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ON COMPACTLY GENERATED TORSION PAIRS

AND THE CLASSIFICATION OF CO-t-STRUCTURES

FOR COMMUTATIVE NOETHERIAN RINGS

JAN ŠŤOVÍČEK AND DAVID POSPÍŠIL

Abstract. We classify compactly generated co-t-structures on the derived
category of a commutative noetherian ring. In order to accomplish this, we
develop a theory for compactly generated Hom-orthogonal pairs (also known
as torsion pairs in the literature) in triangulated categories that resembles
Bousfield localization theory. Finally, we show that the category of perfect
complexes over a connected commutative noetherian ring admits only the triv-
ial co-t-structures and (de)suspensions of the canonical co-t-structure and use
this to describe all silting objects in the category.
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Introduction

The aim of this paper is to give a classification of compactly generated co-t-
structures on the unbounded derived category of a commutative noetherian ring.
Along the way, we have found it useful to develop an “unstable” analogue of Bous-
field localization theory for triangulated categories which rendered the attempts
to classify compactly generated t-structures on one hand and compactly generated
co-t-structures on the other hand as exactly the same problem. Thus, we do not
have to start from scratch, but we can use existing results on t-structures. In our
case this refers to the work of Alonso, Jeremı́as and Saoŕın [2].

Co-t-structures have been introduced independently by Pauksztello [57] and Bon-
darko [17]. Pauksztello was motivated by the analogies between rational homotopy
theory and homological methods in commutative algebra [5], and his goal was to
find a version of results on t-structures from [32] which would work for the derived
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categories of cochain dg algebras. Bondarko’s motivation [16, 17] stemmed from
problems related to Voevodsky’s motives [8].

Since then the concept turned useful in other contexts. A bijection between
bounded co-t-structures on a small triangulated category and so-called silting sub-
categories was established in [17,53]. Silting subcategories are important represen-
tation theoretic objects which originated in [44] and have been studied in connection
with t-structures and various applications in [1,32,46]. They also occurred in con-
nection with constructing geometric invariants of triangulated categories [38] and
in other situations; see [58].

In order to understand co-t-structures better, it seems helpful to provide more
examples or, as is our case, a classification for a large class of triangulated cate-
gories. In general one has to be careful since even in D(Ab), the unbounded derived
category of abelian groups, there exists a proper class of co-t-structures. Indeed,
there is a proper class of complete cotorsion pairs in Ab by [24, Example 2.2.2],
and it is not difficult to produce an injective correspondence assigning to each such
pair a co-t-structure in D(Ab). Hence we restrict our efforts to the problem of
classifying compactly generated co-t-structures.

One readily notices analogies with Bousfield localizations, for which the classifi-
cation [54] in the case of commutative noetherian rings has been available for two
decades. A Bousfield localization of a triangulated category is simply a Verdier
localization q∗ : T → T /A which admits a right adjoint q∗ : T /A → T . The
important observation made by Bousfield and worked out abstractly for instance
in [35, 48, 56] is that such a localization is fully described by the pair of classes
(A,B) = (Ker q∗, Im q∗) satisfying the following properties: A,B are closed under
suspensions and desuspensions, T (A,B) = 0, and each X ∈ T admits an approx-
imation triangle A → X → B → ΣA. Such pairs are also called semi-orthogonal
decompositions in the context of algebraic geometry [15]. Of special interest in our
case are compactly generated (sometimes also called finite) localizations. We may
start with a set of compact objects S ⊆ T in a triangulated category with coprod-
ucts and consider the Bousfield localization q∗ which is universal with respect to
the property that q∗|S = 0. It is well known in this case that:

(i) The compact objects which are annihilated by q∗ are precisely those in the
thick subcategory generated by S.

(ii) If T is nice enough, say well generated in the sense of [56], we are in
the recollement situation: q∗ has a right adjoint q! and the pair (B,Y) =
(Im q∗,Ker q!) gives another Bousfield localization.

A considerable part of the present paper is spent on proving analogs of these for
torsion pairs or, as we call them, complete Hom-orthogonal pairs in triangulated
categories. These are simply pairs (A,B) such that T (A,B) = 0 and each X ∈ T
admits an approximation triangle A → X → B → ΣA, dropping any assumption on
A or B being closed under (de)suspensions. This makes sense since co-t-structures
are special instances of such pairs, and our arguments would not become simpler if
we specialized to co-t-structures. Interestingly, although the simple minded analogs
of (i) and (ii) do hold under suitable and rather mild assumptions, the proofs become
very technical.

Returning to our main classification goal, we prove that if T is at the base of a sta-
ble derivator and (A,B) is generated by a set S of compacts, then all other compacts
in A are obtained from S by taking extensions and summands. This generalizes (i)
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and implies among others that classifying compactly generated co-t-structures in T
is the same as classifying right preaisles in the category of compact objects. Using
an appropriate duality, we may classify left preaisles instead, which corresponds to
the above mentioned classification of compactly generated t-structures.

Our generalization of (ii) works for all compactly generated algebraic triangu-
lated categories and, although not directly related to the classification, may be of
its own interest. It says that a compactly generated Hom-orthogonal pair (A,B)
always has a right adjacent complete Hom-orthogonal pair (B,Y). As recollements
proved useful in algebraic geometry and elsewhere, adjacent pairs of t-structures
and co-t-structures have their significance in studying weight filtrations of func-
tors [16, 17].

We conclude the introduction by briefly outlining how the paper is organized. In
Section 1 we recall necessary results from the approximation theory and the theory
of cotorsion pairs for exact categories with transfinite compositions of inflations.
We later use this for proving the generalization of the recollement situation. In
Section 2 we discuss technical conditions on triangulated categories. In the first
part we prove some basic results on stable derivators which we have not been able
to find in the literature. We show that diagrams of global bicartesian squares are
homotopy cartesian and establish a weak exactness of countable homotopy colimits
in the spirit of [43]. In the second part we provide some details on models for com-
pactly generated algebraic triangulated categories which we need later. In Section 3
we prove the above mentioned generalizations of (i) and (ii) for compactly gener-
ated Hom-orthogonal pairs. In Section 4 we obtain the classification of compactly
generated co-t-structures on the derived category of a commutative noetherian ring,
and finally in Section 5 we determine which of these restrict to co-t-structures on
the category of perfect complexes.

1. Approximations and cotorsion pairs

1.1. Approximations. We start with an abstract general concept of approxima-
tions.

Definition 1.1. Let G be a category and F ⊆ G a full subcategory. A morphism
f : F → X in G with F ∈ F is called a right F-approximation of X if any other
morphism f ′ : F ′ → X with F ′ ∈ F factors through f . Dually, g : X → F with
F ∈ F is called a left F-approximation of X if every g′ : X → F ′ with F ′ ∈ F
factors through g.

1.2. Exact categories. In order to present existence theorems for left or right
approximations, we restrict to the case where G is an exact category. The con-
cept is originally due to Quillen, but the common reference for a simple axiomatic
description is [39, Appendix A] and an extensive treatment is given in [19].

An exact category is an additive category E together with a distinguished class
of diagrams of the form

0 −→ X
i−→ Y

d−→ Z −→ 0,

called conflations, satisfying a certain collection of axioms which makes conflations
behave similar to short exact sequences in an abelian category and allows us to
define Yoneda Ext groups with the usual properties.
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Adopting the terminology from [39], the second map in a conflation (denoted
above by i) is called inflation, while the third map (denoted by d) is referred to as
deflation.

All what we need to know about exact categories for the purpose of this text is
summarized in the following proposition:

Proposition 1.2 ([19, 39]). (i) Let A be an abelian category and G ⊆ A be
an extension closed subcategory. Then G, considered together with all short
exact sequences in A whose terms all belong to G, is an exact category.

(ii) Every small exact category arises up to equivalence as in (i).

In our situation, we are concerned with exact categories which are not small but
still arise as in Proposition 1.2(i). In fact, one easily sees that Proposition 1.2(i)
holds in the following more general form:

Lemma 1.3 ([19, Lemma 10.20]). Let G be an exact category and F be a full
subcategory which is closed under extensions. Then F together with all conflations
in G whose terms all belong to F is an exact category.

1.3. Cotorsion pairs. An important source of approximations in exact categories
are so-called cotorsion pairs.

Definition 1.4. A pair of subcategories (A,B) of an exact category G is said to
be a cotorsion pair if

A = {A ∈ G | Ext1G(A,B) = 0 for each B ∈ B},
B = {B ∈ G | Ext1G(A,B) = 0 for each A ∈ A}.

A cotorsion pair (A,B) is complete if for each X ∈ G there exist conflations

0 → BX → AX
fX→ X → 0 and 0 → X

gX

→ BX → AX → 0

such that AX , AX ∈ A and BX , BX ∈ B. We will call such conflations approxima-
tion sequences for X.

The cotorsion pair (A,B) is functorially complete if the approximation sequences
can be made functorial in X.

Approximation sequences for given X ∈ G as above are almost never unique, and
neither are their functorial versions. To justify the terminology, it is an easy obser-
vation that fX is a right A-approximation of X, while gX is a left B-approximation
of X.

1.4. Filtrations and deconstructibility. Before discussing how one obtains com-
plete cotorsion pairs, we need to define the concepts of transfinite composition,
filtration and deconstructibility.

Definition 1.5 ([33, §2.1.1], [31, §10.2]). Let I be a class of morphisms in a
category G.

(1) If λ is an ordinal number, a λ-sequence of maps in I is a well-ordered direct
system (Xα, iαβ | α < β < λ) in G indexed by λ such that
(a) For each limit ordinal μ < λ, the cocone (Xμ, iαμ | α < μ) of the

subsystem (Xα, iαβ | α < β < μ) is a colimit cocone. In other words,
Xμ

∼= lim−→α<μ
Xα canonically.

(b) The morphism iα,α+1 : Xα → Xα+1 belongs to I for each α+ 1 < λ.
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(2) The composition of a λ-sequence (Xα, iαβ | α < β < λ) is the colimit map
X → lim−→α<λ

Xα, if the colimit exists.

(3) A transfinite composition of maps in I is a map in G that is the composition
of a λ-sequence of maps in I.

Our definition of filtration generalizes the corresponding concept in module the-
ory from [24, Definition 3.1.1].

Definition 1.6 ([61, Definition 2.9]). Let G be an exact category and S be a class
of objects of G. An object X ∈ G is said to be S-filtered if 0 → X is a transfinite
composition of inflations with cokernel in S. That is, we require the existence of a
well-ordered direct system (Xα, iαβ | α < β ≤ λ) such that the following holds:

(i) X0 = 0 and Xλ = X,
(ii) Xμ

∼= lim−→α<μ
Xα canonically for each limit ordinal μ ≤ λ,

(iii) for each α+ 1 ≤ λ, there is a conflation in G of the form

0 −→ Xα
iα,α+1−→ Xα+1 −→ Sα −→ 0

with Sα ∈ S.
The direct system (Xα, iαβ | α < β ≤ λ) is then called an S-filtration of X. The

class of all S-filtered objects in G is denoted by Filt-S.

Finally we arrive at the concept of deconstructibility.

Definition 1.7. Let G be an exact category and F ⊆ G be a class of objects. Then
F is called deconstructible if there exists a set (not a proper class!) S ⊆ G of objects
such that F = Filt-S.

At this point we need to impose more assumptions on our exact categories.
Despite the fact that the definition above works for arbitrary exact categories, in
order to construct complete cotorsion pairs we need to specialize.

Hypothesis 1.8. Let G be an exact category. We adopt the assumptions on G
from [61, Setup 1.1]:

(i) Arbitrary transfinite compositions of inflations exist and are themselves in-
flations.

(ii) Every object of G is small relative to the class of all inflations in the sense
of [33, Definition 2.1.3], or equivalently of [31, Definition 10.4.1]. That is,
for every object of Y ∈ G, there exists a cardinal κ = κ(Y ) such that for
every regular cardinal λ ≥ κ and every λ-sequence of inflations (Xα, iαβ |
α < β < λ), the canonical morphism of abelian groups

lim−→G(Y,Xα) −→ G(Y, lim−→Xα)

is an isomorphism.

Condition (i) above asserts a weak version of left exactness for colimits, and it
implies the existence and exactness of coproducts; see [61, Lemma 1.4]. Condition
(ii) is a technical one and is needed for the small object argument as applied in [61,
Proposition 2.1]. We shall exhibit two broad classes of exact categories satisfying
Hypothesis 1.8 which are relevant for the present paper:

Example 1.9. If R is a unital and associative (but not necessarily commutative)
ring, Mod-R will stand for the category of all right R-modules. Then Mod-R with
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the abelian exact structure (that is, conflations are precisely short exact sequences)
meets Hypothesis 1.8(i) and (ii).

More generally, given a small preadditive category R, we will denote by Mod-R
the category of all right R-modules. That is, the objects of Mod-R are additive
functors

Rop −→ Ab

and the morphisms are natural transformations. Then Mod-R satisfies Hypothe-
sis 1.8.

In fact yet more generally, any Grothendieck category with the abelian exact
structure satisfies Hypothesis 1.8.

Example 1.10. Let C(Mod-R) be the category of cochain complexes with the
componentwise split exact structure. Then C(Mod-R) satisfies Hypothesis 1.8;
see [61, Example 2.8(2)]. A more general situation of this type involving dg modules
over small dg categories will be discussed in Example 2.10 and Remark 2.15.

A few useful properties of deconstructible classes in exact categories under our
hypotheses are summarized in the following lemma.

Lemma 1.11. Let G be an exact category satisfying Hypothesis 1.8. Then the
following hold:

(i) If F ⊆ G is deconstructible, then F is closed under extensions and co-
products, so F is naturally an exact category in the sense of Lemma 1.3.
Moreover, F itself satisfies Hypothesis 1.8 and the inclusion F → G pre-
serves λ-sequences of inflations and their compositions.

(ii) Let G′ ⊆ G be an extension closed full subcategory with the induced exact
structure. Suppose further that G′ satisfies Hypothesis 1.8 and the inclusion
G′ → G preserves λ-sequences of inflations and their compositions. Then
F ⊆ G′ is deconstructible in G′ if and only if it is deconstructible in G.

(iii) Deconstructibility is transitive. That is, if F ′ ⊆ F ⊆ G such that F is de-
constructible in G and F ′ is deconstructible in F , then F ′ is deconstructible
in G.

Proof. (i) By [61, Corollary 2.11], any F-filtered object belongs to F . It follows
trivially that F is closed under extensions and it is closed under coproducts by the
proof of [61, Lemma 1.4(1)]. Suppose now that we have a λ-sequence (Xα, iαβ |
α < β < λ) of inflations in F . We will prove the following jointly by induction on
λ > 0:

(a) (Xα, iαβ | α < β < λ) is a λ-sequence of inflations in G.
(b) The composition f : X0 → X of the λ-sequence in G is an inflation with

cokernel in F .

Clearly, (a) and (b) are true for λ = 1. Note also that if λ is arbitrary and (b)
holds, then X ∈ F since F is extension closed. In particular, f : X0 → X is a
composition of the λ-sequence in F and it is an inflation in F .

Suppose now that we have proved (a) and (b) for all μ < λ. Hence given any limit
ordinal μ < λ, then (Xα, iαβ | α < β < μ) is a λ-sequence of inflations in G whose
composition in G is the same as in F : the map i0μ : X0 → Xμ. Thus (a) follows for
λ. Moreover, the cokernel of the composition f : X0 → X of (Xα, iαβ | α < β < λ)
in G is filtered by the cokernels of iα,α+1; see [19, Lemma 3.5]. Appealing to
[61, Corollary 2.11] again, Cokerf belongs to F , which proves (b).
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To summarize, we have proved that Hypothesis 1.8(i) holds for F and that
F → G preserves λ-sequences of inflations and their compositions. Therefore,
Hypothesis 1.8(ii) follows for F from the fact that it holds for G.

(ii) Let S be a set of objects in F . Using a similar argument as in (i), one proves
that F = Filt-S in G′ if and only if F = Filt-S in G.

(iii) This is a straightforward consequence of (i) and (ii). �

We conclude our discussion of filtrations with an important property of decon-
structible classes in Grothendieck categories, which we need later.

Proposition 1.12 ([63, Proposition 2.9]). Let G be a Grothendieck category, con-
sidered as an exact category with the abelian exact structure. Then:

(i) The closure of a deconstructible class under direct summands is decon-
structible.

(ii) The intersection
⋂

i∈I Fi of a collection of deconstructible classes (Fi | i ∈
I), indexed by a set I, is deconstructible.

1.5. Existence of complete cotorsion pairs. Now we have introduced all the
terminology which is necessary to present a result on the existence and the struc-
ture of certain complete cotorsion pairs. The version here comes from [61, Corollary
2.15], but there exist several other versions under various assumptions in the liter-
ature. We say that a class F ⊆ G of objects of an exact category is generating if
every object X ∈ G admits a deflation of the form

∐
i∈I Fi → X with all Fi ∈ F .

Proposition 1.13 ([61, Corollary 2.15(2) and Remark 3.8]). Let G be an exact
category as in Hypothesis 1.8, and let S ⊆ G be a set (not a proper class!) of
objects such that Filt-S is generating. Denote

B = {B ∈ G | Ext1G(S,B) = 0 for each S ∈ S},
A = {A ∈ G | Ext1G(A,B) = 0 for each B ∈ B}.

Then the following hold:

(i) (A,B) is a functorially complete cotorsion pair in G.
(ii) X ∈ G belongs to A if and only if X is a summand of an S-filtered object.

2. The hierarchy of triangulated categories

Although the main aim of this paper is to study co-t-structures in the derived
category of a commutative noetherian ring, some results are true for much more
general triangulated categories. Here we summarize which triangulated categories
we will be considering.

The most general object of our interest will be a triangulated category with small
coproducts. We refer to [56] for basic properties of such categories.

More special but yet very general and abstract is the class of triangulated cate-
gories of the form T = D(e), where D is a stable derivator in the sense of [21,25,51]
and e is the one-point category. We will discuss such categories in §2.1.

Specializing further, we get the class of compactly generated algebraic triangu-
lated categories in the sense of [41,47]. We devote §§2.2 and 2.3 to basic properties
of such categories.
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2.1. Stable derivators. The theory of derivators was initiated by Grothendieck
[28], Heller [30], Keller [40] and Franke [23], where the term derivator was coined
by Grothendieck. A motivation for defining derivators is an attempt to fix the
unfortunate fact that diagram categories of a triangulated category need not be
triangulated. Derivators circumvent this problem by including “derived versions”
of the diagram categories in the structure. More historical notes and motivating
points can be found in the introduction of [21] or [25].

A stable derivator (also called a triangulated derivator in the literature) D is a
strict 2-functor

Diaop −→ CAT,

whose domain is a 2-subcategory Dia of the 2-category Cat of all small categories,
and which satisfies certain axioms. The codomain of D is the “2-category” of all (not
necessarily small) categories. In this paper, we will always assume that Dia = Cat
and we will only be interested in the case where D(I) is a category with small
coproducts for every small category I. In fact, [25] includes the latter assumption
already in the definition of a derivator; see [25, Proposition 1.7].

We omit the precise lengthy definition of a stable derivator here. There are
various good sources available where the reader might wish to look for the definition
as well as for basic properties. Many of them are proved in [21], while a nice and
detailed treatment of the topic involving a simplification of the axioms is given
in [25]. Concise treatments can also be found in [20, 51].

A word of warning regarding the just-mentioned references: There is some am-
biguity in what Catop means for natural transformations. One may formally invert
their direction as in [20,21,43,51], but one may also keep their direction as in [25].
This difference is inessential but one should keep it in mind. We will stick to the
majority convention that the direction of 2-morphisms is inverted as well. When
referring to statements in [25], we will always mean their appropriately dualized
versions.

Now suppose that D is a stable derivator, e the terminal category in Cat and
I is any small category. If we denote T = D(e), then D(I) can be viewed as
an approximation of the diagram category T Iop

and there is always a comparison
functor dI : D(I) → T Iop

(see [21, §1.10]). The favorable fact is that unlike T Iop

,
the category D(I) is canonically triangulated:

Proposition 2.1. Let D : Catop → CAT be a stable derivator. Then:

(i) D(I) is canonically triangulated for each I ∈ Cat.
(ii) Given any morphism u : I → J in Cat, u∗ : D(J) → D(I) is a triangulated

functor. Here we denote D(u) by u∗ as is customary.

Proof. The description of the triangulated structure and a sketch of the proof are
given in [51, Théorème 1], along with the promise to provide the details in a future
paper. In the meantime, a thorough account has been given in [25, Theorem 4.16
and Corollary 4.19]. �

Let us next focus on the possible variants of homotopy pullbacks and pushouts
in the context of triangulated categories and stable derivators. A version which
works for any triangulated category can be found for example in [56, Definition
1.4.1].
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Definition 2.2. A commutative square in a triangulated category

W
x−−−−→ X

y

⏐⏐�
⏐⏐�u

Y
v−−−−→ Z

is called homotopy cartesian if there exists a triangle of the form

W

⎛
⎝ x
−y

⎞
⎠

−−−−−→ X ⊕ Y

(
u v

)

−−−−−→ Z −−−−→ ΣW.

Following the spirit of derivators, another definition seems more convenient if
T = D(e). In order to state it, we adopt the following notation from [51]: For
n < ω, we denote Δn = {0, 1, . . . , n} and consider Δn with the natural ordering.
As customary, we will view Δn as well as any other posets in the argument of D as
small categories.

Definition 2.3 ([25, Definitions 3.9 and 4.1]). Let D be a stable derivator. Denote
� = Δop

1 × Δop
1 , and let i� : �→ � and i� : � → � denote the inclusions from the

subposets
(0, 0) ←−−−− (0, 1)�⏐⏐
(1, 0)

and

(0, 1)�⏐⏐
(1, 0) ←−−−− (1, 1),

respectively. An object A ∈ D(�) is called bicartesian if it belongs to the es-
sential image of the functor (i�)! : D(�) → D(�) (which is left adjoint to (i�)

∗ =
D(i�) : D(�) → D(�)). Equivalently, we can dually define bicartesian squares as
those in the essential image of (i�)∗ : D(�) → D(�).

The coming proposition answers in an expected way the natural question of
how the two definitions relate. As we were unable to find this basic fact in the
literature,1 we are including a full proof.

Proposition 2.4. Let D be a stable derivator and T = D(e). If A ∈ D(�) is a
bicartesian object, then its diagram

d�(A) :

A00 −−−−→ A01⏐⏐�
⏐⏐�

A10 −−−−→ A11

is a homotopy cartesian square in T .

Proof. We denoteW = A00,X = A01, Y = A10 and Z = A11, so that d�(A) ∈ T �op

has the form
W

x−−−−→ X

y

⏐⏐�
⏐⏐�u

Y
v−−−−→ Z

1It was later pointed to us by Bernhard Keller and Denis-Charles Cisinski that a very similar
result was independently obtained in [26, Theorem 6.1] by Groth, Ponto and Shulman at around
the same time.
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In order to prove that the latter diagram is homotopy cartesian in T , we con-
struct two objects from A in other categories in the image of D and compare their
diagrams.

First, consider the following full subposet I of Δop
2 ×Δop

2 :

I :

(0, 0) ←−−−− (0, 1) ←−−−− (0, 2)�⏐⏐
�⏐⏐

(1, 0) ←−−−− (1, 1)�⏐⏐
(2, 0),

along with the obvious embeddings i1 : � = Δop
1 ×Δop

1 → I and i2 : I → Δop
2 ×Δop

2 .
Then one of our objects of interest will be B = (i2)!(i1)∗(A), whose diagram is of
the form

(1) dΔop
2 ×Δop

2
(B) :

W
x−−−−→ X −−−−→ 0

y

⏐⏐� u

⏐⏐�
⏐⏐�

Y
v−−−−→ Z

p−−−−→ V⏐⏐� q

⏐⏐�
⏐⏐�r

0 −−−−→ U
s−−−−→ ΣW,

where ΣX is the suspension of X. Let us be a little more specific. The fact that
we have zeros in the two corners follows from [25, Proposition 3.6]. We deduce
that all the objects in D(�) induced by poset embeddings � → Δop

2 × Δop
2 onto

the “small squares” in Δop
2 ×Δop

2 are bicartesian by [25, Propositions 3.10 and 4.6]
(Maltsiniotis calls such a B polycartesian in [51, §3]). Abusing the terminology,
we will simply say that all small squares in the above diagram are bicartesian. It
follows immediately from the definition of Σ (see [25, Definition 3.16]) that the
lower right corner is occupied by ΣW up to a canonical isomorphism.

Second, consider the full subposet J ⊆ Δop
2 × Δop

2 × Δop
1 × Δop

1 whose Hasse
diagram is as follows (to make the picture readable, we write the coordinates in the
form abcd instead of (a, b, c, d)):

0201

����
��
��
��
�

1100 0101 1201

�����������

����
��
��
��
�

J : 1110

��

1101

�����������

����
��
��
��
�

������������������
1211

��

���
�

�����
�

2201

�����������

����
��
��
��
�

1001 1111

��

����

�������������

2101

�����������

����
��
��
��
�

2211

��

����

������

����
��
��
��
�

2001

�����������
2111

��

����

������
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Consider also the full subposet J1 ⊆ J depicted below, along with the obvious
embedding j1 : J1 → J :

0201

J1 : 1110 1211

��

�� 2201

����������������������

����
��
��
��
��
��
��
��
��
��
�

2211

��

����

������

����
��
��
��
�

2001 2111
		

��

Now we will construct an object C ∈ D(J) from B ∈ D(Δop
2 ×Δop

2 ) as follows. We
take the two embeddings k : � → Δop

2 ×Δop
2 and j2 : � → J1 given by

(2)
k : (1, 0) 
→ (2, 1), (0, 1) 
→ (1, 2), (1, 1) 
→ (2, 2),
j2 : (1, 0) 
→ 2111, (0, 1) 
→ 1211, (1, 1) 
→ 2211.

Then the object k∗(B) has a diagram of the shape

V⏐⏐�r

U
s−−−−→ ΣW,

and we put C = (j1)∗(j2)!k
∗(B) ∈ D(J). We claim that the diagram of C is up

to isomorphism of the shape below, the maps among X,Y,X ⊕ Y are the prod-
uct/coproduct maps, and all small squares are bicartesian.

0



��
��
��
��
��

W X Y
��

����������

��

��
��
��
��
�

dJ (C) : 0


X ⊕ Y
��

									

��

��
��
��
��
�

��

(
x

−y

)
















V


��

��
��p

��
��

0
��

���������
��

��
��
��
��
�

Y Z


(u,v)

��





















X
��

									





��
��
��
��
��

ΣW
��

���

r����

��

s





0
��

����������
U
��

����q

����

(3)

To see this, notice first that the occurrence of the zero objects in the diagram is a
consequence of [25, Proposition 3.6].

The bicartesian property of all squares can be obtained in a straightforward
manner from [25, Propositions 3.10 and 4.6]. At that point it is also helpful to
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use the following observation: If J1 ⊆ J ′ ⊆ J and we factor correspondingly the
inclusion j1 : J1 → J as

J1
j′−→ J ′ j′′−→ J,

then a commutative square which is contained in J ′ is bicartesian in C if and only
if it is bicartesian in C ′ = (j′)∗(j2)!k

∗(B) ∈ D(J ′). All we need here is to notice
that canonically C ′ ∼= (j′′)∗(C) by [25, Proposition 1.20].

Let us now focus on objects in dJ (C). Comparing dJ (C) with dΔop
2 ×Δop

2
(B) in

(1) and using the fact that a bicartesian square is up to a canonical isomorphism
determined by its restriction to � or � (cf. [25, Lemma 1.21]), one easily sees that
the objects agree with our claim up to isomorphism. The only part of the diagram
which may deserve some attention is the square

X ⊕ Y −−−−→ Y⏐⏐�
⏐⏐�

X −−−−→ 0,

but the existence of this bicartesian square follows from the proof of [25, Proposition
4.7].

Finally, we will consider the morphisms in dJ (C). Let � : Δop
2 ×Δop

2 \ {(0, 0)} →
Δop

2 ×Δop
2 be the canonical inclusion and denote by m : Δop

2 ×Δop
2 \ {(0, 0)} → J

the inclusion given by the picture

(0, 2)

�����
��

0201

�����
���

(0, 1) (1, 2)

�������

�����
��

0101 1211

��������

����
��
��

(1, 1)

�������

�����
��

(2, 2)

�������

�����
��

m−→ 1111

��������

����
��
��

2211

��������

����
��
��

(1, 0) (2, 1)

�������

�����
��

1001 2111

��������

�����
���

(2, 0)

�������

2001

��������

Then, by the construction C and the fact that all commutative squares in both

B and C are bicartesian, we obtain an isomorphism α : �∗(B)
∼=−→ m∗(C) in

D(Δop
2 × Δop

2 \ {(0, 0)}) whose restriction along k (see (2)) gives the canonical
isomorphism

k∗(α) : k∗(B) −→ k∗m∗(C) = (j2)
∗(j1)

∗(j1)∗(j2)!k
∗(B),

coming from the units/counits of the adjunctions
(
(j1)

∗, (j1)∗
)
and

(
(j2)!, (j2)

∗).
In fact, this property uniquely determines α since the functors (j1)∗ and (j2)! are
fully faithful by [25, Proposition 1.20].

Thus, we can assume that in (3) the maps p, q, r, s are placed where drawn and
the compositions

X −→ X ⊕ Y −→ Z and Y −→ X ⊕ Y −→ Z

equal u and v, respectively.
In order to compute the mapW → X⊕Y in (3), we will consider two embeddings

e1, e2 : Δ
op
1 ×Δop

2 → Δop
2 ×Δop

2 and two embeddings f1, f2 : Δ
op
1 ×Δop

2 → J , defined
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as follows. We take e1 = d1 × 1Δop
2
, where d1 is the face map sending 0 
→ 0 and

1 
→ 2 (this matches the convention in [25, p. 348]). We further put e2 = σ′e1,
where σ′ : Δop

2 × Δop
2 → Δop

2 × Δop
2 is given by (n, n′) 
→ (n′, n). Regarding the

maps fi, i = 1, 2, these are given by the following pictures, where ī stands for 3− i:

(0, 0) ←−−−− (0, 1) ←−−−− (0, 2)�⏐⏐
�⏐⏐

�⏐⏐
(1, 0) ←−−−− (1, 1) ←−−−− (1, 2)

fi−→

1100 ←−−−− īi01 ←−−−− 2201�⏐⏐
�⏐⏐

�⏐⏐
1110 ←−−−− īi11 ←−−−− 2211

Again by the construction we have isomorphisms βi : e
∗
i (B)

∼=−→ f∗
i (C), and these

can be taken canonically in the following sense. If k′ : Δop
1 → Δop

1 × Δop
2 is the

map sending n ∈ Δop
1 to (1, n + 1) ∈ Δop

1 × Δop
2 (i.e. the embedding of Δop

1 into
Δop

1 ×Δop
2 as the bottom right horizontal arrow), we require that

(k′)∗(βi) : (k
′)∗(ei)

∗(B) −→ (k′)∗f∗
i (C) = (k′)∗f∗

i (j1)∗(j2)!k
∗(B)

comes from the units/counits of the adjunctions involved. This determines βi

uniquely.
Having these isomorphisms, we would like to conclude that the compositions

W −→ X ⊕ Y −→ X and W −→ X ⊕ Y −→ Y

in diagram (3) are equal to x and y, respectively. This is almost true, but a little
more care is needed. As a matter of the fact, the compositions

�
1Δop

1
×d1

−→ Δop
1 ×Δop

2
ei−→ Δop

2 ×Δop
2 , i = 1, 2,

mapping � to the “biggest” square in Δop
2 × Δop

2 are not equal, but rather
e2(1Δop

1
× d1) = e1(1Δop

1
× d1)σ, where σ : � → � acts by (n, n′) 
→ (n′, n). As

explained in [25, Remark 4.13], this amounts to the necessity of changing a sign at
either x or y, and we do so at y.

Finally, we deduce that the maps W → X ⊕ Y and X ⊕ Y → Z in (3) are ( x
−y)

and (u, v), respectively. Note that the compositions

X −→ X ⊕ Y −→ X and Y −→ X ⊕ Y −→ Y

are isomorphisms by [25, Proposition 4.5], but we know more. Thanks to our canon-
ical identifications via α, β1, β2, these compositions are even identity morphisms.
Hence the claim about the shape of diagram (3) is settled.

By restricting C to D(Δop
1 ×Δop

2 ) along the obvious inclusion Δop
1 ×Δop

2 → J ,
we get an object with diagram

W

(
x

−y

)

−−−−→ X ⊕ Y −−−−→ 0⏐⏐�
⏐⏐�(u,v)

⏐⏐�
0 −−−−→ Z

rp−−−−→ ΣW
so that both “small” squares are bicartesian. Using the description of the triangu-
lated structure from [25, 51], we obtain a triangle

W

(
x

−y

)

−−−−→ X ⊕ Y
(u,v)−−−−→ Z

rp−−−−→ ΣW

in T = D(e). In view of Definition 2.2, this precisely says that d�(A) is homotopy
cartesian. �
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The last result connected to derivators which we need concerns homotopy col-
imits of countable chains. Here we first recall [56, Definition 1.6.4].

Definition 2.5. Let T be a triangulated category with countable coproducts and

X0
f0−→ X1

f1−→ X2
f2−→ · · ·

be a sequence of objects and morphisms in T . Then a homotopy colimit of the
chain is a cocone (gi : Xi → hocolimXi) of the latter diagram, which is given (up
to a non-canonical isomorphism uniquely) by the triangle

∐
i≥0 Xi

1−
∐

fi−−−−−→
∐

i≥0 Xi
(gi)−−−−→ hocolimXi −−−−→ Σ

∐
i≥0 Xi.

If u : X → Y is a morphism between two such countable systems in T , which in
other words means that we have a commutative diagram of the form

X0
f0−−−−→ X1

f1−−−−→ X2
f2−−−−→ X3

f3−−−−→ · · ·

u0

⏐⏐� u1

⏐⏐� u2

⏐⏐� u3

⏐⏐�
Y0

g0−−−−→ Y1
g1−−−−→ Y2

g2−−−−→ Y3
g3−−−−→ · · · ,

then the axioms of triangulated categories allow us to define (non-uniquely) a map

hocolimui : hocolimXi −→ hocolimYi

such that the diagram with triangles defining the homotopy colimits in rows com-
mutes:

∐
i≥0 Xi

1−
∐

fi−−−−−→
∐

i≥0 Xi −−−−→ hocolimXi −−−−→ Σ
∐

i≥0 Xi

∐
ui

⏐⏐� ∐
ui

⏐⏐� hocolimui

⏐⏐� Σ
∐

ui

⏐⏐�
∐

i≥0 Yi
1−

∐
gi−−−−−→

∐
i≥0 Yi −−−−→ hocolimYi −−−−→ Σ

∐
i≥0 Yi

Remark 2.6. Some may view our terminology unfortunate, as homotopy colimits
usually have a different meaning in the context of derivators; see e.g. [51] or [25,
Definition 1.4]. Keller and Nicolás [43] use the term Milnor colimit instead, but
they prove in [43, Proposition A.5] that the Milnor homotopy colimits and derivator
homotopy colimits are closely connected. More precisely, the two concepts are
related essentially in the same way as bicartesian squares and homotopy cartesian
squares in Proposition 2.4. This and the fact that we will work with Neeman’s [56]
definition in the rest of the paper should justify our choice of the terminology.

Our result, which is a modification of [43, Corollary A.6], says that homotopy
colimits are exact in a weak sense.

Proposition 2.7. Let T = D(e), where D is a stable derivator such that D(I) has
countable coproducts for each small category I. Suppose that Y = (Yi, gi | i < ω)
is a countable direct system in T and (ui : X → Yi) a cone. Then there exists a
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commutative diagram in T ,

ΣX ΣX ΣX ΣX · · ·

w0

�⏐⏐ w1

�⏐⏐ w2

�⏐⏐ w3

�⏐⏐
Z0

h0−−−−→ Z1
h1−−−−→ Z2

h2−−−−→ Y3
h3−−−−→ · · ·

v0

�⏐⏐ v1

�⏐⏐ v2

�⏐⏐ v3

�⏐⏐
Y0

g0−−−−→ Y1
g1−−−−→ Y2

g2−−−−→ Y3
g3−−−−→ · · ·

u0

�⏐⏐ u1

�⏐⏐ u2

�⏐⏐ u3

�⏐⏐
X X X X · · ·

such that the columns are triangles, all the squares in the middle row are homotopy
cartesian, and there is a triangle of the form

X
hocolimui−−−−−−−→ hocolimYi

hocolim vi−−−−−−→ hocolimZi
hocolimwi−−−−−−−→ ΣX.

Proof. We can view the direct system Y as an object of the diagram category T ω

and, using [43, Proposition A.5(1)], lift it to an object Ỹ ∈ D(ωop) (i.e. dωop(Ỹ ) ∼=
Y ). As in [43], we denote by n : e → ωop the functor sending e to n for each n < ω.

For n = 0 we are given the morphism u0 : X → Y0 = 0∗Ỹ . Using the adjunction
(0!, 0

∗) we get a morphism

ũ : 0!(X) −→ Ỹ

in D(ωop). If we denote X̃ = 0!(X), it is easy to see using [25, Lemma 1.19]

or [43, Lemma A.3] that the map dωop(ũ) : dωop(X̃) → dωop(Ỹ ) in T ω is isomorphic
to

Y0
g0−−−−→ Y1

g1−−−−→ Y2
g2−−−−→ Y3

g3−−−−→ · · ·

u0

�⏐⏐ u1

�⏐⏐ u2

�⏐⏐ u3

�⏐⏐
X X X X · · ·

As in [43], we complete ũ to a triangle in D(ωop). Following [25, §4.2] or [51],
this amounts to constructing an object T ∈ D(Δop

1 ×Δop
2 ×ωop) whose shape, using

the partial diagram functor d : D(Δop
1 ×Δop

2 × ωop) → D(ωop)Δ1×Δ2 , is

X̃
ũ−−−−→ Ỹ −−−−→ 0⏐⏐� ṽ

⏐⏐�
⏐⏐�

0 −−−−→ Z̃
w̃−−−−→ ΣX̃

and both the small squares are bicartesian. The diagram of T in D(e), obtained
by the full diagram functor dΔop

1 ×Δop
2 ×ωop : D(Δop

1 ×Δop
2 × ωop) → D(e)Δ1×Δ2×ω,
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is of the form

X
u0 ��

����
��
��
��

Y0

g0



v0

����
��
��
��

�� 0



����
��
��
��

0



�� Z0

h0



w0 �� ΣX

X
u1 ��

����
��
��
��

Y1

g1



v1

����
��
��
��

�� 0



����
��
��
��

0



�� Z1

h1



w1 �� ΣX

X
u2 ��

����
��
��
��
�

Y2

g2



v2

����
��
��
��

�� 0

����
��
��
��
�



0



�� Z2



w2 �� ΣX
...

...
...

...
...

...

Note that all the horizontal small squares are bicartesian by the construction, and so
are the leftmost vertical small squares by [25, Proposition 4.5]. Using [25, Proposi-
tion 4.6], one obtains that the middle vertical small squares, those with the diagrams
of the form

(4)

Zi
vi←−−−− Yi

hi

⏐⏐�
⏐⏐�gi

Zi+1
vi+1←−−−− Yi+1,

are bicartesian as well. Hence diagram (4) is a homotopy cartesian square by
Proposition 2.4.

Now the diagram from the statement of Proposition 2.7 is obtained as the di-
agram of t∗(T ) ∈ D(Δop

3 × ωop), where t is the obvious embedding Δop
3 × ωop →

Δop
1 ×Δop

2 × ωop. The fact that there is a triangle of the form

X
hocolimui−−−−−−−→ hocolimYi

hocolim vi−−−−−−→ hocolimZi
hocolimwi−−−−−−−→ ΣX

follows from (the proof of) [43, Proposition A.5(3)]. �

2.2. Algebraic triangulated categories. A triangulated category is called alge-
braic if it can be constructed as the stable category C of a Frobenius exact cate-
gory C. We recall that an exact category is Frobenius if it has enough projective
and injective objects and the classes of projective and injective objects coincide.
We refer to [29, Chapter I] for details.

Our main object of interest is compactly generated algebraic triangulated cate-
gories.
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Definition 2.8. Let T be a category with small coproducts. An object X ∈ T
is called compact if for any collection (Yi | i ∈ I) of objects of T , the canonical
morphism ∐

T (X,Yi) −→ T (X,
∐

Yi)

is an isomorphism. The full subcategory of all compact objects in T will be denoted
by T c.

T is said to be compactly generated if there is a set S ⊆ T of compact objects
such that every non-zero Y ∈ T admits a non-zero morphism S → Y with S ∈ S.

In order to give a description of algebraic compactly generated triangulated cate-
gories, we need the concept of dg categories introduced by Kelly [45] and Eilenberg
in the 1960s. Bondal and Kapranov [13, 14] later used this concept to enhance
triangulated categories. Employing this nowadays standard idea, here we use the
terminology and notation from [41], which we also refer to for details.

Definition 2.9. A differential graded category A (dg category for short) is a cate-
gory enriched over complexes of abelian groups so that the composition fulfills the
Leibniz rule. That is, the morphisms sets A(X,Y ) carry the structure of complexes
with a differential d, and if f, g are composable morphisms which are homogeneous
of degrees p and q, then d(f ◦ g) = d(f) ◦ g + (−1)pf ◦ d(g).

Starting with a small dg category A, we adopt almost the same notation as
in [41, §§1,2 and 4]:

• DifA will stand for the dg category of all right dg modules over A; we refer
to [41, §1.2] for details.

• GA is the category with the same objects, but GA(X,Y ) is the collection
of all morphisms of degree zero between the underlying graded modules of
X and Y . Formally, GA(X,Y ) is the degree zero part of DifA(X,Y ).

• CA will denote the category of right dg modules over A with ordinary mor-
phisms of dg modules. Formally we can writeCA(X,Y )=Z0(DifA)(X,Y );
see [41, §2.1].

• DA will stand for the derived category of A, which we obtain from CA by
formally inverting all quasi-isomorphisms of dg modules.

Example 2.10. Note that if R is a ring and A is the dg category with one object
whose endomorphism ring is R with the trivial grading, then CA is equivalent to
C(Mod-R) and DA is triangle equivalent to D(Mod-R).

With this in mind, it is useful to mention a more general version of Example 1.10.
Given a small dg category A, we can equip CA with the semi-split exact structure:
Conflations are defined to be those short exact sequences 0 → X → Y → Z → 0
of dg modules which are split as short exact sequences of graded A-modules. The
resulting exact structure satisfies Hypothesis 1.8.

The following result by Keller is crucial for understanding compactly generated
algebraic triangulated categories.

Proposition 2.11. Let T be a triangulated category with small coproducts. Then
the following are equivalent:

(i) T is algebraic and compactly generated.
(ii) T is triangle equivalent to DA for a small dg category A.
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Proof. The implication (ii) =⇒ (i) follows from the basic properties of DA dis-
cussed in [41, §4.1] (see also Remark 2.15). Conversely, (i) =⇒ (ii) has been proved
in [47, Theorem 7.5], which slightly improves the original argument in [41, Theorem
4.3]. �

2.3. Projective model structure for DA. We will need a more explicit descrip-
tion of the derived category DA. First we formalize an easy observation.

Lemma 2.12. Let A be a small dg category. Then there exists a small preadditive
category R such that CA is equivalent to Mod-R.

Proof. Clearly, CA is an abelian category and, by the proof of [41, Lemma 2.2],
the forgetful functor F : CA → GA has a left adjoint Fλ : GA → CA. Since F is
exact, faithful and preserves small coproducts, any set P of compact (in the sense
of Definition 2.8) projective generators for GA is sent by Fλ to a set R of compact
projective generators of CA.

Since GA clearly has a set of compact projective generators, so has CA. Finally,
we use the standard fact that if R is such a set, then the Yoneda functor

Y : CA → Mod-R, X 
→ CA(−, X)|R
is an equivalence of categories. �

Now we are in a position to give a description of D(A) in terms of a model struc-
ture on CA. We recall that a model structure on a category is a triple (Cof,W,Fib)
of classes of morphisms, called cofibrations, weak equivalences and fibrations, respec-
tively, which satisfy certain axioms. As the axioms and other basic terminology are
standard, we refer to [33, Definition 1.1.3] or [31, Definition 7.1.3] for details.

Since CA is an abelian (and even a module) category, we may (and will) consider
only so-called abelian model structures on CA. That is, we require compatibility
of the model structure with the abelian exact structure on CA in the sense of [34,
Definition 2.1] (see also [34, Proposition 4.2]):

(i) cofibrations are precisely monomorphisms with cofibrant cokernels,
(ii) fibrations are precisely epimorphisms with fibrant kernels.

Hovey [34, Theorem 2.2] proved that an abelian exact structure on a given abelian
category is determined by the triple (C,W ,F), where C is the class of cofibrant, W
is the class of trivial and F the class of fibrant objects. Here, an object X is called
trivial if 0 → X is a weak equivalence. Moreover, he also characterized the triples
(C,W ,F) which do come from an abelian model structure as those satisfying the
conditions:

(i) W is closed under summands and has the 2-out-of-3 property with respect
to short exact sequences,

(ii) (C,W ∩F) and (C ∩W ,F) are functorially complete cotorsion pairs.

A very nice introduction to abelian model structures is also given in [7, §1]. In
particular, a proof of the following crucial folklore result can be found there.

Proposition 2.13 ([7, Proposition 1.3.5(1)]). Let A be a small dg category. Then
there exists a unique abelian exact structure on CA such that the weak equivalences
are precisely the quasi-isomorphisms and every object is fibrant.

In particular, the trivially cofibrant objects are the projective ones in CA, and
the homotopy category Ho(CA) for this model structure is equivalent to DA.
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Definition 2.14. From now on, an object X ∈ CA will be called cofibrant if it is
cofibrant exclusively with respect to the particular model structure from Proposi-
tion 2.13. A complex X ∈ C(Mod-R), where R is a ring, will be called cofibrant if
it is cofibrant in CA as in Example 2.10.

Remark 2.15. The description of cofibrant dg modules or complexes is not straight-
forward. Spaltenstein [62] calls them K-projective, while Keller [41, p. 69] de-
scribes them using “property (P)”. A very similar description to Keller’s is ob-
tained if we combine [7, Proposition 1.3.5(1)] with Proposition 1.13: A dg mod-
ule is cofibrant if and only if it is a summand of an S-filtered dg module, where
S = {A [̂n] | A ∈ A and n ∈ Z} and Aˆ are the “free” dg modules in the sense
of [41, §1.2].

In fact, now it becomes easy to see how the previously defined concepts relate
together. Given a small dg category A, the class C of cofibrant dg modules forms
a deconstructible subcategory of CA by Propositions 1.13(ii) and 1.12(i). Hence
C satisfies Hypothesis 1.8 by Lemma 1.11(i). It is easily checked that the abelian
and the semi-split (Example 2.10) exact structures coincide when restricted to C,
so that C is also a Frobenius exact category by [41, Lemma 2.2]. The category DA
is then obtained as the stable category C, which can also be seen from the abelian
model structure with the help of [7, Proposition 1.1.15 and Corollary 1.1.16].

As a consequence of the existence of a model structure for DA, we also get the
following connection to stable derivators from §2.1. We also remark that similar less
general, but in our case completely relevant, results can be found in [51, Appendice]
and [25, Proposition 1.30].

Proposition 2.16 ([20]). Let T be a compactly generated algebraic triangulated
category. Then there is a stable derivator D : Catop → CAT such that T = D(e)
and D(I) has small coproducts for each small category I.

3. Compactly generated Hom-orthogonal pairs

3.1. Completeness and structure results. The central concept of this text is a
common generalization of t-structures [9] and co-t-structures (also known as weight
structures) [17, 53, 57], whose definitions are recalled later in Section 4.

Definition 3.1 ([61, Definition 3.2]). Let T be an additive category and S be a
class of objects. We denote S⊥ = {B ∈ T | T (S,B) = 0 for all S ∈ S} and dually
⊥S = {A ∈ T | T (A,S) = 0 for all S ∈ S}. Then we call a pair (A,B) of full
subcategories a Hom-orthogonal pair if A⊥ = B and A = ⊥B. Given S ⊆ A such
that B = S⊥, we say that the Hom-orthogonal pair is generated by S.

Note that given any set of objects S ⊆ T , the pair (A,B) = (⊥(S⊥),S⊥) is
always a Hom-orthogonal pair generated by S.

In our context, T will usually be a triangulated category. Hom-orthogonal pairs
in such categories are typically only useful if they are complete in the following
sense:

Definition 3.2. Let T be a triangulated category. A Hom-orthogonal pair (A,B)
in T is called complete if for each X ∈ T there is a (not necessarily unique) triangle

A −→ X −→ B −→ ΣA
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with A ∈ A and B ∈ B. Similarly to Definition 1.4, we will call such a triangle an
approximation triangle for X.

One readily sees that the map A → X is a right A-approximation, while X → B
is a left B-approximation. As discussed in [61, §3], both t-structures and co-t-
structures are essentially none other than complete Hom-orthogonal pairs with
extra closure properties: ΣA ⊆ A in the case of t-structures and Σ−1A ⊆ A in the
case of co-t-structures.

Remark 3.3. Complete Hom-orthogonal pairs in triangulated categories have been
recently called torsion pairs or torsion theories it the literature, for instance in [36,
Definition 2.2] or [1]. We prefer to avoid the term here since the approximation
triangle is far from being unique in general, causing some well-known arguments
about torsion pairs in abelian categories to fail. One should also beware that torsion
pairs according to [11, Definition I.2.1] are in fact precisely t-structures.

If the triangulated category T is algebraic, the relation to cotorsion and complete
cotorsion pairs is straightforward.

Lemma 3.4 ([61, Proposition 3.3]). Let C be a Frobenius exact category and T = C
the corresponding algebraic triangulated category. Then the assignment

(A,B) 
−→ (A,ΣB)

gives a bijective correspondence between cotorsion pairs in C and Hom-orthogonal
pairs in T .

Moreover, (A,B) is a complete cotorsion pair in C if and only if (A,ΣB) is a
complete Hom-orthogonal pair in T .

However, the following result from [1], which generalizes both [11, Theorem
III.2.3] and [58, Theorem 5], holds for arbitrary triangulated categories with co-
products.

Proposition 3.5 ([1, Theorem 4.3]). Let T be triangulated category with small
coproducts and let S ⊆ T be a set of compact objects in T . Then the Hom-orthogonal
pair (A,B) generated by S is complete.

The latter proposition provides us with a rich source of complete Hom-orthogonal
pairs in triangulated categories. In order to obtain a classification, however, we need
more. Starting with S ⊆ T c as in Proposition 3.5, we wish to know which other
compact objects of T possibly belong to A. In order to obtain an answer we will
need to throw in more assumptions. In order to facilitate our analysis, we introduce
some notation first.

Notation 3.6. Let T be triangulated and U , V be two classes of objects. Then U 	V
stands for the class of all objects X ∈ T which admit a triangle of the form

U −→ X −→ V −→ ΣU

with U ∈ U and V ∈ V . Similarly, we define for each i ≥ 1

U�i = U 	 · · · 	 U︸ ︷︷ ︸
i times

.
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Finally, we will use the following notation:

(i) extU stands for the closure of U under extensions and summands;
(ii) addU stands for the closure of U under finite coproducts and summands;
(iii) AddU stands for the closure of U under all (possibly infinite) coproducts

and under summands.

Note that the notation above makes sense since it is a well-known consequence
of the octahedral axiom that the operation 	 is associative. That is, (U 	 V) 	W =
U 	 (V 	W) for every triple U ,V ,W ⊆ T . Moreover, it is an easy observation that
X ∈ extU if and only if X is a summand of an object in U�i for some i ≥ 1.

Now we are able to obtain a first version of a general “classification” of compactly
generated Hom-orthogonal pairs, which is inspired by and generalizes [43, Theorem
A.7] on compactly generated t-structures. It can also be viewed (under suitable
assumptions) as a generalization of results on compactly generated Bousfield lo-
calizations [55]. As in [43], we need to assume that the triangulated category in
question is at the base of a stable derivator (see §2.1).

Theorem 3.7. Let T = D(e), where D is a stable derivator such that D(I) has
small coproducts for each small category I. Suppose that S ⊆ T is a set of compact
objects in T and (A,B) is the Hom-orthogonal pair in T generated by S. Then:

(i) An object X ∈ T belongs to A if and only if X is a summand of a homotopy
colimit of a sequence

0 = Y0
f0−→ Y1

f1−→ Y2 −→ · · · ,

where each fi occurs in a triangle Yi
fi→ Yi+1 → Si → ΣYi with Si ∈ AddS.

(ii) A ∩ T c = extS.

As an immediate corollary we get:

Corollary 3.8. Let T = D(e) as in Theorem 3.7. Then there is a bijective corre-
spondence between

(i) compactly generated Hom-orthogonal pairs (A,B) in T and
(ii) full subcategories of S ⊆ T c closed under extensions and summands.

The correspondence is given by the mutually inverse assignments (A,B) 
→ A ∩ T c

and S 
→ (⊥(S⊥),S⊥).

Before proving the theorem, we need a preparatory lemma. It can be viewed as
a triangulated version of the Eklof Lemma (see [24, Lemma 3.1.2]).

Lemma 3.9. Let T be a triangulated category and Z ∈ T . Suppose that we are
given a countable direct system

0 = Y0
f0−→ Y1

f1−→ Y2 −→ · · ·

in T where each fi belongs to a triangle Yi
fi→ Yi+1 → Si → ΣYi with Si ∈ ⊥Z.

Then hocolimYi ∈ ⊥Z.

Proof. Lemma 5.8(2) in [10] used for F = T (−, Z) provides us with a short exact
sequence of abelian groups

0 −→ lim←−
1T (ΣYi, Z) −→ T (hocolimYi, Z) −→ lim←−T (Yi, Z) −→ 0,
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where lim←−
1 is the first derived functor of the inverse limit (see [37]). Invoking

the assumption, one easily proves by induction on i that Yi ∈ ⊥Z for all i ≥ 0.
In particular lim←−T (Yi, Z) = 0. Regarding the lim←−

1-term, the assumption on the
mapping cones of the fi implies that

HomT (Σfi, Z) : HomT (ΣYi+1, Z) −→ HomT (ΣYi, Z)

is surjective for each i ≥ 0. Hence the corresponding inverse system of abelian
groups satisfies the Mittag-Leffler condition and lim←−

1T (ΣYi, Z) vanishes by [27, Pre-

liminaries, Proposition 13.2.2]. The exact sequence above then implies the equality
T (hocolimYi, Z) = 0, as required. �

Proof of Theorem 3.7. (i) If X is a summand in hocolimYi as in the statement of
the theorem, then X ∈ A by Lemma 3.9. It remains to prove the converse, that is,
every X ∈ A must be of this form.

To this end, we start as in the proof of [1, Theorem 4.3]. We put X0 = X and
inductively construct triangles

Si
gi−→ Xi

hi−→ Xi+1 −→ ΣSi

so that the maps gi are right AddS-approximations. If we denote by ui the com-
position hi−1 · · ·h1h0 : X → Xi, Proposition 2.7 allows us to construct a diagram

(5)

0 −−−−→ ΣY1
Σf1−−−−→ ΣY2

Σf2−−−−→ ΣY3
Σf3−−−−→ · · ·�⏐⏐

�⏐⏐
�⏐⏐

�⏐⏐
X0

h0−−−−→ X1
h1−−−−→ X2

h2−−−−→ X3
h3−−−−→ · · ·

1

�⏐⏐ u1

�⏐⏐ u2

�⏐⏐ u3

�⏐⏐
X X X X · · ·

0

�⏐⏐ w1

�⏐⏐ w2

�⏐⏐ w3

�⏐⏐
0 −−−−→ Y1

f1−−−−→ Y2
f2−−−−→ Y3

f3−−−−→ · · ·
such that all columns are triangles, all upper squares are homotopy cartesian and
there is a triangle of the form

hocolimYi
hocolimwi−−−−−−−→ X

hocolimui−−−−−−−→ hocolimXi −−−−→ ΣhocolimYi.

A version of the octahedral axiom [56, Lemma 1.4.4] yields triangles of the form

Σ−1Si −→ Yi
fi−→ Yi+1 −→ Si,

so that the bottom row of diagram (5) is a direct system as from the statement of
our theorem. By the same argument as in the proof of [1, Proposition 4.5] we get
hocolimXi ∈ B. Hence if X ∈ A, then hocolimwi is a split epimorphism, and so
X has the required form.

(ii) The argument is a variation of the proof of [55, Lemma 2.3], while the
presentation is mostly taken from [41, §5.3] and [12, Proposition 2.2.4].

Clearly extS ⊆ A∩T c, so suppose conversely that X ∈ A∩T c. Consider again
the morphism X → hocolimXi coming from diagram (5). Using the compactness
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of X and the same argument as in [55, Lemma 2.2], we infer that there exists i < ω
so that

ui : X −→ Xi

vanishes. From the construction of ui and the octahedral axiom, the object Ci in
the triangle

Ci
v−→ X

ui−→ Xi −→ ΣCi

is easily seen to belong to (AddS)�i. Since ui = 0, the map v is a split epimorphism
and X is a summand of Ci ∈ (AddS)�i.

It suffices to prove that X is also a summand of an object in (addS)�i, as the
latter is clearly a subclass of extS. To this end consider a split monomorphism
s : X → Ci. Since Ci ∈ (AddS)�i, there exists a triangle

Ci−1 −→ Ci
qi−→ S′

i −→ ΣCi−1

with Ci−1 ∈ (AddS)�(i−1) and S′
i ∈ AddS. As X is compact, the composition

qis : X → S′
i factors through an object S′′

i ∈ addS and we obtain a morphism of
triangles

Zi−1 −−−−→ X −−−−→ S′′
i −−−−→ ΣZi−1

si−1

⏐⏐� s

⏐⏐�
⏐⏐�

⏐⏐�
Ci−1 −−−−→ Ci

qi−−−−→ S′
i −−−−→ ΣCi−1

Clearly both S′′
i and Zi−1 are compact again. Repeating the process with the

morphism si−1 : Zi−1 → Ci−1 and further inductively, we obtain a commutative
diagram

Z0 −−−−→ Z1 −−−−→ · · · −−−−→ Zi−1 −−−−→ X⏐⏐� s1

⏐⏐� sn−1

⏐⏐� s

⏐⏐�
0 −−−−→ C1 −−−−→ · · · −−−−→ Ci−1 −−−−→ Cn

with the cone of each of the upper maps belonging to addS. If we consider the
outer commutative square

Z0
w−−−−→ X⏐⏐� s

⏐⏐�
0 −−−−→ Ci,

we get that sw = 0. But s is a split monomorphism so that w = 0. Hence the last
map in the triangle

Σ−1C ′ −→ Z0
w−→ X −→ C ′

is a split monomorphism, and by the construction and the octahedral axiom we
have C ′ ∈ (addS)�i. �

3.2. Adjacent Hom-orthogonal pairs. An interesting phenomenon noticed by
Bondarko [17] and Pauksztello [57,58] is that t-structures and co-t-structures some-
times come in adjacent pairs, which can be viewed as an “unstable” version of rec-
ollements (or torsion torsion-free triples in the language of [11]). In fact, it is easy
to define this notion even generally for Hom-orthogonal pairs:

Definition 3.10. Let T be a triangulated category and (X ,Y) and (A,B) be two
Hom-orthogonal pairs in T . Then (X ,Y) is left adjacent to (A,B) and (A,B) is
right adjacent to (X ,Y) if Y = A.
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We shall prove that for a compactly generated algebraic triangulated category a
compactly generated Hom-orthogonal pair always admits a complete right adjacent
Hom-orthogonal pair. Thus our result addresses [17, Remark 4.5.3]; compare this
also to [17, Theorem 4.5.2], [57, Theorem 3.2] and [58, Proposition 12]. Another
point of view at the result, in the algebraic case, can be as a generalization of the
fact that a compactly generated triangulated localization induces a recollement;
see [48, §5.6]. The downside of the abstract approach here is that computing the
(co)hearts as in [17, 57] if the Hom-orthogonal pairs correspond to general (co-
)t-structures becomes rather difficult. We shall not address this problem here,
however, but rather proceed to classification results in later sections.

Theorem 3.11. Let T be a compactly generated algebraic triangulated category
and (X ,Y) be a Hom-orthogonal pair generated by a set of compact objects (hence
complete by Proposition 3.5). Then there exists a complete Hom-orthogonal pair
(Y ,Z).

Proof. Under our assumptions, T is triangle equivalent to DA for a small dg cate-
gory A; see Proposition 2.11. Now we will need the description of DA from Propo-
sition 2.13 and Remark 2.15. Recall that the category CA is essentially a module
category by Lemma 2.12 and admits a cotorsion pair (C,W), where C is the class
of cofibrant objects in the sense of Definition 2.14 and W is the class of dg modules
with zero cohomology. This cotorsion pair is generated by a set so that it is functo-
rially complete by Proposition 1.13 and C is deconstructible by Proposition 1.12(i).
Moreover, C with the exact structure induced fromCA is a Frobenius exact category
satisfying Hypothesis 1.8 and the inclusion functor C → CA preserves λ-sequences
of inflations and their compositions; see Remark 2.15 and Lemma 1.11(i). Finally,
T is triangle equivalent to the stable category C.

Next we turn our attention to compact objects in T . Put S = {A [̂n] | A ∈
A and n ∈ Z}, where Aˆ are the “free” dg modules in the sense of [41, §1.2].
By [41, Theorem 5.3], an object S ∈ C is compact if and only if S is a summand
in CA of an object of the form S′ ⊕ P , where P is projective in CA and S′ ∈ CA
admits a finite S-filtration. Keller [41, §2.2] also showed that there is a short exact
sequence in CA of the form

0 −→ S′[−1] −→ FλF (S′) −→ S′ −→ 0,

where S′[−1] is the graded shift of S′ and Fλ : GA → CA is a left adjoint to the
forgetful functor F : CA → GA. Observe that FλF (S′) is necessarily compact
and projective in CA (see the proof of Lemma 2.12). Hence, S′ has a projective
resolution in CA of the form

· · · −→ P2 −→ P1 −→ P0 −→ S′ −→ 0

with all Pi compact and projective. Consequently, both the functors Ext1CA(S
′,−)

and Ext1CA(S,−) : CA → Ab preserve direct limits and pure subobjects. Here we
call a subobject M of N pure if the inclusion M ⊆ N is a direct limit of split
monomorphisms.

Now suppose that (X ,Y) is a Hom-orthogonal pair in C which is generated by a
set S of compact objects. Since C and C have the same objects, we can view X and
Y as full subcategories of C, and Lemma 3.4 implies that (ΣX ,Y) is the cotorsion
pair in C generated by ΣS.
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Observe that Proposition 1.13(ii) implies that there is a cotorsion pair (ΣX ,Y ′)
in CA. Indeed, the description of the left-hand classes of the cotorsion pairs gen-
erated by ΣS in C and CA coincides. Then clearly Y = Y ′ ∩ C and, by the
discussion above, Y ′ is closed under direct limits and pure subobjects in CA. Since
CA is up to equivalence a module category over a small preadditive category, the
same argument as for [24, Lemma 3.2.7] applies and allows us to deduce that Y ′

is deconstructible in CA. Since we know that C is also deconstructible in CA, so
is Y = Y ′ ∩ C by Proposition 1.12(ii). Hence Y is also deconstructible in C by
Lemma 1.11(ii).

Let us summarize: We know that Y = Filt-U for a set of objects in C, and Y
certainly contains all injectives, hence projectives, and is closed under summands.
Proposition 1.13 then tells us that the cotorsion pair in C generated by U is of the
form (Y ,Z ′) and is complete. Thus, we obtain a complete Hom-orthogonal pair
(Y ,Z), where Z = ΣZ ′, simply by invoking Lemma 3.4. �

Knowing that compactly generated Hom-orthogonal pairs always admit right
adjacent Hom-orthogonal pairs, one can ask when the converse is true.

Question 3.12 (Unstable telescope conjecture). For which compactly generated
triangulated categories T is it true that a Hom-orthogonal pair (X ,Y) admits a
right adjacent pair if and only if it is compactly generated?

If we restrict only to stable Hom-orthogonal pairs, that is, those for which
ΣX = X , this problem is known as the telescope conjecture. The question arose in
topology [18, Conjecture 3.4], [59, Conjecture 1.33] and was reformulated to a form
very close to our question in [35, Definition 3.3.2].

There certainly are algebraic triangulated categories which do not have the prop-
erty asked for in Question 3.12; see [42]. However, at least the stable version is
known to be true for T = D(Mod-R) if R is commutative noetherian [54] or right
hereditary [49], but very little seems to be known without the restrictive assump-
tion ΣX = X . A hint that the answer to Question 3.12 may be positive in the
commutative noetherian case is given by the classification of cotilting classes in [3]
(the relation of Hom-orthogonal pairs to cotilting classes is discussed in detail in
[4]).

4. Classifying compactly generated t-structures and co-t-structures

After defining the necessary concepts, we will show in this section that there
is often no difference between the problems of classifying compactly generated t-
structures and classifying compactly generated co-t-structures. As t-structures are
more classical, several results regarding the former problem are available in the lit-
erature. We will work out this approach for the derived category T = D(Mod-R) of
a commutative noetherian ring, obtaining a classification of all compactly generated
co-t-structures in terms of so-called filtrations by supports [2].

4.1. Compactly generated t-structures and co-t-structures. Let us recall the
concepts of a (compactly generated) t-structure [9] and a co-t-structure [17, 53, 57]
on a triangulated category.

Definition 4.1. Let T be a triangulated category. A pair of subcategories of T ,
(X ,Y), is called a t-structure on T if it satisfies the following properties:

(T0) X and Y are closed under direct summands;
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(T1) ΣX ⊆ X , and Σ−1Y ⊆ Y ;
(T2) HomT (X ,Σ−1Y) = 0;
(T3) for any object Z of T there is a distinguished triangle

X −→ Z −→ Σ−1Y −→ ΣX

with X ∈ X and Y ∈ Y .

We call a t-structure compactly generated if there is a set S of compact objects of
T such that Y = S⊥.

Definition 4.2. Let T be a triangulated category. A pair of subcategories of T ,
(A,B) is called a co-t-structure on T if it satisfies the following properties:

(C0) A and B are closed under direct summands;
(C1) Σ−1A ⊆ A, and ΣB ⊆ B;
(C2) HomT (Σ

−1A,B) = 0;
(C3) for any object Z of T there is a distinguished triangle

Σ−1A −→ Z −→ B −→ A

with A ∈ A and B ∈ B.
We call a co-t-structure compactly generated if there is a set S of compact objects
of T such that B = S⊥.

Remark 4.3. Note that (X ,Y) is a t-structure if and only if ΣX ⊆ X and (ΣX ,Y)
is a complete Hom-orthogonal pair. Similarly, (A,B) is a co-t-structure if and only
if Σ−1A ⊆ A and (Σ−1A,B) is a complete Hom-orthogonal pair. The axioms as
stated above are not in a minimal form. It is well known that the triangle in (T3)
is unique up to a canonical isomorphism, which makes condition (T0) superfluous.
It is also straightforward to check that only one inclusion in each of (T1) and
(C1) is necessary. The relation between compactly generated Hom-orthogonal pairs
(Definition 3.1) and compactly generated (co-)t-structures is obvious.

It also proves useful for us to introduce terminology from [44] which captures
obvious closure properties of A,B,X ,Y as above:

Definition 4.4. Let T be a triangulated category. We call a class U of objects
of T a left preaisle if U is closed under extensions, direct summands and ΣU ⊆ U .
The class U is said to be a right preaisle if U is closed under extensions, direct
summands and Σ−1U ⊆ U .

Now we obtain the following as an easy consequence of our previous results.

Theorem 4.5. Let T = D(e), where D is a stable derivator such that D(I) has
small coproducts for each small category I.

(i) There is a bijective correspondence between compactly generated t-structures
(X ,Y) on T and left preaisles U ⊆ T c of the full subcategory of compact
objects, given by

(X ,Y) 
→ X ∩ T c,

U 
→
(⊥(U⊥),ΣU⊥).

(ii) There is a bijective correspondence between compactly generated co-t-struc-
tures (A,B) on T and right preaisles U ⊆ T c, given by

(A,B) 
→ A ∩ T c,

U 
→
(⊥(U⊥),Σ−1U⊥).
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Proof. This is an easy consequence of Corollary 3.8. �

Suppose now we would like to classify compactly generated co-t-structures on
given T . If we are lucky, we can find a nice enough triangulated category T ′ with
small coproducts such that (T ′)c is triangle equivalent to (T c)op. If it happens that
we can classify compactly generated t-structures on T ′, we are done. At least the
first step, picking a candidate for T ′, is usually very easy. In the sequel, we are
going to focus on one particular setting, where the situation is so favorable in that
T c is self-dual and so we can even choose T = T ′.

4.2. The tensor triangulated case. Often, the triangulated structure comes
along with a closed symmetric monoidal product—e.g. some version of a tensor
product in algebra or the smash product in topology. The following formalism
taken from [6, 35] will suit our needs:

Definition 4.6. Let T be a triangulated category. Then (T ,⊗,�) is tensor tri-
angulated if ⊗ is a closed symmetric monoidal product on T compatible with the
triangulated structure in the sense of [35, Appendix A.2]. This in particular means
that we have a functor

⊗ : T × T −→ T
together with natural isomorphisms X⊗(Y ⊗Z) ∼= (X⊗Y )⊗Z, �⊗X ∼= X ∼= X⊗�
and X⊗Y ∼= Y ⊗X satisfying certain coherence conditions. Moreover, −⊗Y must
admit a right adjoint RHom(Y,−) for each Y ∈ T , so that naturally

T (X ⊗ Y, Z) ∼= T
(
X,RHom(Y, Z)

)
for all X,Y, Z ∈ T ,

and −⊗− and RHom(−,−) must be triangulated functors in both variables.
Given a tensor triangulated category T , an object X ∈ T is called rigid (or

strongly dualizable) if for every Y ∈ T the natural map ν : RHom(X,�) ⊗ Y →
RHom(X,Y ), constructed for instance in [50, p. 120], is an isomorphism.

Finally, T is rigidly compactly generated if

(i) T is compactly generated in the sense of Definition 2.8,
(ii) � is compact, and
(iii) every compact object is rigid.

Remark 4.7. One requires in [35, Definition A.2.1] thatRHom(−, Z) sends triangles
to triangles only up to sign. This can, however, be easily fixed by changing the sign
of the natural isomorphism RHom(Σ(−), Z) → Σ−1RHom(−, Z), which is a part
of the data necessary to give a triangulated functor (see [56, Definition 2.1.1]).

Despite some technicality, there are many naturally occurring examples: the
derived category of a commutative ring, the stable category of representations of a
finite group G over a field, or the homotopy category of spectra. We refer to [35,
Example 1.2.3] or [6, Example 1.2]. We are mostly interested in the first item of
the above list:

Proposition 4.8. Let R be a commutative ring and denote T = D(Mod-R). Then
(T ,⊗L

R, R), where −⊗L
R− is the usual derived tensor product, is tensor triangulated

and rigidly compactly generated. The right adjoint to − ⊗L
R Y is the usual right

derived functor RHomR(Y,−) of HomR(Y,−).

Proof. This is well known; see also [48, Example 5.9]. �
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As far as we are concerned, the following properties of rigidly compactly gener-
ated tensor triangulated categories are important.

Lemma 4.9. Let (T ,⊗,�) be tensor triangulated and rigidly compactly generated.
Then an object X ∈ T is rigid if and only if it is compact. Moreover, the functor
RHom(−,�) : T op → T induces a triangle equivalence (T c)op → T c.

Proof. The equivalence between rigidity and compactness has been proved in [35,
Theorem 2.1.3]. If X ∈ T c, then RHom(X,�) is compact by [50, III.Proposition
1.2] and the natural morphism ρ : X → RHom(RHom(X,�),�) in T , adjoint to the
adjunction counit ε : X⊗RHom(X,�) → �, is an isomorphism by [50, Proposition
III.1.3(i)]. Hence the restriction of RHom(−,�) to compact objects induces a
category equivalence (T c)op → T c. �

Now we are able to adapt Theorem 4.5 to the tensor triangulated situation.

Theorem 4.10. Let (T ,⊗,�) be tensor triangulated rigidly compactly generated
and suppose that T = D(e) for a stable derivator D such that D(I) has small
coproducts for each I. Then there are bijective correspondences between

(i) left preaisles U ⊆ T c,
(ii) compactly generated t-structures (X ,Y) on T ,
(iii) compactly generated co-t-structures (A,B) on T .

Proof. The bijection between (i) and (ii) is the same as in Theorem 4.5(i). Given
a full subcategory U ⊆ T c, we denote by U∗ the full subcategory given by

U∗ = {X | X ∼= RHom(Y,�) for some Y ∈ U}.
Clearly, the assignment U 
→ U∗ induces an equivalence between left and right
preaisles in T c. Composing this with the bijection from Theorem 4.5(ii), we get
the bijection between left preaisles in T c and compactly generates co-t-structures
on T given by

U 
→
(⊥((U∗)⊥),Σ−1(U∗)⊥

)
. �

4.3. Classification for commutative noetherian rings. Now we aim at one of
the main results which motivated this paper—the classification of compactly gener-
ated co-t-structures on D(Mod-R) for R commutative noetherian. Our strategy is
simple—we use the classification of compactly generated t-structures from [2] and
use Theorem 4.10. We start with a definition.

Definition 4.11. Let R be a commutative ring. Then a filtration of Spec(R) by
supports is a decreasing map

Φ: Z → 2Spec(R)

such that Φ(i) is a specialization closed subset of Spec(R) for each i ∈ Z. Here we
call a subset X ⊆ Spec(R) specialization closed if p ∈ X implies q ∈ X for any
q ∈ Spec(R) such that p ⊆ q.

Now we can formulate the classification of compactly generated t-structures.

Proposition 4.12 ([2, Theorem 3.10]). Let R be a commutative noetherian ring.
Then there is a bijective correspondence between filtrations Φ of Spec(R) by supports
and compactly generated t-structures (X ,Y) on D(Mod-R). Given a t-structure
(X ,Y), the corresponding filtration is given by

Φ(i) = {p ∈ Spec(R) | Σ−i(R/p) ∈ X}.
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We also wish to describe the inverse bijection and in particular to obtain a set
of compact generators for a given t-structure. In order to do that, it will be useful
to introduce notation for certain Koszul complexes.

Notation 4.13. For every p ∈ Spec(R), we fix a minimal generating set p =
(xp

1, . . . , x
p
np
) and denote by Kp the Koszul complex

Kp =

np⊗
i=1

(· · · −→ 0 −→ R
xp

i−→ R −→ 0 −→ · · · ),

where the cochain complexes in the tensor product are concentrated in degrees −1
and 0.

We also denote by (D≤0,D≥0) the canonical t-structure on D(Mod-R) and write
as is customary D≤n and D≥n for Σ−nD≤0 and Σ−nD≥0, respectively.

Having adopted this notation, note that Kp ∈ D≤0 and H0(Kp) ∼= R/p. Now we
have the following description of compactly generated t-structures on D(Mod-R).

Proposition 4.14. Let R be a commutative noetherian ring and Φ: Z → 2Spec(R)

be a filtration by supports. Then the compactly generated t-structure (X ,Y) corre-
sponding to Φ as in Proposition 4.12 is generated by the set of compact objects

SΦ = {Σ−iKp | i ∈ Z and p ∈ Φ(i)}

in the sense that Y = ΣS⊥
Φ . In particular we have the equality

Y = {Y ∈ D(Mod-R) | RHomR(Σ
−iKp, Y ) ∈ D≥0 for all i ∈ Z and p ∈ Φ(i)}.

Proof. The set S generates (X ,Y) by [2, Corollary 3.9]. In fact, the term “gener-
ates” is defined in differently in [2, §1.1], but the two ways of generating a t-structure
coincide by Theorem 3.7.

Using the standard isomorphisms

D(Mod-R)(Σ−i+jKp, Y ) ∼= H−j
(
RHomR(Σ

−iKp, Y )
)
,

one easily computes that

Y = {Y | D(Mod-R)(Σ−i+1Kp, Y ) = 0 for all i ∈ Z and p ∈ Φ(i)}
= {Y | D(Mod-R)(Σ−i+jKp, Y ) = 0 for all i ∈ Z, j ≥ 1 and p ∈ Φ(i)}
= {Y | RHomR(Σ

−iKp, Y ) ∈ D≥0 for all i ∈ Z and p ∈ Φ(i)}. �

We are in a position to prove our main classification result here. At this point,
it is a rather easy corollary of previous results.

Theorem 4.15. Let R be a commutative noetherian ring. Then there is a bijection
between

(i) filtrations Φ: Z → 2Spec(R) by supports, and
(ii) compactly generated co-t-structures (A,B) on D(Mod-R),

which is given by the assignment Φ 
→ (AΦ,BΦ), where

BΦ = {B ∈ D(Mod-R) | Σ−iKp ⊗L
R B ∈ D≤0 for all i ∈ Z and p ∈ Φ(i)}.
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Proof. The existence of a bijection follows from Theorem 4.10 and Proposition 4.12.
In order to understand the bijection, fix a filtration Φ and consider the set SΦ ⊆
D(Mod-R)c as in Proposition 4.14. Inspecting the proof of Theorem 4.10, the
bijective correspondence is given by assigning to Φ the co-t-structure

(AΦ,BΦ) =
(⊥((S∗

Φ)
⊥),Σ−1(S∗

Φ)
⊥).

If we denote RHomR(X,R) by X∗ for brevity, a very similar computation as in the
proof of Proposition 4.14 yields

BΦ = {B | D(Mod-R)(Σi−jK∗
p , B) = 0 for all i ∈ Z, j ≥ 1 and p ∈ Φ(i)}

= {B | RHomR(Σ
iK∗

p , B) ∈ D≤0 for all i ∈ Z and p ∈ Φ(i)}
= {B | Σ−iKp ⊗L

R B ∈ D≤0 for all i ∈ Z and p ∈ Φ(i)}.

The last isomorphism follows from the fact that ΣiK∗
p is compact, and hence rigid

by Lemma 4.9. �

5. Perfect co-t-structures in the commutative noetherian case

In various situations where co-t-structures have been studied, the emphasis has
been put on co-t-structures on small triangulated categories; see for instance [17,38].
As we have a classification of compactly generated co-t-structures on D(Mod-R),
it is not very difficult at this point to classify co-t-structures on the skeletally small
triangulated subcategory D(Mod-R)c of compact objects. We recall that compact
objects of D(Mod-R) are called perfect complexes and are characterized by the
property that they are quasi-isomorphic to a bounded complex of finitely generated
projective modules [47, §6.5].

In fact, at least in principle this is an instance of a general approach. A well-
known fact in the theory of algebraic triangulated categories says that a small alge-
braic triangulated category with splitting idempotents is always triangle equivalent
to T c, where T is a compactly generated algebraic triangulated category (con-
sult [47, Theorem 7.5(2)]). If we know what compactly generated co-t-structures
on T look like, we can identify the co-t-structures on T c as follows.

Lemma 5.1. Let T = D(e), where D is a stable derivator such that D(I) has small
coproducts for each I. There is a bijection between

(i) co-t-structures (A0,B0) in T c;
(ii) compactly generated co-t-structures (A,B) in T such that each X ∈ T c

admits an approximation triangle (as in Definition 4.2(C3))

Σ−1A → X → B → A

such that A,B ∈ T c.

The bijection is given by the assignments

(A0,B0) 
→
(⊥(A⊥

0 ),Σ
−1A⊥

0

)
,

(A,B) 
→ (A ∩ T c,B ∩ T c).

Proof. Clearly, if (A,B) is a co-t-structure in T as in (ii), then the restriction to
T c yields a co-t-structure.

Suppose on the other hand that (A0,B0) is a co-t-structure in T c. Then (A,B)
constructed from (A0,B0) as above is a compactly generated co-t-structure on T and
A0 = A∩ T c by Theorem 3.7. Clearly also B0 ⊆ B. It follows that the assumption
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from (ii) is satisfied since an approximation triangle of X ∈ T c with respect to
(A0,B0) is automatically an approximation triangle with respect to (A,B). �

Thus, our task reduces to determining which compactly generated co-t-structures
satisfy Lemma 5.1(ii). To this end, we first establish two lemmas. In the first one,
E(M) stands for the injective hull of M ∈ Mod-R.

Lemma 5.2. Let R be a commutative noetherian ring and Φ: Z → 2Spec(R) be a
filtration by supports. If (AΦ,BΦ) is the corresponding compactly generated co-t-
structure as in Theorem 4.15, then for any p ∈ Spec(R):

p �∈ Φ(i) =⇒ Σi−1E(R/p) ∈ BΦ.

Proof. Suppose that p �∈ Φ(i) and consider any j ∈ Z and q ∈ Φ(j). In view of
Theorem 4.15 we must prove that Σ−jKq ⊗L

R Σi−1E(R/p) ∈ D≤0. This is trivial
for j < i since both Kq and E(R/p) belong to D≤0 and

Σ−jKq ⊗L
R Σi−1E(R/p) ∼= Σi−j−1Kq ⊗L

R E(R/p) ∈ D≤0.

Let us focus on the case j ≥ i. Then p �∈ Φ(j) and, since Φ(j) is specialization
closed, one of the generators xq

1, . . . , x
q
nq

of q does not belong to p. This generator,

say xq

� , acts as an isomorphism on E(R/p), so that Kq ⊗R E(R/p) is a contractible
complex. In other words,

Σ−jKq ⊗L
R Σi−1E(R/p) = 0 ∈ D≤0

in this case. �
The other lemma is related to connected components of Spec(R). Recall that a

commutative noetherian ring is called connected if the Zariski spectrum Spec(R) is a
connected topological space. This is equivalent to saying that R has no idempotent
elements except for 0 and 1; see [22, Exercise 2.25].

Lemma 5.3. Suppose that R is a commutative noetherian ring and Spec(R) can be
written as a finite disjoint union Spec(R) = V1∪· · ·∪Vn, where Vn are specialization
closed. Then all the Vi are Zariski closed and are unions of connected components
of Spec(R).

Proof. Denote by P0 the set of minimal prime ideals of R—this is a finite set
by [22, Theorem 3.1(a)]. Denoting by V (X) the Zariski closure of X ⊆ Spec(R),
we clearly have the inclusions

V (P0 ∩ Vi) ⊆ Vi.

On the other hand, we have
⋃n

i=1 V (P0 ∩ Vi) = V (P0) = Spec(R) by [22, Corollary
10.3]. It follows that Vi = V (P0 ∩ Vi) is Zariski closed for each i. �

Before describing the classification of co-t-structures in the category of perfect
complexes for R commutative noetherian, we introduce some notation for the co-t-
structures which are certainly known to exist.

Notation 5.4. Let R be a ring, n be an integer, and put T = D(Mod-R). Then
there is a co-t-structure (K≥n,K≤n) on T c, where K≥n and K≤n are the classes
of perfect complexes which are isomorphic in T to bounded complexes of finitely
generated projective modules concentrated in degrees ≥ n and ≤ n, respectively.
The approximation triangles for these co-t-structures come from brutal truncations
of complexes; see [17, §1.1].
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Now we can settle the classification of co-t-structures in the homotopy category
of perfect complexes over a commutative noetherian ring. It turns out that these
categories are very rigid and that there are no other co-t-structures except for those
from Notation 5.4 and their obvious modifications if Spec(R) is disconnected.

Theorem 5.5. Let R be a commutative noetherian ring and T = D(Mod-R). Then
there is a bijection between

(i) filtrations Φ: Z → 2Spec(R) by supports such that each Φ(i) is a union of
Zariski connected components of Spec(R), and

(ii) co-t-structures (A0,B0) on T c.

Before proving the theorem, we will give a more transparent interpretation of
the result in the case when R is connected.

Corollary 5.6. Let R be a connected commutative noetherian ring and T =
D(Mod-R). Then the co-t-structures on T c are precisely

(i) the trivial ones: (T c, 0), (0, T c);
(ii) (de)suspensions of the canonical one: (K≥n,K≤n), n ∈ Z.

Proof of Theorem 5.5. Let Φ: Z→2Spec(R) be a filtration by supports and (AΦ,BΦ)
the corresponding compactly generated co-t-structure from Theorem 4.15. Our task
in view of Lemma 5.1 is to prove that compact objects have compact approxima-
tions if and only if each Φ(i) is a union of connected components of Spec(R).

For the ‘if’ part, we can write R uniquely as a ring product R1 × · · · × Rn so
that each Ri is connected. Denoting Ti = D(Mod-Ri), we get a canonical triangle
equivalence

T c ∼=−→ (T1)c × · · · × (Tn)c.
Identifying the (Ti)c with full subcategories of T c, consider the classes Ai = AΦ∩T c

i

and Bi = BΦ ∩ T c
i . Given our assumption on Φ, it is a matter of an easy direct

computation that Ai is one of 0, (Ti)c or K≥n
i for n ∈ Z (here we use the obvious

modification of Notation 5.4). In any case, (Ai,Bi) is a co-t-structure on (Ti)c
and consequently (AΦ ∩ T c,BΦ ∩ T c) is a co-t-structure in T c. This also explains
Corollary 5.6.

Suppose on the other hand that (AΦ,BΦ) satisfies the condition of Lemma 5.1(ii).
We must prove that Φ(i) is a union of connected components of Spec(R) for any
fixed i ∈ Z. To this end, consider an approximation triangle

Σ−1A −→ Σi−1R
f−→ B −→ A

with A ∈ AΦ ∩ T c and B ∈ BΦ ∩ T c.
We claim that SuppH1−i(B) = Spec(R)\Φ(i), where Supp is the usual support

of an R-module, [22, p. 67]. To see that, suppose first that p �∈ Φ(i). Then the
obvious morphism

Σi−1R −→ Σi−1R/p −→ Σi−1E(R/p)

factors through f by Lemma 5.2. Passing to the (1− i)-th cohomologies, we have a
non-zero composition R → H1−i(B) → E(R/p), showing that p ∈ SuppH1−i(B).

Conversely, we must show that H1−i(B)p = 0 for each p ∈ Φ(i). We shall prove
even more: Hj(B)p = 0 for each j ≥ 1 − i. By way of contradiction suppose
that there is p ∈ Φ(i) and j ≥ 1 − i such that Hj(B)p ∼= Hj(B′) �= 0, where
B′ = B ⊗R Rp. Note that B′ is a perfect complex over Rp and also, using the
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description of BΦ from Theorem 4.15, that B′ ∈ BΦ. Hence we can assume that j is
maximal possible for given p and that B′ is a bounded complex of finitely generated
projective Rp-modules concentrated in degrees ≤ j. Since p ∈ Φ(i), we have

Σ−iKp ⊗L
R B′ ∈ D≤0.

An easy computation using the fact that Kp is concentrated in degrees ≤ 0 and
B′ in degrees ≤ j gives

0 = Hj(Kp ⊗L
R B′) ∼= H0(Kp)⊗R Hj(B′) ∼= R/p⊗R Hj(B′) ∼= Hj(B′)/pHj(B′).

As Hj(B′) is a finitely generated Rp-module, the Nakayama lemma implies Hj(B′)
∼= Hj(B)p = 0, in contradiction to our choice of p and j. This finishes the proof of
the claim.

What we obtained is an expression of Spec(R) as the disjoint union

Spec(R) = Φ(i) ∪ SuppH1−i(B),

where both Φ(i) and SuppH1−i(B) are specialization closed (see [22, Corollary 2.7]
for SuppH1−i(B)). Thus, Φ(i) is a union of components of Spec(R) by Lemma 5.3.

�

We conclude with two corollaries. For simplicity, we state both of them only for
connected commutative noetherian rings. Their generalizations to non-connected
rings are obvious.

The first one allows us to classify silting objects in D(Mod-R). The concept was
introduced in [44] and recently studied in detail in [1]. Recall from [1, Definition 4.1]
that an object S ∈ T , where T is a triangulated category with small coproducts,
is called silting if T (S,ΣiS) = 0 for all i > 0 and S = {S[i] | i ∈ Z} is a set of
compact generators of T in the sense of Definition 2.8. As an easy consequence of
results in [17, 53] we obtain:

Corollary 5.7. Let R be connected commutative noetherian ring. Then S ∈
D(Mod-R) is silting if and only if S ∼= ΣnP for some n ∈ Z and a projective
generator P ∈ mod-R.

Proof. Clearly all objects of the form ΣnP are silting (even tilting in the sense
of [60]). Conversely suppose that S is silting. Then [17, Theorem 4.3.2] or [53,
Theorem 5.5] implies that addS = A0 ∩ B0 for some co-t-structure on (A0,B0) on
D(Mod-R)c. The conclusion follows from the classification in Corollary 5.6 �

The second one says that non-trivial adjacent pairs of t-structures and co-t-
structures in D(Mod-R)c exist only under rather restrictive conditions. This is
in fact closely related to the connections between silting objects and t-structures
studied in [1, 32, 44]. We refer to [22, 52] for missing definitions from commutative
algebra.

Corollary 5.8. Let R be a connected commutative noetherian ring of finite Krull
dimension, let T = D(Mod-R) and let (A0,B0) be a non-trivial co-t-structure on
T c (i.e. A0 �= 0 �= B0). Then (A0,B0) admits a left adjacent t-structure if and only
if it admits a right adjacent t-structure if and only if R is regular.

Proof. We have (A0,B0) = (K≥n,K≤n) for some n ∈ Z by Corollary 5.6. Hence the
right adjacent t-structure, if it exists, must be (K≤n,D≥n∩T c). It is straightforward
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to show that this indeed is a t-structure if and only if every finitely generated module
M ∈ mod-R has finite projective dimension.

It is a standard fact that the latter happens if and only if R is regular. Namely,
if proj.dimRR/p < ∞ for each p ∈ Spec(R), then also proj.dimRp

k(p) < ∞, where

k(p) is the residue field of Rp. Thus Rp is regular for each p by the proof [22,
Theorem 19.12], and R is regular by definition [52, p. 157].

If on the other hand R is regular, denote by d the Krull dimension of R. The
global dimension of each localization Rp is then bounded by d; see [22, 19.9 and
18.2]. Since localization at p is exact and projectivity of a finitely generated module
is a local property by [22, Theorem 19.2], it follows that the projective dimension
of each M ∈ mod-R is bounded by d.

The result for left adjacent t-structures follows since T c is self-dual by Lemma 4.9.
�
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