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CONFORMAL FITNESS AND UNIFORMIZATION

OF HOLOMORPHICALLY MOVING DISKS

SAEED ZAKERI

Abstract. Let {Ut}t∈D be a family of topological disks on the Riemann
sphere containing the origin 0 whose boundaries undergo a holomorphic mo-
tion over the unit disk D. We study the question of when there exists a family
of Riemann maps gt : (D, 0) → (Ut, 0) which depends holomorphically on the
parameter t. We give five equivalent conditions which provide analytic, dy-
namical and measure-theoretic characterizations for the existence of the family
{gt}t∈D, and explore the consequences.

1. Introduction

This paper will address a problem in 2-dimensional conformal geometry which
has its origin in holomorphic dynamics. It is motivated by the following observation
of Dennis Sullivan in [13]: Let {ft} be a family of rational maps of the Riemann
sphere depending holomorphically on the complex parameter t in the unit disk D.
Suppose each ft has a Siegel disk Ut centered at 0 whose topological boundary
∂Ut undergoes a holomorphic motion over D. Then there is a family of Riemann
maps gt : (D, 0) → (Ut, 0) which depends holomorphically on t. In particular, if
rad(Ut, 0) = |g′t(0)| denotes the conformal radius of the pointed disk (Ut, 0), then
t �→ log rad(Ut, 0) is harmonic in D. Sullivan’s result has been used in several recent
works on Siegel disks (see e.g. [3], [4], [15] and [16]). The nature of the function
t �→ log rad(Ut, 0) under various assumptions on the family {ft} of holomorphic
maps has been studied in [3].

By a disk we mean a simply connected domain in the Riemann sphere Ĉ whose
complement has more than one point. Let {(Ut, ct)}t∈D be a family of pointed
disks, where the marked center ct ∈ Ut depends holomorphically on t. Suppose
the boundaries of these disks undergo a holomorphic motion ϕt : ∂U0 → ∂Ut over
D. This means {ϕt}t∈D is a family of injections depending holomorphically on t,
with ϕ0 = id. We are interested in the question of whether there exists a family
gt : (D, 0) → (Ut, ct) of Riemann maps which depends holomorphically on t. It is
not hard to see that such a family does not always exist. For example, consider
the real affine map ϕt : z �→ z + t z̄ for |t| < 1, and set U0 = D and Ut = ϕt(U0).
Evidently ϕt : ∂U0 → ∂Ut defines a holomorphic motion over D. By the Koebe
1/4-theorem, the conformal radius rad(Ut, 0) of the pointed ellipse (Ut, 0) is at
most 4 times its inner radius of 1 − |t|, hence the average value of log rad(Ut, 0)
over the circle |t| = 1 − ε tends to −∞ as ε → 0. On the other hand, if there
were a family of Riemann maps gt : (D, 0) → (Ut, 0) depending holomorphically
on t, the function t �→ log rad(Ut, 0) = log |g′t(0)| would be harmonic in D, taking
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the value 0 at t = 0. Hence the average value of log rad(Ut, 0) over the circle
|t| = 1 − ε would remain 0 irrespective of what ε is. Note that in this example

the boundary of the complementary disk Vt = Ĉ � U t undergoes the holomorphic
motion (z, t) �→ z + t/z, which already provides a holomorphically varying family

of Riemann maps (Ĉ�D,∞) → (Vt,∞). Hence log rad(Vt,∞) must be a harmonic
function of t (it is actually the constant function 0).

To understand the obstructions involved, it will be useful to first consider the
problem in the “static” case where we merely have a pair of pointed disks (U, c)

and (Ũ , c̃) in Ĉ and a homeomorphism ϕ : ∂U → ∂Ũ which is compatible with
the embedding in the sphere. This sets the stage for the “dynamic” case where
the disk boundaries move holomorphically, but we believe it also deserves to be
investigated on its own merits. Our formulation and solution of the problem turns
out to depend on the following key notion: We say that ϕ is conformally fit if
there are Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃) for which the
relation

g̃ = ϕ ◦ g
holds almost everywhere on the unit circle T = {z ∈ C : |z| = 1} (Definition 3.1).
This is equivalent to the relation [g̃] = [ϕ]◦[g] between the induced homeomorphisms
defined on the corresponding spaces of prime ends (Lemma 2.1). It is easy to show

that ϕ : ∂U → ∂Ũ is conformally fit if and only if it is the radial limit map of a
biholomorphism (U, c) → (Ũ , c̃) (Theorem 3.2).

Conformal fitness can also be characterized in dynamical terms using rotations.
For each θ ∈ R/Z, let Rθ denote the rigid rotation z �→ e2πiθz on D. Given

a disk U ⊂ Ĉ centered at c and a Riemann map g : (D, 0) → (U, c), the map
ρθ = g ◦ Rθ ◦ g−1 : (U, c) → (U, c) is called the intrinsic rotation of U by the
angle θ about the center c. The word “intrinsic” refers to the fact that ρθ depends
only on the pointed disk (U, c) and not on the choice of the conformal isomorphism
g: By the Schwarz lemma, g is unique up to precomposition with rigid rotations,
which trivially commute with Rθ. In Theorem 3.4 we show that ϕ : ∂U → ∂Ũ
is conformally fit if and only if it is the radial limit map of a homeomorphism
Φ : (U, c) → (Ũ , c̃) such that Φ◦ρθ = ρ̃θ ◦Φ for some (equivalently, every) irrational
θ.

In §4 we find another characterization of conformal fitness based on a refinement
of the notion of harmonic measure. According to Fatou, every Riemann map g :
(D, 0) → (U, c) has the radial limit g(a) = limr→1 g(ra) ∈ Ĉ for almost every choice
of a ∈ T with respect to Lebesgue measure. We use the notation g−1(X) = {a ∈
T : g(a) exists and is in X} whenever X is a subset of ∂U . The almost everywhere
defined radial limit map g : T → ∂U pushes the normalized Lebesgue measure m
on T forward to the harmonic measure ω = g∗m as seen from c, which is a Borel
probability measure supported on ∂U . Explicitly, ω(X) = m(g−1(X)) for every

Borel set X ⊂ ∂U . It is not hard to show that when U, Ũ are Jordan domains with
marked centers c, c̃, a homeomorphism ϕ : ∂U → ∂Ũ is conformally fit if and only
if ϕ∗ω = ω̃ (Theorem 4.3). For arbitrary disks, however, respecting the harmonic
measure does not guarantee conformal fitness (Example 4.5). To get around this
problem, we refine the notion of harmonic measure to account for different ways of
accessing a boundary point from within the disk. Up to a set of harmonic measure
zero, the boundary of a disk U decomposes into the disjoint union

(1.1) ∂U = ∂U1 ∪ ∂U2,
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where ∂U1 is the set of uniaccessible points at which exactly one ray (= hyperbolic
geodesic starting at c) lands, while ∂U2 is the set of biaccessible points where
precisely two rays land. Once a boundary point s ∈ ∂U1 ∪ ∂U2 is marked, there
is a simple way of distinguishing the two rays that land at each biaccessible point,
which we designate by − and + (see §4 for details). Taking the preimages of each
side of (1.1) under a Riemann map g : (D, 0) → (U, c) with g(1) = s, we obtain a
corresponding measurable decomposition

T = A1 ∪ A2− ∪A2+

up to a set of Lebesgue measure zero. This gives a decomposition

(1.2) ω = α+ β− + β+

of the harmonic measure, where

α(X) = m(g−1(X) ∩ A1) and β±(X) = m(g−1(X) ∩A2±)

for every Borel set X ⊂ ∂U . Note that α is intrinsic, but the measures β± depend
on the choice of the marked boundary point s. This allows a measure-theoretic
characterization of conformal fitness: A homeomorphism ϕ : ∂U → ∂Ũ with ϕ(s) =

s̃ is conformally fit if and only if ϕ∗α = α̃ and ϕ∗β
± = β̃± (Theorem 4.7).

Back to our original question, suppose now that {(Ut, ct)}t∈D is a family of

pointed disks in Ĉ, where the marked center ct depends holomorphically on t. As-
sume that the boundaries of these disks undergo a holomorphic motion ϕt : ∂U0 →
∂Ut over D. In §6 we show that the existence of a holomorphically varying family
of Riemann maps gt : (D, 0) → (Ut, ct) is equivalent to conformal fitness of the
map ϕt : ∂U0 → ∂Ut for each parameter t. The above results then immediately
translate into analytic, dynamical and measure-theoretic characterizations in the
holomorphically moving case. But, as it is well known, the existence of a holomor-
phic motion regulates the disk boundaries in a rather strong form; for example, it
implies that the boundaries are all quasiconformally equivalent. So it should come
as no surprise that there are alternative characterizations of conformal fitness in the
holomorphically moving case that are sharper than in the static case. The following
is proved in §6:

Main Theorem. Let {(Ut, ct)}t∈D be a family of pointed disks in Ĉ, where the
center ct depends holomorphically on t. Suppose the boundaries of these disks un-
dergo a holomorphic motion ϕt : ∂U0 → ∂Ut over D. Then the following conditions
are equivalent:

(i) There is a family of Riemann maps gt : (D, 0) → (Ut, ct) which depends
holomorphically on t.

(ii) ϕt : ∂U0 → ∂Ut is a “trivial motion” in the sense that it extends to a

holomorphic motion Φt : (Ĉ, c0) → (Ĉ, ct) such that the restriction Φt :
(U0, c0) → (Ut, ct) is a biholomorphism for each t.

(iii) ϕt : ∂U0 → ∂Ut is conformally fit for each t.
(iv) There is an irrational θ ∈ R/Z for which the intrinsic rotation ρθ,t :

(Ut, ct) → (Ut, ct) depends holomorphically on t.
(v) ϕt : ∂U0 → ∂Ut respects the harmonic measure as seen from the center:

(ϕt)∗ω0 = ωt for each t.
(vi) The map t �→ log rad(Ut, ct) is harmonic in D.
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The equivalence of the first four conditions depends on elementary properties of
holomorphic motions, with (iv) =⇒ (i) essentially being Sullivan’s argument. But
the fact that the last two are also equivalent to them is rather curious since initially
(v) and (vi) appear to be weaker conditions. Observe that the decomposition (1.2),
which was essential in our measure-theoretic characterization of fitness in the static
case, plays no role in the holomorphically moving case. The equivalence (v) ⇐⇒
(vi) follows from the potential-theoretic characterization of harmonic measure as
the equilibrium measure minimizing the energy integral, while the implication (v)
=⇒ (i) follows from this by taking suitable double-covers of disks under which some
biaccessible points are rendered uniaccessible, a construction which is explained in
§5.

Here are two corollaries that may be of independent interest:

Corollary 1.1. The only holomorphic motions of a pointed disk which keep the
conformal radius fixed are the trivial motions.

This follows from the implication (vi) =⇒ (ii) in the Main Theorem. Note that
when t �→ log rad(Ut, ct) is harmonic, there is a suitable rescaling of the motion
which makes the conformal radius constant in t (see §6). This shows that the above
corollary is in fact equivalent to (vi) =⇒ (ii).

Corollary 1.2. Take a family {Ut}t∈D of disks in Ĉ whose boundaries {∂Ut}t∈D

undergo a holomorphic motion over D. Let ht : D → Ut be any Riemann map with
the power series expansion

ht(z) = a0(t) + a1(t) z + a2(t) z
2 + · · · .

If the map t �→ an(t) is holomorphic for n = 0, 1, then it is holomorphic for all n.

In fact, the center ct = a0(t) is holomorphic in t and the logarithm of the con-
formal radius log rad(Ut, ct) = log |a1(t)| is harmonic in t, so by the Main Theorem
there is a family gt : (D, 0) → (Ut, ct) of Riemann maps which depends holomorphi-
cally on t. By the Schwarz lemma, ht(z) = gt(λtz) for some λt ∈ C with |λt| = 1.
As λt = a1(t)/g

′
t(0) is holomorphic in t, it must be constant. This proves the holo-

morphic dependence of ht and therefore all the coefficients an(t) = h
(n)
t (0)/n! on

t.
Let us revisit the dynamical setting in the beginning of this introduction, where

{ft : Ĉ → Ĉ}t∈D is a holomorphic family of rational maps with fixed Siegel disks
Ut of a given rotation number θ centered at the origin. Suppose the Julia set of
ft moves holomorphically over D. This motion restricts to a holomorphic motion
of ∂Ut, and condition (iv) above holds automatically since the intrinsic rotation
ρθ,t : (Ut, 0) → (Ut, 0) is just ft. Hence the Main Theorem implies the existence of
a holomorphically varying family of Riemann maps gt : (D, 0) → (Ut, 0) and that
t �→ log rad(Ut, 0) is harmonic, which is Sullivan’s result in [13]. It also follows from
condition (v) that any motion of a Siegel disk must respect the harmonic measure
on the boundary as seen from the fixed point inside.

The Main Theorem reveals the special nature of Siegel disks, as the analogous
statement for other simply connected Fatou components is generally false. For
example, the Julia set Jt of the quadratic polynomial ft : z �→ tz + z2 undergoes a
holomorphic motion ϕt : J0 = T → Jt over the unit disk |t| < 1. For each t ∈ D, the
Jordan curve Jt separates the sphere into two simply connected Fatou components
Ut and Vt, where Ut is the basin of attraction of 0 and Vt is that of ∞ under the
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iterations of ft. It is well known that ϕt seen as a motion ∂V0 → ∂Vt is trivial (for
example, t �→ rad(Vt,∞) is identically 1). If ϕt seen as a motion ∂U0 → ∂Ut were
also trivial, it would follow by patching the two trivial motions (see the proof of

Theorem 6.4) that ϕt extends to a holomorphic motion Φt : Ĉ → Ĉ which maps U0

to Ut and V0 to Vt biholomorphically for each t. It would easily follow that each Φt

is a Möbius map and thus each Jt is a round circle, which is a contradiction. We
conclude using the Main Theorem that there is no family of Riemann maps D → Ut

which depends holomorphically on t.

2. Preliminaries

Throughout the paper we adopt the following notation:

• Ĉ = C ∪ {∞},
D = {z ∈ C : |z| < 1},
Δ = Ĉ � D,
T = ∂D = ∂Δ = {z ∈ C : |z| = 1}.

• m is the normalized Lebesgue measure on the circle T.
• For a distinct pair a, b ∈ T, [a, b] is the closed arc in T starting at a and
going counterclockwise to b.

• We will associate various objects with a domain U in Ĉ. The correspond-
ing objects associated with another domain Ũ will be denoted by similar
symbols with a tilde “˜” on the top, without further explanation.

We begin with a quick review of a few basic facts on conformal mappings and
Carathéodory’s theory of prime ends. Details and proofs can be found, for example,
in [6] or [8].

By a disk is meant a simply connected domain U ⊂ Ĉ whose complement has
more than one point. In what follows we always mark a center c ∈ U . Let g :
(D, 0) → (U, c) be a Riemann map, i.e., a conformal isomorphism D → U such that
g(0) = c. The ray at angle a ∈ T is the embedded arc

γ(a) = γg(a) = {g(ra) : 0 < r < 1} ⊂ U.

By the Schwarz lemma, changing g to another Riemann map (D, 0) → (U, c) will
only rotate the angle of the rays. We call a a landing angle for g if the radial
limit

g(a) = lim
r→1

g(ra) ∈ ∂U

exists. In this case, we say that γ(a) lands at g(a).
For each p ∈ ∂U , let g−1(p) ⊂ T denote the (possibly empty) set of angles of

rays in U that land at p. The boundary ∂U decomposes into the disjoint union

(2.1) ∂U = ∂U0 ∪ ∂U1 ∪ ∂U2 ∪ ∂U≥3,

where

∂Un = {p ∈ ∂U : g−1(p) has precisely n elements} (0 ≤ n ≤ 2),

∂U≥3 = {p ∈ ∂U : g−1(p) has at least 3 elements}.

Observe that the definition of these sets is independent of the choice of the Riemann
map g. Points in ∂U � ∂U0, ∂U1, and ∂U2 are called accessible, uniaccessible,
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and biaccessible, respectively. By a classical theorem of Lindelöf [8, Corollary
2.17], if there is a path η : [0, 1) → D with limt→1 η(t) = a ∈ T and limt→1 g(η(t)) =
p ∈ ∂U , then g(a) = p. In other words, p ∈ ∂U is accessible through a ray if and
only if it is accessible through an arbitrary path in U . One immediate corollary is
that the set of accessible points is always dense in ∂U .

According to Fatou, almost every point on T with respect to Lebesgue measure
is a landing angle. This statement can be made much sharper as follows. First,
a simple topological argument proves that ∂U≥3 is at most countable. Second, a
theorem of F. and M. Riesz shows that g−1(p) has measure zero for every p ∈ ∂U
[6, Theorem 17.4]. Putting these facts together, we conclude that the preimage
g−1(∂U1 ∪ ∂U2) already has full measure in T. In other words, almost every ray
lands at a uniaccessible or biaccessible point (compare Lemma 4.1 below).

Another basic property that we will use is that if p and q are distinct points on
∂U , then g−1(p) and g−1(q) are unlinked subsets of T in the sense that g−1(p) is
contained in a single connected component of T � g−1(q). This follows from the
observation that distinct rays are disjoint, hence the rays landing at p cannot be
separated by the rays landing at q.

A cross-cut η ⊂ U is a set homeomorphic to the open interval (0, 1) ⊂ R

whose closure η is homeomorphic to the closed interval [0, 1], with both endpoints
on ∂U . The complement U � η has two connected components, either of which
is called a cross-cut domain in U . A sequence {On} of cross-cut domains is a
fundamental chain if (i) On+1 ⊂ On for all n; (ii) the cross-cuts ηn = ∂On ∩ U
are pairwise disjoint; (iii) the spherical diameter of ηn tends to zero as n → ∞. Two
fundamental chains {On}, {O′

m} are equivalent if each On contains some O′
m and

each O′
m contains some On. An equivalence class of fundamental chains is called a

prime end of U . The space of all prime ends of U is denoted by E .
According to Carathéodory, every Riemann map g : (D, 0) → (U, c) defines a

bijection [g] : T → E which induces a topology and orientation on E with respect to
which [g] is an orientation-preserving homeomorphism. If {On} is any fundamental
chain in U representing a prime end e ∈ E , then a = [g]−1(e) is characterized as
the unique point on the circle for which the ray γ(a) meets every On. For a ∈ T,
consider the accumulation set

Λ(a) = γ(a)� γ(a) =
⋂
ε>0

{g(ra) : 1− ε < r < 1}

which is a non-empty, compact and a connected subset of ∂U . Evidently Λ(a)
reduces to a singleton {p} if and only if γ(a) lands at p. For a prime end e ∈ E ,
the principal set Π(e) is the set of all p ∈ ∂U for which there is a fundamental
chain {On} representing e so that the cross-cuts ηn = ∂On ∩ U converge to p in
the spherical metric. The following basic relation between accumulation sets and
principal sets holds:

(2.2) Π([g](a)) = Λ(a) for all a ∈ T.

It is well known that g has a continuous extension D → U if and only if the
topological boundary ∂U is locally connected. In this case, ∂U is the quotient
of the prime end space under the projection Π : E → ∂U and (2.2) reduces to
Π ◦ [g] = g on T. The projection Π, and hence the extension g : D → U , is a
homeomorphism if and only if ∂U is a Jordan curve.
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Now suppose U, Ũ ⊂ Ĉ are disks with marked centers c, c̃ and ϕ : ∂U → ∂Ũ
is a homeomorphism which is compatible with the embedding in the sphere, that

is, ϕ is the restriction of an orientation-preserving homeomorphism Φ : Ĉ → Ĉ

which maps (U, c) to (Ũ , c). Evidently Φ carries the fundamental chains in U to

those in Ũ in a one-to-one fashion, respecting the equivalence classes. This gives
an induced homeomorphism [ϕ] : E → Ẽ between the prime end spaces. [Note that
[ϕ] depends only on ϕ and not on the particular choice of the extension Φ: If Ψ is
another extension of ϕ and {On} is a fundamental chain in U , then the fundamental
chains {O′

n = Φ(On)} and {O′′
n = Ψ(On)} are equivalent. To see this, fix n and let

ε be the spherical distance between the cross-cuts ∂O′
n ∩ Ũ and ∂O′

n+1 ∩ Ũ . Since
the diameter of ∂Om ∩ U tends to zero as m → ∞, by uniform continuity there
is an m > n so large that the cross-cut ∂O′′

m ∩ Ũ is in the ε-neighborhood of the

cross-cut ∂O′
m ∩ Ũ . Then O′′

m ⊂ O′
n.] The definition of [ϕ] shows that

(2.3) Π̃([ϕ](e)) = ϕ(Π(e)) for all e ∈ E .

Given a pair of Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃), it follows
that there is an orientation-preserving homeomorphism ϕ◦ : T → T which makes
the following diagram commute:

(2.4)

E
[ϕ]−−−−→ Ẽ

[g]

�⏐⏐ �⏐⏐[g̃]

T
ϕ◦

−−−−→ T

Note that changing g to another Riemann map (D, 0) → (U, c) will only precompose

ϕ◦ with a rotation. Similarly, changing g̃ to another Riemann map (D, 0) → (Ũ , c̃)
will only post-compose ϕ◦ with a rotation. Thus, once ϕ is given, ϕ◦ is well-defined
up to pre- and post-composition with rotations.

Lemma 2.1 (Alternative characterization of ϕ◦). The following conditions on an
orientation-preserving homeomorphism σ : T → T are equivalent:

(i) σ = ϕ◦, i.e., [g̃] ◦ σ = [ϕ] ◦ [g] everywhere on T.
(ii) g̃◦σ = ϕ◦g on the set of landing angles for g, and hence almost everywhere

on T.

Proof. (i) =⇒ (ii): Suppose a ∈ T is a landing angle for g, so the accumulation set
Λ(a) reduces to the singleton {g(a)}. Then by (2.2) and (2.3),

Λ̃(σ(a)) = Π̃([g̃](σ(a))) = Π̃([ϕ]([g](a)))

= ϕ(Π([g](a))) = ϕ(Λ(a)) = {ϕ(g(a))},
which shows the radial limit g̃(σ(a)) exists and equals ϕ(g(a)).

(ii) =⇒ (i): By the implication (i) =⇒ (ii) above, g̃ ◦ ϕ◦ = ϕ ◦ g on the set of
landing angles for g. The same argument applied to the inverse maps shows that
g ◦ (ϕ◦)−1 = ϕ−1 ◦ g̃ on the set of landing angles for g̃. In particular, g(a) = p ∈ ∂U

if and only if g̃(ϕ◦(a)) = ϕ(p) ∈ ∂Ũ . It follows that g−1(p) and g̃−1(ϕ(p)) have
the same number of elements in [0,+∞] for every p ∈ ∂U . We show that σ and ϕ◦

agree on g−1(∂U1 ∪ ∂U2) which is a full-measure set as we pointed out in §2. This,
by continuity, will prove σ = ϕ◦ everywhere.

Let p ∈ ∂U1 ∪ ∂U2. The relations g̃ ◦ σ = g̃ ◦ ϕ◦ = ϕ ◦ g on the set of landing
angles for g show that both σ and ϕ◦ map g−1(p) injectively into, hence bijectively
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onto, g̃−1(ϕ(p)). If p ∈ ∂U1, then g−1(p) = {a} and g̃−1(ϕ(p)) = {ã} for some
a, ã ∈ T, and σ(a) = ϕ◦(a) = ã trivially. Let us then consider the case where
p ∈ ∂U2, so g−1(p) = {a1, a2} and g̃−1(ϕ(p)) = {ã1, ã2} for some a1, a2, ã1, ã2 ∈ T

with a1 = a2 and ã1 = ã2. Take any q ∈ ∂U1 ∪ ∂U2 distinct from p. If q ∈ ∂U1

so g−1(q) = {a3} and g̃−1(ϕ(q)) = {ã3} are singletons, then both σ and ϕ◦ map
{a1, a2, a3} to {ã1, ã2, ã3}, preserving their cyclic order and sending a3 to ã3. It
follows that σ(a1) = ϕ◦(a1) and σ(a2) = ϕ◦(a2). If, on the other hand, q ∈ ∂U2

so g−1(q) = {a3, a4} and g̃−1(ϕ(q)) = {ã3, ã4} each have two elements, then both
σ and ϕ◦ map {a1, a2, a3, a4} to {ã1, ã2, ã3, ã4}, preserving their cyclic order, and
sending the pair {a1, a2} to {ã1, ã2} and the pair {a3, a4} to {ã3, ã4}. Since the
pairs {a1, a2} and {a3, a4} are unlinked, it follows again that σ(a1) = ϕ◦(a1) and
σ(a2) = ϕ◦(a2). �

3. Conformal fitness

We continue assuming U, Ũ ⊂ Ĉ are disks with marked centers c, c̃ and ϕ : ∂U →
∂Ũ is a homeomorphism compatible with the embedding in the sphere.

Definition 3.1. We say that ϕ : ∂U → ∂Ũ is conformally fit if there are Rie-
mann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃) for which the induced
homeomorphism ϕ◦ = [g̃]−1 ◦ [ϕ] ◦ [g] : T → T defined by (2.4) is the identity map.
By Lemma 2.1, this is equivalent to the condition

g̃ = ϕ ◦ g on the set of landing angles for g.

The following (easy) theorem gives an analytic characterization of conformally

fit homeomorphisms. It will be convenient to say that ϕ : ∂U → ∂Ũ is the radial
limit map of a homeomorphism Φ : (U, c) → (Ũ , c̃) if whenever a ray γ(a) ⊂ U

lands at p ∈ ∂U , the image arc Φ(γ(a)) ⊂ Ũ lands at ϕ(p) ∈ ∂Ũ .

Theorem 3.2 (Analytic characterization of conformal fitness). The following con-

ditions on ϕ : ∂U → ∂Ũ are equivalent:

(i) ϕ is conformally fit.

(ii) ϕ is the radial limit map of a biholomorphism Φ : (U, c) → (Ũ , c̃).

Proof. (i) =⇒ (ii): Choose Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃)
such that g̃ = ϕ ◦ g on the set of landing angles for g. The biholomorphism
Φ = g̃ ◦ g−1 : (U, c) → (Ũ , c̃) sends rays in U to rays in Ũ , preserving their angles.
It follows that ϕ is the radial limit map of Φ.

(ii) =⇒ (i): Let ϕ be the radial limit map of a biholomorphism Φ : (U, c) → (Ũ , c̃),

choose any Riemann map g : (D, 0) → (U, c) and define g̃ = Φ ◦ g : (D, 0) → (Ũ , c̃).
Taking radial limits then shows g̃ = ϕ ◦ g on the set of landing angles for g. �

Corollary 3.3. Suppose ∂U, ∂Ũ are locally connected. Then ϕ : ∂U → ∂Ũ is
conformally fit if and only if there exists a biholomorphism Φ : (U, c) → (Ũ , c̃)
which extends continuously to ϕ.

Proof. The biholomorphism Φ = g̃◦g−1 : (U, c) → (Ũ , c̃) in the proof of Theorem 3.2
extends continuously to ϕ since by the theorem of Carathéodory both g and g̃ extend
continuously to the closed unit disk, so the relation g̃ = ϕ ◦ g holds everywhere on
T. �
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Conformal fitness can also be characterized dynamically in terms of rotations.
Let U ⊂ Ĉ be a disk with the marked center c and g : (D, 0) → (U, c) be a
Riemann map. For each θ ∈ R/Z, let Rθ : (D, 0) → (D, 0) denote the rigid rotation
z �→ e2πiθz. We call the conformal automorphism ρθ = g ◦Rθ ◦ g−1 : (U, c) → (U, c)
the intrinsic rotation of U by the angle θ about c. By the Schwarz lemma the
definition of ρθ is independent of the choice of g.

Theorem 3.4 (Dynamical characterization of conformal fitness). The following

conditions on ϕ : ∂U → ∂Ũ are equivalent:

(i) ϕ is conformally fit.

(ii) ϕ is the radial limit map of a homeomorphism Φ : (U, c) → (Ũ , c̃) which
satisfies Φ ◦ ρθ = ρ̃θ ◦ Φ for some irrational θ ∈ R/Z.

Proof. (i) =⇒ (ii): Choose Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃)
such that g̃ = ϕ◦ g on the set of landing angles for g, and set Φ = g̃ ◦ g−1. Then, as
in the proof of Theorem 3.2, ϕ is the radial limit map of Φ. Moreover, for every θ,

Φ ◦ ρθ = Φ ◦ g ◦Rθ ◦ g−1 = g̃ ◦Rθ ◦ g−1 = ρ̃θ ◦ g̃ ◦ g−1 = ρ̃θ ◦ Φ.
(ii) =⇒ (i): Suppose ϕ is the radial limit map of Φ : (U, c) → (Ũ , c̃) and Φ◦ρθ =

ρ̃θ ◦ Φ for some irrational θ. Since irrational rotations of the circle have dense
orbits, it follows that the same relation holds for every θ. Choose any pair of
Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃). The homeomorphism
ψ = g̃−1 ◦Φ ◦ g : (D, 0) → (D, 0) commutes with every rigid rotation Rθ, so it must
satisfy

(3.1) ψ(re2πit) = ψ(r) e2πit

for every r ∈ [0, 1) and t ∈ R. Suppose that a ray γg(a) ⊂ U lands at p ∈ ∂U , so

the image arc γ = Φ(γg(a)) lands at ϕ(p) ∈ ∂Ũ . By elementary conformal mapping
theory, the pull-back arc g̃−1(γ) = {ψ(ra) : 0 < r < 1} lands at a well-defined
point b ∈ T [6, Corollary 17.10]. It follows from Lindelöf’s theorem that the ray

γg̃(b) ⊂ Ũ lands at ϕ(p). Setting a = e2πit in (3.1) and letting r → 1, we see that
limr→1 ψ(r) exists and equals b/a. It follows that ψ extends homeomorphically to
the closed disk, ψ|T is the rigid rotation z �→ (b/a)z, and g̃ ◦ψ = ϕ ◦ g on the set of
landing angles for g. Replacing g̃ by the Riemann map z �→ g̃((b/a)z), we obtain
g̃ = ϕ ◦ g on the set of landing angles for g, which shows ϕ is conformally fit. �

4. Measure-theoretic characterization of conformal fitness

Suppose U ⊂ Ĉ is a disk with the marked center c and g : (D, 0) → (U, c) is a
Riemann map. Recall that g(a) denotes the radial limit limr→1 g(ra), which exists
for Lebesgue almost every a ∈ T. For X ⊂ ∂U , set

g−1(X) = {a ∈ T : g(a) exists and belongs to X}.
Define

MB = {X ⊂ ∂U : g−1(X) is a Borel set},
ML = {X ⊂ ∂U : g−1(X) is Lebesgue measurable}.(4.1)

It is not hard to show that MB and ML are σ-algebras containing all Borel subsets
of ∂U [8, Proposition 6.5]. In particular, ∂U ∈ MB , so the measure-zero set
T � g−1(∂U) consisting of all non-landing angles for g is Borel. The normalized
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Lebesgue measure m on T pushes forward under g to the probability measure
ω = g∗ m defined on ML, which is called the harmonic measure on ∂U as seen
from the center c. Explicitly,

ω(X) = m(g−1(X)) for X ∈ ML.

It follows from the Schwarz lemma and rotational invariance of m that MB, ML

and ω do not depend on the choice of the Riemann map g.
The decomposition (2.1) of ∂U induces a decomposition

T = A0 ∪A1 ∪ A2 ∪A≥3,

where

A0 = T � g−1(∂U),

An = g−1(∂Un) (n = 1, 2),

A≥3 = g−1(∂U≥3).

Note that these sets depend on U as well as the choice of g, but changing g to
another Riemann map (D, 0) → (U, c) will only rotate them.

Lemma 4.1 (Almost every point is uniaccessible or biaccessible). The sets ∂U0,
∂U1, ∂U2, and ∂U≥3 belong to ML, with ω(∂U0 ∪ ∂U≥3) = 0. Hence,

(4.2) ∂U = ∂U1 ∪ ∂U2 up to a set of harmonic measure zero

and

(4.3) T = A1 ∪ A2 up to a set of Lebesgue measure zero.

Proof. Since g−1(∂U0) = ∅, we have ∂U0 ∈ MB and ω(∂U0) = 0. As pointed out
in §2, the set ∂U≥3 is at most countable, hence Borel. Therefore, ∂U≥3 ∈ MB ,
which means A≥3 is Borel. Since by the theorem of F. and M. Riesz the harmonic
measure of a single point on ∂U is zero, it follows that ω(∂U≥3) = m(A≥3) = 0.
This proves (4.2). The complement of A1 ∪ A2 in T is A≥3 union the set A0 of
all non-landing angles for g. Both these sets are Borel and have Lebesgue measure
zero, so A1 ∪ A2 is a Borel set of full measure on the circle. In particular, (4.3)
holds.

It remains to show that ∂U1 and ∂U2 belong to ML, that is, A1 and A2 are
Lebesgue measurable subsets of the circle. For this, observe that the set

P = {(a, b) ∈ (A1 ∪A2)2 : g(a) = g(b)}� {diagonal}(4.4)

= {(a, b) ∈ (A1 ∪A2)2 : lim
r→1

dist(g(ra), g(rb)) = 0}� {diagonal}

is a Borel subset of the torus T × T, where “dist” denotes the spherical distance.
Hence A2, the projection of P onto its first coordinate, is analytic in the sense of
Suslin and therefore measurable (recall that the projection of a Borel set need not
be Borel). As A1 ∪ A2 is Borel, we conclude that A1 is measurable as well. �

Suppose now that U, Ũ ⊂ Ĉ are disks with marked centers c, c̃ and ϕ : ∂U → ∂Ũ
is a homeomorphism compatible with the embedding in the sphere. Take any
pair of Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃) and let ϕ◦ =
[g̃]−1 ◦ [ϕ] ◦ [g] : T → T be the induced homeomorphism defined by (2.4). Consider
the decompositions ∂U = ∂U1 ∪ ∂U2 and T = A1 ∪ A2 (under g) as in (4.2) and

(4.3), and similar decompositions ∂Ũ = ∂Ũ1 ∪ ∂Ũ2 and T = Ã1 ∪ Ã2 (under g̃), all
up to sets of measure zero.
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Lemma 4.2. The following diagrams are commutative:

(4.5)

∂U1 ϕ−−−−→ ∂Ũ1

g

�⏐⏐ �⏐⏐g̃

A1 ϕ◦

−−−−→ Ã1

and

∂U2 ϕ−−−−→ ∂Ũ2

g

�⏐⏐ �⏐⏐g̃

A2 ϕ◦

−−−−→ Ã2

(the vertical arrows are understood as radial limits). In particular, when ϕ is con-

formally fit and g̃ = ϕ ◦ g on the set of landing angles for g, we have A1 = Ã1 and
A2 = Ã2.

Proof. This follows from the fact that for p ∈ ∂U and a ∈ T, g(a) = p if and only
if g̃(ϕ◦(a)) = ϕ(p) (compare the proof of Lemma 2.1). �

Theorem 4.3 (Conformal fitness and harmonic measure). Suppose U, Ũ ⊂ Ĉ are

disks with marked centers c, c̃ and ϕ : ∂U → ∂Ũ is a homeomorphism compatible
with the embedding in the sphere. Let ω, ω̃ be the harmonic measures on ∂U, ∂Ũ as
seen from c, c̃.

(i) If ϕ is conformally fit, then ϕ∗ ω = ω̃.
(ii) If ϕ∗ ω = ω̃ and if ω(∂U2) = 0, then ϕ is conformally fit.

The assumption ω(∂U2) = 0 in part (ii) cannot be dispensed with (see Exam-
ple 4.5 below). By (4.2), this assumption means that almost every point of ∂U is

uniaccessible. As a special case, it follows that when ∂U, ∂Ũ are Jordan curves,
ϕ : ∂U → ∂Ũ is conformally fit if and only if ϕ∗ ω = ω̃.

Proof. (i) Choose Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃) such
that g̃ = ϕ ◦ g on the set of landing angles for g, hence almost everywhere. Then,

ϕ∗ ω = ϕ∗ (g∗ m) = (ϕ ◦ g)∗m = g̃∗ m = ω̃.

(ii) Choose any pair of Riemann maps g : (D, 0) → (U, c) and g̃ : (D, 0) → (Ũ , c̃),
so g̃ ◦ ϕ◦ = ϕ ◦ g on the set of landing angles for g. Precomposing either g or g̃
by a rigid rotation, we can arrange ϕ◦(1) = 1. By Lemma 4.2, ϕ(∂Un) = ∂Ũn for
n = 1, 2. It follows from the assumption ϕ∗ ω = ω̃ that

m(Ã2) = ω̃(∂Ũ2) = ω(ϕ−1(∂Ũ2)) = ω(∂U2) = 0.

By (4.3), both A1 and Ã1 have full measure on the circle. The radial limit map

g̃ sends Ã1 measurably and bijectively onto ∂Ũ1, and it has a measurable inverse
g̃−1 : ∂Ũ1 → Ã1, which pushes the harmonic measure ω̃ forward to Lebesgue
measure m on Ã1. The relation ϕ◦ = g̃−1◦ϕ◦g on A1, together with ϕ∗ ω = ω̃, now
imply that ϕ◦

∗m = m. As a homeomorphism which preserves Lebesgue measure,
ϕ◦ must be a rigid rotation of the circle. Since ϕ◦ fixes 1, it must be the identity
map. �

Example 4.4. Suppose f is a complex monic polynomial of degree d ≥ 2 with

connected Julia set J . The connected component U of Ĉ�J containing ∞ is a disk
with ∂U = J ; it can be described as the basin of infinity consisting of all points
whose forward orbits under the iterations of f tend to ∞. The unique Riemann
map g : (Δ,∞) → (U,∞) which satisfies g′(∞) > 0 automatically conjugates f to
the d-th power map:

(4.6) g(zd) = f(g(z)) for all z ∈ Δ.
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In this dynamical context, g is called the Böttcher coordinate for f . It is well-
known that the ray γg(1) always lands at a point s ∈ J which by (4.6) is a fixed
point of f . The harmonic measure ω on J as seen from∞ (also known as theBrolin
measure or the measure of maximal entropy) is characterized as the unique
ergodic measure on J which is balanced in the sense that ω(f(X)) = d · ω(X)
whenever X ⊂ J is a Borel set on which f is injective. Moreover, polynomial
Julia sets have the following special property: If as before J2 denotes the set of
biaccessible points in J , then ω(J2) = 0 unless f is affinely conjugate to the degree
d Chebyshev polynomial for which J is a straight line segment and ω(J2) = 1 (see
[12], [14], [17]).

Now suppose f, f̃ are two degree d ≥ 2 non-Chebyshev polynomials with con-
nected Julia sets J, J̃ and Böttcher coordinates g, g̃. By Theorem 4.3, a homeo-
morphism ϕ : J → J̃ is conformally fit if and only if ϕ∗ ω = ω̃. This turns out to
be essentially equivalent to the condition that ϕ conjugates f to f̃ . In fact, if ϕ
conjugates f to f̃ , the probability measure ϕ∗ ω is trivially ergodic and balanced,
so it must coincide with ω̃ by uniqueness. Conversely, assume ϕ is conformally fit
and sends the fixed point s = g(1) of f to the fixed point s̃ = g̃(1) of f̃ . Choose

a Riemann map h : (Δ,∞) → (Ũ ,∞) so the relation h = ϕ ◦ g holds on the set
of landing angles for g. In particular, h(1) = ϕ(s) = s̃ = g̃(1), so by the Schwarz
lemma h = g̃. If p = g(a) ∈ J , then

ϕ(f(p)) = ϕ(f(g(a))) = ϕ(g(ad)) = g̃(ad)

= f̃(g̃(a)) = f̃(ϕ(g(a))) = f̃(ϕ(p)).

In other words, ϕ conjugates f to f̃ on the set of accessible points in J . Since this
set is dense, continuity of ϕ shows that ϕ ◦ f = f̃ ◦ ϕ everywhere on J . Note that
the assumption ϕ(s) = s̃ in this argument is essential: The involution ϕ(z) = −z
on the Julia set of any quadratic polynomial f(z) = z2 + c is conformally fit, but
clearly it is not a self-conjugacy of f .

Example 4.5. Fix e2πiδ ∈ T for some 0 < δ < 1/2, and pick a small ε > 0. Let
� be the shorter of the two closed arcs with endpoints 1 and p = (1 + ε)e2πiδ on
the circle centered on the negative real axis. Consider the disk U = Δ� � and the
Riemann map g : (Δ,∞) → (U,∞) normalized so that g(1) = p. Since ∂U = T ∪ �
is locally connected, g extends continuously to a map between the closures, and
g−1(�) is a closed arc X ⊂ T with endpoints a, b containing 1 in its interior, labeled
as in Figure 1. Furthermore, g maps T � X homeomorphically to ∂U � �, and
X � {1} two-to-one to �� {p}. It is not hard to check that a → e−2πiδ and b → 1
as ε → 0, so the harmonic measure ω(�) = m(X) tends to δ. In particular, taking
ε > 0 sufficiently small guarantees that b is closer to 1 than a is. We also consider
a symmetric disk Ũ = Δ� �̃, where �̃ is the closed segment from 1 to a real point
p̃ > 1, and the Riemann map g̃ : (Δ,∞) → (Ũ ,∞) normalized so that g̃(1) = p̃.

Since ω̃(�̃) increases continuously from 0 to 1 as p̃ goes from 1 to ∞, we can choose

p̃ so that ω̃(�̃) = ω(�) > 0. Again by local connectivity, g̃ extends continuously

to a map between the closures, but this time g̃−1(�̃) is a closed symmetric arc

X̃ ⊂ T with endpoints ã, b̃ having 1 as its midpoint. As before, g̃ maps T � X̃
homeomorphically to ∂Ũ � �̃, and X̃ � {1} two-to-one to �̃� {p̃}.

Define ϕ : ∂U � � → ∂Ũ � �̃ by ϕ = g̃ ◦ g−1. Let �x (resp. �̃x) denote the closed

subarc of � (resp. �̃) from 1 to x ∈ � (resp. x ∈ �̃). The function μ : x �→ ω(�x)
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Figure 1. Illustration of Example 4.5: There is a homeomorphism
ϕ : ∂U → ∂Ũ which respects harmonic measures but fails to be
conformally fit. The arcs �, �̃ have equal harmonic measures in their
respective domains as seen from ∞. The two sides of �̃ receive the
same harmonic mass because of symmetry, but one side of �, being
more exposed to rays, receives more harmonic mass than the other
side.

is continuous on � and monotonically increases from 0 to ω(�) as x goes from 1 to

p. Similarly, μ̃ : x �→ ω̃(�̃x) is continuous on �̃ and monotonically increases from 0

to ω̃(�̃) = ω(�) as x goes from 1 to p̃. Define ϕ : � → �̃ by ϕ = μ̃−1 ◦ μ. The map

ϕ : ∂U → ∂Ũ constructed this way is a homeomorphism which satisfies ϕ∗ ω = ω̃.
However, ϕ is not conformally fit since otherwise g̃ = ϕ ◦ g would hold everywhere
on T and in particular a = ã, b = b̃, which is a contradiction.

Thus, respecting the harmonic measure is generally a weaker condition than
conformal fitness. To arrive at a measure-theoretic characterization of conformal
fitness that applies to arbitrary disks, we need a refinement of the harmonic measure
which takes into account the mass concentrated on different “sides” of biaccessible
points of the boundary when approached from within the disk.

It will be convenient to choose coordinates on Ĉ so the disk U has its marked
center at ∞. The boundary ∂U is then a non-empty compact connected subset of
the plane. Mark a boundary point s ∈ ∂U1 ∪ ∂U2 and let g : (Δ,∞) → (U,∞) be
a Riemann map with g(1) = s (there are two such choices if s ∈ ∂U2). For each
p ∈ ∂U2 let g−1(p) = {a−, a+}, where the angles a− = a−(p) and a+ = a+(p) are
labeled so that [1, a−] ⊂ [1, a+] (see Figure 2).
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a+ a−

γ(a−)

γ(1)

γ(a+)

U

g
p

s0 1

Δ

Figure 2. Labeling the two preimages of a biaccessible point.

This labeling allows us to decompose the set A2 = g−1(∂U2) of biaccessible
angles in T into the disjoint subsets

A2− = {a−(p) : p ∈ ∂U2} and A2+ = {a+(p) : p ∈ ∂U2}.
By (4.3),

(4.7) T = A1 ∪ A2− ∪ A2+ up to a set of Lebesgue measure zero.

This decomposition is not canonical (even modulo a rotation) since it depends on
the choice of the marked boundary point s. In fact, it is easy to see that there can
be no canonical way of distinguishing the two rays landing at a biaccessible point.
If we replace s with another marked boundary point s′, the senses ± get reversed
precisely on those ray pairs which separate s from s′ (compare Figure 3).

To verify measurability of A2±, consider the Borel set P defined in (4.4). Then
A2− and A2+ are the projections of the Borel set

P ∩ {(a, b) ∈ T× T : [1, a] ⊂ [1, b]}
onto the first and second coordinates respectively, hence they are measurable.

The following is a refinement of (part of) Lemma 4.2.

Lemma 4.6. Suppose the homeomorphism ϕ : ∂U → ∂Ũ respects the boundary
markings so ϕ(s) = s̃, and g : (Δ,∞) → (U,∞) and g̃ : (Δ,∞) → (Ũ ,∞) are
Riemann maps with g(1) = s and g̃(1) = s̃ such that the induced homeomorphism
ϕ◦ fixes 1. Then the second commutative diagram in (4.5) splits into a pair of
commutative diagrams

∂U2 ϕ−−−−→ ∂Ũ2

g

�⏐⏐ �⏐⏐g̃

A2± ϕ◦

−−−−→ Ã2±

In particular, if p ∈ ∂U2 and p̃ = ϕ(p), then ϕ◦ maps the interval [a−(p), a+(p)]
homeomorphically onto the interval [a−(p̃), a+(p̃)].

Proof. If p ∈ ∂U2, then p̃ = ϕ(p) ∈ ∂Ũ2 by Lemma 4.2. The relation g̃ ◦ϕ◦ = ϕ ◦ g
on A2 shows that ϕ◦({a−(p), a+(p)}) = {a−(p̃), a+(p̃)}. Since ϕ◦ : T → T is
orientation-preserving and fixes 1, we must have ϕ◦(a±(p)) = a±(p̃). �
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Figure 3. The senses ± for the biaccessible points on the bound-
ary of a disk centered at ∞ with a marked boundary point s, and
the effect of changing s. The black side corresponds to − and the
gray side corresponds to +. Changing the location of s reverses
the ± sense on ray pairs which separate the old and new marked
points.

s

s

Take a disk U centered at ∞ with a marked boundary point s ∈ ∂U1 ∪ ∂U2,
and take a Riemann map g : (Δ,∞) → (U,∞) with g(1) = s. Define the measures
α, β± on the σ-algebra ML of (4.1) by

α(X) = m(g−1(X) ∩A1) = ω(X ∩ ∂U1),

β±(X) = m(g−1(X) ∩A2±).(4.8)

Note that α is independent of the choice of the marked point s, but the measures
β± certainly depend on it. This gives a decomposition of the harmonic measure
into the sum

ω = α+ β− + β+.

The following is a generalization of Theorem 4.3:

Theorem 4.7 (Measure-theoretic characterization of conformal fitness). Suppose

U, Ũ ⊂ Ĉ are disks with marked centers at ∞ and marked boundary points s, s̃, and
ϕ : ∂U → ∂Ũ is a homeomorphism compatible with the embedding in the sphere such
that ϕ(s) = s̃. Let ω = α+β− +β+ and ω̃ = α̃+ β̃−+ β̃+ be the decompositions of

the harmonic measures on ∂U and ∂Ũ as constructed above, using Riemann maps
g, g̃ for which ϕ◦(1) = 1. Then the following conditions are equivalent:

(i) ϕ is conformally fit.

(ii) ϕ∗ α = α̃ and ϕ∗ β
± = β̃±.

Proof. (i) =⇒ (ii): Take Riemann maps g : (Δ,∞) → (U,∞) and g̃ : (Δ,∞) →
(Ũ ,∞) with g(1) = s, g̃(1) = s̃ and ϕ◦(1) = 1. By conformal fitness, ϕ◦ = id.

By Lemma 4.6, A1 = Ã1 and A2± = Ã2±. Hence, for every set X ⊂ ∂Ũ in the
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σ-algebra M̃L,

(ϕ∗ α)(X) = α(ϕ−1(X)) = m(g−1(ϕ−1(X)) ∩A1)

= m(g̃−1(X) ∩ Ã1) = α̃(X).

One verifies ϕ∗ β
± = β̃± similarly.

(ii) =⇒ (i): Let g, g̃ be as above. Take any a ∈ T�{1} and letX = g([1, a]) ⊂ ∂U .
If p ∈ X ∩ ∂U2 and a+(p) ∈ [1, a], then necessarily a−(p) ∈ [1, a]. Thus, up to a set
of harmonic measure zero, X decomposes into the sets

X1 = X ∩ ∂U1,

X2 = {p ∈ X ∩ ∂U2 : both a±(p) are in [1, a]},
X3 = {p ∈ X ∩ ∂U2 : only a−(p) is in [1, a]}.

We have X1 ∈ ML since g−1(X1) = [1, a]∩A1 is measurable. Also, X2 ∈ ML since
g−1(X2) is the projection onto the first coordinate of the Borel set P∩([1, a]×[1, a]),
where P is defined in (4.4). Finally, X3 ∈ ML since g−1(X3) is the union of the
projections onto the first and second coordinates of the Borel set P ∩([1, a]×(a, 1)).

This gives a measurable decomposition [1, a] = I1 ∪ I−2 ∪ I+2 ∪ I3, up to a set of
Lebesgue measure zero, where

I1 = g−1(X1) = [1, a] ∩A1,

I−2 = g−1(X2) ∩ A2−,

I+2 = g−1(X2) ∩ A2+,

I3 = g−1(X3) ∩ A2−.

Setting X̃ = ϕ(X) = g̃([1, ϕ◦(a)]) ⊂ ∂Ũ , we arrive at similar decompositions

X̃ = X̃1 ∪ X̃2 ∪ X̃3 and [1, ϕ◦(a)] = Ĩ1 ∪ Ĩ−2 ∪ Ĩ+2 ∪ Ĩ3 up to sets of measure

zero. Note that by Lemma 4.2 and Lemma 4.6, ϕ(Xn) = X̃n for n = 1, 2, 3. The

assumptions ϕ∗ α = α̃ and ϕ∗ β
± = β̃± now show that

m(Ĩ1) = α̃(X̃1) = α(X1) = m(I1),

m(Ĩ±2 ) = β̃±(X̃2) = β±(X2) = m(I±2 ),

m(Ĩ3) = β̃−(X̃3) = β−(X3) = m(I3).

Adding up these equalities gives m([1, ϕ◦(a)]) = m([1, a]). Since ϕ◦(1) = 1, we
must have ϕ◦(a) = a. Since a was arbitrary, we conclude that ϕ◦ = id. �

5. The Zhukovskĭı lift

This section describes a topological procedure that turns some biaccessible points
on the boundary of a disk into uniaccessible points. It will be used in the next
section where we study conformal fitness in a holomorphically moving family of
disks. Consider the Zhukovskĭı map Z : Ĉ → Ĉ defined by

Z(ζ) = ζ +
1

ζ
.

This is a degree 2 rational map of the sphere with critical points at ±1 and critical
values at Z(±1) = ±2. It is easily checked that Z maps the disks D and Δ =

Ĉ � D biholomorphically onto the slit-sphere Ĉ � [−2, 2], with Z(0) = Z(∞) = ∞,
Z ′(∞) = 1. Note also the symmetry Z(ζ) = Z(1/ζ).
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Suppose U is a disk with the marked center at ∞ such that ±2 ∈ ∂U . Since U
is simply connected and does not contain the critical values of Z, it lifts under Z
to a disk V centered at ∞ and the map Z : V → U is a biholomorphism (the other
lift of U is the image of V under the inversion ζ �→ 1/ζ). Evidently, Z extends to
a continuous surjection V → U . We call V the Zhukovskĭı preimage of U . Note
that since Z ′(∞) = 1, this process does not alter the conformal radius:

(5.1) rad(V,∞) = rad(U,∞).

Assuming further that 2 ∈ ∂U1∪∂U2, we can designate it as the marked bound-
ary point of U . Let g : (Δ,∞) → (U,∞) be a Riemann map with g(1) = 2. The
composition h = Z−1 ◦ g : (Δ,∞) → (V,∞) is then the Riemann map for V which
satisfies h(1) = 1. The relation g = Z ◦ h in Δ persists under radial limits, hence
g(a) exists for some a ∈ T if and only if h(a) exists, and g(a) = Z(h(a)). In other
words, the ray γg(a) ⊂ U lifts under Z to the ray γh(a) ⊂ V , hence γg(a) lands at
p ∈ ∂U if and only if γh(a) lands at some q ∈ ∂V ∩Z−1(p). It follows in particular
that 1 ∈ ∂V 1 ∪ ∂V 2, so we can designate it as the marked boundary point of V .
With these boundary markings on ∂U and ∂V , we can speak of the senses ± on
the set of biaccessible angles for g and h, as described in §4.

Let p = g(a−) = g(a+) be a biaccessible point on ∂U . It will be convenient to
say that the ray pair γg(a

±) separates z from w if z and w belong to different
connected components of C� (γg(a

−) ∪ γg(a
+) ∪ {p}).

Lemma 5.1 (Lifting accessible points).

(i) Suppose the ray γg(a) lands at a uniaccessible point p ∈ ∂U . Then the lifted
ray γh(a) lands at a uniaccessible point which is the unique Z-preimage of
p on ∂V .

(ii) Suppose the rays γg(a
−), γg(a

+) land at a biaccessible point p ∈ ∂U �

{2,−2}. If the ray pair γg(a
±) does not separate −2 from 2, the lifted rays

γh(a
−), γh(a

+) land at a biaccessible point which is the unique Z-preimage
of p on ∂V . If the ray pair γg(a

±) separates −2 from 2, the lifted rays
γh(a

−), γh(a
+) land at a pair of uniaccessible points which are the distinct

Z-preimages of p on ∂V .

Figure 4 illustrates this lemma.

Proof. (i) We have p = g(a) ∈ ∂U1. Let q = h(a) so q ∈ ∂V and Z(q) = p. If
q = h(b) for some b = a, then g(b) = Z(h(b)) = Z(q) = p, which contradicts p being
uniaccessible. Thus, q ∈ ∂V 1. To prove Z−1(p)∩∂V = {q}, we may assume p = ±2
so Z−1(p) consists of distinct points q, 1/q, each having a small neighborhood which
maps biholomorphically under Z to a small neighborhood of p. If 1/q ∈ ∂V also, it
follows that 1/q is accessible, so by Lindelöf’s theorem 1/q = h(b) for some b = a.
Applying Z gives g(b) = p, which once again contradicts p being uniaccessible.

(ii) If p = g(a−) = g(a+) ∈ ∂U2, then h(a−) and h(a+) both belong to ∂V and
map under Z to p. First suppose the ray pair γg(a

±) does not separate −2 from
2 and choose an embedded arc η from −2 to 2 which avoids the union γg(a

−) ∪
γg(a

+)∪{p} entirely. The disk Ĉ�η lifts under Z to a disk D containing ∞, so the

map Z : D → Ĉ�η is a biholomorphism. Evidently, the preimages of γg(a
±) under

this biholomorphism are the rays γh(a
±), which in particular show that the latter

rays have a common landing point. It follows from a similar argument as above that
this common landing point is in ∂V 2 and forms Z−1(p) ∩ ∂V . Next, suppose the
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Figure 4. A disk U centered at ∞ and its Zhukovskĭı preimage
V . Each uniaccessible point on ∂U (such as 2 or −2 here) lifts to a
unique uniaccessible point on ∂V . But a biaccessible point on ∂U
lifts to a pair of uniaccessible points or a unique biaccessible point
on ∂V according to whether the corresponding ray pair is or is not
separating −2 from 2. (For simplicity, only the angles of rays with
respect to the normalized Riemann maps are shown in the figure.)

ray pair γg(a
±) separates −2 from 2. Then every embedded arc from −2 to 2 which

avoids the rays γg(a
±) must pass through p. Let η be such an arc and define D as

before and note that D is bounded by the Jordan curve Z−1(η) passing through ±1.
Each of the two connected components of C� (γg(a

−)∪ γg(a
+)∪ η) has either 2 or

−2 on its boundary. Taking preimages under the biholomorphism Z : D → Ĉ � η,
we see that each of the two connected components of (D�∞)� (γh(a

−)∪ γh(a
+))

has either 1 or −1 on its boundary. It easily follows that the rays γh(a
±) must

land at distinct Z-preimages of p. These points are uniaccessible since otherwise p
would be the landing point of 3 or more rays. �

Corollary 5.2. Let V be the Zhukovskĭı preimage of a disk centered at ∞. Suppose
q ∈ ∂V � {−1, 1} is biaccessible and the rays γh(a

±) land at q. Then the ray pair
γh(a

±) does not separate −1 from 1.

Lemma 5.3. Suppose U and Ũ are disks with marked centers at ∞, with ±2
on ∂U ∩ ∂Ũ , and with Zhukovskĭı preimages V and Ṽ . Let ϕ : ∂U → ∂Ũ be a
homeomorphism which fixes ±2 and is compatible with the embedding in the sphere.
Then there is a unique homeomorphism ψ : ∂V → ∂Ṽ which fixes ±1, is compatible
with the embedding in the sphere, and makes the following diagram commute:

∂V
ψ−−−−→ ∂Ṽ

Z

⏐⏐� ⏐⏐�Z

∂U
ϕ−−−−→ ∂Ũ

Moreover, for any pair of Riemann maps g : (Δ,∞) → (U,∞), g̃ : (Δ,∞) →
(Ũ ,∞) and h : (Δ,∞) → (V,∞), h̃ : (Δ,∞) → (Ṽ ,∞) related by g = Z ◦ h
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and g̃ = Z ◦ h̃, the induced circle homeomorphisms ϕ◦ = [g̃]−1 ◦ [ϕ] ◦ [g] and

ψ◦ = [h̃]−1 ◦ [ψ] ◦ [h] coincide. In particular, ψ is conformally fit if and only if ϕ is.

We call ψ the Zhukovskĭı lift of ϕ.

Proof. Extend ϕ to an orientation-preserving homeomorphism Φ : (Ĉ,∞) → (Ĉ,∞)

fixing ±2. Both Z and Φ ◦ Z : Ĉ � {±1} → Ĉ � {±2} are degree 2 regular

coverings. The image of the infinite cyclic fundamental group π1(Ĉ � {±1},∞)
under Φ ◦ Z is evidently the same as its image under Z. Hence there is a unique
lift Ψ : Ĉ � {±1} → Ĉ � {±1} which fixes ∞ and satisfies Φ ◦Z = Z ◦Ψ. Applying
the same argument to Φ−1 shows that Ψ has a continuous inverse, and hence it
extends to a homeomorphism Ψ : (Ĉ,∞) → (Ĉ,∞) once we define Ψ(±1) = ±1.

Since Ψ(V ) = Ṽ by the construction, the restriction ψ = Ψ|∂V is the desired
homeomorphism.

To verify the last assertion, note that the Riemann maps g and h, as well as g̃
and h̃, have identical landing angles, and the relations g = Z ◦ h and g̃ = Z ◦ h̃
persist under radial limits. It follows that on the set of landing angles for g,

g̃ ◦ ψ◦ = Z ◦ h̃ ◦ ψ◦ = Z ◦ ψ ◦ h = ϕ ◦ Z ◦ h = ϕ ◦ g.

Lemma 2.1 now shows that ϕ◦ = ψ◦. �

In the situation of the above lemma, let ω, ω̃ denote the harmonic measures on
∂U, ∂Ũ and ν, ν̃ denote the harmonic measures on ∂V, ∂Ṽ , all as seen from ∞.
Clearly, ω = Z∗ ν and ω̃ = Z∗ ν̃. If ψ∗ ν = ν̃, the functorial property of the push-
forward operator easily gives ϕ∗ ω = ω̃. However, the relation ϕ∗ ω = ω̃ does not
necessarily imply ψ∗ ν = ν̃. This can be seen from a suitably normalized version of
Example 4.5 in which p and p̃ are placed at 2 and, say, 0 is placed at −2. Thus,
the Zhukovskĭı lift of a homeomorphism which respects the harmonic measure may
fail to do so.

6. Holomorphically moving disks

Suppose {Ut}t∈D is a family of domains in Ĉ with the property that

(6.1) {(z, t) : z ∈ Ut} ⊂ Ĉ× D is open.

Equivalently, for every t0 ∈ D and every compact set K ⊂ Ut0 , the inclusion K ⊂ Ut

holds for all t sufficiently close to t0. We say that a family of maps ft : Ut → Ĉ

depends holomorphically on t if whenever z0 ∈ Ut0 , the map t �→ ft(z0) is
holomorphic in some neighborhood of t0.

We include the following easy result for convenience:

Lemma 6.1.

(i) Let {Ut}t∈D and {Vt}t∈D be families of domains in Ĉ that satisfy (6.1).

Suppose ft : Ut → Ĉ and gt : Vt → Ĉ are families of maps depending
holomorphically on t such that gt(Vt) ⊂ Ut and ft is holomorphic for each
t. Then the composition ft ◦ gt depends holomorphically on t.

(ii) If, in addition, each ft is univalent, then the inverse family f−1
t : ft(Ut) →

Ĉ depends holomorphically on t.
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Proof. (i) Let U = {(z, t) : z ∈ Ut}. By a classical theorem of Hartogs [7], ft :

Ut → Ĉ depends holomorphically on t if and only if the map f : U → Ĉ defined
by f(z, t) = ft(z) is holomorphic as a function of two complex variables. Thus, for
each z0 ∈ Vt0 the map t �→ (ft ◦gt)(z0) is holomorphic in a neighborhood of t0 since
it is the composition of the holomorphic map t �→ (gt(z0), t) followed by f .

(ii) Let Wt = ft(Ut) and W = {(z, t) : z ∈ Wt} and note that by Hartogs’
theorem, the map F : U → W defined by F (z, t) = (f(z, t), t) is injective and
holomorphic. Hence W is open and the inverse F−1 is holomorphic. This, by
another application of Hartogs, shows that f−1

t : Wt → Ĉ depends holomorphically
on t. �

A holomorphic motion of a set X0 ⊂ Ĉ over the unit disk D is a family of
injections ϕt : X0 ↪→ Ĉ which depends holomorphically on the parameter t ∈ D

and reduces to the identity map at t = 0. Explicitly,

(i) for each t ∈ D, the map z �→ ϕt(z) is injective on X0;
(ii) for each z ∈ X0, the map t �→ ϕt(z) is holomorphic in D;
(iii) for each z ∈ X0, ϕ0(z) = z.

We often write Xt for the image ϕt(X0).
The following fundamental results on extending holomorphic motions will be

used in this section. The first is a rather easy application of Montel’s theorem on
normal families:

Theorem 6.2 (The λ-Lemma). Every holomorphic motion ϕt : X0 → Xt over D

has a unique extension to a holomorphic motion X0 → Xt of the closure.

The second is a much deeper result with a more difficult proof [11]:

Theorem 6.3 (Slodkowski). Suppose ϕt : X0 → Xt is a holomorphic motion of

a set X0 ⊂ Ĉ over D. Then there is a holomorphic motion Φt : Ĉ → Ĉ of the
Riemann sphere such that Φt|X0

= ϕt|X0
for all t ∈ D.

It is an elementary fact that every holomorphic motion Φt : Ĉ → Ĉ is automat-
ically Kt-quasiconformal, where Kt = (1 + |t|)/(1− |t|).

As a simple application, we record the following not-so-obvious uniqueness result:

Theorem 6.4. A given family {Xt}t∈D of sets in Ĉ with empty interior is the
image of at most one holomorphic motion over D: if ϕt, ψt : X0 → Xt are both
holomorphic motions, then ϕt = ψt for all t ∈ D.

Proof. Use Slodkowski’s Theorem 6.3 to extend ϕt and ψt to holomorphic motions
Φt and Ψt of the whole sphere. The map

z �→
{
Φt(z), z ∈ X0,

Ψt(z), z ∈ Ĉ �X0,

is then a holomorphic motion of the sphere. By continuity, ϕt(z) = ψt(z) for all
z ∈ X0. �
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This section will study families {Ut} of disks in Ĉ and holomorphic motions
ϕt : ∂U0 → ∂Ut over D of their boundaries. Such motions impose a form of rigidity
on the boundaries since by Slodkowski’s theorem they are all quasiconformally
equivalent. For instance, if ∂Ut is a quasicircle for some t, the same must hold
for all t. Moreover, for any family of Riemann maps gt : D → Ut the induced
homeomorphisms ϕ◦

t = [gt]
−1 ◦ [ϕt] ◦ [g0] : T → T must be quasisymmetric. To see

this, extend ϕt to a holomorphic motion Φt : Ĉ → Ĉ which takes U0 to Ut. The
composition ht = g−1

t ◦ Φt ◦ g0 : D → D is then quasiconformal for each t, so it
extends to a quasisymmetric homeomorphism ht : T → T. Writing gt ◦ ht = Φt ◦ g0
in D and taking radial limits gives gt ◦ ht = ϕt ◦ g0 on the set of landing angles for
g0. It follows from Lemma 2.1 that ht = ϕ◦

t .
Despite this rigidity, holomorphic motions are flexible and can be easily produced

by invoking the measurable Riemann mapping theorem of Morrey-Ahlfors-Bers
(see [2] and compare [1]). For any holomorphic motion Φt : Ĉ → Ĉ over D, the

Beltrami coefficient μt = ∂Φt/∂Φt ∈ L∞(Ĉ) is well-defined and has the following
properties: (i) ‖μt‖∞ < 1; (ii) μ0 = 0; (iii) μt depends holomorphically on the

parameter t ∈ D. Conversely, any family {μt}t∈D of Beltrami coefficients on Ĉ

which satisfies the above three conditions comes from a holomorphic motion. In
fact, let Φt : Ĉ → Ĉ be the unique quasiconformal homeomorphism which solves
the Beltrami equation ∂Φt/∂Φt = μt and is normalized so that it fixes 0, 1,∞.

According to Ahlfors and Bers, for each z ∈ Ĉ the map t �→ Φt(z) is holomorphic.
Since Φ0 = id by uniqueness, it follows that Φt defines a holomorphic motion of the
sphere over D. This provides a convenient way of embedding any disk boundary
∂U0 in a holomorphic motion: Take any measurable function μ on Ĉ such that
‖μ‖∞ < 1, consider the holomorphic motion Φt : Ĉ → Ĉ generated by the Beltrami
coefficients μt = tμ, and set Ut = Φt(U0). The restriction of Φt to the boundary
∂U0 is then a holomorphic motion ∂U0 → ∂Ut over D.

Let {(Ut, ct)}t∈D be a family of pointed disks in Ĉ, where the marked center
ct ∈ Ut depends holomorphically on t. We say that a holomorphic motion ϕt :
∂U0 → ∂Ut is trivial if it extends to a holomorphic motion Φt : (Ĉ, c0) → (Ĉ, ct)
whose Beltrami coefficient μt is supported off U0. In other words, for each t ∈ D

the restriction Φt : (U0, c0) → (Ut, ct) should be a biholomorphism. Trivial motions
of a disk boundary ∂U0 are easily produced: Simply choose the initial Beltrami
coefficient μ in the above construction to be supported on Ĉ�U0, so every μt = tμ
vanishes in U0.

We are now ready to prove our main theorem which ties in several of the notions
introduced earlier. For convenience, we include the statement of the theorem once
more:

Main Theorem. Let {(Ut, ct)}t∈D be a family of pointed disks in Ĉ, where the
center ct depends holomorphically on t. Suppose the boundaries of these disks un-
dergo a holomorphic motion ϕt : ∂U0 → ∂Ut over D. Then the following conditions
are equivalent:

(i) There is a family of Riemann maps gt : (D, 0) → (Ut, ct) which depends
holomorphically on t.

(ii) ϕt : ∂U0 → ∂Ut is a trivial motion in the sense that it extends to a holomor-

phic motion Φt : (Ĉ, c0) → (Ĉ, ct) such that the restriction Φt : (U0, c0) →
(Ut, ct) is a biholomorphism for each t.



1044 S. ZAKERI

(iii) ϕt : ∂U0 → ∂Ut is conformally fit for each t.
(iv) There is an irrational θ ∈ R/Z for which the intrinsic rotation ρθ,t :

(Ut, ct) → (Ut, ct) depends holomorphically on t.
(v) ϕt : ∂U0 → ∂Ut respects the harmonic measure as seen from the center:

(ϕt)∗ω0 = ωt for each t.
(vi) The map t �→ log rad(Ut, ct) is harmonic in D.

Before we begin the proof, several remarks are in order:
(1) The family {gt} in (i), if it exists, must be unique up to a rotation and

therefore is completely determined by the choice of g0 : (D, 0) → (U0, c0). In fact,
if gt, ht : (D, 0) → (Ut, ct) are both Riemann maps which depend holomorphically
on t, the composition h−1

t ◦ gt : (D, 0) → (D, 0) is a rigid rotation by the Schwarz
lemma, and it depends holomorphically on t by Lemma 6.1 and hence must be
independent of t.

(2) It is easy to verify that the conditions (i)-(vi) in the above theorem are
invariant under a Möbius change of coordinates: If {Mt}t∈D is a family of Möbius
maps which depends holomorphically on t, then by Lemma 6.1 the map ψt =
Mt ◦ ϕt ◦M−1

0 : ∂V0 → ∂Vt defines a holomorphic motion on the boundaries of the
disks Vt = Mt(Ut). Moreover, each of the conditions (i)-(vi) holds for ϕt if and only
if the corresponding condition holds for ψt. As an example, take two distinct points
p0, q0 on ∂U0, let pt = ϕt(p0) and qt = ϕt(q0), and consider the unique Möbius map

Mt : Ĉ → Ĉ which carries (pt, qt, ct) to (0, 1,∞). The above construction will then
produce a holomorphic motion where the pointed disks have their marked center
at ∞.

(3) A holomorphic motion ϕt : ∂U0 → ∂Ut for which t �→ log rad(Ut, ct) is
harmonic can always be rescaled so the conformal radius becomes constant. To see
this, apply a preliminary Möbius change of coordinates to arrange ct = ∞ for all t.
Then find a holomorphic function f : D → C such that Re(f(t)) = log rad(Ut,∞)

for all t ∈ D and let Mt : Ĉ → Ĉ be the dilation z �→ e−f(t)z. The boundaries of
the rescaled disks Vt = Mt(Ut) undergo the holomorphic motion Mt ◦ϕt ◦M−1

0 and
the conformal radius of the pointed disk (Vt,∞) is 1 for all t.

Proof of the Main Theorem. We will verify the following implications:

(iv) ⇐⇒ (i) =⇒ (ii)

=⇒ ⇓

(iii) ⇐⇒ (v) ⇐⇒ (vi)

As noted above, we may assume without loss of generality that ct = ∞ for all t.
(i) =⇒ (ii): Use Slodkowski’s Theorem 6.3 to extend ϕt to a holomorphic motion

ψt : (Ĉ,∞) → (Ĉ,∞) which necessarily takes U0 to Ut. The map Φt : (Ĉ,∞) →
(Ĉ,∞) defined by

(6.2) Φt =

{
gt ◦ g−1

0 in U0,

ψt on Ĉ � U0

is a holomorphic motion of the sphere which extends ϕt, fixes ∞, and maps U0

biholomorphically to Ut.
(ii) =⇒ (iii): Extend ϕt to a holomorphic motion Φt : (Ĉ,∞) → (Ĉ,∞) which

maps U0 biholomorphically to Ut. For any Riemann map g0 : (Δ,∞) → (U0,∞),
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the composition gt = Φt ◦ g0 : (Δ,∞) → (Ut,∞) is a conformal isomorphism.
Taking radial limits, it follows that gt = ϕt ◦ g0 on the set of landing angles for g0.

(iii) =⇒ (i): Let the Riemann maps gt : (Δ,∞) → (Ut,∞) be chosen so that
for each t the relation gt = ϕt ◦ g0 holds on the set of landing angles for g0.
The holomorphic dependence of gt on t is then a straightforward consequence of
the Poisson integral formula once we normalize maps and disks properly. Pick
distinct points p1,0, p2,0, p3,0 on ∂U0, let pn,t = ϕt(pn,0) for n = 1, 2, 3, and consider

the unique Möbius map Mt : Ĉ → Ĉ which carries (p1,t, p2,t, p3,t) to (0, 1,∞).

The composition ψt = Mt ◦ ϕt ◦ M−1
0 gives a holomorphic motion of the disk

Vt = Mt(Ut) ⊂ Ĉ � {0, 1,∞} centered at ct = Mt(∞). The Riemann maps ht :
(D, 0) → (Vt, ct) defined by ht(z) = (Mt ◦ gt)(1/z) satisfy ht = ψt ◦ h0 on the set of
landing angles for h0. It suffices to show that ht depends holomorphically on t.

To this end, let π : D → Ĉ� {0, 1,∞} be a holomorphic universal covering map.

Let t �→ ĉt be any lift of the holomorphic map t �→ ct under π and ĥt : (D, 0) →
(D, ĉt) be the corresponding unique lift of ht. Ignoring the measure-zero set of
angles on T for which the radial limit of h0 does not exist or belongs to {0, 1,∞},
the relation ht = ψt ◦ h0 shows that t �→ ht(a) is holomorphic and takes values in

Ĉ � {0, 1,∞} for almost every a ∈ T. Lifting under π, it follows that the radial

limit t �→ ĥt(a) is holomorphic and takes values in D for almost every a ∈ T. As

ĥt ∈ L∞(T), the Poisson formula

ĥt(z) =
1

2π

∫ 2π

0

1− |z|2
|eis − z|2 ĥt(e

is) ds (z ∈ D)

holds. Since the integrand depends holomorphically on t for almost every s, the

map t �→ ĥt(z) is holomorphic for each z ∈ D, so the same must be true of t �→
ht(z) = π(ĥt(z)).

(i) =⇒ (iv): This follows from Lemma 6.1 since ρθ,t = gt ◦Rθ ◦ g−1
t .

(iv) =⇒ (i): This is essentially Sullivan’s argument in [13]. Use Slodkowski’s

Theorem 6.3 to extend ϕt to a holomorphic motion ψt : (Ĉ,∞) → (Ĉ,∞) which
maps U0 to Ut. Take a sequence {zn,0} in U0 such that zn,0 → ∂U0 as n → ∞. Set
zn,t = ψt(zn,0) ∈ Ut, so zn,t → ∂Ut as n → ∞. Let Γn,t ⊂ Ut be the Jordan curve
through zn,t which is invariant under the intrinsic rotation ρθ,t. By assumption (iv)
and Lemma 6.1, the map

ρ◦kθ,0(zn,0) �→ ρ◦kθ,t(zn,t), k = 1, 2, 3, . . . ,

defines a holomorphic motion of the ρθ,0-orbit of zn,0. By the λ-Lemma and irra-
tionality of θ, this motion extends to a holomorphic motion ζn,t : Γn,0 → Γn,t. Let

gn,t be the unique Riemann map from Δ to the connected component of Ĉ � Γn,t

containing ∞, normalized so that gn,t(∞) = ∞ and gn,t(1) = zn,t. It follows from
the definition of the intrinsic rotations that gn,t = ζn,t ◦gn,0 on the unit circle T. In
particular, t �→ gn,t(z) is holomorphic if z ∈ T. An application of the Poisson for-
mula (similar to but easier than the above argument) then shows that t �→ gn,t(z)
is holomorphic for z ∈ Δ. For each t ∈ D the family {gn,t}n≥1 is normal in Δ

since it omits every value in Ĉ � Ut, and any limit of it as n → ∞ is a Riemann
map (Δ,∞) → (Ut,∞). We need to choose these limits consistently to guarantee
they depend holomorphically on t. To this end, take any sequence tk of parameters
tending to 0 and by a diagonal argument find an increasing sequence {nj} of inte-
gers such that gnj ,tk converges locally uniformly in Δ for each k as j → ∞. Pick
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distinct points p1,0, p2,0, p3,0 on ∂U0 so the three holomorphic maps t �→ ϕt(pi,0)
for i = 1, 2, 3 have disjoint graphs. Montel’s theorem shows that for each z ∈ Δ the
family {t �→ gn,t(z)}n≥1 is normal in D since their graphs do not intersect those of
t �→ ϕt(pi,0). It follows from Vitali-Porter’s Theorem [10] that t �→ gnj ,t(z) con-
verges locally uniformly in D for every z ∈ Δ as j → ∞. Clearly the limit map
gt = limj→∞ gnj ,t depends holomorphically on t.

(iii) =⇒ (v): This follows immediately from Theorem 4.3.
The proof of the equivalence (v) ⇐⇒ (vi) will depend on a potential theoretic

characterization of the harmonic measure which we recall below (for details, see for

example [9]). Suppose U ⊂ Ĉ is a disk containing ∞, so ∂U is a compact subset
of the plane. The energy of a Borel probability measure μ supported on ∂U is
defined as the integral

(6.3) E(μ) = −
∫∫

∂U×∂U

log |z − w| dμ(z) dμ(w).

The harmonic measure ω on ∂U as seen from ∞ is the unique equilibrium mea-
sure on ∂U , i.e., the unique measure which minimizes energy among all Borel
probability measures on ∂U [9, Theorem 4.3.14]:

(6.4) E(ω) = inf
μ

E(μ).

A Green’s function argument gives a geometric interpretation for the minimal en-
ergy by relating it to the conformal radius [9, Theorem 5.2.1]:

(6.5) E(ω) = log rad(U,∞).

(v) =⇒ (vi): Since (ϕt)∗ω0 = ωt, the definition (6.3) shows that

E(ωt) = −
∫∫

∂U0×∂U0

log |ϕt(z)− ϕt(w)| dω0(z) dω0(w).

The integrand on the right is a harmonic function of t, so the same must be true of
E(ωt). Since log rad(Ut,∞) = E(ωt) by (6.5), we conclude that t �→ log rad(Ut,∞)
is harmonic in D.

(vi) =⇒ (v): Consider the push-forward measure μt = (ϕt)∗ω0 on ∂Ut and define

h(t) = E(μt) = −
∫∫

∂Ut×∂Ut

log |z − w| dμt(z) dμt(w)

= −
∫∫

∂U0×∂U0

log |ϕt(z)− ϕt(w)| dμ0(z) dμ0(w).

The function h is harmonic in D with h(0) = E(ω0) since μ0 = ω0. Furthermore,
the energy minimizing characterization (6.4) of ωt shows that h(t) ≥ E(ωt) for
every t ∈ D. The non-negative harmonic function t �→ h(t) − E(ωt) assumes the
value 0 at t = 0, hence it must be identically 0 by the maximum principle. The
uniqueness of the equilibrium measure then shows that μt = ωt for all t.

(v) =⇒ (iii): Choose a marked point s0 ∈ ∂U1
0 ∪∂U2

0 and set st = ϕt(s0) ∈ ∂U1
t ∪

∂U2
t . Let gt : (Δ,∞) → (Ut,∞) be the Riemann map which satisfies gt(1) = st, for

which ϕ◦
t = [gt]

−1 ◦ [ϕt] ◦ [g0] : T → T fixes 1. We prove that ϕ◦
t = id for all t.

Let A1
t and A2

t denote the set of uniaccessible and biaccessible angles for ∂Ut

under gt, as defined in §4. Fix an angle a0 ∈ A1
0 ∪A2

0, a0 = 1, and set q0 = g0(a0).
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Then qt = ϕt(q0) = gt(at), where at = ϕ◦
t (a0) ∈ A1

t ∪ A2
t . Let Mt : Ĉ → Ĉ be the

affine map which sends 2 to st and −2 to qt:

Mt : z �→ 1

4
(st − qt)z +

1

2
(st + qt).

Let Wt = M−1
t (Ut) and consider the induced motion ζt = M−1

t ◦ ϕt ◦M0 : ∂W0 →
∂Wt. Finally, let Vt be the Zhukovskĭı preimage of Wt, as defined in §5, and
ψt : ∂V0 → ∂Vt be the Zhukovskĭı lift of ζt given by Lemma 5.3. Observe that by
(5.1),

rad(Vt,∞) = rad(Wt,∞) = rad(Ut,∞)/|M ′
t(∞)|,

so

log rad(Vt,∞) = log rad(Ut,∞) + log |st − qt| − log 4.

By the equivalence (v) ⇐⇒ (vi) established above, t �→ log rad(Ut,∞) is harmonic
in D. The same is true of t �→ log rad(Vt,∞) since t �→ st − qt is non-vanishing and
holomorphic in D. Invoking (v) ⇐⇒ (vi) once more, we see that the lifted motion
ψt respects the harmonic measure νt on ∂Vt as seen from ∞: (ψt)∗ν0 = νt.

Now let ht = Z−1 ◦M−1
t ◦ gt : (Δ,∞) → (Vt,∞) be the corresponding Riemann

map of Vt, where Z−1 is the inverse of the biholomorphic restriction Z : Vt → Wt.
Consider the measurable sets

Xt = ht([1, at]) ⊂ ∂Vt (t ∈ D)

which satisfy Xt = ψt(X0). Decompose Xt up to a set of harmonic measure zero
into the disjoint union of the measurable sets

X1
t = Xt ∩ ∂V 1

t ,

X2
t = Xt ∩ ∂V 2

t .

If p ∈ X2
t � {−1, 1}, Corollary 5.2 shows that the rays landing at p do not separate

−1 = ht(at) from 1 = ht(1), which means both angles in h−1
t (p) belong to [1, at].

It follows that there is a corresponding measurable decomposition [1, at] = I1t ∪ I2t
up to a set of Lebesgue measure zero, where

I1t = h−1
t (X1

t ),

I2t = h−1
t (X2

t ).

Note that by Lemma 4.2, ψt(X
n
0 ) = Xn

t for n = 1, 2. The relation (ψt)∗ ν0 = νt
now shows that

m(I1t ) = νt(X
1
t ) = ν0(X

1
0 ) = m(I10 ),

m(I2t ) = νt(X
2
t ) = ν0(X

2
0 ) = m(I20 ).

Adding these equalities gives m([1, at]) = m([1, a0]), which shows at = a0 for all t.
It follows that for every t ∈ D, ϕ◦

t = id on the full-measure set A1
0 ∪A2

0, and hence
on T by continuity. �

Theorem 6.5. The conformal fitness condition (iii) in the Main Theorem can be
replaced with the following weaker condition:

(iii′) There is a continuous family gt : (D, 0) → (Ut, ct) of Riemann maps and a
set X ⊂ T of positive Lebesgue measure such that gt = ϕt ◦ g0 on X for all
t ∈ D.
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Proof. It suffices to show that (iii′) implies (i). As in the proof of (iii) =⇒ (i),
after various normalizations we may assume that the family {gt}t∈D is uniformly
bounded. Let γ be any smooth closed curve in D and define

G(z) =

∫
γ

gt(z) dt (z ∈ D).

Then G is holomorphic in D. Moreover, Lebesgue’s dominated convergence theorem
shows that for every a ∈ X,

G(a) = lim
r→1

G(ra) = lim
r→1

∫
γ

gt(ra) dt

=

∫
γ

lim
r→1

gt(ra) dt =

∫
γ

gt(a) dt

=

∫
γ

ϕt(g0(a)) dt = 0,

where the last equality follows from Cauchy’s theorem since t �→ ϕt(g0(a)) is holo-
morphic. Thus, the bounded holomorphic function G has zero radial limit on the
positive-measure set X. The theorem of F. and M. Riesz then shows that G must
be identically zero in D. Since γ was arbitrary, it follows from Morera’s theorem
that for each fixed z, the map t �→ gt(z) is holomorphic in D. �

Acknowledgements

This is a revised version of an unpublished manuscript that the author wrote in
2010. He would like to thank Fred Gardiner and Zhe Wang for conversations at an
early stage of this project. The author is especially grateful to Xavier Buff whose
suggestion during a late night conversation on the Island of Porquerolles in May
2011 prompted the idea of taking Zhukovskĭı double-covers that is utilized in the
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[3] Xavier Buff and Arnaud Chéritat, A new proof of a conjecture of Yoccoz (English, with
English and French summaries), Ann. Inst. Fourier (Grenoble) 61 (2011), no. 1, 319–350,
DOI 10.5802/aif.2603. MR2828132 (2012e:37096)

[4] Xavier Buff and Carsten L. Petersen, On the size of linearization domains, Math. Proc. Cam-
bridge Philos. Soc. 145 (2008), no. 2, 443–456, DOI 10.1017/S0305004108001436. MR2442136
(2009i:37113)

[5] Curtis T. McMullen, Complex dynamics and renormalization, Annals of Mathematics Stud-
ies, vol. 135, Princeton University Press, Princeton, NJ, 1994. MR1312365 (96b:58097)

[6] John Milnor, Dynamics in one complex variable, 3rd ed., Annals of Mathematics Studies,
vol. 160, Princeton University Press, Princeton, NJ, 2006. MR2193309 (2006g:37070)

[7] Raghavan Narasimhan, Several complex variables, The University of Chicago Press, Chicago,
Ill.-London, 1971. Chicago Lectures in Mathematics. MR0342725 (49 #7470)

[8] Ch. Pommerenke, Boundary behaviour of conformal maps, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 299, Springer-Verlag,
Berlin, 1992. MR1217706 (95b:30008)

http://www.ams.org/mathscinet-getitem?mr=2241787
http://www.ams.org/mathscinet-getitem?mr=2241787
http://www.ams.org/mathscinet-getitem?mr=0115006
http://www.ams.org/mathscinet-getitem?mr=0115006
http://www.ams.org/mathscinet-getitem?mr=2828132
http://www.ams.org/mathscinet-getitem?mr=2828132
http://www.ams.org/mathscinet-getitem?mr=2442136
http://www.ams.org/mathscinet-getitem?mr=2442136
http://www.ams.org/mathscinet-getitem?mr=1312365
http://www.ams.org/mathscinet-getitem?mr=1312365
http://www.ams.org/mathscinet-getitem?mr=2193309
http://www.ams.org/mathscinet-getitem?mr=2193309
http://www.ams.org/mathscinet-getitem?mr=0342725
http://www.ams.org/mathscinet-getitem?mr=0342725
http://www.ams.org/mathscinet-getitem?mr=1217706
http://www.ams.org/mathscinet-getitem?mr=1217706


UNIFORMIZATION OF HOLOMORPHICALLY MOVING DISKS 1049

[9] Thomas Ransford, Potential theory in the complex plane, London Mathematical Society Stu-
dent Texts, vol. 28, Cambridge University Press, Cambridge, 1995. MR1334766 (96e:31001)

[10] Reinhold Remmert, Classical topics in complex function theory, Graduate Texts in Math-
ematics, vol. 172, Springer-Verlag, New York, 1998. Translated from the German by Leslie
Kay. MR1483074 (98g:30002)

[11] Zbigniew Slodkowski, Holomorphic motions and polynomial hulls, Proc. Amer. Math. Soc.
111 (1991), no. 2, 347–355, DOI 10.2307/2048323. MR1037218 (91f:58078)

[12] Stanislav K. Smirnov, On supports of dynamical laminations and biaccessible points in
polynomial Julia sets, Colloq. Math. 87 (2001), no. 2, 287–295, DOI 10.4064/cm87-2-11.
MR1814670 (2001m:37092)

[13] D. Sullivan, Quasiconformal homeomorphisms and dynamics III: Topological conjugacy
classes of analytic endomorphisms, unpublished manuscript.

[14] Saeed Zakeri, Biaccessibility in quadratic Julia sets, Ergodic Theory Dynam. Systems 20
(2000), no. 6, 1859–1883, DOI 10.1017/S0143385700001024. MR1804961 (2001k:37068)

[15] Saeed Zakeri, Dynamics of cubic Siegel polynomials, Comm. Math. Phys. 206 (1999), no. 1,
185–233, DOI 10.1007/s002200050702. MR1736986 (2000m:37073)

[16] Saeed Zakeri, On Siegel disks of a class of entire maps, Duke Math. J. 152 (2010), no. 3,
481–532, DOI 10.1215/00127094-2010-017. MR2654221 (2011e:37102)

[17] Anna Zdunik, On biaccessible points in Julia sets of polynomials, Fund. Math. 163 (2000),
no. 3, 277–286. MR1758329 (2001f:37058)

Department of Mathematics, Queens College and Graduate Center of CUNY, Queens,

New York 11367

E-mail address: saeed.zakeri@qc.cuny.edu

http://www.ams.org/mathscinet-getitem?mr=1334766
http://www.ams.org/mathscinet-getitem?mr=1334766
http://www.ams.org/mathscinet-getitem?mr=1483074
http://www.ams.org/mathscinet-getitem?mr=1483074
http://www.ams.org/mathscinet-getitem?mr=1037218
http://www.ams.org/mathscinet-getitem?mr=1037218
http://www.ams.org/mathscinet-getitem?mr=1814670
http://www.ams.org/mathscinet-getitem?mr=1814670
http://www.ams.org/mathscinet-getitem?mr=1804961
http://www.ams.org/mathscinet-getitem?mr=1804961
http://www.ams.org/mathscinet-getitem?mr=1736986
http://www.ams.org/mathscinet-getitem?mr=1736986
http://www.ams.org/mathscinet-getitem?mr=2654221
http://www.ams.org/mathscinet-getitem?mr=2654221
http://www.ams.org/mathscinet-getitem?mr=1758329
http://www.ams.org/mathscinet-getitem?mr=1758329

	1. Introduction
	2. Preliminaries
	3. Conformal fitness
	4. Measure-theoretic characterization of conformal fitness
	5. The Zhukovskiĭ lift
	6. Holomorphically moving disks
	Acknowledgements
	References

