y| ≥ L(R). We fix such N . For each i ≥ 0, we have
|ai(x)−x| = |ai(y)−y|. Consider all i ≥ 0 with |ai(x)−x| = |ai(y)−y| ≤ R. Then
by the acylindricity, since the ai’s are all distinct from each other, there exists at
least one I with 0 ≤ I ≤ K(R) such that |aI(x)−x| > R. Since x ∈ α, by Lemma 2,
R−2(δ+Δ) < Itr(a); therefore (R−2(δ+Δ))/K(R) < tr(a). Choose an integer P
with K(R)/(R− 2(δ+Δ)) ≤ P . Then 1 < tr(aP ). Now take R = 2(δ+Δ)+1. �

Convention 13 (Subscript of a constant). To keep track of constants, we will
number a constant by the number of the claim in which the constant first appears;
for example, the constant P in Lemma 12 will be P12. We may omit the subscript
if there is no confusion.

We state one key lemma on the action of a commutator

[a, b] = [a−1b−1ab].

In the following claim, when we say X < Y and X < p, we choose and fix
parameters for X,Y, p. Remember that we always have X < a(X) and X ′ < b(X ′).

Lemma 14. Let Γ be a δ-hyperbolic space and a, b hyperbolic isometries, with
quasi-axes α, β.
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Let X,Y ∈ α∩NΛ(β) be the extremal points with X < Y on α. Take X ′, Y ′ ∈ β
with |X −X ′|, |Y − Y ′| ≤ Λ.

Let p ∈ α be a point with X < p such that

(i) |X − p|+ tr(a) + tr(b) + 6δ + 7Δ+ 4Λ ≤ |X − Y |.
(ii) 10δ + 23Δ+ 4Λ ≤ |X − p|.
If X ′ < Y ′ on β, then

|p− ([b, a])(p)| ≤ 28δ + 30Δ+ 12Λ.

We remark that if X ′ > Y ′, then the inequality holds for [b−1, a] instead of [b, a].
The argument is the same after replacing b by b−1.

Proof. Notice that the claim is trivial if δ = 0. If δ = 0, then Λ = 0, and [X,Y ] =
α ∩ β can be viewed as an interval such that a is a translation by tr(a), and b is a
translation by tr(b). Therefore b−1a−1ba(p) = p+ tr(a) + tr(b)− tr(a)− tr(b) = p
if |X − p|+ tr(a) + tr(b) ≤ |X − Y |.

In general, we deal with the error terms. For this we need to verify, for example,
that p, a(p) < Y . We will argue that later using (i) and (ii). The condition (i) is
a replacement for |X − p| + tr(a) + tr(b) ≤ |X − Y |, and (ii) says that p is not so
close to X.

X

X ′

Y

Y ′

α

β

p a−1(r) a(p)

S Q

ba(p)
a−1ba(p)

b−1a−1ba(p)

3L

r

LΛ L L L Λ

b(Q)

L

2L

a

b

t

tr(b)

tr(b) tr(b)

b−1(S)

Figure 2. Action by [b, a]

Set α′ = αX,Y , and β′ = βX′,Y ′ . For any point q ∈ α′, there is a point Q ∈ β′

with |q −Q′| ≤ Λ + 2δ + 2Δ = L, and vice versa.
Take Q ∈ β′ with |a(p) − Q| ≤ L (we will argue a(p) ∈ α′). Take r ∈ α′ with

|b(Q) − r| ≤ L (we will argue b(Q) ∈ β′). Then, |ba(p) − r| ≤ |ba(p) − b(Q)| +
|b(Q) + r| ≤ 2L.

Take S ∈ β′ with |S − a−1(r)| ≤ L (we will argue a−1(r) ∈ α′). Then,
|S − a−1ba(p)| ≤ |S − a−1(r)|+ |a−1(r)− a−1ba(p)| ≤ L+ 2L = 3L.

Notice that |a−1(r) − p| is approximately tr(b); therefore b−1(S) is close to p.
To be precise, let t ∈ α′ be with |t − b−1(S)| ≤ L (b−1(S) ∈ β′ by (ii)). Then
tr(b) − 2L ≤ |t − a−1(r)| ≤ 2L + |S − b−1(S)| ≤ tr(b) + 2(δ + Δ + L). Also,
tr(b) ≤ |Q−b(Q)| ≤ tr(b)+2(δ+Δ); therefore tr(b)−2L ≤ |a(p)−r| = |p−a−1(r)| ≤
tr(b) + 2(δ +Δ+ 2L).

Now, t, p, a−1(r) are on the quasi-axes α. Let’s assume that p is between t and
a−1(r) (the same argument applies if t is between p and a−1(r)). Then there is a
point p′ ∈ [t, a−1(r)] with |p−p′| ≤ Δ. It follows that |t−p| ≤ 4(δ+Δ+2L)+2Δ.
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We get |p − b−1a−1ba(p)| ≤ |b−1a−1ba(p) − b−1(S)| + |b−1(S) − t| + |t − p| ≤
3L+L+4(δ+Δ+2L) + 2Δ = 4δ+6Δ+12L = 28δ+30Δ+ 12Λ. The inequality
is proved.

We are left to verify the claims on the positions of the points we used in the
argument. First, we show p < Y using (i). Since |X − p| ≤ |X − Y | − Δ (by
(i)), it follows that p < Y . Indeed, otherwise, i.e. Y is between X and p, there
must be a point y ∈ [X, p] with |Y − y| ≤ Δ, which gives a contradiction. Next,
X < a(p) < Y . X < a(X) is trivial, and a(p) < Y is by an argument similar to the
one for p < Y , so we omit it.

We will show that (i) implies that b(Q) is between X ′ and Y ′; therefore r exists.
It suffices if we check that
(0) |X ′ − b(Q)| ≤ |X ′ − Y ′| −Δ.

To see that, first,
(1) |X ′ −Q| ≤ |X − p|+ |p− a(p)|+ Λ+ L ≤ |X − p|+ tr(a) + 2(δ +Δ) + Λ + L.

Next, using (1),
(2) |X ′ − b(Q)| ≤ |X ′ − Q| + |Q − b(Q)| ≤ |X − p| + tr(a) + 2(δ + Δ) + Λ + L +
tr(b) + 2(δ +Δ) ≤ |X − p|+ tr(a) + tr(b) + 4(δ +Δ) + Λ + L.

Also,
(3) |X ′ − Y ′| ≥ |X − Y | − 2Λ.

By (2) and (3) , (0) follows if |X−p|+tr(a)+tr(b)+4(δ+Δ)+Λ+L+2Λ+Δ ≤
|X − Y |. But this is (i) since 4(δ +Δ) + Λ + L+ 2Λ +Δ = 6δ + 7Δ+ 4Λ.

That a−1(r) is between X and r is easy, so we omit a proof and show that (ii)
implies that b−1(S) is between X ′ and Y ′. It suffices if
(4) |Y ′ − b−1(S)| ≤ |Y ′ −X ′| −Δ.

First,
(5) |X ′ −Q| ≥ |X − a(p)| − L− Λ.

Next, using (5) (we use that b−1 maps S toward X ′ for the first inequality),
(6) |X ′ − Y ′| ≥ |X ′ −Q|+ |Q− b(Q)|+ |b(Q)− Y ′| − 4Δ ≥ (|X − a(p)| −Λ−L) +
(tr(b)− 2Δ) + |b(Q)− Y ′| − 4Δ ≥ (|X − p|+ tr(a)− 2Δ−Λ− L) + (tr(b)− 2Δ) +
|b(Q)− Y ′| − 4Δ = |X − p|+ |b(Q)− Y ′|+ tr(a) + tr(b)− 8Δ− Λ− L.

Also,
(7) |Y ′ − b−1(S)| ≤ |Y ′ − b(Q)|+ |b(Q)− S| + |S − b−1(S)|+ 4Δ ≤ |Y ′ − b(Q)| +
(tr(a) + 2(δ +Δ) + 2L) + (tr(b) + 2(δ +Δ)) + 4Δ = |Y ′ − b(Q)| + tr(a) + tr(b) +
4δ + 8Δ+ 2L.

Using (6) and (7), (4) follows from 4δ+17Δ+Λ+3L ≤ |X − p|. But this is the
same as (ii) since 4δ + 17Δ+ Λ+ 3L = 10δ + 23Δ+ 4Λ. �

Lemma 15. Let Γ be a δ-hyperbolic space and G a group acting on Γ acylindrically
with constants K(R), L(R). Suppose a, b ∈ G act hyperbolically with quasi-axes
α, β ⊂ Γ, respectively.

If anb �= ban for all n �= 0 or bna �= abn for all n �= 0, then

|α ∩Λ β| < L+ (1 +K)max(tr(a), tr(b)) + 16δ + 36Δ + 10Λ,

where K = K(28δ + 30Δ + 12Λ), L = L(28δ + 30Δ + 12Λ).

Proof. To argue by contradiction, assume that the inequality was false. Let X,Y ∈
α ∩NΛ(β) be the extremal points. Then, since |α ∩Λ β| − 2Δ− 2Λ ≤ |X − Y |, we
have |X − Y | ≥ L+ (1 +K)max(tr(a), tr(b)) + 16δ + 34Δ+ 8Λ.
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Then we can take p, q ∈ α between X and Y such that

10δ + 23Δ + 4Λ ≤ |X − p| ≤ |X − q| ≤ |X − Y | − tr(a)−Ktr(b) + 6δ + 7Δ+ 4Λ

and |p− q| ≥ L. Indeed, choose P,Q ∈ [X,Y ] with |X −P | = 10δ + 23Δ+ 4Λ+Δ
and |X −Q| = |X −P |+L+2Δ. Then |Q− Y | ≥ (1+K)max(tr(a), tr(b)) + 6δ+
7Δ+ 4Λ +Δ. Now take p, q ∈ α with |P − p| ≤ Δ, |Q− q| ≤ Δ.

Now, for each n, 0 ≤ n ≤ K, the conditions (i) and (ii) in Lemma 14 are satisfied
by a and bn (or a and b−n. See the remark after the lemma. Then we use b−n. This
is enough for our purpose) with respect to p and also q. Therefore, by the lemma,
each g = [a, bn], 0 ≤ n ≤ K satisfies |p− g(p)|, |q − g(q)| ≤ 28δ + 30Δ+ 12Λ.

On the other hand, by the acylindricity, there are at most K such elements g,
so that there must be 0 ≤ I < J ≤ K such that [a, bI ] = [a, bJ ]. This implies that
abI−J = bI−Ja, a contradiction.

Similarly, by looking at the action by [b, an], 0 ≤ n ≤ K, we obtain baI−J =
aI−Jb for some 0 ≤ I < J ≤ K. �

We state another lemma under the extra assumption that tr(a) = tr(b), which
we use later.

Lemma 16. Let Γ be a δ-hyperbolic space, and G a group acting on Γ acylindrically
with constants K(R), L(R). Suppose a, b ∈ G act hyperbolically with quasi-axes α, β.
Let X,Y ∈ α be the extremal points of α∩NΛ(β) with X < Y , and X ′, Y ′ ∈ β with
|X −X ′| ≤ Λ, |Y − Y ′| ≤ Λ. Assume tr(a) = tr(b).

(I) Assume X ′ < b(X ′) on β. Let p ∈ α be a point between X and Y such that

6δ + 6Δ+ 2Λ ≤ |X − p| ≤ |X − Y | − tr(a)− 2δ − 3Δ;

then

|b−1a(p)− p| ≤ 8δ + 9Δ+ 2Λ.

(II) If an �= bn and an �= b−n for all n > 0, then

|α ∩Λ β| < L+ (1 +K)tr(a) + 7δ + 13Δ+ 2Λ,

where K = K(8δ + 9Δ+ 2Λ), L = L(8δ + 9Δ+ 2Λ).

Proof. We omit details since it is similar to (and less complicated than) Lemma 15
and Lemma 14. The outline for (I) is that with the extra assumption tr(a) = tr(b),
a point p ∈ α∩Λβ does not move very much by b−1a. Notice that if Γ is a tree, then
p does not move. As in Lemma 14, we obtain the upper bound on |p − b−1a(p)|.
Remember that we always have X < a(X). For (II), by considering b−1 instead of b
if necessary, we may assume X ′ < b(X ′) (after possibly replacing b by b−1). Then,
as in Lemma 15, it follows from (I) and the acylindricity that b−nan = b−mam for
some n < m; therefore, am−n = bm−n, a contradiction. �

Combining Proposition 8 and Lemma 15, we obtain the following. This says that
we can find a global bound on one of the exponents, but the other bound depends
on the ratio tr(a)/tr(b).

Proposition 17. Let G be a group which acts on a δ-hyperbolic space Γ acylindri-
cally with constants K(R), L(R). Then, there exists a constant N = N17 ≥ 1 with
the following property. N depends only on δ,K(28δ+30Δ+12Λ), L(28δ+30Δ+12Λ)
and K(2(δ +Δ) + 1).
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Suppose a, b ∈ G act hyperbolically. Assume [an, bm] �= 1 for all n,m �= 0.
Suppose there exists a number q ≥ 1 such that

tr(a)/q ≤ tr(b) ≤ tr(a).

Then, for any n ≥ N and m ≥ qN , 〈an, bm〉 is a free group freely generated by
an, bm. Moreover, the embedding of 〈an, bm〉 by an orbit in Γ is quasi-isometric.

Proof. Put K = K(28δ + 30Δ+ 12Λ), L = L(28δ + 30Δ+ 12Λ). It then suffices to
set

N = (1 +K) + P12(42δ + 50Δ+ 14Λ + L+ 2).

By Lemma 15, since tr(b) ≤ tr(a) ≤ qtr(b), we have |α∩Λβ| < L+(1+K)tr(a)+
16δ + 36Δ+ 10Λ and |α ∩Λ β| < L+ (1 +K)qtr(b) + 16δ + 36Δ+ 10Λ. Therefore,
if n ≥ N and m ≥ qN , then both tr(an) and tr(bm) are ≥ (1 + K)tr(a) + 42δ +
50Δ + 14Λ + L+ 2 > |α ∩Λ β|+ 26δ + 14Δ + 4Λ + 2. Therefore the conditions of
Proposition 8 are satisfied by an, bm with the constant U = 1, so that 〈an, bm〉 is
free and the embedding is quasi-isometric. �
3.4. Another condition for freeness. In this section we discuss the case when
tr(b) � tr(a); otherwise we can apply Proposition 17 with the constant q controlled.

Proposition 18. Suppose G acts on a δ-hyperbolic space Γ acylindrically with
constants K(R), L(R). Then there exists a constant N = N18 > 0 with the following
property. N depends only on δ,K(8δ + 9Δ+ 2Λ), L(8δ + 9Δ+ 2Λ).

Assume that f, g ∈ G act hyperbolically with quasi-axes α, β such that [fs, gt] �= 1
for any s, t �= 0. Suppose that the following conditions are satisfied:

(1) tr(g) ≤ tr(f).
(2) |α ∩Λ β| ≤ 2tr(f).

If n ≥ N , then 〈g, fn〉 is a free group freely generated by g, fn. Moreover, the
embedding of 〈g, fn〉 in Γ by an orbit is quasi-isometric.

Proof. |α∩Λ β| < ∞ by our assumption. As in the proof for Proposition 8, we only
discuss the case α ∩Λ β �= ∅ in detail.

Suppose α ∩Λ β �= ∅. Let S, T ∈ α be the extremal points for α ∩Λ β. Let
Q be the mid-point of [S, T ] = �, and take m ∈ α with |m − Q| ≤ Δ. Then
m ∈ N2δ+2Δ+Λ(β).

Set K = K(8δ + 9Δ+ 2Λ), L = L(8δ + 9Δ+ 2Λ) (see Lemma 16 (II)), and

N =

(
17 + 2K +

1 + 2L+ 4Z

P

)
,

where Z is a constant we decide later, which depends only on δ,Δ,Λ. It follows
that if n ≥ N , then tr(fn) ≥ (17+2K)tr(f)+ 1+2L+4Z. We will show this N is
a desired constant if we choose Z appropriately. To use it later, we choose Q such
that

tr(f4) + Z ≤ tr(gQ) ≤ tr(f5) + Z.(3)

This is possible because of the assumption tr(g) ≤ tr(f). This is the only place
where we use this assumption. Then, by the second inequality in (3),

tr(fn) ≥ 3tr(gQ) + 2L+ 2(1 +K)tr(f) + Z.(4)

Also, since 2tr(f) ≥ |α ∩Λ β|, by the first inequality in (3),

tr(gQ) ≥ 2|α ∩Λ β|+ Z.(5)
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For n ≥ N , set a = fn, b = g. Now set

Z = 1 + 40δ + 32Δ + 6Λ.

It is a good idea to have the following rough estimates in our mind:

1 + δ +Δ+ Λ+ |α ∩Λ β| � tr(bQ) � tr(a).

By Lemma 2, we have |m− a(m)| ≥ |m− bQ(m)|.
We start the argument. We emphasize that the argument will only rely on (4),

(5) and the definition of Z. Let Ω(a, b) be the Cayley graph of the free group freely
generated by a, b. Here we abused a, b to define the free group F (a, b) abstractly.

We will show that there exists a constant V > 0 such that for all non-empty
reduced words w on a, b,

V |w| ≤ |w(m)−m|.

Since our embedding is by the action, it follows that for any reduced words v, w
which are elements in the free group F (a, b), we have V |v − w| ≤ |v(m) − w(m)|,
where |v−w| is the distance between v and w on F (a, b). The inequality says that
a, b freely generate a free group of rank two in Isom(Γ).

The idea of the proof is the same as for Proposition 8, but we choose points in
Γ between m and w(m) more carefully and verify that they satisfy the three points
condition for U = 1.

There are three cases according to the form of w:

(0) w = bm(m �= 0),
(1) w = an1bm1 · · · anibmi(i ≥ 1) such that n1 �= 0, ni �= 0 and mi is possibly 0,
(2) w = bm0an1bm1 · · · anibmi(i ≥ 1) such that m0 �= 0, ni �= 0 and mi is

possibly 0.

It is enough if we find a desired constant V for each case (then take the minimum
of those three numbers). Since b is hyperbolic, by definition, such V > 0 exists for
(0). For (1) and (2), the argument is similar and we will only discuss (1) in detail.

In the tree Ω, on the geodesic from 1 to w, there are the following vertices, as
many as |w|+ 1, in this order (again, we assume nj ,mj > 0 for simplicity):

1,a, a2, · · · , an1

an1b, · · · , an1bm1

an1bm1a, · · · , an1bm1an2

· · ·
an1bm1 · · · anib, · · · , an1bm1 · · · anibmi = w.

If we apply those elements to the point m, we obtain a sequence of points in Γ.
In general, this sequence does not satisfy the three points condition, but we will
choose a subsequence which will satisfy the condition.

To define points, we write (uniquely) for each j,

mj = ojQ+ lj ,

such that oj ∈ Z and 0 ≤ lj < Q if mj ≥ 0 and −Q < lj ≤ 0 if mj < 0.
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Now define a sequence, which is a subsequence of the previous one, as follows:

1,a, a2, · · · , an1

an1bQ, an1b2Q, · · · , an1b(o1−1)Q, an1bm1

an1bm1a, an1bm1a2, · · · , an1bm1an2

an1bm1an2bQ, · · · , an1bm1an2b(o2−1)Q, an1bm1an2bm2

· · ·
an1bm1 · · · anibQ, · · · , an1bm1 · · · anibmi = w.

The odd rows are the same as before, but for each even row, we remove points except
for every Q-th one and the last one (instead we remove an1bo1Q, for example, in the
second row). Therefore, the 2j-th row will be empty if |mj | < Q. But for the 2i-th
row (the last one), even if |mi| < Q, we do not remove w. Clearly, this sequence
contains at least 1+[|w|/Q] points, where [x] is the largest integer which is not larger
than x. We will show that the orbit of the point m by this sequence of elements
satisfies the three points condition for U = 1. It then follows from Proposition 7
that (1 + [|w|/Q]) ≤ |w(m) − m|. We are done since |w|/Q ≤ (1 + [|w|/Q]) by
setting V = 1/Q. What is important is that although the constant Q may depend
on a and b, it does not depend on the word w.

The rest of the argument is to verify the three points condition. Namely, for
A,B,C, we want (the constant is 1)

1 + 2δ ≤ min(|A−B|, |B − C|)− (|A−B|+ |B − C| − |A− C|).

In this proof, we write the right hand side of the inequality as RHS(A,B,C) or
RHS. Using the Gromov product, |A−B|+ |B − C| − |A− C| = 2(A,C)B, which
is ≤ 2([A,C] ∩δ [B,C]) + 6δ by Lemma 6.

We only discuss the case such that the three points are contained in the first
three rows (the same argument applies to the other cases). Regarding the positions
of the three points, there are cases, which slightly differ depending on o1 = 0, 1 or
> 1. As usual we assume n1,m1, n2 > 0 to simplify the notation.

o1 > 1:
(I) ak−1(m), ak(m), ak+1(m).
(II) an1−1(m), an1(m), an1bQ(m).
(III) an1b(k−1)Q(m), an1bkQ(m), an1b(k+1)Q(m).
(IV) an1b(o1−2)Q(m), an1b(o1−1)Q(m), an1bm1(m).
(V) an1b(o1−1)Q(m), an1bm1(m), an1bm1a(m).
(VI) an1bm1ak−1(m), an1bm1ak(m), an1bm1ak+1(m).

o1 = 1:
(II)-(V) do not occur. Instead there are extra cases:
(II-I) an1−1(m), an1(m), an1bm1(m).
(V-I) an1(m), an1bm1(m), an1bm1a(m).

o1 = 0:
(II)-(V) do not occur, but there are extra cases:
(II-II): an1−1(m), an1(m), an1bm1a(m).
(V-II): an1(m), an1bm1a(m), an1bm1a2(m).

Before we discuss each case, we treat the essential case in advance.
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Lemma 19. The three points condition is satisfied with constant U=1 for (a±1(m),
m, b±Q(m)).

Proof. We only prove it for (a(m),m, bQ(m)). The other cases are the same. First,
we have |m− a(m)| ≥ |m− bQ(m)|≥tr(bQ)− 2(2δ + 2Δ+ Λ). So,

RHS(a(m),m, bQ(m))

≥ (tr(bQ)− 2(2δ + 2Δ+ Λ))− 2|[a(m),m] ∩δ [m, bQ(m)]| − 6δ

≥ (tr(bQ)− 2(2δ + 2Δ+ Λ))− 2(|α ∩Λ β|+ 2(2δ + 2Δ+ Λ) + 10δ)− 6δ

≥ Z − 2(2δ + 2Δ+ Λ)− 2(2(2δ + 2Δ+ Λ) + 10δ)− 6δ

= Z − 38δ − 12Δ− 6Λ ≥ (1 + 2δ)

by (5). Z was chosen to satisfy this (and one more requirement later). �

We discuss each case. The case with o1 > 1 is straightforward.

(I) Those three points are on the quasi-axis α for a in this order. By Lemma
2, RHS ≥ tr(a)− 4(δ +Δ) ≥ Z − 4(δ +Δ) ≥ (1 + 2δ) by (4).

(II) Apply a−n1 and get a−1(m),m, bQ(m). The three points conditions is al-
ready known by Lemma 19.

(III) Similar to (I). Apply a−n1 ; then the three points b(k−1)Q(m), bkQ(m),
b(k+1)Q(m) are in N2δ+2Δ+Λ(β). It follows that RHS≥tr(bQ)−4(δ +Δ)−
4(2δ + 2Δ+ Λ) ≥ Z − 12δ − 12Δ− 4Λ ≥ (1 + 2δ) by (5).

(IV) Same as (III). Apply b(1−o1)Qa−n1 ; then we get b−Q(m),m, bm1(m). Use
m1 ≥ Q. Then, RHS ≥ tr(bQ)− 6(δ +Δ)− 4(2δ + 2Δ + Λ) ≥ (1 + 2δ) by
(5), in particular tr(bQ) ≥ Z.

(V) Similar to (II). Apply b−m1a−n1 ; then we get b(o1−1−m1)Q(m),m, a(m).
First |m − b(o1−1−m1)Q(m)| ≤ |m − a(m)|. Also, o1 − 1 −m1 < −1. The
rest is the same as (II) (namely, we show something similar to Lemma 19),
and we omit it.

(VI) Exactly the same as (I). Apply a−kb−m1a−n1 ; then get a−1(m),m, a(m).

The case with o1 = 1 is similar to the case with o1 > 1. Note that 2Q > m1 ≥ Q.

(II-I) Similar to (II). Apply a−n1 and get a−1(m),m, bm1(m). Use m1 ≥ Q. First
|m− a−1(m)| ≥ |m− bm1(m)|. The rest is the same and we omit it.

(V-I) Apply b−m1a−n1 ; then we get b−m1(m),m, a(m). The same estimate as
(II-I) holds.

The case for o1 = 0, i.e., 0 ≤ m1 < Q, is slightly more complicated.
(II-II) Apply a−n1 and get a−1(m),m, bm1a(m). To show the three points con-

dition for U = 1 for this, we insert one point bm1(m). (This point corresponds to a
point we omitted when we defined the subsequence.) We now have

a−1(m),m, bm1(m), bm1a(m).

We state a lemma from elementary δ-hyperbolic geometry. We leave the proof
to the reader (draw a geodesic [C,B] and argue). We remark that in a tree, the
equality holds without the constant.

Lemma 20. Let A,B,C,D be four points in a δ-hyperbolic space. Then,

|A− C| ≥ |A−B|+ |C −D| − |B −D| − 2|[A,B] ∩3δ [C,D]| − 10δ.
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It follows from the lemma that |A−B|+ |B−C|− |A−C| ≤ |A−B|+ |B−C|−
|A−B|−|C−D|+|B−D|+2|[A,B]∩3δ [C,D]|+10δ ≤ 2|[A,B]∩3δ [C,D]|+2|B−D|
+10δ.

Therefore, RHS(A,B,C) = min(|A−B|, |B−C|)−(|A−B|+|B−C|−|A−C|) ≥
min(|A−B|, |C −D|)− |B −D| − (2|[A,B] ∩3δ [C,D]|+ 2|B −D|+ 10δ).

Now, let A = a−1(m), B = m,D = bm1(m), C = bm1a(m) (see Figure 3). Then
by |A − B| = |C − D| and Lemma 2, the last term in the above estimate is ≥
tr(a)− 3tr(bm1)− 6(δ+Δ)− 10δ− 2|[A,B]∩3δ [C,D]| ≥ 2L+2(1+K)tr(f) +Z −
16δ−6Δ−2|[A,B]∩3δ [C,D]|. The last inequality is by (4). We claim that this last
term, M , is ≥ (1 + 2δ). For that, notice that |[A,B] ∩3δ [C,D]| ≤ |α ∩Λ bm1(α)|,
which is ≤ L + (1 + K)tr(f) + 7δ + 13Δ + 2Λ by the next lemma. Therefore,
M ≥ Z − 16δ − 6Δ− 2(7δ + 13Δ+ 2Λ) = Z − 30δ − 32Δ− 4Λ ≥ (1 + 2δ). This is
the other requirement we chose Z to satisfy.

≤ |α ∩Λ bmi(α)|
A = a−1(m) B = m

C = bm1a(m)

D = bm1(m)

3δ
≤ tr(bm1) � tr(a)

α

bm1(α)

Figure 3. Case (II-II)

Lemma 21. For each i �= 0,

|α ∩Λ bi(α)| ≤ L+ (1 +K)tr(f) + 7δ + 13Δ + 2Λ.

Proof. Since α is a quasi-axis for f , bi(α) is a quasi-axis for bifb−i. For any N > 0,
fN �= (bifb−i)N and fN �= (bifb−i)−N since otherwise bi and fN or f−N commute,
which is impossible. Since tr(f) = tr(bifb−i), by Lemma 16 (II), we obtain the
desired inequality. �

(V-II) Apply a−1b−m1a−n1 and get a−1b−m1(m),m, a(m). To estimate the RHS,
insert a point a−1(m) and consider

a−1b−m1(m), a−1(m),m, a(m).

We have |a−1b−m1(m) − a−1(m)| = |b−m1(m) − m|, and by this and the triangle
inequality,

|m−a−1(m)|−|b−m1(m)−m| ≤ |a−1b−m1(m)−m| ≤ |m−a−1(m)|+|b−m1(m)−m|.
Since 0 ≤ m1 < Q, roughly speaking, |a−1b−m1(m) − m| is comparable to
|m− a−1(m)|.

Now, RHS ≥ (|m − a(m)| − |m − bm1(m)|) − |m − a(m)| − (|m − a(m)|+
|m− bm1(m)|)+ (|a−1(m)−a(m)|− |m− bm1(m)|) = |a−1(m)−a(m)|− |m−a(m)|
−3|m − bm1(m)| ≥ |m − a(m)| − 2Δ − 3|m − bm1(m)| ≥ tr(a) − 2Δ − 3tr(bm1)
−6(δ +Δ) ≥ Z − 6δ − 8Δ ≥ (1 + 2δ) by (4). We used 0 ≤ m1 < Q (see Figure 4).
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m a(m)a−1(m)

a−1b−m1(m)

≤ tr(bm1) ≤ tr(a)

Figure 4. Case (V-II)

We completed the case (1). The case (2) is similar, and we omit the details. We
finished the argument under the assumption that α ∩Λ β �= ∅.

If α ∩Λ β = ∅, the argument is similar to the case with |α ∩Λ β| > 0. Take the
constants K,L, P, Z,N as before. Set a, b as before. Now let � be a geodesic which
realizes the distance between α, β. Let m be the mid-point of �. Then argue as
before. We omit the details.

Before we state the main theorem, we state a proposition which can be shown
similarly to Proposition 18. The conclusion is weaker since N22 depends on f, g, but
we do not require the conditions 1 and 2 in Proposition 18 regarding tr(f), tr(g).

Proposition 22. Suppose G acts on a δ-hyperbolic space Γ acylindrically with
constants K(R), L(R). Assume that f, g ∈ G act hyperbolically with quasi-axes
α, β. Assume that [fs, gt] �= 1 for any s, t �= 0.

Then there exists a constant N22 = N > 0, which depends on f, g, such that
if n ≥ N , then 〈g, fn〉 is a free group freely generated by g, fn. Moreover, the
embedding of 〈g, fn〉 in Γ by an orbit is quasi-isometric.

Proof. Most of the argument is identical to the proof of Proposition 18 and easier,
since the difficult part was to obtain a uniform constant N18 for all f, g.

We review the argument for Proposition 18: we first choose constants K,L,Z.
Choose Q which satisfies (5). Choose N such that if n ≥ N , then we have (4). We
only need (4) and (5) for the rest of the argument.

In the current setting, since |α ∩Λ β| < ∞ by Lemma 15, we can choose Q to
satisfy (5). Then, we choose N to have (4) if n ≥ N . The rest of the argument is
the same and we do not repeat. �

3.5. Upper bound on both exponents. The following is the main theorem of
Section 3.

Theorem 23. Suppose G acts acylindrically for constants K(R), L(R) on a δ-
hyperbolic space Γ. Then there exists a constant M23 with the following property,
which depends only on δ and K(R), L(R) for R = 2(δ +Δ) + 1, R = 8δ + 9Δ+ 2Λ
and R = 28δ + 30Δ+ 12Λ.

Suppose a, b ∈ G act hyperbolically. Assume for any p, q �= 0, [ap, bq] �= 1 in G.
Then for any n,m ≥ M , 〈an, bm〉 is a free group freely generated by an, bm. More-
over, the embedding of 〈an, bm〉 by an orbit in Γ is quasi-isometric. In particular,
all non-trivial elements in 〈an, bm〉 are hyperbolic on Γ.

As for the dependence of M on K(R), L(R), only R = 2(δ+Δ)+1, 8δ+9Δ+2Λ,
and 28δ + 30Δ+ 12Λ matter. Recall that Δ = 418δ, Λ = 2Δ+ 3δ.

Proof. Set K = K(28δ + 30Δ + 12Λ), L = L(28δ + 30Δ + 12Λ) (from Lemma 15).
Take constants P12, N17 and N18 by Lemma 12, Proposition 17 and Proposition
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18. Those constants depend on K(R), L(R) with the specific values of R. Set

M = 10KLP12N17 + 100(δ +Δ+ Λ+ 1)P12 +N18.

We will show

Claim. If n,m ≥ M , 〈an, bm〉 is a free group freely generated by the two elements,
and the embedding to Γ is quasi-isometric.

Let α, β be quasi-axes of a, b and set D = |α ∩Λ β|. Without loss of generality,
we may assume that tr(b) ≤ tr(a). By Lemma 15, D < ∞.

Step 1. If tr(b)
tr(a) >

N17
M , then the claim is true.

Set q = M
N17

, and apply Proposition 17 to a, b. If n ≥ N17 and m ≥ qN17 = M ,

then 〈an, bm〉 is free and the embedding is quasi-isometric. Since M > N17, we get
the Claim.

In the rest, we may assume tr(b)
tr(a) ≤ N17

M . It follows that 10KLP tr(b) ≤ tr(a)

since
N17
M < 1

10KLP .

Step 2. If Mtr(b) > D + 26δ + 14Δ+ 4Λ + 2, then the claim is true.

Indeed, in this case, both tr(an), tr(bm) are > D + 26δ + 14Δ + 4Λ + 2. (We use
tr(b) ≤ tr(a).) Then by Proposition 8, with the constant U = 1, we get the Claim.

In the rest, we may also assume that Mtr(b) ≤ D + 26δ + 14Δ + 4Λ + 2. Since
10KLN + 100(δ + Δ + Λ + 1) ≤ Mtr(b) by the definition of M , it follows that
10KLN + 74(δ + Λ+Δ+ 1) ≤ D.

Step 3. It must be that D ≤ 2tr(a).

Assume D > 2tr(a). We will get a contradiction using the same idea as in
the proof of Lemma 15 concerning the action of commutators [bi, aj ]. Since D ≥
74(δ+Λ+Δ+ 1) from Step 2, the set α∩Λ β looks like a narrow tube. Therefore,
it makes sense to talk about the directions of the action by a and b along this tube.
In the following, we assume that the actions by a, b have the same direction along
α ∩Λ β; otherwise, we consider b−1 instead of b.

Let p, p′ ∈ α be the extremal points contained in α ∩Λ β, and set � = [p, p′].
We know |�| ≥ D − 2Λ. Since D ≥ 74(δ +Δ+ Λ + 1) from Step 2, it follows that
|�| ≥ 9

10D.
Without loss of generality, we assume that a moves p toward p′; i.e., a(p),

a2(p), · · · , are contained in the subpath of α between p and p′ until they go beyond
p′ (otherwise exchange p and p′). Since D > 2tr(a), at least a(p) is contained in the
subpath (use Lemma 2). Let aJ(p) be the point which is closest (if there is more
than one, then choose one of them) to the mid-point of the subpath; then 1 ≤ J .
Note that aJ(p) is far (compared to δ +Δ+Λ) from p and p′.

We claim that for all 1 ≤ i ≤ PKL, we have d(p, [bi, aJ ](p)) ≤ 28δ+30Δ+12Λ.
The argument is the same as the one for Lemma 14. We only need to verify that �
is long enough to apply the argument such that if we apply aJ , bi, a−J , then b−i to
p, the point moves in a certain neighborhood of � for all 1 ≤ i ≤ PKL. We do not
repeat the details.

Let q ∈ α be the point between p and p′ with L = L(28δ+30Δ+12Λ) = d(p, q).
(Quasi-axes are continuous paths in this paper.) Such a point q exists since L ≤ D

10
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by Step 2. By the same reason as in the case of p, we have d(q, [bi, aJ ](q)) ≤
28δ+30Δ+12Λ for all 1 ≤ i ≤ PKL. Again we are using L ≤ D

10 so that concerned
points move in a certain neighborhood of �; therefore the argument applies.

Now by the acylindricity, since d(p, q) = L(28δ + 30Δ + 12Λ), there must be

1 ≤ I < I ′ ≤ PKL such that [bI , aJ ] = [bI
′
, aJ ]; therefore [bI−I′

, aJ ] = 1, which
gives a contradiction. This is the end of Step 3.

Step 4. SinceD ≤ 2tr(a), we can apply Proposition 18 to a, b. Therefore, if n ≥ N18,
then 〈b, an〉 is a free group freely generated by the two elements, and the embedding
is quasi-isometric. Since M > N18, we have shown the Claim. Note that 〈bm, an〉
is a subgroup of 〈b, an〉. �

Theorem 23 applies to the action of a word-hyperbolic group G on a Cayley
graph. An element g is hyperbolic if and only if its order is infinite ([8]).

Therefore we obtain

Corollary 24. If G is a word-hyperbolic group, then there exists M such that for
any two elements a, b ∈ G of infinite order, either the subgroup 〈a, b〉 is elementary
(i.e. contains an infinite cyclic group as a finite index subgroup) or else for any
n,m ≥ M , 〈an, bm〉 is free and quasi-convex in G.

It seems this result is new (see [8, 8.2 E] for the statement without a bound on
n,m; also the definition of quasi-convex subgroups).

Remark 25. It is more difficult to deal with the normal subgroup generated by
an, bm, or even just by an (see Question 11 [14]). See the work of Delzant [5].

Remark 26. Theorem 23 regards two elements, but one can ask if there exists a
constant M such that if a, b, c ∈ G are hyperbolic elements with certain condition
(for example, pairwise independence), then 〈a�, bm, cn〉 is free for any �,m, n ≥ M .
We remark that the rank of the free subgroup may not be three. Take two hyperbolic
elements a, b ∈ G which satisfy the commutator assumption in Theorem 23 (i.e.,
independent). For any M > 0, set c = aMba−M . Then, the pairs a, c and b, c are
also independent, but 〈aM , bM , cM 〉 is equal to 〈aM , bM 〉.

4. Application to mapping class group

We discuss mapping class groups in this section. We apply results from Section 3
to pseudo-Anosov elements. Theorems 27 and 28 are the main results of the paper.

4.1. Uniform estimate. We apply Theorem 23 to the mapping class group,
Mod(S), of a compact orientable surface S. Let C(S) be the curve graph of S
(see for example [13], [19] for the definition). Masur-Minsky [19] showed that C(S)
is δ-hyperbolic and an element a ∈ Mod(S) is pseudo-Anosov if and only if it acts
as a hyperbolic isometry on C(S), and moreover ([3]) there always exists an axis for
aN if N is large enough. Bowditch [3] showed that the action is acylindrical. (The
curve graph is defined for a non-orientable surface and it is δ-hyperbolic [2], but it
seems it is unknown if the action by Mod is acylindrical.)

For a subgroup G < Mod(S), Farb-Mosher [6] introduced the notion of convex-
cocompact. It has been shown ([9], [15]) that G is convex-cocompact if and only
if for a point c ∈ C(S), the map from G to C(S) sending g to g(c), namely the
embedding by an orbit, is quasi-isometric.
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The following is an immediate consequence of Theorem 23. Apply it to the
action of Mod(S) to C(S). Two pseudo-Anosov elements a, b are called independent
if [an, bm] �= 1 for any n,m �= 0 (cf. [13]).

Theorem 27. Let S be a compact orientable surface, and Mod(S) its mapping class
group. Then there exists a constant M(S) with the following property. Suppose
a, b ∈ Mod(S) are pseudo-Anosov elements such that [an, bm] �= 1 for any n,m �= 0.
Then for any n,m ≥ M , 〈an, bm〉 is a free group freely generated by an, bm and
is convex-cocompact. In particular all non-trivial elements in 〈an, bm〉 are pseudo-
Anosov.

4.2. Non-uniform estimate and example. Let a, b ∈ Mod(S) be two indepen-
dent pseudo-Anosov elements. It would be interesting to know for which (n,m),
〈an, bm〉 is a free group of rank two and convex-cocompact. The following theorem
says that it is the case except for finitely many (n,m). We do not know if the
number of the exceptional pairs is bounded.

Theorem 28. Let S be a compact orientable surface and a, b two independent
pseudo-Anosov elements. Then there exists N28 = N , which depends on a, b such
that for any n ≥ N , both 〈a, bn〉 and 〈b, an〉 are free groups freely generated by a, bn

and b, an, respectively, and are convex-cocompact. In particular, 〈an, bm〉 is a free
group freely generated by the two elements and is convex-cocompact if |n|+|m| ≥ 2N
and nm �= 0.

Proof. Set N = N22. Apply Proposition 22 to a, b for the action on C(S). �

The constant N28 must depend on a, b as the following example shows.

Example 29. Let S be a compact orientable surface which is not a sphere with
less than four punctures or a torus. If n > 0 is sufficiently large, then there exist
two independent pseudo-Anosov elements f, g ∈ Mod(S) such that 〈g, fn〉 is not a
free group.

To see this, take f, a ∈ Mod(S) such that f is pseudo-Anosov, a is non-trivial
torsion and 〈f, a〉 is not virtually cyclic. To find such a, f , first take a non-trivial
torsion element a ∈ Mod(S) such that there is a non-trivial and non-peripheral
simple closed curve σ on S which is not homotopic to a(σ). One can find such
a easily. Then one can find a desired f . For example, take any pseudo-Anosov
element h on S. Let d be a Dehn-twist along σ. Set f = dmhd−m. We choose
a sufficiently large m > 0 later. It is clear that f is pseudo-Anosov, and the
two laminations which are invariant by f , which we regard as a set of two points,
fix(f), in the boundary of the Teichmüller space of S, must be moved by a (i.e.
fix(f)∩a(fix(f)) = ∅) if m is sufficiently large. For such m, it follows by a standard
argument that 〈f, a〉 is not virtually cyclic (cf. [12]).

Now, for sufficiently large n, fna is pseudo-Anosov and independent from f . One
can show this using the curve graph of S, C(S), which is δ-hyperbolic. If necessary,
replace f by some power of it in advance and assume that f leaves a geodesic γ in
C(S) invariant. By our assumption γ ∩Λ a(γ) is bounded; otherwise 〈f, a〉 would
be virtually cyclic. For each n > 0, one can find a line which is invariant by fna
using a piece of γ, a fundamental domain for the action of fn, and the action of a.
Then, for sufficiently large n, using δ-hyperbolic geometry of C(S), one can show
that the line is indeed a quasi-geodesic; therefore fna is pseudo-Anosov. Moreover,
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for sufficiently large n, the quasi-geodesic has two points at infinity of C(S) which
are disjoint from the two points for γ. It implies that fna and f are independent.
Set g = fna. Then 〈g, fn〉 is not free since it contains the torsion element a.

5. Appendix (Proof of Lemmas 1 and 2)

We will use Lemma 4 repeatedly. Moreover, we use a refined version such that
if [A,B], [C,D] are geodesics in δ-hyperbolic space with |A−C|, |B −D| ≤ L and,
moreover, if [A,B] is much longer than L, δ, then most of [A,B] except for the part
near A and B (whose length is at most L+10δ) is in the 2δ-neighborhood of [C,D].
(The argument is the same. We leave the argument to the reader.) Typically, we
apply this to points around the mid-point of [A,B].

Proof of Lemma 1. We will show the lemma for Δ = 418δ.
If δ = 0, then Γ is a tree; therefore an axis exists for a hyperbolic isometry, [22].

We assume that δ > 0.
Since a is hyperbolic, we can choose N such that tr(aN ) ≥ 1000δ. Set A = aN .

Let x ∈ Γ be any point and let m be the mid-point of [x,A(x)].
Define a path (parameterized by the arc length) by

γ =
∑
n∈Z

an([m, a(m)]).

Main claim. There is a constant Δ, which depends only on δ, such that for any
points p, q ∈ γ:

(1) [p, q] ⊂ NΔ(γp,q).
(2) γp,q ⊂ NΔ([p, q]).

Clearly, a(γ) = γ and γ is a desired path for the lemma with L = |m− a(m)|. We
will find a bound Δ ≤ 418δ. As we said, there is more than one possibility for γp,q
depending on the parameters for p, q, but the main claim holds for any of them.
Therefore any two of them are in the 2Δ-neighborhood of each other.

The map γ is not injective in general. If we can choose m such that γ is injective,
then some of the arguments in this paper become less complicated. For example,
γp,q will be uniquely defined. We leave it as a question if an injective quasi-axis
exists or not.

We start the proof of the main claim. We define another path by

α =
∑
i∈Z

Ai([m,A(m)]).

(This α has nothing to do with the α in Lemma 1.) Clearly α = A(α). We show

Claim 1. For each 0 ≤ i,

m,A(m), A2(m), · · · , Ai(m) ∈ N2δ([m,Ai(m)]).

The argument is elementary and standard by drawing triangles and geodesics.
Let s ∈ [m,A(m)] be a point such that there exist t ∈ [m,A(x)], u ∈ [A(x), A(m)]
with |t − s| ≤ δ, |u − s| ≤ δ. Such points exist since the triangle (m,A(x), A(m))
is δ-thin. Notice that s is around the mid-point of [m,A(m)] (at most, say, 10δ
away), since |m − A(x)| = |A(x) − A(m)|; therefore, |u − A(m)|, |m − t| are long
compared to δ (in fact ≥ 490δ).
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We argue by induction on i. For i = 1, there is nothing to prove and assume
i = 2. Since the triangle (m,A(m), A2(m)) is δ-thin, there are y, z ∈ [m,A2(m)]
with |s−y|, |A(s)−z| ≤ δ (use that s, A(s) are far from A(m)). On the other hand,
A(m) is around the mid-point of the long geodesic [u,A(t)], which is in the 4δ-
neighborhood of the geodesic [y, z] ⊂ [m,A2(m)] by Lemma 4. Since A(m) is around
the mid-point of [u,A(t)], there must be a point v ∈ [y, z] with |v − A(m)| ≤ 2δ
(see the remark in the beginning of this section). We finish the case with i = 2 (see
Figure 5).

x A(x) A2(x)

m
t A(t)

A(m) A2(m)

y z

δ

δ

u A(u)

δ

δ

δ

v

s A(s)

Figure 5. |A(m)− v| ≤ 4δ by Lemma 4. In fact, ≤ 2δ.

Now assume the claim is true up to i. First, notice that we also have

s, A(s), · · · , Ai−1(s) ∈ N2δ([m,Ai(m)]).

This is because each Aj(s) is around the mid-point of a long geodesic [Aj(m),
Aj+1(m)] whose end points are in the 2δ-neighborhood of [m,Ai(m)]. Let rj ∈
[m,Ai(m)] with |rj − Aj(s)| ≤ 2δ for 0 ≤ j ≤ i − 1. By the δ-thinness of the
triangle (m,Ai(m), Ai+1(m)), let qi ∈ [m,Ai+1(m)] be a point with |qi− ri| ≤ δ for
0 ≤ j ≤ i− 1.

Now, Aj(m)(1 ≤ j ≤ i− 1) is on [Aj−1(u), Aj(t)] around its mid-point. The end
points of this geodesic and the end points of the geodesic [qj−1, qj ] are at most 4δ
from each other (for this estimate, use Aj−1(s), rj−1 and Aj(s), rj to interpolate),
so Aj(m) must be contained in the 2δ-neighborhood of [qj−1, qj ] ⊂ [m,Ai+1(m)].
We are left with Ai(m). For that, choose qi ∈ [m,Ai+1(m)] with |Ai(s) − qi| ≤ δ
and argue in the same way. The induction is complete and Claim 1 is shown.

From Claim 1, we have the following.

Claim 2. For any p = Ai(m), q = Aj(m) ∈ α, (i < j), we have

(1) [p, q] ⊂ N4δ(αp,q).
(2) αp,q ⊂ N4δ([p, q]).

Here, αp,q means a specific subpath (the most natural one) between p, q such
that the parameters for p = Ai(m), q = Aj(m) are iL, jL if m = α(0), where
L = |m−A(m)|.

We may assume i = 0. Using Claim 1, let pk ∈ [p, q] with |pk − Ak(m)| ≤ 2δ.
Then for each k, [pk, pk+1] and [Ak(m), Ak+1(m)] are in the 4δ-neighborhood of
each other and Claim 2 is proved.
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In general, α is not a-invariant, but we show

Claim 3. For any n,

an(m) ∈ N8δ(α).

First, since α is invariant by aN , there exists some constant L such that for any
n, an(α) and α are in the L-neighborhood of each other.

For a given n, we choose points p = Ai(m), q = Aj(m) ∈ α such that m is
around the mid-point of [p, q] and |p − q| is much larger than |m − an(m)| and L.
Since m ∈ N2δ([p, q]) by Claim 1, we have an(m) ∈ N2δ(a

n([p, q])). Also, since
|p − an(p)| = |m − an(m)| = |q − an(q)| (they are on an orbit by A), most of
an([p, q]), except near the end points (whose length is comparable to |m − an(m)|
and δ, while |p−q| is much larger) is contained in N2δ([p, q]). It follows that in fact
an(m) ∈ N4δ([p, q]) ⊂ N8δ(α). The last inclusion is by Claim 2. Claim 3 is shown.

Let I > 0 be an integer, and consider points m, a(m), a2(m), · · · , aI(m). By
Claims 2 and 3, there is a (very long but finite) geodesic ρ such that all of those
points are not only in the (4 + 8)δ-neighborhood of ρ, but are also very far from
the end points of ρ, and ρ and ai(ρ) (0 ≤ i ≤ I) are in the 2δ-neighborhood of each
other except near the end points (this exceptional part is much shorter than ρ). In
fact we can take two points p, q ∈ α and take the geodesic [p, q] = ρ. Set K = 12δ;
then we have

m, a(m), · · · , aI(m) ∈ NK(ρ).

Let < denote a natural linear order on ρ. There are two, and we specify them
soon. Since ai(ρ), 0 ≤ i ≤ I are in the 2δ-neighborhood of each other for the most
part (except for the part near the end points), we can put an order < on each of
them so that they are compatible. Then a maps ρ to a(ρ) preserving the order. If
tr(ai), i > 0, is large enough compared to 2δ, it makes sense to say ai maps ρ toward
positive or negative w.r.t. the order, and it does not depend on i. We choose the
order such that ai maps ρ to the positive direction. Also, each ai(ρ) is two-ended,
and we can naturally identify the ends of two geodesics, and a preserves each end.

Let pi ∈ ρ be a point with |pi − ai(m)| ≤ K.

Claim 4. If pi < p0 for some i > 0, then |pi − p0| ≤ L = 2K + 12δ.

To argue by contradiction, assume pi < p0 and |pi − p0| > L. Although pi < p0
may depend on the choice of ρ in general, by |pi − p0| > L, it does not depend on
the choice of ρ since they are in the 2δ-neighborhood of each other. By changing
ρ, |pi − p0| may change at most 4δ. We will take I larger and ρ longer if needed,
and always have |pi − p0| > L− 4δ = 2K + 8δ.

Set x = p0 ∈ ρ; then |x−m| ≤ K. By our assumption, |ai(x)−x| > L−4δ−2K.
Since ai(x) ∈ ai(ρ), let xi ∈ ρ be a point with |ai(x) − xi| ≤ 2δ. Then |x − xi| >
L− 4δ − 2K − 2δ and xi < x since pi < p0 = x. (Since L− 2K − 6δ ≥ 4δ, whether
xi < x or not does not depend on the choice of ρ.)

For the point a2i(x) ∈ a2i(ρ), let x2i ∈ ρ be a point with |x2i − a2i(x)| ≤ 2δ.
Then |xi − x2i| > L − 2K − 8δ, and x2i < xi on ρ. Again, this makes sense since
L − 2K − 8δ ≥ 4δ. We continue in the same way as long as possible; namely, let
xki ∈ aki(ρ) be a point with |aki(x)−xki| ≤ 2δ. Then, |xki−x(k+1)i| ≥ L−2K−8δ,
and x(k+1)i < xki on ρ.
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In this way, we obtain a sequence (see Figure 6)

x > xi > x2i > x3i > · · · > xki

if ki < I (in other words, as long as aki(x) is in the 2δ-neighborhood of ρ).
This argument applies to any I > 0. But this will give a contradiction since it

means that aki (k sufficiently large) maps ρ to the negative direction in terms of
the order <. On the other hand, for example, by the choice of N , aN maps ρ to
the positive direction. Claim 4 is shown.

m a2(m)

α

p1 p2

ai(m)

pi

xix2i

a2i(x)

2δ

K K K
K

ρ

ai(ρ)

a2i(ρ)

p0 = x

a(m)

2δ

ai(x)

L− 4δ

Figure 6. Points on ρ: x > xi > x2i > x3i > · · · > xki

We already know [m, a(m)] ⊂ NK+2δ(ρ).

Claim 5. Suppose x ∈ [m, a(m)]. Let p0, p1, px ∈ ρ be the nearest points for
m, a(m), x. If px < p0, then |px − p0| ≤ L + 10(K + 2δ). Also, if p1 < px, then
|px − p1| ≤ L+ 10(K + 2δ).

We only prove the first assertion since the second one is the same by changing the
role of a and a−1. Indeed, assume px < p0 and |px−p0| > L+10(K+2δ). Let P < p0
be the point on ρ with |P −p0| = L. By Claim 4, px < P ≤ p1. It follows that there
are points w ∈ [m,x] and y ∈ [x, a(m)] such that their nearest points on ρ, pw, py
satisfy |pw − P | ≤ 2(K + 2δ), |py − P | ≤ 2(K + 2δ) (the nearest projection is not
continuous, but at most 2(K+2δ) gap). This implies that |w−y| ≤ 6(K+2δ). But
we have w < x < y; therefore |px− py| ≤ 8(K +2δ), so that |px−P | ≤ 10(K+2δ),
which implies that |px − p0| ≤ L + 10(K + 2δ), a contradiction. Claim 5 is shown
(see Figure 7).

a(m)

m

y

x

w

px p1 p0

pypw

L

ρP

Figure 7. Bound on the backtrack
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We start proving the main claim. Suppose x = γ(u), y = γ(v) with u < v.
We claim that if the nearest points project to ρ, px, py, satisfy px > py, then
|px − py| ≤ 3L+ 20(K + 2δ). Namely, a backtrack is bounded.

Indeed, assume x is contained in the subpath, say, [m, a(m)], and y is contained
in [an(m), an+1(m)], n > 0. Then at worst, it can go back from px to p1 by L +
10(K+2δ) (Claim 5), then by L from p1 to pn (use Claim 4), then by L+10(K+2δ)
(Claim 5) from pn to py, which adds up to 3L + 20(K + 2δ) = Q. The claim is
proved.

It follows that γx,y ⊂ NQ+K+2δ([px, py]). On the other hand, [px, py] ⊂ N2(K+2δ)

(γx,y) (the map from γ to ρ is not continuous, but the diameter of the gap is at
most 2(K + 2δ)). Therefore, they are in the (Q + K + 2δ)-neighborhood of each
other. (We said that there is an ambiguity for γx,y concerning the parameters for
x and y, but the above inclusions hold for any choice of the parameters. Therefore
the lemma will also hold for any subpath.)

Now, [x, y] and [px, py] are in the (K+4δ)- neighborhood of each other; therefore,
γx,y and [x, y] are in the (Q+K + 2δ +K + 4δ)-neighborhood of each other. The
main claim is shown for Δ = Q + 2K + 6δ = 418δ, and the proof of Lemma 1 is
complete. �

Proof of Lemma 2. The second inequality is clear from the definition of tr(a). For
the first inequality, we first show that

Claim. If a is hyperbolic and α is a quasi-axis, then for each point p ∈ α and any
n, we have

|p− an(p)| ≥ n(|p− a(p)| − 2δ − 2Δ).

Indeed, there is nothing to prove if |p − a(p)| ≤ 2δ + 2Δ. Assume U =
|p− a(p)| − 2δ− 2Δ > 0. Since p, a(p), a2(p) are on the quasi-axis α, the point a(p)
is at most at Δ from some point q ∈ [p, a2(p)]. Then by the triangle inequality, we
have |p−a2(p)| ≥ |p−a(p)|+ |a(p)−a2(p)|−2Δ. This means that the three points
condition is satisfied by the sequence {an(p)}n and U . Now, by Proposition 7, we
have the desired inequality, and the claim is shown.

Fix N ≥ 1, and apply the claim to the element aN and α. Then for each n,
|p− aNn(p)| ≥ n(|p− aN (p)| − 2δ − 2Δ). So,

|p− aNn(p)|/Nn ≥ (|p− aN (p)| − 2δ − 2Δ)/N.

Letting n → ∞, we have tr(a) ≥ (|p− aN (p)| − 2δ − 2Δ)/N . �
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