
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 368, Number 3, March 2016, Pages 2223–2262
http://dx.doi.org/10.1090/tran/6645

Article electronically published on July 10, 2015

AFFINE TRANSFORMATIONS AND PARALLEL LIGHTLIKE

VECTOR FIELDS ON COMPACT LORENTZIAN 3-MANIFOLDS

CHARLES BOUBEL AND PIERRE MOUNOUD

Abstract. We describe the compact Lorentzian 3-manifolds admitting a par-

allel lightlike vector field. The classification of compact Lorentzian 3-manifolds
admitting nonisometric affine diffeomorphisms follows, together with the com-
plete description of these morphisms. Such a Lorentzian manifold is in some
sense an equivariant deformation of a flat one.

1. Introduction

Let (M, g) be a compact Lorentzian manifold and D its Levi-Civita connection.
We can associate with it, at least, two groups: its isometry group Isom(g) and its
affine group, i.e. the group of transformations preserving D, which we denote by
Aff(g). Of course, Isom(g) is a closed subgroup of Aff(g). This article has two
purposes:

– to understand compact Lorentzian 3-manifolds (M, g) such that Aff(g)/Isom(g)
is nontrivial,

– to describe the compact Lorentzian 3-manifolds admitting a parallel lightlike
vector field.

These two problems are directly related because when Aff(g)/ Isom(g) is not
trivial then there exists nontrivial parallel fields of symmetric endomorphisms of
TM . Indeed, if ϕ ∈ Aff(g) � Isom(g), then ϕ∗g �= g and there exists a field E of
symmetric endomorphisms of TM such that ϕ∗g(., .) = g(E., .). As ϕ preserves
D, the Levi-Civita connection of the metric ϕ∗g is also D and E is parallel. In
the 3-dimensional situation it means that, up to a finite cover, (M, g) possesses a
nontrivial parallel vector field X. The cases where X is lightlike quickly appears
to be the only interesting one (see Proposition 2.4).

Moreover, both problems are interesting in themselves. When a pseudo-Rieman-
nian manifold (M, g) admits a parallel nondegenerate distribution, it splits into
a Riemannian product — at least locally, and globally as soon as it is complete
and simply connected — this is the well-known generalization [20] by Wu of a
theorem of de Rham. When the distribution is degenerate, the situation becomes
much richer and more complicated. For Lorentzian manifolds, the local situation
is now quite well understood (see e.g. the survey [8]), whereas the subject remains
widely open for general pseudo-Riemannian metrics. Some recent works study the
global behavior of such manifolds. The case of homogeneous spaces, which is quite
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specific, has been little studied, and in the general case, results and examples on
the full holonomy group of Lorentzian metrics are also given in [2,13], some of them
involving compact manifolds (see e.g. in [13] metrics on circle bundles similar to
those we see appearing in our work). However, very few works treat specifically the
compact case; see e.g. [14] for the case of pp-waves (compact implies complete), [18]
with a parallel Weyl tensor or [19] with an assumption on the first Betti number.
This work is devoted to it, more precisely to compact Lorentzian manifolds with
a parallel, lightlike vector field, in the lowest interesting dimension, i.e. three, but
with no additional assumption and aiming at a complete study. Notice that it is
a particular case of a pp-wave; thus the results of [14] apply. The local model
is well-known, but a lot of global invariants, some of them of dynamical nature,
appear.

On the other hand, as in the conformal or projective situation, if Aff(g)/ Isom(g)
is big enough, then it should be possible to give a classification. Indeed, in [10] Gro-
mov conjectures that rigid geometric structures with large automorphism groups are
classifiable. Of course, each situation needs its own definition of the word “large”.
Results of Ferrand in conformal geometry [7] or Matveev [16], recently improved in
[24], in projective geometry are typical illustrations of this general conjecture.

In the Riemannian case, a classical theorem by Yano [21] asserts that
Aff(g)/ Isom(g) is discrete. More recently, Zeghib improved this theorem (see [22]),
so that he could describe the Riemannian affine actions of lattices of semi-simple
groups of rank ≥ 2. It appears that when Aff(g)/ Isom(g) is not trivial, the univer-
sal cover splits as a product having a nontrivial flat factor. In particular, the finite
quotients of flat tori are the only compact Riemannian 3-dimensional manifolds
such that Aff(g)/ Isom(g) is nontrivial (see also Proposition 2.4).

Our results. As usual, the situation is richer in the Lorentzian case. Indeed,
Yano’s theorem does not extend even in dimension 3. For example, on a compact
flat Lorentzian 3-manifold with nilpotent holonomy (that is not a torus) there exist
1-dimensional groups of affine transformations that are not isometric. It can be seen
from the description in [1] (Theorems 4 and 9) by simply computing the normalizer
of the fundamental group in the (classical) affine group (see also the beginning of
the proof of Proposition 6.5).

The local expression of metrics admitting a parallel lightlike vector field X is
quite simple (see Lemma 2.9), but the global problem is a lot richer and it is not
clear that a classification is possible (by classification we mean something close to
a list of pairwise nonisometric metrics such that any metric admitting a parallel
lightlike vector field is isometric to one of them).

The global behaviour of X is also well understood. Zeghib proved in [23] that
it has to preserve a Riemannian metric. It follows from the work of Carrière [4] on
Riemannian flows that, up to finite cover, X is either tangent to the fibre of a circle
bundle over a 2-torus or is a linear vector field on a 3-torus.

It allows us to give an expression of any 3-dimensional compact Lorentzian mani-
fold admitting a parallel lightlike vector field. It turns out that the most interesting
case is when X is tangent to the fibre of a circle bundle over a 2-torus. This torus is

naturally endowed with a linear foliation X⊥ induced by the distribution X⊥ on M .

When X⊥ has a Diophantine or rational slope we are able to improve the former
description into a complete classification. In fact, we first find, in Propositions 5.1
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and 5.6, expressions that are unique up to some finite dimensional group; then we
are able to tell when two expressions give isometric metrics. Unfortunately, these
criteria do not read nicely; see the discussions distinguishing the isometry classes
in Propositions 5.1 and 5.6.

Once this description is obtained, we are able to classify the manifolds (M, g)
such that the affine group of g is not elementary, i.e. such that [Aff(g) : Isom(g)] > 2
and in particular such that Aff(g)/ Isom(g) is 1-dimensional (see Proposition 6.6).
All these manifolds admit a periodic parallel lightlike vector field and therefore fibre

over the torus. The situation splits then in two: either X⊥ has closed leaves and

the affine group is always nonelementary, or X⊥ has dense leaves and the metrics
with nonelementary affine group are given by Proposition 6.5. In both cases, we
have an explicit classification of the metrics.

All these results are gathered in Section 7, notably in two tables constituting
two theorems. Table 1 (re)introduces all the notation used in this section, mak-
ing it autonomously readable. Theorem 7.2, corresponding to Table 2, gives the
list of compact indecomposable Lorentzian 3-manifolds having a parallel (light-
like) vector field and points out those with noncompact isometry group. Theorem
7.3, corresponding to Table 3, lists those manifolds after the form of the quotient
Aff(g)/ Isom(g), which may be trivial or isomorphic to Z, Z2 or R by different
ways each time. As Lorentzian 3-manifolds with Aff(g)/ Isom(g) nonelementary,
i.e. [Aff(g) : Isom(g)] > 2, are either flat 3-tori or such indecomposable manifolds,
this gives their list. Gathering the results gives rise also to some comments, which
we give in a series of remarks.

We have moreover obtained a kind of qualitative description of these metrics.
Indeed, we prove in Theorem 6.9 that the metrics such that [Aff(g) : Isom(g)] > 2
are equivariant deformations of flat metrics, in the sense that for any ϕ ∈ Aff(g)
there exists a path of metrics gt between g and a flat metric (in fact the quotient
by a lattice of a left invariant metric on R3 or the Heisenberg group) such that
ϕ ∈ Aff(gt) for all t. Nevertheless, there exist metrics g on parabolic tori such that
[Aff(g) : Isom(g)] > 2 and Aff(g) is not contained in the affine group of any flat
metric.

Finally, we generalize the construction of the metrics of this article to show that
compact Lorentzian manifolds with large affine group may be easily built in greater
dimension, some of them carrying no flat Lorentzian metric.

The article is organized as follows. Section 2 shows that when Aff(g)/ Isom(g)
is not elementary and (M, g) is not a flat torus there exists a parallel lightlike
vector field X on (M, g). Section 3 deals with the case where the orbits of X
are nonperiodic, and Sections 4 and 5 with that where all its orbits are periodic.
Section 6 describes the manifolds (M, g) such that [Aff(g) : Isom(g)] > 2 and states
and proves Theorem 6.9. Section 7 gathers the results except Theorem 6.9 and is
readable by itself. Section 8 gives examples in dimension greater than 3.

General notation. If X is a lightlike vector field on M , X⊥ its orthogonal distri-
bution, and π : M → M the quotient of M by the flow of X when it exists, then X
denotes the integral foliation of X, X⊥ that of X⊥ and X⊥ the image of the latter
by π on M .
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2. Reduction to the lightlike case

In this section, (M, g) is a compact Lorentzian 3-manifold and D is its Levi-
Civita connection.

Definition 2.1. A Lorentzian manifold is called decomposable when the represen-
tation of its holonomy group preserves an orthogonal decomposition of the tangent
bundle; otherwise the tangent bundle is an orthogonal direct sum of parallel sub-
bundles.

Remark 2.2. If (M, g) admits two linearly independent parallel vector fields U and
V , it is a flat torus, up to a possible 2-cover. Indeed, if Span(U, V ) is g-non-
degenerate, its orthogonal is spanned by a field W with |g(W,W )| = 1 (here use a
possible 2-cover) which is parallel, so (U, V,W ) is a parallel frame field. This defines
a locally free action of R3 on M , sending the canonical coordinate fields (∂x, ∂y, ∂z)
of R3 on (U, V,W ). Therefore, classically, M is a flat torus; indeed:

– this action sends a parallel frame field on parallel frame field, hence sends the
(flat) connection on R3 on the connection D of M , hence the latter is also flat;

– as M is compact, there is some ε > 0 such that for every m ∈ R3, this locally
free action is free on ]m− ε,m+ ε[3. Thus this action defines a covering R3 → M ,
the associated action of π1(M) which necessarily preserves (∂x, ∂y, ∂z), hence acts
by translations. So M � R3/Z3.

If Span(U, V ) is lightlike, one may suppose that U ∈ ker(g|Span(U,V )) and then
the field W defined by g(U,W ) = 1, g(V,W ) = g(W,W ) = 0 is also parallel; the
same conclusion follows.

Remark 2.3. For any ϕ ∈ Aff(g), ϕ∗ vol = ± vol g. Indeed, as ϕ preserves D and
as vol(g) is D-parallel, there exists a number l such that ϕ∗ vol(g) = l vol(g). But
as M is compact, it has a finite volume preserved by ϕ and therefore |l| = 1.

Proposition 2.4. Suppose that (M, g) is decomposable. Then if [Aff(g) : Isom(g)]
> 2, (M, g) is finitely covered by a flat torus.

Proof. Let ϕ be an element of Aff(g) � Isom(g). As (M, g) is 3-dimensional and
decomposable, there exists a parallel nonlightlike line field. Replacing perhaps M
by a 2-cover of it, we take on this line a vector field X such that |g(X,X)| = 1.
We denote its flow by Φt

X . According to Remark 2.2, we can suppose that X is
the unique parallel vector field, up to proportionality, and that therefore Span(X)
is preserved by ϕ. It implies also that the distribution X⊥ is also preserved (it is
the only codimension 1 parallel distribution transverse to the parallel vector field;
if there is another one P , the orthogonal projection of X onto P would be another
parallel vector field). We recall that this distribution is integrable and defines a
codimension 1 foliation that we will denote by X⊥.

The vector field X being parallel, it is also Killing. This means that we can
replace ϕ by any Φt

X ◦ ϕ; therefore we can assume that ϕ preserves any given leaf
X⊥

0 of X⊥. Clearly, ϕ|X⊥
0

is a diffeomorphism of the Riemannian or Lorentzian

surface (X⊥
0 , g|X⊥

0
) that preserves the induced connection. If ϕ|X⊥

0
preserves the

metric, then, as ϕ preserves the volume form of g, it preserves X, and then ϕ is
isometric contrary to our assumption. Hence (X⊥

0 , g|X⊥
0
) is a surface that admits a

nonisometric affine transformation ϕ. Let us denote by S the self adjoint automor-
phism such that ϕ∗g = g( · , S · ). On the one hand, if S = λ Id, then |λ| = 1; hence
λ = −1 as ϕ is not an isometry. Indeed, the scalar curvature r is the trace of Ric,
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the endomorphism such that ric = g( · ,Ric · ). Now ϕ∗g = λg and ϕ preserves D.
Thus ϕ∗ ric = ric; consequently r ◦ ϕ = 1

λr. But r is bounded as M is compact, so
|λ| = 1. On the other hand, if S �∈ R.Id, then g|X⊥

0
is flat by the following fact.

Fact. Let (N, g) be some Lorentzian surface. If it admits a parallel field S �∈ R.Id of
self adjoint endomorphisms, then it is flat. Indeed, by standard linear algebra, the
couple of matrices of (g, S) is, up to conjugation, one of the three following types:((

1 0
0 ±1

)
,

(
λ 0
0 λ′

))
,

((
0 1
1 0

)
,

(
0 λ
−λ 0

))
,

((
0 1
1 0

)
,

(
λ′ 1
0 λ′

))

with 0 �= λ �= λ′. In each case, the holonomy algebra is included in {A; g(A ·, · ) =
−g(A ·, ·) and AS = SA} = {0}. The fact follows.

So finally, either ϕ|X⊥
0

is an anti-isometry and [Aff(g) : Isom(g)] = 2 —such a

case is realized for example by the product of the Clifton-Pohl torus by S1— or
[Aff(g) : Isom(g)] > 2 and then gX⊥

0
is flat, hence also g, which reads locally as a

product g|X⊥
0
× dt2.

In the second case, if the vector field X is timelike, then the metric obtained
simply by changing the sign of g(X,X) is flat and Riemannian; therefore M is
finitely covered by a torus. If X is spacelike it follows from the classification of 3-
dimensional Lorentzian flat manifolds (see [9]) that either M is finitely covered by a
torus or (M, g) has hyperbolic holonomy and is obtained by suspending a hyperbolic
automorphism of T2. In the last case, the flow of X is an Anosov flow whose strong
stable and unstable directions are the lightlike direction of g|F . It follows that ϕ
preserves these line fields. In that case the leaves of X⊥ are compact; therefore,
by Remark 2.3 the restriction of ϕ to any leaf X⊥

0 preserves the volume. The map
ϕ|X⊥

0
preserving the volume and the lightlike direction has to be an isometry. We

have a contradiction. �
Let us remark that if (M, g) is a compact Riemannian 3-manifold such that

Aff(g) � Isom(g), then it is decomposable, and thus the proof of Proposition 2.4
says (because Riemannian anti-isometries do not exist) that (M, g) is finitely cov-
ered by a flat Riemannian torus.

Remark 2.5. The proof of Proposition 2.4 shows that the case where (M, g) is
decomposable and [Aff(g) : Isom(g)] = 2 is very specific; the metric on the universal

cover M̃ is a product g1×g2 with g1 Riemannian, 1-dimensional and g2 Lorentzian;
Aff(g)/ Isom(g) is spanned by a diffeomorphism preserving g1 and changing the
sign of g2. This would demand a specific study; besides, the dynamic phenomena
induced by an infinite group Aff(g)/ Isom(g), in which we are interested here, do
not appear in this case. So we do not study it here, and the rest of the article deals
with the case where M is indecomposable.

Lemma 2.6. If M is indecomposable and ϕ ∈ Aff(g) � Isom(g), then ϕ∗g(., .) =
g(E., .) with E parallel, E = Id+N and N2 = 0. More precisely, up to a pos-
sible 2-cover making M time-orientable, there is a parallel lightlike vector field
X, canonically associated with ϕ, up to sign, and a constant C ∈ R∗ such that
ϕ∗g = g+CX� ⊗X�. Saying it with matrices, if M is moreover orientable, in any
frame field (X,Y, Z) in which:

Mat(g) =

⎛
⎝ 0 0 1

0 1 0
1 0 0

⎞
⎠ (such frames exist), then: Mat(N) =

⎛
⎝ 0 0 C

0 0 0
0 0 0

⎞
⎠.
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Moreover if M , up to a 2-cover, is not a flat torus, there exists λ ∈ R∗ such that
ϕ∗X = λX.

Proof. Some facts proven in [15] may shorten the proof a bit; nevertheless a brief
and self-contained proof is possible, so we give one. Let P ∈ R[X] be the minimal
polynomial of E. If P = P1P2 with P1 and P2 prime with each other, then TM =
kerP1(E)⊕kerP2(E), the sum being orthogonal as E is self adjoint. But this is
ruled out as M is indecomposable. So, as dimM is odd, P is of the form (X−α)k,
with α ∈ {±1} as ϕ∗ vol(g) = ± vol(g); actually α = 1 as ϕ∗g must have the same
signature as g. So E = Id+N with N nilpotent and nonnull as ϕ �∈ Isom(g). The
image of N is clearly parallel and lightlike. Let h be the symmetric 2-tensor on
ImN defined by h(Nu,Nv) = g(u,Nv). It is well-defined as u is defined up to
an element of kerN and N is symmetric. This tensor is actually nondegenerate,
i.e. a parallel Lorentzian or Riemannian metric on ImN . Hence, if the distribution
ImN is 2-dimensional, then it contains two parallel line fields (both nondegenerate
or both lightlike for h; this does not matter), one of them being ImN2. But then
the other one has to be g-nondegenerate, else ImN would be g-totally isotropic.
This contradicts the fact that (M, g) is indecomposable. Thus, ImN is an oriented
(because (M, g) is time-orientable) parallel lightlike line field. We define X as the
vector field, unique up to sign, tangent to Im(N) such that h(X,X) = 1. It is
parallel and lightlike and there exists C > 0 such that N = [u 
→ C g(u,X)X]
(this was first proved in [15]), i.e. ϕ∗g = g + CX� ⊗ X�. As M is supposed to
be orientable, we may extend X as a continuous frame field (X,Y, Z); we may
moreover take Z lightlike and Y ⊥ Span(X,Z). Rescaling possibly Y and Z, we
obtain by construction the announced form for Mat(g) and Mat(N).

Finally, as X is parallel, so is ϕ∗X, and the last assertion follows from Remark
2.2. �

It follows from Lemma 2.6 that investigating the Lorentzian 3-manifold with
Aff(g) � Isom(g) requires us to study the indecomposable Lorentzian 3-manifolds
with a parallel lightlike vector field. It is now our work, spead out among Sections
3, 4 and 5 after the cases given by Proposition 2.8.

From now on, (M,g) is an orientable, indecomposable compact Lorentz-
ian 3-manifold admitting a parallel lightlike vector field X (which is then
unique, by Remark 2.2) and that is not, up to a possible 2-cover, a flat
torus.

The 1-form X�, defined by X�u = g(X, u), is closed and therefore its kernel,
which is X⊥, generates a codimension 1 foliation that we will denote by X⊥. We
will denote by X the foliation generated by X. The following proposition is the
key to the study that follows. We do not know whether its analogue in higher
dimension is true.

Remark 2.7. X� is stable by ϕ up to proportionality, so in particular, ϕ∗X⊥ = X⊥.
Indeed, X� is the only parallel 1-form with X in its kernel. If α is another one,
then kerα is g-nondegenerate, but this is impossible as M is indecomposable.

Proposition 2.8. The vector field X preserves a frame field, and there exists i ∈
{1, 2} such that the closure of the orbits of X are i-dimensional tori. Moreover, if
M is orientable, then these tori are the fibres of a fibration over a (3−i)-dimensional
torus.
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Proof. The vector field X being parallel is also Killing. Nonequicontinuous Killing
vector fields of compact Lorentzian 3-manifolds, i.e. fields the flow of which is not
relatively compact in Diff(M), have been classified by Zeghib in [23]. It turns
out that none of them is parallel and lightlike, and therefore that X preserves a
Riemannian metric α, built by an averaging process over the closure of (Φt

X)t, which
is a compact Lie group in Diff(M). We then get more: the vector field W defined
by g(X,W ) = 1 and W ⊥α X⊥ is stable by the flow of X, and so is the (unique)
field V tangent to X⊥ and such that α(V, V ) = 1, α(X,V ) = 0 and (X,V,W ) is a
direct frame field (this last condition is possible as M is orientable). So we get a
frame field (X,V,W ), preserved by X.

It means in particular that the flow of X preserves a frame field of the normal
bundle TM/X . It follows then from Carrière’s article [4] that the closure of the
leaves of X are tori of constant dimension and that these tori are the fibres of a
fibration. The basis of this fibration is compact and orientable and its Euler number
is zero; therefore it is a torus.

Furthermore, if the closure of the leaves of X are 3-dimensional, then (M, g) is
a flat torus and therefore it is decomposable. �

The study naturally splits into two cases according to the dimension of the
closure of the orbits of X. Before studying them, we state a lemma showing that
indecomposable Lorentzian 3-manifolds with a parallel vector field have a unique
local invariant, their curvature, which is a scalar. Therefore, once this is set, all
the work that follows to get classification results deals only with global questions
about the metric g, seeking global invariants.

Lemma 2.9. As X is parallel, the curvature tensor of (M, g) is entirely given
by the data of g(R(Z, Y )Z, Y ) with (Y, Z) such that Y ⊥ X, g(Y, Y ) = 1 and
vol(X,Y, Z) = 1. The obtained function does not depend on the choice of such a
couple; we denote it by r. Notice that R(Y, Z)Y = rX.

There are local coordinates (x, y, z) around each m ∈ M such that:

• ∂
∂x = X and span

(
∂
∂x ,

∂
∂y

)
= X⊥,

• Mat( ∂
∂x , ∂

∂y
∂
∂z )

(g) =

⎛
⎝ 0 0 1

0 1 0
1 0 μ(y, z)

⎞
⎠ with

{
(i) μ(0, · ) ≡ 0,

(ii) ∂μ
∂y

(0, · ) ≡ 0.

Then r = ∂2μ
∂y2 . Therefore, in the neighborhood of m, g is locally characterized, up to

isometry fixing m, by the function r. Such coordinates, centered at m, are unique
once the lightlike vector ∂

∂z is fixed at m.

Proof. The first assertion is nearly immediate and left to the reader. Take any
neighborhood of O of m such that (O, X) � (R3, e1). On the quotient O of O by

the orbits of X, take a field Y tangent to X⊥ such that g(Y , Y ) = 1. Actually this

condition determines Y up to its sign. Then take any transversal T to X⊥, and Z
the unique field along T such that, for any pull-back Z of it on O, g(X,Z) ≡ 1.
Then extend Z to the whole O by pushing it by the flow of Y . Then there is a
unique pull-back Y of Y on O such that g(Y, Z) ≡ 0, with Z any pull-back of Z,
this condition being independent of the choice of Z. So in turn, once any pull-back
Z of Z along T , commuting with X, is chosen there is a unique way to extend
it in a pull-back Z commuting with Y . Finally, as X is a Killing field for g, by
construction, Y and Z commute with X. Taking (x, y, z), the coordinates dual
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to (X,Y, Z), gives the wanted form for g, possibly without conditions (i) and (ii)
for the moment. Now just above, the choice of the transversal T and that of the
pull-back Z of Z along it were free. So we may choose them such that the orbit of
Z through m is a lightlike geodesic. This is exactly equivalent to ensuring (i) and
(ii). The only arbitrary choice is then that of Z at m. �

We will also need the following technical lemma.

Lemma 2.10. If ϕ ∈ Aff(g) � Isom(g), there is λ ∈ R∗ such that ϕ∗X = λX
and ϕ∗X� = 1

λX
�. Moreover, if r is the function introduced by Lemma 2.9, then

r ◦ ϕ = λ2r.

Proof. Let us denote by λ ∈ R∗ the scalar given by Lemma 2.6 such that ϕ∗X = λX.
By Remark 2.7, ϕ∗X� = λ′X�. As the only eigenvalue of the endomorphism E ap-
pearing in Lemma 2.6 is 1, λ′ = 1

λ . Now take (Y, Z), a couple of vector fields

as in the statement of Lemma 2.9, such that R(Y, Z)Y = rX. As ϕ∗X� = 1
λX

�,

ϕ∗Z ≡ 1
λZ [X⊥] and, as ϕ preserves the volume and as ϕ∗X = λX, necessar-

ily ϕ∗Y ≡ Y [X]. Now, as ϕ ∈ Aff(g), R is ϕ-equivariant: R(ϕ∗Y, ϕ∗Z)ϕ∗Y =
(r ◦ ϕ−1)ϕ∗X, i.e. here R(Y, 1

λZ)Y = (r ◦ ϕ−1)λX, hence r ◦ ϕ = λ2r. �

3. Indecomposable manifolds with a parallel lightlike

vector field with nonclosed orbits

Here (M, g) is a compact indecomposable Lorentzian 3-manifold which is not,
up to a possible 2-cover, a flat torus endowed with a lightlike parallel vector field
X whose closure of the orbits defines a codimension 1 foliation with toral leaves,
which we will denote by G. We do not suppose that M is orientable in this section;
it turns out that it will be necessarily a torus, hence orientable. It means that the
map π : M → M/G � S1 is a fibration (we will see that M is actually diffeomorphic
to a torus). Again the situation splits into two cases. Two leaves X⊥

0 of X⊥ and
G0 of G that meet are either equal or transverse to each other, as they are both
stable by the flow of X, whose orbits are dense in G0. In the first case, X⊥

0 is

compact; in the other case, X⊥
0 contains G0 so X⊥

0 is not closed. Besides, as X⊥ is
the integral foliation of a closed 1-form, all its leaves are diffeomorphic; see e.g. [3]:

on the universal cover M̃ , the leaves are the levels of a submersion f on R. Endow
M with any auxiliary Riemannian metric; then the flow of 1

‖∇f‖2∇f , well-defined

on M̃ and π1(M)-invariant, hence well-defined also on M , sends leaf on leaf and
thereby provides a diffeomorphism between any two leaves of X⊥. Hence all the
leaves of X⊥ are compact or none of them is. In the first case, X⊥ = G; in the
second one, X⊥ and G are transverse. We are going to prove:

Proposition 3.1. If (M, g) is an indecomposable compact Lorentzian 3-manifold
admitting a parallel lightlike vector field with nonclosed leaves, then:

(1) If the leaves of X⊥ are compact, then (M, g) is isometric to the quotient of
R3 endowed with the metric g̃ = 2Λdxdz+L2(z)dy2, where Λ ∈ R and L is
a 1-periodic function, by the group generated by (x, y, z) 
→ (x+1, y+ τ, z),
(x, y, z) 
→ (x, y+1, z) and (x, y, z) 
→ (x+r1, y+r2, z+1) where (τ, r1, r2) ∈
R3, τ �∈ Q.

(2) If the leaves of X⊥ are noncompact, then (M, g) is isometric to the quo-
tient of R3 endowed with the metric g̃ = 2Λdxdz + L2dy2 + μ(y)dz2,
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where (Λ, L) ∈ R2 and μ is a 1-periodic function, by the group gener-
ated by (x, y, z) 
→ (x + 1, y, z + τ ), (x, y, z) 
→ (x + r1, y + 1, z + r2) and
(x, y, z) 
→ (x, y, z + 1) where (τ, r1, r2) ∈ R3, τ �∈ Q.

Moreover, in both cases, Aff(g) = Isom(g) = {translations preserving L(z), respec-
tively μ(y)}.

Proof. First, we suppose that the leaves of X⊥ are compact. Let ϕ be an element
of Aff(g). Then the scalar λ of Lemma 2.10 is ±1. Indeed, here X⊥ = G. Let
π : M → S1 � M/G. As the form X� is invariant by the flow of X and as the
leaves of X are dense in those of G = X⊥, we know that there exists a 1-form ζ on
S1 such that π∗ζ = X�. Moreover, as ϕ preserves X⊥, there is a diffeomorphism
ϕ of S1 such that ϕ ◦ π = π ◦ ϕ. This means that ϕ∗ζ = 1

λζ, so |λ| = 1 as S1 is
compact.

The closure of the flow of X in the group of diffeomorphisms is clearly a 2-torus.
This torus is contained in Isom(g) and its orbits are the leaves of the foliation X⊥.
We choose a 1-dimensional closed subgroup in it. It defines a 1-periodic Killing
vector field Y tangent to X⊥. We then take a vector field Z that is lightlike,
perpendicular to Y and such that g(X,Z) is constant. The vector fields X and
Y being Killing, we see that [X,Y ] = [X,Z] = [Y, Z] = 0, proving that M is a
torus. We can therefore choose Z so that it induces a 1-periodic vector field in

M/X⊥. These fields define coordinates (x, y, z) on M̃ the universal cover, i.e. a
diffeomorphism with R3.

Replacing eventually X by some vector ΛX proportional to it, we see that the

action of the fundamental group of M on M̃ in these coordinates has the desired
form. Furthermore, there exists a function L such that the metric g reads g =
2Λdxdz + L2(z)dy2 in these coordinates.

Let ϕ be an element of Aff(g). As X� = dz, there exists C ∈ R such that

(1) ϕ∗g = g + CX� ⊗X� = 2Λdxdz + L2(z)dy2 + Cdz2.

Replacing possibly ϕ by ϕ2 we will assume that ϕ preserves X, X� and the volume
form (by Lemma 2.6 if for some k ∈ Z∗, ϕk is an isometry, then ϕ also). Hence, we
have ϕ∗dz = dz, ϕ∗dy = dy + αdz and ϕ∗dx = dx+ βdy + γdz for some functions
α, β and γ. We see that ϕ acts by translation on the coordinate z. As ϕ∗g must
read as in (1), the function L is invariant by this translation.

By the symmetry of second order derivatives, we know that Y.α = 0 and X.β =
X.α = X.γ = 0. But any function constant along the orbits of X is also constant
along the leaves of G = X⊥; therefore we also have Y.β = Y.γ = 0. Using again the
symmetry of second order derivatives we get Z.β = 0, i.e. β = cst. Computing ϕ∗g
and using (1) we get

(2)
Λβ + L2(z)α(z) = 0,

2γ(z) + L2α2(z) = C.

This means that ϕ̃(x, y, z) = (x+ βy + J(z), y −K(z), z + t), for some functions J
and K. But, if β �= 0, this map is not in the normalizer of the fundamental group,
as ϕ̃(x+1, y+ τ, z+ t) = (x+ βy+ J(z), y−K(z), z+ t) + (1, τ, 0)+ (τβ, 0, 0) and
[(x, y, z) 
→ (x + τβ, y, z)] is not in the fundamental group unless β = 0. Hence,
β = 0. By (2), α = 0, γ is constant and ϕ̃ reads

(x, y, z) 
→ (x+ γz + c1, y + c2, z + t)
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where c1, c2 are constants. As X and Y are Killing we can assume that c1 = c2 = 0.
But if γ �= 0, this map is not in the normalizer of the fundamental group because

(x+ r1, y + r2, z + 1) 
→ (x+ γz, y, z) + (r1, r2, 1) + (γ, 0, 0)

and [(x, y, z) 
→ (x+ γ, y, z)] is not in the fundamental group unless γ = 0. Hence
ϕ ∈ Isom(g).

Now, we suppose that X⊥ has noncompact leaves. The closure of the flow of
X in the group of diffeomorphisms is still a 2-torus contained in Isom(g), but
now its orbits are the leaves of the foliation G that is transverse to X⊥. This
time, the choice of a closed subgroup in this torus provides us with a 1-periodic
Killing vector field Z. The quotient M/G is 1-dimensional, hence orientable. So
we can choose, transversely to G, a field Y tangent to X⊥, perpendicular to Z
and such that g(Y, Y ) is constant. The vector fields X and Z being Killing, we
have [X,Y ] = [X,Z] = [Y, Z] = 0 (M is again a torus). We can rescale Y so
that it induces a 1-periodic vector field on M/G. Take A = X or A = Y . Then
A.(g(X,Z)) = g(X,DAZ) = g(X,DZA) = Z.(g(X,A)) = 0, as X is parallel.
Besides, Z.(g(X,Z)) = (LZg)(X,Z)+ g([Z,X], Z) = 0 as Z is Killing and [Z,X] =
0. Hence g(X,Z) is constant. We replace X by a vector field proportional to it in
order to have a fundamental group of the desired form.

These vector fields define coordinates (x, y, z) on M̃ , and there exist (L,Λ) ∈ R2

and a nonconstant function μ such that the metric g then reads g = 2Λdxdz +
L2dy2+μ(y)dz2 (if μ is constant, then Y would be parallel, hence M decomposable,
contrary to our assumption.

Take ϕ in Aff(g). By Lemma 2.6, ϕ∗g = g+CX�⊗X�. Repeating the reasoning
above, but using the fact that ϕ preserves X⊥ and G, and with the scalar λ of
Lemma 2.10, we prove that ϕ∗dx = λdx+βdy+γdz, ϕ∗dy = dy and ϕ∗dz = λ−1dz,
where λ is the number given at the beginning of the proof. Let us show that |λ| = 1.
By Lemma 2.10, the curvature function r of Lemma 2.9 satisfies r◦ϕ = λ2r. Unless
|λ| = 1, this compels r to be null at every recurrent point of ϕ. Now M is compact
and ϕ is volume preserving so almost every point of M is recurrent. But M is not
flat (else Y would be parallel; see above); thus r �≡ 0 and |λ| = 1.

Therefore, (2) still holds, up to possible ± signs, and with this time L = cst. and
α = 0. It gives β = γ = 0, hence ϕ ∈ Isom(g). �

4. Indecomposable manifolds with a parallel lightlike field

with closed orbits

Now (M, g) is an orientable, compact indecomposable Lorentzian 3-manifold
endowed with a lightlike parallel vector field with closed orbits X. Our goal is to
understand, as precisely as possible, the isometry classes of such manifolds. This
is done, after introductory remarks, in particular the important Remark 4.4, by
Proposition 4.9 and Corollary 4.14; see also the commentaries before and after this
corollary.

It follows from Proposition 2.8 that the flow of X is periodic (from now on,
rescaling X, we will assume that it is 1-periodic) and that X is tangent to the
fibre of a fibration π : M → M , where M is diffeomorphic to T2. Orientable circle
bundles over a torus are well-known; they are diffeomorphic either to a 3-torus or
to a manifold obtained by suspending a parabolic automorphism of T2.
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Notation 4.1. For any n ∈ N and (c1, c2) ∈ [0, 1[2, we define Γn,c1,c2 as the group
of diffeomorphisms of R3 generated by the maps

(x, y, z) 
→ (x+ 1, y, z),

(x, y, z) 
→ (x+ c1, y + 1, z),

(x, y, z) 
→ (x+ ny + c2, y, z + 1).

We will denote simply by Γn the group Γn,0,0.

When n �= 0, the reader will recognize the action of a lattice of H, the 3-
dimensional Heisenberg group, on itself. Indeed, this action preserves the moving
frame (∂x, ∂y + nz∂x, ∂z), and the Lie algebra spanned by these three vector fields
is the Lie algebra of H. It is not a surprise as orientable, nontrivial circle bundles
over the torus are quotients of the Heisenberg group (what is called a Nil-manifold).
Besides, if g̃ is a left invariant metric on the Heisenberg group such that the center
of H is lightlike, then it is flat and it admits a parallel lightlike vector field. We
can translate this situation into our vocabulary. Let g̃ be the metric on R3 whose
matrix in the moving frame (∂x, ∂y + nz∂x + θ∂z, ∂z) is⎛⎝0 0 Λ

0 L2 N
Λ N M

⎞⎠ ,(3)

where θ, Λ, L, M and N are constants. The metric g̃ induces a flat metric g on
R3/Γn,c1,c2 and the image of ∂x is a well-defined lightlike and parallel vector field.
In order to obtain nonflat examples, we can replace the constants L, M , and N by
functions of y and z invariant by the action of Γn,c1,c2 , i.e. (1,1)-biperiodic. After
such a change, the field ∂x remains parallel.

Proposition 4.2. The map π : R3/Γn,c1,c2 → R2/Z2 with π([x, y, z]) = ([y, z]) is
a circle bundle whose Euler number is n. Hence, any orientable circle bundle over
the torus is isomorphic to a πn,c1,c2 (actually c1 and c2 do not play any role here).

Let g̃ be the metric on R3 whose matrix in the moving frame (∂x, ∂y + nz∂x +
θ∂z, ∂z) is ⎛⎝0 0 Λ

0 L2(y, z) ν(y, z)
Λ ν(y, z) μ(y, z)

⎞⎠ ,(4)

where L, μ, ν are biperiodic functions. The Lorentzian manifold (R3/Γn,c1,c2 , g),
where g is the metric induced by g̃, admits a parallel lightlike vector field with closed
orbits.

Remark 4.3. When n �= 0, the metric g̃ defined in Proposition 4.2 can be seen as a
metric on the Heisenberg group expressed in a left invariant moving frame.

Remark/Notation 4.4. Any object invariant, or invariant mod X, by the flow of X
defines an object on M . Here are some of them:

• the connection D gives a connection D on M ;
• the D-parallel 1-form X� gives a D-parallel 1-form ζ;

• the foliation X⊥ tangent to kerX� gives a foliation X⊥ tangent to ker ζ;
• the D-parallel 2-form i(X) vol(g) gives a D-parallel volume form ω;
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• the restriction of g to X⊥ gives a Riemannian metric on X⊥, which we
denote by g. Of course Dg = 0;

• any vector field Y tangent to kerX� and such that g(Y, Y ) is constant is
projected onto a D-parallel vector field on M .

Let us see how the connections D on the 2-torus, associated with metrics ap-
pearing in Proposition 4.2, look. We denote by Y and Z the projection on R2/Z2

of ∂y + nz∂x + θ∂z and ∂z. By a direct computation we see that

(5) DY Y =
dL

L
Y and DZZ =

Z.ν − 1
2Y .μ+ nΛ

L2
Y .

Since the foliation X⊥ is given by a closed 1-form, all its leaves are diffeomorphic.
Actually there are two possibilities: either they are all diffeomorphic to a torus or
they are all diffeomorphic to a cylinder. Moreover in the latter case they are all
dense in M .

Definition 4.5. A (torsion free) connection D on T2 will be called unipotent if its
holonomy group is unipotent, i.e. if it admits a nontrivial parallel vector field and
a parallel volume form.

Hence, the connection D induced by D is unipotent. Actually, all the items of
Remark 4.4 are the consequence of this fact.

Proposition 4.6. Let Y and Z be vector fields on M such that Y is tangent to

X⊥ and parallel, and that ζ(Z) = g(Z,Z) is a constant. The field Y is unique
up to multiplication by a scalar λ. Then the curvature of D is encoded by a single
function r : M → R defined by

R(Z, Y )Z = rY ,

where R is the curvature of D. Replacing Y by λY turns r into 1
λ2 r, so r is

well-defined up to a positive factor. The function r is the only local invariant of
(M, g); in particular r = 0 if and only if g is flat. Moreover this function satisfies
a Gauss-Bonnet equality, i.e. ∫

M

rω = 0,

for any parallel volume form ω.

Proof. The assertion about the curvature of D is obtained by direct computation,
and the fact that r is the only local invariant is given by Lemma 2.9. Let us prove
the Gauss-Bonnet relation. Let Y and Z be two vector fields on M such that Y
is tangent to X⊥ and g(Y , Y ) = 1 and such that ζ(Z) = 1. Let κ1 and κ2 be the
functions on T2 defined by DY Z = κ1Y and DZZ = κ2Y . A direct computation
gives

r = Z.κ1 − Y .κ2 − κ2
1.

Let ξ be the form such that ξ(Z) = 0 and ξ(Y ) = 1. The parallel form ω (see
Notation 4.4) reads ω = ξ ∧ ζ. Moreover, d(κ1ξ + κ2ζ)(Y , Z) = r; therefore
d(κ1ξ + κ2ζ) = rω. It follows by Stokes theorem that

∫
M

rω = 0. �

Proposition 4.7. The map that associates with a compact orientable 3-dimensional
Lorentzian manifold M endowed with a parallel lightlike periodic vector field X, a
unipotent connection on T2, identified with M/X , is onto.
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Proof. Let D be a unipotent connection on T2. Let Y 0 be a nontrivial D-parallel

vector field tangent to X⊥ and ω be a parallel volume form. The form ζ ′ := iY 0
ω

is also parallel and therefore closed. By definition ζ ′(Y 0) = 0.
We choose coordinates (v, w) : T2 → R2/Z2 such that ζ ′ has constant coefficients

in the basis (dv, dw) and such that
∫
dv ∧ dw = 1. Let θ be a real number such

that ζ ′(∂v + θ∂w) = 0. We will denote now by Y the vector field ∂v + θ∂w and by
Z the vector field ∂w. There exists a function a : T2 → R such that Y = eaY 0 and
therefore

D.(Y ) = da(.)Y .

The function a actually depends on the choice of Y 0, but it is canonical up to an
additive constant. Furthermore, ζ ′(D.Z) = D.(ζ ′(Z))+(D.ζ ′)(Z) = D.(1)+0 = 0.
It means that DZZ is proportional to Y , so there exists a function b : T2 → R such
that

DZZ =
b

e2a
(Y ).

We set

C :=

∫
T2

b dv ∧ dw.

The form κ = (b − C) dv ∧ dw is therefore exact. Let δ be a 1-form such that
dδ = κ. Take ν and μ the functions such that δ = −νdv − μ/2(−θdv + dw). As
(dv,−θdv + dw) is dual to (Y , Z):

b = Z.ν − Y .(μ/2) + C.

Now we choose n ∈ N and Λ ∈ R∗ such that nΛ = C. We define now the metric g̃

on R3 given in the moving frame (X̃, Ỹ , Z̃) = (∂x, ∂v + nw∂x + θ∂w, ∂w) by⎛⎝0 0 Λ
0 e2a(v,w) ν(v, w)
Λ ν(v, w) μ(v, w)

⎞⎠ .(6)

For any (c1, c2) ∈ T2, this metric induces a metric on R3/Γn,c1,c2 which has the
desired properties by (5). �

Remark 4.8. The constant C appearing during the proof of Proposition 4.7 is null
if and only if D is the image of a Lorentzian connection on T3; else it is the image
of a connection on a parabolic torus.

Proposition 4.9. If (M, g) is an orientable Lorentzian 3-dimensional manifold
endowed with a parallel lightlike vector field with closed orbits X, then it is isometric
to (R3/Γn, g) where g is the metric induced by a metric g̃ on R3 that reads like (4).

Proof. Let (M, g) be a Lorentzian metric admitting a parallel lightlike vector field
with closed orbits that induces the connection D on T2. We endow T2 with the
coordinates and the vector fields Y and Z defined at the beginning of the proof of
Proposition 4.7 (in particular it gives a real number θ). As orientable circle bundles
over the torus are determined by their Euler number, using the first sentence of
Proposition 4.2, we may assume that M = R3/Γn with X tangent to the fibres
of π : R3/Γn → R2/Z2, i.e. X = ∂x. Now we must prove that the identification
M = R3/Γn may be chosen such that the metric g reads as announced. To do this,
first we build a morphism from R3/Γn,c1,c2 to M (identified with R3/Γn) having
particular properties with respect to the projection R3/Γn,c1,c2 → T2, then we show
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that we can manage to choose c1 = c2 = 0. This is done through Lemmas 4.10,
4.11 and 4.13, which we state autonomously as they will also be useful further.

Lemma 4.10. Let n ∈ N and π : R3/Γn,c1,c2 → R2/Z2 be the fibration defined by

π([x, y, z]) = ([y, z]). Let (V ,W ) be a commuting (i.e. [V ,W ] = 0) moving frame on
R2/Z2. If the volume form on R2/Z2 induced by the moving frame (V ,W ) has total
volume 1, then there exist vector fields V and W on R3/Γn,c1,c2 sent respectively

by π on V and W and such that [V,W ] = n∂x, [V, ∂x] = [W,∂x] = 0.
Other fields (V ′,W ′) have the same property if and only if there is a closed

1-form β on R2/Z2 such that V ′ = V + β(V )∂x and W ′ = W + β(W )∂x.

Proof. Take (a, b, c, d) to be the functions such that V = a∂y + b∂z and W =
c∂y + d∂z. We denote by V0 the image in R3/Γn of ∂y + nz∂x and W0 that of

∂z. Any fields (V,W ) commuting with ∂x that are pushed by π on (V ,W ) read
(aV0 + bW0 +α(V )∂x, cV0 + dW0 +α(W )∂x) with α some 1-form on R2/Z2. Then,
as [V ,W ] = 0,

[V,W ] = (ad− bc)[V0,W0] + dα(V ,W )∂x = dy ∧ dz(V ,W )n∂x + dα(V ,W )∂x.

Now, we want [V,W ] = n∂x = dv ∧ dw(V ,W )n∂x, where dv ∧ dw is the dual
volume form of the frame (V,W ). Hence, (V,W ) is as wanted if and only if dα =
n(dv ∧ dw − dy ∧ dz). By assumption,

∫
T2 dv ∧ dw = 1 =

∫
T2 dy ∧ dz; therefore

dv ∧ dw− dy ∧ dz is exact; thus a form α as wanted exists and is defined up to the
addition of a closed 1-form β as announced in the lemma. �

According to Lemma 4.10, there exist lifts of Y and Z of Y and Z such that
[X,Y ] = [X,Z] = 0 and [Y, Z] = nX.

Lemma 4.11. Let π : M → T2 be a circle bundle, U a 1-periodic vector field
tangent to the fibre of π and (U, V,W ) a moving frame such that [U, V ] = [U,W ] =
0, [U,W ] = nU for some n ∈ N. If the projections V and W of V and W on T2

are coordinate vector fields on T2, then there exists a diffeomorphism between M̃ ,

the universal cover of M , and R3 such that Ũ = ∂x, Ṽ = ∂y + nz∂x, W̃ = ∂z,
conjugating the fundamental group of M with Γn,c1,c2 for some c1, c2 in [0, 1[ and
sending some preimage of the origin 0 ∈ T2 on 0 ∈ R3.

Proof. The proof is written for the case n �= 0; the case n = 0 is obtained by

replacing the Heisenberg group by R3. The vector fields Ũ , Ṽ and W̃ satisfy

[Ũ , Ṽ ] = [Ũ , W̃ ] = 0 and [Ṽ , W̃ ] = Ũ . Hence, they generate a finite dimensional
Lie algebra isomorphic to the Heisenberg one. As these vector fields are complete,

there exists a diffeomorphism between M̃ and the Heisenberg group H sending Ũ ,

Ṽ and W̃ on left invariant vector fields (see [17] by Palais). It follows that we can

assume that the diffeomorphism is between M̃ and R3 and that it sends Ũ on ∂x,

Ṽ on ∂y + nz∂x and W̃ on ∂z. We consider them now as left invariant vector fields
of H.

It follows from our assumption that the cube [0, 1]3 is a fundamental domain for

the action of the fundamental group of M on M̃ . As, moreover, the elements of the
fundamental group of M preserve the vector fields ∂x, ∂y + nz∂x and ∂z, it follows
that these elements are translations by elements of H so the fundamental group is
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a lattice of H that has to be a Γn,c1,c2 . Be careful that the choice of the moving

frame identifies R3 with H seen as

⎧⎨
⎩
⎛
⎝ 1 z x

0 1 ny
0 0 1

⎞
⎠
⎫⎬
⎭. �

Remark 4.12. The constants c1 and c2 appearing in Lemma 4.11 are the numbers
such that the orbits of V + c1U and W + c2U through any point of π−1(0) are
1-periodic.

We can apply Lemma 4.11 to the moving frame (X,Y − θZ, Z). Thus we have

an identification of M̃ with R3 such that X̃ = ∂x, Ỹ = ∂y+nz∂x+θ∂z and Z̃ = ∂z.

The last thing to prove is the fact that we can choose the lifts of Y and Z in such
a way that c1 = c2 = 0. It is proven in the following lemma.

Lemma 4.13. In Lemma 4.11, suppose that V ′ and W ′ are other lifts of the
fields V and W . Then there is a closed 1-form β such that V ′ = V + β(V )U
and W ′ = W + β(W )U ; see Lemma 4.10. The values of c1 and c2 given by the
application of Lemma 4.11 to V ′ and W ′ depend only on the cohomology class of
β. Furthermore, it is possible to choose β such that c1 = c2 = 0.

Proof. We lift everything once again to M̃ . According to Lemma 4.11 there exists

an identification between M̃ and R3 such that (Ũ , Ṽ , W̃ ) = (∂x, ∂y+nz∂x+θ∂z, ∂z).

Therefore, Ṽ ′ = ∂y + nz∂x + θ∂z + β̃(∂y + θ∂z)∂x and W̃ ′ = ∂z + β̃(∂z)∂x. Let f

be a function such that df = β̃, of course ∂xf = 0.
We define now a map F : R3 → R3 by F (x, y, z) = (x + f(y, z), y, z). We see

that F∗(Ũ , Ṽ , W̃ ) = (Ũ , Ṽ ′, W̃ ′). It means that F is a diffeomorphism between

the identifications of M̃ with R3 associated with the moving frames (Ũ , Ṽ , W̃ ) and

(Ũ , Ṽ ′, W̃ ′). Moreover, F normalizes the fundamental group of M (that reads as a
Γn,c1,c2) if and only if for any (p, q) ∈ Z2, f(y + p, z + q) − f(y, z) ∈ Z, i.e. if the
cohomology class of β is an integer.

If we take now β = −c1dy − c2dz, then F (x, y, z) = (x − c1y − c2z, y, z). This

time FΓn,c1,c2F
−1 = Γn. Otherwise said, lifting V ′ and W ′ instead of V , W on M̃

identifies the fundamental group of M with Γn and therefore M with R3/Γn. �
This completes the proof of Proposition 4.9. �
We know now all the manifolds (M, g) admitting a lightlike parallel vector field

X with closed leaves. The question is now to determine how many isometric classes
of metrics there are. The quotient M/X � T2 is endowed with a quotient connec-
tion D with unipotent holonomy; see Remark 4.4. Corollary 4.14 shows that this
quotient contains almost all the information: such a manifold (M, g) is determined,
up to isometry, by the isomorphism class of a torus T2 with a unipotent connec-
tion D (we recall that any such torus is obtained as a quotient ((M, g)/X ); see
Proposition 4.7) and a quadruple of real numbers. In turn, tori (T2, D) depend on
a reparametrization of a linear flow on T2 = R2/Z2, which is a complicated object;
see Corollary 4.14.

Corollary 4.14. Let g be the metric on M = R3/Γn such that the matrix of g̃ in
the moving frame (∂x, ∂y + nz∂x + θ∂z, ∂z) is

(7)

⎛⎝0 0 Λ
0 L2(y, z) ν(y, z)
Λ ν(y, z) μ(y, z)

⎞⎠ .
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Let g′ be another metric on M that admits a lightlike parallel vector field with

closed orbits. If the connections D and D
′
induced by g and g′ on the quotients by

these orbits (both diffeomorphic to T2) are isomorphic, then there exists a metric
g′′ isometric to g′ and (k1, k2, k3, k4) ∈ R∗ × R3 such that the matrix of g̃′′ in the
moving frame (∂x, ∂y + nz∂x + θ∂z, ∂z) is⎛⎝ 0 0 k1Λ

0 ek2L2(y, z) ν(y, z) + k3
k1Λ ν(y, z) + k3 μ(y, z) + k4

⎞⎠ .

Moreover, if n �= 0, then k1 = 1.

Proof. We repeat the constructions from the proofs of Propositions 4.7 and 4.9 for
the metrics g and g′ starting with the same connection on T2. Indeed, we choose
coordinates (v, w) on T2, a parallel vector field Y 0 and a moving frame (Y , Z) as in
the proof of Propositon 4.7. These choices give the functions a, b, and the constant
C. Choosing the lift (Y, Z) of (Y , Z) giving the expression (7) of g, we see that the
expression of g′ has to be⎛⎝ 0 0 k1Λ

0 ek2L2(y, z) ν′(y, z)
k1Λ ν′(y, z) μ′(y, z)

⎞⎠ ,

for some constants k1 and k2. Using (5) we see that the constant C determines Λ
when n �= 0, and therefore k1 = 1 in this case. As we saw the functions μ and ν
(resp. μ′ and ν′) define a form δ (resp. δ′) such that dδ = κ (resp. dδ′ = κ). It means
that δ− δ′ is closed. Hence, there exists an exact 1-form β such that δ− δ′ − β has
constant coefficient. We replace now (Y, Z) by (Y ′, Z ′) = (Y +β(Y )∂x, Z+β(Z)∂x).
The expression of g′ in the moving frame (∂x, Y

′, Z ′) now has the right form. The
corollary then follows from Lemmas 4.11 and 4.13. �

Unfortunately, determining the isomorphism classes of unipotent connections is
not an easy task. It contains as a subproblem, and first difficulty, the study of
the reparameterizations of linear flows. Indeed, let D1 and D2 be two unipotent
connections on T2. If there exists a diffeomorphism sending D1 on D2, then it sends
the parallel vector fields of D1 on the set of parallel vector fields of D2. Namely,
these fields are equal, up to a constant factor, to some field of constant slope in
T2 � R2/Z2, i.e. to a reparametrization of some linear (= constant) field of R2/Z2.
We recall that in our case, on M = M/X⊥, a D-parallel field is the projection Y
of a field Y of constant norm tangent to X⊥; its integral foliation, with constant

slope, is the foliation X⊥.
This means that being able to tell when two unipotent connections are isomor-

phic implies being able to tell when two reparametrizations of a linear flow are
isomorphic. But it comes out of the works on reparametrization of linear flows
with Liouvillean slope (see for example [6]) that there is no hope for a classifica-
tion. However, in the other cases, i.e. when the slope is rational or Diophantine,
this problem is simpler and we are able to improve our description.

5. The special cases

5.1. When the slope is Diophantine. The foliation X⊥ is given by a closed
1-form; hence there exist coordinates on T2 such that it is a linear foliation with a
given slope. Of course this number is only defined modulo the action of SL(2,Z),
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but the property of being Diophantine is invariant by this action. Recall that a
real number θ is said to be Diophantine if it is badly approximated by rationals;
i.e. there exist some positive numbers k and c such that for any (p, q) ∈ Z× N∗,

|θp− q| > c

qk
.

When the foliation X⊥ has a Diophantine slope we are able to improve Propo-
sition 4.9 and to describe pairwise nonisometric models.

Proposition 5.1. Let (M, g) be an orientable Lorentzian 3-dimensional manifold
endowed with a parallel lightlike vector field with closed leaves X. If the foliation

X⊥ has a Diophantine slope, then it is isometric to (R3/Γn, g
′) where g′ is the

metric induced by a metric g̃′ on R3 that reads⎛⎝0 0 Λ
0 L2 k
Λ k μ(y, z)

⎞⎠
in the moving frame (∂x, ∂y+nz∂x+θ∂z, ∂z), where Λ ∈ R∗, L ∈ R∗

+, k ∈ [0, |Λ|[ and
μ is a (1, 1)-biperiodic function such that z 
→

∫ 1

0
μ(y, z)dy is a constant belonging to

[0, 2|Λ|[. Moreover, if n �= 0 we can assume that k = 0 and ∀z ∈ R,
∫ 1

0
μ(y, z)dy =

0.
Modulo the action of Γn, such coordinates (x, y, z) on M̃ are unique up to the

action of:
– (Z/2Z×GL2(Z))�R3/Z3 in case n = 0,
– GL2(Z)� (R/Z× (Z/nZ)2) in case n �= 0,

where the normal factor acts by translation (x, y, z) 
→ (x+ x0, y + y0, z + z0) with
(x0, y0, z0) ∈ R3/Γ0 = R3/Z3 if n = 0 and (x0, y0, z0) ∈ R/Z× ( 1nZ/Z)

2 otherwise.

The group GL2(Z) acts naturally by
(

a b
c d

)
.(y, z) = (ay+bz, cy+dz) on π(M) �

R2/Z2, and Z/2Z changes the sign of x. Thus, (θ,Λ, L, k, μ) characterizes g up to
this action, and the affine structure on π(M) � T2 is canonical.

The translations preserve (θ,Λ, L, k) and act by natural composition on the func-

tion μ. GL2(Z) acts as
(

a b
c d

)
.θ = a+bθ

c+dθ on θ; see its action on (Λ, L, k, μ) at

the end of the proof.

Remark 5.2. One could also impose Λ > 0; the group action would become a bit
smaller, but a bit less natural.

Proof. Let U be a nontrivial parallel vector field on T2 that is tangent to X⊥. We

claim that, as X⊥ has a Diophantine slope, there exist coordinates (y, z) on T2 such
that U = ∂y + θ∂z; it follows from the following theorem by Kolmogorov (see [12];
the following statement comes from [11], Theorem 3.5).

Theorem 5.3 (Kolmogorov). If θ is Diophantine, then for every smooth function
h on S1 there exists a smooth function ψ such that

h(z)−
∫
S1

hdμ = ψ(Rθz)− ψ(z)

where μ is the Lebesgue measure on S1 and Rθ the rotation of angle θ. Furthermore,
Diophantine numbers are the only ones for which this property holds.
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It is well-known (see [6] for example) that the flow of U can be seen as the
quotient flow of the flow by horizontal translation on R×S1 under the identification
(t, z) ∼ (t + h(z), Rθz) where h is a positive smooth function from S1 to R called
the ceiling function. We put the coordinates (y, z) = (t + ψ(z), z), where ψ is
the function given by Kolmogorov’s Theorem, on S1 × R. The function h is then
replaced by a constant; therefore U is linear in the coordinates induced by (y, z)
on the torus. This proves our claim. Moreover, the 1-form ζ induced on T2 by X�

has automatically constant coefficients in the coordinates (y, z).
We repeat now the proof of Proposition 4.9, but we start with the coordinates

(y, z) found above. In particular we choose lifts Ũ and Z̃ of U and ∂z to M̃ . We

obtain coordinates (x, y, z) on M̃ such that the fundamental group is Γn and the
metric reads ⎛⎝0 0 Λ

0 L2 ν(y, z)
Λ ν(y, z) μ(y, z)

⎞⎠
in the moving frame (∂x, ∂y + nz∂x + θ∂z, ∂z) = (X̃, Ũ , Z̃). The function L is
already constant. We have to see now that we can find new coordinates in which ν
is constant and L is unmodified.

The lifts Ũ and Z̃ are not unique: according to Lemmas 4.10 and 4.13 we can

replace Ũ by Ũ + β(U)∂x and Z̃ by Z̃ + β(∂z)∂x where β is an exact 1-form on T2

(in order to keep the same fundamental group, see Lemma 4.13).

Fact 5.4. For any smooth function ν : T2 → R there exists a function N : T2 → R

such that dN(U) = ν + k where k = −
∫
νdλ, with λ the Lebesgue measure on T2.

Proof. We look at T2 as the quotient of R× S1 by the Z-action defined by identi-
fication 1.(s, z) = (s + 1, Rθz). By the previous discussion we can assume that U
lifts as ∂s.

Let N0 : R× S1 → R be the function defined by

N0(s, z) =

∫ s

0

ν(t, z) + k dt.

Let h : S1 → R be the function defined by

h(z) = N0(1, z) =

∫ 1

0

ν(t, z) + k dt.

Clearly, ∂s.N0 = ν + k, but N is not invariant by the Z-action. However, for
any ψ : S1 → R the function Nψ defined by Nψ(s, z) = N0(s, z) + ψ(z) still
satisfies: ∂s.Nψ = ν + k. Moreover, it will be invariant by the Z-action if and
only if Nψ(1, z) = Nψ(0, Rθz), i.e. if ψ(Rθz) − ψ(z) = h(z). As

∫
S1 h(z)dz = 0,

Kolmogorov’s Theorem implies that such a function ψ exists. �

Applying Fact 5.4 to the function −ν/Λ, we find an exact 1-form β on T2 such

that the expression of g in the moving frame (∂x, Ũ + β(U)∂x, Z̃ + β(∂z)∂x) is⎛⎝0 0 Λ
0 L2 k
Λ k μ′(y, z)

⎞⎠ .
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According to Lemmas 4.11 and 4.13, there exist coordinates on R3, which we still

denote by (x, y, z), such that (∂x, ∂y + nz∂x + θ∂z, ∂z) = (∂x, Ũ + β(U)∂x, Z̃ +
β(∂z)∂x) and that the fundamental group of M still reads as Γn. Notice that the
coordinates induced on T2 did not change. There exists a function f : S1 → R such

that, when β is replaced by the 1-form β + df
dz (z)dz, the map z 
→

∫ 1

0
μ′(y, z)dy is

constant, hence equal to I :=
∫
μ′dλ with λ the Lebesgue measure on T2.

In order to have the proper normalization of k and μ, we change the lifts of
∂y and ∂z. To keep the form of the matrix of g̃, the only other possibility is to
replace ∂y by ∂y + p∂x and ∂z by ∂z + q∂x with (p, q) ∈ Z2. This changes k into
k + (p+ θq)Λ and μ into μ+ 2Λq. Hence there is only one lift such that k ∈ [0,Λ[
and

∫
μdλ ∈ [0, 2Λ[.

We suppose now that n �= 0. For any s ∈ R, the map [Φs
U : (x, y, z) 
→

(x + snz, y + s, z)] ∈ Diff(R3/Γn) is the time s of the flow of U = ∂y + nz∂x.
The matrix of Φs

U
∗g̃ in the moving frame is⎛⎝0 0 Λ

0 L2 k + θnsΛ
Λ k + θnsΛ μ′(y + s, z) + 2nsΛ

⎞⎠ .

For s0 = − 1
2nΛI we have

∫ 1

0
μ′′(y, z)dy = 0, where μ′′(y, z) = Φs0

U
∗g̃(∂z, ∂z). In

order to kill k, we take the pull-back of g̃ by the flow of ∂z at time t0: Φt0
Z :

(x, y, z) 
→ (x, y, z + t0) where t0 = k
nΛ + θs0. The wanted coordinates are built.

Defining the announced group action. Let (x, y, z) 
→ (x′, u, v) be a change of
coordinates preserving the properties stated in Proposition 5.1. As the coefficient
L2 in the matrix of g must remain a constant, such a change is necessarily linear on
π(M) (up to translations, the study of which we postpone), i.e. (u, v) = (ay + bz,

cy+dz) with
(
a b
c d

)
∈ SL(2,Z). Conversely, we will show that any such coordinate

change on π(M) is induced by a coordinate change of M̃ preserving the properties
of Proposition 5.1. Moreover, what precedes shows that x is determined, up to
translation, once the coordinates (y, z) are fixed on π(M); thus this coordinate

change is unique. Let us build it. Take
(
a b
c d

)
∈ SL(2,Z). The corrresponding

change (y, z) 
→ (u, v) is entailed by the following map on M̃ , which normalizes Γn:

(x′, u, v) = F (x, y, z) = (x+ n(bcyz+
1

2
ac(y2 − y) +

1

2
bd(z2 − z)), ay+ bz, cy+ dz).

This map F is close but not equal to the change of coordinates we are looking for.
The matrix of Proposition 5.1, in the coordinates F (x, y, z), is that of F−1∗g in the
moving frame (∂x′ , ∂u + nv∂x + θ′∂v, ∂v), where θ′ is such that ∂u + θ′∂v is tangent

to X⊥, i.e. θ′ = c+dθ
a+bθ . This matrix is equal to the matrix of g in the moving frame

B := (F−1)∗(∂x′ , ∂u + nv∂x + θ′∂v, ∂z). Now:

F−1
∗ (∂x′ , ∂u, ∂v) = (∂x, (−dB1 + cB2)∂x + d∂y − c∂z, (bB1 − aB2)∂x − b∂y + a∂z),

where B1(y, z) = nbcz+nacy− 1
2nac and B2(y, z) = nbcy+nbdz− 1

2nbd. Therefore:

MatB(g)

=

⎛⎝ 0 0 Λρ
0 L2/ρ2 k − L2b/ρ+ n

2Λ(ac+ θbd)
Λρ k − L2b/ρ+ n

2Λ(ac+ θbd) μ̃(u, v)ρ2 + L2b2 − 2kbρ+ nΛab(d− c)ρ

⎞⎠
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with ρ = a + bθ and μ̃(u, v) = μ(x, y) = μ(du − bv,−cu + av). We let the
reader check the calculations. Finally, take f a 1-periodic function. One may
turn x′ into x′ + f(v); this adds 2Λdf

dz to g|(u,v)(∂v, ∂v); hence there is a unique

f such that [v 
→
∫
g|(u,v)(∂v, ∂v)du] = cst, i.e. [v 
→

∫
μ̃(u, v)du] = cst. As

I :=
∫∫

μ̃dudv =
∫∫

μdydz remains unchanged, μ̃ is turned into μ′ = μ̃ − I(v)
where I(v) :=

∫
μ̃(u, v)du− I.

If n = 0, we get

Mat(g) =

⎛⎝ 0 0 Λρ
0 L2/ρ2 k − L2b/ρ
Λρ k − L2b/ρ μ′(u, v)ρ2 + L2b2 − 2kbρ

⎞⎠ with ρ = a+ bθ;

i.e. (θ,Λ, L, k, μ) is canonically associated with the metric g, up to the action of

SL2(Z) given by
(

a b
c d

)
.(θ,Λ, L, k, μ) = ( c+dθ

a+bθ ,Λρ, L/|ρ|, k−L2b/ρ, μ′ρ2+L2b2−
2kbρ), up to sign for Λ, k and μ (see “Changes of sign” below) and up to right
composition by a translation for μ. Notice that the new integral

∫∫
g(∂v, ∂v)dudv

is equal to ρ2I + L2b2 − 2kbρ.
If n �= 0, recall that k = 0 and

∫∫
μ′dudv =

∫∫
μ̃dudv =

∫∫
μdydz = 0. As a

consequence, J :=
∫∫

g(∂v, ∂v)dudv = L2b2 + nΛab(d− c). The pull-back of g by

Φt0
V ◦ Φs0

U , the flows of the fields U = ∂u + nv∂x and V = ∂v with

(8)

⎧⎪⎪⎨⎪⎪⎩
s0 = − 1

2nΛρJ = − 1
2ab(d− c)− L2b2

2nΛρ ,

t0 = 1
nΛρ

(
−L2b

ρ + n
2λ(ac− θbd)

)
+ 2θ′s

= −(1 + c+ dθ) L2b
nΛρ2 + 1

ρ

(
1
2 (ac+ θbd)− ab(d− c)(c+ dθ)

)
let the last coefficient of the second column of Mat(g) vanish and add some con-
stant to its bottom right coefficient so that

∫∫
g(∂v, ∂v)dudv vanishes. As in fact∫∫

μ′dudv = 0, we get

Mat(g) =

⎛⎝ 0 0 Λρ
0 L2/ρ2 0
Λρ 0 μ′(u+ s0, v + t0)ρ

2

⎞⎠ with ρ = a+ bθ;

i.e. (Λ, L, μ) is canonically associated with the metric g, up to the action of SL2(Z)

given by
(

a b
c d

)
.(Λ, L, k, μ) = (Λρ, L/|ρ|, μ′(u+s0, v+ t0)ρ

2) (see (s0, t0) above),

up to sign (see just below) and up to right composition by a translation (u, v) 
→
(u + p

n , v + q
n ) where (p, q) ∈ Z2 for μ. Contrary to the case n = 0, those are the

only translations in the normalizer of Γn.

Changes of sign. In order to define the full action of GL2(Z) or Z/2Z×GL2(Z),
we look now at the change of (θ,Λ, L, k, μ) when only the signs of some of the
coordinates x, y, z are changed. If n = 0, for any (ε1, ε2, ε3) ∈ {±1}3, (x, y, z) 
→
(ε1x, ε2y, ε3z) is in the normalizer of Γ0. Its action is (θ,Λ, L, k, μ) 
→ (ε2ε3θ, ε1ε2Λ,
L, ε2ε3k, μ(ε2y, ε3z)). If n �= 0, only (x, y, z) 
→ (ε2ε3x, ε2y, ε3z) is in the normalizer
of Γn. Its action is (θ,Λ, L, μ) 
→ (ε2ε3θ, ε3Λ, L, μ(ε2y, ε3z)). �

Remark 5.5. The second half of Kolmogorov’s Theorem tells us that in general it

is not true that we can find adapted coordinates on M̃ such that L is constant. It
says also that in general we cannot suppose that ν is constant without changing
the coordinates on T2. However, it does not say anything about the possibility of
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finding ν constant thanks to a change of coordinates and the choice of appropriate
lifts (but such a modification would change the value of L).

5.2. When the slope is rational. When the leaves of X⊥ are closed, we can also
describe pairwise nonisometric models. For the rest of this paragraph (M, g) is a
Lorentzian 3-manifold admitting a parallel lightlike vector field with closed orbits
such that the leaves of X⊥ are also closed.

We start by introducing two new invariants of (M, g) (or at least by giving a
geometrical interpretation to quantities that have already appeared). On M =

π(M), each leaf X⊥
0 of X⊥ is a circle and has a length L(X⊥

0 ) given by g. This
family of lengths is an invariant of (M, g). Besides, the form ζ, i.e. X� pushed on
M/X⊥ � S1, has a total volume Λ :=

∫
M/X⊥ ζ, which is also an invariant of (M, g).

Denoting 1
Λζ by dz enables us to introduce a “coordinate” function z with value in

R/Z, defined, up to translation, on M/X⊥ as well as directly on M . We denote by
Fz the leaf of X⊥ above z. The length function L may also be viewed as a function
of z, setting L(z) := L(Fz).

Proposition 5.6. There exist n ∈ N and a diffeomorphism between M̃ and R3

such that the fundamental group of M is equal to Γn and g̃, the lift of g to M̃ , reads⎛⎝0 0 Λ
0 L2(z) k
Λ k μ(y, z)

⎞⎠
in the moving frame (∂x, ∂y + nz∂x, ∂z) or equivalently that

g̃ = 2Λdxdz + L2(z)dy2 + 2(k − nΛz)dydz + μ(y, z)dz2,

where Λ > 0, k ∈ [0,Λ[, L is a 1-periodic function and μ is a (1, 1)-biperiodic

function such that z 
→
∫ 1

0
μ(s, z)ds is a constant that belongs to [0, 2Λ[. Moreover,

if n �= 0 we can assume that k = 0 and for any z ∈ R,
∫ 1

0
μ(y, z)dy = 0.

Modulo the action of Γn, such coordinates are unique up to the action of:
– ((Z/2Z)2 � Z)�R3/Z3 in case n = 0,
– (Z/2Z � Z)� (R/Z× (Z/nZ)2) in case n �= 0,

where the normal factor acts by translation (x, y, z) 
→ (x+ x0, y + y0, z + z0) with
(x0, y0, z0) ∈ R3/Γ0 = R3/Z3 if n = 0 and (x0, y0, z0) ∈ R/Z × (nZ/Z)2 if n �= 0.
The action of Z is given by �.(x, y, z) 
→ (x + ψ	(y, z), y + �H(z), z) where H is
the lift of a diffeomorphism of R/Z; see the details on H and ψ	 in the proof. In
particular, it corresponds to the choice of a homotopy class (that of the orbits of

∂z) of a closed transversal to X⊥ intersecting every leaf once. The factors Z/2Z
change the sign of some coordinates; see details at the end of the proof. Therefore,
(Λ, L, k, μ) characterizes g up to this action.

The translations preserve (Λ, k) and act by natural composition on the functions
(L, μ). The action of Z preserves Λ and L; see in the proof its action on k and μ.

The curvature r = 1
L2Λ2 g(R(Y, Z)Y, Z) introduced in Lemma 2.9 reads r =

1
Λ2

(
1

2L2 ∂
2
yμ+

∂2
zL
L

)
.

Remark 5.7. If n = 0, it is possible to give a slightly different statement of Propo-
sition 5.6 by allowing the fundamental group of M to be any of the Γ0,c1,c2 and

imposing k = 0 and for all z,
∫ 1

0
μ(s, z)ds = 0.
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Proof. According to Lemmas 4.11 and 4.13, in order to prove Proposition 5.6 we
need to find a moving frame (X,Y, Z) satisfying the hypothesis of Lemma 4.11 and
such that the expression of g in this frame is given by

Mat(X,Y,Z)(g) =

⎛
⎝ 0 0 Λ

0 L2 k
Λ k μ

⎞
⎠,

with k ∈ R, Λ ∈ R∗
+, L : M/X⊥ → R∗

+ and μ : M/X → R.
By integration, the form dz defines, up to an additive constant, a function z :

π(M) → R/Z, whose levels are the leaves of X⊥. Besides, let Y be a vector field

on π(M), tangent to X⊥ and with g(Y , Y ) = L2(z) along each X⊥
z . Actually, this

property defines Y up to its sign. By construction of Y , its flow ΦY is periodic of
period 1. Therefore, taking γ, any simple loop on π(M), intersecting transversely

each leaf of X⊥ once, there exists a (unique) function y : π(M) → R/Z such that
y−1(0) = γ and dy(Y ) = 1. Finally, (y, z) is a diffeomorphism π(M) → (R/Z)2 and
so

∫
π(M)

dy ∧ dz = 1. Let (Y , Z) be the basis field dual to (dy, dz). As DZZ and

DY Z are both orthogonal to X for any lift Z of Z, we have g(X,Z) = Λ. Now we
modify the fields Y and Z to achieve the wanted form for Mat(g).

(i) We get (Y ′, Z′) such that Y ′.g(Y ′, Z′) = 0. By Lemma 4.10 with
(V ,W ) := (Y , Z), we get two fields (Y, Z) on M , commuting with X, pushed
by π on (Y , Z), such that [Y, Z] = nX; moreover, setting (Y ′, Z ′) := (Y + β(Y )X,
Z+β(Z)X) with β any closed 1-form on π(M) gives fields with the same properties.
Take such a β; then g(Y ′, Z ′) = g(Y, Z) + β(Y )Λ.

We will find a β such that Y ′.(g(Y ′, Z ′)) = 0. Set ν := g(Y, Z) and N :
z 
→

∫
X⊥

z
νdy. Then define the form β by β(Y ) := N−ν

Λ , β(Z) = 0 along some

arbitrary simple closed transversal γ1 to X⊥, and ∂
∂y (β(Z)) := ∂

∂z (β(Y )). To

check that this definition of β(Z) is consistent, we must check that for any z,
Iz :=

∫
X⊥

z

∂
∂y (β(Z))dy = 0. It is the case, as

Iz =

∫
X⊥

z

∂

∂z
(β(Y ))dy =

∂

∂z

∫
X⊥

z

N − ν

Λ
dy =

∂

∂z
(0) = 0.

With this β, g(Y ′, Z ′) = N does not depend on y.
(ii) We get (Y ′′, Z′′) such that g(Y ′′, Z′′) = cst. Take τ some real number

and set

Z ′′ := Z ′ −
(
N

L2
+

τ

L2

)
Y ′ and Y ′′ := Y ′.

As Y.N and Y.L are null, [Z ′′, Y ′′] = [Z ′, Y ′] = nX. Besides, Y ′′ and Z ′′ are still

lifts of vector fields Y
′′
= Y and Z

′′
of π(M). As [Y

′′
, Z

′′
] = 0, Z

′′
is conjugated

to the suspension field of some rotation y 
→ y + τ ′, with τ ′ ∈ R/Z. Choosing

adequately the class of τ modulo
(∫ 1

0
1/L2(z)dz

)
Z gives τ ′ = 0. The full choice of

τ gives moreover that the (periodic) orbits of Z
′′
are homotopic to γ in M .

In other words, we set Z ′′ := Z ′ + h(z)Y ′ with h the unique function from R/Z
to R such that g(Z ′′, Y ′′) = cst and

∫
h(z)dz is the integer such that the orbits of

Z
′′
are homotopic to γ.
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(iii) We get (Y ′′′, Z′′′) such that z �→
∫ 1

0
μ(s, z)ds = cst. We remark

that if we set Z ′′′ = Z ′′ + f(z)X nothing is changed except that g(Z ′′′, Z ′′′) =

g(Z ′′, Z ′′)+ 2Λf . It is therefore possible to find f such that
∫ 1

0
μ(s, z)ds = cst. We

relabel (Y ′′, Z ′′′) as (Y, Z) and we are done.
(iv) We pull back R/Γn,c1,c2

on R/Γn and put k and
∫
μ(s, z)ds to their

desired values. Applying Lemma 4.11, we see that g has the desired expression,
but on some R3/Γn,c1,c2 . We take the pull-back of this metric by the diffeomorphism
from R3/Γn to R3/Γn,c1,c2 induced by the map F (x, y, z) = (x + c1y + c2z, y, z).

In order to have k ∈ [0,Λ[ and
∫ 1

0
μ(y, z)dy ∈ [0, 2Λ[, we take the pull-back of g by

the diffeomorphism of R3/Γn induced by the map G(x, y, z) = (x+ l1y + l2z, y, z),
where (l1, l2) are well chosen elements of Z2.

If n �= 0, we proceed exactly as at the end of the proof of Proposition 5.1 in

order to kill k and to have
∫ 1

0
μ(y, z)dy = 0 for any z.

Let us prove the uniqueness of the coordinates modulo the announced group
action. Up to sign and translation, the coordinate z is unique. The coordinate
y, whose levels are the leaves of X⊥, may be turned into y′ = y − H(z) with H
such that H(z + 1) − H(z) ∈ Z. We prove that, modulo translation, for each
� ∈ Z, there are a unique function H	 and a unique coordinate change (x, y, z) 
→
(x+ ψ	(y, z), y −H	(z), z) such that H	(z + 1) = H	(z) + � and such that Mat(g)
has the required form in the moving frame (∂x, ∂y + nz∂x, ∂z).

Take � ∈ Z and H	 such that H	(z+1) = H	(z)+�. As we postpone the question
of the translations, we may suppose that H	(0) = 0. Then the coordinate change
defined by

F	(x, y, z) = (x+ n(
1

2
− z)H	(z) + n

�

2
z2, y −H	(z), z)

is in the normalizer of Γn. After Lemma 4.13, once (y, z) and z are fixed, x may
only be turned into x′ = x + η(y, z) + Ay + Bz with (A,B) ∈ Z2 and η a (1,1)-
biperiodic function. (This change must conjugate Γn to itself, so it corresponds in
the lemma to the choice of a closed form β whose cohomology class is entire; here
β = −dη − Ady − Bdz). Forgetting for the moment the integers A and B, any
coordinate change fitting the requirements of Proposition 5.6 must be of the form

(x′, y′, z′) = F	(x, y, z) = (x+ n(
1

2
− z)H	(z) + n

�

2
z2 − η(y, z), y −H	(z), z)

with � and H	 as above and η some function T2 → R.
To determine which of those changes are actually authorized, we must compute

the matrix G′ of (F−1
	 )∗g in the moving frame (∂x′ , ∂y′ + nz∂x′ , ∂z′). We set h	 :=

dH�

dz (this function h	 plays the same role as the function h introduced above in
point (ii)). In the frame field F	∗(∂x, ∂y + nz∂x, ∂z):

Mat(∂x′ , ∂y′ + nz∂x′ , ∂z′) =

⎛
⎜⎝

1
∂η

∂y
n(H�(z)−

1

2
h�(z)− �z) +

∂η

∂z
0 1 h(z)
0 0 1

⎞
⎟⎠;
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hence we get

G′=

⎛
⎜⎜⎜⎜⎝

0 0 Λ

0 L2 k + h�L
2 +Λ

∂η

∂y

Λ k + h�L
2 + Λ

∂η

∂y
μ1(y

′, z′) + h2
�L

2 + 2nΛ(H� − �z − 1

2
h�) + 2h�k + 2Λ

∂η

∂z

⎞
⎟⎟⎟⎟⎠

where μ1(y
′, z′) = μ(y′ + H	(z

′), z′). Hence, k + h	(z)L
2(z) + Λ∂η

∂y (y, z) must be
constant; i.e.:

– ∂2η
∂y2 must vanish. As η(y + 1, z) = η(y, z), this implies ∂η

∂y = 0. So h	 and H	

are determined.
– k+h	(z)L

2(z) must be a constant, i.e. h	(z) =
Cst

L2(z) . As moreover
∫ 1

0
h	(z)dz =

H	(1) − H	(0) = �, necessarily, setting L := 1/
∫ 1

0
1/L2(z)dz, h	(z) = 	L

L2(z) .

Thus H	 = �H with H(z) =
∫ z

0
L

L2(z′)dz
′.

Finally, z 
→
∫ 1

0
g(∂z′ , ∂z′)dy must be constant; i.e. the function S defined by

(9) S(z) := h2
	L

2 + 2nΛ(�H − �z − 1

2
h	) + 2h	k + 2Λ

∂η

∂z
must be a constant. As h	 and H are determined, there is exactly one 1-periodic

function η achieving this. As
∫ 1

0
∂η
∂zdz = 0, the constant value of S is then J :=∫ 1

0
S(z)− 2Λ∂η

∂zdz.
Finally, turning x′ into x′ + Ay +Bz with the adequate integers (A,B), we get

that g(∂y′ + nz∂x′ , ∂z′) ∈ [0,Λ[ and g(∂z′ , ∂z′) ∈ [0, 2Λ[.

If n = 0, J = �(2k+ �L). For any real number λ, denoting by { · }λ : ξ 
→ λ
{

ξ
λ

}
the “fractional part modulo λ”, we get that Mat(F−1∗

	 g) reads, in the frame field
(∂x′ , ∂y′ , ∂z′):
(10)⎛
⎜⎝

0 0 Λ

0 L2(z′) {k + �L}Λ
Λ {k + �L}Λ

{
μ′(y′, z′) + �(2k + �L)

}
2Λ

⎞
⎟⎠ with: μ′(y′, z′) = μ(y′ +H	(z

′), z′).

If n �= 0, J = �2L + 2nΛ(−� +
∫ 1

0
H	(z)dz). Turning (x′, y′, z′) into Φs∗

∂y′+nz′∂x′ ◦
Φt∗

∂z′
(x′, y′, z′) with

(11) s ≡ − 1

2nΛ
J = − �2L

2nΛ
+ �−

∫ 1

0

H	(z)dz [
1

n
Z] and t ≡ �L

nΛ
[
1

n
Z]

(see the introduction of s0 and t0 in (8)) we get in the frame field (∂x′ , ∂y′ +
nz′∂x′ , ∂z′):

Mat(F−1∗
	 g) =

⎛
⎝ 0 0 Λ

0 L2(z′) 0
Λ 0 μ′(y′, z′)

⎞
⎠ with μ′ = μ(y′ +H	(z

′)− s, z′ − t).

This final form is obtained only for the given values of s and t; the group of
admissible translations announced in Proposition 5.6 follows.

Eventually, a change of sign is possible. If n = 0, those in the normalizer of Γ0

and preserving Λ > 0 are (ε1x, ε2y, ε1z) with (ε1, ε2) ∈ {±1}2. If n �= 0, the only
one is (−x,−y,−z).

The formula expressing the curvature r is a straightforward calculation. �
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Remark 5.8. In case n = 0 (or if n �= 0 and if we fix z in the coordinate change,
authorizing k and z 
→

∫
μ(y, z)dy to become nonnull), it is interesting to note that

the Christoffel symbols of the connection are not preserved during the coordinate
changes given in Proposition 5.6, except if L ∈ ΛQ and � ∈ Λ

LZ.

To conclude this paragraph, we describe the flat affine structure of the leaves of
X⊥, induced by the connection D. It turns out that it is encoded in the function
L.

Proposition 5.9. Let g be the Lorentzian metric on R3/Γn reading in the moving
frame (∂x, ∂y + nz∂x, ∂z): ⎛⎝0 0 Λ

0 L2(z) k
Λ k μ(y, z)

⎞⎠ .

We denote by Fz the leaf of X⊥ given by the projection of R2 × {z}. The leaf Fz

is a flat totally geodesic submanifold, hence a flat torus. Its structure, as a flat
manifold, is given by a developing map in R2. The following D is a developing map
for (Fz, D):

D : (x, y) 
→ (d1, d2) =

(
x− L(z)∂zL(z)

2Λ
y2, y

)
,

and its associated holonomy representation is given by{
ρ(γ1) = [(d1, d2) 
→ (d1 + 1, d2)] ,

ρ(γ2) =
[
(d1, d2) 
→

(
d1 − L(z)∂zL(z)

Λ d2 − L(z)∂zL(z)
2Λ , d2 + 1

)]
,

where γ1 is the map (x, y) 
→ (x + 1, y) and γ2 the map (x, y) 
→ (x, y + 1) acting

on R2 � F̃z.

Remark 5.10. In fact, as X is parallel and ∂y is parallel modulo X, the linear

part of the holonomy group H has to be of the form
{(

1 pα
0 1

)
; p ∈ Z

}
, thus is

characterized by a single real number, α. Now this linear part is the only thing that
makes sense. Indeed, taking (γ1, γ

′
2) as the new basis of π1(Fz), with γ′

2 = γ1−αγ1,

we get ρ(γ′
2) : (d1, d2) 
→ (d1 − L(z)∂zL(z)

Λ d2, d2 + 1). Therefore, the structure of

Fz is given by the linear part of its holonomy group, itself generated by
(

1 α
0 1

)
,

written in the basis D(∂x, ∂y), and where α = − 1
2Λ∂zL

2(z).

Proof. Consider D as an identification F̃z � D(F̃z); then ∂d1
= ∂x and ∂d2

=

∂y +
L(z)∂zL(z)

Λ ∂x. As D∂y
∂y = −L∂z.L

Λ ∂x, they are parallel fields of F̃z; hence D is
a developing map. The rest follows. �

6. The transformations

We now want to describe the manifolds (M, g) such that [Aff(g) : Isom(g)] > 2.
We do not study here the case [Aff(g) : Isom(g)] = 2: if (M, g) is indecomposable
and [Aff(g) : Isom(g)] > 1, then in fact [Aff(g) : Isom(g)] = ∞ by Remark 6.1 below,
and if (M, g) is decomposable, we set this case deliberately apart; see Remark 2.5.
So let us take (M, g) indecomposable and such that [Aff(g) : Isom(g)] > 1. It
follows from Sections 2 and 3 that M is endowed with a parallel lightlike vector
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field with closed orbits. Thus, we are going to use the results of Sections 4 and 5
to describe the quotient Aff(g)/ Isom(g).

NowX denotes a lightlike parallel vector field with closed orbits and ϕ an element
of Aff(g).

Remark 6.1. The scalar λ such that ϕ∗X = λX and ϕ∗X� = 1
λX

�, given by Lemma
2.10, is ±1, and ϕ preserves the curvature function r defined in Lemma 2.9. Indeed,
for the first fact, the orbits of X are periodic, and for the second one, Lemma 2.10
ensures that r ◦ ϕ = λ2r. It follows also that ∀n, ϕn∗g = g + nCX� ⊗ X�, hence
that no power of ϕ is an isometry unless C = 0, i.e. ϕ is an isometry.

Lemma 6.2. If the transformation ϕ is not equicontinuous, then the curvature of

D is constant along the leaves of X⊥.

Proof. By Remark 6.1, ϕ preserves r. We choose coordinates on T2 such that

∂v is tangent to X⊥ and ζ(∂w) = 1. Let L be the positive function defined by
L2(v, w) = g|(u,v)(∂v, ∂v). For any (v, w) ∈ M ,

dϕn(v, w) =

(
an(v, w) bn(v, w)

0 1

)
with an = L

L◦ϕ , which is bounded as M is compact. If ϕ is not equicontinuous,

then dϕn(v, w), and therefore bn, tends uniformly to infinity (see [23]). We take a
subsequence (ϕnk) such that (ϕnk(v, w)) is converging to (v∞, w∞).

Let (Vnk
) be the sequence of vectors in the tangent space at the point (v, w)

defined by ( 1
ank

(v,w)∂v − 1
bnk

(v,w)∂w). It is converging to a nonzero vector V∞

tangent to X⊥, and the sequence (dϕnk(v, w).Vnk
) is converging to 0. It follows

that

r(ϕnk(exp(Vnk
)))− r(ϕnk(v, w)) = r(exp(dϕnk(v, w).Vnk

))− r(ϕnk(v, w)) −→ 0.

But

r(ϕnk(exp(Vnk
))) = r(exp(Vnk

)) −→ r(exp(V∞))

and r(ϕnk(v, w)) = r(v, w); therefore r(v, w) = r(exp(V∞)) and r is constant along

X⊥. �

Proposition 6.3. Let (M, g) be a compact 3-manifold endowed with a parallel
lightlike vector field X and let X⊥ be the foliation tangent to X⊥. If X and X⊥

have closed leaves, then the diffeomorphism (x, y, z) 
→ (x+z, y, z) in the coordinates

of M̃ given by Proposition 5.6 defines a diffeomorphism ϕ ∈ Aff(M, g)�Isom(M, g).
In particular, [Aff(g) : Isom(g)] = ∞.

Proof. According to Proposition 5.6 we can suppose that g̃ = 2Λdxdz+L2(z)dy2+
2(k − nz)dydz + μ(y, z)dz2 and the fundamental group of M is Γn,c1,c2 . Let
ϕ̃ : R3 → R3 be the application defined by ϕ̃(x, y, z) = (x + z, y, z). This ap-
plication is in the normalizer of Γn,c1,c2 and satisfies ϕ̃∗g̃ = 2Λdxdz + L2(z)dy2+

2(k−nz)dydz+(μ(y, z)+Λ)dz2 = g̃+ 1
ΛX

�⊗X�, which is also D-parallel. Hence,
it induces an application ϕ : M → M preserving D and not g. �

Remark 6.4. In the situation of Proposition 6.3, Aff(g) contains other types of
nonisometric elements. You may see them all appear at the end of the proof of
Theorem 6.9.
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When the leaves of X⊥ are not closed the situation is more complicated. We
prove the following.

Proposition 6.5. Let (M, g) be a compact, orientable, 3-dimensional Lorentzian
manifold admitting a lightlike parallel vector field X such that the leaves of X are
closed and those of X⊥ are not. There exists a diffeomorphism preserving D and
not g if and only if either g is flat or (M, g) is isometric to (R3, g̃)/Γn with n �= 0
and g̃ reads ⎛⎝0 0 Λ

0 L2 0
Λ 0 μ(y)

⎞⎠
in the moving frame (∂x, ∂y + nz∂x + θ∂z, ∂z) or equivalently

g̃ = 2Λ(dx− nzdy)(dz − θdy) + L2dy2 + μ(dz − θdy)2,

where Λ and L are in R∗
+, θ ∈ (R � Q)∩ ]0, 1[ and μ is a 1-periodic function such

that
∫ 1

0
μ(y)dy = 0. Then, the coordinates (x, y, z) of M̃ given above are unique,

up to translation (x, y, z) 
→ (x + x0, y + p
n , z + q

n ) with x0 ∈ R and (p, q) ∈ Z2.
Hence, (n, θ,Λ, L, μ), up to a change of μ into μ( · + p

n ), characterize the isometry
class of g.

In case M is a flat parabolic torus, it has lightlike fibre and Aff(g)/ Isom(g) is
spanned by the class of a flow (Φt

Y )t∈R where Y is a certain spacelike vector field
orthogonal to this fibre. Otherwise it is spanned by the class of the diffeomorphism

ϕ0 (well)-defined by its action ϕ̃0 : (x, y, z) 
→ (x+ z, y, z + θ
n ) on M̃ .

Proof. First we assume that g is flat. If M is a 3-torus, it is complete according
to Carrière’s Theorem [5], and therefore it is the quotient of Minkowski space by
translations. It follows that (a conjugate of) the whole group GL(3,Z) acts on M
preserving the connection, and it is not difficult to find an element that is not an
isometry (even if it can be tricky to determine GL(3,Z)∩Isom(g)). We assume now
that M is not a torus; then it is a parabolic circle bundle over T2 . It is well-known
(see [9]) that flat Lorentzian metrics on parabolic circle bundles are quotients by a
lattice of the Heisenberg group H endowed with a left invariant metric. Moreover,
left invariant metrics on H are flat if and only if the center of the Lie algebra of
H is lightlike. As we have already seen, there exist diffeomorphisms between the
Heisenberg group and R3 sending a moving frame of left invariant vector fields
of H on (∂x, ∂y + nz∂x, ∂z). Otherwise said there exist coordinates on R3 and
(a, b, c, d, e) ∈ R5 such that g̃, the lift of g to the universal cover of M , reads

g̃ = a(dx− nzdy)dy + b(dx− nzdy)dz + cdy2 + ddydz + edz2

and the fundamental group is Γn with n �= 0 (up to isometry we could also assume
that d = e = 0). The vector field ∂y + nz∂x − a

b ∂z induces a vector field Y on

M that preserves D and not g. More precisely, we have Φt
Y
∗g = g + 2nt

b X� ⊗X�,
where Φt

Y is the flow of Y . It follows from Lemma 6.1 that any diffeomorphism
preserving D is the composition of an isometry of g and a Φt

Y .
We assume now that g is not flat. Let ϕ be an element of Aff(g). In this case ϕ,

the application induced on M by ϕ, has to be equicontinuous. Indeed, otherwise
the curvature of D would be constant by Lemma 6.2, and therefore, by Proposition
4.6, g would be flat.

The fact that the application ϕ is equicontinuous and preserves a connection
implies that it preserves some Riemannian metric. It means that either ϕ has finite
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order or the set {ϕn, n ∈ Z} is dense in some 1- or 2-dimensional torus of Aff(D).
We show that if ϕ is not an isometry, then ϕ is of infinite order and n �= 0; along

the way, we build the announced coordinates (x, y, z) of M̃ . Finally we determine
the expression of ϕ.

Let us first suppose that there exists k > 0 such that ϕk = Id. According to

Proposition 4.9, we can identify M with R3/Γn and g̃, the lift of g to M̃ , reads

g̃ = 2Λ(dx− nzdy)(dz − θdy) + L2dy2 + 2νdy(dz − θdy) + μ(dz − θdy)2,

where L, ν and μ are functions. We choose a lift of ϕk to R3, denoted by ϕ̃k, that
preserves the coordinates y and z. Hence, there exist two functions α and β such
that

(ϕ̃k)∗dx = dx+ αdy + βdz.

Thus, as the functions L, ν and μ do not depend on x and as ϕ∗dy = dy and
ϕ∗dz = dz:

(ϕ̃k)∗g̃ = g̃ + 2Λ
(
−θαdy2 + (α− θβ)dydz + βdz2

)
.

Moreover, we know that X̃� = −Λθdy+Λdz and that there exists C ∈ R such that

(ϕ̃k)∗g̃ = g̃ + CX̃� ⊗ X̃� = g̃ + CΛ2(θ2dy2 − 2θdydz + dz2). It follows that α and
β are constant and that α = −βθ (it means in particular that ϕk preserves a flat
metric on M). Without loss of generality, we can suppose that ϕ̃ fixes 0. It means
that

ϕ̃k(x, y, z) = (x− βθy + βz, y, z).

The fact that ϕ̃k lies in the normalizer of Γn implies that β ∈ Z and βθ ∈ Z. As
θ �∈ Q it follows that α = β = 0; i.e. ϕk = Id and therefore ϕ is an isometry.

Now we suppose that the set {ϕn, n ∈ Z} is dense in a torus of Aff(D). We are
not going to use Proposition 4.9 but rather prove a more adapted version. If this
torus is at least 2-dimensional, it would act transitively on M so M would be flat,
which is not the case. It means that ϕ is the time t0 of a 1-periodic flow preserving
D. We denote byK the vector field associated with this flow that satisfies ζ(K) > 0.

Let Y be a parallel vector field, unique up to sign, tangent to X⊥ (i.e. having a
lift on M of constant “norm”) such that the integral of ω, the 2-form dual to the
frame (Y ,K), on T2 is equal to 1. As ϕ is equicontinuous and volume preserving
we see that ϕ∗Y = Y and therefore [K,Y ] = 0. Let us choose the lift K of K to
M which is lightlike and the lift Y of Y which is orthogonal to K. As Y and K
are lifts of Y and K, and as [Y ,K] = 0, there are functions f1, f2 and f such that
[X,Y ] = f1X, [X,K] = f2X and [Y,K] = fX. Moreover, X is g-Killing and Y
and K are the only lifts of Y and K such that g(K,K) ≡ 0 and Y ⊥ span(X,K),
so f1 = f2 = 0 and [X, [Y,K]] ≡ 0, which gives that X.f = 0.

Computing the curvature of g we find

R(K,Y )K = Cst (Y.f)Y.

Thus the function r characterizing the curvature of D defined in Proposition 4.6
is equal to Cst (Y.f). But clearly r is constant along the integral curves of K;
therefore we have K.Y.f = 0 and so Y.K.f = 0. It means that K.f is constant
along the leaves of X⊥ which are dense. Thus K.f = 0. Consequently, there exists
a function F such that Y.F = f + Cst. Replacing K by Z = K − FX we have
[Y, Z] = cst.X. It follows from the fact that

∫
T2 ω = 1 that cst = n (see the proof

of Lemma 4.10). There exist coordinates (y, z) on T2 and θ ∈ R � Q such that
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∂z = Z and Y = ∂y + θ∂z. We may require moreover that θ ∈ ]0, 1[; this fixes ∂y,

which otherwise is defined up to addition of pZ, p ∈ Z. Applying Lemma 4.11, we
obtain an identification between M and R3/Γn,c1,c2 such that

g̃ = 2Λ(dx− nzdy)(dz − θdy) + L2dy2 + μ(y)(dz − θdy)2.

We notice that this time L is a constant, because Y is parallel modulo 〈X〉, and
μ depends only on y, because Z.f = 0. As F is only defined up to a constant we

can impose
∫ 1

0
μ(y)dy = 0. Moreover if n = 0, then ϕ is an isometry. Indeed, in

this case K is Killing and we can suppose ϕ = Id, but we just proved that it means
that ϕ is an isometry.

We are left with the case n �= 0. In order to work on R3/Γn instead of R3/Γn,c1,c2 ,
we take the pull-back of g by the diffeomorphism induced by G(x, y, z) = (x+c1y+
c2z, y, z). The matrix associated with G∗g̃ is⎛⎝0 0 Λ

0 L2 Λ(c1 + θc2)
Λ Λ(c1 + θc2) μ(y) + 2Λc2

⎞⎠ .

In order to kill the terms Λ(c1+θc2) and 2Λc2 that appeared during this operation,
we proceed as at the end of the proof of Propositions 5.1 and 5.6. With the same
kind of arguments as at the end of the proof of Propositon 5.1, it follows from
all the construction that the coordinates (x, y, z) are unique up to the announced
translations.

Let f : R3 → R3 be the map defined by f(x, y, z) = (x+ nt0y, y, z + t0), where
t0 is the real number introduced above. This map is an isometry of g̃: this follows
from the fact that the moving frame (∂x, nz∂x + ∂y + θ∂z, ∂z) and the coordinate y
are invariant by f . Possibly composing with a translation in the direction of ∂x, we
can suppose that the map f−1 ◦ ϕ̃ fixes 0. As it fixes also the coordinates y and z,
it follows from the previous case that there exists β ∈ R such that f−1 ◦ϕ(x, y, z) =
(x− θβy + βz, y, z). Hence ϕ(x, y, z) = (x+ (nt0 − θβ)y + βz, y, z + t0).

By a direct computation, we see that ϕ̃ is in the normalizer of the fundamental
group if and only if θβ − nt0 ∈ Z and β ∈ Z; therefore θβ − nt0 = 0 (check it).
Hence, our map ϕ̃ is a power of the map ϕ̃0 defined by

ϕ̃0(x, y, z) = (x+ z, y, z + θ/n).

By a direct computation, we check that ϕ0 is indeed an element of Aff(g)�Isom(g).
�

Proposition 6.6. Let (M, g) be a 3-dimensional compact Lorentzian manifold.
Then dim(Aff(g)/ Isom(g)) � 1 with equality if and only if there exist n ∈ N� {0}
and a diffeomorphism between M̃ and R3 such that the fundamental group of M is
equal to Γn and either g̃ reads

g̃ = 2Λ(dx− nzdy)dz + L2(z)dy2,

where L is a 1-periodic function — then X⊥ has closed leaves — or g̃ reads

g̃ = a(dx− nzdy)dy + b(dx− nzdy)dz + cdy2

where (a, b, c) ∈ R3 — i.e. (M, g) is a flat parabolic torus. In this last case X⊥ may
have closed leaves or not.

Otherwise stated, there exists a vector field K whose flow preserves D and not
g if and only if (M, g) admits a lightlike parallel vector field with closed orbits, M
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is not a torus and the curvature function r defined in Proposition 4.6 is constant
along X⊥. Then Aff(g)/ Isom(g) is spanned by a vector field K = ∂y + nz∂x + θ∂z
with θ = 0 when g is not flat and θ = −a/b in the flat case.

Proof. If there exists a vector field K preserving D and not g, then it follows from
Sections 2 and 3 that there exists on (M, g) a parallel lightlike field X with closed
orbits. We know also that (M, g) is not a flat torus: the Lorentzian flat tori are,
affinely, R3/Z3; thus any nonisometric affine transformation belongs to GL(3,Z),
which is discrete.

It follows then from Proposition 2.4 that (M, g) is indecomposable and therefore
for any ϕ ∈ Aff(g) we must have ϕ∗g = g+CX�⊗X� for some number C. Moreover,
if ϕ′ is another element of Aff(g) such that ϕ′∗g = g +CX� ⊗X�, then ϕ′ ◦ ϕ−1 is
an isometry of g. Consequently, dim(Aff(g)/ Isom(g)) � 1.

Lemma 6.7. The vector field K is not pointwise collinear to X.

Remark 6.8. This kind of situation actually happens on the universal cover.

Proof. Let us suppose that K is pointwise collinear to X. It means that there
exists a function h such that K = hX and X.h = 0 (otherwise K is not bounded).
The vector field X being equicontinuous, it is not difficult to find a moving frame
(X,Y ′, Z ′) such that

Mat(X,Y ′,Z′)(g) =

⎛
⎝0 0 1
0 1 0
1 0 0

⎞
⎠, [X,Y ′] = 0 and [X,Z ′] = 0.

We have [K,X] = 0, [K,Y ′] = −(Y ′.h)X and [K,Z ′] = −(Z ′.h)X. As LKg =
Cst.X� ⊗X�, we see that Y ′.h = 0 and Z ′.h is constant. But as M is compact, it
implies that h is constant and therefore K preserves g. Impossible. �

It follows from Remark 6.1 that LKX� = 0 and therefore, as dX� = 0, X�(K) is
constant.

By Lemma 2.6, Φt
K

∗g(K,K) = g(K,K)+Cst.tg(K,X)2. Moreover, Φt
K

∗g(K,K)
= g(K,K) ◦Φt

K. As M is compact, the function g(K,K) is bounded, thus g(X,K)
= 0, thus K is tangent to X⊥.

The vector field K induces a vector field K on M . This vector field preserves D.
By Lemma 6.7, K is nonzero on an open dense subset ofM (a vector field preserving
a connection is determined by its 1-jet at a point). It implies that the curvature of
D (or more precisely the function r defined in Proposition 4.6) is constant along the

leaves of X⊥. If these leaves are dense in M , then the curvature of D is constant
and equal to 0 by the Gauss-Bonnet relation of Proposition 4.6.

If the leaves of X⊥ are closed, by Proposition 5.6 there exist coordinates on

R3 � M̃ such that

g̃ = 2Λdxdz + L2(z)dy2 + 2(k − Λnz)dydz + μ(y, z)dz2.

Moreover we know by Proposition 5.6 that the curvature r of D is given by r =
1
Λ2

(
1

2L2 ∂
2
yμ+

L′′

L

)
; therefore, as ∂yr=0, ∂yμ=0. But μ is such that z 
→

∫ 1

0
μ(s, z)ds

is constant; therefore μ is constant. As in a moving frame (∂x, ∂y + nz∂x, ∂z):

Mat(g̃) =

⎛
⎝ 0 0 Λ

0 L2 k
λ k μ

⎞
⎠ and Mat(X� ⊗X�) =

⎛
⎝ 0 0 0

0 0 0

0 0 Λ2

⎞
⎠,
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and as Φt∗
Kg = g +Cst.tX� ⊗X�, we can assume, replacing g by an adequate Φt∗

Kg
— which is by construction isometric to g — that μ = 0.

Let us prove now that n �= 0. Let g0 be the flat metric defined by g̃0 = 2Λdxdz+
dy2 − 2Λnzdydz. We see that K also preserves the connection of g0 and that K
preserves g0 if and only if K preserves g. But any affine flow on a flat Lorentzian
torus is a Killing flow. Therefore n �= 0 and, by Proposition 5.6, we can assume
that k = 0.

Reciprocally, a direct computation proves that if n �= 0 and there exist coordi-

nates R3 � M̃ such that

g̃ = 2Λ(dx− nzdy)dz + L2(z)dy2,

then the vector field ∂y + nz∂x, which is invariant by Γn, preserves D and not g.

Finally, the flat case with irrational slope of X⊥ in M follows from the discussion
at the beginning of the proof of Proposition 6.5. �

To conclude we prove the following result announced in the introduction:

Theorem 6.9. Let (M, g) be a compact orientable and time-orientable Lorentzian
3-manifold such that [Aff(g) : Isom(g)] > 2. Then for any ϕ ∈ Aff(g) � Isom(g),
respectively ϕ ∈ Isom(g), there exists a smooth path of metrics gt on M between g
and a flat metric satisfying ϕ ∈ Aff(gt) � Isom(gt), respectively ϕ ∈ Isom(gt), for
any t.

However, if g admits an affine nonisometric automorphism inducing a nonequi-
continuous transformation on M and if M is not a torus and g is not flat — such
metrics exist — then Aff(g) is not included in the affine group of any flat metric.

Remark 6.10. The metrics of the second statement of Theorem 6.9 are those of case
(6) with n �= 0 of Table 3. We see then that they are exactly the nonflat metrics g
on parabolic tori such that Aff(g)/ Isom(g) > 2 and Isom(g) is noncompact.

Proof. We suppose that g is not flat; otherwise there is nothing to prove. As
[Aff(g) : Isom(g)] > 2, there exists on (M, g) a parallel lightlike field with closed
orbits. We can apply Proposition 4.9 in order to have a description of (M, g). It
follows from Propositions 6.5 and 5.6 that the function ν appearing in the descrip-
tion can be supposed to be null. In most cases, the path of metrics is given by any
affine path between the function L and a constant and between the function μ and
a constant. More precisely, gt is the metrics on R3/Γn whose matrix in the moving
frame (∂x, ∂y + nz∂x + θ∂z, ∂z) (the parameter θ being given by the metric g) is⎛⎝0 0 Λ

0 (1− t) + t L2(y, z) k
Λ k t μ(y, z)

⎞⎠ .(12)

Let ϕ be an element of Aff(g)� Isom(g). If the leaves of X⊥ are not closed, then
by Proposition 6.5 and its proof we know that we can choose (x, y, z) such that ϕ
preserves the coordinate y and the expression of the metrics does not depend on
the coordinate z. Then it can be checked directly that this implies that ϕ lies in
Aff(gt)� Isom(gt) for all t.
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If the leaves of X⊥ are closed, let us consider ϕ ∈ Aff(g)�Isom(g) and ϕ its action

on M . If ϕ = Id, then ϕ acts as (x, y, z) 
→ (x + z, y, z) on M̃ in the coordinates
of Proposition 6.3; see this proposition and its proof. Then ϕ ∈ Aff(gt)� Isom(gt)
for all t. Four other possibilities may occur for ϕ: (i)-(iii) form the case where ϕ
is equicontinuous, hence preserves some Riemannian metric.

(i) ϕ is periodic. According to Proposition 5.6 and its proof, applied with � = 0,
ϕ̃ = τp,t ◦ τ ′q,s with τ ′q,s : (x, y, z) 
→ (x+(q+ns)z, y+s, z) where q ∈ Z and
s arbitrary in Q ∩ [0, 1[, and with τp,t := (x, y, z) 
→ (x+ py, y, z + t) with
p = 0 and t arbitrary in Q ∩ [0, 1[ if n = 0; else p ∈ �0, n − 1� and t = p

n .
(In fact, from Proposition 5.6 we get the forms of ϕ̃ if ϕ is isometric, and
for them the constraint on (q + ns, s) is stronger: it is the same as that on
(p, t) above. We let the reader check that considering affine applications
gives the above looser constraint on q and s.)

Finally, with the introduced notation, for some q ∈ Z, ϕ̃(x, y, z) =
(x + qz, y + s, z + t) and (s, t) ∈ (Q ∩ [0, 1[)2 if n = 0; else ϕ̃(x, y, z) =
(x+ py + (q + ns)z, y + s, z + p

n ).
Let r be the smallest integer such that rt ∈ N∗. By Proposition 5.9, L

is necessarily 1
r -periodic. The fact that ϕ is affine implies also that there

is some constant C such that μ(ϕ(y, z)) = μ(y, z) + C; then necessarily
C = 0 as M is compact. Conversely, if L and μ satisfy those periodicities,
the maps ϕ defined above are indeed g-affine. Now all those ϕ preserve the
canonical flat affine structure of the Heisenberg group if n �= 0 or of R3 if
n = 0, i.e. is affine for the flat Lorentzian metric g0 given above, as well as
for each of the (gt)0�t�1.

(ii) {ϕl, l ∈ Z} is dense in a 1-dimensional subgroup of Diff(M) whose orbits

are the leaves of X⊥. This vector field being affine and equicontinuous, it
is proportional to ∂y. The curvature of D is then constant along the leaves

of X⊥, and the metric has the form given by Proposition 6.6. In this case,
the vector field Y = ∂y + nz∂x is affine (Killing if n = 0) and tangent to

X⊥; therefore ϕ = Φs
Y ◦ ϕ0 with ϕ0 = Id, and ϕ ∈ Aff(gt) � Isom(gt) for

all t.
(iii) {ϕl, l ∈ Z} is dense in a 1-dimensional subgroup of Diff(M) whose orbits

form a foliation G transverse to X⊥. As we saw in the proof of Proposition
6.5 we can suppose that ∂z is tangent to G. It implies that the holonomy
of all the tori Fz are equal. Therefore, by Proposition 5.9, the function
L is constant. The curvature being constant along the orbits of ϕ we see
also that ∂zμ = 0. Hence the metric does not depend on the coordinate
z and ϕ preserves the coordinate y. Again, it is enough to conclude that
ϕ ∈ Aff(gt)�Isom(gt) for all t. But we can give a better description; indeed
it follows from Proposition 5.6 that necessarily n = 0 and therefore ∂z is
Killing. This implies that ϕ = Φs

∂z
◦ ϕ0 with ϕ0 = Id.

(iv) ϕ is not equicontinuous. According to Lemma 6.2 and the proof of Propo-

sition 6.6 there exist coordinates (x, y, z) of M̃ such that g̃ reads 2Λ(dx−
nzdy)dz + L2(z)dy2 + 2k1dydz + k2dz

2 with kin = 0 for i = 1 and 2. As
ϕ preserves X� it acts by translation on the coordinate z. Hence, the orbit
of any point of M/X⊥ is finite or dense. If it is dense, then all the leaves
of X⊥, as flat affine tori, have the same holonomy and, by Proposition 5.9,
(M, g) is flat.
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According to Proposition 5.6 and its proof, if ϕ is affine, then L/Λ, where
L = 1/

∫ 1

0
1

L2(s)ds, must be rational (see Remark 5.8) and ϕ̃ = τ ◦ ϕ	,A,B

with:
– τ an affine morphism as described in point (i), except that only its

action on the coordinate z has to be periodic, i.e. that s may be any real
number in [0, 1[ instead of a rational one,

– ϕ	,A,B the affine morphism fixing 0 defined by

(13) ϕ̃	,A,B(x, y, z) = (x+n�(
1

2
− z)H(z)+n

�

2
z2 − η(z)+Ay+Bz, y− �H(z), z),

where (�, A,B) ∈ Z3, where H(z) = L
∫ z

0
1

L2(s)ds, where η is defined by

condition (9), where � �= 0 (else ϕ would be equicontinuous) and where
A �= 0 and A = − 	L

Λ .
Remark. For a given �, the ϕ	,A,B differ by a translation. Of course, some
of the ϕ	,A,B, e.g. the (ϕ	,	L/Λ,0)	∈Z � Z, form a group.

Finally, ϕ̃ reads (x, y, z) 
→ (x− η(z) +Ay +Bz, y − �H(z) + s, z + t) if
n = 0; otherwise (x, y, z) 
→ (x + n�( 12 − z)H(z) + n 	

2z
2 − η(z) + (A)y +

(B + ns)z, y − �H(z) + s, z + p
n ), where A,B are some integers, t ∈ [0, 1[,

s ∈ [0, 1[ and p ∈ �0, n− 1�.

If t �∈ Q, then L and η are constant. Otherwise, let r be the smallest
integer such that rt ∈ N∗. Again by Proposition 5.9, L is 1

r -periodic. As

L(z + 1
r ) = L(z), L = 1/(r

∫ 1/r

0
1

L2(s)ds); thus H(z + 1
r ) = H(z) + 1

r and

η(z + 1
r ) = η(z).

We let the reader check that ϕ = F−1 ◦ ϕ0 ◦ F where ϕ0 and F are
defined by

ϕ̃0(x, y, z) = (x− n�

2
(z2 − z) +Ay + (B + ns)z, y − �z + s, z + t),

F̃ (x, y, z) = (x− n(
1

2
− z)f(z), y + f(z), H(z)),

where f is the 1-periodic function defined by

f(z) =
1

A

(
n�

2
(z −H(z))2 + (B + ns)(z −H(z)− η(z))

)
.

As ϕ0 preserves the canonical flat affine structure of the Heisenberg
group if n �= 0 or of R3 if n = 0, it preserves a flat Lorentzian connection.
Moreover, if h is a Lorentzian metric that reads

h = 2h1,3(z)(dx− nzdy)dz + h2,2(z)dy
2 + 2h2,3(z)dydz + h3,3(z)dz

2,

then it follows from a direct computation that ϕ0 ∈ Aff(h) � Is(h) if and

only if h1,3 = 	
Ah2,2 and h2,3 =

h2,2

2	 ( 2	(B+ns)
A + �2 + n	2

A +C 	2

A2h2,2), where
C ∈ R∗ (if C = 0, then ϕ0 is an isometry). For any t ∈ [0, 1], let ht be the
metric whose connection is preserved by ϕ0 that is obtained as above and
satisfies ht,2,2 = (1− t)h2,2 + t and ht,3,3 = (1− t)h3,3. Clearly h0 = h and
h1 is flat. Setting h = F−1∗g (it has the right form), we take gt = F ∗ht

and obtain a path of metrics having the properties announced.

All that precedes uses only that ϕ ∈ Aff(g), hence holds for ϕ ∈ Isom(g) instead
of ϕ ∈ Aff(g)� Isom(g), producing a path (gt)t of metrics such that ϕ ∈ Isom(gt)
for all t. The only changes are in the description of the possible forms of ϕ that
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are more constrained. In (i), s ∈ 1
nZ instead of Q; in (ii), n must be null, else the

field ∂y + nz∂x is not Killing; and in (iv) ϕ	,A,B must be isometric, which means
that L and k are in ΛQ and thus conditions on (�, A,B).

We are done with the first part of the theorem.
Let h be a metric such as in case (iv) of the discussion above, with n > 0.

We recall that the leaves of X⊥ are closed. By Lemma 6.2, the curvature of h is
constant along the leaves of X⊥ and, by Proposition 6.6, dim(Aff(h)/ Isom(h)) = 1.
We choose a map ϕ in Aff(h) that induces a nonequicontinuous transformation of
M , an affine nonisometric vector field K and a parallel vector field X. Now, let us
suppose that Aff(h) ⊂ Aff(g0) where g0 is a flat metric, and show that h is flat.
This will finish the proof.

We choose coordinates (x, y, z) adapted to g0, i.e. such that g0 reads
a(dx−nzdy)dz+ bdy2, with (a, b) ∈ R2. The flow of the vector field X is in Aff(g0)
and is equicontinous; therefore it is isometric and we can assume that X = ∂x. The
vector field K is affine and cannot preserve g0 (as its flow is not equicontinuous;
see [23]); therefore we can assume that K = ∂y + nz∂x. As ϕ ∈ Aff(g0) and ϕ is
nonequicontinuous, we can also assume that

ϕ̃(x, y, z) = (x− n�

2
(z2 − z) +Ay +Bz, y − �z, z),

for some (�, A,B) ∈ Z∗2 × Z.

Fact 6.11. If h is a metric on R3/Γn whose connection is invariant by the flow ΦY of

Y = ∂y+nz∂x, then h̃ = 2h1,3(dx−nzdy)dz+h2,2(z)dy
2+2h2,3(z)dydz+h3,3(z)dz

2,
with h1,3 ∈ R.

Proof. The only distributions invariant by the flow being R∂x and Span(∂x, ∂y),

they have to be parallel and lightlike. Therefore h̃ reads 2h1,3(x, y, z)(dx−nzdy)dz+
h2,2(x, y, z)dy

2 + 2h2,3(x, y, z)dydz + h3,3(x, y, z)dz
2. Computing Φ∗

Y h we see that
the functions h1,3, h2,2 and h2,3 are ΦY -invariant, hence depend only on z. We see
also that h3,3 satisfies for any s ∈ R,

h3,3 ◦ Φs
Y + 2nsh1,3 = h3,3 + C(s)h2

1,3,

and therefore h3,3 is also invariant by ΦY . This implies immediately that h1,3 is in
fact constant. �

But if h1,3 is constant, then h2,2 and h2,3 are also constant (it is shown at the
end of point (iv) of the discussion above); hence h is flat. We are done. �

Notice that during our study, we have also determined the isometries of the
metrics encountered. We deduce:

Corollary 6.12. Let (M, g) be a compact 3-dimensional manifold admitting a par-
allel lightlike field X which is not a flat torus, up to a possible 2-cover. Then
Isom(g) is not compact if and only if (M, g) is isometric to a metric on R3/Γn that
reads

2Λ(dx− nzdy)dz + L2(z)dy2 + k1dydz + k2dz
2,

with 1/
∫

1
L2(z)dz ∈ ΛQ, k1 ∈ ΛQ and nki = 0.
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Proof. As M is not a flat torus up to a 2-cover, it is indecomposable with a par-
allel vector field X, unique up to proportionality; see Lemma 2.6. It follows from
Proposition 3.1 that if X has nonclosed leaves, then the isometry group is compact.
We assume now that X has closed leaves. Let ϕ be a nonequicontinuous element
of Isom(g). The map ϕ preserves X and the curvature function r defined in Propo-
sition 4.6; therefore X is proportional to the gradient of r (otherwise ϕ would be
equicontinuous). It means that r is constant along the leaves of X⊥. It also means
that either g is flat or X⊥ has closed leaves.

We suppose first that X⊥ has closed leaves. It follows from the proof of Theorem
6.9 that ϕ is also nonequicontinuous. Hence, in appropriate coordinates, the metrics
read 2Λ(dx−nzdy)dz+L2(z)dy2+k1dydz+k2dz

2 with 1/
∫

1
L2(z)dz ∈ ΛQ, nki = 0.

If n �= 0, a nonequicontinuous isometry is obtained by composing the affine
morphism ϕ	,A,B defined in (13) by an appropriate time of the flow of Y = ∂y+nz∂x.

If n = 0, we know, using the notation of the proof of Theorem 6.9, that
ϕ̃(x, y, z) = (x − η(z) + Ay + Bz, y − �H(z) + s, z + t), the function η being de-
termined by g and �. Such a map is an isometry if and only if �L + AΛ = 0 and
�(2k1 − AΛ) + 2BΛ = 0 (see the proof of Proposition 5.6). It follows that such an
isometry exists if and only if we also have k1

Λ ∈ Q.

We suppose now that X⊥ has dense leaves; therefore g is flat and n �= 0. We
know that ϕ∗Y = Y as Y is linear and has an irrational slope; this implies that ϕ
is a translation. It follows by a direct calculation that ϕ preserves any frame field
(X,V,W ) such that g(X,V ) = g(V,W ) = g(W,W ) = 0 and g(V, V ) = 1. This
contradicts the assumption that ϕ is nonequicontinuous. �

7. Gathering the results

Table 1 (re)introduces the notation of this section, making it self-contained in
this respect.

Reminder 7.1. We call indecomposable a (pseudo-)Riemannian manifold whose tan-
gent bundle does not split into a nontrivial direct sum of parallel subbundles.

Theorem 7.2. Compact orientable indecomposable Lorentzian 3-manifolds (M, g)
with a parallel lightlike vector field are listed in Table 2, with the cases where Isom(g)
is noncompact.

Proofs and possible details, in particular the determination of the isometry
classes of these metrics for types (c) with θ Diophantine, and (d) are given in
Proposition 3.1 for types (a)-(b), Proposition 4.2 and 5.1 for type (c), Proposition
5.6 for type (d) and Corollary 6.12 for the compactness of Isom(g).

Theorem 7.3. If the quotient G = Aff(g)/ Isom(g) of some compact orientable
and time-orientable Lorentzian 3-manifold (M, g) is nontrivial, then:

– G � Z/2Z
– or (M, g) � (R3, g̃)/Z3, with g̃ flat, is a flat torus; then G � GL3(Z)/(GL3(Z)∩

Isom(g̃))
– or (M, g) is indecomposable and has a parallel lightlike vector field.

Then Table 3 gives the list of the possible forms for G in the third case, with its
generator(s).
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Table 1. Notation for Tables 2 and 3, plus a remark.

General notation

Isom(g) The isometry group of (M,g).

Aff(g) Its affine group, i.e. the diffeomorphisms preserving its Levi-Civita connection.

(x, y, z) Canonical coordinates of R3.

Groups and diffeomorphisms used to define the manifold M

τi
τ1 : (x, y, z) �→ (x+ 1, y + τ, z), τ2 : (x, y, z) �→ (x, y + 1, z),

τ3 : (x, y, z) �→ (x+ r1, y + r2, z + 1) with (τ, r1, r2) ∈ (R � Q)× R2.

τ ′i
τ ′1 : (x, y, z) �→ (x+ 1, y, z + τ), τ ′2 : (x, y, z) �→ (x+ r1, y + 1, z + r2),

τ ′3 : (x, y, z) �→ (x, y, z + 1) with (τ, r1, r2) ∈ (R � Q)× R2.

Γn
〈τx, τy , τz,n〉 ⊂ Diff(R3) with τx : (x, y, z) �→ (x+ 1, y, z),

τy : (x, y, z) �→ (x, y + 1, z) and τz,n : (x, y, z) �→ (x+ ny, y, z + 1).

Terminology. If n = 0, R3/Γ0 = R3/Z3 is a torus; otherwise we call R3/Γn a “parabolic
torus”, as a suspension of the parabolic automorphism τz,n of R2/Z2 over R/Z.

Foliations: vector and frame fields

X ;X⊥ The integral foliation of the parallel lightlike vector field,
that of its orthogonal distribution.

Y Projection on R3/Γn of the Γn-invariant vector field ∂y + nz∂x of R3.

Bn,θ Projection on R3/Γn of the Γn-invariant frame field (∂x, Y + θ∂z , ∂z) of R3.

Remark. If n �= 0, R3/Γn identifies naturally with a quotient of the Heisenberg group by a
lattice, see Notation 4.1; then Bn,θ is left invariant, equal to (∂x, ∂y + θ∂z, ∂z) at zero.

Numbers and functions

L,Λ, k, μ
Stand for real numbers or, if variables appear, e.g. μ(y, z),

real-valued functions: L > 0, Λ > 0.

P, P ′ Stand for natural integers.

L 1/
∫ 1
0 1/L2(z)dz.

Diffeomorphisms of M — and two related numbers

Φs
V If V is any vector field, we denote by Φs

V its flow at time s.

σ σ = Φ1
Y ∈ Diff(R3/Γn). Its action on R3 = M̃ reads (x, y, z) �→ (x+ z, y, z).

χ If L = p
q
Λ with p, q ∈ N, p ∧ q = 1, Diff(R3/Γn) 
 χ = ϕq,−p,0 defined in (13)

χ′, B, b

– if n �= 0, χ′ = χ ◦ Φs
Y with s making χ′ isometric; see (11).

– if n = 0 and L = p
q
Λ with p, q ∈ N, p ∧ q = 1, χ′ = χb ◦ σ−B with (b, B)

defined by the fact that b is the smallest integer such that
2ΛB = (bq)(2k + bqL) ∈ 2ΛZ (i.e. such that χ′ is isometric; see (10)).

Proofs and additional details may be found in Proposition 3.1 for case (1), Propo-
sition 6.5 for cases (2), (3) and (8), Proposition 6.6 and Theorem 6.9 and its proof
for cases (4), (5), (6), (7) and (9), and also Corollary 6.12 to determine Isom(g) in
cases (5), (6), (7).

Remark 7.4. We do not treat here the case [Aff(g) : Isom(g)] = 2; (M, g) is then
decomposable and this case is very specific; see the beginning of Section 6.

Remark 7.5. If ϕ ∈ Aff(g)� Isom(g) on some compact indecomposable Lorentzian
time-orientable manifold (M, g) then after Lemma 2.6 there is a constant Cϕ such

that ϕ∗g = g + CϕX
� ⊗ X�, where X is the parallel lightlike vector field. If

X is periodic, ϕ has to preserve X and ϕ 
→ Cϕ defines an injective morphism
C : Aff(g)/ Isom(g) → R. When dimM = 3, the vector field is indeed periodic and
Aff(g)/ Isom(g) is always isomorphic to a subgroup of R; more precisely:

– Im C = 2ΛZ when Aff(g)/ Isom(g) = 〈[σ]〉,
– Im C = 2Λn

P (n ∧ P )Z when Aff(g)/ Isom(g) = 〈[σvψu]〉 � Z, i.e. in case (5),

– Im C = 2Λn
b (B ∧ b)Z when Aff(g)/ Isom(g) = 〈[σvχu]〉 � Z, i.e. in case (6),
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Table 2. The orientable compact indecomposable Lorentzian 3-
manifolds (M, g) with a parallel lightlike vector field — equal to
∂x in the chosen coordinates — and the cases where their isometry
group is not compact. Flat Lorentzian tori have of course parallel
lightlike vector fields, but, being decomposable, they are not in this
table; hence all flat metrics are here cast out in case M is a torus.

Leaves of X and X⊥ M Form of g Isom(g)

The closure of the
leaves of X are
2-tori, equal to

the leaves of X⊥

Torus

M � R3/〈τ1, τ2, τ3〉

⎛
⎝

0 0 Λ

0 L2(z) 0
Λ 0 0

⎞
⎠

in (∂x, ∂y , ∂z), L �= Cst.

The translations

leaving L2(z)
invariant.
Compact.

(a)

The closure of the
leaves of X are

2-tori, transverse to

the leaves of X⊥

Torus

M � R3/〈τ ′
1, τ

′
2, τ

′
3〉

⎛
⎝

0 0 Λ

0 L2 0
Λ 0 μ(y)

⎞
⎠

in (∂x, ∂y , ∂z), μ �= Cst.

The translations
leaving μ(y)
invariant.
Compact.

(b)

X has closed

leaves; X⊥ has
cylindrical ones

Torus or
parabolic torus

M � R3/Γn

⎛
⎝

0 0 Λ

0 L2(y, z) ν(y, z)
Λ ν(y, z) μ(y, z)

⎞
⎠

in Bn,θ, θ �∈ Q

Compact. (c)

More precise form
if θ is Diophantine:⎛

⎝
0 0 Λ

0 L2 k
Λ k μ(y, z)

⎞
⎠ in Bn,θ .

J (z) :=
∫ 1
0 μ(y, z)dz

is a constant in [0, 2Λ[,
null if n �= 0; k ∈ [0,Λ[

is null if n �= 0

X has closed

leaves; X⊥ has
toric ones

Torus or
parabolic torus

M � R3/Γn

⎛
⎝

0 0 Λ

0 L2(z) k
Λ k μ(y, z)

⎞
⎠

in Bn,0, with the
same conditions as

above on J (z) and k.

Compact, except
if L and k are
both in ΛQ and
μ is constant.

(d)

In cases (c)-(d), any compact group of isometries acts by translations on M = M/X .
In case it is noncompact, Isom(g) = 〈χ′〉 � K with K compact.

– Im C = 2Λ(Z+αZ) with α ≡ k
Λ [Q] some irrational number we do not compute,

when Aff(g)/ Isom(g) = 〈[σ], [χ]〉 � Z2, i.e. in case (7),
– Im C = R in cases (8)-(9).
In particular, Im C is not closed in case (7), even if Aff(g) and Isom(g) are always

closed in Diff(M).

Remark 7.6. Tables 2 and 3 deal with orientable (it is specified) and time-orientable
(the existence of the parallel lightlike field yields it) manifolds. In general, if M is
a compact indecomposable Lorentzian 3-manifold:

– admitting a parallel lightlike field, it may be a quotient of order 2 of some
manifold of Table 2 making it nonorientable, when such quotients exist,

– with Aff(g)/ Isom(g) > 2, it may be a quotient of order 2 or 4 of some manifold
of Table 3 making it nonorientable and/or time-orientable (i.e. mapping ∂x on −∂x),
when such quotients exist.

Remark 7.7. In cases (4)-(6), Aff(g)/ Isom(g) � Z. However, its action is not the
same. In (4) its generator [σ] is the class of a diffeomorphism acting trivially on
M = M/X . In (5) it is the class of σuψv acting as a translation on M identified to
R2/Z2 by its coordinates (y, z). In (6), it is the class of σuχv, and the action of χ

on M � R2/Z2 is homotopic to
(

1 p
0 1

)
if we denote L by p

qΛ.
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Table 3. The possible forms of Aff(g)/ Isom(g) for orientable
compact indecomposable Lorentzian 3-manifolds (M, g) with a par-
allel lightlike vector field.

Aff(g)/ Isom(g)
Possible M and

type of (X ,X⊥)
Possible g

{[Id]}

Torus. The leaves of X
are dense in 2-tori.

Any metric of cases
(a)-(b) of Table 2

(1)

Torus or parabolic

torus R3/Γn. The leaves
of X are closed, those

of X⊥ cylindrical.

Any metric of case (c)
of Table 2, except those
of (3) and (8) below

(2)

= 〈[σ]〉

� Z

Parabolic torus R3/Γn,
n �= 0. The leaves

of X are closed, those

of X⊥ cylindrical.

⎛
⎝

0 0 Λ

0 L2 0
Λ 0 μ(y)

⎞
⎠

in Bn,θ, θ �∈ Q, μ �= Cst.

(3)

Torus or parabolic

torus R3/Γn. The leaves
of X are closed, those

of X⊥ toric.

⎛
⎝

0 0 Λ

0 L2(z) k
Λ k μ(y, z)

⎞
⎠in Bn,0,

with k = 0 if n �= 0 and:
• if n �= 0, (L, μ) admits no period

( 1
P

, P ′
n

), P > 1; else see (5) and (9),
• if n = 0, μ depends really
on y or L �∈ ΛQ; else see (6)-(7).

(4)

The exceptions among the metrics of case (6); see this case.

= 〈[σvψu]〉 � Z , where

ψ = Φ
1/P
Y

◦ Φ
P ′/n
∂z

(see P,

P ′ in the right column)
and u, v ∈ N are such that

un + vP = n ∧ P

Parabolic torus R3/Γn,
n �= 0. The leaves

of X are closed, those

of X⊥ toric.

As in (4), μ depending really on
y, and (L, μ) invariant by some

ψ : (y, z) �→ (y + 1
P

, z + P ′
n

).
We take then P the largest
integer such that such a

ψ exists; ψ is a lift of ψ.

(5)

= 〈[σvχu]〉 � Z , where

u, v ∈ N are such that
uB + vb = B ∧ b

But: = 〈[σ]〉 if B = b = 1

Torus or parabolic

torus R3/Γn. The leaves
of X are closed, those

of X⊥ toric.

As in (4), μ being
constant, and L and

k being in ΛQ.
(6)

= 〈[σ], [χ]〉 � Z2 , where

u, v ∈ N are such that
uB + vb = B ∧ b.

Torus R3/Z3. The leaves
of X are closed, those

of X⊥ toric.

As in (4), μ being
constant, L being in ΛQ

and k in Λ(R � Q).
(7)

= ([Φs
Y +θ∂z

])s∈R

� R

(θ �∈ Q in (8),
θ = 0 in (9))

Parabolic torus R3/Γn,
n �= 0. The leaves

of X are closed, those

of X⊥ cylindrical.

Flat: as in (3),
with μ constant.

(8)

Parabolic torus R3/Γn,
n �= 0. The leaves

of X are closed, those

of X⊥ toric.

⎛
⎝

0 0 Λ

0 L2(z) 0
Λ 0 0

⎞
⎠ in Bn,0. (9)

8. Higher dimensional examples

In this section, we give higher dimensional analogues of the 3-dimensional metrics
having a big affine group. We start with a compact m-dimensional manifold N
endowed with a locally free S1-action, typically N = S3 with a Seifert bundle
structure. Let X be an infinitesimal generator of the S1-action. We choose an
X-invariant degenerate Riemannian metric g0 of constant signature (m − 1, 0) on
N such that ker g0 = Span(X).

Let g̃ be the Lorentzian metric on R2×N given, in a decomposition TN×R∂v×
R∂u of the tangent bundle, by the matrix⎛⎝g0 0 δ

0 L2 0
tδ 0 0

⎞⎠ ,
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where L is a function that is X and ∂v invariant and δ is a matrix whose coefficients
do not depend on (u, v) and is such that g̃(∂u, X) = 1. We remark thatX is parallel.

Let Γ be the group spanned by

(u, v, n) 
→ (u+ 1, v,Φv
X(n)),

(u, v, n) 
→ (u, v + 1, n)

where ΦX denotes the flow of X. This group preserves g̃ and acts freely, properly
discontinuously and cocompactly on R2 × N . Moreover, the vector fields X and
Y := ∂v + uX are invariant by Γ.

We denote by M the quotient (R2 × N)/Γ, by g the metric induced on M by
g̃ and by Y the vector field. By a direct computation, we see that the flow of Y
preserves the connection induced by g but does not preserve g.

Similarly, the Levi-Civita connection of the metric g on N × S1 given by(
g0 δ
tδ 0

)
is invariant by (u, n) 
→ (u,Φu

X(n)) whereas g is not.

Let us notice that if Ñ �� Rn, then, according to [5], the manifolds considered
above do not carry any flat Lorentzian metric.
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Institut de Mathématiques de Bordeaux, UMR 5251, Université de Bordeaux et
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