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INTERPOLATION SETS AND THE SIZE OF QUOTIENTS
OF FUNCTION SPACES ON A LOCALLY COMPACT GROUP

MAHMOUD FILALI AND JORGE GALINDO

ABSTRACT. We devise a fairly general method for estimating the size of quo-
tients between algebras of functions on a locally compact group. This method
is based on the concept of interpolation set we introduced and studied recently
and unifies the approaches followed by many authors to obtain particular cases.

We find in this way that there is a linear isometric copy of { (%) in each

of the following quotient spaces:

— WAP,(G)/Co(G) whenever G contains a subset X that is an E-set (see
the definition in the paper) and x = k(X) is the minimal number of
compact sets required to cover X. In particular, k = k(G) when G is an
SIN-group.

- WAP(GQ)/B(G), when G is any locally compact group and « = x(Z(G))
and Z(G) is the centre of G, or when G is either an IN-group or a
nilpotent group and k = k(G).

— WAP,(G)/Bo(G), when G and k are as in the foregoing item.

- CB(G)/LUC(G), when G is any locally compact group that is neither
compact nor discrete and k = x(G).

1. INTRODUCTION

The main focus throughout the paper will be on C*-algebras of functions on a lo-
cally compact group G with identity e. If £, (G) denotes the C*-algebra of bounded,
scalar-valued functions on G with the supremum norm, our concern will be with
the following subalgebras of ¢ (G): the algebra €B(G) of continuous bounded
functions, the algebra LUC(G) of bounded left uniformly continuous functions, the
algebra WADP(G) of weakly almost periodic functions, the Fourier-Stieltjes alge-
bra B(G), the uniform closure of B(G) denoted by B(G) and best known as the
Eberlein algebra, the algebra AP(G) of almost periodic functions, and the algebra
Co(G) @ C1, where Cy(G) consists of the functions in €B(G) vanishing at infinity.

The spectra of these algebras A(G) define some of the best-known semigroup
compactifications in the sense of [5]. These are compact right (or left) topological
semigroups G having a dense, continuous, homomorphic copy of G contained in
their topological centres (i.e., the map = +— sz (x> xs) : G* — G is continuous
for each s € G). For instance, the compactification G*Y¢ is the spectrum of
LUC(G), and is usually referred to as the LUC- or LC-compactification of G. It
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is the largest semigroup compactification in the sense that any other semigroup
compactification is a quotient of G*U€. When G is discrete, G*"® and the Stone-
Cech compactification 3G are the same. The WAP-compactification GVA” is the
spectrum of WAP(G); it is the largest semitopological semigroup compactification.
The Bohr or AP-compactifiaction is the spectrum of AP(G) and is the largest
topological (semi)group compactification.

The Banach duals of these C*-algebras can also be made into Banach algebras
with a convolution type product extending in most cases that of the group algebra
LY(G). We may recall that L>°(G) is the Banach dual of the group algebra L!(G)
and consists of all scalar-valued functions which are measurable and essentially
bounded with respect to the Haar measure; two functions are identified if they
coincide on a locally null set, and the norm is given by the essential supremum
norm. We may also recall that the product making L°°(G)* into a Banach algebra
is the first (or the second) Arens product on the second dual space L'(G)** of
the group algebra, and that LUC(G)* may be seen as a quotient Banach algebra
of L'(G)**. For more details, see for instance [I7]. These two Banach algebras
have been studied extensively in recent years. Particular attention has been given
to properties related to Arens regularity of the group algebra L!(G) and to the
topological centres of G*U¢, LUC(G)* and L'(G)**. For the latest, see [§] and the
references therein.

The definitions of all these function algebras will be given in the next section.
But for the moment the following diagram summarizes already the inclusion re-
lationships known to hold among these algebras. See [I3| page 143] for the first
inclusion; [13, Lemma 2.1] for the first equality; [45] or [5, Theorem 4.3.13] for the
second equality; [B, Corollary 4.4.11] or [9] for the third inclusion; the rest is easy
to check.

Co(G) & AP(G) C B(G) = AP(G) & Bo(G) € WAP(G) = AP(G) & WAP,(G)
C LUC(G) NRUC(G) C LUC(G) C CB(G)
C L®(G).

When G is finite, the diagram is trivial. When G is infinite and compact, the
diagram reduces to CB(G) C L>(G).

The task of comparing these algebras and estimating the sizes of the quotients
formed among them has already been taken by many authors. We now give a brief
review of what is known in this respect.

In the review below as well as in our study of quotients between the above
algebras the compact covering number will appear at several points. We recall
that the compact covering number of a topological space X is the smallest cardinal
number £(X) of compact subsets of X required to cover X.

COMPARING L*(G) WITH ITS SUBSPACES. Already in 1961, Civin and Yood
proved in their seminal paper [15] that the quotient space L>(G)/CB(G) is infinite-
dimensional for any non-discrete locally compact Abelian group and deduced that
the radical of the Banach algebra L°°(G)* (with one of the Arens products as a
product) is also infinite-dimensional.

This idea was pushed further by Gulick in [35, Lemma 5.2] when G is Abelian,
and proved that the quotient L>°(G)/CB(G) is even non-separable and so is the
radical of L>°(G)*. Then Granirer proved in [33] the same results for any non-
discrete locally compact group.
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A decade later, Young produced, for any infinite locally compact group G, a
function in L°°(G) which is not in WAP(G), proving the non-Arens regularity of
the group algebra L!'(G) for any such a group; see [56].

There was also [6, Theorem 4.2] where the quotient LUC(G)/WAP(G) was seen
to contain a linear isometric copy of ¢ (k), where k is the compact covering of
G. A fortiori, the quotient L>°(G)/WAP(G) contains the same copy, a fact that
was used in [6, Theorem 4.4] to deduce that the group algebra is even extremely
non-Arens regular in the sense of Granirer, whenever x is larger than or equal to
the minimal cardinal x(G) of a basis of neighbourhoods at the identity.

It was also proved in [6l Section 4] that the quotient L*°(G)/CB(G) always
contains a linear isometric copy of £, yielding extreme non-Arens regularity for the
group algebra of compact metrizable groups. Due to a result by Rosenthal proved in
[50, Proposition 4.7, Theorem 4.8], larger copies of £, cannot be expected in L>°(G)
when G is compact. The question on extreme non-Arens regularity of the group
algebra was recently settled by the authors of the present paper using a technique
inspired by Theorem 211l We actually find in [26] that, for any compact group G,
L>(G)/CB(G) contains a copy of L>°(G). This fact together with [6, Theorem 4.4]
gives that L'(G) is extremely non-Arens regular for any infinite locally compact
group.

COMPARING CB(G) WITH ITS SUBSPACES. In 1966, Comfort and Ross [16, Theo-
rem 4.1] compared the spaces CB(G) and AP(G) for an arbitrary topological group,
and proved that they are equal if and only if G is pseudocompact (i.e., every con-
tinuous scalar-valued function on G is bounded). In 1970, Burckel showed in [9]
that CB(G) and WAP(G) are equal if and only if G is compact. In [3], Baker
and Butcher compared €B(G) and LUC(G) for locally compact groups, and proved
that these two spaces are equal if and only if G is either discrete or compact. This
result was extended recently by Filali and Vedenjuoksu in [28, Theorem 4.3] to
all topological groups which are not P-groups. The authors of [28] proved that
if G is a topological group which is not a P-group, then CB(G) = LUC(G) if
and only if G is pseudocompact. In [20], Dzinotyiweyi showed that the quotient
CB(G)/LUC(G) is non-separable if G is a non-compact, non-discrete, locally com-
pact group. This theorem was generalized in [0, Theorem 3.1] and [7, Theorem
4.1], where CB(G)/LUC(G) was seen to contain in fact a linear isometric copy of
l+ whenever GG is a non-precompact topological group which is not a P-group.
So this theorem also actually improved Dzinotyiweyi’s result for locally compact
groups. For non-discrete, P-groups, the quotient CB(G)/LUC(G) was seen to be
trivial in the case when for instance G is a Lindel6f P-group (see [28, Theorem
5.1]), but may also contain a linear isometric copy of £, for some other P-groups
(see [6], Theorem 3.3]). In [7, Theorem 3.1], using a technique due to Alas (see [1]),
the quotient space CB(G)/LUC(G) was also seen to contain a linear isometric copy
of o, whenever G is a non-SIN topological group.

In the locally compact situation, our answer in the present paper is precise and
definite. We prove, in Section 5, that there is a linear isometric copy of £ (k) in
CB(G)/LUC(G), where as before « is the compact covering G, if and only if G is
neither compact nor discrete. This leads again to a linear isometric copy of £ (k)
into the quotient L>®(G)/WADP(G), and of course may be used to deduce again the
extreme non-Arens regularity of L'(G) when x > x(G) > w as in [6, Theorem 4.4].

COMPARING LUC(G) WITH WAP(G). In 1972, Granirer showed that LUC(G) =
WAP(G) if and only if G is compact [32].
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It is not difficult to check that G*Y€ is a semitopological semigroup (i.e., the
topological centre of GXU€ is the whole of G*U°) if and only if LUC(G) = WAP(G).
The same observation can also be made for LUC(G)*. This means that G*U¢ or
LUC(G)* is a semitopological semigroup if and only if G is compact, i.e., GFU¢ = G
is a compact group and LUC(G)* coincides with the measure algebra M(G).

More recently, Granirer’s result was deduced by Lau and Pym in [43, Proposition
3.6] as a corollary of their main theorem on the topological centre of GXU€ being G,
and again by Lau and Ulger in [44, Corollary 3.8] as a corollary of the topological
centre of L'(G)** being L*(G) [42].

Moreover, Granirer showed in the same paper that if G is non-compact and
amenable, then the quotient LUC(G)/WAP(G) contains a linear isometric copy of
£+, and so it is not separable. This result was extended by Chou in [I0] to E-groups
(see below for the definition), then by Dzinotyiweyi in [20] to all non-compact locally
compact groups, and generalized by Bouziad and Filali in [6, Theorem 2.2] to all
non-precompact topological groups. Moreover, as already mentioned above, this
result was improved in [6, Theorem 4.2] when G is a non-compact locally compact
group, by having a copy of £ (%) in the quotient LUC(G)/WADP(G).

COMPARING WADP(G) WITH ITS SUBSPACES. In the “regular” side of the inclu-
sion diagram, when we compare WAP(G) with its subspaces, the situation is not
simpler. It is true that the Fourier-Stieltjes algebra B(G) may be dense in WAP(G)
(i.e., WAP(G) = B(G)), as in the case of minimally weakly almost periodic groups
studied by Veech, Chou and Ruppert; see [55], [12] and [53]. For these groups,
WAP(G) = AP(G) @ Cy(G). However, if G is a non-compact group, then B(G) is
far from being dense in WAP(G) in general as it shall soon be explained.

When comparing WAP(G) with AP(G) and Cy(G), we may recall first that
WAP(G) = AP(G) & WAP,(G). Burckel proved in [9] that Co(G) T WAP(G)
when G is an Abelian, non-compact, locally compact group. In [I0], Chou con-
sidered E-groups and proved that the quotient WAPy(G)/Cy(G) contains a linear
isometric copy of £o,. In Section [ we improve this result by showing that £, may
be replaced by an isometric copy of the larger space £ (x(X)) in the quotient space
WAP(G)/Co(G), where £(X) is the compact covering of any E-set X contained in
G. So when G is an STN-group, these quotients contain a copy of £ (k(G)). For the
same class of groups, we prove also that the quotient WAP(G)/(AP(G) & Co(G))
is non-separable.

In Section 5, we deal with the non-compact, I N-groups, and with non-compact
nilpotent groups. In this class of groups, the results of the previous section shall
be considerably improved. Rudin proved in [51] that B(G) € WAP(G) if G is a
locally compact Abelian group and contains a closed discrete subgroup which is not
of bounded order. This was followed by [49], where Ramirez extended Rudin’s result
to any non-compact, locally compact, Abelian group. Then in [I3], Chou extended
and strengthened the theorem to all non-compact I N-groups and nilpotent groups
by showing that the quotient WAP(G)/B(G) contains a linear isometric copy of
loo.

We shall strengthen Chou’s result in Section 5 by showing that, in these cases,
there is in fact a linear isometric copy of fo (k) in the quotient spaces
WAP(G)/B(G), WAP(G)/(AP(G) ® Co(G)) and WAP,(G)/Bo(G), where & is as
before the compact covering of G. Our method of proof also shows that
WAP(G)/B(G) always contains a copy of {o (k(Z(G))).
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It is worthwhile to note that all this confirms an observation made in [5, page
216], and gives indeed an indication on the size and complexity of the WADP-
compactification GW? and the Banach algebra WAP(G)*.

OUTLINE. The underlying structure in many of the proofs that estimate the size
of A2(G)/A1(G) for C*-subalgebras A1 (G) C A2(G) of Lo (G), depends on the ex-
istence of sets of interpolation for A (G) that are not sets of interpolation for A;(G)
(see for instance [6], [7], [10], [13] or [20]). One of the main objectives of the present
paper is to make that structure emerge in a clear fashion. A first, but essential, step
towards this objective is to work with the right concept of interpolation sets. We
will use here the general concept of interpolation set introduced in [24] that extends
several related classical ones and show how to apply it in this setting. The resulting
interpolation sets are characterized in [24] in term of topological group properties,
thereby making them easier to manipulate. We finally illustrate the scope of our
approach by studying some concrete cases. We shall in particular study under this
light the following quotients: WAPy(G) by Cy(G) and WAP(G) by AP(G)® Co(G)
for E-groups, WAP(G) by B(G), WAP(G) by AP(G) & Cy(G) and WAPy(G) by
Bo(G) for IN-groups and nilpotent groups, €B(G) by LUC(G) for locally compact
groups.

1.1. The function algebras. We start by recalling the definitions of the function
algebras we are interested in; for more details the reader is directed for example to
[5].
Let G be a topological group. For each function f defined on G, the left translate
fsof f by s € Gis defined on G by fs(t) = f(st). For each s € G, the left translation
operator Ls: £oo(G) = oo (Q) is defined as Ls(f) = fs. The supremum norm of an
element f € ¢ (G) will be denoted as || f]] o-

A function f € o (Q) is left uniformly continuous when, if for every € > 0, there
exists a neighbourhood U of e such that

|f(s) — f(t)| < e whenever st™'ecU.

The algebra of left uniformly continuous functions on G is denoted by LUC(G).
We warn the reader that some authors refer to these functions as right uniformly
continuous because they are uniformly continuous for the right uniform structure
on G. We however follow [5], where left uniformly continuous means left norm
continuous in the sense that the map s — f; : G — CB(G) is norm-continuous.

A function f € CB(G) is almost periodic when the set of all its left (equivalently,
right) translates is a relatively norm compact subset in CB(G). The algebra of
almost periodic functions on G is denoted by AP(G).

A function f € CB(Q) is weakly almost periodic when the set of all its left
(equivalently, right) translates makes a relatively weakly compact subset in CB(G).
The algebra of weakly almost periodic functions on G is denoted by WAP(G).

The Fourier-Stieltjes algebra B(G) is the linear span of the set of all continuous
positive definite functions on G. Equivalently, B(G) is the space of coefficients of
unitary representations of G when G is locally compact. As the Fourier-Stieltjes
algebra is not uniformly closed we will work with the Eberlein algebra B(G), which

is the uniform closure of B(G), in symbols B(G) = B(G)H'”m.
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Let p be the unique invariant mean on WAP(G) (see [5], or [9]). Put
WAP(G) = {f € WAP(G) : (| f]) = 0},
Bo(G) = {f € B(G) : p(|f]) = 0}

In [13, page 143], Chou denoted B(G) N WADP(G) by B.(G), and observed that
Bo(G) = B.(G) when G is a locally compact group.

1.2. The spectrum as a compactification. Let G be a topological group, A(G)
C /o(G) be a unital C*-subalgebra and denote by G** the spectrum (the set of
non-zero multiplicative linear functionals) of A(G). Equipped with the topology of
pointwise convergence, G* becomes a compact Hausdorff topological space. There
is a canonical morphism e, : G — G4 given by evaluations

ea(s)(f) = f(s) for every f € A(G) and s € G.

This map is continuous if and only if A(G) C CB(G), and injective on G if and
only if A(G) separates the points of G. We may recall, for example, that the map
€4 is injective on G (and in fact a homeomorphism onto its image in G**) whenever
Co(G) C A(G). This is not a necessary condition since it may also happen that e4
is injective when Cy(G) NA(G) = {0} as it is the case when G is a locally compact,
maximally almost periodic and A(G) = AP(G). It may also happen that e4 is
injective on a given subset T of G. We will then identify T" as a subset of G*. This
situation occurs when for example T is an A(G)-interpolation set.

The C*-algebra A(G) is left translation invariant when fs € A(G) for every
f € A(G) and s € G. In this case for every z € G and f € A(G) we may define a
function zf on G by zf(s) = z(fs). A translation invariant C*-subalgebra A(G) of
CB(G) containing 1, and z f for every f € A(G) and x € G is called m-admissible
in [, Definition 2.10]. For simplicity we will use the term admissible algebra instead.

When A(G) is an admissible C*-subalgebra of €B(G), G* can be equipped with
the product G* given by

zy(f) = z(yf) forevery z,y€ G*and f € A(G).

G* then becomes a semigroup compactification of the topological group G in the
sense of [5]. This means that G* is a compact semigroup having a continuous,
dense, homomorphic, image of G such that the mappings

z=ay: G — G and 2 eq(s)z: G — G

are continuous for every y € G* and s € G.

The algebras Co(G)@C, AP(GQ), Co(G)BAP(G), B(G), WAP(G)dC, WAP(G)
and LUC(G) are all known to be admissible; see for example [5]. But when G is
locally compact, CB(G) is not admissible unless G is either discrete or compact;
see [3] or [28] for more.

When G is a locally compact group and A is a unital left translation invariant
C*-subalgebra of LUC(G), the spectrum G has the joint continuity property, that
is, the map

(5,2) — eq(s)z: G x G* — G*

is continuous; see [5, Theorem 1.4.2].
A recent account on semigroup compactifications is given in [29].
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1.3. A few words on notation. All our groups will be multiplicative and their
identity element will be denoted as e. The characteristic function of a set T will
be denoted as 1p. If X is a set and T C X, given f € (o (X), we define || f|lr =
sup{|f(z)|: € T} so that ||f|loc = ||f|lx- The morphism €4 maps G into G*
faithfully if A(G) separates points. If X C G, we will denote the closure of €4 (X)

simply as YA, while the closure of X in G will be denoted as X. The reason for
this is that in most of our applications the algebra A(G) separates points of G and
therefore €4 may be used to identify G with a subset of G*.

A standard application of Gelfand duality identifies A(G) with CB(G). Under
this identification, to every f € A(G) there corresponds f4 € CB(G*) in such a
way that the following diagram commutes:

(1) G2, gh

N

C

When €4 is injective f# can be seen as an extension of f to GA.

2. INTERPOLATION SETS AND QUOTIENTS OF FUNCTION SPACES

We begin our work by introducing in precise terms the sets we will be using, and
then we prove the impact they have in measuring the size of our quotient spaces
As(G)/A1(G). This is achieved in Theorem ZTT1

It is worthwhile to note that this theorem may also be applied to obtain most
(if not all) of the results concerning the quotient spaces of the various function
algebras mentioned in the introduction; it is of course necessary at each time to
construct the required interpolation sets.

Our final main results in this section and in the rest of the paper concern C*-
algebras of bounded functions on a locally compact group, but definitions and
properties shall also be proved for a general Hausdorff topological group whenever
this makes sense.

Definition 2.1. Let G be a topological group and A(G) C ¢ (G). A subset T C G
is said to be

(i) an A(G)-interpolation set if every bounded function f: T — C can be
extended to a function f: G — C such that f € A(G),

(ii) an approxzimable A(G)-interpolation set if it is an A(G)-interpolation set
and for every neighbourhood U of e, there is an open neighbourhood V'
of e with V' C int(U) such that, for each Ty C T there is h € A(G) with
R(VTy) = {1} and h(G\ (UT1)) = {0}.

Remark 2.2. A(G)-interpolation sets for some concrete algebras A(G) C £ (G)
have been a frequent object of study; see [29] and [24] for more details and refer-
ences. See also [31] for the most recent account on the subject.

Approximable interpolation sets appeared in the early 1970s as a crucial step in
Drury’s proof of the union theorem of Sidon sets; see [18]. Other well-known inter-
polation sets are also approximable as for instance translation-finite sets considered
by Ruppert in [52] (and called Ry-sets by Chou in [I4]) that turn out to be the
approximable WAP(G)-interpolation sets of discrete groups; see [24] for more in
this respect.



582 MAHMOUD FILALI AND JORGE GALINDO

When G is discrete, the definition of approximable A(G)-interpolation set is
much simpler. In that case T C G is an approximable A(G)-interpolation set if and
only if T is an A(G)-interpolation such that 1r € A(G), or equivalently, if every
bounded function supported on T is in A(G).

It should however be recalled that approximable A(G)-interpolation sets do not
make sense for every C*-subalgebra A(G) of {o(G). For example, no subset in a
non-compact locally compact group can be an approximable AP(G)-interpolation
set; see |24 Section 3 and Corollary 4.24].

2.1. The quotients. The following lemma contains some elementary consequences
of the definitions of interpolation and approximable interpolation sets. The identifi-

cation of T with the Stone-Cech compactification of T' (with the discrete topology)
allows us to use the powerful property of extreme disconnectedness of the latter
compactification. As the reader will quickly notice this is the key in the arguments
leading to the main results in this section. The main results start with a gener-
alization of a theorem proved by Chou [13] for B(G) (Theorem 23] to arbitrary
C*-subalgebras of £, (G) . Along with some rather technical lemmas, this provides
us with the conditions stated in Theorem 2.I1] and Corollary under which
the quotient As(G)/A1(G) (A1(G) C A2(G) being admissible C*-subalgebras of
CB(@)) contains a linear isometric copy of ¢ (k) for some cardinal &.

Lemma 2.3. Let G be a topological group. Let A(G) be a C*-subalgebra of £oo(G)
with 1 € A(G) and T C G.
(i) T is an A(G)-interpolation set if and only if eq is injective on T and
the canonical embedding of T extends to a homeomorphism between T
and BTy, the Stone-Cech-compactification of T equipped with the discrete
topology, that leaves the points of T fixed.
(ii)) T is an A(G)-interpolation set if and only if for every pair of subsets
T, To C T, T N To = 0 implies Ty N Ty = 0.
(iii) If T is an A(QG)-interpolation set and f: T — C is a bounded function,
then f has an extension f € A(G) with || flleo = || f]lT-
(iv) If T is an approzimable A(G)-interpolation set, then for every bounded
function h: T — C and every neighbourhood U of the identity, there is
f € A(G) such that
flp="h, FG\UT)={0} and |fle = [lhll7-
Proof. First observe that €4 is injective on every A(G)-interpolation set T if t; #
ty € T, there is f € £oo(T) with f(t1) # f(t2). Take f € A(G) extending f. By ()
f=f"oeu, hence e4(t)) # ea(ts).
Assertion (i) follows then from the universal property defining the Stone-Cech

compactification of a discrete space. In fact, the restriction of the evaluation map
. . . o . A
€4 to T gives a homeomorphism of the discrete set T, onto its image in G*. So T

is a (topological) compactification of Ty, and we may apply [21], Corollary 3.6.3].
Assertion (ii) also follows directly from a well-known characterization of the
Stone-Cech compactification of a discrete space; see for instance [2I, Corollary
3.6.2].
To prove (iii), let f: T — C with || f|jz = M be given. If B), is the closed disc
of radius M centred at 0 (in C), we can use (i) and the universal property of 8T}

. . A . .
to find a continuous function f?: T~ — Bj; with fﬁlT = f. Then, by Tietze’s
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extension theorem, f? can be extended to a continuous function f4: G4 — By,
the restriction f4 ’ o 1s then the desired extension.

To prove (iv), let T be an approximable A(G)-interpolation set. First, we find,
using (iii), fi € A with fi|, = h and || fi]c = ||k|l7. The definition of approx-
imable A(G)-interpolation sets provides a neighbourhood V with V C int(U) and
f2 € A such that

f(VT)={1} and fo(G\UT)={0}.

Using [21], 3.2.20], we can assume (taking the minimum of f and the function that
is constant and equal to 1) that || f2||cc = 1. The product f; - f2 then coincides with
h on T and vanishes off UT'. (]

Remark 2.4. Note that if in the lemma above A(G) C CB(G), then T is necessarily
discrete since every bounded function on 7" must be continuous.

Observe as well that the sole existence of an infinite A(G)-interpolation set T
in G, implies that G* contains a copy of 3T, where T} is the discrete set 7. The
compactification G* is therefore large and topologically involved.

The following theorem, due to Chou [I3], has its roots in a result of Ramirez
(see Theorem 2.3 of [19]) in the Abelian setting. This theorem is used by Chou,
loc. cit., to find an isometric copy of £y, inside WAP(G)/B(G) for a discrete group
G. This was originally the departing point of our paper.

Theorem 2.5 (Chou, [13, Lemma 3.11]). Let G be a discrete group. A subset
T C G fails to be a B(G)-interpolation set if and only if there is a bounded function
f €lo(G), with || flleo = 1 such that

lo—fllr =1 forall ¢e B(G).

Remark 2.6. Tt is an immediate consequence of the previous theorem that B(G)-
interpolation sets are also B(G)-interpolation sets (i.e., Sidon sets). We do not
know whether Theorem remains valid for all locally compact groups.

The result in Theorem is more natural when the function algebra is a C*-
subalgebra. It is not surprising therefore that it holds for any C*-subalgebra. The
next lemma proves even more.

Lemma 2.7. Let G be a topological group, A1(G) C A2(G) C l(G) be two C*-
subalgebras with 1 € A1(G), and let (T))n<x be a family of disjoint subsets of G
such that

(i) each T, fails to be an A1(G)-interpolation set,
(i) T'=U, <, Ty is an approzimable A2(G)-interpolation set.

Then for each open neighbourhood U of e, there is a function f € As(G) with
Ifllcc =1 such that

F(G\UT) ={0} and ||f—o|lr, >1 for everyn <k and every ¢ € A1(G).
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Proof. Let T = Un<»~c T, be an approximable A, (G)-interpolation set as stated in
the lemma. Let U be an open neighbourhood of e.

To avoid cumbersomeness, we abuse our notation and use the same letters to
denote subsets of T and their images in G“*.

Then, by Statement (ii) of Lemma 23] each T}, must contain two disjoint subsets

Ty, T, such that mﬂl ﬂmﬂl # (. Define for each n < &, a function h,: G —
[—1,1] with h,(T'\ T;,) = {0},

hy(Tyy) ={1} and  hy(Ty,) = {-1}.
Then consider the function h: G — [—1, 1] given by
h(t) = hy(t) ift € T, for somen < k and h(G\T) = {0}.
By Statement (iv) of Lemma [Z3] there is a a function f € A3(G) such that
FG\UT) =0, fl,=h and||flle = [h]lr = 1.

Now let ¢ be any function in A;(G), and take ¢ > 0. Given n < k, we are going to
prove that || f — ¢[|7, > 1 —¢.

Take p, € mﬂl N Eﬂl and pick t1,, € 11, and ty,, € T, with
6(t1) — 0™ (py)] <& and  [(tay) — ¢7 (py)] <o,
where ¢ denotes the extension of ¢ to G*1. Then
(2) 2= |hn(t1,n) - hn(t2,n)‘ = |h(t1,n) - h(tZ,n)| = |f(t1,n) - f(tln)|
< [f(t1n) — o(t1,n)]
+6(t1,0) = ™ ()| + 107 () = D(t2,0)| + [D(t2,) — f(t2,n)]-

It follows that either |f(t1,;) — ¢(t1n)| = 1 — ¢ or [f(tay) — d(t2y)] = 1 —e.
Since ¢ > 0 was arbitrary, we find that ||f — ¢[l7, > 1. Since ||f|loc = 1 and
F(G\UT) = {0}, we see that f is the required function. O

Lemma 2.8. Let G be a locally compact group, A(G) be a unital left invariant
C*-subalgebra of 1o (G), U be a neighbourhood of e, and T C G be an approzimable
A(G)-interpolation set, which may be partitioned as T = Un<,€T77 with UT, N
UT,y = 0 whenever n # n'. Then there is a neighbourhood V of e such that for each
f e A(G) with f(G\VT) = {0} and each c = (¢y)y<w € loo(K), the function given
by
g(G\VT)={0} and g‘VTn = c(n)f’VTn for eachn < kK,

is in A(G).

Proof. Consider the neighbourhood V' provided by the definition of approximable
A(G)-interpolation set for the neighbourhood U.

For a non-empty subset M of k, put Ty = UneM T,,. For disjoint subsets M;
and M; of k, the assumption of the lemma implies UTy;, € G\ UT)y, and so, by
Definition 2.1(ii), VTMIA N UTMZA = (), and in particular, VTMIA N VTM2A = 0.
For arbitrary M, Ms C k, it follows that

A A A A
VIivion, =V, NVIy, =VINn, OV, .
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This implies that, for x € WA, U, ={M Ck:z€ VTMA} is a filter on k.
It is actually an ultrafilter on &, since for any M C &, x ¢ VTMJCL implies that
2 € VTmar .

Now it is clear that the mapping

xHumzﬁﬂﬁﬂm

is continuous since = € VTMJ‘l if and only if M € U, (and, thus, the inverse image
of every closed set is closed).

Let ¢? and f# denote the respective continuous extensions of ¢ and f to x and
G#. Then the function g* given by ¢g*(z) = ¢?(U,) f*(x) is a continuous extension

of g to WA, and so g extends continuously to G**, proving that g € A(G). O

For algebras A(G) containing LUC(G) it is easy to see that a weaker assumption
on T is enough.

Lemma 2.9. Let G be a locally compact group, A(G) be a unital left invariant
C*-subalgebra of loo(G) with LUC(G) C A(G), U be a neighbourhood of e, and let
T C G be a set which may be partitioned as T = Un<K T, with UT,, NUT,y = 1]
whenever n £ n'. Then there is a neighbourhood V' of e such that for each f € A(G)
with f(G\VT) = {0} and each c = (¢;))n<r € loc(k), the function given by

g(G\VT)={0} and g‘VTn = c(n)f’VTn for eachn < K,
is in A(G).

Proof. Let V be any symmetric neighbourhood of the identity with V2 C U. Then
the assumption UT,, N UT,, = 0, for n # ', implies that V2T, N V2Tyy, = 0 for
every pair of disjoint subsets M7 and M; of k. By Katétov's Theorem (see [40}41]
or [30]), there is a function f € LUC(G) such that h(VTy,) = 0 and h(VThy,) = 1,

and so VTMIA N VTM,“J‘l = (). The proof of Lemma [2Z.8 can then be repeated
verbatim in this case. ]

Remarks 2.10. (i) We would like to thank the referee for proposing the present
proof of Lemma 2.9 which is much shorter and easier to read than our original one.
(ii) The reader might have noticed that for the proof of Lemma 2.8 the full force
of the approximable A(G)-interpolation property of T' is not needed. First, the
fact that 7" is an A(G)-interpolation set is not used and, secondly, the sets T;, need
not be approximable interpolation sets, it is enough to separate by functions of the
algebra each pair of blocks T,, and T,y, as emphasized in the proof of Lemma [2.0]
(iii) A known theorem due to Veech asserts that the left action of a locally
compact group G on G*UC€ is free, i.e., sz # = for every € G*UC and s € G,
s # e; see [B4], or [48] for a shorter proof. The original proof of the second statement
of the previous lemma, which was rather involved, revealed that Veech’s property in
fact holds in G* at any point in the closure of the approximable A (G)-interpolation

sets with A € LUC(G). That is, if T is any such a set, = € 7% and g # ein G,
then gr # x and zg # = in G*. This property was proved for GWA? in [] and
[23] using t-sets. These sets are approximable WA®P(G)-interpolation sets and have
also been used to study the algebra in the Stone-Cech compactification 55 when S
is a discrete semigroup, see [22] and [38], and in GXUC, see [27]. These matters are
dealt with in our recent work [25].
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Theorem 2.11. Let G be a locally compact group and let A1(G) C Ax(G) C
LUC(G) be two unital C*-subalgebras of Lo (G) with As(QG) left invariant. Suppose
that G contains a neighbourhood U of the identity and a family of sets {T,,: n < K}
such that

(i) UT,NUT,y =0 for everyn #1n <k,

(ii) T, fails to be an A1(G)-interpolation set for every n < k, and

(iii) 7' = U, <, Ty is an approzimable As(G)-interpolation set.
Then there is a linear isometry U: Lo (k) — A2(G)/A1(G).

Proof. Let V be the neighbourhood of the identity provided by Lemma 2.8
Since T' = {J, . T, is an approximable A (G)-interpolation set and each T}, fails
to be an A;(G)-interpolation set, we take from Lemma [Z7 a function f € Az(G)
with || f]|ec = 1 such that
F(G\VT)={0} and |f—¢|r, >1 forall ¢cAi(G) and n<=k.
For each ¢ = (¢;))n<r € loo(k), we define a function f. : G — C with fo(G\VT) =
{0} and
fe(vt) =c,f(vt) if teT, and 7<=,
i.e., with the notation of Lemma 2.8 fC|VT = c(n)f‘VT .
n n
Then f. € A2(G) by Lemma[2.8 Obviously, the map ¥: (o (k) — A2(G)/AL1(G)
given by
U(c) = fe+A1(G) forevery c € lo(k)
is linear. We next check that it is isometric.
The same argument of [I3, Theorem 3.12] shows now that, for every n < &,

19 () laser e = mi{llfe = bll : & € A2(G)}
> inf{|| fe — ¢z, : ¢ € A1(G)}
= inf{||c, f — ¢[l1, : & € A1(G)}
= |ey|inf{||f — @1, : ¢ € A1(G)}
> eql,

where the last inequality follows from the choice of f. Since, obviously,

||\I](C)||A2(G)/A1(G) < ”fCHOO = ||C||7 for every c= (Cn)n<m € 600(5)7

we see that W is the required isometry. O

Corollary 2.12. If in the above theorem Ax(G) = CB(G), then the quotient
CB(G)/A1(G) contains a linearly isometric copy of Loo (k).

Proof. The proof of Theorem [ZT1] remains valid in this case applying Lemma
instead of Lemma [Z8 O

Remark 2.13. Two C*-subalgebras of ¢ (G) may be different, and yet produce
a small quotient (i.e., separable), for example if G is a minimally weakly almost
periodic group ([I4], [51], [55]), then WAP(G)/AP(G) = Co(G). It G = SL(2,R),
then WAP(G) = Cy(G) & C1, and so WAP(G)/Cy(G) = C. In the theorem and
corollary above, we have just met conditions under which this is not so.

Corollary 2.14. Under the hypotheses of Theorem 211l or Corollary 212, the
quotient space A2(G)/A1(G) is non-separable.
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3. INTERPOLATION SETS

The definitions in this section gather the topological group-theoretic properties
that will correspond to the interpolation sets needed in the three sections that
follow. Once these interpolation sets are at hand, an application of Theorem 2.TT]
and Corollary Z T2 will lead immediately to the desired conclusion on the quotients.

Definition 3.1. Let G be a non-compact topological group. We say that a subset
T of G is

(i) right translation-finite if every infinite subset L C G contains a finite subset
F such that {b~1T: b € F} is finite; left translation-finite if every infinite
subset L C G contains a finite subset F such that (\{Tb~!: b € F} is finite;
and translation-finite when it is both right and left translation-finite;

(i) right translation-compact if every non-relatively compact subset L C G
contains a finite subset F' such that (\{b~1T": b € F'} is relatively compact;
left translation-compact if every non-relatively compact subset L C G con-
tains a finite subset F' such that (\{Tb"': b € F} is relatively compact;
and translation-compact when it is both left and right translation-compact;

(iii) a right t-set (left t-set) if there exists a compact subset K of G containing
e such that ¢7' NT (respectively, Tg N T') is relatively compact for every
g ¢ K; and a t-set when it is both a right and a left t-set.

In addition to these sets, we also need to recall the known notions related to
uniform discreteness. Along with translation-finite and translation-compact sets,
these sets are essential for the rest of the paper.

Definition 3.2. Let G be a topological group, T be a subset of G and U be a
neighbourhood of e. We say that T is right U-uniformly discrete if

UsnUs' =@ forevery s#s €T.

The set T being left U-uniformly discrete is defined analogously. We say that T is
right uniformly discrete (resp. left uniformly discrete) when it is right U-uniformly
discrete (resp. left U-uniformly discrete) for some neighbourhood U of e. If T is
both left and right uniformly discrete, we say that T is uniformly discrete.

We also need to establish the range of locally compact groups to which our
methods apply in the next two sections; these are those locally compact groups for
which the existence of a good supply of WAP-functions is guaranteed.

Recall that a locally compact group G is an IN—group if it has a compact
invariant neighbourhood of the identity. We recall also from [I0], that a locally
compact group G is an E-group if it contains a non-relatively compact set X such
that for each neighbourhood U of e, the set

n{x_lUx cxe XUXH

is again a neighbourhood of e. The set X is called an E-set. This is a large class
of locally compact groups. This includes of course all non-compact SIN—groups,
the groups with a non-compact centre such as the matrix group GL(n,R), and the
direct product of any F-group with any locally compact group.

A detailed study of approximable LUC(G)- and WAP(G)-interpolation sets, with
some precise characterizations, is carried out in the recent paper [24]. We summa-
rize in Lemma the results that will be needed in the present paper.
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Lemma 3.3 ([24, Lemma 4.8 and Proposition 3.3 (iii)]). Let G be a topological
group and let T C G.

(i) If the underlying topological space of G is normal, then all discrete closed
subsets of G are approzimable CB(G)-interpolation sets.

(ii) If T is right (resp. left) uniformly discrete, then T is an approzimable
LUC(G)-interpolation set (resp. RUC(G)-interpolation set).

(iii) If G is assumed to be metrizable, then every LUC(G)-interpolation set
(resp. RUC(G)-interpolation set) is right (left) uniformly discrete.

(iv) If G is an E-group and T is an E-set in G which is right (or left) uniformly
discrete with respect to U? for some neighbourhood U of the identity such
that UT is translation-compact, then T is an approrimable WADPy(G)-
interpolation set.

(v) If G is a metrizable E-group, an E-set T C G is a WAP(G)-interpolation
set if and only if UT s translation-compact for some compact neighbour-
hood U of the identity such that T is right (or left) uniformly discrete with
respect to U?.

The following lemma will be needed later on in Section 5.

Lemma 3.4. Let G be a locally compact group, let H be a closed subgroup of G
and let T C H.

(i) IfUT is a right t-set in H for some compact neighbourhood U of the iden-
tity e in H, then VT is a right t-set in G for every compact neighbourhood
V ofeinG.

(ii) If in addition T is central, then the left analogue of Statement (i) holds
also.

Proof. Let U be a compact neighbourhood of e in H, and suppose that UT is a right
t-set in H. By definition there is a compact subset K C H such that gUT NUT is
relatively compact whenever g ¢ K.

Let V be a compact neighbourhood of e and let K/ = VKV~

Take g € G but g ¢ K’'. Suppose gVT N VT is not relatively compact. There
is then a net (g,) in gVT N VT with no convergent subnet. For each «, there are
Vo, Wo € V and t,, 5o € T such that g, = vata = gWaSa, and so

-1 _ -1
tasSq =V, gwo for every a.

We can assume, by considering subnets if necessary, that (v,) and (w,) converge
to v,w € V, respectively. Therefore (t,s;') is a net in H which converges to
h = v lgw. Since H is closed, h € H. Thus, the net (t,s,!) is eventually in hU.
This means that the net (¢,) belongs to hUT NUT. Since (g,) has no convergent
subnet but (v,) has, we know that (¢,) cannot have convergent subnets either. We
deduce therefore that hUT N UT is not relatively compact. That however would
imply that h € K, and so that g € K’, a contradiction. Hence, VT is a right ¢-set
in G.

To prove the analogous statement for left ¢-sets, we suppose in addition that T
is central and put again K’ = VKV ~!. Using the fact that T is central, the same
argument leads to

solte = wagu, ' for every a.
By taking subnets, we see that (¢,) is eventually in TUhNTU = UThNUT with
h € VgV—1. Thus, h must be in K, and so g is in K. (Il
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Remark 3.5. Notice that the above argument is also meaningful when G = H. In
that case it shows the following: if " C G is such that UT is a right t-set for some
compact neighbourhood U of e in G, then VT is a right ¢-set for every compact
neighbourhood V' of e in G. We thank the referee for pointing out to us that the
proof holds for any compact neighbourhood of e.

To state a well-known necessary condition for a subset T' C G to be a B(G)-
interpolation set we need the concept of large squares that we recall from [I3]
Definition 3.3]:

A finite subset F' of G is an n-square if F = AB where |A| = |B] = n and
|F| = n?. A subset of a group is then said to contain large squares if it contains an
n-square for every n € N.

Large squares are incompatible with Sidon sets, as proved in [I3, Proposition
3.4]. We restate this theorem here, stressing B(G).

Theorem 3.6 (Chou, [13]). Let G be a topological group. A B(G)-interpolation
set cannot contain large squares.

Proof. Let G4 be the group G with the discrete topology. If T' is a B(G)-interpola-
tion set, then T is also a B(Gy)-interpolation set. By Remark X6l T is then
a B(Gg)-interpolation set and, by [I3, Proposition 3.4], T cannot contain large
squares. 0

4. THE QUOTIENTS OF WADP(G) BY Cy(G)
AND WAP(G) BY AP(G) ® Co(G)

In [I0], Chou considered E-groups and proved that the quotient space
WAP(G)/Co(G) contains a linear isometric copy of fo,. In this section, we
strengthen this result and prove that if G is an E-group, then there is a linear
isometric copy of £o (%) in the quotient WAPy(G)/Co(G) where & is the compact
covering number of an E-set contained in G. In particular, Kk = k(G) when G is an
SIN-group.

Our method applies further to show that the quotient WAP(G) /(AP(G)DCo(G))
is non-separable.

Theorem 4.1. Let G be a non-compact locally compact E-group having an FE-set
X with a compact covering number k. Then the quotient space WAPy(G)/Co(Q)
contains a linear isometric copy of loo (k).

Proof. Let V be a fixed compact symmetric neighbourhood of e. Then we consider
a set T C X as that constructed in Section 2 of [23]. This set has the following
properties:
(i) &(T) = |T| = K(X).

(ii) T is right V2-uniformly discrete.

(ili) VT is a t-set.
For completeness, we recall from [23] the construction of the set 7. We may assume
that e € X and start with g = e.. Suppose that the elements xg have been selected
for all 8 < a with a < k. Set

X, = U V2 a2 ViRV,
B1,B2,83<
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where each ¢; = £1. Since k(X,) < k, we pick z, in X \ X, for our set T'. In this
way, we form a set T = {z, : o < K}.

We obtain from Lemma that T is an approximable WA®P,(G)-interpolation
set. Since every infinite subset of T is uniformly discrete and Cy(G)-interpolation
sets must be relatively compact, and so finite (see the proof of Proposition 3.3 of
[24]) any decomposition T' = |J, ., T, as a disjoint union of x-many infinite subsets
leaves us in position to apply Theorem [ZI1] and finish the proof. |

We deduce first that the quotient WAP(G)/ (AP(G) ® Cy(G)) contains an iso-
morphic copy of £oo (k).

Corollary 4.2. Let G be a non-compact locally compact E-group having an E-set X
with a compact covering number . The quotient space WAP(G)/ (AP(G)®Co(G))
then contains an isomorphic copy of loo (k).

Proof. We only have to recall that WAP(G) = AP(G) @WAP(G), [45]. Therefore
WAP(G)/(AP(G) @ Co(G)) is isomorphic to WAP(G)/Co(G), and then apply
Theorem 1] O

If we want to use our Theorem 2] to obtain a linear isometric copy of £ (k) in
the quotient WAP(G)/AP(G) we need first an approximable WAP(G)-interpolation
set which is not an AP(G)-interpolation set. If G, for instance, is discrete this means
we need a translation-finite set that is not an Iy-set. Such sets can be easily found
in Z, the additive group of integers: T'= {3" + n: n € N} U {3": n € N} is such
an example; see [31, Example 1.5.2] for a (simple) proof. For arbitrary discrete
groups, an example as simple as that has escaped us but see the recent paper [30]
by Hare and Ramsey for a generic construction in discrete Abelian groups. A con-
siderably more complicated construction can be used to obtain an approximable
WAP(G)-interpolation set that is not a B(G)-interpolation set, a fortiori not an
AP(G)-interpolation set when G is an IN-group, a nilpotent group or a group with
large enough centre; see Section 5 (note that the set 7" above is a Sidon set, i.e., a
B(G)-interpolation set).

Corollary 4.3. Let G be a non-compact, locally compact E-group having an E-set

X with a compact covering number k. Then the Banach space WAP(G) contains a
linear isometric copy L of loo(K) such that

W <ys v av@o co @l <1 sor every s e L
In particular, the quotient space WAP(G)/(AP(G) & Co(G)) is non-separable.

Proof. Since WAP(G) is an ideal in the C*-algebra WADP(G), we see that every
element in G can be extended trivially on WA®P,(G). It follows that || f+g| > |9l

for every f € WAP,(G) and g € AP(G). Therefore,
1
Ilf+gll > §|\f|| for every f € WAP)(G) and g€ AP(G)

(use the previous inequality when | f|| < ||lg|, and the triangle inequality when
LIl = llgll). This gives for the quotient norms

7+ AP(@) & Co(@)ly > 317 +Co(@)lly Tor every | € WAP(G).

Now Theorem [A.T] completes the proof since it gives an isometric copy L of £ (k)
in WAP,(G) such that ||f|| = ||f + Co(G)||, for every f € L. O
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The results in this section will be considerably improved in the next section when
G is an I N-group or a nilpotent group.

5. THE QUOTIENT OF WAP(G) BY B(G)

The situation is much more delicate with WAP(G)/B(G). Already in the cases
dealt with by Rudin in [51] and by Ramirez in [49] proving that B(G) C WAP(G)
the arguments were quite involved. Elaborating on the work by Rudin and Ramirez,
Chou proved in [13] that the quotient space WAP(G)/B(G) contains a linear iso-
metric copy of ¢, whenever G is a non-compact, locally compact, I N-group or a
nilpotent group. In all these papers the key argument consists of constructing a
t-set that contains large squares. Here we follow that thread and find copies of
U (k) for k as large as possible in WAP(G)/B(G) by applying Theorem 2111

More precisely, we shall strengthen Chou’s theorems by showing that there is
a copy of oo (k) in the quotient WAP(G)/B(G) when G is either an I N-group or
a nilpotent group and k = (@), and that, in general, for every locally compact
group a copy of o (k(Z(G))) can be found in the quotient WAP(G)/B(G), where
Z(@) is the algebraic centre of G.

The following technical lemma establishes that a group cannot be covered by
[B-cosets of finitely many different subgroups of index larger than 8. This is similar
to a theorem, known at least from the times of [47], in which only finitely many
cosets are allowed.

Lemma 5.1. Let G be any group with |G| = k. Suppose that there is a finite
collection {Hy,...,H,} of subgroups of G such that G can be covered by 5 < k
right-cosets of them, i.e., such that

3) G=U U Haig  with ||+ + 11| = B < x.

j=liel;
Then some of the subgroups H; have index at most (3.

Proof. This is proved by induction on n. The theorem is obvious if n = 1. Assume
the theorem has been proved for unions of cosets of n — 1 different subgroups and
suppose

(%) G=J U Hjziy, with [Ii|+- +|[,| = B < k.
j=1l4i€l;

If |G : Hy,| > B, there is « € G such that x ¢ |,.; Hn%;in. Since

icl,
H,xNHyx;n =0 forevery iclI,,

we obtain
n—1
an - U U Hj.’L‘iJ‘,
j=liel
and so
n—1 n—1
(**) Hn = Hj%@j.’ﬂil N Hn = U U (H] N Hn)yi,ja
Jj=liel; j=14€l;

where the y; ;’s have been suitably chosen in H,, (if hjxi,jx_l =y, isin Hjxi,jx_lﬂ
H,, then z; ja~! = hj_lyi,j). Applying our inductive hypothesis, we deduce that
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there is jo with |H,: (H, N Hj,)| < 5. (One may also proceed directly and replace
H,, from (#FF) in ([@®), then apply the inductive hypothesis.)

There is therefore a family {z,: s € S} C H, with |S| < § such that H, =
Uses(Hn N Hj, )z, and we may replace ([B) by

n—1
o= (U Umes)o(UUmen.),

j=1 ite i€l, s€S

Since this is a cover of G by cosets of at most n — 1 different subgroups of G we
deduce from our inductive hypothesis that some of the subgroups H;, 1 < j <n—1,
have index at most 5. O

Lemma 5.2. Let G be a locally compact group containing a normal subgroup H C
G. If |G: H| = k > w, then G contains a family {T,,: n < k} of subsets such that,
putting T = Un<m T,,
(i) HtNHt =0 for everyt #t' € T.
(ii) T, contains large squares for every n < k.
(iii) If U C H 1is symmetric and compact, then UTgNUT and gUT NUT are
relatively compact for every g ¢ U t1U?t.
teT

Proof. For each 1 < &, in this proof let €,(H) denote the set
¢,(H) ={gH € G/H: |Cl(gH)| < n},

where €l(gH) denotes the conjugacy class of gH in G/H. If AC G/H, €l(A) will
stand for the set {(¢tag)H: gH € G/H,aH € A}. n: G — G/H will denote the
canonical quotient mapping. For n < w, we define (A),, to be the set of all products
of at most n elements in AU A™L,

We will define for each n < x and n < w two collections of finite sets

Con ={tynr:0<k<n} and Dy, ={ypnr:0<k<n}.

These sets are defined recursively. First we order the set k X w in the canon-
ical way ([39, 3.12]): For 0, < k and n,n’ < w, we define (n,n) < (n',n’)
if either max(n,n) < max(n’,n'), or max(n,n) = max(y’,n') and n < 7/, or
max(n,n) = max(n’,n’), n = ' and n < n’. This way, the cardinal of the set
{(n,n): (n,m) < (No,no)} is less than « for every (ng,ng) € Kk X w.

We now define Z0,0,0 = Y0,0,0 = € and set CO,O = {x0,0,0}v DO,O = {y07070}.

Assume that the sets C, ; and D, ; have been defined for (v,j) < (n,n). We
now define the set C,, .

To that end we need to define R, ,, 0 = U (m(Cy,;) Um(D5 ;)) and con-

(v:5)<(n,n)
sider a cardinal number f(n,n,0) such that

(4) K> f(n,n,0) > (n+1)° |R177n,0‘4 + (IRy ol + 71+ 1)8 :

Note that, in particular, f(n,n,0) is finite when £ = w.
We then choose z; 0 such that

(5) W(In,n,o) ¢ <Rn,n,07 ¢l (Rn,n,O N Q:f(mn,o)) >8.
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The choice of this element will be possible because [(Ry,0)s] < f(7,n,0) < k =
|G: H| and conjugacy classes of elements of €, , ¢y do not have, by definition,
more than f(n,n,0)-elements.

Suppose now that x,,; has been defined for 0 <! < k. The element x, ,  is
then defined similarly. We first define

Bni= U (7(C)Um(Dy) U{r(pmo)e- o m(@nmi) |

(v:3)<(n,m)
and f(n,n, k) such that
(6) k> f(nmk) > (n+ 1) [Rynpl* + (|Ryne| + 20+ 1)°.
Then x,,, 1 is obtained as above:
(7) T(Zynk) ¢ <Rn,n,k7 ¢l (Rn,n,k N Qf(n,mO)) >8.

Once the sets C, ; have been defined for (v,j) < (,n) and the sets D, ; have
been defined for (v, j) < (n,n), we define the set D, ,.

The process starts as in the case of C), ,,; in this case the elements of this latter
set must also be avoided. We thus start by defining the sets:

Spn0 = U m(Cy,5) | U U (D, ;) | and, for 1 <k <mn,
(v:3)<(n,m) CBISURD)

S =| U wc|ul U wDs) u{w(yn,n,o),...,w(yn,n,k,l)}.

(v,5)<(n,n) (v,5)<(n,n)

We use the following claim to define y,, ,, 1.

Claim 1. There is y, n,x € G such that

(8) T(Ynnk) & (Snonk)s
and
9) CnanT;'llL N yn,n,kﬂ'il (<Rn,n7k>4) y;,il,k = {e}.

We first enumerate (Cy ,C, %\ {e}) N7~ ((CU(Rynx))a) as {a1,...,a;}. Then

let
Rj =77" ((Ryn )4 N €l (ay)))
and choose, for each j, 1 < j <[, and each r € R; an element y;, € G and an
element h;, € H with
r= y;rlajhj,ryj,r-

Suppose now that no y € G can be found so that conditions (§) and (@) are

satisfied. In that case some R; must be non-empty and, indeed,

l
G= (S| J U Lir|,

j=17€R;

where

L, = {g eG:r= g_lajg} .
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Observe now that m(L;,) C Cq/u(m(a;))m(y;,,), where

Coyn(m(a;)) = {m(9) € G/H: m(ga;) = m(a;9)}
is the centralizer of m(a;). Therefore,

!
(10) G/H = <Sn,n,k>8 u U U CG/H(W(aj))Tr(yj,r)
Jj=1reR;
Now, |Syn0l < |Rpnol +n+1and |Synkl < |Rynol+2n+1, for 1 <k <n. We
therefore deduce from (@) and (@) that (n + 1) |(Rynx)al + [(Synk)s| < f(n,n, k)
for 0 <k <n.

If the elements of the set (S, » k)s are viewed as cosets of the trivial subgroup
{eq/u}, we see in ([I0) that G/H can be decomposed as a union of less than
(n 4+ 1)2|(Ryn.k)a| + |(Synk)s| cosets. We deduce from Lemma 5.1 that some of
them must correspond to a subgroup of index at most f(n,n, k). Thus, there is j,
1 < j <lsuch that |G/H: Cq p(m(ay))| = [€n(a;))| < f(n,n,k). We conclude
that 7T(6Lj) S Q:f(’r],n,lc)'

Since m(a;) N €L(Ry,nk) # 0, we find that aj € 7~ (€U Ry i N Cripnry)). I
a; = x;;’klxn,m@ and ko > k1, this goes against condition (7)) in the choice of
Zy,n,k, and finishes the proof of the claim.

We have therefore constructed two families

Com = {Tpni: 0<k<n} and Dy, = {ypnk: 0<k<n}, (,n) €K xw,
with properties (@), [8) and ([@). We now check that the sets

T = U (Dn,ncn,n)v 77 < H?

n<w

satisfy the desired properties.

First of all we see that |D, ,C, | = (n+ 1)%. If this were not the case, there
would be 1 S kl, kg, kg, k4 S n with kl 7§ k3 and kg < :ZC4 such that Ynn,k1Tnnky =
Ynon ks Ty ks BUt then yp 1, € (Cy n, Ynonk, )2 Which goes against our choice of
the elements in D, ,,. Therefore, T}, contains n-squares for every n.

In order to prove the last statement, we take U a compact symmetric subset of H
and g ¢ U?. Choose t1 = Yy, .y ks Ty ny k! AN b2 = Yy iy by Ty g k> U1, U € U,
with

gu1t1 = ugty € gUT NnNUT.

We order the 3-tuples (n;,n;, k;) lexicographically with respect to the last entry,
that is, (n;,ni, ki) > (n},ni, kL) if either (n;,n;) > (), n}) or (n;,n;) = (n;,n}) and

Assume that (12,n2) > (71, n1).

Now let gusts = ugty with t3 = Yns,na ks Tns ng, k, and 4 = Yny ng kaTnyna ks
us, uy € U be any other element of gUT NUT.

Then

_ -1 -1 -1
9 = Walna,na kaPngna ki oy ng ikt Yns s ks s

_ —1 —1 —1
- u2y7727n27k2$7]27"27k§Im,nl,k’l Yoy ona ke W1

Let (n;,,m4,,ki;) = max{(n;,n;, k;): 1 < i < 4}. There must then be iy, 1 <
19 <4, iy # i1, with n;;, = n4,, ni, = N4, and Yniy iy ki, = Ylig iy kg » for otherwise
Yniy omiy kg € <S7]7;17ﬂz‘1,k1'1>7'
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Claim 2. It is not possible that (n4,n4) = (n3,m3) > (12, n2). Should this be the
case, then yn, n, ks = Yns,ns ks and

-1 -1 -1 -1
Tng,ns ki Ly ng ki € Yng,ng ks (ynzmzvkzxﬁ27n27k'2‘r7]1,nl,kiym,nhkl) Yns.naks H.-

It follows from our condition () in the choice of ¥y, n, ks (Claim 1, page 93] that
Ty ma k), = ;v;;’ns’ké but this is only possible if g € U? (take into account that
gusts = uaty and that yp, ny ky, = Uns.ns,ks ), a0d the claim is proved.

The same argument shows that it is not possible that (n1,n1) = (12,n2) >
(ni,m;), with ¢ = 3,4.

We deduce that either (n4,n4) = (92,m2) or (n3,n3) = (12,n2). But, since the
element gusts = uyty was chosen arbitrarily in gUT N UT, it follows that

gurnuT C (gUDnz,nzcnz,nz) U (UDnzmz an,nz)v

and this is a relatively compact set.
We now check that UT'g N UT is compact. Choose t1 = Yn, ny ki Ty ny 1y and
12 = Ynana ks Ty na kly, U1, U2 €U with

urt1g = usgls € UTg NUT.
Let
U3Yns,ns,ksLnz,nz, ks 9 = UdYng,ng kaTng,ng ks U3, U4 cU,

be any other element of UT'g N UT with (n3,n3) > (n4,n4). We have that
g = t7 uy tugty

=z ! -1 us tu T L ex ! —1 T H

7]3,"L3,kéy’f]3,’n3,k23 3 UdYny,na,kalny,ng k) n3,n3,k§yn3,n3,k3yn4,n47k4 Na,nq,k) -

As in the preceding case we assume that (12, n2) > (71, n1) and it is enough to
see that neither (14,n4) = (13,13) > (92, 12), nor (n2,n2) = (N1,11) > (N3,13).

1If (174,114) = (n3,n3) > (n2,n2), then necessarily (n4,n4,ks) = (13, ns, ks) and
t;uy ugle € x kéfcn37n37kaH. If k% > k), then Ty skl € (Rsng ks )5, against

n3,M3,
the election of z,, ,,, x,. But k3 = k), implies that 3 = ¢4 (vecall that (14,14, ks) =

(n3,m3,k3)) and g € t3'U%3. We rule out analogously the possibility (7:1,n1) =
(n2,n2) and argue as above to prove that

UTg nur g (UD172,712 C(7727712 )g U (UDnzmz C"}z,nz)?
and conclude that UT'g N UT is relatively compact. ]

Corollary 5.3. Let G be a locally compact group, H a subgroup of G and Ng(H) =
{g € G: gH = Hg} be the normalizer of H in G. If |Ng(H): H| = k > w, then
N¢(H) contains a family {T,,: n < k} of subsets such that
(i) if T =U,<. Ty, then Ht N Ht' =0 for every t #1' € T
(i) T, contains large squares for every n < k;
(iii) if T'= U, <, Ty and U C H is compact, then UTgNUT and gUT NUT
are relatively compact for every g ¢ et~ Ut
Proof. Since H is a normal subgroup of N (H), we can apply LemmaB2to Ng(H).
Statements (i) and (ii) remain the same if Ng(H) is replaced by G. As for Statement

(iil), one notices that gUTNUT # () and UTgNUT # () both imply that g € Ng(H),
and so this statement also follows from Lemma [5.21 a

We obtain a first consequence for groups with large centre.
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Theorem 5.4. Let G be a locally compact group, Z(G) be the algebraic centre
of G and put k = kK(Z(G)). If k # 1, then there is always a linear isometry
U: oo (k) = WADP(G)/B(G).

Proof. The centre Z(G), as every locally compact Abelian group, always contains
an open subgroup Gy topologically isomorphic to R™ x K, with K compact. There-
fore, G must contain two subgroups Hy C Hy C Z(G) with H; open in Hy and
|Hy: Hi| = k. Indeed, if |Z(G): Go| > w, then we take Hy = Z(G) and Hy = G.
If G has finite index and Z(G) is not compact, then k = w and so we may take
Hy; =7 and Hy = {e}.

Let {T, : n < k} be the family of subsets of H, provided by Lemma By
Theorem [3.6] none of them is a B(G)-interpolation set. If 7' = J, T, and U
is a compact neighbourhood of the identity in Hs with U C Hy, then, since Hy
is commutative, UT is a t-set in Hy. By Lemma B4 we can find a compact
neighbourhood V' of the identity in G, such that VT is a t-set in G. If V is chosen
so that V4 N Hy, C H; (remember H; is open in Hy), then T is V2-uniformly
discrete, and by Lemma B3] T is an approximable WAP(G)-interpolation set.

It suffices now to apply Theorem 2.T11 O

Lemma can be readily applied to discrete groups. To further expand its
applicability we follow the usual path applying well-known structure theorems.
The following lemma for instance is the analogue of Lemma 4.4 of [I3].

Lemma 5.5. Let G be a locally compact group and let N be a closed subgroup of
G.

(i) If N is normal, the quotient map 7: G — G /N induces linear isometries
II: WAP(G/N)/B(G/N) = WAP(G)/B(G) and
Ily: WAPo(G/N)/Bo(G/N) = WAPy(G)/Bo(G).
(ii) If N is open, there are linear isometries
U: WAP(N)/B(N) - WAP(G)/B(G) and
Wo: WAPG(N)/Bo(N) = WAPo(G)/Bo(G).

Proof. We first prove (i). The map ¢ — ¢ o7 clearly defines a linear isometry
7: WAP(G/N) = WAP(G). By [11l Theorem], we have

7(B(G/N)) = #(CB(G/N)) N B(G).
By [9], we have
T(WAP(G/N)) = 7(CB(G/N)) N WAP(G).
Since B(G) C WADP(G), we see that
(11) #(B(G/N)) = 7(CB(G/N)) N WAP(G) N B(G) = #(WAP(G/N)) N B(G)
so that 7 induces a linear isomorphism
II: WAP(G/N)/B(G/N) - WAP(G)/B(G),

given by
(¢ + B(G/N)) = 7(¢) + B(G).
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We check that II is an isometry. If $ € WAP(G/N),
[T(¢ + B(G/N))|| = [I7(¢) + B(G|

= inf{||7(¢) + ¥|: ¥ € B(G)}

< inf{[|7(¢+¢)I: ¥ € B(G/N)}

= inf{[|¢ +¢[|: ¢ € B(G/N)} = [[¢ + B(G/N)||.
For the reverse inequality, we follow the path of Lemma 2.3 of [I2] and consider
the invariant mean py on WAP(N). For ¢ € WADP(G), we define the function
¢oN: G —= C by

o™ (9) = un(dg),  where gg(h) = ¢(gh).

By invariance of uy, the function ¢” is constant on the cosets of N and therefore
induces a continuous function on G/N. Clearly, |6V [|c/n < [|¢]c-

Now Lemma 2.3 of [I2] proves in fact that ¢ € WAP(G/N). Moreover, by first
considering positive-definite functions, it is also easily checked that " € B(G/N)
for every ¢ € B(G).

Note as well that for ¢ € WAP(G/N), we have 7(¢)N = ¢.

Now if ¢ € WAP(G/N) and ¢ € B(G),

17(@) + ¢l 2 (7 (¢) + )V
= 7)) + 7|
= llo+ ™|l
> [l +B(G/N)||.

And the remaining inequality

(¢ + B(G/N))|| = [I7(¢) + B(G)| = [|¢ + B(G/N)||

follows.

We prove now the analogue statements for WAP,(G) and By(G). We check first
that @ maps WAP(G/N) into WAP,(G) and Bo(G/N) into By(G). Consider the
adjoint of 7, this is the map given by

T WAP(G) —» WAP(G/N)*, #*(v)=vor.

Note that if p € WAP(G)* is invariant, then 7*(u) € WAP(G/N)* is invariant. To
see this, let § = w(s) € G/N and f € WAP(G/N) and note that 7(f5) = (7(f))s,
and so
T () (fs) = w7 (fs)) = p((7(f))s) = (@ () = 7 (w)(f)-

Thus, 7*(p) is invariant on WAP(G/N).

Now let f € WAP,(G/N) and p be the invariant mean on WAP(G). Then
7(f) € WAP(G) and

w7 () = u(lf oml) = p(lflom) = 7 ()| f]) = 0.
Thus, 7(f) € WAP(G). To see that 7(f) € Bo(G) when f € Bo(G/N), we argue
in a similar way using the fact that 7(f) € B(G) by [12} Theorem]. Accordingly,
#(Bo(G/N)) C #(WAP(G/N)) N Bo(G).

The reverse inclusion is checked as follows. If f € 7(WAPy(G/N))NBo(G), then
by ) f is clearly in 7#(B(G/N)). So let g € B(G/N) with f = 7(g). We only need
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to make sure that 7*(u)(]g|) = 0. But this is also clear from the following identity:

() (lg]) = u(7@(9])) = ullgl e m) = p(lg o 7[) = u(|7(g)]) = n(lf]).
Thus, we obtain the analogue of (1)

(12) 7(Bo(G/N)) = #(WAPo(G/N)) N Bo(G)
so that 7 induces a linear isomorphism
Io: WAP(G/N)/Bo(G/N) = WAPo(G)/Bo(G),

given by
o(¢ + Bo(G/N)) = 7(¢) + Bo(G).
To check that Il is an isometry, we proceed precisely as for II.
For the proof of (ii), we associate to each ¢ € WAP(N) the function

(13) on(g) =o(g) if ge N and ¢n(9)=0 if g¢N.

Then ¢y is in WAP(G) by [46, Lemma 5.4], [9, Theorem 3.14] or [I0, Lemma 2.4].
If ¢ happens to be in B(N), then ¢ € B(G) by [37, page 280] or [13], Lemma 4.1]
and this obviously extends to B(N) and B(G).

Define then U: WAP(N)/B(N) = WAP(G)/B(G) by

V(¢ +B(N)) = ¢n + B(G).

It is easy to check that ¥ is a linear isometry.

To prove the second statement of (ii), note that the extension of ¢y defined in
@) is clearly in WAP,(G) if ¢ € WAP(N), and in Bo(G) if ¢ € Bo(N). It is
again straightforward to verify that

Wo: WAP(N)/Bo(N) = WAP(G)/Bo(G), Wo(d+ Bo(IN)) = dn + Bo(G)
is the required linear isometry. O
We finally reach our main results.

Theorem 5.6. Let G be a a non-compact, locally compact, IN-group and put
k = k(G). Then there is a linear isometry U: Lo (k) = WAP(G)/B(G).

Proof. By Theorem 2.13 of [34], there is an open normal subgroup N of G that
contains a compact normal subgroup K with N/K Abelian.

Suppose first that x(N) = x. Then x = k(N/K). By Theorem [£.4] there is a
linear isometric copy of loo (k) in WAP(N/K)/B(N/K). We then apply (i) and (ii)
of Lemma [5.5] to obtain a linear isometric copy of £ (k) in WAP(G)/B(G).

If K(N) < k, it follows that k = |G : N|. We apply Lemma (.2 to the discrete
group G/N. Let {T}, : n < k} be the collection of subsets obtained in that lemma
(in this case the subgroup H of that lemma is trivial) and let T' = J, _, T, By (iii)
in that lemma, the set T is a t-set (note that U = {e} in this case, hence TgNT
and ¢I' NT are finite if g # e) while each of the sets T, contains large squares.
Therefore, T is a WAP(G/N)-interpolation set by Lemma [B.3] while none of the
sets T;, is a B(G/N)(G)-interpolation set by Theorem

By Theorem 2.I1] there is an isometric embedding

loo(K) = WAP(G/N)/B(G/N).
Lemma [55 then provides the desired copy of £ (k) in WAP(G)/B(G). O
Theorem [£.0] also leads naturally to an improvement of [13, Theorem 4.6].
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Theorem 5.7. Let G be a a non-compact, locally compact, nilpotent group and put
k = k(G). Then the quotient WAP(G)/B(G) contains a linear isometric copy of
loo(R).

Proof. The case k(Z(G)) = k(G) is already proved in Theorem (5.4l So we may
assume that k(Z(G)) < k(G). We argue by induction on the length n of the upper
central series of G (the nilpotency length of G)

(e} =GoCG1C...CGny CGy=G with Zis1(G)/Z:(G) = Z(G/Z:(G)).

If n =1, then G is Abelian and so Theorem [5.4] or Theorem applies.

Assume as inductive hypothesis that the claim holds for groups of nilpotency
length at most n — 1 and suppose G has nilpotency length n. Since k(G) =
k(Z(G)) + k(G/Z(G)) and the case k(Z(G)) = k(G) has already been ruled out,
we can assume that kK(G/Z(G)) = k(G). Our inductive hypothesis (k(G/Z(G)) has
nilpotency length n — 1) and Lemma then provide the desired isometry. O

When G is an I N-group or a nilpotent group, we recover and further improve
the results obtained in Section 4.

Corollary 5.8. Let G be a non-compact IN-group or a nilpotent group and let
be the compact covering of G. Then each of the quotient spaces WAP(G) /(AP(G) @
Co(Q)) and WAP,(G)/Bo(G) contains a linear isometric copy of Lo (k).

Proof. That the first quotient contains a copy of ¢, (k) follows directly from The-
orem and Theorem B if we recall the inclusion AP(G) @& Co(G) C B(G) (see
[13, page 143]).

For the second quotient, we argue as in Theorem 5.6l None of the sets T;), n < &,
constructed in all cases needed in the proof of Theorem[5.8] is a Bo(G)-interpolation
set. On the other hand, proceeding precisely as in Theorems and 5.7 (and using
the right statements of Lemma [5.0]), we see that T = Un < Iy is an approximable
WAP,(G)-interpolation set. O

6. ON THE QUOTIENT OF CB(G) BY LUC(G)

When G is a non-compact, non-discrete, locally compact group, Dzinotyiweyi
showed in [20] that the quotient CB(G)/LUC(G) is non-separable. When G is
a non-precompact, topological group which is not a P-group, this theorem was
generalized and improved in [6] Theorem 3.1] and [7, Theorem 4.1], where a linear
isometric copy of £, was proved to be contained in €B(G)/LUC(G). This section
is concerned again with locally compact groups. Our theorem is then more precise
and definite. We prove there is a linear isometric copy of ¢ (k) in CB(G)/LUC(G),
where as before k is the compact covering G, if and only if G is neither compact
nor discrete.

Lemma 6.1. Every non-discrete locally compact group contains a faithfully indexed
sequence {x,: n € N} that converges to the identity.

Proof. A locally compact group always contains a compact subgroup K such that
G/K is a metrizable topological space (see [2| Theorem 4.3.29], for instance). In-
finite compact groups on the other hand always contain non-trivial convergent se-
quences ([2, Theorem 4.1.7 and Exercise 4.1.1]). If K is infinite we are done. If K is
finite, G is non-discrete and metrizable; it therefore contains non-trivial convergent
sequences. (Il
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Theorem 6.2. Let G be a locally compact group. Then CB(G)/LUC(G) contains a
linear isometric copy of Lo (k(Q)) if and only if G is neither compact nor discrete.

Proof. The necessity is clear since CB(G) = LUC(G) if G is either compact or
discrete.

If G is not compact we can find a compact neighbourhood of the identity U and
a U?-right uniformly discrete subset X = {z,: @ < k} C G with x = k(G). This
is clear if G is o-compact. If k£ > w, we consider H = (U), the subgroup generated
by U. Then k = |G : H| and any system of representatives of right cosets of H
constitutes an H-right uniformly discrete set of cardinality «.

Partition X in k-many countable subsets X = J,.,. Xo. Enumerate, for each
a < K, Xo ={Tan:n <w}. Since G is not discrete, U contains (by Lemma [6.T])
a faithfully indexed sequence S = {s,: n < w} converging to the identity. With
these ingredients, we define

Ton = {8Tan: 1 <j<n}, To=|JTun and T=|JTo.

Obviously, UT, NUT, = for every a # o/ < k.
Each set T, fails to be an LUC(G)-interpolation set. Indeed, the function
f: Ty — C such that

f(s2jzan) =1 forevery jneN with 1<2j<nand
f(s2j412an) =—1 forevery jneN with 1<2j+1<n

cannot coincide on T, with any ¢ € LUC(G), since given € > 0, we can choose j
large enough and n > 25 + 1, so that

|¢(S2jxa,n) - ¢(82j+1xa,n)| < e while f(s2jxa,n) - f(SQjJrlxa,n) =2.

We now prove that T is an approximable CB(G)-interpolation set. Since the
sequence (s;) is taken in U and X is right U 2_uniformly discrete, we readily see
that the open set Uz, NT is contained in {ija,n: 1 < j < n}. T is therefore
discrete.

Next we check that T is closed. Since lim;_,., s; = e and s; € U for all j, there
exists a neighbourhood W of the identity such that Ws; C U for all j. Now take a
neighbourhood W; of the identity such that W Wy~ L'C W. Let z € G be arbitrarily
chosen. If, for some o < k and n < w, $jnTa,n € Wiz, then Wiz C Uz . It
follows that WizNT C Uz, ,,NT. Since the latter set (see the preceding paragraph)
is finite, we conclude that for every x € G, Wiz N'T is either empty or finite. So T'
is closed. Since the topological space underlying G is normal, T' is an approximable
CB(G)-interpolation set by Lemma B3]

Corollary T2 now implies that €B(G)/LUC(G) contains a linear isometric copy
of b (k) with k = | X| = k(G). O

The equivalence of the first two statements of the following corollary was proved
by Baker and Butcher in [3]; see also [28] for a different proof.

Corollary 6.3. Let G be a locally compact group with a compact covering number
k. Then the following statements are equivalent:

(1) G is neither compact nor discrete.

(2) CB(G) # LUC(G).

(3) CB(G)/LUC(G) contains a linear isometric copy of Lo (k(Q)).
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Proof. (1) = (3) is proved in the theorem above. (3) = (2) is obvious and
(2) = (1) is clear. O

Remark 6.4. Theorem [6.2] implies a fortiori that the space L>°(G)/LUC(G) as well
as L®°(G)/WAP(G) contains a linear isometric copy of £ (k). The arguments used
in [6, Section 4], may be applied again to deduce that the group algebra L!(G)
is extremely non-Arens regular whenever s is greater than or equal to the local
character x(G) of G (this is the least cardinality of an open base at the identity of
G). To obtain the full result, however, harder work is necessary. This is achieved
in our recent article [26].
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