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INVARIANCE OF R-GROUPS BETWEEN p-ADIC

INNER FORMS OF QUASI-SPLIT CLASSICAL GROUPS

KWANGHO CHOIY AND DAVID GOLDBERG

Abstract. We study the reducibility of parabolically induced representations
of non-split inner forms of quasi-split classical groups. The isomorphism of
Arthur R–groups, endoscopic R–groups and Knapp-Stein R–groups is estab-
lished, as well as showing these R–groups are isomorphic to the corresponding
ones for the quasi-split form. This shows R–groups are an invariant of the
L–packets. The results are applied to classify the elliptic spectrum.

1. Introduction

We continue our study of L–packets and reducibility for non-quasi-split inner
forms of reductive p–adic groups. In [CG15] we examined the case of inner forms of
SLn. There we found a relation between the structure of the tempered L–packets
of SLn(F ) and those of SLr(D), where D is a central division algebra of dimension
d2 over F, and r = n/d. Our method was to use the transfer of Plancherel measures
via a Jacquet-Langlands type correspondence developed by the first named author
in [Cho14]. This allows us to determine the Knapp-Stein R–groups for SLr(D)
from those of SLn(F ). The same result was proved by Chao and Li [CL14] using a
different method, and they showed there are L–packets of the non-quasi-split inner
form whose R-groups are strictly smaller than those of the corresponding L–packet
of SLn(F ). Here we turn to the case of the split classical groups SOn and Sp2n,
as well as the non-split, quasi-split special orthogonal group SO∗

2n. In these cases
we can show the R–groups are invariant under the transfer to the non-quasi-split
inner form. Further, we can show the intertwining algebras are preserved. This
shows the theory of reducibility of induced from discrete series representations, and
elliptic representations for these cases transfers from [Gol94,Her93].

We fix a p–adic field, F, of characteristic zero, and consider a reductive connected
quasi-split algebraic group G defined over F. We assume G′ is an inner form of G.
The tempered spectrum of G = G(F ) consists of the discrete series, as well as
the irreducible components of representations parabolically induced from discrete
series representations of proper F–Levi subgroups. If M′ is an F–Levi subgroup
of G′, then there is an F–Levi subgroup M of G with M′ an inner form of M.
Since the root datum of G determines the Langlands L–group LG, we have an
F̄ -isomorphism ψ : G′ ∼→ G and we see Ĝ = Ĝ′, where these are the connected
components of the L–groups. The local Langlands correspondence gives a param-
eterization of the tempered spectrum, in the form of L–packets, via admissible
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homomorphisms ϕ : W ′
F → LG. This, then, gives a correspondence between the

L–packets Πϕ(G) of G and Πϕ(G
′) of G′. Since M and M′ are inner forms, we have

a similar correspondence between L–packets on the Levi subgroups.
For the groups under consideration, SOn, Sp2n and SO∗

2n, the theory of induced
representations is well understood (see [Gol94] and Appendix A). Furthermore,
from the work of Harris-Taylor, [HT01], Henniart, [Hen00] and Arthur, [Art13], we
know the local Langlands correspondence has been established for all these groups,
as well as all of their Levi subgroups (see also [JS04,MW03] for SO2n+1). Here
we investigate the induced representations for the non-quasi-split inner forms G′ of
these groups G. Suppose σ′ is a discrete series representation of some Levi subgroup
M ′ = M′(F ) of G′. We suppose σ′ ∈ Πϕ(M

′), and take an element σ ∈ Πϕ(M). We
show there is a one-to-one correspondence between the components of the induced
representations iG,M (σ) and iG′,M ′(σ′) (cf. Theorem 3.9, and its corollaries). The
structure of iG,M (σ) and iG′,M ′(σ′) are determined by the intertwining algebras
C(σ) and C(σ′). These in turn are determined by the Knapp-Stein R–groups Rσ

and Rσ′ , along with 2–cocycles of each of these groups. We show Rσ � Rσ′ . Herb
showed the cocycle of Rσ is trivial, [Her93], and we show the argument there can
be adapted to the inner form, showing the cocycle of Rσ′ is also trivial. This, then
gives the correspondence between components we referred to above. Furthermore,
we show the components of iG′,M ′(σ′) are elliptic if and only if the components of
iG,M (σ) are elliptic.

Our approach is through the theory of endoscopic and Arthur R–groups. These
are R–groups attached to the packet through the Ĝ–centralizer of the image of the
parameter, ϕ (see sections 2 and 3). In order to establish our results we need to work
under a pair of hypotheses (cf. Hypotheses 3.4). Namely, we have to assume the
stabilization of the twisted trace formula, and also assume the classification for the
inner forms, which are expected to follow from the work of Arthur [Art13], though
this has not been completed as of now. In the case of a split group the endoscopic
R–group Rϕ is the quotient of the Weyl group Wϕ of the centralizer modulo that of
the connected component W ◦

ϕ. The Arthur R-group is then defined by identifying
Wϕ with a subgroup of the Weyl group WM . Then Rϕ,σ = Wϕ,σ/W

◦
ϕ,σ, where the

two factors are determined by intersection with the WM–stabilizer of σ. Then our
main result is Rσ � Rϕ,σ � Rϕ,σ′ � Rσ′ (cf. Theorem 3.9). From this all the
results on reducibility and components now follow directly.

In section 2 we give our definitions and notation. We give an explicit description
of all the inner forms we will study, as well as preliminary results we need. Section
3 then contains the main results on elliptic tempered A–packets, endoscopic, and
Arthur R–groups. In section 4, we apply the results of section 3 to the study of
elliptic representations. Finally, Appendix A contains an extension of the results
of [Gol94] to the case of the non-split, quasi-split even special orthogonal group.

2. Preliminaries

2.1. Basic notation. Let F denote a p-adic field of characteristic 0, that is, a
finite extension of Qp. Fix an algebraic closure F̄ of F. We let G denote a connected
reductive algebraic group defined over F.We use the notation G to denote the group
G(F ) of F -points and likewise for other algebraic groups defined over F.

Fix a minimal F -parabolic subgroup P0 of G with Levi component M0 and
unipotent radical N0. Let A0 be the split component of M0, that is, the maximal
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F -split torus in the center of M0. Let Δ be the set of simple roots of A0 in N0.
Let P ⊆ G be a standard (that is, containing P0) F -parabolic subgroup of G.
Write P = MN with its Levi component M = MΘ ⊇ M0 generated by a subset
Θ ⊆ Δ and its unipotent radical N ⊆ N0. We note that the split component
AM = AMΘ

of M = MΘ is equal to the identity component (
⋂

α∈Θ kerα)◦ in
A0, so that M = ZG(AM), where ZG(AM) is the centralizer of AM in G (see
[Bor91, Proposition 20.4] and [Spr98, Section 15.1]). We denote by δP the modulus
character of P.

Let Irr(M) denote the set of isomorphism classes of irreducible admissible repre-
sentations of M. Denote by Πdisc(M) the set of discrete series representations of M.
By abuse of terminology, we do not make a distinction between each isomorphism
class and its representative. For any σ ∈ Irr(M), we write iG,M (σ) for the normal-

ized (twisted by δ
1/2
P ) induced representation. We denote by σ̃ the contragredient

of σ.
We let X∗(M)F denote the group of F -rational characters of M. We set aM :=

Hom(X∗(M)F ,R) the real Lie algebra of AM. We denote by Φ(P,AM) the set of re-
duced roots ofP with respect toAM. LetWM = W (G,AM) := NG(AM)/ZG(AM)
denote the Weyl group of AM in G, where NG(AM) is the normalizer of AM in
G. For simplicity, we write A0 = AM0

.
We denote by WF the Weil group of F and Γ := Gal(F̄ /F ). Fixing Γ-invariant

splitting data, we define the L-group, LG, ofG as a semi-direct product LG := Ĝ�Γ
(see [Bor79, Section 2]). By an L-parameter for G, we mean an admissible homo-
morphism φ : WF × SL2(C) → LG. Two L-parameters are said to be equivalent

if they are conjugate by Ĝ. We denote by Φ(G) the set of equivalence classes of
L-parameters for G (see [Bor79, Section 8.2]). We write a subset Πφ(G) of Irr(G)
for an L-packet, attached to a given L-parameter φ. For any topological group H,
we denote by Z(H) the center of H. We let π0(H) denote the group H/H◦ of
connected components of H, where H◦ is the identity component of H.

2.2. Structure of F -inner forms of quasi-split classical groups. Let G =
G(n) denote a quasi-split classical group of rank n over F. More precisely, there
are the following cases:

(1) Type Bn : G(n) = SO2n+1, the split special orthogonal group in 2n + 1
variables defined over F.

(2) Type Cn : G(n) = Sp2n, the symplectic group in 2n variables defined over
F.

(3) Type 1Dn :G(n) = SO2n, the split special orthogonal group in 2n variables
defined over F.

(4) Type 2Dn : G(n) = SO∗
2n, the quasi-split special orthogonal group associ-

ated to a quadratic extension E over F, where G(n) is split over E.

We denote by M an F–Levi subgroup of G. Then, M is of the form

(2.1) GLn1
(F )× · · · ×GLnk

(F )×G−(m),

where
∑k

i=1 ni +m = n and G−(m) denotes SO2m+1, Sp2m, SO2m or SO∗
2m with

the same type as G. We refer the reader to [Gol94] for split cases and Appendix A
for the quasi-split case SO∗

2n.

We let G′ = G′(n) denote an F–inner form of G. Recall that G and G′ are

F -inner forms with respect to an F̄ -isomorphism ϕ : G′ ∼→ G if ϕ ◦ τ (ϕ)−1 is an
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inner automorphism (g �→ xgx−1) defined over F̄ for all τ ∈ Γ. We often omit ϕ
with no danger of confusion. Note that G′ can be G itself by taking ϕ to be the
identity map. We denote by M′ an F–Levi subgroup of G′ such that M′ is an
F–inner form of M.

For the rest of the section, we discuss the structure of M ′, which turns out to
be of the form

(2.2) GLm1
(D)× · · · ×GLmk

(D)×G′
−(m).

Here D denotes a central division algebra of dimension 1 (hence, D = F ) or 4 over
F, and G′

−(m) denotes an F -inner form of SO2m+1, Sp2m, SO2m or SO∗
2m with the

same type as G′. Further,
∑k

i=1 dmi + m = n, where d = 1 or 2 depending on
whether the dimension of D is 1 or 4. Note that d mi = ni.

In what follows, based on the Satake classification [Sat71, pp. 119-120], we de-
scribe every F -inner form G′ and every possible maximal F -Levi subgroup M′ of
G′. In the diagram below (Satake diagram), a black vertex indicates a root in the
set of simple roots of a fixed minimal F -Levi subgroup M′

0 of G′. So, we remove
only a subset ϑ of white vertices to obtain an F -Levi subgroup M′ (see [Sat71, Sec-
tion 2.2] and [Bor79, Section I.3]). As discussed in section 2.1, the F -Levi subgroup
M′, corresponding to Θ = Δ \ ϑ, is the centralizer in G′ of the split component
AM′ = (

⋂
α∈Θ kerα)◦. One thus notices that there is an F–isomorphism between

two split components

(2.3) AM � AM′ � (GL1)
k.

We writeD2 andD4 for a division algebra of dimension 4 and 16 over F, respectively.

Bn-type: There is only one (up to isomorphism) non-split F -inner form G′ =
G′(n) of SO2n+1 with the following diagram.

�������	 �������	 �������	 �������	 •��

Set Θ = Δ\αi, where i = 1, 2, . . . , n−1 and αi = ei−ei+1. Then M ′ = M ′
Θ

is of the form GLi(F )×G′(n−i). For the case i = n−1, G′(n−i) = G′(1) =
PSL1(D2).

Cn-type: According to the parity of n, there is only one (up to isomorphism)
non-split F -inner form G′ = G′(n) of Sp2n with the following diagram.

• n: odd

• �������	 • �������	 • �������	 •��

(every other dot black)

Set Θ = Δ\αi, where i = 2, 4, . . . , n−1 and αi = ei−ei+1. Then M ′ = M ′
Θ

is of the form GLi/2(D2) ×G′(n − i). For the case i = n − 1, G′(n − i) =
G′(1) = SL1(D2).

• n: even

• �������	 • �������	 • �������	 • �������	��

(every other dot black)
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Set Θ = Δ \ αi, where i = 2, 4, . . . , n − 2, n and αi = ei − ei+1 for i 	= n;
αn = 2en for i = n. Then M ′ = M ′

Θ is of the form GLi/2(D2)×SU+
n−i(D2).

Here, SU+
2k(D2) is defined as

SU+
2k(D2) := {g ∈ GL2k(D2) : g

∗J+g = J+},
where g∗ = (gij)

∗ = (ḡji) with the usual involution ḡ on D, J+ =
(

0 Ik
Ik 0

)
,

and SU+
0 (D2) = G′(0) = 1 (see [PR94, Section 2.3.3]). For the case i = n,

M ′ = M ′
Θ is of the form GLn/2(D2). We remark that, for even n, the

F -inner form G′ = G′(n) of Sp2n is of the form SU+
n (D2).

1Dn-type: For each n, there are two (up to isomorphism) non-split F -inner forms
G′ = G′(n) of a split group SO2n with the following diagrams.

• n: any

�������	 �������	 �������	 �������	

•

•

������
���

���

Set Θ = Δ\αi, where i = 1, 2, . . . , n−2 and αi = ei−ei+1. Then M ′ = M ′
Θ

is of the form GLi(F )×G′(n− i). For the case i = n−2, G′(n− i) = G′(2),
and we have an exact sequence of groups

1 → Z/2Z → SL1(D2)× SL1(D2) → G′(2) → 1.

Further, for the case i = n− 3, we have G′(n− i) = G′(3), with the exact
sequence

1 → Z/2Z → SL2(D2) → G′(3) → 1.

• n: odd

• �������	 • �������	 • �������	 •
•

•

������
���

���

Set Θ = Δ\αi, where i = 2, 4, . . . , n−3 and αi = ei−ei+1. Then M ′ = M ′
Θ

is of the form GLi/2(D2) ×G′(n − i). For the case i = n − 3, G′(n − i) =
G′(3) = PSL1(D4).

• n: even

• �������	 • �������	 • �������	

•

�������	

������
���

���

Set Θ = Δ\αi, where i = 2, 4, . . . , n−2, n and αi = ei−ei+1 for i 	= n; αn =
en−1+en for i = n. Then M ′ = M ′

Θ is of the form GLi/2(D2)×SU−
n−i(D2).

Here, SU−
2k(D2) is defined as

SU−
2k(D2) := {g ∈ GL2k(D2) : g

∗J−g = J−},
where g∗ = (gij)

∗ = (ḡji) with the usual involution ḡ on D, J− =
(

0 Ik
−Ik 0

)
,

and SU−
0 (D2) = G(0) = 1 (see [PR94, Section 2.3.3]). We remark that, for

even n, the F -inner form G′ = G′(n) of SO2n is of the form SU−
n (D2). For

the case i = n, M ′ = M ′
Θ is of the form GLn/2(D2). Further, for the case

i = n− 2, we have M ′
Θ � GL(n−2)/2(D2)×SU−

2 (D2) and we have an exact
sequence of groups

1 → Z/2Z → SL1(D2)× SL2 → SU−
2 (D2) → 1.
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2Dn-type: According to the parity of n, there is only one (up to isomorphism)
non-split F -inner form G′ = G′(n) of a quasi-split group SO∗

2n over a quadratic
extension E/F with the following diagrams.

• n: odd

• �������	 • �������	 • �������	 •
�������	

�������	

������
���

���
��

��

Set Θ = Δ \ αi, where i = 2, 4, . . . , n − 1, n and αi = ei − ei+1 for i 	= n;
αn = en−1 + en for i = n. When i = 2, 4, . . . , n − 3, M ′ = M ′

Θ is of the
form GLi/2(D2) × G′(n − i). When i = n − 1, M ′ = M ′

Θ is of the form

GLi/2(D2)× E×. When i = n, M ′ = M ′
Θ is of the form GL(n−1)/2(D2).

• n: even

• �������	 • �������	 • �������	

•

•

������
���

���
��

��

Set Θ = Δ\αi, where i = 2, 4, . . . , n−2 and αi = ei−ei+1. Then M ′ = M ′
Θ

is of the form GLi/2(D2)×G′(n− i).

2.3. R-groups. In this section, we recall the definitions of Knapp-Stein, Arthur
and endoscopic R–groups. For σ ∈ Irr(M) and w ∈ WM , we let wσ be the rep-
resentation given by wσ(x) = σ(w−1xw). (Note, for the purpose of computing
R–groups, we need not worry about the representative we choose for w.) Given
σ ∈ Πdisc(M), we define

W (σ) := {w ∈ WM : wσ � σ}.
Set Δ′

σ = {α ∈ Φ(P,AM ) : μα(σ) = 0}, where μα(σ) is the rank one Plancherel
measure for σ attached to α [Gol94, p. 1108]. The Knapp-Stein R-group is defined
by

Rσ := {w ∈ W (σ) : wα > 0, ∀α ∈ Δ′
σ}.

Denote by W ′
σ the subgroup of W (σ), generated by the reflections in the roots

of Δ′
σ. We write C(σ) := EndG(iG,M (σ)) for the algebra of G-endomorphisms of

iG,M (σ), known as the commuting algebra of iG,M (σ).

Theorem 2.1 (Knapp-Stein [KS72]; Silberger [Sil78,Sil79]). For any σ ∈ Πdisc(M),
we have

W (σ) = R(σ)�W ′
σ.

Moreover, C(σ) � C[R(σ)]η, the group algebra of R(σ) twisted by a 2-cocycle η,
which is explicitly defined in terms of the group W (σ).

Let φ : WF × SL2(C) → LM be an L-parameter for M. Through composition

with the inclusion, M̂ ↪→ Ĝ, we have φ is an L-parameter for G as well. We

denote by Cφ(Ĝ) the centralizer of the image of φ in Ĝ and by Cφ(Ĝ)◦ its identity

component. Fix a maximal torus Tφ in Cφ(Ĝ)◦.

Remark 2.2. From [Art13, Chapter 2.4] we set a maximal torus Tφ in Cφ(M̂)◦ to
be the identity component

A
̂M

= (Z(M̂)Γ)◦

of the Γ–invariants of the center Z(M̂).
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We set

W ◦
φ := NCφ( ̂G)◦(Tφ)/ZCφ( ̂G)◦(Tφ), Wφ := NCφ( ̂G)(Tφ)/ZCφ( ̂G)(Tφ).

The endoscopic R-group Rφ is defined as follows:

Rφ := Wφ/W
◦
φ .

Note that Wφ can be identified with a subgroup of WM (see [Art89, p. 45]). Let
Πφ(M) ⊂ Irr(M) be the L-packet associated to the L-parameter φ. For σ ∈ Πφ(M),
we set

(2.4) W ◦
φ,σ := W ◦

φ ∩W (σ), Wφ,σ := Wφ ∩W (σ) and Rφ,σ := Wφ,σ/W
◦
φ,σ.

We call Rφ,σ the Arthur R-group.

3. Transfer of R–groups

We continue with the notation in section 2. Let G = G(n) denote a quasi-
split classical group, SO2n+1, Sp2n, SO2n, or SO∗

2n, of rank n over F, and let
G′ = G′(n) denote an F–inner form of G (G′ can be G itself). In this section,
we describe Weyl group actions for G′. Further, we prove the three R–groups for
G′, Knapp-Stein, Arthur, and endoscopic, are identical if they are associated to the
same elliptic tempered A–parameter for an F -Levi subgroup of G′. For these cases,
all three R–groups are thus invariant on A–packets and preserved by inner forms.
As a corollary, we identically transfer all the description of Knapp-Stein R–groups
for the quasi-split G (see [Her93,Gol94] and Appendix A) to its inner form G′.

Following Arthur’s endoscopic classification for G and G′ in [Art13], we take an
L-group

LG = LG′ = Ĝ�Gal(E/F ),

where E = F whenG is split, or E a quadratic extension E over F whenG = SO∗
2n.

To be precise, we have the following L–groups:

(1) Type Bn : Ĝ = Ĝ′ = Sp2n(C) =
LG = LG′.

(2) Type Cn : Ĝ = Ĝ′ = SO2n+1(C) =
LG = LG′.

(3) Type 1Dn : Ĝ = Ĝ′ = SO2n(C) =
LG = LG′.

(4) Type 2Dn : Ĝ = Ĝ′ = SO2n(C), and
LG = LG′ = SO2n(C) � Gal(E/F ).

Note that Gal(E/F ) � O2n(C)/SO2n(C), where O2n(C) denotes the even
orthogonal group of size 2n. Further, the non-trivial outer automorphism
(denoted by c0) exchanging the roots αn and αn−1 is induced by conjugation
by an element in O2n(C) \ SO2n(C), cf. [CPSS11, Section 7].

Let M and M′ be F–Levi subgroups of G and G′, respectively, such that M′ is an
F–inner form of M. We identify

M̂ = M̂ ′, LM = LM ′.

3.1. Tempered A-packets. In this section, we describe elliptic tempered A-
packets for M and M ′, and tempered A-packets for G and G′. We follow Arthur’s
local results in [Art13, Chapters 1 and 9], cf. [JS04,MW03], and the local Langlands
correspondence for GLn in [Hen00,HT01] and for GLm(D) in [HS12].

Let φ : WF × SL2(C) → LM be an L-parameter for M. We recall from [Art89,

Art13] that φ is elliptic if the quotient group Cφ(M̂)/Z(M̂) is finite, and φ is
tempered if the image φ(WF ) is relatively compact (or bounded).
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For our purpose of studying R-groups, we assume that the L-parameter φ for
M is both elliptic and tempered. Thus, φ is M -relevant (see [Bor79, Section 8.2])
and becomes an L-parameter for M ′ as well. Considering (2.1) and (2.2), we note
that φ is of the form φ1 ⊕ φ2 ⊕ · · · ⊕ φk ⊕ φ−, where φi is an elliptic tempered
L-parameter for GLni

(F ) as well as GLmi
(D), and φ− is one for G−(m) as well

as G′
−(m). When G is of type Dn (including both 1Dn and 2Dn), as in [Art13],

we must consider conjugation by O2n(C). For this case, we actually work with the
O2m(C)/SO2m(C)-orbit of φ−, rather than the L-parameter φ− itself. In this sense,
we should make the following remarks.

Remark 3.1. 1. Following the notion in [Art13], an A-parameter is an L-
homomorphism from WF × SL2(C) × SL2(C) to the L-group whose restric-
tion to the first two factors WF × SL2(C) is bounded, and O2n(C)-conjugation

has to be considered for even orthogonal cases. We write Φ̃(G) for the set of
O2n(C)/SO2n(C)-orbits in Φ(G) under the action of O2n(C). For G of type Bn

or type Cn, we have Φ̃(G) = Φ(G). The same notation and argument apply to
the F -inner form G′.

2. Note that an A-parameter is called generic if it is trivial on the last factor SL2(C)
[Art13, Chapter 1.4]. Thus, generic A-parameters coincide with L-parameters
except for considering O2n(C)-conjugation for even orthogonal cases.

3. Since the L-parameter φ− for G−(m), above, is elliptic and tempered, we canon-
ically have an A-parameter, which is the O2n(C)/SO2n(C)-orbit of φ−, by set-
ting its restriction to the last factor SL2(C) to be trivial. This argument is
also true for tempered L-parameters (see [Art13, Chapter 1.3]). Thus, tempered
L-parameters automatically equal generic A-parameters, except even orthogonal
cases, in which their O2n(C)/SO2n(C)-orbits are A-parameters.

Now, we are ready to construct A-packets. For each φi, due to [Hen00], [HT01],
and [HS12], we construct L-packets Πφi

(GLni
(F )) and Πφi

(GLmi
(D)) consisting

of discrete series representations of GLni
(F ) and GLmi

(D), respectively. Note that
Πφi

(GLni
(F )) and Πφi

(GLmi
(D)) are singletons. For φ− of type Bm or type Cm,

due to [Art13, Theorems 1.5.1 and 9.4.1], we construct L-packets Πφ−(G−) and
Πφ−(G

′
−) consisting of discrete series representations of G− and G′

−, respectively.
On the other hand, for φ− of type Dm, as in [Art13] again, we have to consider
conjugation byO2m(F ). Thus, we work with theO2m(F )/SO2m(F )-orbits in Irr(G),
rather than individual irreducible representations of G. We make the following
remarks.

Remark 3.2. 1. Only for even orthogonal cases, A-packets consist of O2n(F )/
SO2n(F )-orbits of order 2 or 1 (hence, not necessarily individual representa-
tions) of irreducible representations under the O2n(F )-action by conjugation on
G. The same is true for F -inner forms G′ of SO2n and SO∗

2n (see [Art13, Chap-
ters 1.5 and 9.4]).

2. We write Ĩrr(G) for the set of O2n(F )/SO2n(F )-orbits in Irr(G) under the action

of O2n(F ) by conjugation on G. Further, we write Π̃φ(G), which is a subset of

Ĩrr(G), for an A-packet attached to the A-parameter (the O2n(C)/SO2n(C)-
orbit of φ) for G. As stated in 1 above, for G of type Bn or type Cn, we

have Ĩrr(G) = Irr(G) and Π̃φ(G) coincides with the L-packet Πφ(G). The same
notation and argument apply to the F -inner form G′.
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3. Even in the case of the even orthogonal groups, we have the following special
cases in which conjugation by O2m(F ) is no longer necessary.
(1) For G = SO2n, SO

∗
2n, we let φ be a tempered L-parameter for G. Suppose

that φ is O2n(C)/SO2n(C)-stable, i.e., c0φ � φ. Then, by [Art13, Theorem

2.2.4(b)], every member in the A-packet Π̃φ(G) is also O2n(F )/SO2n(F )-

stable. Thus, Π̃φ(G) consists of individual irreducible tempered repre-

sentations of G, i.e., Π̃φ(G) = Πφ(G). This has also been discussed in
[Art13, Chapter 8.4].

(2) For the non-quasi-split F -inner formG′ of SO2n or SO∗
2n, we let φ be a tem-

pered L-parameter for G′. It automatically follows from [Art13, Theorem

9.4.1] that the A-packet Π̃φ(G
′) consists of individual irreducible tempered

representations of G′, i.e., Π̃φ(G
′) = Πφ(G

′). We should mention that two
subscripts “dis” and “bdd” are identified in Chapter 9.4, so [Art13, The-
orem 9.4.1] applies to our case. Further, this theorem, for the non-quasi-
split F -inner form G′ of SO2n or SO∗

2n, is based on the local refinements

of [Art13, Chapter 8.4], where an Õut2n(G)-torsor T (φ) plays a role in pa-
rameterizing the L-packet Πφ(G) for a generic A-parameter φ. Thus, the
argument in (1) above applies to G′ as well, i.e., if φ is O2n(C)/SO2n(C)-
stable, then the torsor T (φ) turns out to be a singleton and c0π

′ � π′ for
all π′ ∈ Πφ(G

′).

Let us return to the A-packet attached to the O2m(C)/SO2m(C)-orbit of φ− of
type Dm. Due to [Art13, Theorems 1.5.1 and 9.4.1] and Remark 3.2, we construct

the A-packet Π̃φ−(G−) consisting of O2m(F )/SO2m(F )-orbits of order 2 or 1 of dis-
crete series representations of G−, and the L-packet Πφ−(G

′
−) consisting of discrete

series representations of G′
−. Note that the action of O2m(C) or O2m(F ) to be trivial

except G− of typeDm. By taking the tensor product of members in packets for each

φi and φ−, we thus construct A-packets Π̃φ(M) of M and Π̃φ(M
′) of M ′, associated

to the elliptic tempered A-parameter which is the O2m(C)/SO2m(C)-orbit of the
elliptic tempered L-parameter φ. We should mention that the O2m(C)/SO2m(C)-
orbit of φ stands for the product of φ1, · · · , φk, and the O2m(C)/SO2m(C)-orbit of
φ−. Note that the group O2m(C) acts only on the factor φ−.

Remark 3.3. We make the following remarks on the elliptic tempered A-packets.

1. Let φ be an elliptic tempered L-parameter for M and M ′. If c0φ � φ, it is

always true that the elliptic tempered A-packet Π̃φ(M) consists of individual

discrete series representations of M, so that Π̃φ(M) = Πφ(M) (see Remark
3.2.2). Further, regardless of the condition c0φ � φ, except for the case G− =

SO2m, SO∗
2m, we have Π̃φ(M) = Πφ(M) (see Remark 3.2.3(1)). On the other

hand, for the non-quasi-split inner form M′, it is always true that Π̃φ(M
′) =

Πφ(M
′) (see Remark 3.2.3(2)).

2. Arthur’s classifications for SO2n and SO∗
2n rely on some expected arguments on

the stabilization of the twisted trace formula. So, as Arthur did in [Art13], we
shall assume this in Hypothesis 3.4.a below.

3. The classification for non-quasi-split F -inner forms G′ of G is simply stated in
[Art13, Theorem 9.4.1] and the proof is expected to be delivered in future work
[Art13, Chapter 9.1]. So, we will assume this in Hypothesis 3.4.b below.
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Hypotheses 3.4. a. We assume that the twisted trace formula for GLn and a
twisted even orthogonal group (whose identity component is SO2n or SO∗

2n) can
be stabilized [Art13, Chapter 3.2].

b. We assume that the classification for non-quasi-split F -inner forms G′ of G is
known [Art13, Chapter 9.4].

Following [Art13, Chapters 9.2 and 9.4], we review the component groups param-
eterizing A–packets and their connection with endoscopic R–groups. We borrow
notation from [Art13] for the subscripts ‘ad’ and ‘sc’ to mean the adjoint and sim-

ply connected groups, respectively. Let Sφ(M̂) denote the group π0(Cφ(M̂)) :=

Cφ(M̂)/Cφ(M̂)◦ of connected components. Since φ is elliptic, the identity compo-

nent Sφ(M̂)◦ is contained in Z(M̂)Γ (see [Kot84, Lemma 10.3.1] and [Art89, Section
7]). Thus, we have

Sφ(M̂) = Cφ(M̂)/Z(M̂)Γ,

which can be considered as a finite subgroup of (M̂)ad := M̂/Z(M̂). It turns out

that Sφ(M̂) is a finite abelian 2-group for our cases [Art13, Chapter 1.4]. Let

Sφ,sc(M̂) be the full pre-image of Cφ(M̂)/Z(M̂)Γ in the simply connected cover

M̂sc of the derived group M̂der of M̂ under the isogeny M̂sc � (M̂)ad. One thus
has the following exact sequence:

(3.1) 1 → Z(M̂sc) → Sφ,sc(M̂) → Sφ(M̂) → 1.

It is well known [Kot97, p. 280] that the F -inner form M′ of M determines a unique

character ζM′ on Z(M̂sc) whose restriction to Z(M̂sc)
Γ corresponds to the isomor-

phism class of M′ via the Kottwitz isomorphism [Kot86, Theorem 1.2]. We de-

note by Irr(Sφ,sc(M̂), ζM′) the set of irreducible representations of Sφ,sc(M̂) whose

restriction to Z(M̂sc) is equal to the character ζM′ . We note that, for the case
M′ = M, the character ζM turns out to be the trivial character �. Given an el-
liptic tempered L-parameter φ for M ′, there is a one-one bijection between the

A-packet Π̃φ(M
′), attached to the A-parameter (the O2m(C)/SO2m(C)-orbit of φ),

and Irr(Sφ,sc(M̂), ζM′) (see [Hen00], [HT01], [HS12], and [Art13, Theorems 1.5.1
and 9.4.1]). The following lemma is due to this bijection.

Lemma 3.5. Let M and M′ be as above. Given an elliptic tempered L-parameter φ

for M ′, if the A-packet Π̃φ(M), attached to the A-parameter (the O2m(C)/SO2m(C)-

orbit of φ), is a singleton, then so is the A-packet Π̃φ(M
′).

Proof. It suffices to show that Irr(Sφ,sc(M̂), ζM′) is a singleton. Note that, if

M = M′, then Irr(Sφ,sc(M̂), ζM) = Irr(Sφ(M̂)). Since Π̃φ(M) is a singleton, we

have # Irr(Sφ(M̂)) = 1, which implies Sφ(M̂) = {1}. From the exact sequence

(3.1), we have Sφ,sc(M̂) � Z(M̂sc), which is finite and abelian. Thus, we have

Irr(Sφ,sc(M̂), ζM′) = {ζM′}. This completes the proof. �

Through the natural embedding M̂ ↪→ Ĝ, we have

(3.2) φ : WF × SL2(C) → LM ↪→ LG,

and φ is considered a tempered L-parameter forG. From [Art13, Theorem 1.5.1] and
the argument following [Art13, (1.5.1)], the set of inequivalent irreducible (hence,

tempered) constituents of induced representations from all members in Π̃φ(M)
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forms an A-packet Π̃φ(G) (= Πφ(G)) of G associated to φ, except for even orthog-

onal groups, in which case each member in Π̃φ(G) represents an O2n(F )/SO2n(F )-
orbit of order 2 or 1 of irreducible tempered representations, rather than an in-
dividual representation (see Remarks 3.2 and 3.3.1). On the other hand, for the
non-quasi-split inner form G′, the set of inequivalent irreducible (hence, tempered)

constituents of induced representations from all members in Π̃φ(M
′) forms an A-

packet Π̃φ(G
′) (= Πφ(G

′)) of G associated to φ, for all cases (see [Art13, Theorem
9.4.1] and Remarks 3.2 and 3.3.1).

We now consider Cφ(Ĝ)/Z(Ĝ)Γ as a subgroup of (Ĝ)ad. Write Cφ,sc(Ĝ) for the

full pre-image of Cφ(Ĝ)/Z(Ĝ)Γ in Ĝsc under the isogeny Ĝsc � (Ĝ)ad. We then
have the following exact sequence:

1 → Z(Ĝsc) → Cφ,sc(Ĝ) → Cφ(Ĝ)/Z(Ĝ)Γ → 1.

Since φ may not be elliptic for G, there is no guarantee that Cφ(Ĝ)/Z(Ĝ)Γ is finite.
We let

Sφ(Ĝ) := π0(Cφ(Ĝ)/Z(Ĝ)Γ),

Sφ,sc(Ĝ) := π0(Cφ,sc(Ĝ)),

Ẑφ,sc := Z(Ĝsc)/(Z(Ĝsc) ∩ Cφ,sc(Ĝ)◦).

We then have a central extension

1 → Ẑφ,sc → Sφ,sc(Ĝ) → Sφ(Ĝ) → 1;

cf. [Art13, (9.2.2)]. Let ζG′ be a unique character on Z(Ĝsc) whose restriction to

Z(Ĝsc)
Γ corresponds to the class of the F -inner form G′ of G via the Kottwitz

isomorphism [Kot86, Theorem 1.2]. We denote by Irr(Sφ,sc(Ĝ), ζG′) the set of irre-

ducible representations of Sφ,sc(Ĝ) with central character ζG′ on Z(Ĝsc). Given an
elliptic tempered L-parameter φ for M ′ which is tempered for G′ via the composite

(3.2), there is a one-one bijection between the A-packet Π̃φ(G
′), attached to the

A-parameter (the O2n(C)/SO2n(C)-orbit of φ), and Irr(Sφ,sc(Ĝ), ζG′) [Art13, The-
orem 9.4.1]. Note that Lemma 3.5 is also true for tempered L-parameters for G
and G′. Further, the diagrams in [Art13, (2.4.3) and (9.2.16)] yield

(3.3) 1 −→ Sφ(M̂) −→ Sφ(Ĝ) −→ Rφ −→ 1

and

(3.4) 1 −→ Sφ,sc(M̂) −→ Sφ,sc(Ĝ) −→ Rφ −→ 1.

3.2. Weyl group actions. In this subsection, we describe the action of the Weyl

group WM (respectively, WM ′ , W
̂M
) on M (respectively, M ′, M̂) and σ (respec-

tively, σ′, φ). We identify Ĝ = Ĝ′ and M̂ = M̂ ′. Recall that the Weyl groups
are

WM = W (G,AM) := NG(AM)/ZG(AM),

WM ′ = W (G′,AM′) := NG′(AM′)/ZG′(AM′),

and

W
̂M

= W (Ĝ, A
̂M
) := N

̂G(ÂM
)/Z

̂G(ÂM
).
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Through the duality

(3.5) sα �→ sα∨

between simple reflections for α ∈ Δ, we have

(3.6) WM � W
̂M

W
̂M ′ � WM ′ ;

cf. [Art13, Chapter 2.4]. We thus identify

(3.7) WM = W
̂M

= W
̂M ′ = WM ′ .

We start with the following lemma which will be used to describe the actions of
Weyl groups.

Lemma 3.6. Denote by D a central division algebra (possibly, F itself) of dimen-
sion d2 over F. Let π ∈ Irr(GLm(D)) be given. Then we have

(3.8) π̃ � tπ̄−1

as representations of GLm(D), where tπ̄−1(g) := π(tḡ−1), and ḡ denotes the usual
involution of g in GLm(D), unless D = F, in which ḡ = g.

Proof. Following the idea in the proof of [MS00, Lemma 1.1], it suffices to prove
that all representations in (3.8) have the same (Harish-Chandra) character over
regular semi-simple elements. Given a regular semi-simple element g ∈ GLm(D),
we note that g and tḡ are conjugate over F̄ because they are regular semi-simple and
have the same characteristic polynomial over F. Since the character Θπ̃(g) equals
Θπ(g

−1) [DKV84, Introduction d.] and Harish-Chandra characters are invariant
under conjugation by F -points, it thus remains to show that g and tḡ are conjugate
over F.

Let x and y be two F̄–conjugate regular semi-simple elements in GLm(D). We
denote by G′ the F–inner form of GLn with G′(F ) = GLm(D). Since G′(F̄ ) =
GLn(F̄ ) with n = md, we then have h ∈ GLn(F̄ ) such that x = hyh−1. It then
follows that

hyh−1 = x = υx = (υh)y(υh−1)

for any υ ∈ Γ, so that h−1(υh) lies in the centralizer ZGLn(F̄ )(y) of y in GLn(F̄ ).

Thus, the mapping υ �→ h−1(υh) from Γ to ZGLn(F̄ )(y) gives a 1–cocycle class in

the Galois cohomology H1(F,ZGLn(F̄ )(y)). We further note from [Kot82, Section

3] that

ker
(
H1(F,ZGLn(F̄ )(y)) → H1(F,G′)

)
is in the bijection with the set of F–conjugacy classes in F̄–conjugacy classes of
y. Since y is a regular semi-simple element in GLm(D), it follows that ZGLn(F̄ )(y)

forms a torus which is isomorphic to
∏

j E
×
j over F, where Ej is an extension of

F of degree [Ej : F ] with
∑

[Ej : F ] = m. By Hilbert’s Theorem 90, we have
H1(F,ZGLn(F̄ )(y)) = 1, which implies that x and y are conjugate over F. We thus

conclude that g and tḡ are conjugate over F. �
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3.2.1. Weyl group actions on Levi subgroups and their representations. For simplic-
ity, in section 3.2.1, we will write G for both quasi-split classical groups SO2n+1,
Sp2n, SO2n, SO

∗
2n and their non-quasi-split F–inner forms. We describe the action

of WM on an irreducible representation σ ∈ Irr(M), based on the results in [Gol94]
for split cases. Recall from section 2.2 that any of M is of the form

GLn1
(D)×GLn2

(D)× · · · ×GLnk
(D)×G−(m),

where D is a central division algebra of dimension 1 or 4 over F and G− is the
same type as G with lower rank m. We denote by Sk the symmetric group in k
letters. Since we have from [Gol94, Section 2] and Appendix A

(3.9) WM ⊂ Sk � Zk
2 ,

the identification (3.7) implies that (3.9) is true for non-quasi-split cases. More
precisely, WM � S � C, where S = 〈(ij)|ni = nj〉, and C ⊂ Zk

2 . For g ∈ M, write

g = (g1, . . . , gi, . . . , gj , . . . , gk, h) ∈ GLn1
(D)×GLn2

(D)×· · ·×GLnk
(D)×G−(m).

The permutation (ij) acts on g ∈ M

(3.10) (ij) : (g1, . . . , gi, . . . , gj , . . . , gk, h) �→ (g1, . . . , gj , . . . , gi, . . . , gk, h).

The finite 2-group Zk
2 is generated by elements Ci which acts on g ∈ M

(3.11) Ci : (g1, . . . , gi, . . . , gk, h) �→ (g1, . . . ,
tḡ−1

i , . . . , gk, h),

where ¯ denotes the involution in Lemma 3.6, which is trivial for quasi-split cases.
Moreover, if G is of type Bn or Cn, then C = Zk

2 , cf. [Her93, Section 2]. If G is of
type Dn (i.e., either 1Dn or 2Dn), then C = C1 × C2, where C1 = 〈Ci|ni is even〉,
and

(3.12) C2 =

{
〈CiCj |ni, nj are odd〉, if m = 0;

〈Cic0|ni is odd〉, if m > 0,

where c0 is the outer automorphism given by the reflection αn−1 ↔ αn of the
Dynkin diagram, cf. [Her93, Section 3]. Set σ to be σ1 ⊗ σ2 ⊗ · · · ⊗ σk ⊗ τ. From
Lemma 3.6, (3.10), and (3.11), we then have

(ij)σ = σ1 ⊗ σj ⊗ · · · ⊗ σi ⊗ · · · ⊗ σk ⊗ τ ;

Ciσ = σ1 ⊗ · · · ⊗ σ̃i ⊗ · · · ⊗ σk ⊗ τ ;

Cic0σ = σ1 ⊗ · · · ⊗ σ̃i ⊗ · · · ⊗ σk ⊗ c0τ,

and these describe the action of WM on σ.

3.2.2. Weyl group actions on L-group M̂ and L–parameter φ. In this section we

describe the action of the Weyl group W
̂M

on L–group M̂ and on the elliptic
tempered parameter φ. From (3.7) and (3.9), we have

W
̂M

⊂ Sk � Zk
2 .

More precisely, W
̂M

� S � C, where S = 〈(ij)|ni = nj〉, and C ⊂ Zk
2 . For ĝ ∈ M̂,

write

ĝ = (ĝ1, . . . , ĝi, . . . , ĝj , . . . , ĝk, ĥ) ∈ GLn1
(C)×GLn2

(C)× · · · ×GLnk
(C)× Ĝ−(m).

By the duality (3.5), the permutation (ij) acts on ĝ ∈ M̂

(3.13) (ij) : (ĝ1, . . . , ĝi, . . . , ĝj , . . . , ĝk, ĥ) �→ (ĝ1, . . . , ĝj , . . . , ĝi, . . . , ĝk, ĥ).
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The finite 2-group Zk
2 is generated by elements Ci which acts on ĝ ∈ M̂

Ci : (ĝ1, . . . , ĝi, . . . , ĝk, ĥ) �→ (ĝ1, . . . ,
tĝ−1

i , . . . , ĝk, ĥ).

Moreover, if G is of type Bn or Cn, then C = Zk
2 . If G is of type Dn (i.e., either

1Dn or 2Dn), then C = C1 × C2, where C1 = 〈Ci|ni is even〉, and

(3.14) C2 =

{
〈CiCj |ni, nj are odd〉, if m = 0;

〈Cic0|ni is odd〉, if m > 0,

where c0 is the outer automorphism given by the reflection α∨
n−1 ↔ α∨

n of the

Dynkin diagram. Set φ to be φ1 ⊕ φ2 ⊕ · · · ⊕ φk ⊕ φ−. Since φi(
tĝ−1

i ) = φ̃(ĝi) for

ĝi ∈ GLni
(C) [HT01,Hen00,AV12], where φ̃ is the contragredient of φ, we have

(ij)φ = φ1 ⊕ φj ⊕ · · · ⊕ φi ⊕ · · · ⊕ φk ⊕ φ−;

Ciφ = φ1 ⊕ · · · ⊕ φ̃i ⊕ · · · ⊕ φk ⊕ φ−;

Cic0φ = φ1 ⊕ · · · ⊕ φ̃i ⊕ · · · ⊕ φk ⊕ c0φ−,

and these describe the action of W
̂M

on φ.

Remark 3.7. For the set C2 defined in (3.12) and (3.14), we have either m > 0 or
each mi is even due to section 2.2. It hence follows that {CiCj |ni, nj are odd} is
empty, and that {Cic0|ni is odd} is non-empty if and only if G is of type labelled
“n: any” of 1Dn in section 2.2.

3.3. Main theorem. In this section, we prove the following theorem, which asserts
that the three R–groups, Knapp-Stein, Arthur and endoscopic, are identical if they
are attached to the same elliptic tempered L–parameter. Before we state our main
theorem, it is worth making the following remark.

Remark 3.8. For the purpose of studying R–groups, O2m(C)/SO2m(C)-orbits and
O2m(F )/SO2m(F )-orbits for SO2n or SO∗

2n can be ignored. To be precise, we
let M be an F -Levi subgroup of SO2n or SO∗

2n, and let φ : WF × SL2(C) →
LM be an elliptic tempered L-parameter for M. Given σ ∈ Πdisc(M), we let

the O2m(F )/SO2m(F )-orbit of σ be in the A-packet Π̃φ(M), attached to the A-
parameter (the O2m(C)/SO2m(C)-orbit of φ). If wσ � σ with w ∈ WM , then
wφ � φ, which implies that c0φ− � φ− (see section 3.2). So, φ− turns out
to be O2m(C)/SO2m(C)-stable (hence, so is φ). Further, from Remark 3.3.1,

Π̃φ(M) = Πφ(M), i.e., the O2m(F )/SO2m(F )-orbit of σ is just a singleton. For the
non-quasi-split F -inner form G′ of SO2n or SO∗

2n, as in Remark 3.3.1 again, we do
not need to consider these orbits.

Due to Remark 3.8, throughout section 3.3, we can no longer distinguish elliptic
tempered L-parameters and their O2m(C)/SO2m(C)-orbits. Likewise, given an
elliptic tempered L-parameter, we can assume that its L-packet coincides with its
A-packet.

Theorem 3.9. Let φ : WF × SL2(C) → LM be an elliptic tempered L-parameter.
Given any σ ∈ Πφ(M) and σ′ ∈ Πφ(M

′), we have

Rσ � Rφ,σ � Rφ � Rφ,σ′ � Rσ′ .
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Remark 3.10. 1. For the quasi-split case, the isomorphism

Rσ � Rφ,σ � Rφ

is proved in [BG12] and in [Art13, Chapters 6.5 & 6.6]. However, we will develop
our own proof which works for both quasi-split and non-quasi-split cases, except
the argument in [Art13, p. 346] by Arthur that

(3.15) W ′
σ ⊃ W ◦

φ .

This will be used to verify the containment (3.17) below.
2. For G = SO2n or SO∗

2n, and its non-quasi-split F -inner form G′, as mentioned
in Remark 3.2.3, we have

c0φ � φ =⇒ c0σ � σ and c0σ
′ � σ′.

Combining Theorem 3.9 with the second named author’s result for Rσ in [Gol94],
we obtain the following corollaries which give a description of Rσ′ .

Corollary 3.11. Let φ : WF ×SL2(C) → LM be an elliptic tempered L-parameter.
Let σ ∈ Πφ(M) and σ′ ∈ Πφ(M

′) be given. Then, iG,M (σ) is irreducible if and only
if iG′,M ′(σ′) is irreducible.

Corollary 3.12. Let M′ be an F -Levi subgroup of G′ of type Bn or Cn. Let
φ : WF × SL2(C) → LM be an elliptic tempered L-parameter. Let σ′ ∈ Πφ(M

′) be
given. Set

I(σ′) = {1 ≤ i ≤ k : σ′
i � σ̃′

i and iG′(ni+m), GL(ni)×G′(m)(σ
′ ⊗ τ ′) is reducible},

and d is the number of inequivalent σ′
i such that i ∈ I(σ′). Then, we have

Rσ′ � Zd
2,

and Rσ′ is generated by the d sign changes

{Ci|i ∈ Iσ′ , and σ′
j 	� σ′

i for all j > i}.

Corollary 3.13. Let M′ be an F -Levi subgroup of G′ of type Dn (i.e., either 1Dn

or 2Dn). Let φ : WF × SL2(C) → LM be an elliptic tempered L-parameter. Let
σ′ ∈ Πφ(M

′) be given. Denote I1 = {1, 2, · · · , k} if m ≥ 2 and c0τ
′ � τ ′, otherwise,

I1 = {1 ≤ i ≤ k : ni is even}. Denote I2 = {1, 2, · · · , k} − I1. Set

I1(σ
′) = {i ∈ I1 : σ′

i � σ̃′
i and iG′(ni+m), GL(ni)×G′(m)(σ

′ ⊗ τ ′) is reducible},
I2(σ

′) = {i ∈ I2 : σ′
i � σ̃′

i}.
Let dj denote the number of inequivalent σ′

i such that i ∈ Ij(σ
′), and let d = d1+d2.

If d2 = 0, then

Rσ′ � Zd
2.

If d2 > 0, then

Rσ′ � Zd−1
2 .

In either case, Rσ′ is a subgroup of WM ′ generated by sign changes.

The rest of section 3.3 is devoted to the proof of Theorem 3.9.

Lemma 3.14. Let φ : WF × SL2(C) → LM be an elliptic tempered L-parameter.
Under the identity (3.7), we have

W (σ) = Wφ = W (σ′).
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Proof. Let w ∈ Wφ be given. Then by abuse of notation its representative w ∈
Cφ(Ĝ) satisfies wφ � φ. Set φ to be φ1 ⊕ φ2 ⊕ · · · ⊕ φk ⊕ φ−. By the action of W

̂M
on L-parameters in section 3.2.2, there exist i, j with 1 ≤ i, j ≤ k (possibly, i = j)
such that

(i) φi � φj , or φi � φ̃j if G = SO2n+1, Sp2n,

(ii) φi � φj , or φi � φ̃j , or φi � φ̃i and c0φ− � φ− if G = SO2n, SO
∗
2n.

Due to the local Langlands correspondence for GLn for the case φi, φj ([Hen00,
HT01]) and for G for the case φ− ([Art13, Theorem 1.5.1] and Remark 3.10.2), we
have i, j with 1 ≤ i, j ≤ k (possibly, i = j) such that

(a) σi � σj or σi � σ̃j if G = SO2n+1, Sp2n (see [Gol94, Section 4], [Her93,
Section 2]),

(b) σi � σj , or σi � σ̃j , or σi � σ̃i and c0σ− � σ− if G = SO2n, SO
∗
2n (see

[Her93, Section 3], Appendix A).

By the action of WM on σ = σ1 ⊗ σ2 ⊗ · · · ⊗ σk ⊗ τ in section 3.2.2, we have

wσ � σ,

which implies w ∈ W (σ). Likewise, by the action of WM ′ on σ′ in section 3.2.1 we
have

wσ′ � σ′,

which implies w ∈ W (σ′). Note that, for the local Langlands correspondence of a
non-split F -inner form M′, we apply [HS12] and [Art13, Theorems 1.5.1 and 9.4.1].

Let w ∈ W (σ) be given. It then follows from the action of WM on σ in section
3.2.1 that there exist i, j with 1 ≤ i, j ≤ k (possibly, i = j) satisfying (a) and (b)
above. Thus, by the local Langlands correspondence, we have (i) and (ii) above.
The action of W

̂M
on L-parameters in section 3.2.2 then yields

wφ � φ,

which implies w ∈ Cφ(Ĝ). Therefore, we have proved Lemma 3.14. �

Lemma 3.15. Let φ : WF × SL2(C) → LM be an elliptic tempered L-parameter.
Under the identity (3.7), we then have

W ′
σ = W ◦

φ = W ′
σ′ .

Proof. Let us start with the case that M is maximal. Since M is maximal, we have
WM is either trivial or isomorphic to Z/2Z. It thus suffices to consider the case
WM � Z/2Z. Let w ∈ W ◦

φ be given. If w is a trivial element, it is clear that w sits

in W ′(σ) as well as W ′(σ′). Suppose that w is a non-trivial element. We then have
Rφ = 1. From (3.3) and (3.4), we have

Sφ(Ĝ) = Sφ(M̂) and Sφ,sc(Ĝ) = Sφ,sc(M̂).

Thus, we have equalities of the sizes of L-packets (A-packets coincide with L-packets
by Remarks 3.2 and 3.3.1, since φ is generic and c0φ � φ (because wφ � φ and
w = C1c0, see section 3.2)), i.e.,

#Πφ(G) = #Πφ(M) and #Πφ(G
′) = #Πφ(M

′),

which imply that both induced representations iG,M (σ) and iG′,M ′(σ′) are irre-
ducible for all σ ∈ Πφ(M) and σ′ ∈ Πφ(M

′), respectively. Hence, we have Rσ =
Rσ′ = 1. So, w must be in W ′

σ and W ′
σ′ .
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Let w ∈ W ′
σ be given. If w is a trivial element, it is clear that w sits in W ◦

φ .
Suppose w is a non-trivial element. We then have Rσ = 1. Thus, all induced
representations iG,M (σ), σ ∈ Πφ(M), are irreducible, which implies #Πφ(G) =
#Πφ(M) and thus Rφ = 1 by (3.3). So, w must be in W ◦

φ . The same argument

applies to W ′
σ′ . Therefore, we have proved Lemma 3.15 for the maximal case M

and M ′.
We return to an arbitrary F -Levi subgroup. We shall complete the proof by

verifying two containments

(3.16) W ′
σ ⊂ W ◦

φ (W ′
σ′ ⊂ W ◦

φ )

and

(3.17) W ′
σ ⊃ W ◦

φ (W ′
σ′ ⊃ W ◦

φ ).

To see (3.16), we let w ∈ W ′
σ such that w equals the element wα representing the

reflection with respect to some α ∈ Φ(P,AM). By definition, we have μα(σ) = 0.
We let Aα := (kerα∩AM )◦ be the identity component of (kerα∩AM ). Set Mα :=
ZG(Aα), then Mα contains M as a maximal F -Levi subgroup. From Remark 2.2,
we have

Tφ ⊂ M̂ ⊂ M̂α.

Set

(3.18) W ◦
φ,α := N

Cφ(̂Mα)◦(Tφ)/ZCφ(̂Mα)◦(Tφ).

By the above argument for the maximal case, we have

w ∈ W ◦
φ, α.

It follows that

w ∈ N
Cφ(̂Mα)◦(Tφ) ⊂ NCφ( ̂G)◦(Tφ)

since

Cφ(M̂α)
◦ ⊂ Cφ(Ĝ)◦.

Thus, we must have w ∈ W ◦
φ . The same argument applies to W ′

σ′ . By the definitions

of W ′
σ and W ′

σ′ , we have proved the containment (3.16).
To see (3.17), we recall the argument (3.15). So, it remains to show that

(3.19) W ′
σ = W ′

σ′ .

We note that Φ(P,AM) = Φ(P ′, AM ′) since M and M′ are inner forms of each
other and their F -points are respectively of the form (2.1) and (2.2). For given
α ∈ Φ(P,AM ) = Φ(P ′, AM ′), by the argument for the maximal case, we have

μα(σ) = 0 if and only if μα(σ
′) = 0

since these Plancherel measures are those attached to the induced representations
iMα,M (σ) and iM ′

α,M ′(σ′) from maximal F -Levi subgroups M and M ′, respectively.
By the definitions of Δ′

σ and Δ′
σ′ in section 2.3, we then have

Δ′
σ = Δ′

σ′ ,

which implies the equation (3.19). Thus, we have proved the containment (3.17).
This completes the proof of Lemma 3.15. �
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Proof of Theorem 3.9. From Lemmas 3.14 and 3.15, we have

Rσ � Rφ � Rσ′ .

Therefore, the definition (2.4) yields that

(3.20) Rφ,σ � Rφ � Rφ,σ′ .

�

4. Transfer of elliptic spectra

In this section, we show that the elliptic spectrum of G = SO2n+1, Sp2n, SO2n,
SO∗

2n is identically transferred to its F–inner form G′. An elliptic representation of
G is the one whose Harish-Chandra character (see [HC81]) does not vanish on the
elliptic regular set of G, cf. [Art93]. The elliptic spectrum is studied for SO2n+1,
Sp2n, and SO2n by Herb [Her93], and for certain F -inner forms of Sp4n and SO4n by
Hanzer [Han04], in which both rely on the second named author’s work in [Gol94].
We start with the following result of Arthur for a general connected reductive group.

Theorem 4.1 (Arthur, [Art93, Section 2.1]). Let G be a connected reductive group
over F and let M be an F -Levi subgroup of G. Let σ ∈ Πdisc(M) be given. Suppose
that Rσ is abelian and that C(σ) � C[Rσ]. Then iG,M (σ) has an elliptic constituent
if and only if all constituents of iG,M (σ) are elliptic, and if and only if there is
w ∈ R such that aw = z. Here aw := {H ∈ aM : wH = H}, and z denotes the real
Lie algebra of the split component AG of G.

We recall Herb’s results on the elliptic spectrum for G = SO2n+1, Sp2n, SO2n

as follows.

Proposition 4.2 (Herb, [Her93, Proposition 2.3 and 3.3]). Let G be SO2n+1, Sp2n
or SO2n over F and let M be an F -Levi subgroup of G. Let σ ∈ Πdisc(M) be given.
Then

C(σ) � C[Rσ].

The result that Rσ is abelian for G [Gol94] is combined with Theorem 4.1 and
Proposition 4.2 to give the elliptic spectrum for G as follows.

Theorem 4.3 (Herb, [Her93, Theorem 2.5]). Let G be SO2n+1 or Sp2n over F
and let M be an F -Levi subgroup of G such that M � GLn1

(F ) × GLn2
(F ) ×

· · · ×GLnk
(F )×G−(m). Let σ ∈ Πdisc(M) be given. Then iG,M (σ) has an elliptic

constituent if and only if all constituents of iG,M (σ) are elliptic if and only if

Rσ � Zk
2 .

Theorem 4.4 (Herb, [Her93, Theorem 3.5]). Let G be SO2n over F and let M
be an F -Levi subgroup of G of the form (2.1). Let σ ∈ Πdisc(M) be given. Then
iG,M (σ) has an elliptic constituent if and only if all constituents of iG,M (σ) are
elliptic if and only if either

Rσ � Zk
2 or Rσ � (Z2)

k−1 with d2 even.

Here d2 is defined unless m ≤ 1 and c0τ � τ, in which case d2 denotes the number
of inequivalent σi such that σi � σ̃i and ni is odd.

Applying our results in section 3.3 and the above arguments, we will present the
elliptic spectrum for G′. We will first deal with the case of an F–inner form G′ of
SO2n+1 or Sp2n.
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Proposition 4.5. Let G′ be an F–inner form of SO2n+1 or Sp2n, and let M′ be
an F -Levi subgroup of G′. Let σ′ ∈ Πdisc(M

′) be given. Then

C(σ′) � C[Rσ′ ].

Proof. We follow the proof of [Her93, Proposition 2.3]. Recall from Corollary 3.12
that C1, · · · , Cd are the generators of Rσ′ . For 1 ≤ i ≤ d, let Vi be the representation
space of σ′

i. We note from Lemma 3.6 that

σ′
i � σ̃′

i � tσ̄′−1
i .

Let Ti : Vi → Vi be an intertwining operator between σ′
i and tσ̄−1. Again, from

Lemma 3.6, the composite T 2
i = Ti ◦ Ti is a non-zero complex scalar. Thus we

normalize Ti so that T 2
i = 1. Now we extend Ti to an endomorphism TV

i of the
representation space V of σ′ = σ′

1 ⊗ · · · ⊗ σ′
k ⊗ τ ′ such that TV

i acts trivially on
the space Vj for all 1 ≤ j 	= i ≤ d. Then TV

i intertwines Ciσ
′ and σ′. Further, we

have (TV
i )2 = 1 from our normalization of Ti. For 1 ≤ i 	= j ≤ d, we also notice,

from the definition of TV
i , that TV

i TV
j = TV

j TV
i . Then, the map Ci �→ TV

i gives
rise to a homomorphism from C[Rσ′ ] to EndG′(σ′). Thus, Proposition 4.5 follows
from Theorem 2.1. �

Corollary 4.6. Let G′,M ′, σ′ be as in Proposition 4.5. Then each constituent of
iG′,M ′(σ′) appears with multiplicity one.

Combining Corollary 3.12, Theorem 4.1, and Proposition 4.5, we have the fol-
lowing description of the elliptic spectrum for an F–inner form G′ of SO2n+1 or
Sp2n.

Theorem 4.7. Let G′ be an F–inner form of SO2n+1 or Sp2n, and let M′ be
an F -Levi subgroup of G′ of the form (2.2) Let σ′ ∈ Πdisc(M

′) be given. Then,
iG′,M ′(σ′) has an elliptic constituent if and only if all constituents of iG′,M ′(σ′) are
elliptic if and only if

Rσ′ � Zk
2 .

�

Now, we will deal with the case of an F–inner form G′ of SO2n or SO∗
2n.

Proposition 4.8. Let G′ be an F–inner form of SO2n or SO∗
2n, and let M′ be an

F -Levi subgroup of G′. Let σ′ ∈ Πdisc(M
′) be given. Then

C(σ′) � C[Rσ′ ].

Proof. We follows the proof of [Her93, Proposition 3.3]. Suppose that m = 0, or
thatm ≥ 2 but c0τ

′ 	� τ ′. In this case, I1 (respectively, I2) consist of all i’s such that
ni is even (respectively, odd), cf. Remark 3.7. If d2 ≤ 1, then Rσ′ is generated by d1
sign changes in indices i ∈ I1(σ

′), and the proof is the same as that of Proposition

4.5. Assume that d2 ≥ 2. Then, Corollary 3.13 tells us that Rσ′ � Z
d1+d2−1
2 . Note

that the set

{C1Cd2
, C2Cd2

, · · · , Cd2−1Cd2
, Cd2+1, · · · , Cd}

forms a complete set of generators for Rσ′ . As in the proof of Proposition 4.5, for
1 ≤ i ≤ d, we obtain Ti : Vi → Vi intertwining σ′

i and σ̃′
i, such that T 2

i = 1 and
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such that each Ti is extended to an endomorphism TV
i of the representation space

V of σ′. Again, we note that (TV
i )2 = 1 and TV

i TV
j = TV

j TV
i . Then, the map

CiCd2
�→ TV

i TV
d2
, if 1 ≤ i ≤ d2 − 1,

Ci �→ TV
i , if d2 + 1 ≤ i ≤ d,

defines a homomorphism from C[Rσ′ ] to EndG′(σ′).
Suppose m ≥ 2 and c0τ

′ � τ ′. Then, Corollary 3.13 tells us that d1 = d and
Rσ′ � Zd

2. Note that C1, · · · , Cd form a complete set of generators for Rσ′ . We
renumber indices so that

I1(σ
′) ∩ {i : ni odd} = {1, · · · , p},

I1(σ
′) ∩ {i : ni even} = {p+ 1, · · · , d}.

From the condition c0τ
′ � τ ′, we choose an intertwining operator T− : V− → V−,

where V− is the representation space of τ ′. As in the proof of Proposition 4.5, we
normalize T− so that T 2

− = 1, and we extend it to an operator TV
− on V such that

TV
− acts trivially on the space Vi for all 1 ≤ i ≤ d. Again, the map

Ci �→ TV
i TV

− , if 1 ≤ i ≤ p,

Ci �→ TV
i , if p+ 1 ≤ i ≤ d,

defines a homomorphism from C[Rσ′ ] to EndG′(σ′). Thus, Proposition 4.8 follows
from Theorem 2.1. �

Corollary 4.9. Let G′,M ′, σ′ be as in Proposition 4.8. Then each constituent of
iG′,M ′(σ′) appears with multiplicity one.

Corollary 3.13, Theorem 4.1, and Proposition 4.8 gives the following description
of the elliptic spectrum for an F–inner form G′ of SO2n or SO∗

2n.

Theorem 4.10. Let G′ be an F–inner form of SO2n or SO∗
2n, and let M′ be

an F -Levi subgroup of G′ of the form (2.2). Let σ′ ∈ Πdisc(M
′) be given. Then,

iG′,M ′(σ′) has an elliptic constituent if and only if all constituents of iG′,M ′(σ′) are
elliptic if and only if either

Rσ′ � Zk
2 or Rσ′ � (Z2)

k−1 with even d2.

Here d2 is defined as in Corollary 3.13, unless m ≤ 1 and c0τ
′ � τ ′, in which case

d2 denotes the number of inequivalent σ′
i such that σ′

i � σ̃′
i and ni is odd.

Appendix A. R-groups for a quasi-split even orthogonal group

We give a brief description of the Knapp-Stein R–groups for the non-split quasi-
split classical group SO∗

2n. In short, the arguments used for the split case are valid
here as well. Let G = G(n) = SO∗

2n be defined over F, and G = G(F ). We also

let G̃ = G̃(n) = O∗
2n. Let T be the maximal torus of diagonal elements and Td

the maximal split subtorus, as described in [GS98]. Let P = MN be a standard
parabolic subgroup with Levi component M and unipotent radical N. Then

M � GLn1
×GLn2

× · · · ×GLnk
×G(m),
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where n1+n2+ · · ·+nk +m = n, and m ≥ 1. Let A = AM be the split component
of M. Fix an element c0 ∈ O∗

2m \ SO∗
2m. Then W (G,A) � S � Zk

2 , where S ⊂ Sk.
More precisely, since m > 0, we have S = 〈(ij)|ni = nj〉 . The (block) sign changes
are given by C = 〈Ci|ni is even 〉 × 〈Cic0|ni, nj are odd〉 . With this in mind we
define

C̄i =

{
Ci if ni is even;

Cic0 if ni is odd.

We assume, without loss of generality, that n1, . . . , nt are all even, and nt+1, . . . ,

nk are odd. For 1 ≤ i ≤ k, we set mi =
i∑

j=1

nj . We have the reduced root system,

Φ(P,AM) =
{
emi

± emj
| 1 ≤ i < j ≤ k

}
∪ {emi

+ en | 1 ≤ i ≤ k} .
We let αij = emi

− emj
, βij = emi

+ emj
, and γi = emi

+ en.
Let σ ∈ Πdisc(M). Then we have

σ � σ1 ⊗ σ2 ⊗ · · · ⊗ σk ⊗ τ,

with each σi ∈ Πdisc(GLni
(F )), and τ ∈ Πdisc(G(m)).

Lemma A.1. For 1 ≤ i < j ≤ k, we have μαij
(σ) = 0 if and only if σi � σj , and

μβij
(σ) = 0 if and only if σi � σ̃j .

Proof. As in the cases of all split classical groups this follows from the result of
Bernstein and Zelevinsky [BZ77] and Ol’sanskĭı [O74]. �

Lemma A.2. Suppose w ∈ Rσ and w = sc, with s ∈ S and c ∈ C. Then w = 1.

Proof. We assume the cycle (12 . . . j) appears in the disjoint cycle decomposition of
s. By conjugation, we may assume c changes at most two of the block signs among
1, 2, . . . , j. That is, we may assume 1, Cj , or Cj−1Cj are all the sign changes C


appearing in c with 1 ≤ � ≤ j. First, suppose c changes no signs among 1, 2, , . . . , j.
Then wσ � σ implies σ1 � σ2 � · · · � σj . By the lemma, α1j ∈ Δ′

σ and wα1j =
−α12 < 0. This contradicts w ∈ Rσ. If c changes just the sign of j, then we have
σ1 � σ2 � · · · � σj � σ̃1. Since σ1 � σ̃j , we have β1j ∈ Δ′, and wβ1j = −α12 < 0,
again contradicting w ∈ Rσ. Finally, if c changes the sign of j−1 and j, then, again
σ1 � σ̃j , and this βij ∈ Δ′. Now wβ1j = −β12 < 0, so again, contradicting w ∈ Rσ.
Thus, s = 1. �

Corollary A.3. The R–group Rσ is an elementary 2–group.

If c0τ 	� τ, then we set d1 to be the number of inequivalent classes among
σ1, . . . , σt such that

iG(m+ni),GLni
(F )×G(m)(σi ⊗ τ )

is reducible, and set d2 to be the number of inequivalent classes among σt+1, . . . , σk

satisfying σi � σ̃i. We then let

d =

{
d1 + d2 − 1 if d2 > 0;

d1 otherwise.

On the other hand, if c0τ � τ, we set d to be the number of inequivalent classes
among σ1, . . . , σk such that iGLni

(F )×G(m),G(m+ni)(σi ⊗ τ ) is reducible.
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We then have the following result.

Theorem A.4. Let G, M, σ and d be as above. Then Rσ � Zd
2. Moreover, we can

give a precise description of the R–group which mirrors that for the split groups
SO2n(F ).

The proof can be given verbatim as in [Gol94], but is simpler if we follow the
proof of [BG14].
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172 (1989), 13–71. Orbites unipotentes et représentations, II. MR1021499 (91f:22030)
[Art93] James Arthur, On elliptic tempered characters, Acta Math. 171 (1993), no. 1, 73–138,

DOI 10.1007/BF02392767. MR1237898 (94i:22038)
[Art13] James Arthur, The endoscopic classification of representations: Orthogonal and sym-

plectic groups, American Mathematical Society Colloquium Publications, vol. 61, Amer-
ican Mathematical Society, Providence, RI, 2013. MR3135650

[BG12] Dubravka Ban and David Goldberg, R-groups and parameters, Pacific J. Math. 255
(2012), no. 2, 281–303, DOI 10.2140/pjm.2012.255.281. MR2928553

[BG14] Dubravka Ban and David Goldberg, R–groups, elliptic representations, and parameters
for GSpin groups, Forum Math., to appear

[BZ77] I. N. Bernstein and A. V. Zelevinsky, Induced representations of reductive p-adic groups.
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