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RATIONALITY OF THE MODULI SPACES

OF EISENSTEIN K3 SURFACES

SHOUHEI MA, HISANORI OHASHI, AND SHINGO TAKI

Abstract. K3 surfaces with non-symplectic symmetry of order 3 are classified
by open sets of twenty-four complex ball quotients associated to Eisenstein
lattices. We show that twenty-two of those moduli spaces are rational.

1. Introduction

The study of K3 surfaces with non-symplectic symmetry has arisen as an appli-
cation of the Torelli theorem, and by now it has been recognized as closely related
to classical geometry and special arithmetic quotients. They were first studied sys-
tematically in the involution case by Nikulin [25], who classified their topological
types using the lattices of 2-cycles (anti-)invariant under the involutions. The anti-
invariant lattices also provide the period domains, which are Hermitian symmetric
of type IV and whose quotients by the orthogonal groups give the moduli spaces.

What comes next to the involution case is the case of automorphisms of order
3. Kondō, Dolgachev, and van Geemen [10], [19] studied two moduli spaces of
K3 surfaces with such symmetry, in connection with genus 4 curves and cubic
surfaces. Subsequently, Artebani-Sarti [3] and the third-named author [29] gave
a topological classification of such automorphisms. Let X be a K3 surface with
a non-symplectic symmetry G ⊂ Aut(X), G � Z/3Z. Let L(X,G) ⊂ H2(X,Z)
be the lattice of G-invariant cycles, and E(X,G) ⊂ H2(X,Z) be its orthogonal
complement. These lattices have 3-elementary discriminant groups, analogous to
the 2-elementary property in the involution case. What is more crucial is that
E(X,G) is endowed with the structure of an Eisenstein lattice, namely a Hermitian
form over the ring of Eisenstein integers. Then a result of [3] and [29] says that the
topological types of such pairs (X,G) are, by associating E(X,G), in one-to-one
correspondence with certain Eisenstein lattices embeddable in the K3 lattice. In
view of this, we shall call such a pair (X,G) an Eisenstein K3 surface. According to
[3], [29], E(X,G) is in turn encoded in the pair (r, a) where r is the rank of L(X,G)
and a is the length of its discriminant group, and there are exactly twenty-four such
(r, a).

For each (r, a), the period domain for Eisenstein K3 surfaces (X,G) of that type
is the complex ball associated to E(X,G). One obtains the moduli space Mr,a of
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those Eisenstein K3 surfaces as the quotient of the ball by the unitary group of
E(X,G), with a Heegner divisor removed. This story is similar to the involution
case, but note that the types of period domains are different.

In this article we study the birational types of Mr,a. The spaces M2,2 and
M12,5, studied in [19] and [2], [10] respectively, have been known to be rational
by the corresponding results for the moduli of genus 4 curves ([28]) and of cubic
surfaces (classical). We show that this property actually holds for most Mr,a.

Theorem 1.1. The moduli space Mr,a of Eisenstein K3 surfaces of type (r, a) is
rational, possibly except for (r, a) = (8, 7) and (10, 6).

A similar rationality result is known in the involution case ([18], [20], [12]). It
is natural to expect analogous results for other non-symplectic symmetry, and the
present article goes into the Eisenstein case. In fact, it appears that automorphisms
of order 2 and 3 cover a wide range of non-symplectic automorphisms: as the
order grows, there seem to be only a few number of moduli spaces, of rather small
dimension (though the classification is not yet completed).

We will prove Theorem 1.1 case by case. A basic strategy is to first find a
canonical triple cover construction of general members of Mr,a using − 3

2KY -curves
on a Hirzebruch surface Y = F2N , 0 ≤ N ≤ 3. More precisely, we consider
an explicit locus U ⊂ | − 3

2KY | parametrizing curves with prescribed types of
singularities and irreducible decomposition. We obtain a period map

P : U/Aut(F2N ) ��� Mr,a

by taking the resolutions of cyclic triple covers of F2N branched over B ∈ U . We can
calculate the degree of such maps P in a systematic manner (see §4.3). If we could
find those U with deg(P) = 1, the problem would be reduced to the rationality of
U/Aut(F2N ) which we prove by studying the Aut(F2N )-action.

This strategy is analogous to the one in the involution case [20], but hidden
behind the similarity are some subtle features in the present case. The first is the
existence of isolated fixed points of (X,G) = P(B), which appear over the singular
points of B. By the above construction, we keep away from such fixed points, in a
sense. Secondly, asking the triple cover to have canonical singularities is a strong
demand, so that the singularities of B are quite limited (at worst ramphoid cusps).
Finally, smooth rational surfaces Y with 3KY ∈ 2Pic(Y ) are rare: they are only
F2N .

The above easy construction offers period maps of degree 1 for as many as
seventeen Mr,a, but does not cover all cases. To analyze the remaining five (M4,3,
M6,4, M8,5, M10,4 and M12,3), we develop a theory of branch curves that deals
with isolated fixed points more substantially. This is the notion of mixed branch.
It contains and is more flexible than − 3

2KY -curves, and using it we can work with
fixed curves and isolated fixed points quite satisfactorily. Those five Mr,a are
provided with birational period maps using mixed branch.

The rationality problem is open forM8,7 andM10,6. They are unirational by the
constructions in [3], [4]. Unfortunately, for those two we failed to find a canonical
and effective construction as above. This is why we could not approach them.

The rest of the article is as follows. §2 contains the preliminaries on Eisenstein
lattices and automorphisms of Fn. In §3 we recall/reformulate basic results on
Eisenstein K3 surfaces. We introduce mixed branches in §4.1, and then study
− 3

2KF2N
-curves in §4.2. The method of degree calculation is explained in §4.3. After
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these preliminaries, the proof of Theorem 1.1 begins in §5. We proceed according to
the maximal genus g of fixed curves: the cases with genus g are treated in §10− g.
We adopt this division policy because it exhibits the degeneration relations among
the moduli spaces with a common g.

Throughout this article we shall denote by An, Dm, El the negative-definite
root lattice of type An, Dm, El respectively. We denote by U the even indefinite
unimodular lattice of rank 2.

2. Preliminaries

In this section we prepare some results on Eisenstein lattices (§2.1) and auto-
morphisms of Hirzebruch surfaces (§2.2). They are a technical basis for the rest of
the article. The reader may skip for the moment and return when necessary.

2.1. Eisenstein lattices. Let E be an even lattice, namely a free Z-module en-
dowed with a non-degenerate integral symmetric bilinear form ( , ) such that
(l, l) ∈ 2Z for every l ∈ E. A structure of Eisenstein lattice on E is a self-isometry
ρ of E of order 3 such that ρ(l) �= l for any 0 �= l ∈ E. Equivalently, a self-isometry
ρ gives an Eisenstein structure if it satisfies ρ2 + ρ+ id = 0. In this subsection we
study some properties of such a pair (E, ρ).

First we justify the naming “Eisenstein lattice”. Let R = Z[ζ], ζ = e2πi/3, be the
ring of Eisenstein integers. For an Eisenstein lattice (E, ρ) as above, the Z-module
E is naturally equipped with an R-module structure by ζ · l = ρ(l). Then we have
an R-valued Hermitian form on E by

(2.1) (l, l′)E := (l, l′) + ζ(l, ρ(l′)) + ζ2(l, ρ2(l′)) ∈ R.

If we decompose E ⊗Z C = V ⊕ V by the ρ-action where ρ|V = ζ, and consider the

projection π : E → V , then we have (l, l′)E = 3(π(l), π(l′)).
Conversely, if E is a free R-module equipped with a Hermitian form ( , )E , the

symmetric bilinear form

(2.2) (l, l′) :=
2

3

e((l, l′)E)

defines (in general not integral) a lattice structure on the Z-module E which natu-
rally has an Eisenstein structure ρ defined by the action of ζ. One checks that the
constructions (2.1) and (2.2) are converse to each other. The bilinear form ( , ) is
even if and only if the Hermitian form ( , )E satisfies

(2.3) (l, l)E ∈ 3Z

for all l ∈ E. Thus Eisenstein lattices in our sense naturally correspond to Hermit-
ian lattices over R with the property (2.3). In this article we will work rather in
the category of quadratic forms. Note that the signature of E as a quadratic form
is twice that of E as a Hermitian form.

We denote by E∨ = HomZ(E,Z) the dual quadratic form (inside E ⊗Z Q), and
by E∗ = HomR(E,R) the dual Hermitian form (inside E ⊗R Q(ζ)). If we identify
E ⊗Z Q with E ⊗R Q(ζ) naturally, then E∨ is equal to

√
−3E∗. Let AE = E∨/E

be the discriminant group of E, which is endowed with the discriminant form qA :
AE → Q/2Z.
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Example 2.1. (1) A fundamental example is the root lattice E = A2. Up to
taking square, it has a unique isometry ρ of order 3 which gives E the structure of
an Eisenstein lattice. The corresponding Hermitian form of rank 1 is 〈−3〉.

(2) Since we have an isometry A2 ⊕ A2(−1) � U ⊕ U(3) of quadratic forms,
by (1) the lattice E = U ⊕ U(3) has the structure of an Eisenstein lattice which
corresponds to the Hermitian form 〈3,−3〉. Moreover, since ρ acts trivially on the
discriminant group AE , it preserves the overlattices of E which are isomorphic to
U ⊕ U . Hence we also obtain an Eisenstein structure on U ⊕ U .

(3) Since the root lattices E6 and E8 both can be obtained as overlattices of
some direct sum of A2, by the same reasoning as (2), these have the structure of
an Eisenstein lattice, too.

We shall fix the above Eisenstein structures on U ⊕ U , U ⊕ U(3), E6 and E8.

The unitary group U(E) of an Eisenstein lattice (E, ρ) is naturally embedded in
the orthogonal group O(E) by

U(E) = {γ ∈ O(E) | γ ◦ ρ = ρ ◦ γ}.
In particular, we have a natural homomorphism U(E) → O(AE) to the orthogonal
group of the discriminant form. We prove that it is surjective for some special
Eisenstein lattices, as an analogue of the surjectivity property of [24] for orthogonal
groups.

Proposition 2.2. (1) Let E be the indefinite Eisenstein lattice A2(−1)⊕An
2 . Then

the homomorphism U(E) → O(AE) is surjective.
(2) Let E be the definite Eisenstein lattice An

2 with n ≤ 3. Then the homomor-
phism U(E) → O(AE) is surjective.

Proof. The groups O(AE) are in fact full orthogonal groups in characteristic 3.
Our proof relies on the fundamental fact that they are generated by reflections in
non-isotropic vectors (see, e.g., [17, Chapter 1.2]).

Let L be the odd unimodular lattice 〈1〉n ⊕ 〈−1〉 (resp. 〈1〉n) in case (1) (resp.
(2)). Then E can be identified with the tensor product L⊗A2, including the corre-
spondence of Gram matrices. Using this tensor notation, the Eisenstein structure
of E has the form idL ⊗ ρ, where ρ is from Example 2.1 (1). Now for g ∈ O(L),
we can define an element of U(E) by α(g) = g⊗ idA2

. This defines an injective ho-
momorphism α : O(L) → U(E). Consider the composite of α and U(E) → O(AE).
By taking a natural basis of AE = AL⊗A2

, it is identified with the reduction map
β : O(L) → O(L/3L), where L/3L is naturally equipped with a quadratic form over
Z/3Z.

To prove the proposition, now it suffices to show that the reduction map β is
surjective. Let ( , ) be the bilinear form on L. Then the bilinear form on L/3L is
just given by ( , ) mod 3, hence we use the same notation ( , ) for them.

Since O(L/3L) is an orthogonal group in odd characteristic, it is generated by
reflections ra for non-isotropic elements a ∈ L/3L, where

(2.4) ra : x �→ x− 2(x, a)

(a, a)
a.

If l ∈ L satisfies (l, l) ∈ {±1,±2}, then the reflection rl defined by the same formula
as (2.4) gives an element of O(L), and its image in O(L/3L) is the reflection in
[l] ∈ L/3L. Thus our surjectivity assertion is reduced to the “liftability of reflection
vectors”, that is, the following problem: for any non-isotropic element a ∈ L/3L,
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find a lift l ∈ L of a (or 2a, since they define the same reflections) such that
(l, l) ∈ {±1,±2}. This purely arithmetic step is realized in the next lemma. �

Lemma 2.3. Let L be the odd unimodular lattice of signature (n, 1) for (1), or
of signature (n, 0) for (2) respectively. In case (2) suppose n ≤ 3. Then for any
non-isotropic element a ∈ L/3L, there exists a lift l ∈ L of a or 2a such that
(l, l) ∈ {±1,±2}.

Proof. Case (2) is easily done by hand, so we prove only (1). We take the coordi-
nates for L so that the quadratic form on L is given by

q(x0, · · · , xn) = −x2
0 + x2

1 + · · ·+ x2
n.

Let (y0, · · · , yn) ∈ L/3L be a given non-isotropic element. We have to show the
existence of l = (x0, · · · , xn) ∈ L such that (l, l) ∈ {±1,±2} and xi mod 3 is equal
to the given yi. This is purely an arithmetic problem. One solution is given as
follows.

First we ignore the zero coordinates yi ≡ 0 (i > 0) by using xi = 0. Moreover
for yi ≡ 1 or ≡ 2, we can use xi = 1,−2 or = −1, 2 respectively so that x2

i takes
the value 1 or 4 at any rate. These two steps reduce the equation to

−x2
0 + (1 + 1 + · · ·+ 4 + 4 + · · · ) ∈ {±1,±2}(exactly n terms in the parentheses).

When y0 ≡ 0, take the positive integer s such that

3s2 − 6s+ 4 ≤ [n/3] < 3(s+ 1)2 − 6(s+ 1) + 4.

(If [n/3] = 0, then we take s = 0.) Then putting x0 = 3s gives one solution to the
above equation:

−(3s)2 + 1 · ([n/3] + n− 3s2) + 4 · (3s2 − [n/3]) = 1 or 2.

(We can see that [n/3] + n− 3s2 ≥ 4(3(s− 1)2 + 1)− 3s2 = (3s− 4)2 ≥ 0, and so
on.) When y0 ≡ 1, take the positive integer s such that

3s2 − 4s+ 2 ≤ [(n− 1)/3] < 3(s+ 1)2 − 4(s+ 1) + 2.

(If [(n−1)/3] = 0, then we take s = 0.) Then putting x0 = 3s+1 gives one solution
to the above equation:

−(3s+ 1)2 + 1 · ([(n− 1)/3] + n− 3s2 − 2s) + 4 · (3s2 + 2s− [(n− 1)/3]) = 1 or 2.

Finally when y0 ≡ −1, we can find x with x ≡ −y by previous argument. All the
cases are covered and the lemma is proved. �

As a consequence of Proposition 2.2, we have the following.

Corollary 2.4. Let E be one of the following Eisenstein lattices:

A2(−1)⊕ An
2 ⊕ Em

8 , U2 ⊕Al
2 ⊕ Ek

8 (l ≤ 3).

Then the natural homomorphism U(E) → O(AE) is surjective.

Among the twenty-four Eisenstein lattices associated to Eisenstein K3 surfaces,
twenty-two excepting U2 ⊕A4

2 and U2 ⊕A5
2 may be written in the above form (see

§3.1). We will see in §9 that the surjectivity property also holds for those two, by
geometric arguments.
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2.2. Automorphisms of Hirzebruch surfaces. We recall some basic facts about
Hirzebruch surfaces (see, e.g., [20, §3] for more detail). For n ≥ 0 let Fn =
P(OP1(n)⊕OP1) be the n-th Hirzebruch surface with the natural projection π : Fn →
P1. The P1-fibration π has a (−n)-section Σ (which is unique in case n > 0), and also
a section H0 with (H0, H0) = n that is disjoint from Σ. The Picard group of Fn is
freely generated by H0 and a fiber F of π. We shall denote La,b = OFn

(aH0 + bF ).
For example, Σ belongs to |L1,−n|; the canonical bundle KFn

is isomorphic to
L−2,n−2.

We take two distinct π-fibers F0, F∞ and set

U1 = Fn\(F∞ +H0), U2 = Fn\(F0 +H0),

U3 = Fn\(F∞ +Σ), U4 = Fn\(F0 +Σ).

These open sets are isomorphic to C2 and form a covering of Fn. Each Ui has a
coordinate (xi, yi) with the transformation rules

x1 = x3 = x−1
2 = x−1

4 ,

y3 = y−1
1 , y4 = y−1

2 , y2 = xn
1y1, y4 = x−n

3 y3,

and such that π is given (inhomogeneously) by (xi, yi) �→ xi.
The restriction to U3 of a curve C ⊂ Fn is defined by F (x3, y3) = 0 for a

polynomial F of x3, y3. This identifies H0(La,b) for a, b ≥ 0 with the following
linear space of polynomials, up to constant:

(2.5)

{
a∑

i=0

fi(x3)y
a−i
3 , degfi ≤ b+ in

}
.

If C ∈ |La,b| is defined by
∑

i fi(x3)y
a−i
3 = 0 on U3, then on U1 (resp. U4, U2) it is

defined by
∑

i fi(x1)y
i
1 = 0 (resp.

∑
i fi(x

−1
4 )xb+in

4 ya−i
4 = 0,

∑
i fi(x

−1
2 )xb+in

2 yi2 =
0).

In the rest of this section we assume n > 0. Then we have the exact sequence

(2.6) 1 → R → Aut(Fn) → Aut(Σ) → 1,

where R = Aut(OP1(n)⊕OP1)/C×. This sequence splits when n is even. The group
R is isomorphic to C× �H0(OP1(n)) and consists of the automorphisms

(2.7) gα,s : U3 � (x3, y3) �→ (x3, αy3 +
n∑

i=0

λix
i
3) ∈ U3,

where α ∈ C× and s =
∑n

i=0 λix
i ∈ H0(OP1(n)). Later we will also use the

following automorphisms:

(2.8) hβ : U3 � (x3, y3) �→ (βx3, y3) ∈ U3, β ∈ C×,

(2.9) ι : U3 � (x3, y3) �→ (x3, y3) ∈ U4,

(2.10) iλ : U2 � (x2, y2) �→ (x2 + λ, y2) ∈ U2, λ ∈ C.

These rational maps actually extend to automorphisms of Fn.
We will need to know the action of Aut(Fn) on some spaces.

Lemma 2.5. The group Aut(Fn) acts on Fn (resp. Fn × Σ, Fn × Fn) almost
transitively with the stabilizer G of a general point being connected and solvable.
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Proof. The almost transitivity is checked immediately. Let pi denote the point
(xi, yi) = (0, 0) in Ui. We may normalize a general point of Fn (resp. Fn × Σ,
Fn × Fn) to be p3 (resp. (p3, p2), (p3, p4)). In view of the exact sequence

(2.11) 0 → G ∩R → G → Im(G → Aut(Σ)) → 1,

it suffices to show that both G1 = G∩R and G2 = Im(G → Aut(Σ)) are connected
and solvable. In the case of Fn, G2 is the stabilizer in Aut(Σ) of p1 and hence
isomorphic to C× � C, while G1 is {gα,s ∈ R |λ0 = 0}, which is isomorphic to
C× � Cn. In the case of Fn × Σ, G2 is the stabilizer of the two ordered points
(p1, p2) and thus isomorphic to C×, while G1 is the same as the case of Fn. Finally,
in the case of Fn × Fn, G2 is the same as the case of Fn × Σ, and G1 is {gα,s ∈
R |λ0 = λn = 0}, which is isomorphic to C× �Cn−1. �

Lemma 2.6 (cf. [20]). We have the following:
(1) Aut(Fn) acts on |L0,1| � Σ transitively with a connected and solvable stabi-

lizer.
(2) Aut(Fn) acts transitively on the open locus in |L1,0| of smooth curves. If G is

the stabilizer of H0 ∈ |L1,0|, the natural homomorphism G → Aut(Σ) is surjective
with the kernel {gα,0 |α ∈ C×}.

(3) Let U ⊂ |L2,0| be the open locus of smooth curves. A geometric quotient
U/Aut(Fn) exists and is naturally isomorphic to the moduli space Hn−1 of hyper-
elliptic curves of genus n− 1.

Finally, let C ⊂ Fn be a curve in |L2,0| disjoint from Σ (not necessarily smooth
or irreducible). We let

(2.12) ιC : Fn → Fn

be the involution of Fn which on each π-fiber F exchanges the two points C|F
(or fixes C|F when they coincide) and fixes the one point Σ|F . This extends the
hyperelliptic involution of C. The fixed locus of ιC is written as H+Σ for a smooth
H ∈ |L1,0|. We thus have the Aut(Fn)-equivariant map

(2.13) ϕ : |L2,0| ��� |L1,0|, C �→ H,

which will be used repeatedly in this article. The section H must pass through the
singular points of C. If we normalize H to be H0, the involution ιC is given by
(x3, y3) �→ (x3,−y3) in the coordinate. Therefore, we have ϕ(C) = H0 if and only

if the equation
∑2

i=0 fi(x3)y
2−i
3 = 0 of C satisfies f1 ≡ 0.

3. Eisenstein K3 surfaces

3.1. Eisenstein K3 surfaces. Let X be a complex K3 surface with an automor-
phism group G ⊂ Aut(X) of order 3 which acts on H0(KX) faithfully. We shall
call such a pair (X,G) an Eisenstein K3 surface. We first review the basic theory
of Eisenstein K3 surfaces following [3], [29] and [4]. Let

(3.1) L(X,G) = H2(X,Z)G

be the lattice of G-invariant cycles, and let

(3.2) E(X,G) = L(X,G)⊥ ∩H2(X,Z)

be its orthogonal complement. The presence of G automatically implies that X is
algebraic, so that L(X,G) is a hyperbolic lattice. We shall denote by r the rank
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of L(X,G). By the relation (3.2), the discriminant forms of L(X,G) and E(X,G)
are canonically anti-isometric ([24]):

(3.3) (AL(X,G), qL(X,G)) � (AE(X,G),−qE(X,G)).

By [3], [29] these discriminant groups are 3-elementary, namely AL(X,G) � (Z/3Z)a

for some a ≥ 0.
By the definition, the group G acts on E(X,G) with no non-zero invariant vector.

Therefore, by choosing the distinguished generator ρ ∈ G acting on H0(KX) by
e2πi/3, the even lattice E(X,G) is canonically endowed with the structure of an
Eisenstein lattice in the sense of §2.1. Moreover, since G acts on L(X,G) trivially,
it acts on AE(X,G) trivially by (3.3). Our usage of the terminology “Eisenstein K3
surface” comes from the viewpoint that E(X,G) plays a fundamental role in the
theory of such K3 surfaces.

Artebani-Sarti [3] and the third-named author [29] classified Eisenstein K3 sur-
faces in terms of the pair (r, a).

Proposition 3.1 ([3], [29]). The fixed locus XG of an Eisenstein K3 surface (X,G)
is of the form

XG = Cg � F1 � · · · � Fk � {p1, · · · , pn},
where Cg is a genus g curve, Fi are (−2)-curves, and pj are isolated points with

(3.4) g =
22− r − 2a

4
, k =

2 + r − 2a

4
, n =

r − 2

2
.

In the case (r, a) = (8, 7) for which (g, k) = (0,−1), this means a fixed locus
consisting of 3 isolated points and no curve component.

Theorem 3.2 ([3], [29]). The deformation type of an Eisenstein K3 surface (X,G)
is determined by the invariant (r, a). All possible (r, a) are shown in Figure 1.

Figure 1. Distribution of invariants (r, a)

In other terms, Theorem 3.2 says that the deformation type of an Eisenstein K3
surface (X,G) is determined by the Eisenstein lattice E(X,G), which in turn is
determined by the signature (2, 20− r) and a = l(AE(X,G)).
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Lemma 3.3 (cf. [3]). An indefinite Eisenstein lattice (E, ρ) is isomorphic to
E(X,G) for an Eisenstein K3 surface (X,G) if and only if E can be primitively
embedded into the K3 lattice ΛK3 = U3⊕E2

8 as an even lattice, and ρ acts trivially
on AE.

Proof. Let E ⊂ ΛK3 be such an Eisenstein lattice, which must have signature (2, s)
for some even number s. Let L = E⊥ ∩ ΛK3. By our assumption, ρ extends to an
isometry of ΛK3 by acting trivially on L. We shall denote that extension also by ρ.

Let E⊗C = V ⊕V be the eigendecomposition for ρ, where ρ acts on V by e2πi/3.
We choose a point Cω ∈ PV such that (ω, ω̄) > 0 and (ω, δ) �= 0 for any (−2)-vector
δ ∈ E. Since (ω, ω) = 0, by the surjectivity of the period mapping we can find a
K3 surface X for which we have a Hodge isometry Φ: H2(X,Z) → (ΛK3,Cω).
Composing Φ with some reflections with respect to (−2)-curves on X, we may
assume that Φ−1(L) contains an ample class of X. Then by the Torelli theorem
we have an automorphism g of X with g∗ = Φ−1 ◦ ρ ◦ Φ. By the construction, g is
non-symplectic of order 3 and we have a Hodge isometry Φ: E(X, 〈g〉) → (E,Cω)
preserving the Eisenstein structures. �

By Theorem 3.2 and Lemma 3.3, the deformation types of EisensteinK3 surfaces
are in one-to-one correspondence with the isomorphism classes of Eisenstein lattices
E as in Lemma 3.3, and Figure 1 may be regarded as classifying such Eisenstein
lattices. Moreover, the proof of Lemma 3.3 tells us that for two such Eisenstein
lattices E,E′ ⊂ ΛK3 with the same invariant (r, a), there exists an isometry γ ∈
O(ΛK3) such that γ|E gives an isomorphism E → E′ of Eisenstein lattices.

Here we list concrete forms of the Eisenstein lattices E for each fixed g:

A2(−1)⊕Aa−1
2 , g = 0,

U2 ⊕ Aa
2, g = 1,

A2(−1)⊕ Aa−1
2 ⊕ E8, g = 2,

U2 ⊕ Aa
2 ⊕ E8, g = 3,

A2(−1)⊕Aa−1
2 ⊕ E2

8 , g = 4,

U2 ⊕ E2
8 , g = 5.

Next we study a relationship between the invariant lattice L(X,G) and the fixed

locus XG. Let X̂ → X be the blow-up at the isolated fixed points p1, · · · , pn of
G, and Ei ⊂ X̂ the (−1)-curve over pi. The G-action extends to X̂ with the fixed
locus

X̂G = Cg + F1 + · · ·+ Fk + E1 + · · ·+ En.

We shall denote L(X̂,G) = H2(X̂,Z)G, which is freely generated by L(X,G) and

E1, · · · , En. Since X̂G is a curve, the quotient surface Ŷ = X̂/G is smooth. It is

easy to see that Ŷ is rational. Let f̂ : X̂ → Ŷ be the quotient morphism. Substi-

tuting the relation KX̂ ∼
∑

i Ei into the ramification formula for f̂ , we obtain

(3.5) −f̂∗KŶ ∼ 2Cg + 2
k∑

i=1

Fi +
n∑

j=1

Ej ,

which we regard as a relation among the curves Cg, Fi, Ej in L(X̂,G)/f̂∗NSŶ .

Proposition 3.4. The invariant lattice L(X̂,G) is generated by the sublattice

f̂∗NSŶ and the classes of the fixed curves Cg, Fi, Ej.
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Proof. First note that f̂∗NSŶ is of finite index in L(X̂,G), because for any l ∈
L(X̂,G) we have 3l = f̂∗f̂∗l ∈ f̂∗NSŶ . Both L(X̂,G) and f̂∗NSŶ � NSŶ (3) have
3-elementary discriminant groups of length a, rk(NSŶ ) respectively. Since

rk(NSŶ ) = rk(L(X̂,G)) = r + n,

the sublattice f̂∗NSŶ is of index 3(r+n−a)/2 in L(X̂,G). We have r+n−a
2 = k + n

by (3.4), so that the assertion reduces to the following lemma. �

Lemma 3.5. Up to ±1, (3.5) is the only relation among {Cg, Fi, Ej}i,j in the

vector space L(X̂,G)/f̂∗NSŶ over Z/3Z.

Proof. Let

(3.6) αCg +
∑
i

βiFi +
∑
j

γjEj ≡ 0, α, βi, γj ∈ Z/3Z,

be a relation among Cg, Fi, Ej in L(X̂,G)/f̂∗NSŶ . Since f̂∗f̂
∗NSŶ = 3NSŶ , we

apply f̂∗ to (3.6) to obtain

(3.7) αf̂∗C
g +

∑
i

βif̂∗Fi +
∑
j

γj f̂∗Ej ≡ 0 in NSŶ /3NSŶ .

We can identify NSŶ /3NSŶ with H2(Ŷ ,Z/3Z) by the Poincaré duality and the
universal coefficient theorem. Therefore (3.7) gives an element of the kernel of the
map

(3.8) f̂∗ : H2(X̂
G,Z/3Z) → H2(Ŷ ,Z/3Z).

Regarding X̂G as a curve on Ŷ naturally, (3.8) fits into the homology exact sequence

for the pair (Ŷ , X̂G):

· · · → H3(Ŷ , X̂G,Z/3Z) → H2(X̂
G,Z/3Z)

f̂∗→ H2(Ŷ ,Z/3Z) → · · · .

Then we have h3(Ŷ , X̂G,Z/3Z) = 1 by [4, Lemma 2.5]. This proves our claim. �

3.2. Moduli spaces. Let (r, a) be an invariant in Figure 1. We fix an Eisenstein
lattice (E, ρ) of signature (2, 20−r) such that AE � (Z/3Z)a and that ρ acts on AE

trivially. Let E ⊗ C = V ⊕ V be the eigendecomposition for ρ where ρ|V = e2πi/3.
The Hermitian form on V defined by (v, w̄) for v, w ∈ V is isometric to E ⊗ R up
to a scaling (§2.1) and thus has signature (1, 10− r/2). Therefore the domain

(3.9) BE = {Cω ∈ PV, (ω, ω̄) > 0}
is a complex ball of dimension 10− r/2. The unitary group U(E) of E acts on BE .
We define a complex analytic divisor H in BE by H =

∑
δ δ

⊥, where δ range over
(−2)-vectors in E. Then we consider the open set of the ball quotient (or Picard
modular variety)

(3.10) Mr,a = U(E)\(BE −H),

which is a normal quasi-projective variety of dimension 10− r/2.
Let (X,G) be an Eisenstein K3 surface of invariant (r, a). By Theorem 3.2 there

exists an isomorphism Φ: E(X,G) → E of Eisenstein lattices. The C-linear exten-
sion of Φ, also denoted by Φ, maps H2,0(X) to a point of BE . Then Φ(H2,0(X)) is
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contained in the complement of H (cf. [11], [4]), and we define the period of (X,G)
by

(3.11) P(X,G) = [Φ(H2,0(X))] ∈ Mr,a.

This is independent of the choice of Φ.

Theorem 3.6 (cf. [4], [11]). The variety Mr,a is the moduli space of Eisenstein
K3 surfaces of type (r, a) in the following sense:

(1) For any family (X → U,G) of such Eisenstein K3 surfaces over a variety U ,
the period map P : U → Mr,a is a morphism of varieties.

(2) Via the period mapping the points of Mr,a are in one-to-one correspondence
with the isomorphism classes of such Eisenstein K3 surfaces.

Proof. The fact that period maps are morphisms is a consequence of Borel’s ex-
tension theorem [7]. The surjectivity of the period mapping is proved in [11, §11]
and also in [4] (cf. the proof of Lemma 3.3). Here we shall supplement the proof of
the injectivity, which is more or less asserted in [4, §9] without proof. Let us begin
with the following basic lemma.

Lemma 3.7. Let (X,G) be an Eisenstein K3 surface and let W (X) be the Weyl
group of NSX generated by (−2)-reflections. For every l ∈ L(X,G) with (l, l) ≥ 0
there exists w ∈ W (X) commuting with the G-action such that either w(l) or −w(l)
is nef.

Proof. This is analogous to [5, Proposition VIII 21.1]. We may assume that (l, h0) ≥
0 for an ample class h0 ∈ NSX . Let D ⊂ X be a (−2)-curve with (l, D) < 0. Then
for a generator ρ ∈ G we have (D, ρ(D)) ≤ 0. If not, the effective divisor class
C = D + ρ(D) + ρ−1(D) in L(X,G) would have norm ≥ 0 and satisfy (l, C) < 0,
which is a contradiction. ThereforeD is either preserved by G or disjoint from ρ(D).
In the former case we apply to l the reflection with respect to D, which commutes
with the G-action. In the latter case the three curves D, ρ(D) and ρ−1(D) are
pairwise disjoint. Then we apply to l the composition of the three reflections with
respect to these curves, which also commutes with the G-action. As in [5], this
process will terminate and l will be finally mapped to a nef class. �

Returning to the proof of Theorem 3.6, we let two Eisenstein K3 surfaces
(X,G), (X ′, G′) of type (r, a) have the same period in Mr,a. This means that
we have an isomorphism γ : E(X,G) → E(X ′, G′) of Eisenstein lattices preserving
the Hodge structures. We want to extend γ to a Hodge isometry Φ: H2(X,Z) →
H2(X ′,Z). Since L(X,G) and L(X ′, G′) are isometric, by a standard argument
of the discriminant group (cf. [24]) it suffices to show that the natural homomor-
phism O(L(X,G)) → O(AL(X,G)) is surjective. When (r, a) �= (2, 2), (4, 3), (8, 7),
we have r ≥ a + 2 so that our claim follows from [24, Theorem 1.14.2]. The case
(r, a) = (2, 2) is easily checked. For the remaining two cases, we may resort to the
assertions (i), (iii) of the Theorem of [21]. Thus we obtain a desired extension Φ
of γ. By the above lemma we may compose Φ with a G-equivariant w ∈ W (X) so
that Φ ◦ w preserves the ample cones. By the Torelli thorem we have an isomor-
phism ϕ : X ′ → X with ϕ∗ = Φ ◦ w. Then ϕ is Z/3Z-equivariant because ϕ∗ is so.
Therefore (X,G) is isomorphic to (X ′, G′). �
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We set g = (22− r − 2a)/4 as in (3.4). Let Mg be the moduli space of genus g
curves. When g > 0, we have the fixed curve map

(3.12) Mr,a → Mg, (X,G) �→ Cg,

where Cg is the genus g curve in XG. This map will be analyzed for some Mr,a in
the rest of the article.

3.3. Marked Eisenstein K3 surfaces. We define a Galois cover of Mr,a that
will be used in our degree calculation of period maps (§4.3). It is also treated sys-
tematically in [11, §11]. Let E be the Eisenstein lattice used in the definition (3.10)
of Mr,a. The natural homomorphism U(E) → O(AE) is surjective by Corollary
2.4 (for (r, a) �= (8, 5), (10, 4)) and Propositions 9.1, 9.4 (for (r, a) = (8, 5), (10, 4)

respectively). Let Ũ(E) be the kernel of U(E) → O(AE). We consider the ball
quotient

(3.13) M̃r,a = Ũ(E)\BE.

Its open set over Mr,a is a Galois cover of Mr,a with Galois group O(AE)/± 1. In

particular, the degree of the projection M̃r,a ��� Mr,a is given by

(3.14)

{
|O(AE)|/2, a > 0,

1, a = 0.

Since (AE, qE) is a finite quadratic form in characteristic 3, we can calculate |O(AE)|
by referring to, e.g., [8]. We shall use the following standard notation for orthogonal
groups in characteristic 3: GO(2m+ 1, 3), GO+(2m, 3) and GO−(2m, 3).

As essentially explained in [11, §10–§11], M̃r,a is birationally a moduli space
of Eisenstein K3 surfaces with marking of its invariant lattice. We fix an even
hyperbolic 3-elementary lattice L of rank r and l(AL) = a, a primitive embedding
L ⊂ ΛK3, and an isometry E � L⊥ ∩ ΛK3 of quadratic forms. We extend the
Z/3Z-action on E to ΛK3 by the trivial action on L. Suppose that we are given
an Eisenstein K3 surface (X,G) with an isometry j : L → L(X,G) of quadratic
forms. By the surjectivity of U(E) → O(AE),

1 the embedding j extends to a
Z/3Z-equivariant isometry Φ: ΛK3 → H2(X,Z). Since the restriction of Φ to L

is fixed, the isometry Φ|E : E → E(X,G) is determined up to the action of Ũ(E)
by [24]. Then we define the period of the Eisenstein K3 surface (X,G) with the
lattice-marking j by

(3.15) P̃((X,G), j) = [Φ|−1
E (H2,0(X))] ∈ M̃r,a.

Clearly, two such lattice-marked Eisenstein K3 surfaces ((X,G), j), ((X ′, G′), j′)

have the same P̃-period in M̃r,a if and only if there exists a Z/3Z-equivariant

Hodge isometry Ψ: H2(X,Z) → H2(X ′,Z) with Ψ ◦ j = j′. The open set of M̃r,a

over Mr,a parametrizes such equivalence classes of Eisenstein K3 surfaces with
lattice-marking.

1For §9.1 and §9.2: If the surjectivity of U(E) → O(AE) is yet uncertain at this moment,
one should consider only those ((X,G), j) such that j can be Z/3Z-equivariantly extended to

ΛK3 → H2(X,Z). In this case, the Galois group of ˜Mr,a ��� Mr,a is a priori just a subgroup of

O(AE)/± 1 (but in fact the whole O(AE)/± 1).
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4. Triple cover construction

4.1. Mixed branch. We develop triple cover construction of Eisenstein K3 sur-
faces in a moderate generality sufficient for the proof of Theorem 1.1. We propose
the notion of mixed branch as an analogue of DPN pair [1], that is, a singular branch
curve on a smooth surface. The key idea is to distinguish the branch components
turning to isolated fixed points from those components turning to fixed curves by
multiplicity of divisor. The formality of the resolution process (4.1) keeps this
geometric idea.

Definition 4.1. Let Y be a smooth rational surface. A mixed branch on Y is a
Q-divisor B = B1 +

1
2B2 linearly equivalent to − 3

2KY , where B1, B2 are reduced
curves having no common component, with the following properties:

(1) Sing(B1) are at most nodes, cusps, tacnodes and ramphoid cusps.
(2) B2 is a union of rational curves, and its singularities (if any) are only ordinary

triple points disjoint from Sing(B1).
(3) If B2 passes through a singular point p of B1, then p is a node or cusp of B1,

and B1 +B2 has more than one tangent at p.

We call 1
2B2 the shadow part2 of B. The condition (1) comes from the demand

that the local triple cover around p ∈ Sing(B1) branched over B1 has only A-D-E
singularities (see §4.2). Let us denote (Bi)sm = Bi\Sing(Bi). The multiplicity of
B at a singular point p of B1 +B2 is classified as follows:

• 3/2 (p ∈ Sing(B2)\B1 or p ∈ (B1)sm ∩ (B2)sm),
• 2 (p ∈ Sing(B1)\B2),
• 5/2 (p ∈ Sing(B2) ∩B1 or p ∈ Sing(B1) ∩B2).

We can resolve a mixed branch B = B1+
1
2B2 in the following way. Let Y ′ → Y

be the blow-up at a singular point p of B1 + B2. We define a mixed branch on Y ′

by

(4.1) B′
1 +

1

2
B′

2 = B̃1 +
1

2
B̃2 + (m− 3

2
)E,

where B̃i is the strict transform of Bi, m is the multiplicity of B at p, and E is
the (−1)-curve over p. One checks that B′ = B′

1 + 1
2B

′
2 is linearly equivalent to

− 3
2KY ′ and satisfies conditions (1)–(3) in Definition 4.1. Continuing this resolution

process · · · → (Y ′′, B′′) → (Y ′, B′), we finally obtain a mixed branch (Ŷ , B̂1+
1
2 B̂2)

with B̂1 + B̂2 smooth. We shall call this procedure the right resolution of (Y,B).

Substituting the relation 2B̂1 + B̂2 ∼ −3KŶ into the adjunction formula, we see

that every rational component of B̂1 (resp. B̂2) is a (−6)-curve (resp. (−3)-curve).

Since B̂1− B̂2 ∼ 3(KŶ + B̂1), we can take a cyclic triple cover f̂ : X̂ → Ŷ branched

over B̂1 + B̂2 by the following general lemma.

Lemma 4.2. Let Y be a complex manifold and D1, D2 be disjoint smooth divisors
on Y with D1 −D2 ∈ dPic(Y ). Then there exists a cyclic cover X → Y of degree
d branched over D1 +D2.

Proof. As usual, we choose a line bundle L with isomorphism L⊗d � OY (D1−D2).
We compactify the total space of L to L = P(OY ⊕ L) (adding ∞ to each fiber).

2One might draw 1
2
B2 as a half-transparent curve.
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If s is a meromorphic section of L⊗d with div(s) = D1 − D2, then the divisor
{v ∈ L, v⊗d = s} in L gives the desired covering. �

Alternatively, by the relation 2B̂1+B̂2 ∈ Pic(Ŷ ) we can take a cyclic triple cover

X̂ ′ → Ŷ branched over 2B̂1 + B̂2. This X̂
′ has cuspidal singularities along B̂1, and

X̂ can also be obtained as the normalization of X̂ ′.
By the ramification formula we see that

KX̂ ∼ f̂∗(KŶ + B̂1 + B̂2)− f̂−1(B̂1 + B̂2) ∼ f̂−1(B̂2),

where f̂−1(B̂i) denotes the reduced inverse image. The divisor f̂−1(B̂2) is a disjoint
union of (−1)-curves. Blowing them down, we obtain a surface X with KX � OX ,

namely a K3 or abelian surface. The Z/3Z-action on X̂ → Ŷ equips X with a
non-symplectic symmetry G of order 3. The abelian case does happen, but is quite
rare. Specifically,

Lemma 4.3. The surface X is abelian if and only if B1 = 0 and B2 has nine
components.

Proof. If X is abelian, the fixed locus XG is either the union of isolated points
or of disjoint elliptic curves (cf. [6]). In the latter case the quotient X/G is again
an abelian surface, which is out of the present situation. In the former case we
have |XG| = 9 by [6, Example 13.2.7], and thus B2 has nine components and B1

is empty. Conversely, if B1 = 0 and B2 has nine components, X cannot be K3 by
Figure 1. �

When X is a K3 surface, we thus obtain an Eisenstein K3 surface associated to
the mixed branch (Y,B1 +

1
2B2).

Let E ⊂ Y be one of the following types of (−1)-curves:

• those E transverse to B1 +B2;
• components E of B1 with (E,B2) = 1;
• components E of B2 which are disjoint from other components of B2.

If π : Y → Y is the blow-down of E, then (Y , π(B1) +
1
2π(B2)) is again a mixed

branch. In this way, by composing blow-up (4.1) and such a blow-down, we can
pass from a given mixed branch to another one with a common smooth model.
Regrettably we have restriction on the type of blow-down, due to the singularity
conditions in Definition 4.1. We could also extend the definition of mixed branch
by allowing any blown-down image of a smooth mixed branch (cf. §9.1), but with
less effectivity at present. Anyway, the present generality is handy, and sufficient
for giving canonical construction of general members of most Mr,a.

Actually, for seventeen Mr,a we will use mixed branches with no shadow. Thus
in the next subsection we shall be more specific in that case.

Remark 4.4. We were led to the notion of mixed branch by tracking the resolution
of − 3

2KFn
-curves on Fn (see §4.2). It seems that the rule (4.1) would also explain

the resolution process in [26] for certain singular del Pezzo surfaces, by detecting
the shadow part B2 by discrepancy.

4.2. Anti-tri-half-canonical curves on Hirzebruch surfaces. A mixed branch
with no shadow is just a reduced curve B ∼ − 3

2KY with at most nodes, cusps,

tacnodes and ramphoid cusps as the singularities. Since 3KY ∈ 2Pic(Y ) and |−3
2KY |

contains a reduced member, Y must be a Hirzebruch surface Fn with n ∈ {0, 2, 4, 6}.
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In this case, we have B ∈ 3Pic(Fn) so that we may take a cyclic triple coverX → Fn

branched over B. Looking at the local equations of the singularities of B, we see
that the singularities of X (lying over Sing(B)) are as follows:

• A2-points (z
3 = x2 + y2) over nodes (x2 + y2 = 0),

• D4-points (z
3 = x2 + y3) over cusps (x2 + y3 = 0),

• E6-points (z
3 = x2 + y4) over tacnodes (x2 + y4 = 0),

• E8-points (z
3 = x2 + y5) over ramphoid cusps (x2 + y5 = 0).

In particular, X has only A-D-E singularities. Since KX ∼ OX , we can resolve

Sing(X) to obtain a K3 surface X with a non-symplectic symmetry G of order 3.
(X cannot be an abelian surface by Lemma 4.3.) It is clear that this Eisenstein K3
surface (X,G) coincides with the one obtained in §4.1 using a resolution of B. A
virtue in the present situation is that we have a natural projection f : X → Fn.

Let L ∈ Pic(Fn) be the bundle L1,0 (resp. OF0
(1, 1)) when n = 2, 4, 6 (resp. n =

0). The subspace f∗H0(L) ⊂ H0(f∗L) is the eigenspace for G with eigenvalue 1.
The morphism X → f∗|L|∨ associated to the linear system f∗|L| is the composition
of f and the morphism Fn → |L|∨ associated to L. The last one is the contraction
of the (−n)-curve Σ (resp. an embedding) when n ≥ 2 (resp. n = 0). Checking
that f∗|L| ⊂ |f∗L| has strictly larger dimension than the other two eigenspaces, we
have the following useful

Lemma 4.5. Let B,B′ ∈ |− 3
2KFn

| be as above, and (X,G), (X ′, G′) be the asso-
ciated Eisenstein K3 surfaces with the projections f : X → Fn, f

′ : X ′ → Fn. If we
have an isomorphism ϕ : (X,G) → (X ′, G′) with ϕ∗(f ′)∗L � f∗L, then we have an
automorphism ψ of Fn with f ′ ◦ ϕ = ψ ◦ f .

Let us describe the configurations of curves lying over the singularities of B. Let
(Ŷ , B̂1 +

1
2 B̂2) be the right resolution of (Fn, B) and X̂ → Ŷ be the triple cover

branched over B̂1 + B̂2. Let p be a singular point of B. Following the blow-up
procedure (4.1), we see that the dual graph of the curves on Ŷ contracted to p is,
according to the type of singularity, as follows:

A2
� � �

D4
� � �

E6
� � � ��

�

�

� � �

E8 � � �� � � � �� � � �

�

�

Figure 2. Dual graphs of exceptional curves on Ŷ
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Here a white circle represents a (−1)-curve; a black circle represents a (−2)-curve

(disjoint from B̂1 + B̂2); a double circle represents a (−6)-curve (a component of

B̂1); and a star represents a (−3)-curve (a component of B̂2). The reduced inverse

images of those curves by X̂ → Ŷ are respectively a (−3)-curve; three disjoint
(−2)-curves; a (−2)-curve; and a (−1)-curve. Blowing-down the last (−1)-curves,
we obtain the configuration of exceptional curves of the resolution X → X over p.
Its dual graph Γp (isomorphic to the Dynkin graph of A2-, D4-, E6- or E8-type)
is obtained from the graph in Figure 2 by multiplying the black circle thrice and
contracting the stars. Thus the stars turn to isolated fixed points of G, and the
double circles turn to fixed curves. When p is a cusp, G acts on Γp by the cyclic
permutations; in other cases G acts on Γp trivially.

One should note that when p is a node or tacnode, there are two identifications
of our geometric dual graph Γp with the abstract A2- or E6-graph. A choice of such
an identification corresponds to a labeling for the two branches of B at p. On the
other hand, when p is a ramphoid cusp, such an identification is unique.

From these we can compute the topological invariants of (X,G) as follows. Let
k0 + 1 be the number of components of B, and let a2, d4, e6 and e8 denote the
number of nodes, cusps, tacnodes, and ramphoid cusps of B respectively. Then the
number k + 1 of fixed curves of (X,G) is given by

k = k0 + e6 + 2e8,

and the number n of isolated fixed points of (X,G) is given by

n = a2 + d4 + 3e6 + 4e8.

The rank r of the invariant lattice L(X,G) is the Picard number of Ŷ minus n,
which is given by

r = 2 + 2a2 + 2d4 + 6e6 + 8e8.

In the rest of this subsection we work under the following “genericity” assump-
tion:

(4.2) Sing(B) does not contain cusps.

Then for a singular point p ∈ B, we denote by Λp ⊂ NSX the root lattice generated

by the exceptional curves of the resolution X → X over p. As observed above, Λp

is contained in the invariant lattice L(X,G). Let B =
∑k0

i=0 Bi be the irreducible
decomposition of B, and Fi ⊂ X be the fixed curve of G with f(Fi) = Bi.

Proposition 4.6. The invariant lattice L(X,G) is generated by the sublattice
f∗NSFn

⊕ (
⊕

p Λp) where p ∈ Sing(B), and the classes of Fi, 0 ≤ i ≤ k0.

Proof. Consider the blow-up π : X̂ → X of the isolated fixed points. By Propo-
sition 3.4 and Figure 2, the invariant lattice L(X̂,G) of (X̂,G) is generated by
π∗(f∗NSFn

⊕ (
⊕

p Λp)), the classes of π∗Fi, and the classes of exceptional curves

of π. Contracting the exceptional curves, we see our assertion for L(X,G). �

Let us emphasize (again) that when p is a ramphoid cusp, we have a unique
isometry E8 → Λp that maps the natural root basis to the classes of (−2)-curves,
while when p is a node (resp. tacnode), we have two such natural isometries A2 →
Λp (resp. E6 → Λp) corresponding to the two labelings of the branches of B at p.
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Finally, we shall construct an ample class in L(X,G) using the above objects.
We denote by ei±, ei the root basis of the E6- and E8-lattices according to the
following numberings for the vertices of the E6- and E8-graphs:

� � �

�

� �
1+ 2+ 3

4

2- 1-
� � � � �

�

� �
7 6 5 4 3

8

2 1

For a tacnode p ∈ Sing(B), let Dp ∈ Λp be the image of e3+
∑2

i=1 3
3−i(ei++ei−)

by either of the natural isometries E6 → Λp. For a ramphoid cusp p ∈ Sing(B), let

Dp ∈ Λp be the image of
∑6

i=1 3
6−iei by the natural isometry E8 → Λp.

Lemma 4.7. For an arbitrary ample line bundle L ∈ Pic(Fn), the class

320f∗L+ 310
k0∑
i=0

Fi +
∑
p

Dp,

where p run over tacnodes and ramphoid cusps of B, is ample.

Proof. Check the Nakai criterion (see, e.g., [5, Chapter IV.6]). �

4.3. Degree of period map. As in §4.2, let Fn be a Hirzebruch surface with n ∈
{0, 2, 4, 6}. Suppose we have an irreducible, Aut(Fn)-invariant locus U ⊂ |− 3

2KFn
|

such that (i) every member Bu ∈ U has only nodes, tacnodes and ramphoid cusps
as the singularities, and (ii) the number of singularities of Bu of each type and
the number of components of Bu are constant. Then the Eisenstein K3 surfaces
associated to (Fn, Bu) have constant invariant (r, a), and we obtain a period map
p : U → Mr,a as a morphism of varieties. Since this construction is invariant under
Aut(Fn), the morphism p descends to a rational map

(4.3) P : U/Aut(Fn) ��� Mr,a.

Here U/Aut(Fn) stands for a rational quotient, i.e., an arbitrary model of the
invariant field C(U)Aut(Fn). In this subsection we shall explain a systematic method
to calculate the degree of P, which is a fundamental in this article. It is parallel to
the one in the involution case [20], though some points need to be modified.

We use the Galois cover M̃r,a of Mr,a defined in (3.13). Recall that an open

set of M̃r,a parametrizes the equivalence classes of lattice-marked Eisenstein K3
surfaces ((X,G), j), where j is a marking of the invariant lattice L(X,G) by some

reference lattice L. For the calculation of deg(P), we define a certain cover Ũ of U
and construct a generically injective lift

P̃ : Ũ/Aut(Fn)0 ��� M̃r,a

of P, where Aut(Fn)0 is the identity component of Aut(Fn). We then compare the

two projections Ũ/Aut(Fn)0 ��� U/Aut(Fn) and M̃r,a ��� Mr,a. More precisely,

• we define a cover Ũ → U parametrizing curves Bu ∈ U endowed with rea-
sonable labelings μ of the singularities, the branches at nodes and tacnodes,
and the components.
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• Proposition 4.6 implies an appropriate definition of the reference lattice

L. Then for each (Bu, μ) ∈ Ũ , the labeling μ naturally induces a lattice-
marking j : L → L(X,G) for the Eisenstein K3 surface (X,G) = p(Bu).
Considering the period of ((X,G), j) as defined in (3.15), we obtain a lift

p̃ : Ũ → M̃r,a of p.
• We check that p̃ is invariant under Aut(Fn)0, which acts trivially on NSFn

.

Thus p̃ descends to a rational map P̃ : Ũ/Aut(Fn)0 ��� M̃r,a, which is a
lift of P.

• We show that P̃ is generically injective by proving that the p̃-fibers are

Aut(Fn)0-orbits. If two (Bu, μ), (Bu′ , μ′) ∈ Ũ have the same p̃-period,
we have a Z/3Z-equivariant Hodge isometry Φ: H2(X ′,Z) → H2(X,Z)
preserving the lattice-markings for the associated Eisenstein K3 surfaces.
Then Φ preserves the ample cones by Lemma 4.7, so that we obtain an
isomorphism ϕ : X → X ′ with ϕ∗ = Φ by the Torelli theorem. The iso-
morphism ϕ is Z/3Z-equivariant because ϕ∗ is so. Using Lemma 4.5, we
see that ϕ induces an automorphism ψ of Fn with ψ ◦ f = f ′ ◦ ϕ, where
f : X → Fn, f

′ : X ′ → Fn are the natural projections. Then ψ acts trivially
on NSFn

and maps (Bu, μ) to (Bu′ , μ′). This verifies our assertion.

• Now assume that U/Aut(Fn) has the same dimension as Mr,a. Since M̃r,a

is irreducible, P̃ is then birational. Therefore deg(P) is equal to (3.14)

divided by the degree of the projection Ũ/Aut(Fn)0 ��� U/Aut(Fn). The
latter may be calculated by geometric consideration.

We shall exhibit typical examples that illustrate how this recipe actually works

and how one should define Ũ and P̃ , which is left ambiguous in the above expla-
nation. In the rest of the article the recipe will be applied over and over. To avoid
repetition we will leave the details of the argument there, which can be worked out
by referring to the examples below as models.

Example 4.8. We consider curves on the Hirzebruch surface F6. Let U ⊂ |L2,0|
be the locus of irreducible curves having three nodes and no other singularity. For
C ∈ U we associate the − 3

2KF6
-curve C +Σ. By the triple cover construction this

defines an Eisenstein K3 surface (X,G) of invariant (g, k) = (2, 1), and we obtain
a period map P : U/Aut(F6) ��� M8,3.

Let f : X → F6 be the natural projection. By Proposition 4.6 the invariant
lattice L(X,G) is generated by f∗NSF6

� U(3), three copies of the A2-lattice
obtained from the nodes of C, and the classes of fixed curves. In view of this,
we shall define a reference lattice L as follows. Let M be the lattice U(3) ⊕ A3

2

with a natural basis {u, v, e1+, e1−, · · · , e3−}, where {u, v} are the basis of U(3)
with (u, u) = (v, v) = 0 and (u, v) = 3, and {ei+, ei−} are the root basis of the
i-th A2-lattice with (ei+, ei−) = 1. We define vectors f0, f1 ∈ M∨ by 3f0 =

2(u + 3v) − 3
∑3

i=1(ei+ + ei−) and 3f1 = u − 3v. Then let L be the overlattice
L = 〈M, f0, f1〉, which is even and 3-elementary of invariant (r, a) = (8, 3).

In order to calculate deg(P), for C ∈ U we first distinguish its three nodes,
and then the two branches at each node. This is realized by an S3 � (S2)

3-

cover Ũ → U . Explicitly, Ũ may be defined as the locus in U × (PTF6)
6 of those

(C, v1+, v1−, · · · , v3−) such that vi+ and vi− are the two tangents of C at a node,
say pi, and that SingC = {p1, p2, p3}. This labels the nodes and the branches at
them compatibly. Accordingly, we denote by Ei± ⊂ X the (−2)-curve lying over the
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infinitely near point vi± of pi. Then Ei+ and Ei− form a root basis of the A2-lattice
over pi. The fixed curve of (X,G) is decomposed as F0 + F1 such that F0 (resp.
F1) is the component with f(F0) = C (resp. f(F1) = Σ). Then we have a natural
isometry j : L → L(X,G) by sending j(a(u + 3v) + bv) = f∗La,b, j(ei±) = [Ei±],
and j(fi) = [Fi]. In this way we associate a lattice-marked Eisenstein K3 surface

((X,G), j) to (C, vi±). This defines a morphism p̃ : Ũ → M̃8,3, which descends to

a lift P̃ : Ũ/Aut(F6) ��� M̃8,3 of P because Aut(F6) acts trivially on NSF6
.

We shall show that the p̃-fibers are Aut(F6)-orbits. If p̃(C, vi±) = p̃(C ′, v′i±)

for two (C, vi±), (C
′, v′i±) ∈ Ũ , there exists a Z/3Z-equivariant Hodge isometry

Φ: H2(X ′,Z) → H2(X,Z) with Φ ◦ j′ = j for the associated ((X,G), j) and
((X ′, G′), j′). By Lemma 4.7 and the Torelli theorem we obtain an isomorphism
ϕ : X → X ′ with ϕ∗ = Φ. The last equality implies that ϕ∗G′ = G, ϕ(Ei±) = E′

i±,
and ϕ∗((f ′)∗La,b) = f∗La,b, where f , Ei± (resp. f ′, E′

i±) are the objects con-
structed from (C, vi±) (resp. (C

′, v′i±)) as above. Then by Lemma 4.5 we obtain an
automorphism ψ of F6 with f ′ ◦ϕ = ψ ◦ f . This shows that ψ(vi±) = v′i±. We also
have ψ(C) = C ′ because ψ maps the branch curve of f to that of f ′. This proves

our assertion, and hence P̃ is generically injective. Since dim(U/Aut(F6)) = 6, P̃
is actually birational.

Finally, we compare the two projections Ũ/Aut(F6) ��� U/Aut(F6) and M̃8,3 ���
M8,3. The latter has degree |O(AL)|/2, where |O(AL)| = |GO(3, 3)| = 23 · 3! by
[8]. On the other hand, the stabilizer in Aut(F6) of a general C ∈ U is generated

by its hyperelliptic involution ιC defined in (2.12). It follows that Ũ/Aut(F6) ���
U/Aut(F6) has degree |S3 � (S2)

3|/2. Therefore P is birational.

Example 4.9. We consider curves on F2. Let U ⊂ |L2,0| × |L0,2| be the locus of
pairs (C,D), where C and D = D1 +D2 are smooth and transverse to each other.
We consider the six-nodal − 3

2KF2
-curves C+D+Σ to obtain Eisenstein K3 surfaces

of invariant (g, k) = (1, 3). This defines a period map P : U/Aut(F2) ��� M14,2.
We prepare a reference lattice L as follows. Let M be the lattice U(3) ⊕ A6

2

with a natural basis {u, v, e1+, e1−, · · · , e6−} defined in the same way as Example

4.8. We define vectors f0, · · · , f3 ∈ M∨ by 3f0 = 2(u + v) −
∑4

i=1(2ei− + ei+),

3f1 = v−
∑3

i=1(2e(2i−1)+ + e(2i−1)−), 3f2 = v−
∑3

i=1(2e(2i)+ + e(2i)−), and 3f3 =

u − v −
∑6

i=5(2ei− + ei+). Then the overlattice L = 〈M, f0, · · · , f3〉 is even and
3-elementary of invariant (r, a) = (14, 2).

For the calculation of deg(P), we first distinguish the two components of D, and
then the intersection points of each component with C. Specifically, we consider

the locus Ũ ⊂ U × (F2)
4 of those (C,D, p1, · · · , p4) such that {pi}4i=1 = C ∩D and

that p1, p3 lie on the same component of D. We accordingly denote by D1 (resp.
D2) the component of D through p1, p3 (resp. p2, p4). Thus the components of D

and the four nodes C ∩ D are labelled compatibly. The projection Ũ → U is an
S2� (S2)

2-covering. The remaining data for C+D+Σ are labelled automatically:
we denote p5 = D1 ∩ Σ; p6 = D2 ∩ Σ; vi+ the tangent of D at pi; and vi− the
tangent of C +Σ at pi. In this way we obtain a complete labeling for C +D + Σ.
Then let (X,G) = P(C,D) and f : X → F2 be the natural projection. We denote
by Ei± ⊂ X the (−2)-curve lying over the infinitely near point vi± of pi. The fixed
curve for (X,G) is decomposed as F0 + · · ·+ F3 such that f(F0) = C, f(Fi) = Di

for i = 1, 2, and f(F3) = Σ. As before, we have an isometry j : L → L(X,G)
by j(a(u + v) + bv) = f∗La,b, j(ei±) = [Ei±], and j(fi) = [Fi]. Considering
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the period of ((X,G), j), we obtain a lift P̃ : Ũ/Aut(F2) ��� M̃14,2 of P. By a

similar argument as in Example 4.8, we see that P̃ is generically injective. Since

dim(U/Aut(F2)) = 3, P̃ is then birational.

The projection M̃14,2 ��� M14,2 has degree |O(AL)|/2. Since L is isometric
to U ⊕ E8 ⊕ A2

2, we have |O(AL)| = 23 by a direct calculation. On the other
hand, a general (C,D) ∈ U has no non-trivial stabilizer in Aut(F2) other than the

hyperelliptic involution ιC of C. Hence the projection Ũ/Aut(F2) ��� U/Aut(F2)
has degree 4, and so the map P is birational.

Example 4.10. Our recipe for − 3
2KFn

-curves may also be utilized for some general
mixed branches, via a birational transformation. As an illustrative example, let
U ⊂ |OP2(4)| × |OP2(1)| be the open set of pairs (C,L) such that C is a smooth
quartic transverse to the line L. We regard (C,L) as a mixed branch C + 1

2L on

P2. By the resolution of C + 1
2L, we obtain an Eisenstein K3 surface of invariant

(g, k) = (3, 0). This defines a period map P : U/PGL3 → M4,3.

To calculate deg(P), let Ũ be the locus in U × (P2)4 of those (C,L, p1, · · · , p4)
such that C ∩ L = {pi}4i=1. The space Ũ is an S4-cover of U parametrizing mixed
branches C + 1

2L endowed with labelings of the four intersection points C ∩L. We

want to show that P lifts to a birational map Ũ/PGL3 → M̃4,3. For that we blow-
up p1, p2 and then blow-down (the strict transform of) L. This transforms C + 1

2L

to a one-nodal curve C† of bidegree (3, 3) on Q = P1 × P1. The two branches of
C† at its node are distinguished by the labeling (p3, p4), and the two rulings on Q
are distinguished by the labeling (p1, p2). Specifically, we assign the i-th projection
Q → P1 to the pencil of lines through pi. Conversely, given a general one-nodal
C† ∈ |OQ(3, 3)|, we blow-up Q at p = Sing(C†) and then blow-down the two ruling
fibers F1, F2 through p to obtain a smooth plane quartic C. Let L ⊂ P2 be the
image of the (−1)-curve over p. Among the four points C ∩ L, two correspond to
the two branches of C† at p, and the other two are given by Fi ∩ C†\p. Hence the
four points C ∩ L are labelled after one distinguishes the two branches of C† and
the two rulings on Q respectively. Summing up, if V ⊂ |OQ(3, 3)| is the locus of

one-nodal curves and Ṽ → V is the double cover labeling the branches at nodes, we

have a natural birational identification Ũ/PGL3 ∼ Ṽ /(PGL2)
2. Here (PGL2)

2 is
the identity component of Aut(Q) preserving the two rulings. Now we may apply

our recipe to Ṽ to obtain a birational map Ṽ /(PGL2)
2 ��� M̃4,3. This gives a

desired lift Ũ/PGL3 → M̃4,3 of P.

The quotient Ũ/PGL3 is an S4-cover of U/PGL3, while the Galois group of

M̃4,3 → M4,3 is O(AL)/ ± 1 for the lattice L = U(3) ⊕ A2. We have |O(AL)| =
|GO(3, 3)| = 2 · 4! by [8]. Therefore P is birational.

Remark 4.11. In Example 4.10, we could also apply a variant of the recipe directly
to the mixed branches C+ 1

2L. Indeed, a labeling of the four points C ∩L defines a

marking of the blown-up invariant lattice L(X̂,G), which induces that of L(X,G).
The lattice L(X,G) encodes all the relevant geometric informations: (i) the G-
invariant rational map f : X ��� P2 can be recovered from the line bundle f∗OP2(1),
which is free of degree 4; and (ii) every point of C ∩L is the image by f of a (−2)-
curve on X preserved by G.
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Remark 4.12. A similar recipe is proposed in the involution case [20] for the degree
calculation for double cover construction. It utilizes geometric labeling for the
branch curves as well, but does not require labeling the branches at double points.
This is the main difference with the present recipe.

5. The case g = 5

We begin the proof of Theorem 1.1. We first study the case g = 5 using curves
on the Hirzebruch surface F6. Let U ⊂ |L2,0| be the open set of smooth curves. By
Lemma 2.6 (3), U/Aut(F6) is identified with the moduli space H5 of hyperelliptic
curves of genus 5. For C ∈ U we take the triple cover X → F6 branched over
the − 3

2KF6
-curve C + Σ. This defines the period map P : H5 → M2,0. Then P is

injective because the fixed curve map (3.12) for M2,0 gives the left inverse. Since
dimH5 = dimM2,0, P is dominant (actually isomorphic). Katsylo [15] proved that
H5 is rational. Summing up,

Proposition 5.1. The space M2,0 is naturally birational to H5 and thus is rational.

6. The case g = 4

In this section we study the case g = 4. Kondō [19] proved thatM2,2 is birational
to the moduli space of genus 4 curves, which is proven to be rational by Shepherd-
Barron [28]. Here we study the space M4,1.

We consider curves on F6. Let U ⊂ |L2,0| be the locus of irreducible one-nodal
curves. For C ∈ U we take the triple cover of F6 branched over the nodal − 3

2KF6
-

curve C +Σ. This defines a period map P : U/Aut(F6) ��� M4,1.

Proposition 6.1. The map P is birational.

Proof. Let Ũ ⊂ U × (PTF6)
2 be the locus of (C, v1, v2) such that {v1, v2} are the

tangents of C at its node. The space Ũ is a double cover of U labelling the branches
at the nodes of C. As in Example 4.8, we will see that P lifts to a birational map

Ũ/Aut(F6) ��� M̃4,1. Since O(AL) = {±1} for the invariant lattice L = U⊕A2, we

actually have M̃4,1 = M4,1. On the other hand, we have Ũ/Aut(F6) = U/Aut(F6)
because the stabilizer in Aut(F6) of every C ∈ U contains its hyperelliptic involution
ιC defined in (2.12), which exchanges the two branches of C at its node. Therefore
P has degree 1. �

Proposition 6.2. The quotient U/Aut(F6) is rational. Therefore M4,1 is rational.

Proof. We perform the elementary transformation at the node of C ∈ U , which
transforms C to a smooth curve C† ∈ |L2,0| on F5. This induces the birational
equivalence

(6.1) U/Aut(F6) ∼ (|L2,0| × |L0,1|)/Aut(F5).

By the slice method (cf. [9]), the right side is birational to |L2,0|/G, where G ⊂
Aut(F5) is the stabilizer of a point of |L0,1| � Σ. Then G is connected and solvable
by Lemma 2.6 (1), and our assertion follows from Miyata’s theorem [22]. �

By (6.1) and Lemma 2.6 (3), we see that the fixed curve map (3.12) for M4,1

is a dominant morphism onto the hyperelliptic locus H4 whose general fibers are
birationally identified with the hyperelliptic pencils.
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7. The case g = 3

7.1. The rationality of M4,3. Let U ⊂ |OP2(4)|×|OP2(1)| be the open set of pairs
(C,L) such that C is smooth and transverse to L. We use the Q-divisors C + 1

2L
as mixed branches. The associated Eisenstein K3 surfaces have invariant (g, k) =
(3, 0). In Example 4.10 we showed that the induced period map U/PGL3 ��� M4,3

is birational.

Proposition 7.1. The quotient U/PGL3 is rational. Therefore M4,3 is rational.

Proof. Using the no-name lemma (cf. [9]) for the projection |OP2(4)| × |OP2(1)| →
|OP2(4)|, we have U/PGL3 ∼ P2 × (|OP2(4)|/PGL3). The quotient |OP2(4)|/PGL3

is rational by Katsylo [16]. �

Since |OP2(4)|/PGL3 is canonically birational to the moduli space M3 of genus 3
curves, the fixed curve mapM4,3 → M3 is dominant with general fibers birationally
identified with the canonical systems.

7.2. The rationality of M6,2. We consider curves on F6. Let U ⊂ |L2,0| be the
locus of irreducible two-nodal curves C. Taking the triple covers of F6 branched
over C +Σ, we obtain a period map P : U/Aut(F6) ��� M6,2.

Proposition 7.2. The map P is birational.

Proof. Let Ũ ⊂ U × (PTF6)
4 be the locus of (C, v11, v12, v21, v22) such that {vij}i,j

are the tangents of C at its nodes and that v11, v12 share the base points. By

Ũ the nodes and the branches at them are labelled compatibly. The projection

Ũ → U is an S2 � (S2)
2-covering. As in Example 4.8, P lifts to a birational map

Ũ/Aut(F6) ��� M̃6,2. Since the invariant lattice L is isometric to U ⊕ A2
2, we

have |O(AL)/± 1| = 4. On the other hand, a general C ∈ U has no stabilizer other
than its hyperelliptic involution ιC , which exchanges the two tangents at each node.

Thus the projection Ũ/Aut(F6) → U/Aut(F6) has degree 2−1 · 23. Therefore P is
birational. �

Proposition 7.3. The quotient U/Aut(F6) is rational. Therefore M6,2 is rational.

Proof. As in the proof of Proposition 6.2, we perform the elementary transforma-
tions at the nodes of C ∈ U . This induces the birational equivalence

(7.1) U/Aut(F6) ∼ (|L2,0| × |L0,2|)/Aut(F4).

We consider the Aut(F4)-equivariant map

ψ = (ϕ, id) : |L2,0| × |L0,2| ��� |L1,0| × |L0,2|, (C,F1 + F2) �→ (H,F1 + F2),

where ϕ is as defined in (2.13). By Lemma 2.6 (2), Aut(F4) acts on |L1,0| × |L0,2|
almost transitively. We normalize H to be H0 in §2.2, and Fi to be {xi = 0}. Then
the stabilizer of (H0, F1 + F2) is given by

(7.2) G = {gα,0}α∈C× × (〈ι〉� {hβ}β∈C×) � C× × (S2 �C×),

where gα,0, ι, hβ are as defined in (2.7)–(2.9). On the other hand, we identify

H0(L2,0) with the linear space {
∑2

i=0 fi(x3)y
2−i
3 } as in (2.5). Then, as explained

at the end of §2.2, the fiber ψ−1(H0, F1 + F2) = ϕ−1(H0) is an open set of the
linear subspace PV ⊂ |L2,0| defined by f1 ≡ 0. By the slice method for ψ, we have

(|L2,0| × |L0,2|)/Aut(F4) ∼ PV/G.
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We expand the polynomials f2 as f2(x3) =
∑8

j=0 ajx
j
3. The generators gα,0, ι, hβ

of G act on V by

(7.3) gα,0 : y23 �→ α−2y23 , xj
3 �→ xj

3,

hβ : y23 �→ β4y23 , xj
3 �→ β4−jxj

3,

ι : y23 �→ y23 , xj
3 �→ x8−j

3 .

Thus the G-representation V is decomposed as

V = Cy23 ⊕
4⊕

i=0

Wi, Wi = C〈x4−i
3 , x4+i

3 〉.

If we consider the subrepresentation W =
⊕4

i=0 Wi and the subgroup H = 〈ι〉 �
{hβ}β∈C× , then PV/G is birational to PW/H. We set W ′ = W1 ⊕W2 and W ′′ =
W0 ⊕ W3 ⊕W4. The projection PW − PW ′′ → PW ′ from W ′′ is an H-linearized
vector bundle. Since H acts on PW ′ almost freely, we have PW/H ∼ C5×(PW ′/H)
by the no-name lemma. Then PW ′/H is rational because it is 2-dimensional. �

By (7.1) and Lemma 2.6 (3), the fixed curve map for M6,2 is a dominant mor-
phism to the hyperelliptic locus H3 whose general fibers are birationally identified
with the canonical systems.

7.3. The rationality of M8,1. We consider curves on F4. Let U ⊂ |L2,0| × |L0,1|
be the open set of those (C,F ) such that C is smooth and transverse to F . For
(C,F ) ∈ U we take the triple cover of F4 branched over the nodal − 3

2KF4
-curve

C + F +Σ. This defines a period map P : U/Aut(F4) ��� M8,1.

Proposition 7.4. The map P is birational.

Proof. We consider a double cover Ũ → U whose fiber over (C,F ) ∈ U corresponds
to the labelings of the two nodes C ∩ F of C + F + Σ. The remaining node
F ∩ Σ and the two tangents at each node are respectively distinguished by the
irreducible decomposition of C + F + Σ. Thus we will obtain a birational lift

Ũ/Aut(F4) ��� M̃8,1 of P. Since O(AL) = {±1} for the invariant lattice L =

U ⊕ E6, we actually have M̃8,1 = M8,1. We also have Ũ/Aut(F4) = U/Aut(F4)
because the hyperelliptic involutions (2.12) of C give the covering transformation

of Ũ → U . �

Proposition 7.5. The quotient U/Aut(F4) is rational. Therefore M8,1 is rational.

Proof. This is a consequence of the slice method for the projection |L2,0|× |L0,1| →
|L0,1|, Lemma 2.6 (1), and Miyata’s theorem [22]. �

Via the fixed curve map, M8,1 becomes birationally a fibration over H3 whose
general fibers are the hyperelliptic pencils. The latter can also be identified with
the moduli of pointed hyperelliptic curves of genus 3. The degeneration relation
to the fixed curve map for M6,2 is visible by regarding the hyperelliptic pencils as
natural conics in the canonical systems.



8666 SHOUHEI MA, HISANORI OHASHI, AND SHINGO TAKI

7.4. The rationality of M10,0. We consider curves on F4. Let U ⊂ |L2,0|× |L0,1|
be the locus of those (C,F ) such that C is smooth and tangent to F . Tak-
ing the triple covers of F4 branched over C + F + Σ, we obtain a period map
P : U/Aut(F4) ��� M10,0.

Proposition 7.6. The map P is birational.

Proof. The singularities of C + F +Σ are the node F ∩Σ and the tacnode F ∩C,
which are obviously distinguished. Also the two branches at each double point are
distinguished by the irreducible decomposition of C + F + Σ. Thus we need no

additional marking to obtain a birational lift U/Aut(F4) ��� M̃10,0 of P. Since the

invariant lattice L � U ⊕ E8 is unimodular, we have M̃10,0 = M10,0. �
Proposition 7.7. The quotient U/Aut(F4) is rational. Therefore M10,0 is ratio-
nal.

Proof. We have the Aut(F4)-equivariant morphism ψ : U → F4, (C,F ) �→ C ∩ F .
The ψ-fibers are open sets of sublinear systems of |L2,0|. Then our assertion follows
from the slice method for ψ, Lemma 2.5, and Miyata’s theorem. �

By Proposition 7.6, M10,0 is birational to the divisor of Weierstrass points in
the moduli of pointed genus 3 hyperelliptic curves, via the fixed curve map.

8. The case g = 2

8.1. The rationality of M6,4. We consider curves on F3. Let U ⊂ |L2,0| × |L1,0|
be the open set of pairs (C,H) such that C and H are smooth and transverse to
each other. For (C,H) ∈ U we associate the Q-divisor C + 1

2 (H + Σ) as a mixed
branch. The associated Eisenstein K3 surface has invariant (g, k) = (2, 0), and we
obtain a period map P : U/Aut(F3) ��� M6,4.

Proposition 8.1. The map P is birational.

Proof. We argue as in Example 4.10. Let Ũ ⊂ U × (F3)
6 be the locus of

(C,H, p1, · · · , p6) such that C ∩H = {pi}6i=1. The space Ũ is an S6-cover of U en-

dowing C+H+Σ with labelings of its six nodes. For (C, · · · , p6) ∈ Ũ we make the
following birational transformations successively: (1) blow-up p1+ p2+ p3+ p4; (2)
blow-down the strict transforms of the π-fibers through p3+p4; and (3) blow-down
the strict transforms of H+Σ. Then C is transformed to a bidegree (3, 3) curve C†

on Q = P1 ×P1 having two nodes, say q1 and q2, which are respectively the blown-
down points of H and Σ. The (−1)-curves over p1 and p2 turn to complementary
ruling fibers of Q, the π-fibers through p3 and p4 turn to the tangents of C† at q2,
and the points p5 and p6 turn to the tangents of C† at q1. Thus C† is naturally
endowed with a labeling of the nodes and tangents at them, and the two rulings of
Q are also distinguished (by p1 and p2). Remembering such labellings, one may re-

verse this construction. Therefore, if we denote by Ṽ the space of two-nodal curves
of bidegree (3, 3) on Q endowed with suitable labelings of the nodes and tangents

there, we have a natural birational equivalence Ũ/Aut(F3) ∼ Ṽ /(PGL2)
2. Using

the recipe in §4.3, we then see that P lifts to a birational map Ũ/Aut(F3) ��� M̃6,4.

Since Aut(F3) acts on U almost freely, Ũ/Aut(F3) is an S6-cover of U/Aut(F3).
On the other hand, we have |O(AL)| = |GO−(4, 3)| = 2 · 6! for the invariant lattice

L = U(3)⊕A2
2. Hence the projection M̃6,4 → M6,4 also has degree 6!. �
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Proposition 8.2. The quotient U/Aut(F3) is rational. Therefore M6,4 is rational.

Proof. We consider the Aut(F3)-equivariant map

ψ : U → |L1,0| × |L1,0|, (C,H) �→ (H ′, H),

where H ′ = ϕ(C) is as defined in (2.13). By Lemma 2.6 (2), the group Aut(F3)
acts on |L1,0| × |L1,0| almost transitively, and the stabilizer G of a general point
(H ′, H) is the permutation group of the three points H ∩H ′. The fiber ψ−1(H ′, H)
is an open set of a linear system PV ⊂ |L2,0| as before, with G acting on V linearly.
Hence we have U/Aut(F3) ∼ PV/G by the slice method. It is well known that
PV ′/S3 is rational for any S3-representation V ′. (Apply the no-name lemma [9]
to the irreducible decomposition of V ′.) �

The restriction of |L1,0| to a smooth L2,0-curve C gives |3KC |. Thus the fixed
curve map makes M6,4 birationally a fibration over M2 whose general fibers are
the quotients of the tri-canonical systems by the hyperelliptic involutions.

8.2. The rationality of M8,3. We consider curves on F6. Let U ⊂ |L2,0| be the
locus of irreducible three-nodal curves. Associating to C ∈ U the triple cover of F6

branched over C + Σ, we obtain a period map U/Aut(F6) ��� M8,3. In Example
4.8 we proved that this map is birational.

Proposition 8.3. The quotient U/Aut(F6) is rational. Therefore M8,3 is rational.

Proof. We argue as in the proof of Proposition 7.3. First we have a birational
equivalence

(8.1) U/Aut(F6) ∼ (|L2,0| × |L0,3|)/Aut(F3)

via the elementary transformations at the nodes of C ∈ U .
Next we apply the slice method to the Aut(F3)-equivariant map

ψ = (ϕ, id) : |L2,0| × |L0,3| ��� |L1,0| × |L0,3|,

where ϕ is as defined in (2.13). By Lemma 2.6 (2), Aut(F3) acts on |L1,0| × |L0,3|
almost transitively. If we normalize H ∈ |L1,0| to be H0 in §2.2, the stabilizer G of
(H0,

∑
i Fi) ∈ |L1,0| × |L0,3| with

∑
i Fi general is given by

1 → {gα,0}α∈C× → G → S3 → 1,

where gα,0 is as defined in (2.7), and S3 is the stabilizer in Aut(Σ) of the three
points

∑
i Fi|Σ. On the other hand, we identify H0(L2,0) with the linear space

{
∑2

i=0 fi(x3)y
2−i
3 } as in (2.5). Then the fiber ψ−1(H0,

∑
i Fi) is an open set of the

linear subspace PV ⊂ |L2,0| defined by f1 ≡ 0. Therefore we have

(|L2,0| × |L0,3|)/Aut(F3) ∼ PV/G.

The elements gα,0 ∈ G act on V by the same equation as (7.3). Thus, if we
consider the hyperplane W = {f0 = 0} of V , we have the G-decomposition V =
Cy23 ⊕ W , and hence PV/G ∼ PW/S3. Since S3 acts on W linearly, PW/S3 is
rational, as is well known. �

By (8.1), the general fibers of the fixed curve map M8,3 → M2 are birationally
identified with the third symmetric products of the hyperelliptic pencils.
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8.3. The rationality of M10,2. We consider curves on F4. Let U ⊂ |L2,0|× |L0,1|
be the locus of pairs (C,F ) such that C is irreducible and one-nodal, and F is
transverse to C. Considering the − 3

2KF4
-curves C+F +Σ, we obtain a period map

P : U/Aut(F4) ��� M10,2.

Proposition 8.4. The map P is birational.

Proof. We label the two tangents of C at the node and the two points C ∩ F

independently: this is realized by an S2 × S2-cover Ũ → U . The two tangents
at each point of F ∩ (C + Σ) are distinguished by the irreducible decomposition

of C + F + Σ. Therefore we have a birational lift Ũ/Aut(F4) ��� M̃10,2 of P
as before. Since the invariant lattice L is isometric to U ⊕ E6 ⊕ A2, we have

O(AL) � (Z/2Z)2 so that M̃10,2 is a double cover of M10,2. On the other hand,
the hyperelliptic involution ιC defined in (2.12) exchanges the two tangents of C

and the two points C ∩ F simultaneously. Therefore Ũ/Aut(F4) ��� U/Aut(F4) is
also a double covering. �

Proposition 8.5. The quotient U/Aut(F4) is rational. Hence M10,2 is rational.

Proof. We apply the slice method to the Aut(F4)-equivariant map

U → F4 × |L0,1|, (C,F ) �→ (Sing(C), F ),

whose general fiber is an open set of a sublinear system of |L2,0|. Then we may use
Lemma 2.5 and Miyata’s theorem. �

Let X2 be the moduli space of pointed genus 2 curves (whose general fibers over
M2 are the hyperelliptic pencils). As before, we see that the fixed curve map makes
M10,2 birational to the fibration X2 ×M2

X2 over M2.

8.4. The rationality of M12,1. We consider curves on F4. Let U ⊂ |L2,0|× |L0,1|
be the locus of those (C,F ) such that C is irreducible and one-nodal, and F is
tangent to C at a smooth point. By considering the triple covers of F4 branched
over C + F +Σ, we obtain a period map P : U/Aut(F4) ��� M12,1.

Proposition 8.6. The map P is birational.

Proof. As before, we consider a double cover Ũ → U whose fiber over (C,F ) ∈ U
corresponds to the labelings of the two branches of C at the node. The rest of the
singularities of C + F + Σ are the node F ∩ Σ and the tacnode F ∩ C, where the
branches of C+F+Σ are distinguished by the irreducible decomposition of C+F+

Σ. Following the recipe in §4.3, we will obtain a birational lift Ũ/Aut(F4) ��� M̃12,1

of P. Since the invariant lattice L is isometric to U ⊕ E8 ⊕ A2, we have O(AL) �
{±1} so that M̃12,1 = M12,1. We also have Ũ/Aut(F4) = U/Aut(F4) because the

hyperelliptic involutions (2.12) give the covering transformation of Ũ → U . �

Proposition 8.7. The quotient U/Aut(F4) is rational. Hence M12,1 is rational.

Proof. Consider the Aut(F4)-equivariant map

ψ : U → F4 × F4, (C,F ) �→ (Sing(C), C ∩ F ).

The ψ-fiber over a general (p, q) is an open set of the linear system in |L2,0| of
curves singular at p and branched at q over Σ. Then we apply the slice method for
ψ, and use Lemma 2.5 and Miyata’s theorem. �
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Let W ⊂ X2 be the divisor of Weierstrass points. Then the fixed curve map
identifies M12,1 birationally with the fibration X2 ×M2

W over M2.

9. The case g = 1

In this section we study the case g = 1. The cases k = 0, 1 are beyond the
previous method and we have to analyze symmetry by the Weyl groups W (E6),
W (F4) respectively. When k ≥ 4, we have dimMr,a ≤ 2 so that it is enough to
give a unirational parameter space that dominates Mr,a. But for future reference,
we shall take extra effort to present degree 1 period maps.

9.1. The rationality of M8,5. Let us first recall few basic facts about cubic sur-
faces. Let Y ⊂ P3 be a smooth cubic surface. For each point p ∈ Y , the tangent
plane section of Y at p gives the unique −KY -curve Cp singular at p. When Cp is
irreducible, it is cuspidal at p if and only if p lies on the intersection of Y with its
Hessian quartic; otherwise Cp is nodal at p.

A marking of Y is an isometry I1,6 = 〈1〉⊕〈−1〉6 → NSY of lattices which maps

3h−
∑6

i=1 ei to −KY , where h, e1, · · · , e6 is a natural orthogonal basis of I1,6. Such
a marking realizes Y as the blow-up of P2 at six general points p1, · · · , p6, for which
the pullback of OP2(1) corresponds to h and the (−1)-curve over pi corresponds to
ei. By that blow-down Y → P2, the −KY -curves are mapped to plane cubics
through p1, · · · , p6. The stabilizer in O(I1,6) of the vector 3h −

∑
i ei is the Weyl

group W (E6). It acts transitively on the set of markings of Y . Equivalently,
W (E6) transforms the ordered point set (p1, · · · , p6) to another one up to PGL3.

To sum up, the moduli space M̃cub of marked cubic surfaces is identified with
the configuration space of six general points in P2, on which W (E6) acts with the
quotient the moduli space Mcub of smooth cubic surfaces.

Now we consider the parameter space U ⊂ |OP3(3)| × P3 × |OP3(1)| of triplets
(Y, p,H) such that (i) Y is a smooth cubic surface, (ii) p ∈ Y , (iii) the −KY -curve
Cp is irreducible and cuspidal at p, and (iv) the −KY -curve C = H|Y is smooth
and tangent to Cp at p. Note that C and Cp do not intersect outside p. To such a
triplet (Y, p,H) we associate the mixed branch C + 1

2Cp on Y . (Strictly speaking,
this does not satisfy the conditions on singularity of a mixed branch. But we can
resolve C + 1

2Cp following the process (4.1) to pass to a smooth mixed branch.
Thus we shall abuse the terminology.) By associating Eisenstein K3 surfaces as
explained in §4.1, we obtain a period map P : U/PGL4 ��� M8,5.

Proposition 9.1. The period map P is birational.

Proof. To calculate the degree of P, we make use of markings of Y in an aux-
iliary way (cf. [20] §12). Let μ be a marking of Y and π : Y → P2 the cor-
responding blow-down. The pair (C,Cp) of −KY -curves is mapped to the pair
(B1, B2) = (π(C), π(Cp)) of irreducible plane cubics such that (i) B2 is cuspidal
and (ii) B1 is smooth, tangent to B2 at its cusp, and transverse to B2 elsewhere.
The six intersection points B1 ∩ B2\Sing(B2) are the blown-up points of π and

hence ordered by μ. This leads us to consider the space Ũ ⊂ |OP2(3)|2 × (P2)6 of
those (B1, B2, p1, · · · , p6) such that the cubics B1, B2 satisfy the conditions (i), (ii)

above and that B1 ∩ B2\Sing(B2) = {p1, · · · , p6}. Regarding M̃cub as the config-

uration space of six points in P2, we may identify Ũ/PGL3 birationally with the
moduli space of marked cubic surfaces (Y, μ) with mixed branches C + 1

2Cp such
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that (Y, p, C) ∈ U . Thus we have a quotient map Ũ/PGL3 → U/PGL4 by W (E6),

where W (E6) acts on Ũ/PGL3 by the Cremona transformations.

The point is that the period map P lifts to a birational map P̃ : Ũ/PGL3 ���
M̃8,5. Indeed, we may view Ũ as parametrizing mixed branches B1 +

1
2B2 on P2

endowed with labelings of the six points B1 ∩B2\Sing(B2). The composition

(9.1) Ũ/PGL3 → U/PGL4
P→ M8,5

associates Eisenstein K3 surfaces to those labelled mixed branches in the way of
§4.1. Then we can follow the idea in Remark 4.11. The ordering of the six points
induces a marking of L(X,G); conversely, from this marking we can recover the
labelled mixed branch by looking the (−2)-curves over the six points and the pull-

back of OP2(1) to X or X̂. This enables us to construct a lift3 of (9.1) to M̃8,5 and
show that it has degree 1.

The Galois group of M̃8,5 → M8,5 is a subgroup of O(AE)/± 1. By [8] we have

|O(AE)| = |GO(5, 3)| = 2 · |W (E6)|. Comparing the two coverings M̃8,5 → M8,5

and Ũ/PGL3 → U/PGL4, we conclude that the Galois group is actually whole
O(AE)/± 1 and that P has degree 1. �

Proposition 9.2. The quotient U/PGL4 is rational. Therefore M8,5 is rational.

Proof. Let V ⊂ |OP3(3)| × P3 be the locus of pairs (Y, p) such that p lies on the
intersection of Y with its Hessian quartic. We have a natural projection U → V ,
whose fibre over (Y, p) is an open set of the pencil in |OP3(1)| of planes that contain
the tangent line of Cp at p. Therefore U is birationally the projectivization of an

SL4-linearized vector bundle E over V . The element
√
−1 ∈ SL4 acts on E by the

scalar multiplication by
√
−1. We tensor E with the pullback L of the hyperplane

bundle on |OP3(3)|, on which
√
−1 ∈ SL4 acts by the multiplication by −

√
−1.

Then E ⊗ L is PGL4-linearized, and P(E ⊗ L) is canonically identified with PE .
Since PGL4 acts on V almost freely, we may use the no-name lemma for E ⊗ L to
obtain

U/PGL4 ∼ P(E ⊗ L)/PGL4 ∼ P1 × (V/PGL4).

Next let W be the space of flags p ∈ l ⊂ P ⊂ P3, where l is a line and P is a
plane. We have the PGL4-equivariant map

ϕ : V → W, (Y, p) �→ (p, TpCp, TpY ),

whose fiber is a linear subspace of |OP3(3)|. The group SL4 acts on W transitively
with a connected and solvable stabilizer. Therefore we may apply the slice method
to ϕ and then use Miyata’s theorem to see that V/PGL4 is rational. �

We can also use C + Cp as −2KY -curves to obtain 2-elementary K3 surfaces
with (r, a, δ) = (14, 6, 0) (cf. [20]). This turns out to be a canonical construction for
general members of their moduli spaceM14,6,0. Thus we have a geometric birational
map M8,5 ��� M14,6,0 via U/PGL4. Since M14,6,0 is proven to be rational in [20]
by another method, this offers a second proof of the rationality of M8,5.

3Since the surjectivity of U(E) → O(AE) for the Eisenstein lattice E = U2 ⊕ A5
2 is yet

uncertain at this moment, here we should narrow the moduli interpretation of ˜M8,5 as indicated
in the footnote on p.8654. The lattice-markings induced from our labelled mixed branches do

meet the requirement there, because, e.g., the connectivity of ˜U ensures that the Eisenstein K3
surfaces can be deformed to each other, preserving the markings.
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9.2. The rationality of M10,4. We studyM10,4 using cubic surfaces with Eckardt
points. In addition to the anti-canonical model and the blown-up P2 model as used
in §9.1, we will also use the Sylvester form of (general) smooth cubic surfaces Y :

(9.2)
4∑

i=0

λiX
3
i =

4∑
i=0

Xi = 0, λi ∈ C,

where [X0, · · · , X4] is the homogeneous coordinate of P4. This expression of Y
is unique up to the permutations of λ0, · · · , λ4 and the scalar multiplications on
(λ0, · · · , λ4). For details about Eckardt points, we refer to [27], [23] and [10].

Let Y ⊂ P3 be a smooth cubic surface. A point p ∈ Y is called an Eckardt point
if the tangent plane section Cp = TpY |Y is a union of three lines meeting at p.
In the Sylvester form (9.2), Y has such a point if and only if

∏
i<j(λi − λj) = 0.

For simplicity, we may assume λ3 = λ4. Then p = [0, 0, 0, 1,−1] is an Eckardt
point of Y . The surface Y has an involution ι, called harmonic homology, given by
X3 ↔ X4 and Xi �→ Xi for i ≤ 2. If Y is general in the locus {λ3 = λ4}, it has no
other non-trivial automorphism.

Lemma 9.3. The harmonic homology ι acts trivially on the linear space of anti-
canonical forms vanishing at p.

Proof. Let H =
∑4

i=0 Xi. Since Y ⊂ {H = 0} is anti-canonically embedded, we
may identify H0(−KY ) with H0(OP4(1))/CH. If we express linear forms on P4

as
∑

i αiXi, the space in question is identified with the hyperplane {α3 = α4} ⊂
H0(−KY ). Then the assertion apparently holds. �

Now we consider the locus U ⊂ |OP3(3)| × P3 × |OP3(1)| of triplets (Y, p,H)
such that (i) Y is smooth, (ii) p is an Eckardt point of Y , and (iii) the −KY -curve
C = H|Y is smooth and passes through p. By using C + 1

2Cp as mixed branches,
we obtain Eisenstein K3 surfaces with (g, k) = (1, 1). We thus have a period map
P : U/PGL4 → M10,4.

In order to show that P is birational, we describe U/PGL4 in a different way.

Let Mcub, M̃cub be the moduli spaces defined in §9.1, and π : M̃cub → Mcub be
the quotient map by the Weyl group W (E6). We have a universal family f : Y →
M̃cub of marked cubic surfaces, on which W (E6) acts equivariantly (cf. [23, §1],
[20, §12.1]). Let E ⊂ Mcub be the codimension 1 locus of cubic surfaces having
exactly one Eckardt point. Then π−1(E) has 45 irreducible components which are

permuted transitively by W (E6). Let Ẽ ⊂ π−1(E) be any one of the components

and let G ⊂ W (E6) be the stabilizer of Ẽ . (G is the Weyl group W (F4).) The

center of G is Z/2Z, which acts on Ẽ trivially and on the restricted family

f ′ = f |f−1(˜E) : f
−1(Ẽ) → Ẽ

by the harmonic homologies. We consider the subvector bundle F ⊂ f ′
∗K

−1
f ′ whose

fibers are the linear spaces of anti-canonical forms vanishing at the Eckardt points.
Note that F is G-linearized because f∗K

−1
f is W (E6)-linearized. Forgetting the

markings of cubic surfaces, we see that U/PGL4 is birationally identified with
PF/G. Now we can prove

Proposition 9.4. The period map P : PF/G → M10,4 is birational.
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Proof. We show that P lifts to a birational map PF → M̃10,4. Let V ⊂ (P2)6 be
the locus of six distinct points (p1, · · · , p6) such that the three lines Li = pipi+3

(1 ≤ i ≤ 3) intersect at one point, say p. Regarding M̃cub as the configuration

space of six points in P2, we have a natural birational identification V/PGL3 ∼ Ẽ .
Therefore, if Ũ ⊂ V × |OP2(3)| is the locus of those (p1, · · · , p6, C) such that C
is smooth and passes through p1, · · · , p6, p, then PF is birationally identified with

Ũ/PGL3. We may regard Ũ as the parametrizing mixed branches C + 1
2

∑
i Li

endowed with labelings of the six intersection points C∩
∑

i Li\p that are compatible
with the irreducible decomposition of

∑
i Li. Then the composition

Ũ/PGL3 ∼ PF → PF/G
P→ M10,4

maps such a labelled mixed branch C + 1
2

∑
i Li to the Eisenstein K3 surface as-

sociated as in §4.1. Hence by arguing as in the proof of Proposition 9.1, we will

obtain a desired birational lift Ũ/PGL3 → M̃10,4.

The degree of M̃10,4 → M10,4 divides |O(AE)|/2 = |GO+(4, 3)|/2 = (4!)2 for
the Eisenstein lattice E = U2 ⊕ A4

2. On the other hand, PF → PF/G has degree
|G|/2 = |W (E6)|/90 = (4!)2 because the center of G acts on PF trivially by Lemma

9.3. Comparing the two projections M̃10,4 → M10,4 and PF → PF/G, we find
that P has degree 1 and that the Galois group of the former is O(AE)/± 1. �

Proposition 9.5. The quotient PF/G is rational. Therefore M10,4 is rational.

Proof. By Lemma 9.3, the center of G acts on F trivially. Replacing G by its central

quotient and applying the no-name lemma to theG-linearized vector bundle F → Ẽ ,
we have

PF/G ∼ P2 × (Ẽ/G) ∼ P2 × E .
By the Sylvester form (9.2), the Eckardt locus E is birational to PW/S3, where
W = {λ3 = λ4} ⊂ C5 and S3 acts on W by the permutations of (λ0, λ1, λ2).
Therefore E is rational. �

9.3. The rationality of M12,3. We consider curves on F1. Let V ⊂ |L2,2| be the
locus of curves C which have a cusp at C ∩Σ and are smooth elsewhere. (C is the
blow-up of a plane quartic with a ramphoid cusp.) Let U ⊂ V × |L1,0| be the open
set of pairs (C,H) such that H is smooth and transverse to C. For (C,H) ∈ U we
consider the mixed branch C+ 1

2 (H+Σ). The associated Eisenstein K3 surface has
invariant (g, k) = (1, 2). Hence we obtain a period map P : U/Aut(F1) ��� M12,3.

Proposition 9.6. The period map P is birational.

Proof. This is analogous to Example 4.10 and Proposition 8.1: we label the four

nodes C∩H by an S4-cover Ũ → U . By blowing-up the “first” and “second” nodes
and then blowing-down the strict transforms ofH and Σ, the curve C is transformed
to a bidegree (3, 3)-curve C† on P1 × P1 which has a node and a ramphoid cusp.
The given labeling of C ∩ H induces that of the tangents of C† at the node, and
of the two rulings of P1 × P1. Then we see as in Example 4.10 that P lifts to a

birational map Ũ/Aut(F1) ��� M̃12,3. The group Aut(F1) acts on U almost freely,

so that Ũ/Aut(F1) is an S4-cover of U/Aut(F1). On the other hand, we have
O(AL) � GO(3, 3) for the invariant lattice L = U ⊕E6⊕A2

2. Then |O(AL)| = 2 · 4!
by [8], and hence P has degree 1. �
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Proposition 9.7. The quotient U/Aut(F1) is rational. Therefore M12,3 is ratio-
nal.

Proof. We first apply the slice method to the Aut(F1)-equivariant map

ψ : U → Σ× |L1,0|, (C,H) �→ (Sing(C), H).

By Lemma 2.6 (2), Aut(F1) acts on Σ× |L1,0| almost transitively. If we normalize
H to be H0, and Sing(C) to be the point p0 = (0, 0) in U1, then the stabilizer G1

of (p0, H0) ∈ Σ× |L1,0| is

G1 = {gα,0}α∈C× × ({hβ}α∈C× � {iλ}λ∈C) � C× × (C× �C),

where gα,0, hβ, iλ are as defined in (2.7)–(2.10). The fiber ψ−1(p0, H0) is regarded
as a (non-linear) sublocus of |L2,2|. Then we have U/Aut(F1) ∼ ψ−1(p0, H0)/G1.

Next we apply the slice method to the G1-equivariant map

φ : ψ−1(p0, H0) → PTp0
F1, C �→ Tp0

C,

where Tp0
C denotes the unique tangent of C at p0. A general φ-fiber is an open

set of a linear system PV ⊂ |L2,2|. Since G1 acts on PTp0
F1 almost transitively,

we have ψ−1(p0, H0)/G1 ∼ PV/G2 for the stabilizer G2 ⊂ G1 of a general point
of PTp0

F1. If we use y−1
1 x1 as the inhomogeneous coordinate of PTp0

F1, then gα,0
acts on PTp0

F1 by α, hβ by β, and iλ trivially. This shows that G2 is isomorphic
to C× �C. Hence PV/G2 is rational by Miyata’s theorem. �

9.4. The rationality of M14,2. We consider curves on F2. Let U ⊂ |L2,0|× |L0,2|
be the open set of pairs (C,F1 + F2) such that C and F1 + F2 are smooth and
transverse to each other. We associate the − 3

2KF2
-branch C + F1 + F2 + Σ to

obtain a period map U/Aut(F2) ��� M14,2. In Example 4.9 we proved that this
map is birational.

Proposition 9.8. The quotient U/Aut(F2) is rational. Hence M14,2 is rational.

Proof. As in the proof of Proposition 7.3, we apply the slice method to the Aut(F2)-
equivariant map

ψ = (ϕ, id) : U → |L1,0| × |L0,2|, (C,F1 + F2) �→ (H,F1 + F2),

where ϕ is as defined in (2.13). By Lemma 2.6 (2), Aut(F2) acts on |L1,0| × |L0,2|
almost transitively. If we normalize H = H0 and Fi = {xi = 0}, the stabilizer G
of (H0, F1 + F2) is described by the same equation as (7.2). On the other hand,

if we identify H0(L2,0) with the linear space {
∑2

i=0 fi(x3)y
2−i
3 } as in (2.5), the

fiber ψ−1(H0, F1 +F2) is an open set of the linear subspace PV ⊂ |L2,0| defined by
f1 ≡ 0. Therefore we have

U/Aut(F2) ∼ PV/G.

Let W ⊂ V be the hyperplane {f0 = 0}. As in the proof of Proposition 7.3,
we see that the G-representation V decomposes as V = Cy23 ⊕ W . If we consider
the G-representation W ′ = (Cy23)

∨ ⊗W , then PV/G is birational to W ′/G. Since
W ′/G ∼ C× × (PW ′/G) and PW ′/G is 2-dimensional, W ′/G is rational. �
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9.5. The rationality of M16,1. We consider curves on F2. Let U ⊂ |L2,0|×|L0,1|2
be the locus of triplets (C,F1, F2) such that C is smooth, F1 is transverse to C,
and F2 is tangent to C. Considering the − 3

2KF2
-branches C+F1+F2+Σ, we have

a period map P : U/Aut(F2) ��� M16,1.

Proposition 9.9. The map P is birational.

Proof. We consider a double cover Ũ → U to label the two points C ∩ F1. The
remaining data for C+F1+F2+Σ are a priori labelled: F1 and F2 are distinguished
by their intersection with C, and the two branches at each (tac)node of C + F1 +
F2+Σ are distinguished by the irreducible decomposition of C+F1+F2+Σ. Thus

we will obtain a birational lift Ũ/Aut(F2) ��� M̃16,1 of P. We have Ũ/Aut(F2) =

U/Aut(F2) due to the hyperelliptic involutions (2.12) of C. We also have M̃16,1 =
M16,1 because O(AL) = {±1} for the invariant lattice L = U ⊕ E6 ⊕ E8. �

Since U is rational and M16,1 has dimension 2, we see that

Proposition 9.10. The space M16,1 is rational.

By associating to (C,F1, F2) the elliptic curve (C,F2∩C) with a point p ∈ F1∩C,
we obtain a birational map from M16,1 to the Kummer modular surface for SL2(Z),
whose projection to the modular curve gives the fixed curve map.

9.6. The rationality of M18,0. We consider curves on F2. Let U ⊂ |L2,0|× |L0,2|
be the locus of pairs (C,F1 +F2) such that C is smooth, F1 �= F2, and both Fi are
tangent to C. We obtain a period map P : U/Aut(F2) ��� M18,0 by considering
the − 3

2KF2
-branches C + F1 + F2 +Σ.

Proposition 9.11. The map P is birational.

Proof. As before, we distinguish F1 and F2 by a double cover Ũ → U to obtain a

birational lift Ũ/Aut(F2) ��� M̃18,0 of P. Since the invariant lattice L = U ⊕ E2
8

is unimodular, M̃18,0 coincides to M18,0. On the other hand, for each (C,F1 +
F2) ∈ U , we have an automorphism of F2 preserving C and exchanging F1 and F2

(which is an extension of a translation automorphism of C). Hence we also have

Ũ/Aut(F2) = U/Aut(F2). �
Since U is rational and dimM18,0 = 1, we have

Proposition 9.12. The space M18,0 is rational.

The two points p1 = F1∩C, p2 = F2∩C on the elliptic curve C satisfy 2(p1−p2) ∼
0. This shows that M18,0 is naturally birational to the elliptic modular curve for
Γ0(2) through the fixed curve map.

10. The case g = 0

In this section we study the case g = 0. The space M8,7 is unirational by the
constructions in [3] and [4], where a complete intersection model and an elliptic
fibration model for the generic member are given respectively. Similarly, M10,6 is
unirational by the quartic model given in [3]. Here we shall present another triple
cover construction for those two. The space M12,5 is birational to the moduli space
of cubic surfaces ([2], [10]), which is rational, as is well known.

Below we (re)prove that Mr,a is unirational for k ≤ 0, and rational for k ≥ 2.
As in §9, even when dimMr,a ≤ 2, we make a detour to present birational period
maps.
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10.1. The unirationality of M8,7. We construct general members of M8,7 using
certain triangles of anti-canonical curves on quadric del Pezzo surfaces. To begin
with, let U ⊂ |OP2(4)| × (P2)3 be the locus of quadruplets (C, p1, p2, p3) such that
(i) C is a smooth quartic, (ii) pi ∈ C, and (iii) if Li is the tangent line of C
at pi, then L1 (resp. L2, L3) passes through p2 (resp. p3, p1). The space U is
rational of dimension 14. Indeed, if we use the homogeneous coordinate of P2 to
normalize p1 = [0, 0, 1], p2 = [0, 1, 0], p3 = [1, 0, 0] and express quartic forms as∑

i,j,k aijkX
iY jZk with i+ j + k = 4, then conditions (ii) and (iii) are given by

a400 = a301 = 0, a040 = a130 = 0, a004 = a013 = 0.

For (C, p1, p2, p3) ∈ U , the double cover π : Y → P2 branched over C is a quadric
del Pezzo surface. The curves Di = π∗Li are nodal −KY -curves such that

D1 ∩D2 = Sing(D2), D2 ∩D3 = Sing(D3), D3 ∩D1 = Sing(D1).

Then the curve B = D1+D2+D3 has ordinary triple points at the nodes of Di. We
consider 1

2B as a mixed branch on Y with all components a shadow. The associated
Eisenstein K3 surface has three isolated fixed points and no fixed curve. Thus we
obtain a period map P : U/PGL3 ��� M8,7.

Proposition 10.1. The map P is dominant.

Proof. Since dim(U/PGL3) = dimM8,7, it suffices to show that P has countable

fibers. The natural projection g : Ŷ → Y → P2 is recovered from the degree 2
line bundle H = g∗OP2(1) as the associated projective morphism φH : Ŷ → |H|∨.
Hence we have surjective maps onto the P-fibers from subsets of Pic(Ŷ ) � Z11. �

In this way, we obtain a proof of

Corollary 10.2 (cf. [3], [4]). The space M8,7 is unirational.

10.2. The unirationality of M10,6. We consider a degeneration of our model for
M8,5. Let U ⊂ |OP3(3)| × (P3)2 be the locus of triplets (Y, p, q) such that (i) Y
is a smooth cubic surface containing p and q, (ii) the −KY -curve Cp = TpY |Y is
irreducible and cuspidal, and (ii) the −KY -curve Cq = TqY |Y is irreducible, nodal,
and tangent to Cp at p. Considering the mixed branches Cq + 1

2Cp, we obtain
Eisenstein K3 surfaces in M10,6. As before, one checks that the induced period
map U/PGL4 → M10,6 is dominant. Since U is rational, we have

Proposition 10.3 (cf. [3]). The space M10,6 is unirational.

Using Cq + Cp as −2KY -branches will give a canonical construction of general
2-elementary K3 surfaces of type (15, 7, 1). Thus, via U/PGL4 we have a natural

birational map from an intermediate cover of M̃10,6 → M10,6 to the orthogonal
modular variety M15,7,1.

10.3. The rationality of M14,4. We consider curves on F6. Let U ⊂ |L2,0| be the
locus of reducible curves H1 +H2 such that H1, H2 are smooth members of |L1,0|
transverse to each other. We associate the − 3

2KF6
-curves H1 +H2 +Σ to obtain a

period map P : U/Aut(F6) ��� M14,4.

Proposition 10.4. The map P is birational.
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Proof. We label independently the two curves H1, H2 and the six points H1 ∩H2.

This is realized by an S2 ×S6-cover Ũ → U . The two branches of H1 +H2 +Σ at
each of H1 ∩H2 are distinguished by the given distinction of H1 and H2. Hence P
lifts to a birational map Ũ/Aut(F6) ��� M̃14,4 as before. Since O(AL) � GO−(4, 3)

for the invariant lattice L � U⊕E6⊕A3
2, the projection M̃14,4 → M14,4 has degree

|GO−(4, 3)|/2 = 6! by [8]. On the other hand, the hyperelliptic involutions (2.12)

of H1 +H2 exchange H1 and H2, so that the projection Ũ/Aut(F6) → U/Aut(F6)
is an S6-covering. Therefore P has degree 1. �

Proposition 10.5. The quotient U/Aut(F6) is rational. Therefore M14,4 is ratio-
nal.

Proof. We consider the Aut(F6)-equivariant map ϕ : U ��� |L1,0| defined in (2.13).
By Lemma 2.6 (2), we may apply the slice method for ϕ to see that

U/Aut(F6) ∼ ϕ−1(H)/G,

where H ∈ |L1,0| is a smooth member and G � C× × PGL2 is the stabilizer of H
in Aut(F6). Let ιH be the involution of F6 which on each π-fiber F fixes the two
points H|F , Σ|F . Then ϕ−1(H) is an open set of the locus {H ′ + ιH(H ′), H ′ ∈
|L1,0|} in |L2,0|. Thus ϕ−1(H)/G is birational to (|L1,0|/ιH)/G ∼ |L1,0|/G. It is
straightforward to see that the natural map |L1,0| ��� |OH(6)|, H ′ �→ H ′|H , makes
ϕ−1(H)/G birational to |OH(6)|/Aut(H). Then |OH(6)|/Aut(H) is birational to
the moduli M2 of genus 2 curves, which is rational by Igusa [14]. �

By the proof, we have a natural birational map M14,4 ��� M2. This might be
related to the Janus example in [13], Main Theorem (i).

10.4. The rationality of M16,3. We consider curves on F4. Let U ⊂ |L2,0|×|L0,1|
be the locus of pairs (H1 +H2, F ) such that H1, H2 are smooth members of |L1,0|
transverse to each other, and F is transverse to H1 + H2. Considering the nodal
− 3

2KF4
-curves H1+H2+F +Σ, we obtain a period map P : U/Aut(F4) ��� M16,3.

Proposition 10.6. The map P is birational.

Proof. As in the proof of Proposition 10.4, we distinguish the two sections H1, H2

and the four points H1∩H2 independently. This defines an S2×S4-cover Ũ → U .
The rest of the data for H1 +H2 + F + Σ are then automatically labelled, and P
will lift to a birational map Ũ/Aut(F4) ��� M̃16,3. The projection Ũ/Aut(F4) →
U/Aut(F4) is an S4-covering as before, while M̃16,3 → M16,3 has degree |O(AL)|/2
for the invariant lattice L = U ⊕ E8 ⊕ A3

2. It is straightforward to calculate that
O(AL) � S3 � (Z/2Z)3. �

Since U is unirational and dimM16,3 = 2, we have

Proposition 10.7. The space M16,3 is rational.

Arguing as in the proof of Proposition 10.5, one will see that U/Aut(F4) is
naturally birational to the Kummer modular surface for SL2(Z).
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10.5. The rationality of M18,2. We consider curves on F2. Let U ⊂ |L2,0|×|L0,2|
be the locus of pairs (H1 +H2, F1 + F2) such that H1, H2 ∈ |L1,0| are smooth and
transverse to each other, and F1, F2 ∈ |L0,1| are distinct and transverse to H1+H2.
We associate the nodal − 3

2KF2
-curves H1 +H2 + F1 + F2 + Σ to obtain a period

map P : U/Aut(F2) ��� M18,2.

Proposition 10.8. The map P is birational.

Proof. We distinguish independently the two sections H1, H2, the two fibers F1, F2,

and the two points H1 ∩H2. This is realized by an (S2)
3-cover Ũ → U . As before,

we see that these labelings induce a birational lift Ũ/Aut(F2) ��� M̃18,2 of P.

Then M̃18,2 is a double cover of M18,2 because we have O(AL) � (Z/2Z)2 for the
invariant lattice L = U(3) ⊕ E2

8 . On the other hand, the stabilizer in Aut(F2) of
a general (

∑
i Hi,

∑
i Fi) ∈ U is (Z/2Z)2 generated by the hyperelliptic involution

(2.12) of H1 +H2 and by an element exchanging the two points H1 ∩H2 and the

two fibers F1, F2 respectively. Thus Ũ/Aut(F2) ��� U/Aut(F2) is also a double
covering. �

Since U is rational and dimM18,2 = 1, we have

Proposition 10.9. The space M18,2 is rational.

Let H = ϕ(H1 + H2) be the section defined by (2.13). As in the proof of
Proposition 10.5, considering the configuration of 2 + 2 points H1 ∩H2, F1 + F2|H
on H makes U/Aut(F2) birational to the elliptic modular curve for Γ0(2).

For completeness, we finish the article with a comment on M20,1, which consists

of one point. Its unique member is obtained from the curve
∑3

i=1 Fi+ +
∑3

i=1 Fi−
on P1 × P1, where Fi+, Fi− are ruling fibers of bidegree (1, 0), (0, 1) respectively.
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