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COFIBRANT MODELS OF DIAGRAMS: MIXED HODGE

STRUCTURES IN RATIONAL HOMOTOPY

JOANA CIRICI

Abstract. We study the homotopy theory of a certain type of diagram cat-
egory whose vertices are in variable categories with a functorial path, leading
to a good calculation of the homotopy category in terms of cofibrant objects.
The theory is applied to the category of mixed Hodge diagrams of differential
graded algebras. Using Sullivan’s minimal models, we prove a multiplicative
version of Beilinson’s Theorem on mixed Hodge complexes. As a consequence,

we obtain functoriality for the mixed Hodge structures on the rational homo-
topy type of complex algebraic varieties. In this context, the mixed Hodge
structures on homotopy groups obtained by Morgan’s theory follow from the
derived functor of the indecomposables of mixed Hodge diagrams.

1. Introduction

1.1. Overview. Since the development of Sullivan’s rational homotopy theory [26],
minimal models have found significant applications of both topological and geo-
metric origin, one of the first and most striking being the Formality Theorem of
Deligne-Griffiths-Morgan-Sullivan [11] for compact Kähler manifolds. Also using
Sullivan’s minimal models and based on Deligne’s mixed Hodge theory [9], Mor-
gan [21] proved the existence of functorial mixed Hodge structures on the rational
homotopy groups of smooth complex algebraic varieties. His results were indepen-
dently extended to the singular case by Hain [17] and Navarro [22]. Both works
depend on the initial constructions of Morgan. The main objects under considera-
tion in Morgan’s theory are mixed Hodge diagrams of differential graded algebras,
a multiplicative analogue of the mixed Hodge complexes of Deligne [10] involving
differential graded algebras over Q and C respectively and encoding the weight and
Hodge filtrations up to filtered quasi-isomorphisms.

Bousfield and Gugenheim [4] reformulated Sullivan’s rational homotopy theory of
differential graded algebras in the context of Quillen model categories [23]. Follow-
ing this line, it would be desirable to establish an analogous formulation for mixed
Hodge diagrams of differential graded algebras. In this sense, though sufficient
for its original purposes, Morgan’s theory of mixed Hodge diagrams is incomplete,
since it proves the existence of certain minimal models, but these are not shown to
be cofibrant or minimal in any abstract categorical framework. Moreover, Morgan
allows morphisms between diagrams to be homotopy commutative and does not
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claim any composition law. As a consequence, his results fall out of the realm of
categories. This is one aspect that motivates the present work.

Driven by motivic and Deligne cohomology, Beilinson [3] studied the homotopy
category of mixed Hodge complexes and proved that it is equivalent to the derived
category of mixed Hodge structures, allowing an interpretation of Deligne’s coho-
mology in terms of extensions of mixed Hodge structures. Our objective in this
paper is to prove a multiplicative analogue of Beilinson’s equivalence, which allows
understanding the results of Deligne, Beilinson, Morgan, Hain and Navarro within
a common homotopical framework.

The axioms for Quillen’s model categories are very powerful, since they not only
provide a precise description of the maps in the homotopy category, but also lead
to other higher homotopical structures. However, there exist interesting categories
from the homotopical point of view, which do not satisfy all the axioms. This is
the case of diagram categories involving filtrations, where more specific techniques
have to be introduced.

In this paper we develop an abstract homotopy theory for certain diagram cat-
egories with vertices in variable categories. We follow the homotopical approach
of Cartan-Eilenberg categories introduced by Guillén-Navarro-Pascual-Roig [16], a
weaker framework than the one provided by Quillen model structures but sufficient
to study homotopy categories and to extend the classical theory of derived additive
functors to non-additive settings. An important observation is that in this setting
one can consider minimal models as a particular case of cofibrant ones, parallel to
Sullivan’s theory.

We apply this abstract homotopy theory to the category of mixed Hodge dia-
grams of differential graded algebras. Using Navarro’s functorial construction of
mixed Hodge diagrams [22], we obtain functoriality for the mixed Hodge structures
on the rational homotopy type of complex algebraic varieties. In this context, the
mixed Hodge structures on the rational homotopy groups obtained by Morgan’s
theory follow from the derived functor of the indecomposables of mixed Hodge di-
agrams. Our approach can be applied to broader settings, such as the study of
complex analytic spaces with a class of compactifications, for which the Hodge and
weight filtrations can be defined (see [15] and [28]), but do not satisfy the strong
properties of mixed Hodge theory.

The present paper is a natural extension of previous works written by the author
jointly with F. Guillén: here we generalize the results of [7] to the multiplicative
setting, using the construction of minimal models for mixed Hodge diagrams ap-
pearing in [6].

1.2. Main results on diagram categories. Let I be a small category and let
C : I → Cat be a functor with values in the category of categories. Denote by

∫
I
C

the Grothendieck construction of C. The category of diagrams ΓC associated with
C is defined as the category of sections of the projection

∫
I
C → I.

It is an important question in abstract homotopy theory to know whether given
compatible homotopical structures on the categories C(i), there exists an induced
homotopical structure on ΓC with level-wise weak equivalences. For categories of
diagrams CI associated with a constant functor there are partial answers in terms of
Quillen model structures: if C is cofibrantly generated, or I has a Reedy structure,
then the category CI inherits a level-wise model structure (see for example [19],
Theorem 5.2.5). It is also well known that if C is a Brown category of (co)fibrant
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objects [5], then CI inherits a Brown category structure, with weak equivalences
and (co)fibrations defined level-wise.

Here we study this question in the context of Cartan-Eilenberg categories, and
give a positive answer for a certain type of diagram category whose vertices are
endowed with a functorial path.

A P-category is given by a category C with a functorial path P : C → C and
two classes of morphisms F and W of fibrations and weak equivalences satisfying
certain axioms close to those of Brown categories of cofibrant objects, together
with a homotopy lifting property with respect to trivial fibrations (see Definition
2.15). The functorial path defines a notion of homotopy between morphisms of C.
An object is called cofibrant if it has the lifting property with respect to trivial
fibrations. Denote by πCcof the category whose objects are cofibrant objects of
C and whose morphisms are given by homotopy classes of morphisms. Denote by
Ho(C) the localization of C with respect to weak equivalences.

Theorem (cf. Theorem 2.24). Let C be a P-category with enough cofibrant models.
Then C admits a left Cartan-Eilenberg structure with the same weak equivalences
and cofibrant objects. The inclusion induces an equivalence of categories

πCcof ∼−→ Ho(C).

In Theorem 2.24 we actually prove a more general result, concerning a full sub-
category of a P-category with cofibrant models.

It is quite immediate that if the vertices of a diagram category ΓC are endowed
with compatible P-category structures, then the diagram category inherits a level-
wise P-category structure. However, the characterization and existence of cofibrant
models of diagrams is not straightforward, and requires the rectification of homo-
topy commutative morphisms. We focus our study to diagrams indexed by a finite
directed category of binary degree (see 4.3). This includes the diagrams of zig-zag
type appearing in mixed Hodge theory.

We call ho-morphisms those maps between diagrams that commute up to fixed
homotopies. In general, ho-morphisms cannot be composed. However, the level-
wise functorial path of ΓC defines a notion of homotopy between ho-morphisms.
Consider the full subcategory ΓCcof of level-wise cofibrant diagrams. Its objects,
together with the homotopy classes of ho-morphisms, define a category πhΓCcof .
Denote by Ho(ΓC) the localization of ΓC with respect to the class of level-wise weak
equivalences. We prove:

Theorem 4.32. Let ΓC be a diagram category satisfying conditions (I1)-(I3) of 4.3.
Assume that C(i) is a P-category with enough cofibrant models, for all i ∈ I. Then
ΓC admits a left Cartan-Eilenberg structure with level-wise weak equivalences, and
ΓCcof is a full subcategory of cofibrant models. The inclusion induces an equivalence

πhΓCcof ∼−→ Ho(ΓC).

We also consider a relative situation of a subcategory of ΓC with enough cofibrant
models, suitable to study mixed Hodge diagrams (see Theorem 4.33).

1.3. Main results on mixed Hodge structures. A mixed Hodge diagram of
differential graded algebras is given by a filtered dga (AQ,W ) defined over Q, a
bifiltered dga (AC,W, F ) defined over C, together with a string of filtered quasi-
isomorphisms (AQ,W ) ⊗ C ←→ (AC,W ) over C. These filtrations satisfy certain
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axioms, making the triple (H(AQ),DecW,F ) into a graded mixed Hodge structure.
Denote by MHD the category of mixed Hodge diagrams.

A minimal mixed Hodge dga is a Sullivan minimal dga A defined over Q, to-
gether with filtrations W on A and F on A ⊗Q C such that for each n ≥ 0 the
triple (An,DecW,F ) is a mixed Hodge structure compatible with products and
differentials. This defines a full subcategory MHDGAmin of MHD.

The main result of this paper is a multiplicative version of Beilinson’s Theorem
on mixed Hodge complexes (Theorem 3.4 of [3]; see also Theorem 4.11 of [7]).

Theorem 5.6. The category MHD admits a left Cartan-Eilenberg structure with
level-wise filtered quasi-isomorphisms as weak equivalences, and MHDGAmin is a
full subcategory of cofibrant minimal models. The inclusion induces an equivalence

πhMHDGAmin
∼−→ Ho (MHD) .

Together with Navarro’s functorial construction of mixed Hodge diagrams for
complex algebraic varieties [22], the above theorem leads to the following result.

Corollary 5.7. The rational homotopy type of every complex algebraic variety
carries functorial mixed Hodge structures: there exists a functor

Hdg : Sch(C) −→ πhMHDGAmin

whose composition with the forgetful functor UQ : πhMHDGAmin → Ho(DGAQ)
sends every complex algebraic variety to the homotopy type of its Sullivan-De Rham
rational algebra.

The existence of a Cartan-Eilenberg structure is particularly useful in order to
derive functors. Denote byMHD1 (resp. MHD1

∗) the category of simply connected
(resp. augmented and simply connected) mixed Hodge diagrams. Denote by MHC
the category of mixed Hodge complexes, and by G+(MHS) the category of graded
mixed Hodge structures.

Theorem 5.14. The functor of indecomposables admits a left derived functor

LQ : Ho
(
MHD1

∗
)
−→ Ho (MHC) .

The composition

Ho
(
MHD1

) ∼←− Ho
(
MHD1

∗
) LQ−−→ Ho (MHC)

DecW ◦H−−−−−−→ G+(MHS)

defines a functor
π∗ : Ho

(
MHD1

)
−→ G+(MHS)

which associates to a mixed Hodge diagram A a graded mixed Hodge structure
π∗(A) = (Q(MQ),DecW,F ), where M is a cofibrant minimal model of A.

This results gives an alternative prove and a more explicit description of the
mixed Hodge structures on rational homotopy groups (see Corollary 5.15).

1.4. Outline of the paper. In Section 2 we introduce P-categories and study
their homotopy theory. The main result is Theorem 2.24.

In Section 3 we develop the basic examples of P-categories: these are the category
of topological spaces and the category of differential graded algebras. We also
provide a criterion of structure transfer and apply it to two fundamental examples
appearing in mixed Hodge theory: the categories of filtered and bifiltered differential
graded algebras.
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In Section 4 we study the homotopy theory of diagram categories. The main
results of this section are Theorem 4.32 and Theorem 4.33, where we establish the
existence of Cartan-Eilenberg structures for diagram categories in the absolute and
relative versions respectively.

Section 5 is devoted to the applications to mixed Hodge theory. We apply the
results of the previous sections to prove the main result of this paper, Theorem 5.6.
We also prove Theorem 5.14.

2. P-categories and cofibrant models

In the present section we introduce P-categories. These are categories with a
functorial path and two distinguished classes of morphisms, called fibrations and
weak equivalences, satisfying a list of axioms similar to those of Brown categories
of fibrant objects [5]. We introduce the notion of a cofibrant object in terms of a
lifting property with respect to trivial fibrations and prove that every P-category
with enough cofibrant models is a Cartan-Eilenberg category with the same weak
equivalences. As a consequence, the homotopy category is equivalent to the quotient
category of cofibrant objects modulo homotopy. Basic examples of P-categories
are the category of topological spaces, or the category of commutative differential
graded algebras over a field of characteristic zero.

2.1. Categories with a functorial path. We recall the main results on categories
with a functorial path (see also Section I.4 of [20]).

Definition 2.1. A functorial path on a category C is a functor P : C → C together
with natural transformations

1
ι �� P

δ0 ��

δ1
�� 1 such that δ0ι = δ1ι = 1.

Definition 2.2. Let f, g : A → B be two morphisms of C. A homotopy from f to
g is a morphism h : A → P (B) of C such that δ0Bh = f and δ1Bh = g. We use the
notation h : f � g.

Lemma 2.3 ([20], Lemma I.2.3). The homotopy relation defined by a functorial
path is reflexive and compatible with the composition.

2.4. We shall consider extra structure on the functorial path. The notion dual to
the path is that of a cylinder. A basic example of such construction is the product
X × I of a topological space X with the unit interval I = [0, 1]. In this case one
has the following operators:

1. Symmetry. The automorphism of I defined by t �→ 1 − t makes the homotopy
relation into a symmetric relation.

2. Interchange. There is an automorphism of I2 := I × I defined by (t, s) �→ (s, t).
3. Product. There is a map I2 → I given by (t, s) �→ ts.
4. Diagonal map. There is a map I → I2 given by t �→ (t, t).

We next axiomatize these transformations in their dual version.

Given a functorial path P , we denote P 0 = 1, P 1 = P , P 2 = PP , · · · . For all
0 ≤ s ≤ n we have natural transformations

Pn ιn,s
�� Pn+1

(δ0)n,s

��

(δ1)n,s
�� P

n ,

{
ιn,s := P s(ιPn−s),
(δk)n,s := P s(δkPn−s).
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Definition 2.5 ([20, Def. I.4.1]). A symmetry of P is a natural automorphism

τ : P → P such that τAτA = 1P (A), τAιA = ιA and δkAτA = δ1−k
A for k = 0, 1.

Lemma 2.6 ([20, Prop. I.4.5]). The homotopy relation defined by a functorial path
with a symmetry is a symmetric relation.

Definition 2.7 ([20, Def. I.4.6]). A coproduct of P is a natural transformation
c : P → P 2 such that:

(a) The triple (P, δ1, c) is a comonad, i.e. for A ∈ C one has commutative diagrams

P (A)
cA ��

cA

��

P 2(A)

cP (A)

��

P 2(A)
P (cA)

�� P 3(A) ,

P (A) P 2(A)
δ1P (A)
��

P (δ1A)
�� P (A)

P (A)

1P (A)

����������� 1P (A)

�����������
cA

��

.

(b) For all A ∈ C the following diagrams commute:

A

ιA

��

ιA �� P (A)

cA

��

P (A)
ιP (A)

�� P 2(A) ,

P (A) P 2(A)
δ0P (A)
��

P (δ0A)
�� P (A)

P (A)

ιAδ0A

����������� ιAδ0A

�����������
cA

��

.

Lemma 2.8. For all A ∈ C the map cA is a homotopy from ιAδ
0
A to 1P (A).

Proof. It follows from the definition. �

Definition 2.9 ([20], Def. I.4.7). An interchange of P is a natural automorphism
μ : P 2 → P 2 such that δkP (A)μA = P (δkA) and P (δkA)μA = δkP (A) for k = 0, 1.

Definition 2.10. A folding map of P is a natural transformation ∇ : P 2 → P
such that δkA∇A = δkAδ

k
P (A), for k = 0, 1, and ∇AιP (A) = 1P (A).

The transformations defined so far give rise to other useful transformations. In
particular, we shall use the dual abstract version of the map I3 → I given by
(t, s, l) �→ t(s+ l − sl).

Lemma 2.11. Let P be a functorial path with a symmetry τ and a coproduct c.
There is a natural transformation ĉ : P → P 3 satisfying

(i) δ0P 2(A)ĉA = P (δ0P (A))ĉA = cA,

(ii) δ1P 2(A)ĉA = P (δ1P (A))ĉA = ιP (A),
(iii) P 2(δ0A)ĉA = ιP (A)ιAδ

0
A,

(iv) P 2(δ1A)ĉA = τP (A)P (τA)cAτA.

Proof. Let c′ : P → P 2 be the natural transformation defined by c′A := P (τA)cAτA.
Then c′ satisfies the same properties of the coproduct c, with the maps δ0 and
δk interchanged. Define ĉA := c′P (A) ◦ cA. The above identities follow from the

naturality of τ and c. �

Denote by∼ the congruence of C transitively generated by the homotopy relation:
f ∼ g if there is a chain of homotopies f � · · · � g.

Definition 2.12. A morphism f : A → B of C is a homotopy equivalence if there
exists a morphism g : B → A satisfying fg ∼ 1B and gf ∼ 1A.
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Denote by S the class of homotopy equivalences of C. This class is closed by
composition and contains all isomorphisms.

Proposition 2.13. Let C be a category with a functorial path, a symmetry and a
coproduct. Then the categories πC := C/ ∼ and C[S−1] are canonically isomorphic.

Proof. By Lemma 2.8 the map ιA : A → P (A) is a homotopy equivalence for all
A ∈ C. The result follows from Proposition 1.3.3 of [16]. �

We will use the following constructions.

Definition 2.14. (1) Assume that the pull-back diagram

P(f)

�π1

��

π2 �� P (B)

δ0B
��

A
f

�� B

exists. Then P(f) is called the mapping path of f .
(2) Assume that the pull-back diagram

P(f, f ′)

�π1

��

π2 �� P (B)

(δ0B ,δ1B)

��

A×A′ f×f ′
�� B ×B

exists. Then P(f, f ′) is called the double mapping path of f and f ′.

With this notation we have P(f, 1B) = P(f).

2.2. Axioms for a P-category. Let C be a category with finite products and a
final object e. Assume that C has a functorial path P , together with a symmetry
τ , an interchange μ, a coproduct c and a folding map ∇. Assume as well that C
has two distinguished classes of maps F and W called fibrations and weak equiva-
lences respectively. A map will be called a trivial fibration if it is both a fibration
and a weak equivalence. As is customary, the symbol

∼−→ will be used for weak
equivalences, while � will denote a fibration.

Definition 2.15. The quadruple (C, P,F ,W) is called a P-category if the following
axioms are satisfied:

(P1) The classes F and W contain all isomorphisms and are closed by composi-
tion. The class W satisfies the two out of three property. The map A → e
is a fibration for every A ∈ C.

(P2) The map ιA : A → P (A) is a weak equivalence and (δ0A, δ
1
A) : P (A) → A×A

is a fibration. The maps δ0A and δ1A are trivial fibrations, for every A ∈ C.
(P3) Given a diagram A

u→ C
v� B, where v is a fibration, the fibre product

A×CB exists and the projection π1 : A×CB � A is a fibration. In addition,
if v is a trivial fibration, then π1 is so, and if u is a weak equivalence, then
π2 : A×C B → B is also a weak equivalence.

(P4) The path preserves fibrations and weak equivalences and is compatible with
the fibre product: P (F) ⊂ F , P (W) ⊂ W and P (A×C B) = PA×PC PB.
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(P5) For every fibration v : A � B, the map v defined by the following diagram
is a fibration:

P (A)

(δ0A,δ1A)

��

P (v)

		

v





P(v, v)

�
��

�� P (B)

(δ0B ,δ1B)

��

A×A
v×v

�� B ×B

Remark 2.16. A category satisfying axioms (P1) to (P3) is a Brown category of
fibrant objects with a functorial path [5]. Axiom (P5) is dual to the relative cylinder
axiom of Baues [2], and can be described as a cubical homotopy lifting property in
dimension 2 (see [20], p. 86). Baues introduced P-categories as an abstract example
of a fibration category. Although our notion of a P-category differs substantially
from the notion introduced by Baues, we borrow the same name. The axioms
for Baues fibration categories are very similar to those of Anderson-Brown-Cisinski
fibration categories, the latter including conditions relative to limits, such as closure
of fibrations under transfinite compositions. The motivation behind these additional
axioms lies in the construction of homotopy colimits indexed by small diagrams.
We refer to [2], [8], [24] and [25] for details.

Our objective in this section is to study the homotopy category Ho(C) := C[W−1].
We first prove some useful results that are a consequence of the axioms.

Lemma 2.17 (cf. [5], Factorization Lemma). Let f : A → B be a morphism in a
P-category category C. Define maps p := π1, q := δ1Bπ2 and ι := (1A, ιBf). Then
the diagram

A P(f)
p

��
q

�� B

A

���������

��������� f

�����������
ι

��

commutes. In addition:

(1) The map p is a trivial fibration, and q is a fibration.
(2) The map ι is a homotopy equivalence with homotopy inverse p.
(3) If f is a weak equivalence, then q is a trivial fibration.

Proof. Since δ0B is a fibration, the mapping path P(f) exists by (P3). From the
definitions it is immediate that the above diagram commutes.

Assertion (1) follows analogously to the proof of Brown’s Factorization Lemma
[5] in its dual version. Assertion (3) follows from (1) and the two out of three
property of W . We prove (2). Since pι = 1, it suffices to define a homotopy from ιp
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to the identity. Let h be the morphism defined by the following pull-back diagram:

P(f)

ιAπ1

��

cBπ2

		

h





P (P(f))

�
��

�� P 2(B)

P (δ0B)

��

P (A)
P (f)

�� P (B) ,

where c is the coproduct of the path (see Definition 2.7) and satisfies P (δ0B)cB =
ιBδ

0
B. Using the naturality of ι one sees that the above solid diagram commutes.

Hence h is well defined. By (P4), the pull-back P (P(f)) is a path object of P(f),
and for k = 0, 1 we have

δkP(f)h = (δkAP (π1), δ
k
P (B)P (π2))(ιAπ1, cBπ2) = (π1, δ

k
P (B)cBπ2).

Since δ0P (B)cB = ιBδ
0
B and δ1P (B)cB = 1B , it follows that δ0P(f)h = (π1, ιBδ

0
Bπ2) =

(1A, ιBf)π1 = ιp and δ1P(f)h = (π1, π2) = 1. Hence h is a homotopy from ιp to the

identity. �

Axiom (P5) states that for a fibration v : A � B, the induced morphism
v : P (A) → P(v, v) is a fibration. We prove an analogous statement for weak
equivalences.

Lemma 2.18. Let w : A
∼→ B be a weak equivalence in a P-category C. The

induced map w := ((δ0A, δ
1
A), P (w)) : P (A) → P(w,w) is a weak equivalence.

Proof. By (P3) the maps 1A ×w and w× 1B are weak equivalences. Therefore the
composition w × w is also a weak equivalence. Consider the commutative diagram

P (A)

w

����
��
��
��
�

P (w)

��

P(w,w)

�
π2 ��

π1

��

P (B)

(δ0B ,δ1B)

��

A×A
w×w

�� B ×B .

By (P3), the projection π2 is a weak equivalence. By (P4), the map P (w) is a weak
equivalence. Hence w is a weak equivalence by the two out of three property. �
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Lemma 2.19. The map πA defined by the following pull-back diagram is a trivial
fibration:

P 2(A)

δ0P (A)



P (δ1A)

��

πA





P(δ1A)

�
��

�� P (A)

δ0A

��

P (A)
δ1A

�� A

Proof. Define a map pA via the commutative diagram:

P(δ1A, δ
1
A)

π1

��

π2

		

pA

��

P(δ1A)

�
��

�� P (A)

δ0A
��

P (A)× P (A)
π1 �� P (A)

δ1A

�� A

This map is a base extension of δ1A : P (A) → A, by the map δ1Aπ2 : P(δ1A) → A.
Hence by (P3) it is a trivial fibration. The map πA : P 2(A) → P(δ1A) is the
composition

P 2(A)
δ1A−−→ P(δ1A, δ

1
A)

pA−→ P(δ1A),

where δ1A is a trivial fibration by (P5) and Lemma 2.18. Therefore πA is a trivial
fibration. �

2.3. Cofibrant models. We introduce the notion of cofibrant object in a P-
category, via a lifting property with respect to trivial fibrations. The main result of
this section is the existence of a Cartan-Eilenberg structure for a P-category with
enough cofibrant models.

Definition 2.20. An object C of a P-category C is called cofibrant if for any solid
diagram

A

w�
����

C

g
��

f
�� B

in which w is a trivial fibration, there exists a dotted arrow g making the diagram
commute.

The following is a homotopy lifting property for cofibrant objects with respect
to trivial fibrations.
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Lemma 2.21. Let C be a cofibrant object of a P-category C, and let v : A
∼� B be

a trivial fibration. For every commutative solid diagram of C,
C

h

��

(f0,f1)

��

h̃

��

P (A)

P (v)

��

(δ0A,δ1A)

�� A×A

v×v

��

P (B)
(δ0B ,δ1B)

�� B ×B ,

there exists a dotted arrow h̃, making the diagram commute. In other words, every

homotopy h : vf0 � vf1 lifts to a homotopy h̃ : f0 � f1 such that P (v)h̃ = h.

Proof. Let H = (f0, f1, h) and consider the solid diagram of C:

P (A)

v�
����

C

h̃

��

H �� P(v, v) .

By (P5) and Lemma 2.18 the map v = ((δ0A, δ
1
A), P (v)) is a trivial fibration.

Since C is cofibrant, there exists h̃ such that vh̃ = H. Hence (δ0A, δ
1
A)h̃ = (f0, f1)

and P (v)h̃ = h. �
Proposition 2.22 (cf. [14], Corollary 11.4). The homotopy relation in a P-category
is an equivalence relation for morphisms whose source is cofibrant.

Proof. By Lemma 2.3 the homotopy relation is reflexive. By Lemma 2.6 it is sym-
metric. We prove transitivity. Let C be a cofibrant object and consider morphisms
f, f ′, f ′′ : C → A together with homotopies h : f � f ′ and h′ : f ′ � f ′′. Consider
the solid diagram

P 2(A)

πA�
����

C

L
��

(h,h′)
�� P(δ1A) .

By Lemma 2.19 the map πA = (δ0P (A), P (δ1A)) is a trivial fibration. Since C is cofi-

brant, there exists a dotted arrow L such that πAL = (h, h′). Therefore δ0P (A)L = h

and P (δ1A)L = h′. Let h+̃h′ := ∇AL, where ∇ is the folding map (see Definition
2.10) and satisfies δk∇ = δkδk = δkP (δk). Then δ0A(h+̃h′) = f and δ1A(h+̃h′) = f ′′.
We obtain h+̃h′ : f � f ′′. �

Given a cofibrant object C of a P-category C, denote by [C,A] := C(C,A)/ � the
class of maps from C to A modulo homotopy. Denote by Ccof the full subcategory
of cofibrant objects of C and by πCcof the quotient category πCcof (A,B) = [A,B].

Proposition 2.23 (cf. [14], Theorem 11.5). Let C be a cofibrant object of a P-

category C. Then every weak equivalence w : A
∼−→ B of C induces a bijection

w∗ : [C,A] −→ [C,B].
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Proof. We first prove surjectivity. Let w : A → B be a weak equivalence. By
Lemma 2.17, for every morphism f : C → B we have a solid diagram

A

ι

��

w

��

P(w)

p

��

q�
����

C

g′
��

f
�� B ,

where q is a trivial fibration, qι = w and ιp � 1. Since C is cofibrant, there exists g′

such that qg′ = f . Let g := pg′. Then wg = qιpg′ � qg′ = f . Therefore [wg] = [f ]
and w∗ is surjective.

To prove injectivity, let f0, f1 : C → B be such that h : wf0 � wf1. Let
H = (f0, f1, h) and consider the solid diagram

P (A)

w�
��

C

G

��

H �� P(w,w) .

By Lemma 2.18 the map w = ((δ0A, δ
1
A), P (w)) is a weak equivalence. Since w∗

is surjective, there exists a dotted arrow G such that wG � H. It follows that
f0 � δ0AG � δ1AG � f1. Then f0 � f1 by Lemma 2.22. �

It follows from Proposition 2.23 that if a P-category C has enough cofibrant
models, then the triple (C,S,W) is a left Cartan-Eilenberg category. In particular

the inclusion induces an equivalence of categories πCcof ∼−→ Ho(C). We prove this
statement in a more general situation, that of a subcategory of a P-category having
enough cofibrant models.

Theorem 2.24. Let (C, P,F ,W) be a P-category and let D be a full subcategory
of C such that:

(i) The mapping path P(f) of a morphism f : A → B between objects of D is an
object of D.

(ii) There is a full subcategory M ⊂ D ∩ Ccof such that for every object D of D
there exists an object M ∈ M together with a weak equivalence M

∼−→ D.

Then the triple (D,S,W) is a left Cartan-Eilenberg category, and M is a full sub-
category of cofibrant models. The inclusion induces an equivalence of categories
πM ∼−→ Ho(D).

Proof. By (i), the functorial path of C restricts to a functorial path in D. By (P2)
the class S of strong equivalences is contained in the saturation of W . Hence the
triple (D,S,W) is a category with strong and weak equivalences. By Proposition
2.23, every object in M is Cartan-Eilenberg cofibrant in (D,S,W). Hence by (ii),
the triple (D,S,W) is a Cartan-Eilenberg category with left models in M. By

Theorem 2.3.4 of [16], the inclusion induces an equivalence M[S−1,D]
∼−→ Ho(D),

where M[S−1,D] denotes the full subcategory of D[S−1] whose objects are in M.

The equivalence πM ∼−→ M[S−1,D] follows from Proposition 2.13. �
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3. Examples of P-categories

The archetypal example of a P-category is given by the category of topological
spaces, with the weak equivalences being continuous maps that induce isomorphisms
on all homotopy groups. From the algebraic side, the basic example is given by
the category of differential graded algebras over a field of characteristic zero, with
the class of weak equivalences defined by those morphisms inducing isomorphisms
on the cohomology groups. In this section we present both examples in detail.
We also provide a criterion of structure transfer and apply it to two fundamental
examples appearing in mixed Hodge theory: the categories of filtered and bifiltered
differential graded algebras.

3.1. Topological spaces. Let I = [0, 1] ⊂ R denote the unit interval. Given a
topological space X, let P (X) := XI be the set of all maps σ : I → X with the
compact open topology. Define maps ιX : X → P (X) and δk : P (X) → X by
ιX(x)(t) = x and δkX(σ) = σ(k), for k = 0, 1. The structure for the functorial path
P (symmetry, coproduct, interchange and folding map) is obtained from the maps
of 2.4, through the bijection Top(X,P (Y ))�Top(X × I, Y ).

Definition 3.1. A morphism v : X → Y of topological spaces is called a Serre
fibration if for every n ≥ 0 and any commutative diagram,

U

i0
��

f
�� X

v

��

U × I

H

��

G
�� B ,

where U is the unit disk of Rn, a dotted arrow H exists, making the diagram
commute.

Definition 3.2. A map w : X → Y of topological spaces is called weak ho-
motopy equivalence if the induced map w∗ : π0(X) → π0(Y ) is a bijection and
w∗ : πn(X, x) → πn(Y,w(x)) is an isomorphism for every x ∈ X and every n ≥ 1.

With the above definitions it follows that every CW-complex is cofibrant in the
sense of Definition 2.20. We have:

Proposition 3.3. The category Top of topological spaces with the classes F =
{Serre fibrations} and W = {weak homotopy equivalences} and the functorial path
P (X) = XI is a P-category. The inclusion induces an equivalence of categories

πCW
∼−→ Ho(Top).

Proof. Axioms (P1) to (P4) are standard. A proof of (P5) can be found in [1],
p. 133. Every CW-complex is cofibrant, and every space is weakly equivalent to a
CW-complex (see for example [23], [12], [19]). The equivalence of categories follows
from Theorem 2.24. �

3.2. Differential graded algebras. Consider the category DGAk of dga’s over a
field k of characteristic 0. The field k is the initial object, and 0 is the final object.
The functorial path is defined by

P (A) = A[t, dt] = A⊗ (t, dt) and P (f) = f ⊗ 1,
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with structural maps ιA = 1A ⊗ 1 and δkA(a(t)) = a(k), for k = 0, 1. For n ≥ 1,

Pn(A) = A[t1, dt1, · · · , tn, dtn] = A⊗ (t1, dt1)⊗ · · · ⊗ (tn, dtn).

The following maps are defined dually to the maps of 2.4.

1. Symmetry. Define τA : A[t, dt] → A[t, dt] by t �→ 1− t.
2. Interchange. Define μA : A[t, dt, s, ds] → A[t, dt, s, ds] by t �→ s and s �→ t.
3. Coproduct. Define cA : A[t, dt] → A[t, dt, s, ds] by t �→ ts,
4. Folding map. Define ∇A : A[t, dt, s, ds] → A[t, dt] by t �→ t and s �→ t.

Denote by DGA0
k the category of 0-connected dga’s: these are the dga’s (A, d)

such that the unit η : k → A induces an isomorphism k ∼= H0(A). By Sullivan’s
theory of minimal models ([26]; see also [4], [14], [13]), every 0-connected dga has
a Sullivan minimal model, and Sullivan minimal dga’s are cofibrant. Denote by
DGAmink the full subcategory of Sullivan minimal dga’s. We have:

Proposition 3.4. The category DGAk with the classes of maps F = {surjections}
and W = {quasi-isomorphisms}, and the functorial path P (A) = A[t, dt], is a P-
category. The inclusion induces an equivalence of categories

πDGAmink
∼−→ Ho

(
DGA0

k

)
.

Proof. The only non-trivial axiom is (P5). The double mapping path of a surjective
map v : A � B is given by

P(v, v) = {(a0, a1, b(t)) ∈ A×A×B[t, dt]; b(i) = v(ai)} ,

and the map v : A[t, dt] −→ P(v, v) is given by v(a(t)) = (a(0), a(1), (v ⊗ 1)a(t)).

Let (a0, a1, b(t)) ∈ P(v, v). Since v⊗1 is surjective, there exists an element b̃(t) ∈
A[t, dt] such that (v⊗1)b̃(t) = b(t). Let a(t) := (a0− b̃(0))(1−t)+(a1− b̃(1))t+ b̃(t).
Then v(a(t)) = (a0, a1, b(t)). Therefore v is surjective, and (P5) is satisfied.

By Proposition 7.7 of [4], every 0-connected dga has a Sullivan minimal model.
By Proposition 6.4 of loc. cit. every Sullivan minimal dga is cofibrant. The equiv-
alence of categories follows from Theorem 2.24, with C = DGAk, D = DGA0

k and
M = DGAmink. �

3.3. Transfer of structures. Let C be a category with finite products and a final
object. Assume that C has a functorial path P , together with a symmetry, an
interchange, a coproduct and a folding map.

Lemma 3.5. Let (D, P,F ,W) be a P-category and T : C → D a functor such that:

(i) For every A ∈ C, T (P (A)) = P (T (A)), T (ιA) = ιT (A) and T (δkA) = δkT (A).

(ii) Given morphisms A
u→ C

v� B of C, where T (v) is a fibration, the fibre product
A×C B exists, and satisfies P (A×C B) = PA×P (C) P (B) and T (A×C B) =
T (A)×T (C) T (B).

Then the tuple (C, P, T−1(F), T−1(W)) is a P-category.

Proof. Axiom (P1) is trivial. Axiom (P2) follows from (i). The remaining properties
follow from (ii). �
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3.4. Filtered differential graded algebras. Denote by FDGAk the category of
filtered dga’s over k. The base field k is considered as a filtered dga with the trivial
filtration, and the unit map η : k → A is filtered. We will restrict ourselves to
filtered dga’s (A,W ) whose filtration is regular and exhaustive: for each n ≥ 0
there exists q ∈ Z such that WqA

n = 0, and A =
⋃

p WpA.
The spectral sequence associated with a filtered dga A is compatible with the

multiplicative structure. Hence for all r ≥ 0, the term E∗,∗
r (A) is a bigraded dga

with differential dr of bidegree (r, 1 − r). For the rest of this section we fix an
integer r ≥ 0. We adopt the following definition of [18] (see also [6]).

Definition 3.6. A map of filtered dga’s f : A → B is called an Er-quasi-
isomorphism (resp. an Er-surjection) if Er(f) : Er(A) → Er(B) is a quasi-
isomorphism (resp. a surjection).

3.7. Let Λ(t, dt) be the free dga with generators t and dt of degree 0 and 1 respec-
tively. For r ≥ 0, define an increasing filtration σ[r] on Λ(t, dt) by letting t be of
weight 0 and dt of weight −r and extending multiplicatively. Note that σ[0] is the
trivial filtration, and σ[1] is the bête filtration.

Definition 3.8. The r-path Pr(A) of a filtered dga A is the dga A⊗ Λ(t, dt) with
the filtration defined by the convolution of W and σ[r]. We have:

WpPr(A) =
∑
q

Wp−qA⊗ σ[r]qΛ(t, dt) = (WpA⊗ Λ(t))⊕ (Wp+rA⊗ Λ(t)dt).

Proposition 3.9. The category FDGAk with the classes Fr = {Er-surjections}
and Er = {Er-quasi-isomorphisms} and the path Pr(A) is a P-category.

Proof. We show that the functor Er : FDGAk → DGAk satisfies the conditions of
Lemma 3.5. The isomorphism Er(Pr(A)) ∼= Er(A)⊗Λ(t, dt) gives the compatibility

of Er with the r-path. Consider filtered morphisms (A,F )
u→ (C,F )

v� (B,F ),
where v is an Er-fibration. Then

A×C B = Ker
(
A×B

u−v−→ C
)
.

Since Er(v) is surjective, by Proposition 1.1.11 of [9], the map v is strictly compat-
ible with filtrations, and hence u− v is so. Therefore ErKer(u− v) = KerEr(u− v)
and Er is compatible with fibre products. The result follows from Lemma 3.5
together with Proposition 3.4. �

For the applications to mixed Hodge theory we shall be interested in the P-
category structure of FDGAk associated with E1-quasi-isomorphisms. Likewise, in
the category F2DGAk of bifiltered dga’s we shall consider the P-category structure
associated with the class of E1,0-quasi-isomorphisms.

Definition 3.10. A morphism f : A → B of bifiltered dga’s is called an E1,0-
quasi-isomorphism (resp. an E1,0-surjection) if for all p ∈ Z, E1(GrpF f,W ) is a
quasi-isomorphism (resp. surjective).

Definition 3.11. The (1, 0)-path object of a bifiltered dga A is defined by

WpF
qP1,0(A) = (WpF

qA⊗ Λ(t))⊕ (Wp+1F
qA⊗ Λ(t)dt).

Proposition 3.12. The category F2DGAk with the classes F1,0={E1,0-surjections}
and E1,0 = {E1,0-quasi-isomorphisms} and the path P1,0(A) is a P-category.

Proof. The proof is analogous to that of Proposition 3.9. �
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4. Diagram categories

We next study the homotopy theory of diagram categories. It is quite straightfor-
ward that if the vertex categories of a diagram category are endowed with compat-
ible P-category structures, there is a P-category structure on the diagram category
defined level-wise. However, in general, level-wise cofibrant models do not give
cofibrant models of the diagram category. In the context of Cartan-Eilenberg cat-
egories, we show that if we consider a weaker class of strong equivalences than the
one associated with the functorial path, one obtains a Cartan-Eilenberg structure
on the diagram category with level-wise weak equivalences, which is still useful to
describe the morphisms in the homotopy category in terms of certain homotopy
classes of morphisms up to homotopy between level-wise cofibrant objects.

4.1. Level-wise P-category structure. We fix the starting hypotheses to study
the homotopy theory of diagram categories.

Definition 4.1. Let C : I → Cat be a functor from a small category I to the
category of categories Cat. For all i ∈ I, denote Ci := C(i) ∈ Cat and u∗ := C(u) ∈
Fun(Ci, Cj), for all u : i → j. The category ΓC of diagrams associated with the
functor C is defined as follows:

• An object A of ΓC is given by a family of objects {Ai ∈ Ci}, for all i ∈ I, together
with a family of morphisms ϕu : u∗(Ai) → Aj , called comparison morphisms, for
every map u : i → j. Such an object is denoted as

A =
(
Ai

ϕu��� Aj

)
.

• A morphism f : A → B of ΓC is a family of morphisms {fi : Ai → Bi} of Ci, for
all i ∈ I, such that for every map u : i → j of I, the diagram

u∗(Ai)

u∗(fi)

��

ϕu �� Aj

fj

��

u∗(Bi)
ϕu �� Bj

commutes in Cj . Denote f = (fi) : A → B.

By an abuse of notation, we will omit the notation of the functors u∗ and write Ai

for u∗(Ai) and fi for u∗(fi), whenever there is no danger of confusion.

Remark 4.2. The category of diagrams ΓC associated with C is the category of
sections of the projection functor π :

∫
I
C → I, where

∫
I
C is the Grothendieck

construction of C (see [27]). If C : I → Cat is the constant functor i �→ C and C(u) is
the identity functor of a category C, for all u : i → j, then ΓC = CI is the diagram
category of objects of C under I.

4.3. We will restrict our study of diagram categories satisfying the following axioms:

(I1) The index category I is finite and has a degree function |·| : Ob(I) −→ {0, 1}
such that |i| < |j| for every non-identity morphism u : i → j of I.

(I2) For all i ∈ I, the category Ci is equipped with a functorial path P , together
with two classes Fi and Wi, such that (Ci, P,Fi,Wi) is a P-category.

(I3) For all u : i → j the functor u∗ : Ci → Cj preserves path objects, fibrations,
weak equivalences and fibre products.
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A category I satisfying (I1) is a particular case of a Reedy category for which
I+ = I. The main examples of such categories are given by finite zig-zags,

• • •

•

���������
•

���������

���������
•

���������

���������

· · · • •

•

���������

���������
•

���������

but other diagram shapes are admitted. For example:

•

•

���� • • •

•

���������

�� ���������

•

•

��
��

•

���������

All objects at the bottom of the diagrams have degree 0, and the ones at the top
have degree 1.

Definition 4.4. A morphism f : A → B in ΓC is called a weak equivalence (resp.
a fibration) if for all i ∈ I, the maps fi are weak equivalences (resp. fibrations) of
Ci. Denote by W (resp. F) the class of weak equivalences (resp. fibrations) of the
diagram category ΓC.

Definition 4.5. The path object P (A) of a diagram A of ΓC is the diagram

P (A) =

(
P (Ai)

P (ϕu)��� P (Aj)

)
.

There are natural morphisms of diagrams

A P (A)
δ0A��

δ1A �� A

A

ιA

��

=

���������

���������
=

									

									
,

defined level-wise. This defines a functorial path on ΓC.
Let A

u→ C
v← B be a diagram of ΓC, and assume that for all i ∈ I, the fibre

product Ai ×Ci
Bi exists. Then the fibre product A ×C B is given level-wise by

(A×B C)i = Ai×Bi
Ci. The comparison morphism ψu : (A×C B)i → (A×C B)j is

given by ψu = (ϕA
u π1, ϕ

B
u π2), where ϕA

u and ϕB
u denote the comparison morphisms

of A and B respectively.

Proposition 4.6. Let ΓC be a diagram category satisfying conditions (I1)-(I3) of
4.3. Then ΓC is a P-category with path objects, fibrations, weak equivalences and
fibre products defined level-wise.

Proof. The functor ΓC → Πi∈ICi induced by the inclusion Idis → I satisfies the
conditions of Lemma 3.5. �

Let S denote the class of homotopy equivalences of ΓC. If f = (fi) is in S, then
fi ∈ Si. In particular, since Si ⊂ Wi we have S ⊂ W . Hence the triple (ΓC,S,W)
is a category with strong and weak equivalences. Our objective is to study the
homotopy category Ho(ΓC) := ΓC[W−1]. Note that in general, this differs from the
category of diagrams ΓHo(C) associated with the level-wise localized categories.
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4.2. Morphisms up to homotopy. The characterization and existence of cofi-
brant models of a diagram category ΓC involves the rectification of homotopy com-
mutative morphisms. We solve this problem by studying the factorization of mor-
phisms commuting up to fixed homotopies into the composition of morphisms in a
certain localized category ΓC[H−1], with S ⊂ H ⊂ W . The following is a simple
example illustrating the procedure that we will conduct.

Example 4.7 (Model of a morphism of dga’s). Consider a diagram of dga’s

A0

F

��



























f0

��

ϕ
�� A1

f1

��

B0
ϕ

�� B1

where F : A0 → B1[t, dt] is a homotopy f1ϕ � ϕf0. Consider the mapping path

P(fi) = {(a, b(t)) ∈ Ai ×Bi[t, dt]; fi(a) = b(0)}, i = 0, 1,

and define morphisms pi : P(fi) → Ai and qi : P(fi) → Bi by letting pi(a, b(t)) = a
and qi(a, b(t)) = b(i). The maps qi and pi are quasi-isomorphisms of dga’s, for
i = 0, 1. Define a morphism ψ : P(f0) → P(f1) by letting ψ(a, b(t)) = (ϕ(a), F (a)).
Then the diagram

A0
ϕ

�� A1

P(f0)

p0

��

q0

��

ψ
�� P(f1)

p1

��

q1

��

B0
ϕ

�� B1

commutes. The key point of this construction resides in the definition of the mor-
phism ψ (which depends on the homotopy F and only on the first variable) and
the morphisms qi (whose definition depends on whether the index i is a source or
a target in the index category). Note also that the morphisms pi are homotopy
equivalences.

Definition 4.8. A ho-morphism f : A 	 B between two objects of ΓC is pair of
families f = (fi, Fu) indexed by i ∈ I and u ∈ I(i, j), where:

(i) fi : Ai → Bi is a morphism in Ci, and
(ii) Fu : Ai → P (Bj) is a morphism in Cj satisfying δ0Bj

Fu = fjϕu and δ1Bj
Fu =

ϕufi. Hence Fu is a homotopy of morphisms of Cj making the diagram

Ai

F

��
��

��
��

�

��
��

��
�

fi

��

ϕu �� Aj

fj

��

Bi ϕu

�� Bj

commute up to homotopy.

Denote by ΓCh(A,B) the set of ho-morphisms from A to B. Every morphism
f = (fi) : A → B can be made into a ho-morphism f = (fi, Fu) : A 	 B by letting



COFIBRANT MODELS OF DIAGRAMS: MHS IN RATIONAL HOMOTOPY 5953

Fu = ιBj
fjϕu = ιBj

ϕufi. This defines an inclusion of sets

ΓC(A,B) ⊂ ΓCh(A,B).

The composition of ho-morphisms is not well defined. This is due to the fact that
the homotopy relation between objects of Ci is not transitive in general. However,
we can compose ho-morphisms with morphisms. The following is straightforward.

Lemma 4.9. Let f : A 	 B be a ho-morphism and let g : A′ → A, h : B → B′ be
morphisms of ΓC. There are ho-morphisms fg : A′ 	 B, hf : A 	 B′, given by

fg = (figi, Fugi), and hf = (hifi, P (hj)Fu).

If f is a morphism, then fg and hf coincide with the standard composition of
morphisms of ΓC.

Definition 4.10. Let f, g : A 	 B be two ho-morphisms. A homotopy from f to
g is a ho-morphism h : A 	 P (B) such that δ0Bh = f and δ1Bh = g. We use the
notation h : f � g.

Equivalently, such a homotopy is given by a family of pairs h = (hi, Hu) where:

(i) hi : Ai → P (Bi) satisfies δ0Bi
hi = fi and δ1Bi

hi = gi, i.e., hi is a homotopy
from fi to gi.

(ii) Hu : Ai → P 2(Bj) is a morphism in Cj satisfying{
P (δ0Bj

)Hu = Fu,

P (δ1Bj
)Hu = Gu,

and

{
δ0P (Bj)

Hu = hjϕu,

δ1P (Bj)
Hu = ψuhi.

Definition 4.11. A morphism f : A → B of ΓC is said to be a ho-equivalence
if there exists a ho-morphism g : B 	 A together with chains of homotopies of
ho-morphisms gf � · · · � 1A and fg � · · · � 1B.

Denote by H the closure by composition of the class of ho-equivalences.

Lemma 4.12. We have S ⊂ H ⊂ W. In particular, the triple (ΓC,H,W) is a
category with strong and weak equivalences.

Proof. If f and g are homotopic morphisms of ΓC, then they are also homotopic as
ho-morphisms. Therefore S ⊂ H. If f is a ho-equivalence, then fi is a morphism
of Si, for all i ∈ I. Since Si ⊂ Wi, it follows that H ⊂ W . �

4.3. Factorization of ho-morphisms. Our next objective is to prove a Brown-
type Factorization Lemma for ho-morphisms.

Definition 4.13. Let f : A 	 B be a ho-morphism. The mapping path of f is the
diagram

Ph(f) =

(
P(fi)

ψu��� P(fj)

)
,
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where P(fi) is the mapping path of fi and the comparison map ψu : P(fi) → P(fj)
is defined by ψu = (ϕu, Fu)π1 via the pull-back diagram

P(fi)
π1 �� Ai

ϕu

��

Fu

����

P(fj)

�π1

��

π2

�� P (Bj)

δ0Bj

��

Aj
fj

�� Bj .

Remark 4.14. Since ΓC is a P-category, every morphism f : A → B of ΓC has a
mapping path P(f). We can consider f as a ho-morphism, by letting Fu = ιfjϕu,
so that it has an associated mapping path Ph(f). The comparison morphisms of
P(f) and Ph(f) do not coincide, but are only homotopic.

4.15. For i ∈ I, consider the first projection maps pi := π1 : P(fi) → Ai. For
u : i → j we have

pjψu = π1(ϕu, Fu)π1 = ϕuπ1 = ϕupi.

Therefore the family p = (pi) : Ph(f) → A is a morphism of ΓC.
For i ∈ I, let qi := δ

|i|
Bi
π2 : P(fi) → Bi, where |i| ∈ {0, 1} is the degree of i (see

condition (I1) of 4.3). For u : i → j we have

qjψu = δ1Bj
π2(ϕu, Fu)π1 = δ1Bj

Fuπ1 = ϕufiπ1 = ϕuδ
0
Bj

π2 = ϕuqi.

Therefore the family q = (qi) : Ph(f) → B is a morphism of ΓC.
Note that q is not defined level-wise via the Factorization Lemma 2.17 in which

q = δ1Bπ2, but instead we alternate between δ0Bπ2 and δ1Bπ2, depending on the
degree of the index. This needs to be done in order to obtain a morphism. As a
result, q is not necessarily a level-wise fibration.

For i ∈ I, let ιi = (1Ai
, ιBi

fi) : Ai → P(fi). Then ψuιi = (ϕu, Fu) and
ιjϕu = (ϕu, ιAj

fjϕu). We next define a homotopy from ψuιi to ιjϕu. Let Ju be the
morphism defined by the following pull-back diagram:

Ai

ιAj
ϕu



cBj
Fu

		

Ju





P (P(fj))

�
��

�� P 2(Bj)

P (δ0Bj
)

��

P (Aj)
P (fj)

�� P (Bj) .

The coproduct (see Definition 2.7) satisfies P (δ0Bj
)cBj

= ιBj
δ0Bj

. Hence the above

solid diagram commutes, and the map Ju is well defined.
By (P4), the pull-back P (P(fj)) is a path object of P(fj), with

δkP(fj)
= (δkAj

P (π1), δ
k
P (Bj)

P (π2)), for k = 0, 1.

Therefore we have

δkP(fj)
Ju = (δkAj

ιAj
ϕu, δ

k
P (Bj)

c0Bj
Fu) = (ϕu, δ

k
P (Bj)

c0Bj
Fu).
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Since δ0P (Bj)
c0Bj

= ιBj
δ0Bj

and δ1P (Bj)
c0Bj

= 1Bj
, it follows that

δ0P(fj)
Ju = (ϕu, ιBj

δ0Bj
Fu) = ιjϕu and δ1P(fj)

Ju = (ϕu, Fu) = ψuιi.

Therefore the family ι = (ιi, Ju) : A 	 Ph(f) is a ho-morphism.

Proposition 4.16. Let f : A 	 B be a ho-morphism. The diagram

A Ph(f)
p

��
q

�� B

A

=

���������

��������� f

=

��
��

��
��

��
��

ι

��
��
��
��

commutes. In addition:

(1) The maps p and ι are weak equivalences.
(2) There is a homotopy of ho-morphisms between ιp and the identity, making p

into a ho-equivalence.
(3) If f is a weak equivalence, then q is a weak equivalence.

Proof. From the definitions it is straightforward that the above diagram commutes.
Let us prove (1). From axiom (P3), the map p is a weak equivalence. By the

two out of three property, it follows that ι is also a weak equivalence.
To prove (2) we define a homotopy between ιp = (ιipi, Jupi) and 1P(fi) as follows.
For all i ∈ I, let hi : P(fi) → P (P(fi)) be the morphism of Ci defined by

hi = (ιAi
π1, c

0
Bi
π2). This is a homotopy from ιipi to the identity morphism (see

the proof of Lemma 2.17).

Let H̃u be the morphism defined by the following pull-back diagram:

Ai

ιP (Aj)
ιAj

ϕu



ĉBj
Fu

��

H̃u





P 2(P(fj))

�
��

�� P 3(Bj)

P 2(δ0Bj
)

��

P 2(Aj)
P 2(fj)

�� P 2(Bj) ,

where ĉ is the transformation of Lemma 2.11 and satisfies P 2(δ0Bj
)ĉBj

= ιP (Bj)ιBj
δ0Bj

.

The above solid diagram commutes, and the map H̃u is well defined.

Let Hu := H̃uπ1 : P(fi) → P 2(P(fj)). By (P4), the fibre product P 2(P(fj)) is
a double path object of P(fj). From the properties of ĉ we have:{

δ0P (P(fj))
Hu = hjψu, P (δ0P(fj)

)Hu = JFu
pfi ,

δ1P (P(fj))
Hu = P (ψu)hi, P (δ1P(fj)

)Hu = ιP(fj)(ψu).

Therefore the family h = (hi, Hu) is a homotopy from ιp to 1.
Let us prove (3). Assume that f is a weak equivalence. By (i), the map ι is a

weak equivalence. By the two out of three property, q is a weak equivalence. �
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Lemma 4.17. Let f : A 	 B and g : A 	 C be two ho-morphisms and α : A → C
a morphism of ΓC making the diagram

A
g


��

��
��

��f

��
�	
�	
�	
�	

B
α �� C

commute. There is a morphism (α)∗ : Ph(f) −→ Ph(g) compatible with p, q and ι.

Proof. Let (αi)∗ be the morphism defined by the pull-back diagram:

P(fi)

π1



P (αi)π2

��

(αi)∗

��

P(gi)

�π1

��

π2 �� P (Ci)

δ0Ci

��

Ai
gi �� Ci .

Since ϕuαi = αjϕu and P (αj)Fu = Gu, the family (α)∗ := (αi)∗ is a morphism
of diagrams. A simple verification shows that the following diagram commutes:

Ph(f)

(α)∗
��

A
ι�� 
� 
� 
� Ph(f)

(α)∗
��

q
��

p
�� B

α

��

Ph(g) A
ι�� 
� 
� 
� Ph(g)

q
��

p
�� C

�

4.18 (Factorization map). Given two objects A,B of ΓC define a map

ΦA,B : ΓCh(A,B) −→ ΓC[H−1](A,B)

as follows. Let f : A 	 B be a ho-morphism. By Proposition 4.16 we have
f = qf ◦ ιf , where qf is a morphism of ΓC and ιf is a homotopy inverse for a
ho-equivalence pf . We then let

ΦA,B(f) = qf ◦ p−1
f .

We next prove some useful properties of the factorization map.

Lemma 4.19. If f : A → B is a morphism of ΓC, then ΦA,B(f) = f in ΓC[H−1].

Proof. Since f is a morphism, the map ιf : A → Ph(f) is also a morphism and the
diagram

A Ph(f)
pf

��
qf

�� B

A

ιf

��
=

f

�����������

=

���������

���������

commutes. Hence qf ◦ p−1
f = f in ΓC[H−1]. �

Lemma 4.20. Let f : A 	 B be a ho-morphism, and let g : B → C be a morphism
of ΓC. Then ΦB,C(g) ◦ ΦA,B(f) = ΦA,C(gf).
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Proof. By Lemma 4.17 we have a commutative diagram

Ph(f)

pf

����
��
��
��
�

qf
��

(g)∗
��

B

g

��

g

��







A Ph(gf)
qgf

��
pgf

�� C C

Hence g ◦qf ◦p−1
f = qgf ◦p−1

gf in ΓC[H−1]. The result follows from Lemma 4.19. �

Lemma 4.21. Let f, g : A 	 B be two ho-morphisms. If f � g, then ΦA,B(f) =
ΦA,B(g).

Proof. Let h : A 	 P (B) be a homotopy from f to g. By Lemma 4.17 we have a
diagram

A Ph(f)
pf

��
qf

�� B

A Ph(h)

(δ0B)∗

��

(δ1B)∗
��

ph��
δ0Bqh

�� B

A Ph(g)
pg

��
qg

�� B

where every square commutes in ΓC, except for the lower-right one, which commutes
in ΓC[S−1]. Since S ⊂ H, the localization δ : ΓC → ΓC[H−1] factors through
γ : ΓC → ΓC[S−1]. Therefore qf ◦ p−1

f = qg ◦ p−1
g in ΓC[H−1]. �

4.4. Homotopy classes of ho-morphisms. Denote by ΓCcof the full subcategory
of ΓC of those diagrams C = (Ci ��� Cj) such that Ci is cofibrant in Ci for all i ∈ I.
We next show that homotopy is transitive for those ho-morphisms whose source is
in ΓCcof , and define a composition law between homotopy classes.

Proposition 4.22. Let A be an object of ΓCcof . For every B of ΓC, the homotopy
relation is an equivalence relation on the set of ho-morphisms from A to B.

Proof. Reflexivity and symmetry are trivial. We prove transitivity. Assume given
ho-morphisms f, f ′, f ′′ : A 	 B together with homotopies h : f � f ′ and h′ :
f ′ � f ′′. Since Ai is cofibrant, for all i ∈ I, a homotopy hi+̃h′

i : fi � f ′
i is given

as in the proof or Proposition 2.22 by hi+̃h′
i := ∇Bi

Li, where Li : Ai → P 2(Bi)
satisfies πBi

Li = (hi, h
′
i) and πBi

= (δ0P (Bi)
, P (δ1Bi

)). Consider the commutative

solid diagram:

Ai

(Hu,H
′
u)



(Ljϕu,ϕuLi)

��

Lu





P 3(Bj)

P (πBj
)

��

�� P 2(Bj)× P 2(Bj)

πBj
×πBj

��

P (P(δ1Bj
)) �� P(δ1Bj

)× P(δ1Bj
) .
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Since πBj
is a trivial fibration, by Lemma 2.21 there exists a dotted arrow Lu,

making the diagram commute. Let Hu+̃H ′
u := P (∇Bj

)Lu. Then the family

h+̃h′ := (hi+̃h′
i, Hu+̃H ′

u) is a homotopy of ho-morphisms from f to f ′′. �

We will denote by [A,B]h := ΓCh(A,B)/ ∼ the set of ho-morphisms from A to
B modulo the equivalence relation transitively generated by the homotopy relation.

Lemma 4.23. Let A be an object of ΓCcof . For every pair of objects B,C of ΓC,
there is a map

∗ : [A,B]h × [B,C]h −→ [A,C]h

such that:

(1) If either g or f are morphisms of ΓC, then [g] ∗ [f ] = [gf ], where gf is the
composition defined in Lemma 4.9.

(2) If h is a morphism and f, g are ho-morphisms, then

[h] ∗ ([g] ∗ [f ]) = [hg] ∗ [f ].

Proof. Given [f ] ∈ [A,B]h and [g] ∈ [B,C]h, choose representatives f = (fi, Fu)
and g = (gi, Gu) respectively. We then let

g ∗ f := (gifi, P (gj)Fu+̃Gufi),

where P (gj)Fu+̃Gufi = ∇Cj
Lu is defined as in the proof of Proposition 2.22. Let

g′ : B 	 C such that h : g � g′. Then g′ ∗ f = (g′ifi, P (g′j)Fu+̃G′
ufi), where

P (g′j)Fu+̃G′
ufi = ∇Cj

L′
u. We next show that g ∗ f � g′ ∗ f .

Let Γu = (P (hj)Fu, Hufi) and consider the commutative solid diagram:

Ai

Γu



(Lu,L′
u)

��

Ku





P 3(Cj)

P (πCj
)

��

�� P 2(Cj)× P 2(Cj)

πCj
×πCj

��

P (P(δ1Cj
)) �� P(δ1Cj

)× P(δ1Cj
) .

Since πCj
is a trivial fibration, by Lemma 2.21 there exists a dotted arrow Ku,

making the diagram commute. Let

H ′
u := μCj

P (∇Cj
)Ku : Ai → P 2(Cj).

Then (P (gi)hi, H
′
u) is a homotopy from g ∗ f to g ∗ f ′.

Analogously, if f � f ′ one proves that g ∗ f � g ∗ f ′. By Proposition 4.22 the
homotopy relation is transitive between ho-morphisms for which the source is in
ΓCcof . Therefore the class [g ∗ f ] does not depend on the chosen representatives
and liftings, and the map [g] ∗ [f ] := [g ∗ f ] is well defined.

Let us prove (1). Let [f ] ∈ [A,B]h and let g : B → C be a morphism. Choose
a representative f of [f ] and let gf = (gifi, P (gi)Fu). By Lemma 4.9 this is a well
defined ho-morphism from A to C. We next show that [g] ∗ [f ] = [gf ], when g is
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considered as a ho-morphism with Gu = (ιCj
ϕugi). Consider the diagram

P 2(Cj)

πCj

����

Ai

Lu

����������� γu �� P(δ1Cj
),

where γu = (P (gj)Fu, ιCj
gjϕufi) and Lu := ιP (Cj)P (gj)Fu. By the naturality of

δk and ι it follows that{
δ0P (Cj)

Lu = δ0P (Cj)
ιP (Cj)P (gj)Fu = P (gj)Fu,

P (δ1Cj
)Lu = ιCj

δ1Cj
P (gj)Fu = ιCj

gjδ
1
Bj

Fu = ιcjgjϕufi.

Therefore the above diagram commutes. The folding map ∇ (see Definition 2.10)
satisfies∇Cj

ιP (Cj) = 1P (Cj). It follows thatKu := ∇P (Cj)Lu = P (gj)Fu. Therefore
[g] ∗ [f ] = [gf ]. The proof for the other composition follows analogously.

Let us prove (2). Let f : A 	 B and g : B 	 C be ho-morphisms and
let γu = (P (gj)Fu, Gufi). We have f ∗ g = (figi,Ku), where Ku = ∇P (Cj)Lu

and Lu is an arbitrary morphism satisfying πCj
Lu = γu. If h : C → D is a

morphism, by (1) we have [h] ∗ ([g] ∗ [f ]) = [(higifi, P (hj)Ku)]. On the other hand,
let γ′

u = (P (hjgj)Fu, P (hj)Gufi) and define a morphism L′
u := P 2(hj)Lu. Then

πDj
L′
u = γ′

u. Therefore hg ∗ f = (hjgjfj ,K
′
u), where K ′

u = ∇Dj
L′
u = P (hj)Ku.

The identity [hg] ∗ [f ] = [h] ∗ ([g] ∗ [f ]) follows. �

4.5. Localization with respect to ho-equivalences. We next show that if
A ∈ ΓCcof , the factorization map ΦA,B : ΓCh(A,B) → ΓC[H−1](A,B) is a bi-
jection. This allows us to define a category πhΓCcof whose objects are those of
ΓCcof and whose morphisms are homotopy classes of ho-morphisms. We then show
that this category is equivalent to the relative localization ΓCcof [H−1,ΓC], the full
subcategory of ΓC[H−1] whose objects are in ΓCcof .

4.24. For A ∈ ΓCcof and B ∈ ΓC, define a map ΨA,B : ΓC[H−1](A,B) → [A,B]h

as follows.
A morphism f of ΓC[H−1] can be represented by a zig-zag where the arrows

going to the left are morphisms of H. We define Ψ inductively over the length
of the zig-zag. Let Ψ(1A) = [1A] and assume that Ψ(f ′) is defined for a zig-zag
f ′ ∈ ΓC[H−1](A,B). We consider two cases:

(1) If f = gf ′, where g : B → C is a morphism of ΓC, then Ψ(f) := [g] ∗Ψ(f ′).
(2) If f = g−1f ′, where g : C → B is a ho-equivalence, then Ψ(f) := [h] ∗ Ψ(f ′),

where h : B 	 C is a homotopy inverse of g. If h′ is another homotopy inverse
of g, then h′ ∼ h′gh ∼ h, and so [h] = [h′]. Hence Ψ does not depend on the
chosen homotopy inverse.

Lemma 4.25. Let A be in ΓCcof . The map ΨA,B : ΓC[H−1](A,B) → [A,B]h

induced by f �→ Ψ(f) is well defined for any object B of ΓC.

Proof. We prove that the definition does not depend on the chosen representative;

that is, given a hammock between zig-zags f and f̃ , then Ψ(f) = Ψ(f̃). The proof
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is based on the fact that, given the commutative diagram on the left,

D

=α
��

C
g

��

β =⇒
��

D̃ C̃
g̃

��

D

	

h ���
�
�


α
��

C

β
��

D̃
h̃

���
�
�
 C̃

where g and g̃ are ho-equivalences, then the diagram on the right commutes up to

homotopy, where h and h̃ are homotopy inverses of g and g̃ respectively.

We may assume that f and f̃ are related by a hammock of height 1. Let

f :=

f̃ :=

A
f1 �� D1

α1

��

C1

β1

��

g1��
f2 �� D2

α2

��

C2

β2

��

g2��
f3 �� · · · �� Dr

αr

��

B
gr��

A
f̃1 �� D̃1 C̃1

g̃1��
f̃2 �� D2 C̃2

g̃2��
f̃3 �� · · · �� Dr B

g̃r��

be a commutative diagram, where gk : Ck → Dk and g̃k : C̃k → D̃k are compositions

of ho-equivalences. Let f(0) = f̃(0) = 1A, and for all 0 < k ≤ r, define

f(k) := g−1
k fk · · · g−1

1 f1, and f̃(k) := g̃−1
k f̃k · · · g̃−1

1 f̃1.

Write gk = g1k · · · g
nk

k and g̃k = g̃1k · · · g̃
ñk

k and let hj
k and h̃j

k be homotopy inverses

of gjk and g̃jk respectively. With this notation we have

Ψ(f(k)) := [hnk

k ] ∗ (· · · ∗ ([h2
k] ∗ ([h1

k] ∗ ([fk] ∗Ψ(f(k − 1)))))),

Ψ(f̃(k)) := [h̃nk

k ] ∗ (· · · ∗ ([h̃2
k] ∗ ([h̃1

k] ∗ ([f̃k] ∗Ψ(f̃(k − 1)))))).

From the definition it follows that:

(pk) [gk] ∗Ψ(f(k)) = [fk] ∗Ψ(f(k − 1)).

We will now proceed by induction. Assume that for all n < k we have

(hn) Ψ(f̃(n)) = [βn] ∗Ψ(f(n)).

For the following identities we will use (1) and (2) of Lemma 4.23. We have

Ψ(f̃(k))= [h̃nk

k ] ∗ (· · · ∗ ([h̃1
k] ∗ ([f̃k] ∗Ψ(f̃(k-1))))) ( by (hk−1) )

= [h̃nk

k ] ∗ (· · · ∗ ([h̃1
k] ∗ ([f̃kβk−1] ∗Ψ(f(k-1))))) ( f̃kβk−1 = αkfk )

= [h̃nk

k ] ∗ (· · · ∗ ([h̃1
k] ∗ ([αkfk] ∗Ψ(f(k-1))))) ( by (pk) )

= [h̃nk

k ] ∗ (· · · ∗ ([h̃1
k] ∗ ([αkgk] ∗Ψ(f(k))))) ( αkgk = g̃kβk )

= [h̃nk

k ] ∗ (· · · ∗ ([h̃1
k] ∗ ([g̃kβk] ∗Ψ(f(k))))) ( g̃k = g̃1k · · · g̃

ñk

k )
= [βk] ∗Ψ(f(k)).

Since βr = 1B we get Ψ(f̃) = Ψ(f̃(r)) = Ψ(f(r)) = Ψ(f). �

Proposition 4.26. Let A be an object of ΓCcof . The maps

ΦA,B : [A,B]h � ΓC[H−1](A,B) : ΨA,B

are inverses to each other, for every object B of ΓC.
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Proof. To simplify notation, we omit the subscripts of both Ψ and Φ. Let [f ] be
an element of [A,B]h. Then

Ψ(Φ([f ])) = Ψ({qfp−1
f }) = [qf ] ∗ [ιf ] = [qf ιf ] = [f ].

For the other composition, we proceed by induction as follows. Assume that for
f ′ ∈ ΓC[H−1](A,B) we have Φ(Ψ(f ′)) = f ′. We consider two cases:

(1) If f = gf ′, where g : B → C is a morphism of ΓC, then

Φ(Ψ(f)) = Φ(Ψ(gf ′)) = Φ([g] ∗Ψ(f)) = Φ([g]) ◦ f = g ◦ f.

(2) If f = g−1f ′, where g : C → B is a ho-equivalence, then Ψ(g−1f) = [h] ∗Ψ(f),
where h is a homotopy inverse of g. By Lemma 4.20 we can write {g} = Φ([g]).
Therefore

g ◦ Φ(Ψ(g−1f)) = Φ([g]) ◦ Φ([h] ∗Ψ(f)) = Ψ(f).

If we compose on the left by g−1 we obtain Φ(Ψ(g−1f)) = g−1 ◦ f. �

Lemma 4.27. Let A,B,C be three objects of ΓCcof and let [f ] ∈ [A,B]h and
[g] ∈ [B,C]h. Then [g] ∗ [f ] = ΨA,C (ΦB,C([g]) ◦ ΦA,B([f ])) .

Proof. Since A,B,C are objects of ΓCcof the maps ΨA,−, ΨB,− and ΨC,− are well
defined. For the rest of the proof we omit the subscripts of Ψ and Φ. We have

Ψ(Φ([g]) ◦ Φ([f ])) = Ψ({qgp−1
g } ◦ {qfp−1

f }) = [qg] ∗ ([ιg] ∗ ([qf ] ∗ [ιf ])).

Since qf and qg are morphisms of ΓC, we have [qg]∗[ιg] = [qgιg] = [g] and [qf ]∗[ιf ] =
[qf ιf ] = [f ]. The result follows from (2) of Lemma 4.23. �

Theorem 4.28. The objects of ΓCcof with the homotopy classes of ho-morphisms
define a category πhΓCcof . There is an equivalence of categories

Φ : πhΓCcof�ΓCcof [H−1,ΓC] : Ψ.

Proof. Let f : A 	 B and g : B 	 C be two ho-morphisms between objects of
ΓCcof . We first show that [g] ∗ [f ] = Ψ (Φ([g]) ◦ Φ([f ])) . By definition we have

Ψ(Φ([g]) ◦ Φ([f ])) = Ψ(qgp
−1
g ◦ qfp−1

f ) = [qg] ∗ ([ιg] ∗ ([qf ] ∗ [ιf ])).

Since qf and qg are morphisms of ΓC, we have [qg]∗[ιg] = [qgιg] = [g] and [qf ]∗[ιf ] =
[qf ιf ] = [f ]. The result follows from (2) of Lemma 4.23.

If h : C 	 D is another ho-morphism between objects of ΓCcof , we have

[h] ∗ ([g] ∗ [f ]) = Ψ (Φ([h]) ◦ Φ(Ψ(Φ([g]) ◦ Φ([f ])))) .

By Proposition 4.26, we have ΦΨ = 1. Hence

[h] ∗ ([g] ∗ [f ]) = Ψ(Φ([h]) ◦ Φ([g]) ◦ Φ([f ])) = ([h] ∗ [g]) ∗ [f ].

Therefore the composition of πhΓCcof is associative. The equivalence of categories
follows from Proposition 4.26. �
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4.6. A Cartan-Eilenberg structure. We next show that the triple (ΓC,H,W) is
a left Cartan-Eilenberg category, and that the category ΓCcof of level-wise cofibrant
objects is a full subcategory of cofibrant models.

Lemma 4.29. Let C be an object of ΓCcof . For every diagram

A

w�
����

C

��

f
���
�
�
 B ,

where w is a trivial fibration of ΓC and f is a ho-morphism, there is a ho-morphism
g : C 	 A making the diagram commute.

Proof. Since Ci is cofibrant for each i ∈ I, there are maps gi : Ci → Ai such
that wigi = fi. We have wjgjϕu = fjϕu�ϕufi = ϕuwigi = wjϕugi. Consider the
commutative solid diagram

Ci

Fu

��

(gjϕu,ϕugi)

��

Gu

��

P (Aj)

P (wj)

��

(δ0Aj
,δ1Aj

)
�� Aj ×Aj

wj×wj

��

P (Bj)
(δ0Bj

,δ1Bj
)

�� Bj ×Bj .

Since wj is a trivial fibration, by Lemma 2.21 there exists a dotted arrowGu, making
the diagram commute. Then g = (gi, Gu) is a ho-morphism and wg = f . �

Proposition 4.30. Let C be an object of ΓCcof and let w : A → B be a weak
equivalence in ΓC. The induced map w∗ : [C,A]h −→ [C,B]h is a bijection.

Proof. We first prove surjectivity. Let f : C 	 B be a ho-morphism representing
[f ] ∈ [C,B]h. By Lemma 2.17 the map w factors as a homotopy equivalence ιw
followed by a trivial fibration qw, giving rise to a solid diagram

A

ιw

��

w

��

P(w)

pw

��

qw�
����

C

g′
��

f
���
�
�
�
 B .

By Lemma 4.29 there is a ho-morphism g′ : C 	 P(w) such that qwg
′ = f . Let

g := pwg
′. We have wg = qwιwg = qwιwpwg

′ � qwg
′ = f. Therefore [wg] = [f ], and

w∗ is surjective.
To prove injectivity, let g, g′ : C 	 A be two ho-morphisms representing [g] and

[g′] respectively, and let h : wg � wg′ be a homotopy. Let P(w,w) denote the
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double mapping path of w, defined by the fibre product

P(wi, wi)

�
��

�� P (Bi)

(δ0Bi
,δ1Bi

)

��

Ai ×Ai
wi×wi �� Bi ×Bi ,

for i ∈ I, together with the comparison morphism ψu = ((ϕu × ϕu)π1, P (ϕu)π2),
for u : i → j.

The triple (g, g′, h) defines a ho-morphism γ : C 	 P(w,w). Indeed, for all
i ∈ I, let γi be the map defined by the pull-back diagram

Ci

(gi,g
′
i)





hi





γi





P(wi, wi)

�
��

�� P (Bi)

(δ0Bi
,δ1Bi

)

��

Ai ×Ai wi×wi

�� Bi ×Bi ,

and for all u : i → j let Γu be the map defined by the pull-back diagram

Ci

(Gu,G
′
u)

  

Hu

��

Γu

��

P (P(wj , wj))

�
��

�� P 2(Bj)

(P (δ0Bj
),P (δ1Bj

))

��

P (Aj)× P (Aj)
P (wj×wj)

�� P (Bj)× P (Bj) .

Then the family γ = (γi,Γu) is a ho-morphism. Indeed,

δ0P(wj ,wj)
Γu = ((δ0Aj

Gu, δ
0
Aj

G′
u), δ

0
P (Bj)

Hu) = ((gjϕu, g
′
jϕu), hjϕu) = γjϕu,

δ1P(wj ,wj)
Γu = ((δ1Aj

Gu, δ
1
Aj

G′
u), δ

1
P (Bj)

Hu) = ((ϕugi, ϕug
′
i), P (ϕu)hi)) = ψuγi.

Consider the solid diagram

P (A)

w�
��

C

γ′
��

γ
���
�
�
 P(w,w) .

By Lemma 2.18 the map w defined level-wise by wi = ((δ0Ai
, δ1Ai

), P (wi)) is a weak
equivalence. Hence w∗ is surjective, and there exists a dotted arrow γ′ such that
wγ′ � γ. It follows that g � δ0Aγ

′ � δ1Aγ
′ � g′. Hence [g] = [g′]. �

Corollary 4.31. Objects of ΓCcof are Cartan-Eilenberg cofibrant in (ΓC,H,W),
i.e., for every weak equivalence w : A → B and every object C ∈ ΓCcof , the induced
map w∗ : ΓC[H−1](C,A) → ΓC[H−1](C,B) is a bijection.

We prove the main result of this section.
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Theorem 4.32. Let ΓC be a diagram category satisfying conditions (I1)-(I3) of 4.3.
Assume that for i ∈ I, the category Ci has enough cofibrant models. Then the triple
(ΓC,H,W) is a left Cartan-Eilenberg category, and ΓCcof is a full subcategory of

cofibrant models. The inclusion induces an equivalence πhΓCcof ∼−→ Ho(ΓC).

Proof. Given an object A of ΓC, let fi : Ci
∼−→ Ai be a cofibrant model of Ai, for

each i ∈ I. By Proposition 2.23, given the solid diagram in Cj ,

Ci

fi

��

ϕ′
u �� Cj

fj

��

Ai
ϕu �� Aj

there exists a dotted arrow ϕ′
u and a homotopy Fu : fjϕ

′
u � ϕufi. This defines an

object C = (ϕ′
u : Ci−→Cj) of ΓCcof and a ho-morphism f = (fi, Fu) : C 	 A which

is a level-wise weak equivalence. By Corollary 4.31, C is Cartan-Eilenberg cofibrant
in (ΓC,H,W) and the map ΦC,A(f) : C → A ∈ ΓC[H−1] is an isomorphism in
ΓC[W−1]. This proves that the triple (ΓC,H,W) is a left Cartan-Eilenberg category
with cofibrant models in ΓCcof . By Theorem 2.3.4 of [16], the inclusion induces an

equivalence of categories ΓCcof [H−1,ΓC] ∼−→ Ho(ΓC). The above equivalence of
categories follows from Theorem 4.28. �

To end this section we consider a generalization of Theorem 2.24, in which the
category under study is a full subcategory of a diagram category. This will be useful
for the application to mixed Hodge theory.

Theorem 4.33. Let ΓC be a diagram category satisfying conditions (I1)-(I3) of 4.3.
Let D be a full subcategory of ΓC such that:

(i) The mapping path of a ho-morphism between objects of D is an object of D.
(ii) There is a full subcategory M ⊂ D ∩ ΓCcof such that for every object D of

D there exists an object M ∈ M together with a ho-morphism from M to D
which is a level-wise weak equivalence.

Then the triple (D,H,W) is a left Cartan-Eilenberg category, and M is a full
subcategory of cofibrant models. The inclusion induces an equivalence of categories
πhM ∼−→ Ho(D).

Proof. By (i) and Proposition 4.16, for every pair of objects A and B of D, the fac-
torization map of 4.18 restricts to a map ΦA,B : [A,B]h → D[H−1](A,B) preserv-
ing weak equivalences. By Theorem 4.28 this induces an equivalence Φ : πhM �
M[H−1,D] : Ψ. The proof now follows analogously to that of Theorem 4.32. �

5. Multiplicative mixed Hodge theory

We prove a multiplicative version of Beilinson’s Theorem for mixed Hodge com-
plexes. Together with Navarro’s functorial construction of mixed Hodge diagrams,
this provides functoriality for the mixed Hodge structures on the homotopy type of
complex algebraic varieties. As an application, we derive the functor of indecom-
posables of mixed Hodge diagrams, and give an alternative proof of the fact that
the rational homotopy groups of every simply connected complex algebraic variety
inherit functorial mixed Hodge structures.
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5.1. Mixed Hodge diagrams of algebras. Let I = {0 → 1 ← 2 → · · · ← s} be
an index category of zig-zag type and fixed length s. We next define the category of
diagrams of filtered dga’s of type I overQ. This is a diagram category whose vertices
are categories of filtered and bifiltered dga’s defined over Q and C respectively.
Additional assumptions on the filtrations will lead to the notion of a mixed Hodge
diagram.

Definition 5.1. Let A : I → Cat be the functor defined by

0�

��

u �� 1�

��

· · ·�� �� s− 1�

��

s
v��

�

��

DGAQ

u∗ �� FDGAC · · ·Id�� Id �� FDGAC F2DGAC

v∗��

where u∗(AQ,W ) = (AQ,W ) ⊗ C is the extension of scalars and v∗(AC,W, F ) =
(AC,W ) is the forgetful functor for the second filtration. All intermediate func-
tors are identities. The category of diagrams of filtered algebras is the category of
diagrams ΓA associated with A. Objects of ΓA are denoted by

A = ((AQ,W )
ϕ
����� (AC,W, F )).

5.2. Consider the P-category structures of FDGAQ and FDGAC given by the 1-
path together with the classes of E1-quasi-isomorphisms and E1-surjections (see
Proposition 3.9). Likewise, in F2DGAC, consider the P-category structure given
by the (1, 0)-path together with the classes of E1,0-quasi-isomorphisms and E1,0-
surjections (see Proposition 3.12). With these choices, the category ΓA satisfies
conditions (I1)-(I3) of 4.3. Hence we have the corresponding notions of ho-morphism
and ho-equivalence, as well as the classes H and W of ho-equivalences and level-wise
weak equivalences of ΓA. Denote by Q the class of level-wise quasi-isomorphisms
compatible with filtrations. Since filtrations are regular and exhaustive, we have
W ⊂ Q.

Definition 5.3. A mixed Hodge diagram (of dga’s over Q) is a diagram

A =
(
(AQ,W )

ϕ
����� (AC,W, F )
)

of filtered algebras satisfying the following conditions:

(MH0) The map ϕ is a string of EW
1 -quasi-isomorphisms. The weight filtration W

is regular and exhaustive. The Hodge filtration F is biregular and H∗(AQ)
has finite type.

(MH1) For all p ∈ Z, the differential of GrWp AC is strictly compatible with F .

(MH2) For all n ≥ 0 and all p ∈ Z, the filtration F induced on Hn(GrWp AC) defines

a pure Hodge structure of weight p+ n on Hn(GrWp AQ).

Denote by MHD the category of mixed Hodge diagrams of a fixed type I, omit-
ting the index category in the notation. By forgetting the multiplicative structures
we recover the category MHC of mixed Hodge complexes (see [10], 8.1.5). Axiom
(MH2) implies that for all n ≥ 0, the triple (Hn(AQ),DecW,F ) is a mixed Hodge
structure, where DecW denotes the décalage of W (see Definition 1.3.3 of [9]).

The base field Q is considered as a mixed Hodge diagram with trivial filtrations
and a trivial differential. We will assume that every mixed Hodge diagram A is
0-connected : the unit map η : Q → AQ induces an isomorphism Q ∼= H0(AQ).
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By Scholie 8.1.9 of [10] the spectral sequences associated with the weight and
Hodge filtrations degenerate at the stages E2 and E1 respectively. Hence the classes
W and Q coincide in MHD and Ho(MHD) := MHD[Q−1] = MHD[W−1].

Definition 5.4. A mixed Hodge dga is a filtered dga (A,W ) over Q, together with
a filtration F on AC := A⊗Q C, such that for each n ≥ 0, the triple (An,DecW,F )
is a mixed Hodge structure and the differentials d : An → An+1 and products
An ⊗Am → An+m are morphisms of mixed Hodge structures.

The cohomology of every mixed Hodge diagram is a mixed Hodge dga with trivial
differential. Following Sullivan’s theory one defines the notion of a minimal mixed
Hodge extension of an augmented mixed Hodge dga (see Definition 3.15 of [6]). A
mixed Hodge dga is minimal if it is the colimit of a sequence of minimal mixed
Hodge extensions starting from the base field Q. Every minimal mixed Hodge dga
M is free as a filtered dga, and its differential satisfies d(WpM) ⊂ Wp−1(M

+ ·M+).
Hence it is a Sullivan minimal dga satisfying DecWpM

n = Wp−nM
n. Denote by

MHDGAmin the category of minimal mixed Hodge dga’s.

Proposition 5.5. Objects of MHDGAmin are Cartan-Eilenberg cofibrant and min-
imal in the triple (MHD,H,Q).

Proof. Let M be a minimal mixed Hodge dga. By Corollary 4.31, for M to be cofi-
brant it suffices to see that (M,W ) and (MC,W, F ) are cofibrant in the categories
of filtered and bifiltered dga’s respectively. This follows from Theorem 2.12 of [6],
which is an adaptation of the classical proof (see Lemma 12.4 of [13]), to the filtered
setting. To see that objects of MHDGAmin are minimal it remains to prove that
every weak equivalence w : M → N is an isomorphism. Indeed, since both M and
N are Sullivan minimal, w is an isomorphism of dga’s (see Proposition 7.6 of [4]).
Since M and N carry mixed Hodge structures, the map w is strictly compatible
with W and F (see Theorem 2.3.5 of [9]). Therefore w : (M,W ) → (N,W ) is an
isomorphism of filtered dga’s, and wC : (MC,W, F ) → (NC,W, F ) is an isomorphism
of bifiltered dga’s. �

Theorem 5.6. The triple (MHD,H,Q) is a left Cartan-Eilenberg category, and
MHDGAmin is a full subcategory of cofibrant minimal models. The inclusion in-
duces an equivalence of categories

πhMHDGAmin
∼−→ Ho (MHD) .

Proof. We show that the conditions of Theorem 4.33 are satisfied, with ΓC = ΓA,
D = MHD and M = MHDGAmin. Let us prove (i). By Proposition 4.16, given
a ho-morphism of mixed Hodge diagrams f : A 	 B, the level-wise projection
p : Ph(f) → A is in W . Therefore condition (MH0) follows from the two out of
three property of E1-quasi-isomorphisms. Since GrWp P1(BC) = GrWp BC ⊗ Λ(t) ⊕
GrWp+1BC ⊗ Λ(t)dt, it follows that

Hn(GrWp P(fC)) ∼= Hn(GrWp AC)⊕Hn(GrWp BC)⊕Hn−1(GrWp+1BC)

for all n ≥ 0 and all p ∈ Z. Hence conditions (MH1) and (MH2) are satisfied.
By Theorem 3.17 of [6], for every cohomologically connected mixed Hodge dia-

gram A, there exists a minimal mixed Hodge dga M and a ho-morphism f : M 	 A
which is a level-wise quasi-isomorphism. By Proposition 5.5, M is cofibrant and
minimal. Hence (ii) is satisfied. �
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Corollary 5.7. The rational homotopy type of every complex algebraic variety
carries functorial mixed Hodge structures: there exists a functor

Hdg : Sch(C) −→ πhMHDGAmin

whose composition with the forgetful functor UQ : πhMHDGAmin → Ho(DGAQ)
sends every complex algebraic variety to the homotopy type of its Sullivan-De Rham
rational algebra.

Proof. Deligne’s construction of mixed Hodge structures on the cohomology of
smooth algebraic varieties [9] can be restated as having a functor Hdg : V2(C) →
MHC sending every smooth compactification U ⊂ X of algebraic varieties over
C with D = X − U a normal crossings divisor, to a mixed Hodge complex, which
computes the cohomology of U .

A multiplicative version of Deligne’s functor with values in the category of mixed
Hodge diagrams Hdg : V2(C) → MHD is given is Theorem 8.1.5 of [22].

The category of mixed Hodge diagrams admits a cohomological descent structure
via the Thom-Whitney simple functor (see Theorem 4.4 of [6]). Hence the extension
criterion of functors of [15] gives a functor Hdg : Sch(C) → Ho (MHD) whose
rational component is the Sullivan-de Rham functor. The result now follows from
Theorem 5.6. �

5.2. Homotopy and indecomposables. Given an augmented dga ε : A → k
over k, denote by A+ the kernel of ε. The quotient Q(A) = A+/(A+ · A+) with
the induced differential is called the complex of indecomposables of A. If A is a
(bi)filtered dga and the augmentation is compatible with filtrations, then Q(A) is
also (bi)filtered. This defines a functor Q sending augmented (bi)filtered dga’s to
(bi)filtered complexes of vector spaces over k.

Definition 5.8. An augmented mixed Hodge diagram is a mixed Hodge diagram
A together with a morphism ε : A → Q.

Denote by MHD∗ the category of augmented mixed Hodge diagrams whose
morphisms are compatible with the augmentations.

Definition 5.9. The complex of indecomposables of an augmented mixed Hodge
diagram A is the diagram of filtered complexes defined by

Q(A) =

(
(Q(AQ),W )

Q(ϕ)

����� (Q(AC),W, F )

)
.

This defines a functor Q : MHD∗ −→ ΓC, where ΓC denotes the category of
diagrams of filtered complexes, obtained by forgetting the multiplicative structures
of ΓA (see Definition 4.1 of [7]). Every minimal mixed Hodge dga M admits
a canonical augmentation, and for all n ≥ 0, the triple (Q(MQ)

n,DecW,F ) is
a mixed Hodge structure. In particular, Q(M) is a mixed Hodge complex with
trivial differential. We have a functor DecW ◦Q : MHDGAmin −→ G+(MHS) with
values in the category of graded mixed Hodge structures, where DecW is defined
by décalage of the weight filtration.

Definition 5.10. Let n ≥ 0, and let A be a 1-connected mixed Hodge diagram.
The n-th homotopy group of A is the mixed Hodge structure defined by πn(A) =
DecW ◦Q(M), where M is a cofibrant minimal model of A.
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We next check that this definition is correct, in the sense that it is functorial,
and does not depend on the chosen minimal model.

Remark 5.11. Since every 0-connected mixed Hodge diagram has a cofibrant mini-
mal model, its n-th homotopy groups can be defined in the same manner. In doing
so, one loses functoriality, since homotopic morphisms of dga’s need not induce
the same morphism of indecomposables, unless the homotopy is augmented. For
1-connected dga’s, every homotopy of augmented morphisms is augmented. Hence,
the homotopy is independent of the augmentation.

Definition 5.12. Let f, g : A 	 B be ho-morphisms of mixed Hodge diagrams.
A homotopy h : A 	 P (B) from f to g is said to be augmented if the following
diagram commutes:

A

h

��

ε �� Q

ι

��

P (B)
P (ε)

�� P (Q) .

Lemma 5.13. Every augmented homotopy h : A 	 P (B) between ho-morphisms
of 1-connected mixed Hodge diagrams induces a homotopy∫ 1

0

h : Q(A) 	 Q(B)[−1]

between ho-morphisms of diagrams of filtered complexes.

Proof. A homotopy h : A 	 P (B) from f = (fi, Fu) to g = (gi, Gu) is given
by a family of homotopies hi : Ai → P (Bi) from fi to gi, together with second
homotopiesHu : Ai → P 2(Bj) satisfying the conditions of Definition 4.10. Consider
the homogeneous linear map of degree −1,∫ 1

0

: P (Ai) = Ai ⊗ Λ(t, dt) −→ Ai,

defined by a⊗ ti �→ 0 and a⊗ tidt �→ (−1)|a| a
i+1 (see [14], Section 11.1). Then

d
∫ 1

0

hi +
∫ 1

0

dhi = gi − fi.

Therefore the map
∫ 0

1
hi : Ai → Bi[−1] is a homotopy of complexes. Likewise,

∫ 1

0

∫ 1

0

Hud− d
∫ 1

0

∫ 1

0

Hu =
∫ 1

0

Gu −
∫ 1

0

Fu +
∫ 1

0

hjϕu − ϕu

∫ 1

0

hi.

Hence the family of pairs ∫ 1

0

h := (
∫ 1

0

hi,
∫ 1

0

∫ 1

0

Hu)

is a homotopy of ho-morphisms of mixed Hodge complexes from f to g (see Defini-
tion 3.8 of [7]). Since h is augmented, this homotopy satisfies∫ 1

0

h(A+) ⊂ B+ and
∫ 1

0

h(A+ ·A+) ⊂ B+ ·B+.

Therefore it induces a homotopy at the level of complexes of indecomposables. �

Theorem 5.14. The functor of indecomposables admits a left derived functor

LQ : Ho
(
MHD1

∗
)
−→ Ho (MHC) .



COFIBRANT MODELS OF DIAGRAMS: MHS IN RATIONAL HOMOTOPY 5969

The composition of functors

Ho
(
MHD1

) ∼←− Ho
(
MHD1

∗
) LQ−−→ Ho (MHC)

DecW ◦H−−−−−−→ G+(MHS)

defines a functor

π∗ : Ho
(
MHD1

)
−→ G+(MHS)

which associates to every 1-connected mixed Hodge diagram A, a graded mixed
Hodge structure π∗(A) = (Q(MQ),DecW,F ), where M is a cofibrant minimal model
of A.

Proof. By Theorem 5.6, the triple (MHD,H,Q) is a Cartan-Eilenberg category.
By Lemma 5.13, the functor Q : MHD∗ −→ ΓC sends morphisms in H to
level-wise weak equivalences. By Lemma 3.1.3 of [16], it admits a left derived
functor LQ : Ho

(
MHD1

∗
)

→ ΓC[W−1] defined by LQ(A) = Q(MA), where
M is a cofibrant minimal model of A. Since Q(M) is a mixed Hodge complex,
LQ takes values in Ho (MHC) . It remains to show that the forgetful functor
Ho

(
MHD1

∗
)
→ Ho

(
MHD1

)
is an equivalence of categories. This follows as in

the case of 1-connected dga’s, from the fact that every homotopy between mor-
phisms of 1-connected minimal dga’s is augmented (see Lemma 13.5 of [14]). �

Corollary 5.15 ([21], Thm. 9.1, [22], Thm. 9.3.2). The rational homotopy groups
of every simply connected complex algebraic variety carry functorial mixed Hodge
structures.

Proof. As in the proof of Corollary 5.7, we have a functor Hdg : Sch(C) →
Ho (MHD) whose rational component is the Sullivan-de Rham functor. By Theo-
rem 5.14 this gives a functor π∗ := π∗ ◦Hdg : Sch1(C) → G+(MHS) with values in
the category of graded mixed Hodge structures. The rational components of π∗(X)
are the rational homotopy groups of X. �
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[25] Beatriz Rodŕıguez González, Simplicial descent categories, J. Pure Appl. Algebra 216 (2012),
no. 4, 775–788, DOI 10.1016/j.jpaa.2011.10.003. MR2864852

[26] Dennis Sullivan, Infinitesimal computations in topology, Inst. Hautes Études Sci. Publ. Math.
47 (1977), 269–331 (1978). MR0646078 (58 #31119)

[27] R. W. Thomason, Homotopy colimits in the category of small categories, Math. Proc. Cam-
bridge Philos. Soc. 85 (1979), no. 1, 91–109, DOI 10.1017/S0305004100055535. MR510404
(80b:18015)

[28] B. Totaro, Topology of singular algebraic varieties, Proceedings of the International Congress
of Mathematicians, Vol. II (Beijing, 2002), Higher Ed. Press, Beijing, 2002, pp. 533–541.

MR1957063 (2004k:14030)

Fachbereich Mathematik und Informatik, Freie Universität Berlin, Arnimallee 3,

14195 Berlin, Germany

E-mail address: jcirici@math.fu-berlin.de

http://www.ams.org/mathscinet-getitem?mr=0498551
http://www.ams.org/mathscinet-getitem?mr=0498551
http://www.ams.org/mathscinet-getitem?mr=0498552
http://www.ams.org/mathscinet-getitem?mr=0382702
http://www.ams.org/mathscinet-getitem?mr=0382702
http://www.ams.org/mathscinet-getitem?mr=1361887
http://www.ams.org/mathscinet-getitem?mr=1361887
http://www.ams.org/mathscinet-getitem?mr=1802847
http://www.ams.org/mathscinet-getitem?mr=1802847
http://www.ams.org/mathscinet-getitem?mr=3136262
http://www.ams.org/mathscinet-getitem?mr=1953190
http://www.ams.org/mathscinet-getitem?mr=1953190
http://www.ams.org/mathscinet-getitem?mr=2559687
http://www.ams.org/mathscinet-getitem?mr=2559687
http://www.ams.org/mathscinet-getitem?mr=934453
http://www.ams.org/mathscinet-getitem?mr=934453
http://www.ams.org/mathscinet-getitem?mr=1046566
http://www.ams.org/mathscinet-getitem?mr=1046566
http://www.ams.org/mathscinet-getitem?mr=1650134
http://www.ams.org/mathscinet-getitem?mr=1650134
http://www.ams.org/mathscinet-getitem?mr=1464944
http://www.ams.org/mathscinet-getitem?mr=1464944
http://www.ams.org/mathscinet-getitem?mr=516917
http://www.ams.org/mathscinet-getitem?mr=516917
http://www.ams.org/mathscinet-getitem?mr=906579
http://www.ams.org/mathscinet-getitem?mr=906579
http://www.ams.org/mathscinet-getitem?mr=0223432
http://www.ams.org/mathscinet-getitem?mr=0223432
http://www.ams.org/mathscinet-getitem?mr=2864852
http://www.ams.org/mathscinet-getitem?mr=0646078
http://www.ams.org/mathscinet-getitem?mr=0646078
http://www.ams.org/mathscinet-getitem?mr=510404
http://www.ams.org/mathscinet-getitem?mr=510404
http://www.ams.org/mathscinet-getitem?mr=1957063
http://www.ams.org/mathscinet-getitem?mr=1957063

	1. Introduction
	1.1. Overview
	1.2. Main results on diagram categories
	1.3. Main results on mixed Hodge structures
	1.4. Outline of the paper

	2. P-categories and cofibrant models
	2.1. Categories with a functorial path
	2.2. Axioms for a P-category
	2.3. Cofibrant models

	3. Examples of P-categories
	3.1. Topological spaces
	3.2. Differential graded algebras
	3.3. Transfer of structures
	3.4. Filtered differential graded algebras

	4. Diagram categories
	4.1. Level-wise P-category structure
	4.2. Morphisms up to homotopy
	4.3. Factorization of ho-morphisms
	4.4. Homotopy classes of ho-morphisms
	4.5. Localization with respect to ho-equivalences
	4.6. A Cartan-Eilenberg structure

	5. Multiplicative mixed Hodge theory
	5.1. Mixed Hodge diagrams of algebras
	5.2. Homotopy and indecomposables

	Acknowledgments
	References

