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MEASURE-THEORETIC APPLICATIONS

OF HIGHER DEMUTH’S THEOREM

C. T. CHONG AND LIANG YU

Abstract. We investigate measure-theoretic aspects of various notions of re-
ducibility by applying analogs of Demuth’s Theorem in the hyperarithmetic
and set-theoretic settings.

1. Introduction

Demuth [6] proved that every nonrecursive real truth-table reducible to a Martin-
Löf random real is Turing equivalent to one that is Martin-Löf random. Philosophi-
cally, it states that any set computed by a random oracle is either trivial (recursive)
or fundamentally disorderly (random). Nevertheless, the requirement of truth-table
(tt) reducibility is somewhat restrictive. In higher randomness theory, Demuth’s
Theorem can be expressed in a fairly natural fashion:

Theorem 1.1 (Chong and Yu [3]). If x is Π1
1-random and y ≤h x is not hyper-

arithmetic, then there is a Π1
1-random z such that z ≡h y.

In this paper, we apply Theorem 1.1 to resolve a number of measure-theoretic
type questions in recursion theory. Through this we hope to demonstrate that De-
muth’s Theorem is both philosophically significant and mathematically important.

Historically, the first application of measure theory in recursion theory was in
Spector [29], where a measure-theoretic argument was given to construct a pair of
incomparable hyperdegrees. This idea was also pursued by de Leeuw, Moore, Shan-
non, and Shapiro [5], and later by Sacks [24] who showed that the cone of Turing
degrees above a nonzero degree is a null set. In [25], Sacks systemically investigated
the measure theory of hyperdegrees. In particular, he derived a hyperarithmetic
analog of this result, showing that {z | z ≥h x} is a null Π1

1(x) set whenever x >h ∅
(Theorem 4.1). Spector’s original theorem follows as a consequence.

Theorem 4.1 was greatly strengthened by Kripke (unpublished; see [25]). Call
A ⊆ 2ω a set of hyperdegrees if it is closed under hyperarithmetic equivalence. If
A is such a set, let Uh(A) = {x | ∃y(y ∈ A ∧ x ≥h y)}.

Theorem 1.2 (Kripke). If A is a null set of hyperdegrees such that ∅ 
∈ A, then
Uh(A) is also null.
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This result is in sharp contrast to its Turing degree counterpart as Martin (un-
published; see [8]) exhibited a null set A of nonzero Turing degrees with μ(UT (A))=
1, where μ denotes Lebesgue measure on the Cantor space and UT (A) is defined as
Uh(A) with ≤h replaced by ≤T .

The second author had previously investigated measure-theoretic aspects of de-
finable locally countable partial orderings of the reals (Yu [32]). Arising from the
main results in that paper, Jockusch (see [32]) raised the following questions.

Questions. (1) Is there a null maximal antichain of Turing degrees?
(2) Is there a maximal antichain A of Turing degrees such that UT (A) = 1?

By applying analogs of Demuth’s Theorem in different settings, this paper an-
swers these and related questions in the hyperdegrees as well as constructible de-
grees. As groundwork, §2 gives a summary of the notation and basic notions in
hyperarithmetic theory and algorithmic randomness that will be used in later sec-
tions. The notion of ωCK

1 -genericity and its relationship with higher randomness is
studied in §3. These technical results are applied subsequently to study the measure
theory of UT (A) and Uh(A) for A ⊆ 2ω. In §4 we apply Theorem 1.1 to construct a
null set of maximal antichains of hyperdegrees (Theorem 1.2). This is followed by
an investigation of the measurability and nonmeasurability of A and of Uh(A) in
general (Theorem 4.3, Proposition 4.4 and Proposition 4.5). We answer Questions
(1) and (2) above in §5 (Theorem 5.2 and Corollary 5.4). Finally, in §6 we prove
a version of Theorem 1.1 for the constructible degrees (Theorem 6.1) and use it to
prove Kripke’s Theorem for these degrees (Proposition 6.4).

2. Preliminaries

2.1. General notation. We refer the reader to Lerman [18] and Odifreddi [22] for
a background in recursion theory. Given x ∈ 2ω, let x be either its Turing degree
or hyperdegree. It will be clear from the context in which it is used the type of
degree being referred to. If Φ is a Turing functional, then we use Φx�n[m] to denote
the finite string computed from oracle x at stage m with use n.

If ≤P is a reducibility relation on 2ω (such as ≤T or ≤h) and A ⊆ 2ω, define

UP (A) = {x | ∃y ∈ A(x ≥P y)}
and

DP (A) = {x 
≤P ∅ | ∃y ∈ A(x ≤P y)}.
A set A of P -degrees is a set of reals such that ∀x ∈ A∀y(x ≡P y → y ∈ A).

An antichain A is a set of P -degrees such that for any x, y ∈ A, if x and y are
not P -equivalent, then x and y are P -incomparable. In this paper only nontrivial
antichains (i.e. those containing at least a pair of P -incomparable elements) are of
interest. This implies in particular that ∅ /∈ A.

A tree T is a subset of either 2<ω or ω<ω and closed under substrings. Given
a tree T , we use [T ] to denote the collection of infinite paths through T . If σ is a
finite string, let [σ] denote the collection of reals extending σ. A set D ⊆ 2<ω is
dense if for every σ there is a τ ∈ D such that τ  σ; i.e., τ is an extension of σ.

2.2. Higher recursion theory. We refer the reader to Sacks [26] or Chong and
Yu [4] for an introduction to higher recursion theory. As usual, the symbol O is
reserved for the hyperjump as defined by Kleene. The least nonrecursive ordinal
(Church-Kleene ω1) is denoted ωCK

1 . For any α < ωCK
1 , ∅(α) is the α-th Turing
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jump. It is a basic fact that ∅(α) is well-defined. A(ωCK
1 , x) denotes the ramified

analytical hierarchy relative to the real x. If x = ∅, this is also written A(ωCK
1 ).

Definition 2.1. Let x be a real.

• x is semi-Δ1
1-traceable if for any function f ≤h x, there is a hyperarithmetic

function f0 such that ∃∞n(f(n) = f0(n)).
• x is semi-Π1

1-traceable if for any function f ≤h x, there is a partial Π1
1-

function f0 such that ∃∞n(f(n) = f0(n)).
• x is Δ1

1-dominated if every function hyperarithmetic in it is dominated by
a Δ1

1-function; i.e., if g ≤h x, then there is a hyperarithmetic function f
such that g(n) < f(n) for all n.

Lemma 2.2 (Kjos-Hanssen, Nies, Stephan and Yu [16]). x is semi-Δ1
1-traceable if

and only if x is semi-Π1
1-traceable.

2.3. Algorithmic randomness. The general references for algorithmic random-
ness are Downey and Hirschfeldt [8] and Nies [21]. For higher randomness, see
Chong and Yu [4].

A fundamental result that is a consequence of the Kolmogorov zero-one law is
the following theorem. It will be used at various places in this paper. Let x =∗ y
express the property that x and y are equal except for finitely many bits.

Theorem 2.3. For any measurable set A ⊆ 2ω closed under =∗, μ(A) = 0 or
μ(A) = 1.

A proof of Theorem 2.3 can be found in [8]. The main results of [32] may be
summarized as follows.

Theorem 2.4 (Yu [32]). (1) If A ⊆ 2ω has a positive inner measure, then
there exist x, y ∈ A such that x <T y.

(2) There is a nonmeasurable set which is an antichain of hyperdegrees.
(3) Every locally countable Σ1

1-partial ordering of the reals contains a nonmea-
surable antichain.

Definition 2.5. Let x ∈ 2ω.

• An x-r.e. sequence {Un}n∈ω is an x-Martin-Löf-test if ∀n(μ(Un)) ≤ 2−n.
• A real r is 1-x-random if for any x-Martin-Löf-test {Un}n∈ω, r 
∈

⋂
n∈ω Un.

• For any m > 0, r is m-random if it is 1-∅(m−1)-random.

Theorem 2.6 (Kurtz [17] and Kautz [14]; see [8]). If r is 2-random, then there is
a y <T r such that r is r.e. in y.

Recall that a real g is 1-generic if for any r.e. set S ⊆ 2<ω, there is an n such
that either g �n ∈ S or ∀τ  g �n(τ 
∈ S).

Theorem 2.7 (Demuth and Kučera [7]). No 1-generic real Turing computes a
1-random real.

Theorem 2.8 (Miller and Yu [20]). For any x and 1-random reals r0 ≤T r1, if r1
is 1-x-random, then so is r0.

2.4. Higher randomness. The study of higher randomness goes back to Martin-
Löf [19] and Sacks [25]. Given a class Γ of sets of reals, we say that x is Γ-random
if it does not belong to a null set in Γ. Thus, for example, x is Δ1

1-random if it does
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not belong to a Δ1
1-null set. Π1

1-randomness was introduced by Hjorth and Nies
[10]. They, and previously Kechris [15], proved that there exists a largest Π1

1-null
set.

The following results show the connection between higher randomness and dom-
ination as well as traceability.

Theorem 2.9 (Chong, Nies and Yu [2]). If x is Π1
1-random, then x is Δ1

1-dominated.

Proposition 2.10. If r is Δ1
1-random, then r is not semi-Δ1

1-traceable.

Proof. Let f(n) = r � n for every n. If r is semi-Δ1
1-traceable, then there is

a hyperarithmetic function f0 so that ∃∞n(f(n) = f0(n)). For each n, define
Vn = {σ | ∃m ≥ n(σ ∈ 2m ∧ f0(m) = σ)}. Then

⋂
n∈ω Vn is a Δ1

1-set so that

μ(
⋂

n∈ω Vn) = 0 and r ∈
⋂

n∈ω Vn. This implies that r is not Π1
1-random and is a

contradiction. �

The next theorem shows that hyperarithmetic reducibility relative to a Π1
1-

random x is in fact Turing reducibility relative to the join of x with a hyper-
arithmetic set.

Theorem 2.11 (Chong and Yu [3]; Bienvenu, Greenberg and Monin [1]). For any
Π1

1-random real x and y ≤h x, there is a recursive ordinal α < ωCK
1 and a recursive

functional Φ such that Φx⊕∅(α)

= y.

3. Classical and higher genericity

The notion of r.e. in and above a real x was introduced by Jockusch and Shore
(see [12] and [13]) and has seen many recursion-theoretic applications. This notion
and the following result will be used at several key places in this paper:

Theorem 3.1 (Wang [30]). Every real x that is r.e. in and above another is Turing
equivalent to one that is r.e. in and above a 1-generic real g. Hence g <T x ≤T g′

and so x ≡h g.

Lemma 3.2. Let n > 0 and assume that y <T x and x is r.e. in y. There
exist n+1-many 1-y-generic pairwise incomparable reals {gi}i≤n such that for any
i 
= j ≤ n, x ≡T gi ⊕ gj.

Proof. First suppose x ≡T g for some 1-generic g. Let g = ĝ0 ⊕ ĝ1 ⊕ · · · ⊕ ĝn be a
decomposition of g into n + 1-many pairwise incomparable 1-generic sets. Define
gi =

⊕
j≤n,j 	=i ĝj for i ≤ n. Then {gi}i≤n is as required.

Now suppose that x is not Turing equivalent to a 1-generic set. It suffices to
construct a sequence {gi}i≤n of reals to satisfy the following requirements:

For i 
= j ≤ n,

P〈i,j〉 : gi ⊕ gj ≡T x.

For i ≤ n and e ∈ ω,

Q〈i,e〉 : ∃σ ≺ gi(σ ∈ Se or ∀τ  σ(τ /∈ Se)),

where Se is the e-th y-recursive enumeration of y-r.e. subsets of 2<ω.
Since x is r.e. in y, there is a y-recursive stage by stage enumeration of x which

we denote as x[s] (at stage s). Let x0 = {x �n | n ∈ ω}, where we identify a finite
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string with its position under lexicographic ordering. Then x0 has the following
properties:

• x0 ≡T x.
• For any infinite set y ⊆ x, y ≥T x0.
• For any l, there is a unique number k ∈ [2l, 2l+1) ∩ x0.

Moreover, one can define an approximation of x0 “from the left” so that x0(n)[s]
= 1 if and only if n = x[s]�m for some m ≤ s. Then its modular function is given
by

c(k) = min{s|x0[s]�k+1 = x0 �k+1} = min{s | ∀t ≥ s(x0[s]�k+1 = x0[t]�k+1)}.
Note that c⊕ y ≡T x0 ≡T x.

We use a coding scheme due to Lerman [18], coding x0 into the set Di,j =
{k|gi(〈i, j, k〉) 
= gj(〈i, j, k〉)} which will be an infinite subset of x0 when gi, gj are
defined. Note that this set is recursive in gi ⊕ gj . The construction is recursive in
x, and hence all the sets constructed are recursive in x. The idea of exploiting the
property “x is r.e. in and above y” in this context goes back to Shore ([27]).

We now proceed with the construction of {gi}i≤n:
Stage 0. Let gi[0] be the empty string for i ≤ n. Let I0 = {0}.
Stage s+ 1.
Substage (i). Let t > |gi[s]| be the least number such that max{k | i, j ≤

n ∧ 〈i, j, k〉 ≤ t} ≥ max{2k+2 | k ∈ Is}. Search for 〈e, i〉 ≤ s such that

(∀k(gi[s]�k /∈ Se[s])) and ∃σ  gi[s](|σ| ≤ c(t) ∧ σ ∈ Se[c(t)]).

If 〈e, i〉 exists, let is+1 be the least such i and let σs+1 be the corresponding least
σ. Let gis+1

[s+1] be the first string τ extending σs+1 such that |τ | ≥ t and for any
i, j, i′, j′ ≤ n and k ∈ ω, 〈i, j, k〉 ≤ |τ | if and only if 〈i′, j′, k〉 ≤ |τ |.

Otherwise, let gi[s + 1] = gi[s] for i ≤ n; keep other parameters unchanged and
go to the next stage.

Substage (ii). Let Is+1 = {k | 〈is+1, is+1, k〉 ≤ |gis+1
[s + 1]|}. Note that there

must be an l0 such that 2l0+1 ≤ t but [2l0 , 2l0+1) ∩ Is = ∅. Then by the definition
of x0, there is a unique k0 ∈ [2l0 , 2l0+1) ∩ x0. Fix the least such l0 and the corre-
sponding k0. For i 
= j ≤ n, code x0(k0) into Di,j [s] = {k ∈ Is+1 \ Is|gi(〈i, j, k〉) 
=
gj(〈i, j, k〉)} by defining gi[s+ 1] and gj [s+ 1] so that

(1) |gi[s+ 1]| = |gis+1
[s+ 1]| = |gj [s+ 1]|, and

(2) gi(〈i, j, k〉)[s+ 1] =

{
1− gj(〈i, j, k〉)[s+ 1] : k ∈ Is+1 \ Is & k = k0;

gj(〈i, j, k〉)[s+ 1] : k ∈ Is+1 \ Is & k 
= k0.

It is clear that gi and gj are well-defined. This completes the construction at stage
s+ 1. �

Note that
⋃

s∈ω Is = ω. Hence by the construction, it follows that for i ≤ n,
gi is recursive in x and if i 
= j ≤ n, then Di,j is an infinite subset of x0. Thus
gj ⊕ gj ≡T x.

Claim. For any i ≤ n, gi is 1-y-generic.

Proof of Claim. If not, there is a requirement not satisfied and choose the least such,
sayQ〈i,e〉. We prove that c is a y-recursive function by y-recursively computing gj [s],
Is and c(s), for j ≤ n and s ∈ ω. To y-recursively compute c(s), we y-recursively
search for a σ  gi[s] such that σ ∈ Se[s

′] at some stage s′. The assumption that
Q〈i,e〉 is not satisfied ensures that one can y-recursively compute such a σ and s′.
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We can also y-recursively find the t required at substage (i). Since Q〈i,e〉 is not
satisfied, s′ > c(t) and so c(t) = min{t′ ≤ s′|x[s′]� t = x[t′]� t}. The assumption on
Q〈i,e〉 also allows one to y-recursively compute gis+1

[s+1] and hence Is+1. Finally,
since x0[s

′]�t = x0 �t, one can y-recursively find the number k0 at substage (ii). It
follows that gj [s+ 1] is recursively computed from y for each j ≤ n.

Thus x0 ≡T x ≡T c⊕ y ≤T y, a contradiction.
This completes the proof of the lemma. �

Definition 3.3. A real g is ωCK
1 -generic if for any dense set D ⊆ 2<ω definable

over A(ωCK
1 ), there is an n such that g �n ∈ D.

Relativizing this notion, we say that g is ωx
1 -generic if for any dense set D ⊆ 2<ω

definable over A(ωx
1 , x), there is an n such that g �n ∈ D. As usual, if ϕ is a formula

in the language of ramified analytical hierarchy, one can define the notion of Cohen
forcing σ � ϕ for σ ∈ 2<ω (see [26]).

Theorem 3.4 (Feferman [9]; see also [26]). (i) For any formula ϕ, {σ | σ �
ϕ ∨ σ � ¬ϕ} is dense and definable.

(ii) If g is ωCK
1 -generic, then ωg

1 = ωCK
1 .

(iii) The set {(σ, ϕ) | σ � ϕ ∧ ϕ is a Σ1
1 sentence} is Π1

1 (here we identify a
sentence with its Gödel number).

Lemma 3.5. If g is ωCK
1 -generic, then g is semi-Δ1

1-traceable.

Proof. Suppose not. By Lemma 2.2, g is not semi-Π1
1-traceable. Let Φ be a uni-

versal partial Π1
1-function; i.e., Φ is Π1

1 and for any partial Π1
1-function p, there is

an e such that ∀n(Φ(e, n) � p(n)). Then there is a function f ≤h g such that for
any e, if Φ(e, e) is defined, then f(e) 
= Φ(e, e).

Since g is ωCK
1 -generic, there is a ranked formula ϕ such that for any n, f(n) = m

if and only if g �k � ϕ(n,m) for some k. Note that every Π1
1-function is definable

via a Σ1
1-formula over A(ωCK

1 ). Hence there is a k0 such that g �k0 � ∀e(Φ(e, e) ↓→
¬ϕ(e,Φ(e, e))).

Define p so that p(n) = m if there is a σ  g � k0 such that σ � ϕ(n,m). Note
that p is a total Δ1

1-function. Choose e so that for any n, Φ(e, n) = p(n). In
particular, Φ(e, e) = p(e). Then σ � ϕ(e, p(e)), and so σ � Φ(e, e) ↓ ∧ϕ(e,Φ(e, e)),
a contradiction. �

Proposition 3.6. If g is ωCK
1 -generic, then every Π1

1-random real is hyperarith-
metically incomparable with g.

Proof. Let g be ωCK
1 -generic and r be Π1

1-random. Then g is not Δ1
1-dominated

since for each hyperarithmetic function f , the set of strings D not dominated by
(initial segments of) f is dense and definable by a ranked formula over A(ωCK

1 ).
Hence by Theorem 2.9, g 
≤h r.

On the other hand, by Proposition 2.10, r is not semi-Δ1
1-traceable. By Lemma

3.5, r 
≤h g. �

Corollary 3.7. If g is ωCK
1 -generic and r is Π1

1-random, then g and r form a
minimal pair of hyperdegrees.

Proof. Suppose that there is a nonhyperarithmetic real x ≤h g, r. By Theorem 1.1,
there is a Π1

1-random r0 ≡h x. Then r0 ≤h g, contradicting Proposition 3.6. �
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Lemma 3.8. If g is ωCK
1 -generic, then for any x ≤h g, there is a hyperarithmetic

z such that x ≤T g ⊕ z.

Proof. If x ≤h g, then there is a ranked formula ϕ so that x(n) = m if and only if
g �k � ϕ(n,m) for some k.

Now the relation Z = {(σ, 〈n,m〉) | σ � ϕ(n,m)} is Δ1
1. Hence x ≤T g ⊕ Z. �

Proposition 3.9. There exist 2ℵ0-many ωCK
1 -generic reals, any two of which form

a minimal pair of hyperdegrees and Turing degrees.

Proof. Let {Di}i∈ω be an enumeration of A(ωCK
1 )-definable dense subsets of 2<ω

and let {xi}i∈ω be an enumeration of hyperarithmetic reals. We construct a perfect
tree of reals with the desired property by stages.

Stage 0. Let T0 = ∅.
Stage s + 1. Suppose Ts is a finite tree of binary strings. For each (maximal)

σ ∈ Ts and i ∈ {0, 1}, there exists a τ  σ�i in Ds. Choose the least such and
call it τσ�i. Ts+1 will contain Ts as a subtree, and every member of Ts+1 \ Ts will
extend τσ�i for some σ and i. Let s = 〈i, j, a, b〉. Define Ts+1 recursively from xi, xj

such that

(1) For each (maximal) σ ∈ Ts and each i < 2, there is a unique ν  τσ�i in
Ts+1.

(2) For each ν0 
= ν1 in Ts+1, one of the following holds:
(a) There is an n < min{|ν0|, |ν1|} such that:

(i) (∀ν  ν0Φ
xi�|ν|⊕ν
a (n) ↑) ∨ (∀ν  ν1Φ

xj�|ν|⊕ν
b (n) ↑), or

(ii) Φ
xi�|ν0|⊕ν0
a (n) ↓
= Φ

xj�|ν1|⊕ν1

b (n) ↓.
Or

(b) ∀m∀ν0  ν0∀ν1  ν1(Φ
xi�|ν0|⊕ν0

a (m) ↓ ∧Φxj�|ν1|⊕ν1

b (m) ↓→
Φ

xi�|ν0|⊕ν0

a (m) = Φ
xj�|ν1|⊕ν1

b (m)).

This completes the construction at stage s+ 1.
Let T =

⋃
s∈ω Ts. Then T is a perfect tree. By (1) of the construction at stage

s+ 1, every infinite path in T is ωCK
1 -generic.

Let g0 
= g1 be two infinite paths in T . By Lemma 3.8, if g0 and g1 do not
form a minimal pair of hyperdegrees, then there is a nonhyperarithmetic real x

such that Φg0⊕xi
a = x = Φ

g1⊕xj

b for some 〈i, j, a, b〉. Then there is an s = 〈i, j, a, b〉.
By the construction at stage s+ 1, either one of Φg0⊕xi

a and Φ
g1⊕xj

b is not total or

Φg0⊕xi
a 
= Φ

g1⊕xj

b or x ≤T xi. In other words, x is hyperarithmetic, a contradiction.
By setting xi = ∅ for some fixed i, it is not difficult to see that g0 and g1 also

form a minimal pair of Turing degrees. �

We remark that using a similar but more sophisticated construction, one can
strengthen Proposition 3.9 to obtain a perfect tree in which any two paths are
mutually ωCK

1 -generic.

4. Measure of sets of hyperdegrees

In [25], Sacks proved a hyperarithmetic analog of the measure of a cone of hy-
perdegrees:

Theorem 4.1. If x >h ∅, then μ(Uh({x})) = 0.



8256 C. T. CHONG AND LIANG YU

In that paper it was also stated that Kripke had generalized the result to Theorem
4.2 below. Our work in this paper was motivated by this unpublished result. We
begin with a short proof of this, as the first application of higher Demuth’s Theorem
1.1 in degree-theoretic measurability.

Theorem 4.2 (Kripke [25]). If A is a null set of hyperdegrees such that ∅ 
∈ A,
then the set Uh(A) is also null.

Proof. The relativized version of Theorem 1.1 says that for any x, if r is Π1
1(x)-

random and y ≤h r but y 
≤h x, then y ≡h y0 for some Π1
1(x)-random real y0. By

Theorem 4.1, we know that for any real x, if r is Π1
1(x)-random and y ≤h r, x, then

y must be hyperarithmetic. Hence for any x, if r is Π1
1(x)-random and y ≤h r but

y 
≤h ∅, then y ≡h y0 for some Π1
1(x) random real y0.

Now suppose that A is a null set of hyperdegrees such that ∅ 
∈ A and Uh(A) is
not null (the set could be even nonmeasurable!). Since A is null, there is an x such
that A is a set of non-Π1

1(x)-random reals. Since Uh(A) is not null, it contains an r
which is Π1

1(x)-random. Hence there is a y ∈ A such that y ≤h r. Note that y is not
hyperarithmetic. It follows that there is a y0 ≡h y such that y0 is Π1

1(x)-random.
But then y0 ∈ A, a contradiction. �

By Theorem 2.4, there is a nonmeasurable maximal antichain of hyperdegrees.
Here we construct a null one.

Theorem 4.3. There is a null maximal antichain A of hyperdegrees. Moreover,
for any Π1

1-random real r, there is an x ∈ A such that r <h x.

Proof. We construct such a maximal antichain A which does not contain a Π1
1-

random real.
Fix an enumeration {xα}α<2ℵ0 of nonhyperarithmetic reals with x0 chosen to be

ωCK
1 -generic, so that x0 is not hyperarithmetically above any Π1

1-random real. The
antichain A is defined stage by stage.

Stage 0. Put x0 and all the reals hyperarithmetically equivalent to x0 in A0.
Stage α < 2ℵ0 .

Case (1). xα is hyperarithmetically comparable with some real in
⋃

β<α Aβ . Then

let Aα =
⋃

β<α Aβ and go to the next stage. Note that by induction and Theorem

1.1, if xα is hyperarithmetically equivalent to a Π1
1-random real, then xα must be

hyperarithmetically below some real in Aα.

Case (2.1). Not Case (1) and xα is not hyperarithmetically equivalent to any Π1
1-

random real. Then let Aα =
⋃

β<α Aβ ∪ {z | z ≡h xα} and go to the next stage.

Case (2.2). Otherwise. Then xα is hyperarithmetically equivalent to a Π1
1-random

r. Relativizing Proposition 3.9 to r, there are 2ℵ0 -many ωr
1-generic reals {gγ}γ<2ℵ0 ,

any two of which form an exact pair of hyperdegrees relative to r. In other words,
for any β0 < β1 < 2ℵ0 ,

(gβ0
∪ r) ∩ (gβ1

∪ r) = r.

For any x ∈
⋃

β<α Aβ , by the assumption, x is hyperarithmetically incomparable
with r. So we have that x 
≥h gβ ⊕ r. Moreover, by the pigeonhole principle there
is a β0 < 2ℵ0 so that no x ∈

⋃
β<α Aβ is hyperarithmetic in gβ0

⊕ r. We claim that

gβ0
⊕r is not hyperarithmetically equivalent to a Π1

1-random real. Otherwise, there
is a Π1

1-random real r ≡h gβ0
⊕ r ≥h gβ0

. Then by higher Demuth’s Theorem 1.1,
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there is a Π1
1-random r0 ≡h gβ0

, a contradiction to Proposition 3.6. Let Aα =⋃
β<α Aβ ∪ {z | z ≡h gβ0

⊕ r}.
This completes the construction at stage α.
Let A =

⋃
α<2ℵ0 Aα. Then by the construction, A is a maximal antichain of

hyperdegrees. Moreover, by the proof of Case (2.2), A does not contain a Π1
1-

random real.
Now let r0 be a Π1

1-random real. We claim that r0 <h x for some x ∈ A.
Otherwise, there is a least ordinal α such that x ∈ Aα and r0 ≥h x for some x.
Then by Theorem 1.1, x is hyperarithmetically equivalent to a Π1

1-random real, a
contradiction.

Since A does not contain a Π1
1-random real, we conclude that μ(A) = 0. Thus

A is as required. �
As a complement to Theorem 4.2, the nonmeasurability of A implies that of

Uh(A), at least for antichains.

Proposition 4.4. If A is a nonmeasurable antichain of hyperdegrees, then Uh(A)
is not measurable.

Proof. Suppose that A is a nonmeasurable antichain of hyperdegrees. If Uh(A) is
measurable, then it has measure 1. By the regularity of Lesbegue measure, there is
a sequence of closed sets {Pi}i∈ω so that the set B =

⋃
i∈ω Pi is a measure 1 subset

of Uh(A). We may use a single real z to code the sequence. So B is Σ0
2(z). We may

assume that z ≥T O. Define

C = {x ∈ B | ∀e∀α < ωCK
1 (Φx⊕∅(α)

e is total ∧ Φx⊕∅(α)

e 
≥h x → Φx⊕∅(α)

e 
∈ B)}.
Then C is Π1

1(z) and so measurable. By Theorem 2.11, if x is Π1
1-random, then

x ∈ C ↔ ∀y <h x(y 
∈ B).

Hence if x is Π1
1-random, then x ∈ B implies x ∈ C. Note that μ(A \ B) = 0

since μ(Uh(A) \ B) = 0. Thus the set P = {x ∈ A ∩ B | x is Π1
1-random} is also

nonmeasurable. It follows that C is not null and so must have positive measure. Let
D = {x | x ∈ C ∧x is Π1

1-random}. Then μ(D) > 0. By Theorem 2.11 again, given
any two reals x, y in D, either x ≡h y or x and y have incomparable hyperdegrees,
contradicting (1) of Theorem 2.4. �

However, Proposition 4.4 fails if A is not an antichain.

Proposition 4.5. There is a nonmeasurable set A of hyperdegrees with μ(Uh(A)) =
1.

Proof. Let {rα}α<2ℵ0 be an enumeration of Π1
1-random reals. We construct two

sets of Π1
1-random reals A and B by stages.

Stage 0. Let A0 = B0 = ∅.
Stage α < 2ℵ0 .

Case (1). There is a β < α such that for some r ∈ Aβ ∪ Bβ, r ≤h rα. Let
Aα = Bα = ∅ and proceed to the next stage.

Case (2). Otherwise. Let rα = r00,α ⊕ r10,α and recursively define r0n,α = r0n+1,α ⊕
r1n+1,α for n ∈ ω. Let Aα = {r02n,α | n ∈ ω} and Bα = {r02n+1,α | n ∈ ω}. By van

Lambalgen’s Theorem for Π1
1-random reals (see [10]), both Aα and Bα contain only

Π1
1-random reals. Moreover, for every n, r0n+1,α <h r0n,α.
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Let

A = {z | ∃α < 2ℵ0∃x(x ∈ Aα ∧ z ≡h x)}
and

B = {z | ∃α < 2ℵ0∃x(x ∈ Bα ∧ z ≡h x)}.
By the construction, for any α < 2ℵ0 there is a real r ∈ A such that r ≤h rα.
Hence Uh(A) contains all the Π1

1-random reals and so μ(Uh(A)) = 1. By the same
argument, μ(Uh(B)) = 1.

Claim. A ∩B = ∅.

Proof of Claim. If the Claim is false, then there is a Π1
1-random r = r02n,α ∈ A∩B

for some n and (least) α. Then by the construction, r 
∈ Bγ for any γ ≥ α. Now if
r = r02n+1,γ for some n and γ < α, then rα >h r02n+1,γ . By the construction, this is
not possible.

By Theorem 4.2, neither A nor B is null. Hence if A is measurable, then μ(A) =
1, implying A ∩B 
= ∅, a contradiction. So A must be nonmeasurable. �

5. Measure of sets of Turing degrees

We now turn to the questions concerning the measure theory of Turing degrees
raised in the introductory section. Question (1) will be answered in Theorem 5.2.
As a preliminary, we show that there need not be a trivial solution for the problem.

Proposition 5.1. Suppose that A is a maximal antichain of Turing degrees. Then
there is no nonrecursive x such that A ⊆ UT ({x}).

Proof. Suppose that A is a maximal antichain of Turing degrees and A ⊆ UT ({x})
for some nonrecursive x. Then for any z ∈ A, z >T x. Let z0 ∈ A. By the Posner-
Robinson Theorem [23], one can choose a 1-generic g such that g ⊕ x ≡T g′ ≥T z′0.
Then x 
≤T g and for any real z ∈ A, z 
≤T g. If z ≥T g, then z ≥T g ⊕ x >T z0, a
contradiction. Hence g is Turing incomparable with any real in A. �

Theorem 5.2. There is a null maximal antichain A of Turing degrees. Moreover,
for any Π1

1-random real r, there is an x ∈ A such that r <T x and x 
≤h r.

Proof. We construct such a maximal antichain A by applying a method similar to
that used in the proof of Theorem 4.3, where the antichain constructed contained
no Π1

1-random reals.
Let {xα}α<2ℵ0 be an enumeration of nonrecursive reals so that x0 is ω

CK
1 -generic.

Thus x0 is hyperarithmetically incomparable with any Π1
1-random real. We define

A as follows.
Stage 0. Let A0 be the set consisting of x0 and all the reals Turing equivalent

to x0.
Stage α < 2ℵ0 .

Case (1). xα is Turing comparable with some real in
⋃

β<α Aβ. Then let Aα =⋃
β<α Aβ and go to the next stage.

Case (2.1). Not Case (1) and xα is not hyperarithmetically equivalent to any Π1
1-

random real. Then let Aα =
⋃

β<α Aβ ∪ {z | z ≡T xα} and go to the next stage.
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Case (2.2). Otherwise. Then xα is hyperarithmetically equivalent to a Π1
1-random

real. Relativizing Proposition 3.9 to xα, there are 2ℵ0 -many ωxα
1 -generic reals

{gγ}γ<2ℵ0 , any two of which form an exact pair of Turing degrees over xα. In other

words, for any β0 < β1 < 2ℵ0 ,

(gβ0
∪ xα) ∩ (gβ1

∪ xα) = xα.

Then for any x ∈
⋃

β<α Aβ and γ < 2ℵ0 , x 
≥T gγ⊕xα. Moreover, by the pigeonhole

principle, it is obvious that there is a β0 < 2ℵ0 such that no x ∈
⋃

β<α Aβ satisfies

x ≤T gβ0
⊕xα. We claim that gβ0

⊕xα is not hyperarithmetically equivalent to a Π1
1-

random real. If this is false, then there is a Π1
1-random r∗ ≡T gβ0

⊕ r ≥h gβ0
. Then

by the higher Demuth’s Theorem 1.1, there is a Π1
1-random r0 ≡h gβ0

, contradicting
Proposition 3.6. Let Aα =

⋃
β<α Aβ ∪ {z | z ≡T gβ0

⊕ xα}.

This completes the construction at stage α.
Let A =

⋃
α<2ℵ0 Aα. Then by the construction, A is a maximal antichain of Tur-

ing degrees. Moreover, as shown in Case (2.2), no real in A is hyperarithmetically
equivalent to a Π1

1-random real.
Now let r be Π1

1-random. We claim that r <T x for some x ∈ A. Since A is a
maximal antichain of Turing degrees, there is a least ordinal α such that r is Turing
comparable with x for some x ∈ Aα. If x ≤T r, then by higher Demuth’s Theorem
1.1, x is hyperarithmetically equivalent to a Π1

1-random real, a contradiction. So
r <T x. If x ≤h r, then by Theorem 1.1 again, x is hyperarithmetically equivalent
to a Π1

1-random real, a contradiction.
Since A does not contain a Π1

1-random real, we conclude that μ(A) = 0 and thus
A is as required. �

Producing a maximal antichain A of Turing degrees such that μ(UT (A)) = 1
(Question (2)) requires a more delicate construction.

Theorem 5.3. There is a null maximal antichain C of Turing degrees such that
any Π1

1-random real Turing computes a member of C.

Proof. Let A be an antichain of hyperdegrees as constructed in Theorem 4.3.
Let {xα}α<2ℵ0 be an enumeration of a subset of A that chooses a unique rep-

resentation from each hyperdegree in A. By the construction in Theorem 4.3 we
can further require x0 to be ωCK

1 -generic. By Proposition 3.6, no Π1
1-random real

is hyperarithmetically below x0. We construct an antichain B =
⋃

α<2ℵ0 Bα by

stages. At each stage α, we ensure that for any β < α and Π1
1-random r ≤h xβ,

there is a z ∈
⋃

β<α Bβ such that z <T r and r ≡h z.

Stage 0. Let B0 = ∅.
Stage α < 2ℵ0 . Let {rn}n∈ω be an enumeration of Π1

1-random reals hyperarith-
metically below xα but Turing incomparable with any real in

⋃
β<α Bβ .

Construct a (local) antichain {gn}0<n<ω of 1-generic reals hyperarithmetically
below xα as follows.

At substage α(0), take no action.
At substage α(n+ 1), consider two cases:

Case (1). {rn} ∪ {gm}m≤n is not an antichain of Turing degrees. Then gn+1 is
undefined and proceed to the next substage.
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Case (2). Otherwise. Then {rn} ∪
⋃

m≤n{gm} is an antichain. By Theorem 2.6,

rn is r.e. in and above some y. By Theorem 3.1, there is a 1-generic g <T rn <T g′

such that rn is r.e. in g. By Lemma 3.2, there are n + 2-many 1-g-generic reals
{hi}i≤n+1 so that rn ≡T hi⊕g⊕hj for any i 
= j ≤ n+1. Since g is 1-generic, so is
hi ⊕ g for any i ≤ n+ 1 (see [31]). By Theorem 2.7, hi ⊕ g is Turing incomparable
with hj ⊕ g for any i 
= j ≤ n + 1. Hence for each m ≤ n, there is at most one
i ≤ n+1 such that gm ≥ hi⊕ g. By the pigeonhole principle, there is an i0 ≤ n+1
such that hi0⊕g is Turing incomparable with gm for any m ≤ n. Let gn+1 = hi0⊕g.
Then

⋃
m≤n+1{gm} is an antichain.

Then {gn}0<n<ω is an antichain which contains only 1-generic reals. Moreover,
for every n ≥ 0, by the construction and Theorem 2.7, gn+1 <T rn ≤T g′n+1. Let
Bα = {gn | n > 0}.

Claim.
⋃

β≤α Bβ is an antichain of Turing degrees.

Proof of Claim. If not, there is an n and a real z ∈
⋃

β<α Bβ such that gn+1 and
z are Turing comparable. Suppose that gn ≤T z. Since rn ≡h gn+1, rn must be
hyperarithmetically below xβ for some β < α. Then rn was already diagonalized
against at some stage before α. Then by the construction, {rn}∪

⋃
β<α Bβ is not an

antichain of Turing degrees. So z <T gn+1. Then z <T rn, which again contradicts
the fact that {rn} ∪

⋃
β<α Bβ is an antichain.

This completes the construction at stage α.
Let B =

⋃
α<2ℵ0 Bα. Then B0 = {z | ∃x ∈ B(x ≡T z)} is an antichain of Turing

degrees which has the following properties:

(1) Every real in B is Turing equivalent to a 1-generic real.
(2) If r is Π1

1-random, then there is a g ∈ B such that g ≤T r.

By Theorem 2.7, B0 does not contain a 1-random real. So μ(B0) = 0. By
property (2), we have μ(UT (B

0)) = 1. Extend B0 to be a maximal antichain C of
Turing degrees. Then μ(C) = 0. �

Since any set containing all Π1
1-random reals has measure 1, Theorem 5.3 yields

a positive answer to Question (2):

Corollary 5.4. There is a maximal antichain C of Turing degrees such that
μ(UT (C)) = 1.

As the final result of this section, we show that the upward closure of a null
maximal antichain of Turing degrees can also be nonmeasurable.

Theorem 5.5. There is a null maximal antichain D of Turing degrees such that
UT (D) is not measurable.

Proof. Let {Pα}α<2ℵ0 be an enumeration of closed sets having positive measure so
that each Pα contains only Π1

1-random reals.
By induction, we construct an antichainD∗ = {aα}α<2ℵ0∪{bα}α<2ℵ0∪{cα}α<2ℵ0

of Turing degrees such that every Π1
1-random real is Turing comparable with either

aα, bα or cα for some α < 2ℵ0 , and for any α < 2ℵ0 :

(i) No Π1
1-random real is hyperarithmetically above either aα or cα.

(ii) No 1-random real is Turing below bα.
(iii) There are two Π1

1-random reals r0α, r
1
α ∈ Pα so that r0α ≤T aα and r1α ≥T bα.
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OnceD∗ is constructed, we extend it to a maximal antichain D of Turing degrees.
Since every Π1

1-random real is Turing comparable with either aα, bα or cα for some
α < 2ℵ0 , by (i)–(ii), D is a null set.

By (iii), for each α there is a Π1
1-random r <T aα in Pα. Hence DT (D) is not null.

By the same argument, UT (D) is not null either. Then UT (D) is nonmeasurable as
required.

We now turn to the construction of C. Let {rα}α<2ℵ0 be an enumeration of
Π1

1-random reals.

Stage 0. Let r00 be a Π1
1-random real in P0. Let a0 be chosen so that a0 >T r00

and Turing computes an ωCK
1 -generic real. Let r10 be a Π1

1-random real in P0 so that
r10 
≤h a0. Then by Theorem 2.6 and Theorem 3.1, there is a 1-generic b0 <T r10
and b0 ≡h r10.

If {r0, a0, b0} is not an antichain of Turing degrees, then let c0 = a0. Otherwise,
by Proposition 3.9 and a simple counting argument we may let c0 = r0⊕g for some
ωr0
1 -generic g so that {a0, b0, c0} is an antichain.
By Theorems 1.1 and 2.7, conditions (i)–(iii) are satisfied at stage 0.

Stage 0 < α < 2ℵ0 . Set A<α = {x | ∃β < α(x ≡T aβ)}, B<α = {x | ∃β <
α(x ≡h bβ)} and C<α = {x | ∃β < α(x ≡T cβ)}.

Note that the set A<α∪B<α∪C<α has cardinality less than 2ℵ0 and so does not
contain a subset with positive measure. If Uh(B<α) has a subset of positive measure,
then Uh(B<α) must be of measure 1. Hence by Theorem 1.2 and Proposition 4.4,
Uh(B<α) does not have a subset of positive measure either. By (i) and the induction
hypothesis, Uh(A<α ∪ C<α) is null. Also note that Dh(A<α ∪ B<α ∪ C<α) has
cardinality less than 2ℵ0 and so has no subset of positive measure.

In summary, Dh(A<α ∪ B<α ∪ C<α) ∪ Uh(A<α ∪ B<α ∪ C<α) has no subset of
positive measure. There are three substages to consider:

Substage α(0). Note that there is a Π1
1-random r0α ∈ Pα hyperarithmetically

incomparable with any real in A<α ∪ B<α ∪ C<α. Then by Proposition 3.9 and a

simple counting argument as given in the proof of Theorem 4.3, there is an ω
r0α
1 -

generic g1α such that g1α ⊕ r0α is not hyperarithmetically above any real in A<α ∪
B<α ∪ C<α. Let aα = g1α ⊕ r0α. Then aα is hyperarithmetically incomparable with
any real in A<α ∪ B<α ∪ C<α. By higher Demuth’s Theorem 1.1, no Π1

1-random
real is hyperarithmetically above aα.

Substage α(1). Then there is a Π1
1-random r1α ∈ Pα hyperarithmetically incom-

parable with any real in {aα} ∪A<α ∪B<α ∪ C<α. By Theorem 2.6 and Theorem
3.1, there is a 1-generic real bα <T r1α and bα ≡h r1α. Then bα is hyperarithmeti-
cally incomparable with any real in {aα}∪A<α ∪B<α ∪C<α. By Theorem 2.7, no
1-random real is Turing below bα.

Substage α(2). If rα is Turing comparable with a real in {aα, bα} ∪ A<α ∪
B<α ∪ C<α, then let cα = aα and go to the next stage. Otherwise, by Proposition
3.9 and again by a simple counting argument as given in the proof of Theorem
4.3, there is an ωrα

1 -generic g1α such that gα ⊕ rα is not Turing above any real in
{aα, bα}∪A<α∪B<α∪C<α. Let cα = gα⊕rα. Then {aα, bα, cα}∪A<α∪B<α∪C<α

is an antichain.
By Theorems 1.1 and 2.7, conditions (i)–(iii) are satisfied at stage α. This

completes the construction at stage α.
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By the construction, every Π1
1-random real is Turing comparable with either aα,

bα or cα. Hence the set D∗ has the required properties, and this ends the proof of
the theorem. �

Remark. For nonmeasurable antichains A of Turing degrees, Yu [32] proved that
UT (A) is always nonmeasurable. Again, Theorem 2.6 shows that this may fail if A
is not an antichain.

6. Demuth’s Theorem for constructible degrees

In this section, we present a set-theoretic version of Demuth’s Theorem and
discuss some of its applications (see Jech [11] for a background in set theory).

We say that x is constructible in y, x ≤L y, if x ∈ L[y]. We use xL to denote an
L-degree.

Define the notion of random forcing P = 〈P,≤〉 as follows: ≤ is a partial ordering
on P and P ∈ P ⇔ P ⊆ 2<ω ∧ μ([P ]) > 0. For P,Q ∈ P, P ≤ Q if and only if
P ⊆ Q. A real r is random over a universe V if r is a generic real of P over V .

Random forcing was introduced by Solovay [28]. It is immediate that r is random
over a set-theoretic universe V if and only if r does not belong to a Borel null set
that has a Borel code in V (see Lemma 26.4 in [11]). The set-theoretic Demuth’s
Theorem reads as follows:

Theorem 6.1. If r is random over L and x ∈ L[r] \ L is a real, then there is an
r0 random over L such that r0 ≡L x.

Proof. One can prove this theorem using a purely set-theoretic argument.1 How-
ever, that argument does not yield the partial relativization of the theorem needed
to prove Proposition 6.4. We give a recursion-theoretic proof which constructs
explicitly the real r0.

Suppose that r is random over L and x ∈ L[r] \ L. Then there is a condition
P such that P � ẋ ∈ 2̇ω and r ∈ [P ]. Since random forcing is c.c.c. (see the first
paragraph on page 243 in [11]), there is a sequence of conditions {P i

n | i, n ∈ ω} ∈ L
below P so that

• ∀i∀n∃ji(P i
n � ẋ(ň) = ǰi); and

• for all n, {P i
n}i∈ω is a maximal antichain below P .

Note that for each n, there is only one kn such that r ∈ [P ]kn
n . Then there is

a function f ∈ L[x] such that for any i 
= kn, r � f(〈i, n〉) 
∈ P i
n. Since random

forcing is dominated (i.e., 2<ω � ∀f∃g ∈ L∀n(f(n) ≤ g(n); see Lemma 15.30 in
[11]), there is a function g ∈ L such that g dominates f . Hence we may code
the sequence {P i

n | i, n ∈ ω} and the relation P i
n � ẋ(ň) = ǰi into a single real

z = {〈i, n, σ, ji〉 | σ ∈ P i
n ∧ P i

n � ẋ(ň) = ǰi} ∈ L. Now for each n, we r ⊕ z ⊕ g-
recursively find an i such that r �g(〈i, n〉) ∈ P i

n. Then i = kn as above. Then there
is a unique jkn

such that 〈kn, n, r � g(〈kn, n〉), jkn
〉 ∈ z. So x(n) = jkn

. In other
words,

x = Ψr⊕z⊕g

for some recursion functional Ψ. Again since random forcing only adds dominated
functions, there is a function h ∈ L that dominates the use function of Ψr⊕z⊕g.

1We thank Monroe Eskew for pointing this out to us. We also thank Tomek Bartoszynski,
Liuzhen Wu and Shuguo Zhang for a discussion of the result. Bartoszynski in fact came up with
a similar idea to prove the theorem.
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It remains to apply Demuth’s idea to construct a random real r0 ≡L x.
For any τ ∈ 2<ω, let

C(τ ) = {σ | σ ∈ 2f(|τ |) ∧Ψσ⊕z�h(|τ |)⊕g�h(|u|)[h(|τ |)] � τ}.
Given strings τ and u, let τ <	 u mean “τ is to the left of u”. Define two

z ⊕ g ⊕ h-recursive functions as follows:

l(u) =
∑

τ∈2|u|∧τ<�u

(
∑

σ∈C(τ)

2−|σ|)

and

d(u) = l(u) +
∑

σ∈C(u)

2−|σ|.

For each n, let

lxn = l(x�n) and dxn = r(x�n).
Then lxn ≤ lxn+1 ≤ dxn+1 ≤ dxn for every n.

Since x is not constructible, it is not difficult to see that limn→∞ dxn = 0. Hence
there is a unique real

r0 =
⋂
n∈ω

(lxn, d
x
n).

It is not difficult to verify that r0 ≤T x⊕ z ⊕ g ⊕ h.
For any n, z ⊕ g ⊕ h-recursively find a string u ∈ 2n such that r0 lies in the

interval (l(u), d(u)). Then u = x�n. So x ≤T r0 ⊕ z ⊕ g ⊕ h.
We claim that r0 is L-random.
Suppose otherwise. Then there is a sequence of open sets {Vn}n∈ω in L such

that r ∈
⋂

n∈ω Vn. Let

V̂n = {u | ∃ν∃k(ν is the k-th string in Vn∧
∃p, q ∈ Q(p ≤ l(u) < d(u) < q ∧ [ν] ⊆ (p, q) ∧ q − p < 2−|ν| + 2−n−k−2)}.

Intuitively, {V̂n}n∈ω is an L-Martin-Löf test relative to the measure λ, where
λ(σ) =

∑
τ∈C(σ) 2

−|τ | for any σ ∈ 2<ω.

Since r0 ∈ Vn, we have x ∈ V̂n for every n. Note that {V̂n}n∈ω belongs to L.
Let

Un = {σ | ∃τ ∈ V̂n(|σ| = h|τ |) ∧ Φσ⊕z�h(|τ |)⊕g�h(|τ |)[h(|τ |)] � τ )} =
⋃

u∈V̂n

C(u).

Then {Un}n∈ω ∈ L and r ∈
⋂

n∈ω Un. Note that for every n,

μ(Un) ≤
∑
u∈V̂n

∑
τ∈C(u)

2−|τ | =
∑
u∈V̂n

d(u)− l(u)

≤ μ(Vn) +
∑
k∈ω

2−n−k−2+1 < 2−n + 2−n = 2−n+1.

Hence
⋂

n∈ω Un is null and r ∈
⋂

n∈ω Un is not L-random, a contradiction. �

By the first part of the proof of Theorem 6.1, we have the following conclusion.

Corollary 6.2. If r is random over L and x ∈ L[r] \ L is a real, then there is
recursive functional Φ and a z ∈ L such that x = Φr⊕z.
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The following result lifts Sacks’s Theorem 4.1 to L-degrees.

Lemma 6.3. For any nonconstructible real x and L[x]-random real r, r 
≥L x.

Proof. Suppose not. By Corollary 6.2, there is a constructible real z and a recursive
functional Φ such that x = Φr⊕z. Let A = {y | x = Φy⊕z}. Then A is a Borel set
and so measurable. Moreover, A has a Borel code in L[x]. If A is null, then r ∈ A
is not L[x]-random, which is a contradiction. Hence μ(A) > 0. On the other hand,
by relativizing the classical proof in [5] and [24], we have μ(A) = 0 if x 
≤T z. Thus
x ≤T z and so x ∈ L, again a contradiction. �

Thus we have the following set-theoretic analog of Kripke’s theorem.

Proposition 6.4. Suppose that for any real x, almost every real is L[x]-random.
Then for any null set A of constructible degrees not containing 0L, UL(A) is null.

Proof. Theorem 6.1 may be relativized to read: Let x be a real. If r is L[x]-random
and y ≤L r but y 
≤L x, then y ≡L r0 for some L(x)-random r0. Now for any
y ≤L x, if y ∈ L[r] \ L, then by Lemma 6.3, r is not L[y]-random and so not L[x]-
random, a contradiction. Hence if r is L[x]-random and y ∈ L[r] \ L, then y 
≤L x
and so y ≡L r0 for some random r0.

Now suppose that A is a null set of L-degrees such that 0L 
∈ A and UL(A) =
{z | ∃y ∈ A(z ≥L y)} is not null. Then there is an x such that A is a subset of
the set of non-L(x)-random reals. Since UL(A) is not null, by the assumption that
almost every real is L[x]-random, it contains some real r which is L[x]-random.
Then there is a y ∈ A such that y ≤L r. Note that y 
∈ L. It follows that there is
an r0 ≡L y such that r0 is L[x]-random. But then r0 ∈ A, a contradiction. �

Remark. Using the above and upon replacing “hyperdegrees” with “L-degrees”, the

corresponding results in §4 can be proved under the assumption “ω
L[x]
1 is countable

for any real x”. We leave the proofs to the reader.
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