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PACKING STABILITY FOR SYMPLECTIC 4-MANIFOLDS

O. BUSE, R. HIND, AND E. OPSHTEIN

Abstract. The packing stability in symplectic geometry was first noticed
by Biran (1997): the symplectic obstructions to embed several balls into a

manifold disappear when their size is small enough. This phenomenon is known
to hold for all closed manifolds with rational symplectic class, as well as for
all ellipsoids. In this note, we show that packing stability holds for all closed,
and several open, symplectic 4-manifolds.

1. Introduction

In [Bir97, Bir99], Biran discovered the packing stability phenomenon: in some
symplectic 4-manifolds, the symplectic obstructions to pack N identical balls dis-
appear when N becomes large enough. He later generalized this result to every
closed symplectic 4-manifold with rational symplectic class ([ω] ∈ H2(M,Q)).

In this paper we generalize these results in several directions, by applying the
singular inflation technique developed in [Ops13b, MO15]. We generalize Biran’s
packing stability to all symplectic 4-manifolds, and also to a class of open sym-
plectic 4-manifolds including ellipsoids and domains we call pseudo-balls. For these
manifolds, we establish not just packing stability but strong packing stability, which
we define now. The definition is in the spirit of Biran’s first results on the subject
[Bir97]. Throughout B(λ) will denote an open ball of capacity λ (see Definition

1.3) and we will write U
ω
↪→ V for a symplectic embedding.

Definition 1.1. A symplectic manifold X has property P(λ) if for all collections of

real numbers (λi) with λi < λ ∀i, �B(λi)
ω
↪→ X if and only if the volume obstruction

1
2

∑
λ2
i ≤ Vol(X) is satisfied. We say that X has strong packing stability if it

satisfies P(λ) for some λ. We then define

Λ(X) := sup{λ | X verifies P(λ)}.

If there exists a μ such that for all λ < μ we have �B(λ)
ω
↪→ X if and only if the

volume obstruction is satisfied, then we say that X has packing stability. (In other
words, we only consider embeddings by equally sized balls.)

Remark 1.2. Since the volume inequality used is not strict, this definition even of
packing stability is stronger than those used previously (for example in [BH11])
which ask for embeddings only if the union of balls has strictly smaller volume. Of
course, to obtain embeddings in the case of equal volume, it is necessary for us to
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work with open balls. Such embeddings were called very full fillings in [LMS13],
Section 7.

Our main result is the following.

Theorem 1. All closed 4-dimensional symplectic manifolds have strong packing
stability.

To prove this theorem we will first need to establish strong packing stability for
some open symplectic manifolds, and these results are interesting in themselves.
To define these domains we work in C2 with its standard symplectic form.

Definition 1.3. Let U ⊂ C2 be the interior of a domain of the form {(z, w) ∈
C2 | (π|z|2, π|w|2) ∈ P} where P is a subset of the first quadrant in R2.

If P is the convex hull P = Conv 〈(0, 0), (a, 0), (0, b)〉, then we say U is a sym-
plectic ellipsoid E(a, b). A ball of capacity a is an ellipsoid B(a) = E(a, a), and we
write τE(a, b) for E(τa, τb).

If P = Conv 〈(0, 0), (0, a), (b, 0), (α, β)〉 for some a > α, b > β and a, b < α + β,
then we say that U is a pseudo-ball T (a, b, α, β).

Now we can state the following.

Theorem 2. The 4-dimensional ellipsoids have strong packing stability. Moreover,
the function Λ(E(1, a)) is locally bounded below on R∗.

Note that since any rational symplectic manifold has full packing by an ellipsoid
[Ops07], this theorem clearly implies Biran’s original result.

Corollary 1.4. All closed symplectic 4-manifolds with rational symplectic class
have strong packing stability.

Strong packing stability for ellipsoids does not immediately imply packing sta-
bility for all closed manifolds, however, because the following remains a conjecture.

Conjecture 1. Every (closed) 4-dimensional symplectic manifold is fully packed
by one ellipsoid.

Nevertheless we will show that any symplectic 4-manifold can be decomposed
(up to a subset of volume 0) into finitely many open symplectic manifolds, each
of which has a Hamiltonian toric action with convex associated polytope, namely
ellipsoids and pseudo-balls. Theorem 1 will then follow from Theorem 2 and the
following strong packing stability for pseudo-balls.

Theorem 3. The pseudo-balls have strong packing stability. Moreover, the function
Λ(T (a, b, α, β)) is locally bounded on {α < a < α + β, β < b < α + β} ⊂ R4.

Related results. In [BH11,BH13], the first two authors proved that rational sym-
plectic manifolds in all dimensions have packing stability. It remains an open ques-
tion whether higher dimensional rational manifolds have strong packing stability.
The proof argues as in Corollary 1.4 by first showing that all ellipsoids have packing
stability and then remarking that any rational symplectic manifold admits a vol-
ume filling embedding from an ellipsoid. The ellipsoid packing stability ultimately
relied on an embedding result for 4-dimensional ellipsoids.

Theorem (Buse-Hind). There exists a continuous function f : [1,∞) → [1,∞)
such that if b > f(a), then there exists a symplectic embedding λE(1, b) → E(1, a)
if any only if the volume condition is satisfied.
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This immediately implies ellipsoid packing stability in four dimensions since an
ellipsoid E(1, k) can be fully filled by k balls. The proof of the above theorem
in [BH13] relied on Embedded Contact Homology, although the theorem in fact
also follows from the strong packing stability we establish here. Indeed, work of
McDuff says that an ellipsoid embedding in dimension 4 exists whenever there exists
an embedding of a union of balls of appropriate sizes. It would be interesting to
compare the corresponding bounds on the function f .

Recent work of Latschev, McDuff and Schlenk in [LMS13] implies a version of
packing stability of 4-dimensional tori with linear symplectic forms (most of which
are irrational). Indeed, if T is a linear 4-dimensional torus not a product of 2-

dimensional tori of equal area, then we have an embedding �B(λi)
ω
↪→ X whenever

the volume obstruction 1
2

∑
λ2
i < Vol(X) is satisfied. For the product T (μ, μ) of

two tori of area μ this remains true given the additional condition that λi < μ for all
i. Recent work of Entov and Verbitsky extends these results to higher dimensional
tori [EV16]. However it remains an open question whether or not these tori have
strong packing stability in the sense of Definition 1.1 (that is, with only a weak
volume inequality).

Organization of the paper and description of methods. As mentioned above,
the main ingredient for our arguments is to show that two types of open symplec-
tic manifolds, an ellipsoid and a pseudo-ball, have strong packing stability. The
conclusion of the proof of packing stability for ellipsoids (Theorem 2) is found in
Section 3.3 and we explain how the case of the pseudo-ball (Theorem 3) follows
along the same lines in Section 4.

Both these results are consequences of two technical lemmas, which we deal with
first. One is a basic result on packing stability of blow-ups of P2 (proved in Section
2), which serves as a building block for all our other packing stability results.

Lemma 1.5. All symplectic forms ω̂ on the p-fold blow-up P̂2
p of P2 have strong

packing stability. Moreover Λ(ω̂) is bounded from below by a quantity which depends

only on the volume of (P̂2
p, ω̂).

The second lemma, which might be of independent interest, allows us to isotope
any packing by ellipsoids into a good position with respect to a given symplectic
curve, assuming only the necessary area requirements.

Lemma 1.6. Let �k
i=1E(ai, bi)�k′

i=1E(a′i, b
′
i)�k′′

i=1E(a′′i , b
′′
i )�k(3)

i=1 E(a
(3)
i , b

(3)
i )

ϕ
↪→ P2

be a symplectic embedding, which is the restriction of an embedding of the disjoint
union of closed ellipsoids, and let C an immersed, possibly reducible, symplectic
curve with positive self-intersections only. We denote by Ei the ellipsoid E(ai, bi),
by E′

i the ellipsoid E(a′i, b
′
i), and so on.

Let us assign a component of C to each ellipsoid E(ai, bi) and to each E(a′i, b
′
i).

Suppose we can also assign a self-intersection point of C to each ellipsoid E(a′′i , b
′′
i )

together with a different branch for the two axes of the ellipsoids. Assume that
each component of C has area strictly greater than the sum of all ap, b

′
q, a

′′
r and

b′′s for which E(ap, bp), E(a′q, b
′
q), the first axis of E(a′′r , b

′′
r ) and the second axis of

E(a′′s , b
′′
s ) are assigned to it.
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Then C is symplectically isotopic to a C ′ with the following properties:

Ei ∩ C ′ = ϕ({w = 0}) = ϕ(D(ai) × {0}),
E′

i ∩ C ′ = ϕ({z = 0}) = ϕ({0} × D(b′i)),
E′′

i ∩ C ′ = ϕ({z = 0} ∪ {w = 0}) = ϕ(D(a′′i ) × {0} ∪ {0} × D(b′′i )),

E
(3)
i ∩ C ′ = ∅.

We prove this lemma in Section 3.2, after recalling some results of McDuff re-
lating ellipsoid and ball packings in Section 3.1.

Remark 1.7. Although this lemma definitely uses the fact that C is J-holomorphic
for an ω-compatible J , it does not seem to be a purely pseudo-holomorphic state-
ment. The lemma applies in cases when our J-curves have very negative index, and
can therefore be found only in very large-dimensional families of almost complex
structure. This makes the task of finding isotopies of these curves via pseudo-
holomorphic methods rather hopeless. The proof relies instead on the singular
inflation technique, and what might be surprising is that it shows that this state-
ment belongs to the soft side of symplectic geometry.

Given these preliminaries, Theorem 1 is put together in Section 5. In Section
5.1 we describe the decomposition of (irrational) symplectic manifolds into a finite
number of ellipsoids and pseudo-balls. Applying the packing stability for these open
manifolds, we complete the proof of Theorem 1 in Section 5.2.

2. Packing stability of rational surfaces

The aim of this section is to explain Lemma 1.5. We recall the following result
by Biran [Bir97]. Let (P̂2

p, ω̂) be a symplectic blow-up of P2, and call Ω := [ω̂] the
cohomology class of ω̂ (see [MS98, section 7.1] for a description of the symplectic
blow-up). We normalize so that lines in P2 have area 1. Define

dΩ := inf

{
Ω(B)

c1(B)
| B ∈ H2(P̂

2
p,Z), B2 ≥ 0, Ω(B) > 0, c1(B) ≥ 2

}
.

Here c1(B) := c1(T P̂
2
p, J)[B] is the evaluation of the first Chern class of the com-

plex vector bundle given by associating (any) compatible almost-complex structure
J to ω̂.

Theorem (Biran). The quantity dΩ bounds Λ(P̂2
p, ω̂) from below.

Strictly speaking, Biran states that for ai < dΩ and
∑ a2

i

2 < Vol (P̂2
p), there

exists a packing by balls of size ai. But since McDuff proved that all the symplectic
packings by balls of size (ai) are symplectic isotopic in the blow-ups of P2 [McD98],
a classical limiting argument implies that such packings also exist under the relaxed

condition that
∑ a2

i

2 ≤ Vol (P2
p). Of course, this theorem is interesting only when

dΩ > 0. Lemma 1.5 will therefore follow if we can bound dΩ from below by a
quantity which depends only on the volume of (P̂2

p, ω̂). This is precisely the content
of the following lemma.

Lemma 2.1. Let ω̂ be a symplectic form on P̂2
p obtained by blowing-up p closed

balls of sizes (λ1, . . . , λp). Denoting by κ :=
√∑

λ2
i , we have

dΩ ≥ 1 − κ

3 +
√
p

=
1 −

√
1 − 2Vol(P̂2

p)

3 +
√
p

.
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Note that to be able to blow-up balls of these sizes we automatically have κ < 1.

Proof. Let B ∈ H2(P̂
2
p), decomposed in the following way:

B = kL−
∑

miEi,

where L,E1, . . . , Ep is the standard basis of H2(P̂
2
p), and k,mi are integers.

The condition B2 ≥ 0 implies that k2 −
∑

m2
i ≥ 0, hence

(1)
∑

m2
i ≤ k2.

Hence by the Cauchy-Schwartz inequality, for a class with B2 ≥ 0 we have∣∣∣∑miλi

∣∣∣ ≤
√∑

m2
i

√∑
λ2
i = κ

√∑
m2

i ≤
√∑

m2
i ≤ |k|.

Now Ω(B) = k −
∑

miλi. We therefore see that under the conditions B2 ≥ 0
and Ω(B) > 0 we have Ω(B) ≤ k + |k| and hence k > 0 and, by the same Cauchy-
Schwarz inequality,

Ω(B) ≥ k(1 − κ).

Finally, for a class with B2 ≥ 0 and Ω(B) > 0,

c1(B) = 3k −
∑

mi ≤ 3k +
√
p
√∑

m2
i ≤ 3k +

√
pk.

Putting these inequalities together, we get:

dΩ ≥ (1 − κ)k

(3 +
√
p)k

=
1 − κ

3 +
√
p
. �

3. Packing stability of ellipsoids

3.1. Background results on ellipsoid embeddings. We recall two facts on em-
bedding of ellipsoids. The first one, stated in [McD09], relates ellipsoid embeddings
to ball packings.

Theorem 4 (McDuff, [McD09]). For each a ∈ Q+, there is an integer p(a)
and weights w(a) := (w1(a), . . . , wp(a)(a)), such that for all rational symplectic

4-manifolds (X,ω), τE(1, a)
ω
↪→ X if and only if �τB(wi)

ω
↪→ X.

The second one follows readily from the proof of the previous theorem, in par-
ticular the construction of the wi(a).

Lemma 3.1. Fix a ∈ R. There exists ε0 (that depends on a), such that for all
ε < ε0 and a′ with |a′ − a| < ε, p′(a) > p(a) and w(a′) verifies the following:

|wi(a
′) − wi(a)| < ε ∀i ≤ p,

|wi(a
′)| < ε ∀i > p.

We will need to apply not only Theorem 4, but also the blowing up procedure
in a neighborhood of an ellipsoid which it relies on. Therefore we briefly recall this
procedure now, following [McD09, Section 3].

First of all, the number of steps in a continued fraction expansion gives us a func-
tion p : Q+ → N. Then McDuff shows that corresponding to each rational ellipsoid
E = E(a, b) and p-tuple δ ∈ Rp of small (admissible) numbers, where p = p(b/a),
there is a sequence of symplectic spheres S1, . . . , Sp which are J-holomorphic for
a tame almost-complex structure on a suitable p-fold blow-up of C2. The comple-
ment of

⋃
Sj in a neighborhood V of

⋃
Sj is symplectomorphic to a neighborhood
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of the boundary of a domain in C2 which contains E (and approximates it when the
parameter δ goes to 0 and the neighborhood V shrinks to

⋃
Sj). In other words,

some neighborhood of E can be replaced by a neighborhood of a configuration of
J-holomorphic curves, and conversely, by a version of Weinstein’s theorem, some
neighborhood of such a configuration of curves with suitable areas and relative
intersections can be removed and replaced with a neighborhood of our ellipsoid E.

The sequence of curves Sj is constructed recursively starting with a neighborhood
U0 ⊂ C2 of E which is defined in terms of the choice of δ. The precise algorithm
for the blowing-up can be found in [McD09], here we just outline briefly how the
singular set arises.

Step 1. At the first stage we blow-up a ball of size k1 = aw1(b/a) + δ1 = a + δ1
inside U0. The ball intersects the short axis, say {z2 = 0}, of E along a complex line
and so the blow-up U1 contains an exceptional divisor E1 and the proper transform
C1 of {z2 = 0}.

Step 2. Now we blow-up a ball of size k2 = aw2(b/a) + δ2 inside U1. This ball will
intersect E1 and {z1 = 0} along complex lines while avoiding C1. Thus the blow-up
U2 will contain an exceptional divisor E2, the proper transform of E1, the proper
transform C2 of {z1 = 0} and still C1.

Step i. Again we blow-up a ball of a certain size ki = awi(b/a) to produce a blow-up
Ui of Ui−1 with an exceptional divisor Ei. This ball will intersect exactly two of
the curves we have considered previously, that is, proper transforms of C1, C2 or
Ej for j < i, and will intersect these along complex lines.

The construction is performed so that the volume of Up is of order δ and all
points originally in the ellipsoid E eventually lie in one of the balls to be blown-
up. The curve Sj is the proper transform of Ej . Thus its self-intersection is −1
minus the number of subsequent balls which intersect the transform of Ej . The
construction is such that Sp = Ep is the only curve with intersection −1 and the
Sj for j < p all have area of order δ.

The proper transforms of C1 and C2 will each intersect exactly one of the Sj ,
corresponding to the last ball which intersects the transform of the planes {z2 = 0}
and {z1 = 0} respectively. When we reverse the construction we may assume that
any given holomorphic curve which intersects this Sj in a single point transversally
is blown-down to a curve intersecting our neighborhood of E in the corresponding
axis.

3.2. Ellipsoid embeddings in good positions relative to a given curve. In
this section we give the proof of Lemma 1.6

First note that since we start with embeddings of closed ellipsoids, and since
the area inequalities for components of C are strict, the embeddings extend to
disjoint rational ellipsoids which still satisfy the inequalities. Hence we may assume
that all of our ellipsoids are rational. Moreover when choosing parameters δ as in
Section 3.1 we will assume that the embeddings of disjoint closed ellipsoids extend
to embeddings of disjoint neighborhoods of size δ. As in Section 2 we normalize so
that lines in P2 have area 1.

We need to show that C is symplectically isotopic to a curve C ′ in a special
position with respect to the ellipsoids. Since in P2, ellipsoid packings are all isotopic
(see [MO15]), we can alternatively prove that there exists a packing by the same
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ellipsoids which is in the desired position with respect to C (we will say for short
that our packing is directed by the curve C).

Our hypotheses on the existence of intersection points together with Darboux’s
theorem imply the existence at least of directed symplectic embeddings of the union

�τEi � τE′
i � τE′′

i � τE
(3)
i for τ sufficiently small.

We then blow-up the scaled ellipsoids (or rather the correct neighborhood of the
ellipsoids), as described in Section 3.1. This provides a symplectic form ω̂τ on the

P -fold blow-up P̂2
P of P2, where

P =

k∑
i=1

p
( bi
ai

)
+

k′∑
i=1

p
( b′i
a′i

)
+

k′′∑
i=1

p
( b′′i
a′′i

)
+

k(3)∑
i=1

p
( b(3)i

a
(3)
i

)
,

and p is the integer function that appears in Theorem 4 above. Write pi = p( bi
ai

),

p′i = p(
b′i
a′
i
), p′′i = p(

b′′i
a′′
i
) and p

(3)
i = p(

b
(3)
i

a
(3)
i

).

The symplectic form comes with a singular set S (in the sense of [MO15]):

disjoint bunches of embedded negative spheres Si, S ′
i, S ′′

i and S(3)
i corresponding

to each ellipsoid as in Section 3.1. We denote the spheres in Si by Si,j , the spheres
in S ′

i by S′
i,j , and so on. Also, we denote the exceptional classes corresponding to

the τEi by [Fi,j ], that is, [Fi,j ] is the class of the exceptional divisor arising from
the jth blow-up of a neighborhood of the embedded τEi. Similarly define [F ′

i,j ],

[F ′′
i,j ] and [F

(3)
i,j ]. Then with respect to the form ω̂τ we may assume that the class

[Fi,j ] has area τki,j = τ (aiwi(bi/ai) + δi,j), [F ′
i,j ] has area τk′i,j , and so on for the

other ellipsoids.
The blow-up P̂2

P also contains the strict transform of C, denoted Ĉ. As C
intersects the ellipsoids along their axes (if at all) we recall again from the previous

section that this implies Ĉ intersects transversally, ω-orthogonally, exactly one of
the spheres Si,j , exactly one of the spheres S′

i,j , two of the spheres S′′
i,j but avoids

the S
(3)
i,j . As a consequence T := S ∪ Ĉ is a singular set in the sense of [MO15].

Let L denote the class of a line in P2, and also of the same line in P̂2
P .

Lemma 3.2. There exists a symplectic packing of �Ei � E′
i � E′′

i � E
(3)
i , directed

by C, if there exists N ∈ N, δ > 0 and a connected embedded symplectic curve Q
with Q2 ≥ 0 in the class

A = N(L− (1 + δ)
∑
i,j

ki,j [Fi,j ] − (1 + δ)
∑
i,j

k′i,j [F
′
i,j ]

−(1 + δ)
∑
i,j

k′′i,j [F
′′
i,j ] − (1 + δ)

∑
i,j

k
(3)
i,j [F

(3)
i,j ]),

which intersects T positively and transversally.

Proof. As Q2 ≥ 0 we can inflate by adding a tubular neighborhood of Q with fibers
of any area r > 0. The result will be a symplectic form Poincaré dual to

(1 + rN)L−
∑
i,j

(τ + Nr(1 + δ))ki,j [Fi,j ] −
∑
i,j

(τ + Nr(1 + δ))k′i,j [F
′
i,j ]

−
∑
i,j

(τ + Nr(1 + δ))k′′i,j [F
′′
i,j ] −

∑
i,j

(τ + Nr(1 + δ))k
(3)
i,j [F

(3)
i,j ].
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We choose r such that 1 + rN = τ + rN(1 + δ) or equivalently r = 1−τ
Nδ . Then

dividing the inflated form by 1+ rN , the singular set will have areas corresponding
to ellipsoids of the correct sizes and L will have area 1. Furthermore T remains
symplectic with ω-orthogonal intersections by our assumption on its intersection
with Q. Hence, blowing the singular set back down symplectically, as described in
Section 3.1, gives our directed symplectic packing as required. �

It remains to show that such a curve Q exists. For this we use the following
result from [MO15, Corollary 1.2.17].

Theorem (McDuff-Opshtein). Suppose P closed balls of sizes pj can be embedded

in P2 and let P̂2 denote the corresponding blow-up with exceptional divisors F j. Let
S be a singular set in P̂2. Then the class

A = N(L−
∑
j

pj [F j ])

has a connected embedded symplectic representative Q which intersects S positively
and transversally provided A · Sj ≥ 0 for all component curves Sj of S.

Applying this to the class A in Lemma 3.2, since the intersection of A with
the Si,j is proportional to their area and the intersection of A with Ĉ is positive
precisely if our area hypotheses are fulfilled, we indeed get a curve in our class.
The curve has positive self-intersection because this self-intersection is the volume
of the blow-up, following Section 3.1, of a δ neighborhood of the original disjoint
embedded ellipsoids.

This completes the proof of Lemma 1.6. �

3.3. Proof of Theorem 2. By approximating a general ellipsoid by a rational
ellipsoid, and using the uniqueness up to isotopy of ball packings of an ellipsoid
(see [McD98,MO15,McD09]), we see that to establish the strong packing stability
property it suffices to show the following.

Lemma 3.3. ∀a ∈ Q, E(1, a) has strong packing stability.

Proof. Assume without loss of generality that a > 1, and consider the standard
toric embedding ϕ0 of the open ellipsoid E(a − 1, a) into P2(a), whose image has
moment polytope drawn in Figure 1. Here P2(a) denotes the complex projective
space with lines scaled to have area a. Notice that the complement of the closure
of this ellipsoid is exactly E(1, a).

a

a−1

E(a−1, a)

1

Figure 1. P2 as the union of two ellipsoids.
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Step I (we produce a packing of P2(a)\τE0(a − 1, a) for τ < 1). Consider the
sequence (wi) associated by Theorem 4 to the ellipsoid E(a−1, a). Since the closure
of E(a − 1, a) embeds into P2(a), so does a slightly larger ellipsoid and hence by
scaling also the closure of �B(wi). Consider the symplectic form ω̂ obtained by

blowing-up these closed balls. By Lemma 1.5, (P̂2
p, ω̂) has the packing stability.

Thus, for numbers ai < Λ(ω̂) with
∑ a2

i

2 ≤ Vol (P̂2
p, ω̂), we have �B(ai)

ω
↪→ (P̂2

p, ω̂).
Fix τ < 1. It is clear (either by Lemma 1.6 or by direct analysis in this case),
that the balls �τB(ai) also embed into the complement of the exceptional divisors

in P̂2
p. Blowing down the exceptional divisors, we then get a packing of P2(a) by

�B(wi)�τB(ai), and hence by Theorem 4 a packing of P2(a) by E(a−1, a)�B(ai).

Consider now the induced packing of P2(a) by τE(a − 1, a) � τB(ai), and call
L1, L2 the symplectic lines in P2 which correspond to the lines {w = 0} and
{π(|z|2+|w|2) = a} on the toric model. Since τa and τ (a−1) are less than a, Lemma
1.6 ensures that there exists a symplectic embedding ϕ of τE(a − 1, a) � τB(ai)
such that L2 intersects τE(a − 1, a) along its big axis (of size τa) and avoids all
the balls, while L1 intersects τE(a− 1, a) along its small axis and avoids the balls.
Arguing as in [Ops13a, Corollary 2.2], we can isotope ϕ(τE(a− 1, a)) to the stan-
dard embedding ϕ0, keeping L1, L2 fixed. As a result, we therefore get a packing

ψ : �τB(ai)
ω
↪→ X := P2(a)\(L1 ∪ L2 ∪ ϕ0(τE(a− 1, a))).

Step II (we get a packing of E(1, a)). Consider now the contracting Liouville vec-
tor field X0 on P2\L2 which corresponds to the radial vector field −

∑
ri

∂
∂ri

=

−
∑

Ri
∂

∂Ri
on B(a) = P2(a)\L2. A straightforward computation shows that the

flow Φ
f(τ)
X0

◦ ψ provides embeddings of symplectic balls of size [1 − f(τ )]τai into
E(1, a), for some f(τ ) which tends to 0 as τ → 1. We therefore get packings of
E(1, a) by balls of size arbitrarily close to ai. Since ball packings in ellipsoids are
unique up to symplectic isotopy (see again [MO15,McD09]), a classical argument
implies that we can actually get a packing of E(1, a) by open balls of size ai. �

Remark 3.4. The previous proof can be roughly described as follows: an ellipsoid is
the complement of an ellipsoid in P2, the latter being obtained from some specific
ball packing in P2. Thus packing the first ellipsoid amounts to packing P2 with more
balls. This argument is completely similar to McDuff’s proof of Hofer’s conjecture
[McD11]. The difference between the two approaches lies in the justification of
this “thus” in the second sentence of the remark. McDuff refers to her inner/outer
approximation technique in [McD09], while we base our proof on Lemma 1.6.

Lemma 3.5. The function Λ(a) := Λ(E(1, a)) is locally bounded.

Proof. We need to rework slightly the previous proof. Since we can approximate any
ellipsoid by rational ellipsoids from the inside, we need only prove the statement for
a ∈ Q. So let us fix a, a′ ∈ Q, and consider the sequences (w1, . . . , wp), (w′

1, . . . , w
′
p′)

associated to the ellipsoids E(a− 1, a) and E(a′ − 1, a′) by Theorem 4. By Lemma
3.1, if we fix a and consider a′ sufficiently close to a, then p′ > p and we can ensure
that the w′

i are arbitrarily close to the wi for i ≤ p and to 0 for i > p.
Let ω̂′ be the symplectic form obtained by blowing-up a packing B(w′

1) � · · · �
B(w′

p) of P2 (here we indeed mean w′
p and not w′

p′). Lemma 1.5 ensures that there
exists Λω̂′ > 0 such that for any collection of numbers ai which abide by the volume
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constraint and ai < Λ(ω̂′) we have

�B(ai) ↪→ (P̂2
p, ω̂

′).

Moreover, by Lemma 2.1, Λ(ω̂′) ≥ d[ω̂′] > C([ω̂]), where C([ω̂]) is a positive con-
stant that depends only on [ω̂] (not on [ω̂′]), provided that (w′

1, . . . , w
′
p) are close

enough to (w1, . . . , wp) — this is the case provided a′ is close enough to a, which
we assume henceforth.

Assuming a′ even closer to a, we can also ensure that w′
i < C([ω̂]) for all i > p.

Thus, P2(1) has a packing by �B(w′
i) � B(ai), for any collection of (ai) such that

the volume constraint is satisfied and ai < C([ω̂]). Arguing as in the previous proof,
we get a packing of E(1, a′) (� P2(1)\E(a′ − 1, a′)) by the balls of size ai, as long
as the ai are less than C([ω̂]) together with the volume constraint. Hence Λ(a′) is
bounded from below for a′ close to a and the proof is complete. �

4. Packing stability of pseudo-balls T (a, b, α, β)

We recall the definition of a pseudo-ball as the intersection of two ellipsoids.

Definition 4.1. A pseudo-ball is the interior of a domain T (a, b, α, β) ⊂ C2 with
a > α, b > β, a, b < α + β, defined by

T (a, b, α, β) := {(z, w) ∈ C2 | (π|z|2, π|w|2) ∈ Q(a, b, α, β)}, where

Q(a, b, α, β) := Conv 〈(0, 0), (0, a), (b, 0), (α, β)〉 ⊂ R2.

Our proof of the packing stability for ellipsoids used the fact that an ellipsoid is
always obtained by excising an ellipsoid from P2. We notice that a pseudo-ball is
obtained by excising two ellipsoids (see Figure 2).

b

(α,β)

E(α+β−a, β)

E(α ,α+β−b)

T (a ,b,α,β )

a

Figure 2. P2 as the union of two ellipsoids and the pseudo-ball.

To be precise we have the following.

Lemma 4.2. T (a, b, α, β) = P2(α+β)\(E∪E′), where E,E′ are the toric ellipsoids
with equations

π(E′) := Conv 〈(0, b), (0, α + β), (α, β)〉,
π(E) := Conv 〈(a, 0), (α + β, 0), (α, β)〉.

Moreover, arguing again as in [Ops13a], we see that these domains are the com-
plement in P2 of any such ellipsoids which are in a good position with the coordinate
axis.
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Proposition 4.3. Let L1, L2, L3 be three lines in P2(α+β). Let E be an embedding
of the ellipsoid E(α + β − a, α) into P2 whose axes are discs D1, D3 in L1, L3 of
area α+β−a, α respectively. Let E′ be an embedding of the ellipsoid E(α+β−b, β)
whose axes are discs D′

2, D
′
3 in L2, L3 of area α + β − b, β respectively (notice that

the discs D3, D
′
3 must cover L3). Then, P2(α + β)\(E ∪ E′) is symplectomorphic

to T (a, b, α, β).

With this in hand, the proof of Theorem 3 is completely analogous to the packing
stability of the ellipsoids, and so we do not repeat it here.

5. Packing stability of irrational closed symplectic 4-manifolds

The object of this section is the proof of Theorem 1. We begin with the gen-
eral decomposition of symplectic 4-manifolds, then derive packing stability as a
consequence of this and our results for open manifolds.

5.1. Decomposition of symplectic 4-manifolds with irrational symplectic
class. We have already referred to the fact that a rational symplectic manifold is
always fully packed by a single ellipsoid. In particular, strong packing stability
for ellipsoids implies strong packing stability for all rational symplectic manifolds.
Since Conjecture 1 remains open, packing stability for ellipsoids does not necessarily
imply the same for irrational manifolds, but we now recall some results obtained in
[Ops13b] which allow us to split a symplectic manifold with irrational symplectic
class into finitely many standard pieces, namely ellipsoids and pseudo-balls. As
before, the packing stability property for an irrational symplectic manifold will
follow from the packing properties of these standard pieces.

Definition 5.1. A singular polarization of a symplectic 4-manifold (M,ω) is a
weighted multi-curve Σ = (Σi, αi), where:

• Ω := [ω] =
∑

αiPD([Σi]),
• each Σi is an embedded symplectic curve,
• Σi intersects Σj transversally and positively,
• Σi ∩ Σj ∩ Σk = ∅.

Theorem ([Ops13b,Ops15]). Any closed symplectic 4-manifold M has a singular
polarization (Σ, α). The complement of

⋃
Σi in M is endowed with a tame Liouville

form λ with residues αi at Σi.

The precise definition of residues and tameness are not so important here, and
can be found in [Ops15], Lemma 4.1 and Definition 4.7 respectively. Roughly
speaking, the residue of λ at Σi is the integral of λ around the boundary of an in-
finitesimal disk transverse to Σi. When the classes [Σi] are linearly dependent there
is some flexibility in choosing Liouville forms on M \

⋃
Σi which results in different

decompositions. Fixing the residues allows us to specify our decompositions below
precisely. The tameness condition allows us to control the behavior of λ near

⋃
Σi.

The vector field dual to λ is a (contracting) Liouville vector field Xλ, singular along⋃
Σi, but, given tameness, points outwards with a precise behaviour near this set.

It is in particular forward complete. The basin of repulsion of a subset X ⊂
⋃

Σi

is defined as

Bλ(X) := {p ∈ M | ∃t0 < 0, Φt
Xλ

(p) −→
t→t0

X}.
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When λ is tame these basins of repulsion can be described. As we see in the next
proposition, the basins of repulsion of well-chosen subsets fully pack M , and are
standard.

Proposition 5.2. The basin of repulsion of a disc D(ai) ⊂ Σi is an embedded
ellipsoid E(ai, αi). The basin of repulsion of a cross D(ai) ∪ D(aj) ⊂ Σi ∪ Σj (the
two discs intersect at exactly one point) is an embedded pseudo-ball T (ai, aj , αj , αi).
Finally, if a family of discs and crosses cover the polarization up to area 0, their
basin of repulsion cover M up to volume 0.

Proof. Since the flow Φt
Xλ

is forward complete and contracts the symplectic form, it
is obvious that the complement of the basin of repulsion of the whole polarization
has zero volume. On the other hand, the basin of repulsion of a subset of the
polarization with zero-area has zero volume. We conclude that if discs and crosses
cover the polarization up to area 0, their basins of repulsion cover M up to volume
0 (we refer to [Ops15] for more details).

It is moreover explained in this paper that these basins of repulsion can be
computed in any polarization, of any manifold, provided that these polarizations
have the same weights. In particular, the basin of repulsion of D(ai) ⊂ Σi is
symplectomorphic to the basin of repulsion of D(ai) × {0} ⊂ C2, with Liouville
form αidθ2 − r21dθ1− r22dθ2. (Note that the Liouville form has residue αi about the
z1 axis.) A computation done in [Ops13b] (Proposition 3.5) shows that this basin of
repulsion is the ellipsoid E(ai, αi). The basin of repulsion of a cross D(ai)×D(aj) ⊂
Σi×Σj is symplectomorphic to the basin of repulsion of D(ai)×{0}∪{0}×D(aj),
for the Liouville form αidθ2+αjdθ1−R1dθ1−R2dθ2, where Ri = r2i . (The Liouville
form now has residues αi about the z1 axis and αj about the z2 axis.) The dual

vector field is Xλ = (αj −R1)
∂

∂R1
+ (αi −R2)

∂
∂R2

, so the trajectories are

Φt
Xλ

(R1, θ1, R2, θ2) = (αj + (R1 − αj)e
−t, θ1, αi + (R2 − αi)e

−t, θ2).

Thus, this vector field commutes with the classical Hamiltonian toric action on
C2, and in toric coordinates, the trajectories are straight segments whose common
endpoint as t goes to +∞ is the point (αj , αi). Since the cross is the preimage
by the toric projection of [0, ai] × {0} ∪ {0} × [0, aj ] ⊂ R2, its basin of repulsion
is the preimage of the convex hull of {(0, 0), (ai, 0), (0, aj), (αj , αi)}, by the toric
projection, and hence is indeed T (ai, aj , αj , αi). �

5.2. Proof of Theorem 1. Let (M,ω) be a closed symplectic manifold, on which
we lose no generality by assuming its volume to be 1.

Fix a singular polarization Σ = {(Σi, αi), i = 1, . . . , l} such that Aω(Σi) ≥ 10αj

∀i, j, and Σi ∩ Σj �= ∅ ∀(i, j). In fact, the construction proposed in [Ops13b]
provides singular polarizations that automatically satisfy these two constraints:
they intersect a lot, the area of the curves are very large, and the αi are very small.
Now consider points xi ∈ Σi∩Σi+1 (with Σl+1 = Σ1), and discs Di, Di,i−1, Di,i+1 ⊂
Σi with areas Ai,Ai,i−1,Ai,i+1 respectively, such that:

(1) the discs are disjoint, and their union has full area in Σi ∀i,
(2) xi−1 ∈ Di,i−1, xi ∈ Di,i+1,
(3) Ai,i±1 ∈ ]αi±1, αi + αi±1[; thus the domains T (Ai,i+1,Ai+1,i, αi+1, αi) are

pseudo-balls (see Figure 3).
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D2,3

Σ1

Σ2

Σ3

D1

D2

D3

D1,2

D2,1

D3,2

Figure 3. Decomposition of a 4-manifold into ellipsoids and
pseudo-balls.

Condition (3) is easily achieved by choosing the discs inductively so that these
conditions hold (choose first D1, then D1,2, D2, D2,3, . . . ). Note that in order to
satisfy condition (1), the area A1,2 is determined by A1; the areas A2,1 and A2

determine A2,3, and so on.
By Proposition 5.2 the E(Ai, αi) and the T (Ai,i+1,Ai+1,i, αi+1, αi) give a full

packing of M . Call m its number of pieces.
Now, by Theorem 2 and Theorem 3, there exists a Λ and ε0 such that all ellipsoids

E(Ai + εi, αi) and all pseudo-balls T (Ai,i+1 + εi,i+1,Ai+1,i + εi+1,i, αi, αi+1) have
strong packing stability, with constant Λ, for all εi, εi,j < ε0. Moreover, there exist
a constant δ and a sequence ε′1 < ε′2 < · · · < ε′m = ε0 such that we can achieve
any volume within δ of the original volume of one of our ellipsoids by changing the
εi parameter by less than ε′1; and if one parameter of any of our pseudo-balls is
changed by less than 2ε′l, then we can change the second parameter by less than
ε′l+1 to achieve any volume within δ of the original.

We claim that M satisfies the packing stability with constant Λ′ = min(Λ,
√

2δ).

(Note that a ball of capacity
√

2δ has volume δ.) Indeed, suppose we have a sequence
of balls, each of capacity less that Λ′. If the total volume of the balls is less than
1 we may include some additional ones. Then we can partition the balls into m
subsets such that the sum of the volumes of the balls in the ith block lies within δ
of the volume of the ith piece of our decomposition of M .

Now we claim that we can perturb the discs Di, Di,j to discs D′
i, D

′
i,j which verify

the four conditions listed above but are such that the volume of the associated piece
of our decomposition is equal to the total volume of the corresponding subset of
balls. We do this in order. First we perturb A1 by less than ε1 to get an A′

1 such
that E(A′

1, α1) has the volume of the first subset of balls. The area A′
1,2 is then

determined, but will be changed by less than ε1. We can then perturb A2,1 by less
than ε2 to get a new pseudo-ball T (A′

1,2,A′
2,1, α1, α2) whose volume is equal to the

volume of the second subset of balls. Carrying on in this way we get the volumes
as claimed.

Finally, as the perturbed pieces still have stability constant less than Λ they can
be fully filled by the corresponding subset of balls, and as a consequence the balls
fully pack M as required. �
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