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ON THE (CO)HOMOLOGY OF THE POSET

OF WEIGHTED PARTITIONS

RAFAEL S. GONZÁLEZ D’LEÓN AND MICHELLE L. WACHS

Abstract. We consider the poset of weighted partitions Πw
n , introduced by

Dotsenko and Khoroshkin in their study of a certain pair of dual operads. The
maximal intervals of Πw

n provide a generalization of the lattice Πn of parti-
tions, which we show possesses many of the well-known properties of Πn. In
particular, we prove these intervals are EL-shellable, we show that the Möbius
invariant of each maximal interval is given up to sign by the number of rooted
trees on node set {1, 2, . . . , n} having a fixed number of descents, we find com-
binatorial bases for homology and cohomology, and we give an explicit sign
twisted Sn-module isomorphism from cohomology to the multilinear compo-
nent of the free Lie algebra with two compatible brackets. We also show that
the characteristic polynomial of Πw

n has a nice factorization analogous to that
of Πn.
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1. Introduction

We recall some combinatorial, topological and representation theoretic properties
of the lattice Πn of partitions of the set [n] := {1, 2, . . . , n} ordered by refinement.1

The Möbius invariant of Πn is given by

μΠn
(0̂, 1̂) = (−1)n−1(n− 1)!,
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and the characteristic polynomial by

χΠn
(x) = (x− 1)(x− 2) . . . (x− n+ 1)

(see [27, Example 3.10.4]). It was proved by Björner [5], using an edge labeling
of Stanley [24], that Πn is EL-shellable; consequently the order complex Δ(Πn) of
the proper part Πn of the partition lattice Πn has the homotopy type of a wedge
of (n − 1)! spheres of dimension n − 3. Various nice bases for the homology and
cohomology of the partition lattice have been introduced and studied; see [31] for
a discussion of these bases.

The symmetric group Sn acts naturally on Πn, and this action induces isomor-
phic representations of Sn on the unique nonvanishing reduced simplicial homology
H̃n−3(Πn) of the order complex Δ(Πn) and on the unique nonvanishing simplicial

cohomology H̃n−3(Πn). Joyal [19] observed that a formula of Stanley and Hanlon
(see [25]) for the character of this representation is a sign twisted version of an
earlier formula of Brandt [9] for the character of the representation of Sn on the
multilinear component Lie(n) of the free Lie algebra on n generators. Hence the
following Sn-module isomorphism holds:

(1.1) H̃n−3(Πn) �Sn
Lie(n)⊗ sgnn,

where sgnn is the sign representation of Sn. Joyal [19] gave a proof of the iso-
morphism using his theory of species. The first purely combinatorial proof was
obtained by Barcelo [2], who provided a bijection between known bases for the two

Sn-modules (Björner’s NBC basis for H̃n−3(Πn) and the Lyndon basis for Lie(n))
and analyzed the representation matrices for these bases. Later Wachs [31] gave a
more general combinatorial proof by providing a natural bijection between gener-
ating sets of H̃n−3(Πn) and Lie(n), which revealed the strong connection between
the two Sn-modules.

In this paper we explore analogous properties for a weighted version of Πn,
introduced by Dotsenko and Khoroshkin [11] in their study of Koszulness of certain
quadratic binary operads. A weighted partition of [n] is a set {Bv1

1 , Bv2
2 , . . . , Bvt

t }
where {B1, B2, . . . , Bt} is a partition of [n] and vi ∈ {0, 1, 2, . . . , |Bi| − 1} for all
i. The poset of weighted partitions Πw

n is the set of weighted partitions of [n] with
order relation given by {Aw1

1 , Aw2
2 , . . . , Awt

s } ≤ {Bv1
1 , Bv2

2 , . . . , Bvt
t } if the following

conditions hold:

• {A1, A2, . . . , As} ≤ {B1, B2, . . . , Bt} in Πn,
• if Bk = Ai1∪Ai2∪· · ·∪Ail , then vk−(wi1+wi2+· · ·+wil) ∈ {0, 1, . . . , l−1}.

Equivalently, we can define the covering relation by

{Aw1
1 , Aw2

2 , . . . , Aws
s }� {Bv1

1 , Bv2
2 , . . . , Bvt

t }

if the following conditions hold:

• {A1, A2, . . . , As}� {B1, B2, . . . , Bt} in Πn,
• if Bk = Ai ∪ Aj , where i �= j, then vk − (wi + wj) ∈ {0, 1},
• if Bk = Ai, then vk = wi.

In Figure 1 below the set brackets and commas have been omitted.
The poset Πw

n has a minimum element

0̂ := {{1}0, {2}0, . . . , {n}0}
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Figure 1. Weighted partition poset for n = 3

and n maximal elements

{[n]0}, {[n]1}, . . . , {[n]n−1}.
We write each maximal element {[n]i} as [n]i. Note that for all i, the maximal

intervals [0̂, [n]i] and [0̂, [n]n−1−i] are isomorphic to each other, and the two maximal

intervals [0̂, [n]0] and [0̂, [n]n−1] are isomorphic to Πn.
The basic properties of Πn mentioned above have nice weighted analogs for the

intervals [0̂, [n]i]. For instance, the Sn-module isomorphism (1.1) can be gener-
alized. Let Lie2(n) be the multilinear component of the free Lie algebra on n
generators with two compatible brackets (defined in Section 4.1) and let Lie2(n, i)
be the component of Lie2(n) generated by bracketed permutations with i brackets
of one type and n−1− i brackets of the other type. The symmetric group acts nat-
urally on each Lie2(n, i) and on each open interval (0̂, [n]i). It follows from operad
theoretic results of Vallette [30] and Dotsenko-Khoroshkin [12] that the following
Sn- module isomorphism holds:

(1.2) H̃n−3((0̂, [n]
i)) �Sn

Lie2(n, i)⊗ sgnn .

Note that this reduces to (1.1) when i = 0 or i = n − 1. The character of each
Sn-module Lie2(n, i) was computed by Dotsenko and Khoroshkin [11].

In [20] Liu proves a conjecture of Feigin that dimLie2(n) = nn−1 by constructing
a combinatorial basis for Lie2(n) indexed by rooted trees on node set [n]. An operad
theoretic proof of Feigin’s conjecture was obtained by Dotsenko and Khoroshkin
[11], but with a gap pointed out in [28] and corrected in [12]. In fact, Liu and
Dotsenko-Khoroshkin obtain the following refinement of Feigin’s conjecture:

(1.3)
n−1∑
i=0

dimLie2(n, i)ti =
n−1∏
j=1

((n− j) + jt).

Since, as was proved by Drake [13], the right hand side of (1.3) is equal to the
generating function for rooted trees on node set [n] according to the number of
descents of the tree, it follows that for each i, the dimension of Lie2(n, i) equals
the number of rooted trees on node set [n] with i descents. (Drake’s result is a
refinement of the well-known result that the number of trees on node set [n] is
nn−1.)

In this paper we give an alternative proof of (1.2) by presenting an explicit

bijection between natural generating sets of H̃n−3((0̂, [n]i)) and Lie2(n, i), which
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reveals the connection between these modules and generalizes the bijection that
Wachs [31] used to prove (1.1). With (1.2), we take a different path to proving
the Liu and Dotsenko-Khoroshkin formula (1.3), one that employs poset theoretic
techniques.

We prove that the augmented poset of weighted partitions

Π̂w
n := Πw

n ∪ {1̂}

is EL-shellable by providing an interesting weighted analog of the Björner-Stanley
EL-labeling of Πn. In fact our labeling restricts to the Björner-Stanley EL-labeling

on the intervals [0̂, [n]0] and [0̂, [n]n−1]. A consequence of shellability is that Π̂w
n

is Cohen-Macaulay, which implies a result of Dotsenko and Khoroshkin [12], ob-

tained through operad theory, that all maximal intervals [0̂, [n]i] of Πw
n are Cohen-

Macaulay. (Two prior attempts [11,28] to establish Cohen-Macaulayness of [0̂, [n]i]
are discussed in Remark 3.8.) The ascent-free chains of our EL-labeling provide a
generalization of the Lyndon basis for cohomology of Πn (i.e. the basis for coho-
mology that corresponds to the classical Lyndon basis for Lie(n)).

Direct computation of the Möbius function of Πw
n , which exploits the recursive

nature of Πw
n and makes use of the compositional formula, shows that

(−1)n−1
n−1∑
i=0

μΠw
n
(0̂, [n]i)ti

equals the right hand side of (1.3). From this computation and the fact that Π̂w
n

is EL-shellable (and thus the maximal intervals of Πw
n are Cohen-Macaulay), we

conclude that

(1.4)

n−1∑
i=0

rank H̃n−3((0̂, [n]
i))ti =

n−1∏
j=1

((n− j) + jt).

The Liu and Dotsenko-Khoroshkin formula (1.3) is a consequence of this and (1.2).

By (1.4) and Drake’s result mentioned above, the rank of H̃n−3((0̂, [n]
i)) is equal

to the number of rooted trees on [n] with i descents. We construct a nice combinato-

rial basis for H̃n−3((0̂, [n]
i)) consisting of fundamental cycles indexed by such rooted

trees, which generalizes Björner’s NBC basis for H̃n−3(Πn). Our proof that these
fundamental cycles form a basis relies on Liu’s [20] generalization for Lie2(n, i) of
the classical Lyndon basis for Lie(n) and our bijective proof of (1.2). Indeed, our bi-

jection enables us to transfer bases for Lie2(n, i) to bases for H̃n−3((0̂, [n]i)) and vice

versa. We first transfer Liu’s generalization of the Lyndon basis to H̃n−3((0̂, [n]i))
and then use the natural pairing between homology and cohomology to prove that
our proposed homology basis is indeed a basis. (We also obtain an alternative proof
that Liu’s generalization of the Lyndon basis is a basis along the way.) By trans-

ferring the basis for H̃n−3((0̂, [n]i)) that comes from the ascent-free chains of our
EL-labeling to Lie2(n, i), we obtain a different generalization of the Lyndon basis
that has a somewhat simpler description than that of Liu’s generalized Lyndon
basis.

The paper is organized as follows: In Section 2 we derive basic properties of the
weighted partition lattice, which include the formula for the Möbius function of Πw

n

mentioned above. We also show that the Möbius invariant of the augmented poset
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of weighted partitions Π̂w
n is given by

μ
Π̂w

n
(0̂, 1̂) = (−1)n(n− 1)n−1

and the characteristic polynomial factors nicely as

χΠw
n
(x) = (x− n)n−1.

The Whitney numbers of the first and second kind are also discussed.
Section 3 contains our results on EL-shellability of the augmented poset of

weighted partitions and its topological consequences.
In Section 4 we give a presentation of the cohomology of the maximal open in-

tervals (0̂, [n]i) in terms of maximal chains associated with labeled bicolored binary
trees. This presentation enables us to use a natural bijection between generating
sets of H̃n−3((0̂, [n]i)) and Lie2(n, i) to establish the Sn-module isomorphism (1.2).

Bases for cohomology and for homology of (0̂, [n]i) are discussed in Section 5. We

also construct bases for cohomology of the full poset Πw
n \ {0̂}.

By extending the technique of Section 4, we prove in Section 6 that Whitney ho-
mology of Πw

n tensored with the sign representation is isomorphic to the multilinear
component of the exterior algebra of the doubly bracketed free Lie algebra on n
generators. In Section 7 we mention related results that will appear in forthcoming
papers.

2. Basic properties

For poset terminology not defined here see [27], [33]. For u ≤ v in a poset P ,
the open interval {w ∈ P : u < w < v} is denoted by (u, v) and the closed interval
{w ∈ P : u ≤ w ≤ v} by [u, v]. A poset is said to be bounded if it has a minimum

element 0̂ and a maximum element 1̂. For a bounded poset P , we define the proper
part of P as P := P \{0̂, 1̂}. A poset is said to be pure (or ranked) if all its maximal
chains have the same length, where the length of a chain s0 < s1 < · · · < sn is n.
The length l(P ) of a poset P is the length of its longest chain. For a poset P with

a minimum element 0̂, the rank function ρ : P → N is defined by ρ(s) = l([0̂, s]).
The rank generating function FP (x) is defined by FP (x) =

∑
u∈P xρ(u).

2.1. The rank generating function. It is easy to see that the weighted partition
poset Πw

n is pure of length n− 1 and has minimum element 0̂ = {{1}0, . . . , {n}0}.
For each α ∈ Πw

n , we have ρ(α) = n− |α|.
Proposition 2.1. For all n ≥ 1, the rank generating function is given by

FΠw
n
(x) =

n−1∑
k=0

(
n

k

)
(n− k)kxk.

Proof. Let Rn(k) = {α ∈ Πw
n | ρ(α) = k}. We need to show

(2.1) |Rn(k)| =
(

n

n− k

)
(n− k)k.

A weighted partition in Rn(k) can be viewed as a partition of [n] into n− k blocks,
with one element of each block marked (or distinguished). To choose such a parti-
tion, we first choose the n − k marked elements. There are

(
n

n−k

)
ways to choose

these elements and place them in n − k distinct blocks. To each of the remaining
k elements we allocate one of these n− k blocks. We can do this in (n− k)k ways.
Hence (2.1) holds. �
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2.2. The Möbius function. For α = {Aw1
1 , . . . , Awk

k } ∈ Πw
n , let w(α) =

∑k
i=1 wi.

The following observations will be used to compute the Möbius function of the
weighted partition poset.

Proposition 2.2. For all α = {Aw1
1 , . . . , Awk

k } ∈ Πw
n ,

(1) [α, 1̂] and Π̂w
k are isomorphic posets,

(2) [α, [n]i] and [0̂, [|α|]i−w(α)] are isomorphic posets for w(α) ≤ i ≤ n− 1,

(3) [0̂, α] and [0̂, [|A1|]w1 ]× · · · × [0̂, [|Ak|]wk ] are isomorphic posets.

For a bounded poset P , let μP denote its Möbius function. We will use the
recursive definition of the Möbius function and the compositional formula to derive
the following result.

Proposition 2.3. For all n ≥ 1,

(2.2)

n−1∑
i=0

μΠw
n
(0̂, [n]i)ti = (−1)n−1

n−1∏
i=1

((n− i) + it).

Consequently,
n−1∑
i=0

μΠw
n
(0̂, [n]i) = (−1)n−1nn−1.

Proof. By the recursive definition of the Möbius function we have that

n−1∑
i=0

ti
∑

0̂≤α≤[n]i

μΠw
n
(α, [n]i) = δn,1.

Proposition 2.2 implies μΠw
n
(α, [n]i) = μΠw

|α|
(0̂, [|α|]j), where j = i − w(α). Note

also that 0̂ ≤ α ≤ [n]i if and only if w(α) ≤ i and i− w(α) ≤ |α| − 1. Hence,

δn,1 =
∑

α∈Πw
n

tw(α)

w(α)+|α|−1∑
i=w(α)

μΠw
n
(α, [n]i)ti−w(α)

=
∑

α∈Πw
n

tw(α)

|α|−1∑
j=0

μΠw
|α|

(0̂, [|α|]j)tj

=
∑
π∈Πn

(∏
B∈π

(t|B|−1 + t|B|−2 + · · ·+ 1)

) |π|−1∑
j=0

μΠw
|π|
(0̂, [|π|]j)tj

=
∑
π∈Πn

(∏
B∈π

t|B| − 1

t− 1

) |π|−1∑
j=0

μΠw
|π|
(0̂, [|π|]j)tj .

This implies by the compositional formula (see [26, Theorem 5.1.4]) that

U(x) =
∑
n≥1

tn − 1

t− 1

xn

n!
=

etx − ex

t− 1

and

W (x) =
∑
n≥1

n−1∑
j=0

μΠw
n
(0̂, [n]j)tj

xn

n!

are compositional inverses.
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It follows from [14, Theorem 5.1] that the compositional inverse of U(x) is given
by ∑

n≥1

(−1)n−1
n−1∏
i=1

((n− i) + it)
xn

n!
.

(See [13, Eq. (10)].) This yields (2.2). �

Let T be a rooted tree on node set [n]. A descent of T is a node x that has a
smaller label than its parent pT (x). We call the edge {x, pT (x)} a descent edge. We
denote by Tn,i the set of rooted trees on node set [n] with exactly i descents. In
[13] Drake proves that

(2.3)
n−1∑
i=0

|Tn,i|ti =
n−1∏
i=1

((n− i) + it).

The following result is a consequence of this and Proposition 2.3.

Corollary 2.4. For all n ≥ 1 and i ∈ {0, 1, . . . , n− 1},

μΠw
n
(0̂, [n]i) = (−1)n−1|Tn,i|.

We can use Proposition 2.2 and Corollary 2.4 to compute the Möbius function
on other intervals. A rooted forest on node set [n] is a set of rooted trees whose
node sets form a partition of [n]. We associate a weighted partition α(F ) with each
rooted forest F = {T1, . . . , Tk} on node set [n], by letting α(F ) = {Aw1

1 , . . . , Awk

k }
where Ai is the node set of Ti and wi is the number of descents of Ti. For lower
intervals we obtain the following generalization of Corollary 2.4.

Corollary 2.5. For all α ∈ Πw
n ,

μΠw
n
(0̂, α) = (−1)n−|α||{F ∈ Fn : α(F ) = α}|,

where Fn is the set of rooted forests on node set [n].

Next we consider the full poset Π̂w
n . To compute its Möbius invariant we will

make use of Abel’s identity (see [26, Ex. 5.31 c]),

(2.4) (x+ y)n =
n∑

k=0

(
n

k

)
x(x− kz)k−1(y + kz)n−k.

Proposition 2.6.

μ
Π̂w

n
(0̂, 1̂) = (−1)n(n− 1)n−1.

Proof. We proceed by induction on n. If n = 1, then

μ
Π̂w

1
(0̂, 1̂) = −1 = (−1)1(1− 1)1−1

since Π̂w
1 is the chain of length 1.
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Let n > 1 and let α ∈ Πw
n \ {0̂}. Since the interval [α, 1̂] in Π̂w

n is isomorphic to

Π̂w
|α| (cf. Proposition 2.2), we can assume by induction that

μ
Π̂w

n
(α, 1̂) = (−1)|α|(|α| − 1)|α|−1.

Hence by the recursive definition of the Möbius function we have

μ
Π̂w

n
(0̂, 1̂) = −

∑
α∈Π̂w

n \0̂

μ
Π̂w

n
(α, 1̂)

= −1−
n−1∑
k=1

∑
α∈Πw

n

|α|=k

μ
Π̂w

n
(α, 1̂)

= −1−
n−1∑
k=1

∑
α∈Πw

n

|α|=k

(−1)k(k − 1)k−1

= −1−
n−1∑
k=1

(
n

k

)
kn−k(−1)k(k − 1)k−1 (by (2.1))

= −1 +
n∑

k=0

(
n

k

)
kn−k(1− k)k−1 − (1− n)n−1.(2.5)

By setting x = 1, y = 0, z = 1 in Abel’s identity (2.4), we get

1 =

n∑
k=0

(
n

k

)
(1− k)k−1kn−k.

Substituting this into (2.5) yields the result. �

Remark 2.7. In Section 2.3 we compute the characteristic polynomial of Πw
n and

use it to give a second proof of Proposition 2.6.

2.3. The characteristic polynomial. Recall that the characteristic polynomial
of Πn factors nicely. We prove that the same is true for Πw

n .

Theorem 2.8. For all n ≥ 1, the characteristic polynomial of Πw
n is given by

χΠw
n
(x) :=

∑
α∈Πw

n

μΠw
n
(0̂, α)xn−1−ρ(α) = (x− n)n−1.

We will need the following result.

Proposition 2.9 (see [26, Proposition 5.3.2]). Let Fk
n be the number of rooted

forests on node set [n] with k rooted trees. Then

|Fk
n | =

(
n− 1

k − 1

)
nn−k.
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Proof of Theorem 2.8. We have

χΠw
n
(x) =

∑
α∈Πw

n

μ(0̂, α)x|α|−1

=

n∑
k=1

∑
α∈Πw

n

|α|=k

μ(0̂, α)xk−1

=
n∑

k=1

(−1)n−k|Fk
n |xk−1 (by Corollary 2.5)

=
n∑

k=1

(−1)n−k

(
n− 1

k − 1

)
nn−kxk−1 (by Proposition 2.9)

=

n−1∑
k=0

(
n− 1

k

)
(−n)n−1−kxk

= (x− n)n−1.

�

Theorem 2.8 yields an easier way to calculate μ
Π̂w

n
(0̂, 1̂).

Second proof of Proposition 2.6 . By the recursive definition of Möbius function,

μ
Π̂w

n
(0̂, 1̂) = −

∑
α∈Πw

n

μ(0̂, α)

= −χΠw
n
(1)

= −(1− n)n−1

= (−1)n(n− 1)n−1.

�

2.4. Whitney numbers and uniformity. Let P be a pure poset of length n with
minimum element 0̂. Recall that the Whitney number of the first kind wk(P ) is the
coefficient of xn−k in the characteristic polynomial χP (x) and the Whitney number
of the second kind Wk(P ) is the coefficient of xk in the rank generating function
FP (x); see [27]. It follows from Theorem 2.8 and Proposition 2.1, respectively, that

wk(Π
w
n ) = (−1)k

(
n− 1

k

)
nk,(2.6)

Wk(Π
w
n ) =

(
n

k

)
(n− k)k.

For the partition lattice Πn, the Whitney numbers of the first and second kind are
the Stirling numbers of the first and second kind. It is well-known that the Stirling
numbers of the first kind and second kind form inverse matrices; cf. [27, Proposition
1.9.1 a]. This can be viewed as a consequence of a property of the partition lattice
called uniformity [27, Ex. 3.130]. We observe in this section that Πw

n is also uniform
and discuss a Whitney number consequence.

A pure poset P of length l with minimum element 0̂ and with rank function ρ
is said to be uniform if there is a family of posets {Pi : 0 ≤ i ≤ l} such that for
all x ∈ P , the upper order ideal Ix := {y ∈ P : x ≤ y} is isomorphic to Pi, where
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i = l− ρ(x). We refer to (P0, . . . , Pl) as the associated uniform sequence. It follows
from Proposition 2.2 that P = Πw

n is uniform with Pi = Πw
i+1 for i = 0, . . . , n− 1.

We will use the following variant of [27, Exercise 3.130(a)], whose proof is left to
the reader. (A weighted version of this is proved in [15].)

Proposition 2.10. Let P be a uniform poset of length l, with associated uniform
sequence (P0, . . . , Pl). Then the matrices [wi−j(Pi)]0≤i,j≤l and [Wi−j(Pi)]0≤i,j≤l

are inverses of each other.

From the uniformity of Πw
n and (2.6), we have the following consequence of

Proposition 2.10.

Corollary 2.11. The matrices

A =

[
(−1)i−j

(
i− 1

j − 1

)
ii−j

]
1≤i,j≤n

and B =

[(
i

j

)
ji−j

]
1≤i,j≤n

are inverses of each other.

This result is not new, and an equivalent dual version (conjugated by the matrix
[(−1)jδi,j ]1≤i,j≤n) was already obtained by Sagan in [22], also by using essentially
Proposition 2.10, but with a completely different poset. So we can consider this to
be a new proof of that result (see also [18]).

Chapoton and Vallette [10] consider another poset that is quite similar to the
poset of weighted partitions, namely the poset of pointed partitions. A pointed par-
tition of [n] is a partition of [n] in which one element of each block is distinguished.
The covering relation is given by

{(A1, a1), (A2, a2), . . . , (As, as)}� {(B1, b1), (B2, b2), . . . , (Bt, bt)},
where ai is the distinguished element of Ai and bi is the distinguished element of
Bi for each i if the following conditions hold:

• {A1, A2, . . . , As}� {B1, B2, . . . , Bt} in Πn,
• if Bk = Ai ∪ Aj , where i �= j, then bk ∈ {ai, aj},
• if Bk = Ai, then bk = ai.

Let Πp
n be the poset of pointed partitions of [n]. It is easy to see that there is a

rank preserving bijection between Πw
n and Πp

n. It follows that both posets have
the same Whitney numbers of the second kind. Since both posets are uniform, it
follows from Proposition 2.10 that both posets have the same Whitney numbers of
the first kind and thus the same characteristic polynomial. The following result of
Chapoton and Vallette [10] is therefore equivalent to Theorem 2.8.

Corollary 2.12 (Chapoton and Vallette [10]). For all n ≥ 1, the characteristic
polynomial of Πp

n is given by

(2.7) χΠp
n
(x) = (x− n)n−1.

Consequently,
μ
Π̂p

n
(0̂, 1̂) = (−1)n(n− 1)n−1.

One can also compute the Möbius function for all intervals of Πp
n from (2.7).

Indeed, since all n maximal intervals are isomorphic to each other, the Möbius
invariant can be obtained from (2.7) by setting x = 0 and then dividing by n. This
yields for all i,

(−1)nμ
Π̂p

n
(0̂, ([n], i)) = nn−2,
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which is the number of trees on node set [n]. The Möbius function on other intervals
can be computed from this since all intervals of Πp

n are isomorphic to products of
maximal intervals of “smaller” posets of pointed partitions.

3. Homotopy type of the poset of weighted partitions

In this section we use EL-shellability to determine the homotopy type of the

intervals of Π̂w
n and to show that Π̂w

n is Cohen-Macaulay, extending a result of
Dotsenko and Khoroshkin [12], in which operad theory is used to prove that all
intervals of Πw

n are Cohen-Macaulay. Some prior attempts to establish shellability
of the maximal intervals are discussed in Remark 3.8.

3.1. EL-shellability. After reviewing some basic facts from the theory of lexi-
cographic shellability (cf. [5], [7], [8], [33]), we will present our main results on
lexicographic shellability of the poset of weighted partitions.

An edge labeling of a bounded poset P is a map λ : E(P ) → Λ, where E(P ) is
the set of edges of the Hasse diagram of P , i.e., the covering relations x <· y of P ,
and Λ is some poset. Given an edge labeling λ : E(P ) → Λ, one can associate a
label word

λ(c) = λ(x0, x1)λ(x1, x2) · · ·λ(xt−1, xt)

with each maximal chain c = (0̂ = x0 <· x1 <· · · · <· xt−1 <· xt = 1̂). We say that c
is increasing if its label word λ(c) is strictly increasing. That is, c is increasing if

λ(x0, x1) < λ(x1, x2) < · · · < λ(xt−1, xt).

We say that c is ascent-free (or decreasing, falling) if its label word λ(c) has no
ascents, i.e. λ(xi, xi+1) �< λ(xi+1, xi+2), for all i = 0, . . . , t − 2. We can partially
order the maximal chains lexicographically by using the lexicographic order on the
corresponding label words. Any edge labeling λ of P restricts to an edge labeling
of each closed interval [x, y] of P . So we may refer to increasing and ascent-free
maximal chains of [x, y] and lexicographic order of maximal chains of [x, y].

Definition 3.1. Let P be a bounded poset. An edge-lexicographical labeling (EL-
labeling, for short) of P is an edge labeling such that in each closed interval [x, y]
of P , there is a unique increasing maximal chain, and this chain lexicographically
precedes all other maximal chains of [x, y]. A poset that admits an EL-labeling is
said to be EL-shellable.

Note that if P is EL-shellable, then so is every closed interval of P .
A classical EL-labeling for the partition lattice Πn is obtained as follows. Let

Λ = {(i, j) ∈ [n− 1]× [n] : i < j} with lexicographic order as the order relation on
Λ. If x�y in Πn, then y is obtained from x by merging two blocks A and B, where
minA < minB. Let λ(x, y) = (minA,minB). This defines a map λ : E(Πn) → Λ.
By viewing Λ as the set of atoms of Πn, one sees that this labeling is a special case
of an edge labeling for geometric lattices, which first appeared in Stanley [24] and
was one of Björner’s [5] initial examples of an EL-labeling.

We now generalize the Björner-Stanley EL-labeling of Πn to the weighted par-
tition lattice. For each a ∈ [n], let Γa := {(a, b)u : a < b ≤ n+ 1, u ∈ {0, 1}}. We
partially order Γa by letting (a, b)u ≤ (a, c)v if b ≤ c and u ≤ v. Note that Γa is
isomorphic to the direct product of the chain a+ 1 < a+ 2 < · · · < n+ 1 and the
chain 0 < 1. Now define Λn to be the ordinal sum Λn := Γ1 ⊕ Γ2 ⊕ · · · ⊕ Γn. (See
Figure 2b.)
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1̂

1232

130|20

10|20|30

1231

120|30 131|20

1230

10|230 121|30 231|10

(1, 2)0 (1, 3)0 (2, 3)0 (1, 2)1 (1, 3)1 (2, 3)1

(1, 3)0
(1, 2)0

(1, 2)0

(1, 3)1 (1, 2)1 (1, 2)1 (1, 3)0 (1, 2)0 (1, 2)0

(1, 2)1
(1, 2)1

(1, 3)1

(1, 4)0 (1, 4)0 (1, 4)0

(a) Labeling λ

(1, 2)0

(1, 3)0

(1, 4)0

(1, 2)1

(1, 3)1

(1, 4)1

(2, 3)0

(2, 4)0 (2, 3)1

(2, 4)1

(3, 4)0

(3, 4)1

(b) Λ3

Figure 2. EL-labeling of the poset Π̂w
3

If x� y in Πw
n , then y is obtained from x by merging two blocks A and B, where

minA < minB, and assigning weight u + wA + wB to the resulting block A ∪ B,
where u ∈ {0, 1}, and wA, wB are the respective weights of A and B in the weighted
partition x. Let

λ(x� y) = (minA,minB)u.

This defines a map λ : E(Πw
n ) → Λn. We extend this map to λ : E(Π̂w

n ) → Λn by

letting λ([n]i � 1̂) = (1, n + 1)0, for all i = 0, . . . , n − 1. (See Figure 2a.) Note

that when λ is restricted to the intervals [0̂, [n]0] and [0̂, [n]n−1], which are both
isomorphic to Πn, the labeling reduces to the Björner-Stanley EL-labeling of Πn.

Theorem 3.2. The labeling λ : E(Π̂w
n ) → Λn defined above is an EL-labeling of

Π̂w
n .

Proof. We need to show that in every closed interval of Π̂w
n there is a unique in-

creasing chain (from bottom to top), which is also lexicographically first. Let ρ

denote the rank function of Π̂w
n . We divide the proof into 4 cases:

(1) Intervals of the form [0̂, [n]r]. Since, from bottom to top, the last step
of merging two blocks includes a block that contains 1, all of the maximal
chains have a final label of the form (1,m)u, and so any increasing maximal
chain has to have label word (1, 2)u1(1, 3)u2 · · · (1, n)un−1 with ui = 0 for
i ≤ n−1−r and ui = 1 for i > n−1−r. This label word is lexicographically
first, and the only chain with this label word is (listing only the nonsingleton
blocks)

0̂� 12u1 � 123u1+u2 � · · ·� 123 · · ·nr.

(2) Intervals of the form [0̂, α] for ρ(α) < n − 1. Let Au1
1 , . . . , Auk

k be the
weighted blocks of α, where minAi < minAj if i < j. For each i, let

mi = minAi. By the previous case, in each of the posets [0̂, Aui
i ] there is

only one increasing manner of merging the blocks, and the labels of the
increasing chain belong to the label set Γmi

. The increasing chain is also

lexicographically first. Consider the maximal chain of [0̂, α] obtained by

first merging the blocks of the increasing chain in [0̂, Au1
1 ], then the ones in
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the increasing chain in [0̂, Au2
2 ], and so on. The constructed chain is still

increasing since the labels in Γmi
are less than the labels in Γmi+1

for each
i = 1, . . . , k − 1. It is not difficult to see that this is the only increasing
chain of [0̂, α] and that it is lexicographically first.

(3) The interval [0̂, 1̂]. An increasing chain c of this interval must be of the form

c′ ∪{1̂}, where c′ is the unique increasing chain of some interval [0̂, [n]r].
By case (1), the label word of c′ ends in (1, n)u for some u. For c to be

increasing, u must be 0. But u = 0 only in the interval [0̂, [n]0]. Hence the

unique increasing chain of [0̂, [n]0] concatenated with 1̂ is the only increasing

chain of [0̂, 1̂]. It is clearly lexicographically first.

(4) Intervals of the form [α, β] for α �= 0̂. We extend the definition of Πw
n to

Πw
S , where S is an arbitrary finite set of positive integers, by considering

partitions of S rather than [n]. We also extend the definition of the labeling

λ to Π̂w
S . Now we can identify the interval [α, 1̂] with Π̂w

S , where S is the set
of minimum elements of the blocks of α, by replacing each block A of α by
its minimum element and subtracting the weight of A from the weight of the
block containing A in each weighted partition of [α, 1̂]. This isomorphism
preserves the labeling, and so the three previous cases show that there is a
unique increasing chain in [α, β] that is also lexicographically first.

�

3.2. Topological consequences. When we attribute a topological property to a
poset P , we are really attributing the property to the order complex Δ(P ), which is
defined to be the simplicial complex whose faces are the chains of P . For instance,
by H̃r(P ;k) and H̃r(P ;k) we mean, respectively, reduced simplicial homology and
cohomology of the order complex Δ(P ), taken over k, where k is an arbitrary

field or the ring of integers Z. (We will usually omit the k and write just H̃r(P )

and H̃r(P ).) For a brief review of the homology and cohomology of posets, see
Appendix A.

The fundamental link between lexicographic shellability and topology is given in
the following result. Recall that the proper part P of a bounded poset P is defined
by P := P \{0̂, 1̂}. Hence, if c is a maximal chain of P , then c̄ denotes the maximal

chain of P given by c \ {0̂, 1̂}.

Theorem 3.3 (Björner and Wachs [8]). Let λ be an EL-labeling of a bounded poset
P . Then for all x < y in P ,

(1) the open interval (x, y) is homotopy equivalent to a wedge of spheres, where
for each r ∈ N the number of spheres of dimension r is the number of
ascent-free maximal chains of the closed interval [x, y] of length r + 2,

(2) the set

{c̄ : c is an ascent-free maximal chain of [x, y] of length r + 2}

forms a basis for cohomology H̃r((x, y)), for all r.

Since the Möbius invariant of a bounded poset P equals the reduced Euler charac-
teristic of the order complex of P , the Euler-Poincaré formula implies the following
corollary.
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Corollary 3.4. Let P be a pure EL-shellable poset of length n. Then

(1) P has the homotopy type of a wedge of spheres all of dimension n−2, where

the number of spheres is |μP (0̂, 1̂)|,
(2) P is Cohen-Macaulay, which means that H̃i((x, y)) = 0 for all x < y in P

and i < l([x, y])− 2.

In [12] Dotsenko and Khoroshkin use operad theory to prove that all intervals of
Πw

n are Cohen-Macaulay. The following extension of their result is a consequence
of Theorem 3.2.

Corollary 3.5. The poset Π̂w
n is Cohen-Macaulay.

Now by Theorem 3.2, Proposition 2.6 and Corollary 2.4 we have

Theorem 3.6. For all n ≥ 1,

(1) Πw
n \{0̂} has the homotopy type of a wedge of (n−1)n−1 spheres of dimension

n− 2,
(2) (0̂, [n]i) has the homotopy type of a wedge of |Tn,i| spheres of dimension

n− 3 for all i ∈ {0, 1, . . . , n− 1}.
It follows from Theorem 3.6 (and Proposition A.1 in the appendix) that top coho-

mology H̃n−2(Πw
n \ 0̂) and H̃n−3((0̂, [n]i)) are free k-modules, which are isomorphic

to the corresponding top homology modules, that is,

H̃n−2(Πw
n \ 0̂) � H̃n−2(Π

w
n \ 0̂)

and
H̃n−3((0̂, [n]i)) � H̃n−3((0̂, [n]

i))

for 0 ≤ i ≤ n− 1. Moreover, we have the following result.

Corollary 3.7. For 0 ≤ i ≤ n− 1,

rank H̃n−2(Π
w
n \ 0̂) = (n− 1)n−1,

rank H̃n−3((0̂, [n]
i)) = |Tn,i|,

rank

n−1⊕
i=0

H̃n−3((0̂, [n]
i)) = nn−1.

Remark 3.8. In a prior attempt to establish Cohen-Macaulayness of each maximal
interval [0̂, [n]i] of Πw

n , it is argued in [11] that the intervals are totally semimodular
and hence CL-shellable.2 In [28] it is noted that this is not the case, and a pro-

posed recursive atom ordering3 of each maximal interval [0̂, [n]i] is given in order to
establish CL-shellability. In [28, Proof of Proposition 3.9] it is claimed that given
any linear ordering {i1, j1}, {i2, j2}, · · · , {im, jm} of the atoms of Πn (the singleton
blocks have been omitted), the linear ordering

(3.1) {i1, j1}0, {i1, j1}1, {i2, j2}0, {i2, j2}1, . . . , {im, jm}0, {im, jm}1

satisfies the criteria for being a recursive atom ordering of [0̂, [n]i], where 1 ≤ i ≤
n−2. We note here that one of the requisite conditions in the definition of recursive
atom ordering fails to hold when n = 4 and i = 2. Indeed, assume (without loss of

2CL-shellability is a property more general than EL-shellability, which also implies Cohen-
Macaulaynes; see [7], [8] or [33].

3See [7], [8] or [33] for the definition of recursive atom ordering. The property of admitting a
recursive atom ordering is equivalent to that of being CL-shellable.
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generality) that the first two atoms in the atom ordering of [0̂, [4]2] given in (3.1) are
{1, 2}0 and {1, 2}1. Then the atoms of the interval [{1, 2}1, [4]2] that cover {1, 2}0
are {1, 2, 3}1 and {1, 2, 4}1. So by the definition of recursive atom ordering one of
these covers must come first in any recursive atom ordering of [{1, 2}1, [4]2] and
the other must come second. But this contradicts the form of (3.1) applied to the
interval [{1, 2}1, [4]2] which requires the atom {1, 2, 3}2 to immediately follow the
atom {1, 2, 3}1 and the atom {1, 2, 4}2 to immediately follow the atom {1, 2, 4}1.
The proof of Proposition 3.9 of [28] breaks down in the second from last paragraph.

4. Connection with the doubly bracketed free Lie algebra

4.1. The doubly bracketed free Lie algebra. In this section k denotes an
arbitrary field. Recall that a Lie bracket on a vector space V is a bilinear binary
product [·, ·] : V × V → V such that for all x, y, z ∈ V ,

[x, y] = −[y, x] (Antisymmetry),(4.1)

[x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0 (Jacobi Identity).(4.2)

The free Lie algebra on [n] (over the field k) is the k-vector space generated by the
elements of [n] and all the possible bracketings involving these elements subject only
to the relations (4.1) and (4.2). Let Lie(n) denote the multilinear component of
the free Lie algebra on [n], i.e., the subspace generated by bracketings that contain
each element of [n] exactly once. For example [[2, 3], 1] is an element of Lie(3),
while [[2, 3], 2] is not.

Now let V be a vector space equipped with two Lie brackets [·, ·] and 〈·, ·〉. The
brackets are said to be compatible if any linear combination of them is a Lie bracket.
As pointed out in [11,20], compatibility is equivalent to the mixed Jacobi condition:
for all x, y, z ∈ V ,

[x, 〈y, z〉] + [z, 〈x, y〉] + [y, 〈z, x〉] + 〈x, [y, z]〉+ 〈z, [x, y]〉+ 〈y, [z, x]〉 = 0.(4.3)

Let Lie2(n) denote the multilinear component of the free Lie algebra on [n] with
two compatible brackets [·, ·] and 〈·, ·〉, that is, the multilinear component of the
k-vector space generated by (mixed) bracketings of elements of [n] subject only to
the five relations given by (4.1) and (4.2), for each bracket, and (4.3). We will call
the bracketed words that generate Lie2(n) bracketed permutations.

It will be convenient to refer to the bracket [·, ·] as the blue bracket and the
bracket 〈·, ·〉 as the red bracket. For each i, let Lie2(n, i) be the subspace of Lie2(n)
generated by bracketed permutations with exactly i red brackets and n− 1− i blue
brackets.

A permutation τ ∈ Sn acts on the bracketed permutations by replacing each
letter i by τ (i). For example (1, 2) 〈[〈3, 5〉, [2, 4]], 1〉 = 〈[〈3, 5〉, [1, 4]], 2〉. Since this
action respects the five relations, it induces a representation of Sn on Lie2(n).
Since this action also preserves the number of red and blue brackets, we have the

following decomposition into Sn-submodules: Lie2(n) =
⊕n−1

i=0 Lie2(n, i). Note
that by replacing red brackets with blue brackets and vice versa, we get the Sn-
module isomorphism

Lie2(n, i) �Sn
Lie2(n, n− 1− i)

for all i. Also note that

Lie2(n, 0) �Sn
Lie2(n, n− 1) �Sn

Lie(n).
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〈[〈[3, 4], 6〉, [1, 5]], 〈〈[2, 7], 9〉, 8〉〉

Figure 3. Example of a tree (T, 346152798) ∈ BT 9,4 and
[T, 346152798] ∈ Lie2(9, 4)

A bicolored binary tree is a complete binary tree (i.e., every internal node has a
left and a right child) for which each internal node has been colored red or blue.
For a bicolored binary tree T with n leaves and σ ∈ Sn, define the labeled bicolored
binary tree (T, σ) to be the tree T whose jth leaf from left to right has been labeled
σ(j). We denote by BT n the set of labeled bicolored binary trees with n leaves and
by BT n,i the set of labeled bicolored binary trees with n nodes and i red internal
nodes.

It will also be convenient to consider labeled bicolored trees whose label set is
more general than [n]. For a finite set A, let BT A be the set of bicolored binary trees
whose leaves are labeled by a permutation of A and BT A,i be the subset of BT A

consisting of trees with i red internal nodes. If (S, α) ∈ BT A and (T, β) ∈ BT B,
where A and B are disjoint finite sets, and col ∈ {red, blue}, then (S, α)col∧ (S, β)
denotes the tree in BT A∪B whose left subtree is (S, α), right subtree is (T, β), and
root color is col.

We can represent the bracketed permutations that generate Lie2(n) with labeled
bicolored binary trees. More precisely, let (T1, σ1) and (T2, σ2) be the left and right
labeled subtrees of the root r of (T, σ). Then define recursively

(4.4) [T, σ] =

⎧⎨⎩ [[T1, σ1], [T2, σ2]] if r is blue and n > 1,
〈[T1, σ1], [T2, σ2]〉 if r is red and n > 1,
σ if n = 1.

Clearly (T, σ) ∈ BT n,i if and only if [T, σ] is a bracketed permutation of Lie2(n, i).
See Figure 3.

4.2. A generating set for H̃n−3((0̂, [n]i)). In this section the ring of coefficients
k for cohomology is either Z or an arbitrary field.

The top dimensional cohomology of a pure poset P , say of length �, has a partic-
ularly simple description (see Appendix A). Let M(P ) denote the set of maximal
chains of P and let M′(P ) denote the set of chains of length � − 1. We view the
coboundary map δ as a map from the chain space of P to itself, which takes chains
of length d to chains of length d + 1 for all d. Since the image of δ on the top
chain space (i.e. the space spanned by M(P )) is 0, the kernel is the entire top
chain space. Hence top cohomology is the quotient of the space spanned by M(P )
by the image of the space spanned by M′(P ). The image of M′(P ) is what we
call the coboundary relations. We thus have the following presentation of the top
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(a) (T, σ) ∈ BT 9

10|20|30|40|50|60|70|80|90

10|20|340|50|60|70|80|90

10|20|3461|50|70|80|90

150|20|3461|70|80|90

134561|20|70|80|90

134561|270|80|90

134561|2791|80

134561|27892

1234567894

(b) c(T, σ)

Figure 4. Example of postorder (internal nodes) of the binary
tree T of Figure 3 and the chain c(T, σ)

cohomology:

H̃�(P ) = 〈M(P )| coboundary relations〉.
Recall that the postorder listing of the internal nodes of a binary tree T is defined

recursively as follows: first list the internal nodes of the left subtree in postorder,
then list the internal nodes of the right subtree in postorder, and finally list the
root. The postorder listing of the internal nodes of the binary tree of Figure 3 is
illustrated in Figure 4a.

Given k blocks Aw1
1 , Aw2

2 , . . . , Awk

k in a weighted partition α and u ∈ {0, . . . ,
k− 1}, by u-merge these blocks we mean remove them from α and replace them by
the block (

⋃
Ai)

∑
wi+u. Given col ∈ {blue, red}, let

u(col) =

{
0 if col = blue,

1 if col = red.

For (T, σ) ∈ BT A,i, let π(T, σ) = Ai.

Definition 4.1. For (T, σ) ∈ BT n and k ∈ [n−1], let Tk = Lk
colk∧ Rk be the subtree

of (T, σ) rooted at the kth node listed in postorder. The chain c(T, σ) ∈ M(Πw
n ) is

the one whose rank k weighted partition is obtained from the rank k − 1 weighted
partition by u(colk)-merging the blocks π(Lk) and π(Rk). See Figure 4.

Not all maximal chains in M(Πw
n ) can be described as c(T, σ). For some maxi-

mal chains postordering of the internal nodes is not enough to describe the process
of merging the blocks. We need a more flexible construction in terms of linear ex-
tensions (cf. [31]). Let v1, . . . , vn be the postorder listing of the internal nodes of T .
A listing vτ(1), vτ(2), . . . , vτ(n−1) of the internal nodes such that each node precedes
its parent is said to be a linear extension of T . We will say that the permutation
τ induces the linear extension. In particular, the identity permutation ε induces
postorder which is a linear extension. Denote by E(T ) the set of permutations that
induce linear extensions of the internal nodes of T . We extend the construction of
c(T, σ) by letting c(T, σ, τ ) be the chain in M(Πw

n ) whose rank k weighted partition
is obtained from the rank k−1 weighted partition by u(colτ(k))-merging the blocks
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π(Lτ(k)) and π(Rτ(k)), where Li
coli∧ Ri is the subtree rooted at vi. In particular,

c(T, σ) = c(T, σ, ε). From each maximal chain we can easily construct a binary tree
and a linear extension that encodes the merging instructions along the chain. So it
follows that any maximal chain can be obtained in this form.

Lemma 4.2 ([31, Lemma 5.1]). Let T be a binary tree. Then:

(1) ε ∈ E(T ).
(2) If τ ∈ E(T ) and τ (i) > τ (i + 1), then τ (i, i + 1) ∈ E(T ), where τ (i, i + 1)

denotes the product of τ and the transposition (i, i + 1) in the symmetric
group.

Proof. Postorder ε is a linear extension since in postorder we list children before
parents. Now, τ (i) > τ (i+ 1) means that vτ(i+1) is listed in postorder before vτ(i),
and so vτ(i+1) cannot be an ancestor of vτ(i). This implies that τ (i, i+ 1) is also a
linear extension. �

The number of inversions of a permutation τ ∈ Sn is defined by inv(τ ) :=
|{(i, j) : 1 ≤ i < j ≤ n, τ (i) > τ (j)}| and the sign of τ is defined by sgn(τ ) :=

(−1)inv(τ). For T ∈ BT n,i, σ ∈ Sn, and τ ∈ E(T ), write c̄(T, σ, τ ) for c(T, σ, τ ) :=

c(T, σ, τ ) \ {0̂, [n]i} and c̄(T, σ) for c(T, σ) := c(T, σ) \ {0̂, [n]i}.

Lemma 4.3 (cf. [31, Lemma 5.2]). Let T ∈ BT n,i, σ ∈ Sn, τ ∈ E(T ). Then in

H̃n−3((0̂, [n]i)),
c̄(T, σ, τ ) = sgn(τ )c̄(T, σ).

Proof. We proceed by induction on inv(τ ). If inv(τ ) = 0, then τ = ε and the result
is trivial. If inv(τ ) ≥ 1, then there is some descent τ (i) > τ (i+ 1) and by Lemma
4.2, τ (i, i+ 1) ∈ E(T ). Since inv(τ (i, i+ 1)) = inv(τ )− 1, by induction we have

c̄(T, σ, τ (i, i+ 1)) = sgn(τ (i, i+ 1))c̄(T, σ) = − sgn(τ )c̄(T, σ).

We have to show then that

c̄(T, σ, τ ) = −c̄(T, σ, τ (i, i+ 1)).

By the proof of Lemma 4.2 we know that the internal nodes vτ(i) and vτ(i+1)

are unrelated in T and so π(Lτ(i)), π(Rτ(i)), π(Lτ(i+1)) and π(Rτ(i+1)) are pairwise
disjoint sets which are all blocks of the rank i − 1 partition in both c̄(T, σ, τ ) and
c̄(T, σ, τ (i, i+1)). The blocks π(Lτ(i)∧Rτ(i)) and π(Lτ(i+1)∧Rτ(i+1)) are blocks of
the rank i+1 partition in both c̄(T, σ, τ ) and c̄(T, σ, τ (i, i+1)). Hence the maximal
chains c̄(T, σ, τ ) and c̄(T, σ, τ (i, i + 1)) only differ at rank i. So if we denote by
c either of these maximal chains with the rank i partition removed, we get, using
equation (A.1), a cohomology relation given by

δ(c) = (−1)i(c̄(T, σ, τ ) + c̄(T, σ, τ (i, i+ 1)))

as desired. �
We conclude that in cohomology any maximal chain c ∈ M(Πw

n ) is cohomol-
ogy equivalent to a chain of the form c(T, σ), more precisely, in cohomology c̄ =
±c̄(T, σ).

We will make further use of the elementary cohomology relations that are ob-
tained by setting the coboundary (given in (A.1)) of a codimension 1 chain in

(0̂, [n]i) equal to 0. There are three types of codimension 1 chains, which corre-
spond to the three types of intervals of length 2 (see Figure 5). Indeed, if c̄ is a
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codimension 1 chain of (0̂, [n]i), then c = c̄∪{0̂, [n]i} is unrefinable except between
one pair of adjacent elements x < y, where [x, y] is an interval of length 2. If the
open interval (x, y) = {z1, . . . , zk}, then it follows from (A.1) that

δ(c̄) = ±(c̄ ∪ {z1}+ · · ·+ c̄ ∪ {zk}).
By setting δ(c̄) = 0 we obtain the elementary cohomology relation

(c̄ ∪ {z1}) + · · ·+ (c̄ ∪ {zk}) = 0.

Type I: Two pairs of distinct blocks of x are merged to get y. The open interval
(x, y) equals {z1, z2}, where z1 is obtained by u1-merging the first pair
of blocks and z2 is obtained by u2-merging the second pair of blocks for
some u1, u2 ∈ {0, 1}. Hence the Type I elementary cohomology relation
is

c̄ ∪ {z1} = −(c̄ ∪ {z2}).
Type II: Three distinct blocks of x are 2u-merged to get y, where u ∈ {0, 1}. The

open interval (x, y) equals {z1, z2, z3}, where each weighted partition zi
is obtained from x by u-merging two of the three blocks. Hence the
Type II elementary cohomology relation is

(c̄ ∪ {z1}) + (c̄ ∪ {z2}) + (c̄ ∪ {z3}) = 0.

Type III: Three distinct blocks of x are 1-merged to get y. The open interval (x, y)
equals {z1, z2, z3, z4, z5, z6}, where each weighted partition zi is obtained
from x by either 0-merging or 1-merging two of the three blocks. Hence
the Type III elementary cohomology relation is

(c̄ ∪ {z1}) + (c̄ ∪ {z2}) + (c̄ ∪ {z3}) + (c̄ ∪ {z4}) + (c̄ ∪ {z5}) + (c̄ ∪ {z6}) = 0.

Let I(Υ) denote the set of internal nodes of the labeled bicolored binary tree Υ.
Recall that Υ1

col
∧ Υ2 denotes the labeled bicolored binary tree whose left subtree is

Υ1, right subtree is Υ2 and root color is col, where col ∈ {blue, red}. If Υ is a
labeled bicolored binary tree, then α(Υ)β denotes a labeled bicolored binary tree
with Υ as a subtree. The following result generalizes [31, Theorem 5.3].

Theorem 4.4. {c̄(T, σ) : (T, σ) ∈ BT n,i} is a generating set for H̃n−3((0̂, [n]i)),
subject only to the relations

(4.5) c̄(α(Υ1
col
∧ Υ2)β) = (−1)|I(Υ1)||I(Υ2)|c̄(α(Υ2

col
∧ Υ1)β),

(4.6)

c̄(α(Υ1
col
∧ (Υ2

col
∧ Υ3))β) + (−1)|I(Υ3)|c̄(α((Υ1

col
∧ Υ2)

col
∧ Υ3)β)

+ (−1)|I(Υ1)||I(Υ2)|c̄(α(Υ2
col
∧ (Υ1

col
∧ Υ3))β),

= 0,

where col ∈ {blue, red}, and
c̄(α(Υ1

red
∧ (Υ2

blue
∧ Υ3))β) + c̄(α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β)(4.7)

+ (−1)|I(Υ3)|
(
c̄(α((Υ1

red
∧ Υ2)blue∧ Υ3)β) + c̄(α((Υ1

blue
∧ Υ2)red∧ Υ3)β)

)
+ (−1)|I(Υ1)||I(Υ2)|

(
c̄(α(Υ2

red
∧ (Υ1

blue
∧ Υ3))β) + c̄(α(Υ2

blue
∧ (Υ1

red
∧ Υ3))β)

)
= 0.
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Aa|Bb|Cc|Dd

ABa+b+u1 |CDc+d+u2

ABa+b+u1 |Cc|Dd Aa|Bb|CDc+d+u2

(a) Type I

Aa|Bb|Cc

ABCa+b+c+2u

ABa+b+u|Cc Aa|BCb+c+uACa+c+u|Bb

(b) Type II

Aa|Bb|Cc

ABCa+b+c+1

ABa+b|Cc ACa+c|Bb Aa|BCb+c ABa+b+1|Cc ACa+c+1|Bb Aa|BCb+c+1

(c) Type III

Figure 5. Intervals of length 2

Proof. It is an immediate consequence of Lemma 4.3 that {c̄(Υ)|Υ ∈ BT n,i} gen-

erates Hn−3((0̂, [n]i)).
Relation (4.5): This is also a consequence of Lemma 4.3. Indeed, first note that

c(α(Υ2
col
∧ Υ1)β) = c(α(Υ1

col
∧ Υ2)β, τ ),

where τ is the permutation that induces the linear extension that is just like post-
order except that the internal nodes of Υ2 are listed before those of Υ1. Since
inv(τ ) = |I(Υ1)||I(Υ2)|, relation (4.5) follows from Lemma 4.3. (Note that since
Lemma 4.3 is a consequence only of the Type I cohomology relation, one can view
(4.5) as a consequence only of the Type I cohomology relation.)
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Relation (4.6): Note that the following relation is a Type II elementary coho-
mology relation:

c̄(α(Υ1
col
∧ (Υ2

col
∧ Υ3))β) + c̄(α((Υ1

col
∧ Υ2)

col
∧ Υ3)β, τ1)

+ c̄(α(Υ2
col
∧ (Υ1

col
∧ Υ3))β, τ2) = 0,

where τ1 is the permutation that induces the linear extension that is like postorder
but that lists the internal nodes of Υ3 before listing the root of Υ1 ∧ Υ2, and
τ2 is the permutation that induces the linear extension that is like postorder but
lists the internal nodes of Υ1 before listing the internal nodes of Υ2. So then
inv(τ1) = |I(Υ3)| and inv(τ2) = |I(Υ1)||I(Υ2)|, and using Lemma 4.3 we obtain
relation (4.6).

Relation (4.7): Note that the following relation is a Type III elementary coho-
mology relation:

c̄(α(Υ1
red
∧ (Υ2

blue
∧ Υ3))β) + c̄(α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β)

+ c̄(α((Υ1
red
∧ Υ2)blue∧ Υ3)β, τ1) + c̄(α((Υ1

blue
∧ Υ2)red∧ Υ3)β, τ1)

+ c̄(α(Υ2
red
∧ (Υ1

blue
∧ Υ3))β, τ2) + c̄(α(Υ2

blue
∧ (Υ1

red
∧ Υ3))β, τ2)

= 0,

where as in the previous case, τ1 is the permutation that induces the linear extension
that is like postorder but that lists the internal nodes of Υ3 before listing the root
of Υ1 ∧Υ2, and τ2 is the permutation that induces the linear extension that is like
postorder but lists the internal nodes of Υ1 before listing the internal nodes of Υ2.
So then inv(τ1) = |I(Υ3)| and inv(τ2) = |I(Υ1)||I(Υ2)|, and using Lemma 4.3 we
obtain relation (4.7).

To complete the proof, we need to show that these relations generate all the
cohomology relations. In other words, we need to show that H̃n−3((0̂, [n]i)) = M/R,
where M is the free k-module with basis {c̄(T, σ) : (T, σ) ∈ BT n,i} and R is the
submodule spanned by elements given in the relations (4.5), (4.6), (4.7). We have

already shown that rank H̃n−3((0̂, [n]i)) ≤ rankM/R. To complete the proof we
need to establish the reverse inequality. This is postponed to Section 5.1. We will
prove there that a certain set S of maximal chains of (0̂, [n]i) whose cardinality

equals rank H̃n−3((0̂, [n]i)) generates M/R by showing that there is a straightening
algorithm which, using only the relations (4.5), (4.6), (4.7), enables us to express
every generator c̄(T, σ) as a linear combination of the elements of S. It follows that

rankM/R ≤ |S| = rank H̃n−3((0̂, [n]i)). See Remark 5.4. �

4.3. The isomorphism. In this section homology and cohomology are taken over
an arbitrary field k, as is Lie2(n, i).

The symmetric group Sn acts naturally on Πw
n . Indeed, let σ ∈ Sn act on the

weighted blocks of π ∈ Πw
n by replacing each element x of each weighted block of

π with σ(x). Since the maximal elements of Πw
n are fixed by each σ ∈ Sn and the

order is preserved, each open interval (0̂, [n]i) is an Sn-poset. Hence by (A.2) we
have the Sn-module isomorphism

H̃n−3((0̂, [n]
i)) �Sn

H̃n−3((0̂, [n]i)).
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The symmetric group Sn also acts naturally on Lie2(n). Indeed, let σ ∈ Sn act by
replacing letter x of a bracketed permutation with σ(x). Since this action preserves
the number of brackets of each type, Lie2(n, i) is an Sn-module for each i. In this
section we obtain an explicit sign-twisted isomorphism between the Sn-modules
H̃n−3((0̂, [n]i)) and Lie2(n, i).

Define the sign of a binary tree T recursively by

sgn(T ) =

{
1 if I(T ) = ∅,
(−1)|I(T2)| sgn(T1) sgn(T2) if T = T1 ∧ T2,

where I(T ) is the set of internal nodes of the binary tree T . The sign of a bicolored
binary tree is defined to be the sign of the binary tree obtained by removing the
colors.

Theorem 4.5. For each i ∈ {0, 1, . . . , n− 1}, there is an Sn-module isomorphism

φ : Lie2(n, i) → H̃n−3((0̂, [n]i))⊗ sgnn determined by

φ([T, σ]) = sgn(σ) sgn(T )c̄(T, σ),

for all (T, σ) ∈ BT n,i.

Before proving the theorem we make a few preliminary observations. The fol-
lowing lemma, which is implicit in [31, Proof of Theorem 5.4], is easy to prove. For
a binary tree T , let a(T )b denote a binary tree with T as a subtree.

Lemma 4.6. For all binary trees T1, T2, T3,

(1) sgn(a(T1 ∧ T2)b) = (−1)|I(T1)|+|I(T2)| sgn(a(T2 ∧ T1)b)

(2) sgn(a((T1 ∧ T2) ∧ T3)b) = (−1)|I(T3)|+1 sgn(a(T1 ∧ (T2 ∧ T3))b)

(3) sgn(a(T2 ∧ (T1 ∧ T3))b)=(−1)|I(T1)|+|I(T2)| sgn(a(T1 ∧ (T2 ∧ T3))b).

For a word w denote by l(w) the length or number of letters in w. We also have
the following easy relation, which we state as a lemma.

Lemma 4.7. For uw1w2v ∈ Sn, where u ,w1 , w2 , v are subwords,

sgn(uw1w2v) = (−1)l(w1)l(w2) sgn(uw2w1v).

We give a presentation of Lie2(n, i) in terms of labeled bicolored binary trees
and a slightly modified, but clearly equivalent, form of the relations (4.1), (4.2) and
(4.3) in the following proposition.

Proposition 4.8. The set {[T, σ] : (T, σ)∈BT n,i} is a generating set for Lie2(n, i),
subject only to the relations

(4.8) [α(Υ1
col
∧ Υ2)β] = −[α(Υ2

col
∧ Υ1)β]

[α(Υ1
col
∧ (Υ2

col
∧ Υ3))β] − [α((Υ1

col
∧ Υ2)

col
∧ Υ3)β](4.9)

− [α(Υ2
col
∧ (Υ1

col
∧ Υ3))β]

= 0
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[α(Υ1
red
∧ (Υ2

blue
∧ Υ3))β] + [α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β](4.10)

− [α((Υ1
red
∧ Υ2)blue∧ Υ3)β] − [α((Υ1

blue
∧ Υ2)red∧ Υ3)β]

− [α(Υ2
red
∧ (Υ1

blue
∧ Υ3))β] − [α(Υ2

blue
∧ (Υ1

red
∧ Υ3))β]

= 0.

Proof of Theorem 4.5. The map φ maps generators onto generators and clearly
respects the Sn action. We will prove that the map φ extends to a well-defined
homomorphism by showing that the relations in Lie2(n, i) of the generators in
Proposition 4.8 map onto the relations in Theorem 4.4. Since by Theorem 4.4
(whose proof will be completed in Section 5.1), the relations in Theorem 4.4 span
all the relations in cohomology, this also implies that the map is an isomorphism.

For each Υj in the relations of Proposition 4.8, let wj and Tj be such that Υj =
(Tj , wj). Let u be the permutation labeling the portion a of the tree corresponding
to the preamble α, and let v be the permutation labeling the portion b of the tree
corresponding to the tail β. Using Lemmas 4.6 and 4.7 we have the following.

Relation (4.8): Let ∧ ∈ {blue∧ , red∧ }. Then

φ([α(Υ2 ∧Υ1)β]) = sgn(uw2w1v) sgn(a(T2 ∧ T1)b)c̄(α(Υ2 ∧Υ1)β)

= sgn(uw1w2v) sgn(a(T1 ∧ T2)b)

· (−1)l(w1)l(w2)+|I(T1)|+|I(T2)|c̄(α(Υ2 ∧Υ1)β)

= sgn(uw1w2v) sgn(a(T1 ∧ T2)b)

· (−1)(|I(T1)|+1)(|I(T2)|+1)+|I(T1)|+|I(T2)|c̄(α(Υ2 ∧Υ1)β)

= sgn(uw1w2v) sgn(a(T1 ∧ T2)b)

· (−1)|I(T1)||I(T2)|+1c̄(α(Υ2 ∧Υ1)β).

Hence,

φ([α(Υ1 ∧Υ2)β]) + φ([α(Υ2 ∧Υ1)β]) = sgn(uw1w2v) sgn(a(T1 ∧ T2)b)

·
(
c̄(α(Υ1 ∧Υ2)β)− (−1)|I(Υ1)||I(Υ2)|c̄(α(Υ2 ∧Υ1)β)

)
.

We conclude that relation (4.8) maps to relation (4.5).
Relations (4.9) and (4.10): Let ∧, ∧̃ ∈ {blue∧ , red∧ }. Then

φ([α((Υ1 ∧Υ2)∧̃Υ3)β]) = sgn(uw1w2w3v) sgn(a((T1 ∧ T2) ∧ T3)b)

· c̄(α((Υ1 ∧Υ2)∧̃Υ3)β)

= sgn(uw1w2w3v) sgn(a(T1 ∧ (T2 ∧ T3))b)

· (−1)|I(T3)|+1c̄(α((Υ1 ∧Υ2)∧̃Υ3)β).
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φ([α(Υ2 ∧ (Υ1∧̃Υ3))β]) = sgn(uw2w1w3v) sgn(a(T2 ∧ (T1 ∧ T3))b)

· c̄(α(Υ2 ∧ (Υ1∧̃Υ3))β)

= sgn(uw1w2w3v) sgn(a(T1 ∧ (T2 ∧ T3))b)

· (−1)l(w1)l(w2)+|I(T1)|+|I(T2)|c̄(α(Υ2 ∧ (Υ1∧̃Υ3))β)

= sgn(uw1w2w3v) sgn(a(T1 ∧ (T2 ∧ T3))b)

· (−1)|I(T1)||I(T2)|+1c̄(α(Υ2 ∧ (Υ1∧̃Υ3))β).

Hence,

φ([α(Υ1∧(Υ2∧̃Υ3))β])− φ([α((Υ1 ∧Υ2)∧̃Υ3)β])− φ([α(Υ2 ∧ (Υ1∧̃Υ3))β])

(4.11)

= sgn(uw1w2w3v) sgn(a(T1 ∧ (T2 ∧ T3))b)

·
(
c̄(α(Υ1 ∧ (Υ2∧̃Υ3))β) + (−1)|I(T3)|c̄(α((Υ1 ∧Υ2)∧̃Υ3)β)

+ (−1)|I(Υ1)||I(Υ2)|c̄(α(Υ2 ∧ (Υ1∧̃Υ3))β)
)
.

By setting ∧ = ∧̃ in (4.11) we conclude that relation (4.9) maps to relation (4.6).

By adding (4.11) with ∧ =
blue
∧ and ∧̃ =

red
∧ to (4.11) with ∧ =

red
∧ and ∧̃ =

blue
∧ , we

are also able to conclude that relation (4.10) maps to relation (4.7). �

Theorem 4.5 and Corollary 3.7 yield the following result.

Corollary 4.9 (Liu [20], Dotsenko and Khoroshkin [12]). For 0 ≤ i ≤ n − 1,
dimLie2(n, i) = |Tn,i|.

5. Combinatorial bases

Throughout this section we take homology and cohomology over the integers
or over an arbitrary field k. We present three bases for cohomology and one for
homology of each interval (0̂, [n]i). Two of the three cohomology bases correspond
to known bases for Lie2(n, i) and one appears to be new. The homology basis
also appears to be new. We also present two new bases for cohomology of the full
weighted partition poset Πw

n \ {0̂}.
We say that a labeled binary tree is normalized if the leftmost leaf of each subtree

has the smallest label in the subtree. Using cohomology relation (4.5), we see that

H̃n−3((0̂, [n]i)) is generated by maximal chains of the form c̄(T, σ), where (T, σ) is

a normalized binary tree in BT n,i. The first two bases for H̃n−3((0̂, [n]i)) presented
here are subsets of this set of maximal chains.

5.1. A bicolored comb basis for H̃n−3((0̂, [n]i)) and Lie2(n, i). In this section

we present a generalization of a classical basis for H̃n−3(Πn) and a corresponding
generalization of a classical basis for Lie(n); the classical bases are sometimes re-
ferred to as comb bases (see [31, Section 4]). The generalization for Lie2(n) is due
to Bershtein, Dotsenko and Khoroshkin (see [4] and [11, Theorem 4]).

A bicolored comb is a normalized bicolored binary tree that satisfies the following
coloring restriction: for each internal node x whose right child y is not a leaf, x is
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colored red and y is colored blue. Let Comb2n be the set of bicolored combs in BT n

and let Comb2n,i be the set of bicolored combs in BT n,i. The set of bicolored combs
for n = 3 is depicted in Figure 6.

Red

Blue

1 2

3 1 2

3

1 2

3

1 2

3

1 3

2

1 3

2

1 3

2 1 3

2

2 3

1

Figure 6. Set of bicolored combs for n = 3

We refer to such trees as bicolored combs because the monochromatic ones are the
usual left combs in the sense of [31]; indeed if a bicolored comb is monochromatic,
then the right child of every internal node is a leaf and the leftmost leaf label of
the tree is the smallest label. In this case we get the usual left comb, which has the
form

m l2

l3

lk−1

lk

where m and all the lj are leaves, and m is the smallest label, usually 1.
Bershtein, Dotsenko and Khoroshkin [4, Lemma 5.2] present the results that

{[T, σ] : (T, σ) ∈ Comb2n,i} spans Lie2(n, i) and |Comb2n| = nn−1. Since it was

already known from [20] and [11] that dimLie2(n) = nn−1, they conclude that
{[T, σ] : (T, σ) ∈ Comb2n,i} is a basis for Lie2(n, i). For the sake of completeness we

give a detailed proof that the corresponding set {c̄(T, σ) : (T, σ) ∈ Comb2n,i} spans

cohomology and we give an alternative proof of |Comb2n| = nn−1.

Proposition 5.1. The set {c̄(T, σ) : (T, σ) ∈ Comb2n,i} spans H̃n−3((0̂, [n]i)), for
all 0 ≤ i ≤ n− 1.

Proof. We prove this result by “straightening” via the relations in Theorem 4.4.
Define the weight w(T ) of a bicolored binary tree T to be

w(T ) =
∑

x∈I(T )

r(x),

where I(T ) is the set of internal nodes of T and r(x) is the number of internal nodes
in the right subtree of x. We say a node y of T is a right descendent of a node x if y
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can be reached from x along a path of right edges. Next we define an inversion of
T to be a pair of internal nodes (x, y) of T such that x is blue and y is a red right
descendent of x. Let inv(T ) be the number of inversions of T . The weight-inversion
pair of T is (w(T ), inv(T )). We order these pairs lexicographically; that is, we say
(w(T ), inv(T )) < (w(T ′), inv(T ′)) if either w(T ) < w(T ′) or w(T ) = w(T ′) and
inv(T ) < inv(T ′). For Υ = (T, σ) ∈ BTn, let w(Υ) := w(T ) and inv(Υ) := inv(T ).
Also define the weight-inversion pair of Υ to be that of T .

It follows from (4.5) that the chains of the form c̄(Υ), where Υ is a normalized

bicolored binary tree in BT n,i, span H̃n−3((0̂, [n]i)). Hence to prove the result we
need only show that if Υ ∈ BT n,i is a normalized bicolored binary tree that is not
a bicolored comb, then c̄(Υ) can be expressed as a linear combination of chains
of the form c̄(Υ′), where Υ′ is a normalized bicolored binary tree in BT n,i such
that (w(Υ′), inv(Υ′)) < (w(Υ), inv(Υ)) in lexicographic order. It will then follow
by induction on the weight-inversion pair that c̄(Υ) can be expressed as a linear

combination of chains of the form c̄(Υ′), where Υ′ ∈ Comb2n,i.
Now let Υ ∈ BT n,i be a normalized bicolored binary tree that is not a bicolored

comb. Then Υ must have a subtree of one of the following forms: Υ1
blue
∧ (Υ2

blue
∧ Υ3),

Υ1
red
∧ (Υ2

red
∧ Υ3), or Υ1

blue
∧ (Υ2

red
∧ Υ3). We will show that in all three cases c̄(Υ) can

be expressed as a linear combination of chains with a smaller weight-inversion pair.

Case 1. Υ has a subtree of the form Υ1
blue
∧ (Υ2

blue
∧ Υ3). We can therefore express Υ

as α(Υ1
blue
∧ (Υ2

blue
∧ Υ3))β. Using relation (4.6) (and relation (4.5)) we have that

c̄(α(Υ1
blue
∧ (Υ2

blue
∧ Υ3))β) = ±c̄(α((Υ1

blue
∧ Υ2)blue∧ Υ3)β)± c̄(α((Υ1

blue
∧ Υ3)blue∧ Υ2)β).

(The signs in the relations of Theorem 4.4 are not relevant here and have therefore
been suppressed.)

It is easy to see that

w(α((Υ1
blue
∧ Υ2)blue∧ Υ3)β) = w(α((Υ1

blue
∧ Υ3)blue∧ Υ2)β)

= w(α(Υ1
blue
∧ (Υ2

blue
∧ Υ3))β)− |I(Υ3)| − 1.

Hence c̄(Υ) can be expressed as a linear combination of chains of smaller weight,
and therefore of a smaller weight-inversion pair.

Case 2. Υ has a subtree of the form Υ1
red
∧ (Υ2

red
∧ Υ3). An argument analogous to

that of Case 1 shows that c̄(Υ) can be expressed as a linear combination of chains
of a smaller weight-inversion pair.

Case 3. Υ has a subtree of the form Υ1
blue
∧ (Υ2

red
∧ Υ3). Using relation (4.7) (and

relation (4.5)) we have that

c̄(α(Υ1
blue
∧ (Υ2

red
∧ Υ3))β) = ±c̄(α(Υ1

red
∧ (Υ2

blue
∧ Υ3))β)

±c̄(α((Υ1
blue
∧ Υ2)red∧ Υ3)β)

±c̄(α((Υ1
red
∧ Υ2)blue∧ Υ3)β)

±c̄(α((Υ1
blue
∧ Υ3)red∧ Υ2)β)

±c̄(α((Υ1
red
∧ Υ3)blue∧ Υ2)β).

Just as in Case 1, all the labeled bicolored trees on the right hand side of the
equation, except for the first, have weight smaller than that of α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β.
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The first labeled bicolored tree, α(Υ1
red
∧ (Υ2

blue
∧ Υ3))β, has the same weight as that

of α(Υ1
blue
∧ (Υ2

red
∧ Υ3))β. However, the inversion number is reduced, that is,

inv(α(Υ1
red
∧ (Υ2

blue
∧ Υ3))β) = inv(α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β)− 1.

Hence the weight-inversion pair for the first bicolored labeled tree is less than that
of Υ := α(Υ1

blue
∧ (Υ2

red
∧ Υ3))β just as it is for the other bicolored labeled trees on

the right hand side of the equation. We conclude that c̄(Υ) can be expressed as a
linear combination of chains of a smaller weight-inversion pair. �

Proposition 5.2 (Bershtein, Dotsenko and Khoroshkin [4]). Let n ≥ 1. Then
|Comb2n| = nn−1.

Proof. We present a different proof than that of [4]. Our proof is by induction on
n. The cases |Comb21| = 1 and |Comb22| = 2 are trivially verified. For n ≥ 3 assume

that |Comb2k| = kk−1 for any k < n. We claim that

(5.1) |Comb2n| = (n− 1)n−1 +
n−1∑
k=1

(
n− 1

k

)
(n− k)n−k−1(k − 1)k−1.

To prove the claim we show that the term that precedes the summation counts blue-
rooted bicolored combs and the kth term of the sum counts red-rooted bicolored
combs whose right subtree has k leaves. To construct a blue-rooted bicolored comb
T ∈ Comb2n, we can choose the right subtree, which is a leaf, in n−1 different ways,
and the left subtree, which is a bicolored comb, in (n − 1)n−2 different ways, by
induction. Hence there are (n− 1)n−1 blue-rooted bicolored combs. To construct a
red-rooted bicolored comb T ∈ Comb2n whose right subtree has k leaves, first choose
k labels for the right subtree in

(
n−1
k

)
different ways. Then choose a right subtree

that uses these labels. Since the right subtree must be a blue-rooted bicolored
comb, there are (k − 1)k−1 ways to choose such a subtree by the previous case.
Now choose the left subtree, which is a bicolored comb, in (n − k)n−k−1 different
ways by induction.

By setting x, z := −1, y := n and n := n− 1 in Abel’s polynomial identity (2.4),
we have

(n− 1)n−1 = −
n−1∑
k=0

(
n− 1

k

)
(n− k)n−k−1(k − 1)k−1

= nn−1 −
n−1∑
k=1

(
n− 1

k

)
(n− k)n−k−1(k − 1)k−1.

It therefore follows from (5.1) that |Comb2n| = nn−1. �

Theorem 5.3. The set {c̄(T, σ) : (T, σ)∈Comb2n,i} is a basis for H̃n−3((0̂, [n]i)).

Proof. It follows from Propositions 5.1 and 5.2 that {c̄(T, σ) : (T, σ) ∈ Comb2n}
spans

⊕n−1
i=0 H̃n−3((0̂, [n]i)) and is of cardinality nn−1. Since, by Corollary 3.7,

rank
⊕n−1

i=0 H̃n−3((0̂, [n]i)) = nn−1, the result holds. �

Remark 5.4. Since the only relations used in the straightening algorithm of Propo-
sition 5.1 are the relations of the presentation given in Theorem 4.4, it follows
from Theorem 5.3 that these relations are the only relations needed to present
H̃n−3((0̂, [n]i)). Thus the final step of the proof of Theorem 4.4 is now complete.
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Remark 5.5. Note that by switching left and right, small and large, blue and red,
we get 8 different variations of bicolored comb bases.

5.2. A bicolored Lyndon basis for H̃n−3((0̂, [n]i)) and Lie2(n, i). In this sec-

tion, we describe the ascent-free chains of the EL-labeling of [0̂, [n]i] given in The-

orem 3.2. Recall from Theorem 3.3 that these yield a basis for Hn−3((0̂, [n]i)).
By applying the isomorphism of Theorem 4.5, one gets a corresponding basis for
Lie2(n, i), which is the classical Lyndon basis for Lie(n) when i = 0, n− 1.

We begin by recalling the Lyndon basis for Lie(n). A Lyndon tree is a labeled
binary tree (T, σ) such that for each internal node x of T the smallest leaf label of
the subtree Tx rooted at x is in the left subtree of Tx and the second smallest label
is in the right subtree of Tx. Let Lynn be the set of Lyndon trees whose leaf labels
form the set [n]. The set {[T, σ] : (T, σ) ∈ Lynn} is the classical Lyndon basis for
Lie(n).

For each internal node x of a binary tree let L(x) denote the left child of x and
R(x) denote the right child. For each node x of a bicolored labeled binary tree
(T, σ) define its valency v(x) to be the smallest leaf label of the subtree rooted at
x. A Lyndon tree is depicted in Figure 7 illustrating the valencies of the internal
nodes. The following alternative characterization of Lyndon tree is easy to verify.

Proposition 5.6. Let (T, σ) be a labeled binary tree. Then (T, σ) is a Lyndon tree
if and only if it is normalized and for every internal node x of T we have

(5.2) v(R(L(x))) > v(R(x)).

1

2

2

2

1

31

1

3

21 6

54

9

7

8

Figure 7. Example of a Lyndon tree. The numbers above the
lines correspond to the valencies of the internal nodes

We will say that an internal node x of a labeled binary tree (T, σ) is a Lyndon
node if (5.2) holds. Hence Proposition 5.6 says that (T, σ) is a Lyndon tree if and
only if it is normalized and all its internal nodes are Lyndon nodes.

A bicolored Lyndon tree is a normalized bicolored binary tree that satisfies the
following coloring restriction: for each internal node x that is not a Lyndon node,
x is colored blue and its left child is colored red. The set of bicolored Lyndon trees
for n = 3 is depicted in Figure 8.

Clearly if a bicolored Lyndon tree is monochromatic, then all its nodes are Lyn-
don nodes. Hence the monochromatic ones are the classical Lyndon trees.

Let Lyn2n,i be the set of bicolored Lyndon trees in BT n,i. We will show that

the ascent-free chains of the EL-labeling of [0̂, [n]i] given in Theorem 3.2 are of
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Red

Blue

2 3

1 2 3

1

2 3

1

2 3

1

1 3

2

1 3

2

1 3

2 1 3

2

1 2

3

Figure 8. Set of bicolored Lyndon trees for n = 3

the form c(T, σ, τ ), where (T, σ) ∈ Lyn2n,i and τ is a certain linear extension of the
internal nodes of T , which we now describe. It is easy to see that there is a unique
linear extension of the internal nodes of (T, σ) ∈ BT n,i in which the valencies of the
nodes weakly decrease. Let τT,σ denote the permutation that induces this linear
extension.

Theorem 5.7. The set {c(T, σ, τT,σ) : (T, σ) ∈ Lyn2n,i} is the set of ascent-free

maximal chains of the EL-labeling of [0̂, [n]i] given in Theorem 3.2.

Proof. We begin by showing that c := c(T, σ, τ ) is ascent-free whenever (T, σ) ∈
Lyn2n,i and τ = τT,σ. Let xi be the ith internal node of T in postorder. Then by
the definition of τ := τT,σ,

(5.3) v(xτ(1)) ≥ v(xτ(2)) ≥ · · · ≥ v(xτ(n−1)),

where v is the valency. For each i, the ith letter of the label word λ(c) is given by

λi(c) = (v(L(xτ(i))), v(R(xτ(i))))
ui = (v(xτ(i)), v(R(xτ(i))))

ui ,

where ui = 0 if xτ(i) is blue and is 1 if xτ(i) is red. Note that since (T, σ) is
normalized, v(R(xτ(i))) �= v(R(xτ(i+1))) for all i ∈ [n − 1]. Now suppose the word
λ(c) has an ascent at i. Then it follows from (5.3) that

(5.4) v(xτ(i)) = v(xτ(i+1)), v(R(xτ(i))) < v(R(xτ(i+1))), and ui ≤ ui+1.

The equality of valencies implies that xτ(i) = L(xτ(i+1)) since (T, σ) is normalized.
Hence by (5.4),

v(R(L(xτ(i+1)))) < v(R(xτ(i+1))).

It follows that xτ(i+1) is not a Lyndon node. So by the coloring restriction on
bicolored Lyndon trees, xτ(i+1) must be colored blue and its left child xτ(i) must
be colored red. This implies ui = 1 and ui+1 = 0, which contradicts (5.4). Hence
the chain c is ascent-free.

Conversely, assume c is an ascent-free maximal chain of [0̂, [n]i]. Then c =
c(T, σ, τ ) for some bicolored labeled tree (T, σ) and some permutation τ ∈ Sn−1.
We can assume without loss of generality that (T, σ) is normalized. Since c is
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ascent-free, (5.3) holds. This implies that τ is the unique permutation that induces
the valency-decreasing linear extension, namely τT,σ.

If all internal nodes of (T, σ) are Lyndon nodes we are done. So let i ∈ [n − 1]
be such that xτ(i) is not a Lyndon node. That is,

v(R(L(xτ(i)))) < v(R(xτ(i))).

Since (T, σ) is normalized and (5.3) holds, L(xτ(i)) = xτ(i−1). Hence, v(R(xτ(i−1)))
< v(R(xτ(i))). Since (T, σ) is normalized we also have v(L(xτ(i−1))) = v(L(xτ(i))).
Hence to avoid an ascent at i−1 in c, we must color xτ(i−1) red and xτ(i) blue, which
is precisely what we need to conclude that (T, σ) is a bicolored Lyndon tree. �

From Theorem 3.3, Lemma 4.3 and Theorem 4.5 we have the following corollary.

Corollary 5.8. The set {c̄(T, σ) : (T, σ) ∈ Lyn2n,i} is a basis for H̃n−3((0̂, [n]i)),

and the set {[T, σ] : (T, σ) ∈ Lyn2n,i} is a basis for Lie2(n, i).

Remark 5.9. Note that by switching left and right, small and large, blue and red,
we get 8 different variations of bicolored Lyndon bases.

5.3. Liu’s bicolored Lyndon basis. In this section we describe a different gen-
eralization of the Lyndon basis due to Liu [20]. The basis we present is actually a
twisted version of the one in [20] and has an easier description. The two bases are
related by a simple bijection. In Section 5.4 we will use this basis to prove that a
certain naturally constructed set of fundamental cycles is a basis for homology of
the interval (0̂, [n]i) .

We need to define a different valency from that of the previous section. This
valency is referred to in [20] as the graphical root. Recall that given an internal
node x of a binary tree, L(x) denotes the left child of x and R(x) denotes the right
child. For each node x of a bicolored labeled binary tree (T, σ), define its valency
v(x) recursively as follows:

v(x) =

⎧⎪⎨⎪⎩
label of x if x is a leaf,

min{v(L(x)), v(R(x))} if x is a blue internal node,

max{v(L(x)), v(R(x))} if x is a red internal node.

A Liu-Lyndon tree is a bicolored labeled binary tree (T, σ) such that for each
internal node x of T ,

(1) v(L(x)) = v(x),
(2) if x is blue and L(x) is blue, then

v(R(L(x))) > v(R(x)),

(3) if x is red, then L(x) is red or is a leaf; in the former case,

v(R(L(x))) < v(R(x)).

Note that condition (1) is equivalent to the condition that v(L(x)) < v(R(x))
if x is blue and v(L(x)) > v(R(x)) if x is red. Note also that every subtree of a
Liu-Lyndon tree is a Liu-Lyndon tree. The set of Liu-Lyndon trees for n = 3 is
depicted in Figure 9.

Let Liu2n,i be the set of Liu-Lyndon trees in BT n,i. When i = 0, all internal

nodes are blue and it follows from the definition that Liu2n,0 is the set of Lyndon
trees on n leaves. When i = n − 1, all internal nodes are red and it follows from
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Figure 9. Set of Liu-Lyndon trees for n = 3

the definition that Liu2n,n−1 consists of labeled binary trees obtained from Lyndon
trees by replacing each label j by label n− j.

In [20] Liu proves that {[T, σ] : (T, σ) ∈ Liu2n,i} is a basis for Lien,i by using
a perfect pairing between Lien,i and another module that she constructs. In the
next section, we will use the natural pairing between cohomology and homology of
(0̂, [n]i) to prove this result.

We will need a bijection of Liu [20]. Let A be a finite subset of the positive
integers and let 0 ≤ i ≤ |A| − 1. Extend the definitions of Tn,i and Liu2n,i by

letting TA,i be the set of rooted trees on node set A with i descents and Liu2A,i be
the set of Liu-Lyndon trees with leaf label set A and i red internal nodes. Define
ψ : TA,i → Liu2A,i recursively as follows: if |A| = 1, let ψ(T ) be the labeled binary
tree whose single leaf is labeled with the sole element of A. Now suppose |A| > 1
and rT ∈ A is the root of T . Let x be the smallest child of rT that is larger than
rT . If no such node exists let x be the largest child of rT . Let Tx be the subtree of
T rooted at x and let T \ Tx be the subtree of T obtained by removing Tx from T .
Now let

ψ(T ) = ψ(T \ Tx) col∧ ψ(Tx),

where

col =

{
blue if x > rT ,

red if x < rT .

It will be convenient to refer to descent edges of T (i.e., edges {x, pT (x)}, where
x < pT (x)) as red edges, and nondescent edges (i.e., edges {x, pT (x)}, where x >
pT (x)) as blue edges. Hence ψ takes blue edges to blue internal nodes and red edges
to red internal nodes. Consequently ψ(T ) ∈ BT A,i if T ∈ TA,i. By induction we
see that the valuation of the root of ψ(T ) is equal to the root of T . It follows from
this that ψ(T ) ∈ Liu2A,i. It is not difficult to describe the inverse of ψ and thereby
prove the following result.

Proposition 5.10 ([20]). For all finite sets A and 0 ≤ i ≤ |A|, the map

ψ : TA,i → Liu2A,i

is a well-defined bijection.
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Remark 5.11. It follows from Corollary 3.7, Theorem 5.3, Corollary 5.8 and Propo-
sition 5.10 that

|Tn,i| = |Comb2n,i| = |Lyn2n,i| = |Liu2n,i|.
It would be desirable to find nice bijections between the given sets like that of
Proposition 5.10. In [16] González D’León constructs such a bijection between
Comb2n,i and Lyn2n,i. We leave open the problem of finding a bijection between Tn,i
and Comb2n,i or Lyn

2
n,i.

5.4. The tree basis for homology. We now present a generalization of Björner’s
NBC basis for homology of Πn (see [6, Proposition 2.2]). Recall that in Section 2.1,
we associated a weighted partition α(F ) with each forest F = {T1, . . . , Tk} on node
set [n], by letting

α(F ) = {Aw1
1 , . . . , Awk

k },
where Ai is the node set of Ti and wi is the number of descents of Ti.

Let T be a rooted tree on node set [n]. For each subset E of the edge set E(T )
of T , let TE be the subgraph of T with node set [n] and edge set E. Clearly TE is a
forest on [n]. We define ΠT to be the induced subposet of Πw

n on the set {α(TE) :
E ∈ E(T )}. See Figure 10 for an example of ΠT . The poset ΠT is clearly isomorphic
to the boolean algebra Bn−1. Hence Δ(ΠT ) is the barycentric subdivision of the
boundary of the (n − 2)-simplex. We let ρT denote a fundamental cycle of the
spherical complex Δ(ΠT ), that is, a generator of the unique nonvanishing integral
simplicial homology of Δ(ΠT ). Note that ρT =

∑
c∈M(ΠT ) ±c̄.

3

4 1

2

(a) T

12342

131|241 1341|20 10|2341

131|20|40 10|241|30 10|20|340

10|20|30|40

(b) ΠT

Figure 10. Example of a tree T with two descent edges (red
edges) and the corresponding poset ΠT

The set {ρT : T ∈ Tn,0} is precisely the interpretation of the Björner NBC basis

for homology of Πn given in [31, Proposition 2.2], and the set {ρT : T ∈ Tn,n−1} is
a variation of this basis. Björner’s NBC basis is dual to the Lyndon basis {c̄(Υ) :
Υ ∈ Lynn} for cohomology of Πn (using the natural pairing between homology and
cohomology). While it is not true in general that {ρT : T ∈ Tn,i} is dual to any of
the generalizations of the bases given in the previous sections, we are able to prove
that it is a basis by pairing it with the Liu-Lyndon basis for cohomology.

Theorem 5.12. The set {ρT : T ∈ Tn,i} is a basis for H̃n−3((0̂, [n]
i)), and the set

{c̄(Υ) : Υ ∈ Liu2n,i} is a basis for H̃n−3((0̂, [n]i)).

Our main tool in proving this theorem is Proposition A.2 (of the Appendix),
which involves the bilinear form 〈, 〉 defined in Appendix A. In order to apply
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Proposition A.2 we need total orderings of the sets Tn,i and Liu2n,i. Recall Liu’s

bijection ψ : Tn,i → Liu2n,i given in Proposition 5.10. We will show that any
linear extension {T1, T2, . . . , T|Tn,i|} of a certain partial ordering on Tn,i provided
by Liu [20] yields a matrix 〈ρTj

, c̄(ψ(Tk))〉1≤j,k≤|Tn,i| that is upper-triangular with
diagonal entries equal to ±1. Theorem 5.12 will then follow from Proposition A.2
and Theorem 3.6 (2).

We define Liu’s partial ordering ≤Liu of TA,i recursively. For |A| ≤ 2, the set
TA,i has only one element. So assume that |A| ≥ 3 and that ≤Liu has been defined
for all TB,j where |B| < |A|. Let T, T ′ ∈ TA,i. We say that T � T ′ if there exist
edges e of T and e′ of T ′ such that the following conditions hold:

• e and e′ have the same color,
• e′ contains the root of T ′,
• α(TE(T )\{e}) = α(T ′

E(T ′)\{e′}),

• T1 ≤Liu T ′
1,

• T2 ≤Liu T ′
2,

where T1 and T2 are the connected components (trees) of the forest obtained by
removing e from T , and T ′

1 and T ′
2 are the corresponding connected components

(trees) of the forest obtained by removing e′ from T ′.
Now define ≤Liu to be the transitive closure of the relation � on TA,i. It follows

from [20, Lemma 8.12] that this relation is the same as the relation ≤op that was
defined in [20, Definition 7.11] and was proved to be a partial order in [20, Lemma
7.13].

Lemma 5.13. Let T, T ′ ∈ Tn,i and let ψ : Tn,i → Liu2n,i be the bijection of Propo-
sition 5.10. If c(ψ(T ′)) ∈ M(ΠT ), then T ≤Liu T ′.

Proof. First note that if Υ1
col
∧ Υ2 is a bicolored labeled binary tree such that

c(Υ1
col
∧ Υ2) is a maximal chain in ΠT , then there is an edge e of T whose color

equals col and whose removal from T yields a forest whose connected components
(trees) T1 and T2 satisfy: c(Υ1) is a maximal chain in ΠT1

and c(Υ2) is a maximal
chain in ΠT2

.
Now recalling the definition of ψ, let x be the child of the root rT ′ of T ′, for

which

ψ(T ′) = ψ(T ′ \ T ′
x)

col
∧ ψ(T ′

x),

where col equals the color of the edge {x, rT ′}. Let e be the edge of T whose
removal yields the subtrees T1 and T2 such that c(ψ(T ′ \ T ′

x)) ∈ M(ΠT1
) and

c(ψ(T ′
x)) ∈ M(ΠT2

). Then the color of e is the same as that of the edge {x, rT ′}.
By induction we can assume that

T1 ≤Liu T ′ \ T ′
x and T2 ≤Liu T ′

x.

Since e and e′ := {x, rT ′} satisfy the conditions of the definition of �, we have
T � T ′, which implies the result. �

Proof of Theorem 5.12. Let T1, . . . , Tm be any linear extension of ≤Liu on Tn,i,
where m = |Tn,i|. It follows from Lemma 5.13 that the matrix

M := 〈ρTj
, c̄(ψ(Tk))〉1≤j,k≤m

is upper-triangular, where 〈, 〉 is the bilinear form defined in Appendix A. Since
c(ψ(T )) is a maximal chain of ΠT for all T ∈ Tn,i, the diagonal entries of M are
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Aa|Bb

1̂

ABa+b ABa+b+1

Figure 11. Type IV cohomology relation

equal to ±1. Hence M is invertible over Z or any field. The result now follows from
Propositions 5.10 and A.2 and Theorem 3.6 (2). �

Remark 5.14. Theorems 4.5 and 5.12 yield an alternative proof of Liu’s result that
{[T, σ] : (T, σ) ∈ Liu2n,i} is a basis for Lien,i.

5.5. Bases for cohomology of the full weighted partition poset. In this
section we use bicolored combs and bicolored Lyndon trees to construct bases for
H̃n−2(Πw

n \ {0̂}).
For a chain c in Πw

n , let

c̆ := c \ {0̂}.
The codimension 1 chains of Πw

n \ {0̂} are of the form c̆, where c is either

(1) unrefinable in some maximal interval [0̂, [n]i] except between one pair
of adjacent elements x < y, where [x, y] is an interval of length 2 in

[0̂, [n]i], or

(2) unrefinable in [0̂, x], where x is a weighted partition of [n] consisting of
exactly two blocks.

The former case yields the cohomology relations of Types I, II and III given in
Section 4.2, with c̄ replaced by c̆. The latter case yields the additional cohomology
relation:

Type IV: The two blocks of x are either 0-merged to get a single-block partition
z1 or 1-merged to get a single-block partition z2. The open interval
(x, 1̂) is equal to {z1, z2}; see Figure 11. Hence the Type IV elementary
cohomology relation is

(c̆ ∪ {z1}) + (c̆ ∪ {z2}) = 0.

The reader can verify, using the cohomology relations of Type I (with c̄ replaced

by c̆), that the proof of Lemma 4.3 goes through for H̃n−2(Πw
n \ {0̂}). Hence

H̃n−2(Πw
n \ {0̂}) is generated by chains of the form c̆(Υ) where Υ ∈ BT n. The

reader can also check, using the relations of Types I, II, and III, that the relations
in Theorem 4.4 hold (with c̄ replaced by c̆). It follows from the cohomology relation
of Type IV that

(5.5) c̆(Υ1
red
∧ Υ2) = −c̆(Υ1

blue
∧ Υ2),

for all Υ1
red
∧ Υ2 ∈ BT n.

Recall that Comb2n =
⋃n−1

i=0 Comb2n,i and let Lyn2n =
⋃n−1

i=0 Lyn2n,i.
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Theorem 5.15. The sets

{c̆(T, σ) : (T, σ) ∈ Comb2n, col(root(T )) = blue}
and

{c̆(T, σ) : (T, σ) ∈ Lyn2n, col(root(T )) = red}
are bases for H̃n−2(Πw

n \ {0̂}).

Proof. The comb basis: We prove by induction on the size r(Υ) of the right subtree
of Υ that if Υ is a normalized tree in BT n, then c̆(Υ) can be expressed as a linear
combination of chains of the form c̆(Υ′), where Υ′ is a blue-rooted bicolored comb.
Since the relations in Theorem 4.4 hold (with c̄ replaced by c̆), we can use the
straightening algorithm in the proof of Proposition 5.1 to express c̆(Υ) as a linear
combination of chains of the form c̆(Υ′), where Υ′ is a bicolored comb whose right
subtree has size at most r(Υ). If Υ′ is red-rooted we can use relation (5.5) to
change the root color to blue. The only way that the modified blue-rooted Υ′ will
fail to be a bicolored comb is if the right child of its root is blue, in which case we
can apply Case 1 of the straightening algorithm to Υ′. We thus have that c̆(Υ′)
is a linear combination of two chains c̆(Υ1) and c̆(Υ2), where each Υi ∈ BT n and
r(Υi) < r(Υ′) ≤ r(Υ). By induction, each c̆(Υi) is a linear combination of chains
associated with blue-rooted bicolored combs. The same is thus true for each c̆(Υ′)
and for c̆(Υ). Hence {c̆(T, σ) : (T, σ) ∈ Comb2n, col(root(T )) = blue} spans. We
conclude that this set is a basis by the step in the proof of Proposition 5.2 that
shows that there are (n− 1)n−1 blue-rooted combs and Corollary 3.7.

The Lyndon basis: From the EL-labeling of Theorem 3.2 we have that all the

maximal chains of Π̂w
n have last label (1, n + 1)0. Then for a maximal chain to

be ascent-free it must have a second to last label of the form (1, a)1 for a ∈ [n].
By Theorem 5.7, we see that the ascent-free chains correspond to red-rooted bicol-
ored Lyndon trees. It therefore follows from Theorem 3.3 and Lemma 4.3 (with c̄

replaced by c̆) that the second set is a basis for H̃n−2(Πw
n \ {0̂}). �

Since the comb basis was shown to span H̃n−3(Πw
n \ {0̂}) by using only the

relations of Theorem 4.4 and relation (5.5) we can conclude that these are the only

relations in a presentation of H̃n−3(Πw
n \ {0̂}). We summarize with the following

result.

Theorem 5.16. The set {c̆(Υ) : Υ ∈ BT n} is a generating set for H̃n−3(Πw
n \{0̂}),

subject only to the relations of Theorem 4.4 (with c̄ replaced by c̆) and relation (5.5).

6. Whitney cohomology

Whitney cohomology (over the field k) of a poset P with a minimum element 0̂
is defined for each integer r as follows:

WHr(P ) :=
⊕
x∈P

H̃r−2((0̂, x);k).

Whitney (co)homology was introduced in [1] and further studied in [29, 32]. It is
shown in [21] that if P is a geometric lattice, then there is a vector space isomor-
phism between

⊕
r WHr(P ) and the Orlik-Solomon algebra of P that becomes

a graded G-module isomorphism when G is a group acting on P . The symmetric
group Sn acts naturally on WHr(Πn) and on the multilinear component ∧rLie(n),
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of the rth exterior power of the free Lie algebra on [n]. In [3] Barcelo and Bergeron,
working with the Orlik-Solomon algebra, establish the Sn-module isomorphism

WHn−r(Πn) �Sn
∧rLie(n)⊗ sgnn .

In [31] Wachs shows that an extension of her correspondence between generating

sets of H̃n−3(Πn) and Lie(n)⊗ sgnn can be used to prove this result.
Let ∧rLie2(n) be the multilinear component of the exterior power of the free

Lie algebra on [n] with two compatible brackets. A bicolored binary forest is a
sequence of bicolored binary trees. Given a bicolored binary forest F with n leaves
and σ ∈ Sn, let (F, σ) denote the labeled bicolored binary forest whose ith leaf
from left to right has label σ(i). Let BFn,r be the set of labeled bicolored binary
forests with n leaves and r trees. If the jth labeled bicolored binary tree of (F, σ)
is (Tj , σj) for each j = 1, . . . , r, then define

[F, σ] := [T1, σ1] ∧ · · · ∧ [Tr, σr],

where now ∧ denotes the wedge product operation in the exterior algebra. The set
{[F, σ] : (F, σ) ∈ BFn,r} is a generating set for ∧rLie2(n).

The set BFn,r also provides a natural generating set for WHn−r(Πw
n ). For

(F, σ) ∈ BFn,r, let c(F, σ) be the unrefinable chain of Πw
n whose rank i partition is

obtained from its rank i− 1 partition by coli-merging the blocks Li and Ri, where
coli is the color of the ith postorder internal node vi of F , and Li and Ri are the
respective sets of leaf labels in the left and right subtrees of vi.

The symmetric group Sn acts naturally on ∧rLie2(n) and on WHr(Πw
n ) for each

r. We have the following generalization of Theorem 4.5 and [31, Theorem 7.2]. The
proof is similar to that of Theorem 4.5 and is left to the reader.

Theorem 6.1. For each r, there is an Sn-module isomorphism

φ : ∧rLie2(n) → WHn−r(Πw
n )⊗ sgnn

determined by

φ([F, σ]) = sgn(σ) sgn(F )c̄(F, σ), (F, σ) ∈ BFn,r,

where if F is the sequence T1, . . . , Tr of bicolored binary trees, then

sgn(F ) := (−1)I(T2)+I(T4)+···+I(T2�r/2�) sgn(T1) sgn(T2) . . . sgn(Tr).

Corollary 6.2. For 0 ≤ r ≤ n− 1,

dim∧n−rLie2(n) = dimWHr(Πw
n ) =

(
n− 1

r

)
nr.

Moreover if ∧Lie2(n) is the multilinear component of the exterior algebra of the
free Lie algebra on n generators and WH(Πw

n ) =
⊕

r≥0WHr(Πw
n ), then

dim∧Lie2(n) = dimWH(Πw
n ) = (n+ 1)n−1.

Proof. Since dimWHr(Πw
n ) equals the signless rth Whitney number of the first

kind |wr(Π
w
n )|, the result follows from Theorem 6.1, equation (2.6), and the binomial

formula. �

For a result that is closely related to Corollary 6.2, see [4, Theorem 2].
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7. Related work

In [15] González D’León considers a more general version of Πw
n and uses it to

study Liek(n), the multilinear component of the free Lie algebra with k compatible
brackets, where k is an arbitrary positive integer. In particular, he uses an EL-
labeling of the generalized version of Πw

n to obtain a combinatorial description of
the dimension of Liek(n). This answers a question posed by Liu [20] on how to
generalize Lie(n) further and to find the right combinatorial objects to compute
the dimensions. The comb basis and the Lyndon basis are also further generalized
in this paper to multicolored versions.

By Theorem 5.3 and Corollary 5.8 we conclude that the set of bicolored combs
and bicolored Lyndon trees are equinumerous (cf. Remark 5.11). In [15] González
D’León presents bijections between the multicolored combs, multicolored Lyndon
trees and a certain class of permutations which generalize the classical bijections
between the sets of combs, Lyndon trees and permutations in Sn−1.

It can be concluded from equation (2.3) that the generating polynomial of rooted

trees enumerated by number of descents
∑n−1

i=0 |Tn,i|ti has only negative real roots.
Since the polynomial is also palindromic (or symmetric), this implies it can be

written using nonnegative coefficients in the basis {ti(1+t)n−1−2i}�
n−1
2 	

i=0 , a property
known as γ-positivity. In [17] the γ-positivity property is discussed further and
generalized. In particular, formulas and combinatorial interpretations of the γ-
coefficients in terms of sets of normalized labeled binary trees are provided.

In a forthcoming paper we will study a more general weighted partition poset
obtained by associating weights to the bonds of an arbitrary graph on n-vertices.

Appendix A. Homology and cohomology of a poset

We give a brief review of poset (co)homology with group actions. For further
information see [33].

Let P be a finite poset of length �. The reduced simplicial (co)homology of P is
defined to be the reduced simplicial (co)homology of its order complex Δ(P ), where
Δ(P ) is the simplicial complex whose faces are the chains of P . We will review the
definition here by dealing directly with the chains of P , and not resorting to the
order complex of P .

Let k be an arbitrary field or the ring of integers Z. The (reduced) chain and
cochain complexes

· · ·
∂r+1−−−→←−−−
δr

Cr(P )
∂r−−−→←−−−
δr−1

Cr−1(P )

∂r−1−−−→←−−−
δr−2

· · ·

are defined by letting Cr(P ) be the k-module generated by the chains of length r
in P , for each integer r, and letting the boundary maps ∂r : Cr(P ) → Cr−1(P ) be
defined on chains by

∂r(α0 < α1 < · · · < αr) =
r∑

i=0

(−1)i(α0 < · · · < α̂i < · · · < αr),

where α̂i means that the element αi is omitted from the chain. Note that C−1(P )
is generated by the empty chain and Cr(P ) = (0) if r < −1 or r > �.
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Let 〈, 〉 be the bilinear form on
⊕�

r=−1Cr(P ) for which the chains of P form
an orthonormal basis. This allows us to define the coboundary map δr : Cr(P ) →
Cr+1(P ) by

〈δr(c), c′〉 = 〈c, ∂r+1(c
′)〉.

Equivalently,
(A.1)

δr(α0 < · · · < αr) =

r+1∑
i=0

(−1)i
∑

α∈(αi−1,αi)

(α0 < · · · < αi−1 < α < αi < · · · < αr),

for all chains α0 < · · · < αr, where α−1 = 0̂ and αr+1 = 1̂ of the augmented poset

P̂ in which a minimum element 0̂ and a maximum element 1̂ have been adjoined to
P .

Let r ∈ Z. Define the cycle space Zr(P ) := ker ∂r and the boundary space
Br(P ) := im ∂r+1. Homology of the poset P in dimension r is defined by

H̃r(P ) := Zr(P )/Br(P ).

Define the cocycle space Zr(P ) := ker δr and the coboundary space Br(P ) :=
im δr−1. Cohomology of the poset P in dimension r is defined by

H̃r(P ) := Zr(P )/Br(P ).

For x ≤ y consider the open interval (x, y) of P . Note that if y covers x,
then (x, y) is the empty poset whose only chain is the empty chain. Therefore

H̃r((x, y)) = H̃r((x, y)) = 0 unless r = −1, in which case H̃r((x, y)) = H̃r((x, y)) =

k. If y = x, then we adapt the convention that H̃r((x, y)) = H̃r((x, y)) = 0 unless

r = −2, in which case H̃r((x, y)) = H̃r((x, y)) = k.

Proposition A.1. Let P be a finite poset of length � whose order complex has the
homotopy type of a wedge of m spheres of dimension � − 2. Then H̃�−2(P ) and

H̃�−2(P ) are isomorphic free k-modules of rank m.

The following proposition gives a useful tool for identifying bases for top homol-
ogy and top cohomology.

Proposition A.2 (see [33, Theorem 1.5.1], [23, Proposition 6.4]). Let P be a
finite poset of length � whose order complex has the homotopy type of a wedge of m
spheres of dimension �− 2. Let {ρ1, ρ2, . . . , ρm} ⊆ Z�−2(P ) and {γ1, γ2, . . . , γm} ⊆
Z�−2(P ). If the matrix (〈ρi, γj〉)i,j∈[m] is invertible over k, then the sets {ρ1, ρ2, . . . ,
ρm} and {γ1, γ2, . . . , γm} are bases for H̃�−2(P ;k) and H̃�−2(P ;k) respectively.

Let G be a finite group. A G-poset is a poset P together with a G-action on its
elements that preserves the partial order; i.e., x < y =⇒ gx < gy in P .

Now assume that k is a field. Let P be a G-poset and let 0 ≤ r ≤ �. Since g ∈ G
takes r-chains to r-chains, g acts as a linear map on the chain space Cr(P ) (over
k). It is easy to see that for all g ∈ G and c ∈ Cr(P ),

g∂r(c) = ∂r(gc) and gδr(c) = δr(gc).

Hence g acts as a linear map on the vector spaces H̃r(P ) and on H̃r(P ). This

implies that whenever P is a G-poset, H̃r(P ) and H̃r(P ) are G-modules. The
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bilinear form 〈, 〉 induces a pairing between H̃r(P ) and Hr(P ), which allows one to
view them as dual G-modules. For G = Sn we have the Sn-module isomorphism

(A.2) H̃r(P ) �Sn
H̃r(P )

since dual Sn-modules are isomorphic.
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[24] R. P. Stanley, Finite lattices and Jordan-Hölder sets, Algebra Universalis 4 (1974), 361–371.
MR0354473 (50 #6951)

[25] R. P. Stanley, Some aspects of groups acting on finite posets, J. Combin. Theory Ser. A 32
(1982), no. 2, 132–161, DOI 10.1016/0097-3165(82)90017-6. MR654618 (83d:06002)

[26] R. P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in Advanced Mathe-
matics, vol. 62, Cambridge University Press, Cambridge, 1999. With a foreword by Gian-Carlo
Rota and appendix 1 by Sergey Fomin. MR1676282 (2000k:05026)

[27] R. P. Stanley, Enumerative combinatorics. Volume 1, 2nd ed., Cambridge Studies in Ad-
vanced Mathematics, vol. 49, Cambridge University Press, Cambridge, 2012. MR2868112

[28] H. Strohmayer, Operads of compatible structures and weighted partitions, J. Pure Appl.
Algebra 212 (2008), no. 11, 2522–2534, DOI 10.1016/j.jpaa.2008.04.009. MR2440264
(2009h:18020)

[29] S. Sundaram, The homology representations of the symmetric group on Cohen-Macaulay
subposets of the partition lattice, Adv. Math. 104 (1994), no. 2, 225–296, DOI
10.1006/aima.1994.1030. MR1273390 (96c:05189)

[30] B. Vallette, Homology of generalized partition posets, J. Pure Appl. Algebra 208 (2007),
no. 2, 699–725, DOI 10.1016/j.jpaa.2006.03.012. MR2277706 (2007m:18010)

[31] M. L. Wachs, On the (co)homology of the partition lattice and the free Lie algebra, Selected
papers in honor of Adriano Garsia (Taormina, 1994), Discrete Math. 193 (1998), no. 1-3,
287–319, DOI 10.1016/S0012-365X(98)00147-2. MR1661375 (2000b:05134)

[32] M. L. Wachs, Whitney homology of semipure shellable posets, J. Algebraic Combin. 9 (1999),
no. 2, 173–207, DOI 10.1023/A:1018694401498. MR1679252 (2000e:06004)

[33] M. L. Wachs, Poset topology: tools and applications, Geometric combinatorics, IAS/Park City
Math. Ser., vol. 13, Amer. Math. Soc., Providence, RI, 2007, pp. 497–615. MR2383132

Department of Mathematics, University of Miami, Coral Gables, Florida 33124

E-mail address: dleon@math.miami.edu

Department of Mathematics, University of Miami, Coral Gables, Florida 33124

E-mail address: wachs@math.miami.edu

http://www.ams.org/mathscinet-getitem?mr=927763
http://www.ams.org/mathscinet-getitem?mr=927763
http://www.ams.org/mathscinet-getitem?mr=2564832
http://www.ams.org/mathscinet-getitem?mr=2564832
http://www.ams.org/mathscinet-getitem?mr=558866
http://www.ams.org/mathscinet-getitem?mr=558866
http://www.ams.org/mathscinet-getitem?mr=696291
http://www.ams.org/mathscinet-getitem?mr=696291
http://www.ams.org/mathscinet-getitem?mr=2329312
http://www.ams.org/mathscinet-getitem?mr=2329312
http://www.ams.org/mathscinet-getitem?mr=0354473
http://www.ams.org/mathscinet-getitem?mr=0354473
http://www.ams.org/mathscinet-getitem?mr=654618
http://www.ams.org/mathscinet-getitem?mr=654618
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=2868112
http://www.ams.org/mathscinet-getitem?mr=2440264
http://www.ams.org/mathscinet-getitem?mr=2440264
http://www.ams.org/mathscinet-getitem?mr=1273390
http://www.ams.org/mathscinet-getitem?mr=1273390
http://www.ams.org/mathscinet-getitem?mr=2277706
http://www.ams.org/mathscinet-getitem?mr=2277706
http://www.ams.org/mathscinet-getitem?mr=1661375
http://www.ams.org/mathscinet-getitem?mr=1661375
http://www.ams.org/mathscinet-getitem?mr=1679252
http://www.ams.org/mathscinet-getitem?mr=1679252
http://www.ams.org/mathscinet-getitem?mr=2383132

	1. Introduction
	2. Basic properties
	3. Homotopy type of the poset of weighted partitions
	4. Connection with the doubly bracketed free Lie algebra
	5. Combinatorial bases
	6. Whitney cohomology
	7. Related work
	Appendix A. Homology and cohomology of a poset
	Acknowledgement
	References

