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EXISTENCE OF SURFACE ENERGY MINIMIZING PARTITIONS

OF R
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This paper is dedicated to the memory of my parents, Dulce M. and Marino Caraballo

Abstract. We give the first proof, with independent smooth norms φij , of
the existence of surface energy minimizing partitions of Rn into regions having
prescribed volumes. Our existence proof significantly extends that of F. Alm-
gren, who in 1976 gave the first such results for the special case in which each
φij is a scalar multiple of a fixed smooth φ : φij = cijφ. Most materials are
polycrystalline and do not have surface energy density functions which are
scalar multiples of one another, so it is important to extend the theory by
removing this restriction, as we have done. We also discuss connections with
polycrystalline evolution problems.

1. Introduction

In this paper, we give the first complete proof, with independent norms φij , of
the existence of partitions P of Rn minimizing the anisotropic surface energy

(1.1) SE (P ) =
∑

1≤i<j≤N

∫
p∈Γij(P )

φij

(
nP (i)(p)

)
dHn−1p,

among all partitions of Rn into N regions having prescribed volumes. The following
is our main theorem. We give the proof in Section 5.

Theorem 1 (Existence of surface energy minimizing partitions). If v =(v2, . . . , vN )

∈ (0,∞)
N−1

with N ≥ 2, and {φij}1≤i<j≤N is a family of class 1 norms on

R
n (n ≥ 2) which satisfy BV-ellipticity, then there exists a Caccioppoli partition

Q = (Q (1) , Q (2) , . . . , Q (N)) of Rn satisfying the volume constraints Ln (Q (i)) =
vi for each 2 ≤ i ≤ N and Ln (Q (1)) = ∞, and with Q (i) bounded for each i �= 1,
such that SE (Q) equals the infimum of SE (A) among all polycrystals A which
satisfy Ln (A (i)) = vi for each 2 ≤ i ≤ N and Ln (A (1)) = ∞.

The individual regions A (i) in the candidates A for a minimizer may be bounded
or unbounded and need not be connected. Since surface energy is within a con-
stant factor of surface area, any partition other than a Caccioppoli partition will
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have infinite surface energy. Caccioppoli partitions with N regions necessarily have
precisely one region with infinite volume, which without loss of generality we take
to be the first region.

In his landmark monograph [2], F. Almgren established the first-ever existence
results (for n ≥ 2) and regularity results (for n ≥ 3) for space partitions mini-
mizing (1.1) among all Caccioppoli partitions having N − 1 bounded regions and
one unbounded region and satisfying the volume constraints in our main theorem
above, with functions φij of the form φij = cijφ for a fixed class 1 function φ,
and for coefficients cij satisfying a condition which he called “partitioning regular-
ity”. These hypotheses ensure lower semicontinuity of the surface energy functional
(1.1) and existence of surface energy minimizing partitions. In the introduction to
his monograph [2], F. Almgren described the historical importance of his work as
follows:

For n = 2, 3, such minimal partitioning hypersurfaces have been
the subject of numerous papers in mathematics, physics, and espe-
cially biology for the past several centuries (see [53], Chap. 4, pp.
88-125, for a discussion and references). This paper presents the
first proof of the general mathematical existence of such surfaces.
Also, the methods are representative of those required to show
the existence and minimality of solutions to a variety of geometric
variational problems with constraints.

F. Almgren’s work is very impressive in its scope. Existence theory in such
a general context is extremely difficult, particularly since there are no a priori
restrictions on the geometric and topological complexity of the minimizers. The
regularity theory was strengthened for the isotropic case (as in soap films and soap
bubble clusters) in R

3 by J. Taylor in the famous paper [49].
Establishing more concrete results, even in the isotropic case, and even for just

N = 3, can be very difficult. More than a decade after the pioneering work of
F. Almgren and J. Taylor, no one had yet shown that the so-called “standard
double bubble” was perimeter-minimizing, even in the case of two equal areas in the
plane. In 1990, J. Foisy, M. Alfaro, J. Brock, N. Hodges, and J. Zimba showed that
the standard double bubble is perimeter-minimizing in R

2 [28]. Five years later,
J. Hass, M. Hutchings, and R. Schlafly extended the result to R

3, assuming the
regions had equal volumes [34]. Another five years later, M. Hutchings, F. Morgan,
M. Ritoré, and A. Ros settled the question in R

3 for arbitrary volumes [36]. The
extension to R

n (for each n > 3) was carried out almost a decade after that by
B. Reichardt [47].

The anisotropic case, in which surface energy depends on interface orientation
(as with crystals and polycrystals), is rather difficult, especially if independent
anisotropies are allowed and if N and n can be arbitrary integers greater than
one. A short time before J. Foisy et al. proved the double bubble conjecture in the
plane, L. Ambrosio and A. Braides ([6], [7]) discovered the first set of conditions
(BV-ellipticity) on the φij ’s necessary and sufficient for the lower semicontinuity
of the (anisotropic) surface energy functional (1.1). In [54] B. White, also working
with the case φij = cijφ, proved lower semicontinuity under more general conditions
on the cij ’s than partitioning regularity. Because he used regions inside a bounded
container, existence of a surface energy minimizing configuration follows immedi-
ately: any minimizing sequence is automatically uniformly bounded, so standard
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compactness arguments imply the existence of a convergent subsequence, and then
lower semicontinuity of surface energy implies the limit polycrystal is energy mini-
mizing.

In fact, the existence proof from the previous paragraph holds for more general
φij ’s than considered in [54]: BV-ellipticity suffices for existence if we restrict the
P (i)’s to all be inside some fixed, bounded open container Ω ⊂ R

n (see Theo-
rem 5 below). When working in R

n instead of in a bounded container, however,
constructing a bounded minimizing sequence is extremely difficult.

In both F. Almgren’s work [2] and B. White’s paper [54], because the surface
energy density functions are all scalar multiples of a fixed φ, the Wulff crystals
for the φij ’s are all scaled copies of the Wulff crystal for φ. Thus, each interface
essentially wants to do the same thing, and that helps with constructions for both
existence and regularity. When the φij ’s may have quite different Wulff crystals, as
in this paper, the situation is more complicated for both existence and regularity
theory. F. Almgren’s model applies to physical problems in which surface energy
density functions are scalar multiples of one another; such assumptions have been
made in the study of soap bubble clusters and incompressible immiscible fluids, for
instance.

Typically, polycrystalline surface energy densities do not satisfy φij = cijφ,
so the main existence and regularity results for minimal partitions from F. Alm-
gren’s monograph [2] do not apply. Since most materials, naturally occurring or
engineered, are polycrystalline, our extension in this paper of F. Almgren’s land-
mark existence result to the setting in which the φij ’s may be independent, as
with polycrystalline materials, is of very substantial practical importance as well
as mathematical importance.

In the excellent paper [52], J. Taylor described four of the most important chal-
lenges of mathematics in materials science. Challenges 1 and 2 are stated as follows:

Challenge 1. Make mathematical models of grain orientations and
boundaries in polycrystals and how they evolve. Then use the mod-
els to determine how to control the boundaries in processing.

Challenge 2. Devise a means to prove that a given soap bubble
cluster is area-minimizing under the constraint of separating regions
of fixed given volumes from each other and from the outside.

Concerning the second challenge, J. Taylor notes that “This challenge for soap
bubble clusters is even more challenging for polycrystals with anisotropic surface
energies.”

There is a strong, natural connection between the static minimization problem
we consider here and crystalline and polycrystalline evolution problems, such as in
annealing of metals, in which the desire to minimize surface energy is a key driving
force. Consider the case (N = 2) of a two-region partition of space, corresponding
for instance to a crystal in its melt. There is a single surface energy density function
φ = φ12, and it is well known that its Wulff crystal

Wφ = {x ∈ R
n : x · ξ ≤ φ (ξ) for all ξ ∈ R

n with |ξ| = 1}

minimizes surface energy for a given volume (see, for example, [51] for useful history
and good references). When surface energies are isotropic (i.e., when the surface
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energy densities are all multiples of the Euclidean norm φE , so that surface en-
ergy is not direction dependent), the Wulff crystals are simply balls, and spheres
provide barriers for mean curvature flow. This phenomenon was first discovered
by K. Brakke ([10]), and independently and several years later by R. Hamilton,
M. Gage, G. Huisken, and M. Grayson in a series of remarkable papers on mean
curvature flow. In [29] and [30], M. Gage and R. Hamilton showed that convex
curves in the plane become asymptotically circular and smoothly shrink to a point.
G. Huisken [35] then extended these results by showing that convex surfaces tend
toward spheres. M. Grayson later showed that any embedded plane curve remains
embedded under mean curvature flow and also becomes convex; it follows that em-
bedded plane curves become asymptotically circular and shrink to a point (see [32]).
For general surface energy density functions φ, as a crystal shrinks by weighted
mean curvature flow (essentially a negative gradient flow of surface energy; see
[50]), scaled Wulff crystals provide barriers to the evolution from both the inside
and the outside (see [5]).

In mean curvature flow (resp., weighted mean curvature flow) of a crystal, the
evolving crystal attempts to reduce surface area (resp., surface energy) as fast as
possible. So, it is not surprising that it will attempt to become like its Wulff crys-
tal. In this way, Wulff crystals act as barriers in various surface energy reducing
evolution problems, even when volume is not conserved. It seems likely that sim-
ilar knowledge of minimal polycrystals will play a significant role in the study of
polycrystalline evolution problems.

In this paper, we require that the collection of norms {φij} satisfy BV-ellipticity,
since that condition is both necessary and sufficient for lower semicontinuity of
surface energy (see [7]). As in [2], we also require that the norms φij be of class
C1, since we need a technical result of F. Almgren’s ([2], Lemma VI.9 (7)) which
has not yet been proven to hold without this assumption. F. Almgren’s monograph
also allowed dependence on position; we will not do so, in order to focus on the
dependence on orientation without having to assume the φij ’s are scalar multiples of
one another. While the present paper is concerned with existence theory, in [18] we
establish partial regularity results in this more general context, including necessary
criteria which minimizers must satisfy. Ongoing work is focused on establishing
connections between weighted mean curvature flow of polycrystals, as modeled by
the author in [13], and the minimal polycrystals from the present paper, which are
the polycrystalline analogues of Wulff crystals.

Our existence proof closely follows the intricate plan of F. Almgren [2]. We
start with a minimizing sequence (Pk) and capture some of the volume in a limit
(§5.2). We use that region for volume adjustments later (to preserve the volume
constraints). We cover most of each bounded crystal in each Pk with a finite
collection of balls, in such a way that the radii and the number of balls are a priori
bounded (§5.4). We show that if the polycrystal extends a distance S or greater
from that set (for a well-chosen S), we can truncate it to produce one with less
energy and not extending more than a distance S from that set. We do this carefully,
so that the surface energy savings from truncation exceeds the surface energy cost
required to restore the volumes by using diffeomorphisms (§§5.3 and 5.4). We can
thus produce a set (consisting of the union of a finite number of closed balls, where
both the radii and the number of balls are a priori bounded) which covers the
polycrystal. We can then estimate the diameter of and the number of connected
components of that set, and, by translation, put the components inside some a priori
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fixed, closed ball, centered at the origin. Our estimates are all independent of k
(for sufficiently large k), and in this way we construct a minimizing sequence which
is bounded. Our estimates must be done carefully, so that the upper bounds can
each be estimated a priori, and so that they do not depend on k (for sufficiently
large k). Then, using a relevant compactness theorem, we deduce the existence
of a limit partition satisfying the volume constraints. BV-ellipticity implies the
lower semicontinuity of surface energy, and so this limit partition is surface energy
minimizing.

The main new technical difficulties in our setting arise from the fact that the
surface energy integrands φij can be independent of one another, so that integrands
for different types of interfaces can behave in radically different ways and are not
simply constant multiples of a fixed function φ, as in [2]. The primary components
of F. Almgren’s existence proof in [2] are lower semicontinuity of surface energy,
compactness for a certain class of partitions, Proposition VI.12, Lemma VI.13, and
Proposition VI.14. Partitioning regularity is enough to guarantee lower semiconti-
nuity of surface energy, in light of [26], Theorem 5.1.5 and its proof. With inde-
pendent φij ’s, this does not apply, and establishing lower semicontinuity requires
a very technical and delicate argument, as well as additional hypotheses to replace
partitioning regularity. For our setting, BV-ellipticity is necessary and sufficient
for lower semicontinuity (see [7]), so we made this assumption. The compactness
argument F. Almgren used is as given in Theorem 4 below. The critically important
Propositions VI.12 and VI.14 from [2] are not true as stated for general collections
of φij ’s which are not simply scalar multiples of a single, fixed integrand, so it was
necessary to prove analogous versions in our setting of these crucial results and to
do so in such a way that the many pieces of the complicated proof would combine
properly (see Propositions 2 and 4 below). Errors in the statement and proof of
the vital Proposition VI.13 from [2] made it necessary to derive a new, corrected
result, which we specialized and further modified so as to allow for unbounded re-
gions (see Proposition 3 below). Also, it was important to determine the extent
to which other hypotheses assumed in [2] would be necessary. For example, in [2]
F. Almgren made use of partitioning regular integrands and partitioning regular co-
efficient matrices. Our existence proof requires the C1 smoothness of surface energy
integrands (one of several requirements for partitioning regularity of integrands in
[2]) because we make use of [2], Lemma VI.9 (7), in an essential way, and we do
not know how to prove that result or one sufficiently like it without assuming C1

smoothness. The greatest challenge, however, is that the proof is quite complex and
extremely technical. There were many non-trivial technical challenges in preparing
the detailed proof itself which are not apparent from the simple proof outline in the
preceding paragraph. Wherever possible we have made use of F. Almgren’s results
and constructions, citing relevant sections of his work.

In the book [40] and in several papers, F. Morgan (with C. French and S. Green-
leaf in [44], with M. Ritoré in [45], and as sole author in [42] and [41]) and others
have adapted and made essential use of F. Almgren’s constructions, theorems, and
general approach from [2] to prove existence theorems for related variational prob-
lems involving partitions. In Section 6 we discuss some interesting related work
by F. Morgan in more detail. We have all followed the same general strategy of
F. Almgren, whose ingenious methods truly “are representative of those required to
show the existence and minimality of solutions to a variety of geometric variational
problems with constraints”.
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2. Setting

2.1. Basic notation. Throughout this paper, we consider partitions of Rn into N
regions, with n ≥ 2 and N ≥ 2. e1, e2, . . . , and en denote the standard unit basis
vectors for Rn.

Let O (n) denote the group of all orthogonal mappings from R
n → R

n, and
let A∗ (R

n, R
n) denote the group of all invertible affine mappings from R

n →
R

n. We define τ : R
n → A∗ (R

n, R
n) by setting (τ [p]) (x) = x − p whenever

p, x ∈ R
n so that, for each p ∈ R

n, τ [p] is the translation operator on R
n which

maps p into the origin. When f is a real-valued function and q ∈ R, we define
{f < q} = {x ∈ domain (f) : f (x) < q} ; the notations {f = q} , {f > q} , and so
on have obvious meanings.

We will measure volume and surface area in R
n with n-dimensional Lebesgue

measure Ln and (n− 1)-dimensional Hausdorff measure Hn−1, respectively. We let
Bn(p, r) and Un(p, r) denote, respectively, the closed and open balls with center
p and radius r in R

n, and we set α(n) = Ln (Bn(0, 1)) , where 0 denotes the
origin in R

n. If A,B ⊂ R
n, A	 B denotes the symmetric difference of A and B:

A	B = (A\B)∪(B\A). If A,B ⊂ R
n we write A � B provided A, the topological

closure of A in R
n, is a compact subset of the topological interior of B. If A,B ⊂ R

n

and 0 < m ≤ n, we write A ⊂m B (i.e., “A is Hm almost contained in B”) when
Hm(A \ B) = 0, and we write A =m B (i.e., “A is Hm almost equal to B”) when

Hm (A	B) = 0. When A ⊂ R
n, we let ∂topA = A∩Rn \A denote the topological

boundary of A. We note that x ∈ ∂topA if and only if for each r > 0 we have
Un (x, r) ∩ A �= ∅ and Un (x, r) ∩ (Rn \A) �= ∅. Given a point p ∈ R

n and a unit
vector u ∈ R

n, we define the open half-spaces H+(p, u) = {x : (x− p) · u > 0} and

H−(p, u) = {x : (x− p) · u < 0} . γ =
[
nα (n)1/n

]−1

is the optimal isoperimetric

constant, so that M (X)(n−1)/n ≤ γM (∂X) for all X ∈ In, with n > 1.
For the remainder of this section, suppose 0 ≤ m ≤ n. Here, we follow closely

the notation from H. Federer’s treatise [26] (see [26], Chapter 1). Let Λ (n,m)
be the set of all strictly increasing functions from {1, 2, . . . ,m} into {1, 2, . . . , n} .
ΛmR

n is the vector space of m-vectors of Rn. Whenever ξ, η ∈ ΛmR
n we let ξ · η

denote their inner product. |·| and ‖·‖ are the standard norm and the mass norm,
respectively, on ΛmR

n. Λm
R

n is the dual vector space of m-covectors of Rn. We
have 〈ξ, ω〉 = ω (ξ) ∈ R whenever ξ ∈ ΛmR

n and ω ∈ Λm
R

n, and ‖·‖ denotes
the comass norm on Λm

R
n. Let G (n,m) denote the Grassmann manifold of all

m-dimensional subspaces of Rn.
A function φ : Rn → [0,∞) is called a surface energy density function provided

it is a continuous, positive-valued function on unit vectors in R
n, which, when

extended by positive homogeneity of degree one to all of Rn, becomes a convex
function. That is, φ : Rn → [0,∞) is a surface energy density function provided φ
satisfies each of the properties of a norm on R

n except possibly for the requirement
that φ be an even function. If it is even, i.e., if φ(v) = φ(−v) for all vectors v in
R

n, then φ is a norm on R
n. A surface energy density function φ on R

n is of class 1
if it is continuously differentiable at each x ∈ R

n \ {0} . φE is the Euclidean norm

on R
n, induced by the standard inner product: φE : v → 〈v, v〉1/2 .

{φij}1≤i<j≤N will always denote a family of surface energy density functions,

with φij being the density function for the i-j interface. At times it will be con-
venient to extend this family to a larger collection {φij}1≤i,j≤N , in which case we
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always follow the standard conventions φii ≡ 0 and φji (v) = φij (−v) for each
v ∈ R

n. Of course, if the φij ’s in the original collection are norms, then in the
extended collection we will have φji = φij for each i, j ∈ {1, 2, . . . , N} .

Whenever {φij}1≤i<j≤N is a collection of surface energy density functions, we

define φ0 and φ0 as follows:

(2.1) φ0 = inf
|v|=1, 1≤i<j≤N

{φij (v)} ≤ sup
|v|=1, 1≤i<j≤N

{φij (v)} = φ0.

A continuity-compactness argument implies these extrema are attained and that
0 < φ0 ≤ φ0 < ∞, so

(2.2) 0 < φ0 ≤ φij (v) ≤ φ0 < ∞, whenever |v| = 1 and 1 ≤ i < j ≤ N,

and so any piece of interface has surface energy bounded below by φ0 times its
surface area and bounded above by φ0 times its surface area. If we have an ex-
tended collection {φij}1≤i,j≤N , then we simply replace “1 ≤ i < j ≤ N” with

“1 ≤ i, j ≤ N and i �= j” in (2.1) and (2.2); of course, φ0 and φ0 do not change
when extending {φij}1≤i<j≤N to {φij}1≤i,j≤N as above. If τ ∈ G (n, n− 1) , its

orthogonal complement τ⊥ is the one-dimensional subspace of Rn orthogonal to
the hyperplane τ. Let τ∗ denote a unit vector in τ⊥. Then −τ∗ is likewise a unit
vector in τ⊥, and there are no other such vectors. We can use this elementary

construction to extend a norm φ on R
n to a geometric integrand φ̂ (using F. Alm-

gren’s terminology from [2], I.1) as follows: whenever φ is a norm on R
n, we define

its corresponding geometric integrand, φ̂ : Rn × G (n, n− 1) → [0,∞), by setting

φ̂ (x, τ ) = φ (τ∗) whenever x ∈ R
n and τ ∈ G (n, n− 1) . Here, τ∗ is a unit vector

in τ⊥. Because φ is a norm, φ (τ∗) = φ (−τ∗) , and so φ̂ is well defined.

2.2. BV functions and sets of finite perimeter. If K ⊂ R
n, p ∈ R

n, and
1 ≤ m ≤ n, the m-dimensional density of K at p is

Θm(K, p) = lim
r→0

(Hm(K ∩Bn(p, r)) / α(m)rm) ,

provided the limit exists. If K ⊂ R
n and p ∈ R

n, the vector u ∈ R
n is called a

measure-theoretic exterior unit normal to K at p in the sense of Federer (cf. [27] and
[26], 4.5.5) provided |u| = 1, Θn (H+(p, u) ∩K, p) = 0, and Θn (H−(p, u) \K, p) =
0. If no such u exists, we define nK (p) = 0, while if such a u exists it is necessarily
unique ([27], Theorem 3.4) and we define nK (p) = u. The function nK (·) implicitly
defines a notion of boundary, the set ∂FK of points p ∈ R

n at which nK (p) is non-
zero: ∂FK = {p ∈ R

n : |nK (p)| = 1} . The boundary ∂FK of K in the sense of
Federer relates to the reduced boundary ∂∗K of K introduced by E. De Giorgi
(see [19] and [20]) as follows: ∂FK ⊃ ∂∗K and ∂FK =n−1 ∂∗K; it is a subset of
the topological boundary ∂FK ⊂ ∂topK. R. Caccioppoli had considered a similar
boundary as well (see [12]); indeed, in [20] E. De Giorgi remarked that the reduced
boundary ∂∗K of a setK consists of the set of centers of the elements of the oriented
boundary of K introduced by R. Caccioppoli (see [12]). In this paper, we will work
primarily with the boundary in the sense of Federer. If K and L are Ln measurable
subsets of Rn with Ln(K 	 L) = 0, then ∂FK = ∂FL.
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Let u ∈ L1
loc (R

n) . Whenever U ⊂ R
n is open, we define the total variation of u

in U as follows:

(2.3) TV (u, U) = sup
φ∈C1

c (U,Rn)
|φ(x)|≤1 for all x∈U

{∫
x∈U

u (x) div φ (x) dLnx

}
.

We can extend TV (u, ·) to be a Borel measure on R
n by setting

TV (u,E) = inf {TV (u, U) : U is an open set containing E}

for any Borel set E in R
n. Then TV (u, ·) is a Radon measure on R

n if and
only if TV (u,K) < ∞ for all compact K ⊂ R

n. We note that if u ∈ C1 (Rn) ,
then integration by parts gives TV (u,Rn) =

∫
Rn |∇u| dLn. We let BV (Rn) ={

f : f ∈ L1 (Rn) , and TV (f,Rn) < ∞
}
denote the space of functions of bounded

variation in R
n, and we let

BVloc (R
n) =

{
f : f ∈ L1

loc (R
n) , and TV (f,K) < ∞ for all compact K ⊂ R

n
}

be the space of functions of locally bounded variation in R
n.

When A is an Ln measurable subset of Rn, we let P (A) = TV (χA,R
n) be the

perimeter of A in R
n, where χA denotes the characteristic function of A, taking

the value 1 inside A and 0 elsewhere. We say that A has finite perimeter in R
n

provided P (A) < ∞, and we say that A has locally finite perimeter in R
n provided

χA ∈ BVloc (R
n) . We have P (A) = Hn−1(∂FA) < ∞ whenever A ⊂ R

n is Ln

measurable and has finite perimeter in R
n. C denotes the collection of all Lebesgue

measurable subsets K of Rn having finite perimeter and finite volume; elements of
C may be unbounded. Some excellent references that treat sets of finite perimeter
and functions of bounded variation in detail are [8], [11], [23], [31], [37], [39], and
[55].

2.3. Currents and varifolds. Let

Dm = {ϕ : ϕ is a C∞ differential m form on R
n having compact support} .

An m-dimensional current T in R
n is any element of Dm, the dual space of the

real vector space Dm. The support of a current T ∈ Dm is

sptT =
⋂

{Ω ⊂ R
n : Ω is closed and spt(ϕ) ∩ Ω = ∅ ⇒ T (ϕ) = 0} ,

as with distributions. For each open set W, we define the mass of T ∈ Dm according
to

MW (T ) = sup {T (ϕ) : ϕ ∈ Dm, |ϕ| ≤ 1, and sptϕ ⊂ W} .
When W = R

n, we write M (T ) . If m > 0 the boundary of T ∈ Dm is defined
so as to satisfy Stokes’s theorem; i.e., ∂T (ϕ) = T (dϕ) whenever ϕ ∈ Dm−1. ∂T
is therefore an m − 1 current in R

n. An m-dimensional current T in R
n is called

representable by integration in R
n provided there exist a Radon measure ‖T‖ on R

n

(called the variation measure of T ) and an m-vectorfield
−→
T : Rn → ΛmR

n (called

the orientation function of T ) such that
∥∥∥−→T (x)

∥∥∥ = 1 for ‖T‖ almost every x ∈ R
n,

and such that T = ‖T‖ ∧ −→
T in the sense that

T (ϕ) =

∫
x∈Rn

〈−→
T (x) , ϕ (x)

〉
d ‖T‖x
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whenever ϕ ∈ Dm. If T ∈ Dm is such that MW (T ) < ∞ whenever W is bounded,
then T is representable by integration in R

n and MW (T ) = ‖T‖ (W ) for any open
set W ⊂ R

n.
A current T ∈ Dm is an integer multiplicity locally rectifiable m-dimensional

current in R
n, and we write T = t(S, θ,

−→
T ) ∈ Rloc

m , provided T is representable by

integration as T = ‖T‖ ∧ −→
T , with ‖T‖ = θ (Hm�S) , so that

T (ϕ) =

∫
x∈S

〈−→
T (x) , ϕ (x)

〉
θ(x) dHmx

for each ϕ ∈ Dm, where
1) S is an Hm measurable and countably m rectifiable subset of Rn,
2) θ : S → {1, 2, 3, . . . } is Hm�S summable (θ is the multiplicity, or density,

function for the set S), and

3)
−→
T : S → ΛmR

n is the orientation function, where
∥∥∥−→T (x)

∥∥∥ = 1,
−→
T (x) is a

simple m-vector, and Tanm (Hm�S, x) is the m-dimensional linear subspace of Rn

associated with
−→
T (x) for Hm almost every x ∈ S (see [26], 4.1.28, [4], [5], 3.1.3).

If T = t(S, θ,
−→
T ) ∈ Rloc

m , then S ⊂ sptT since (sptϕ) ∩ S = ∅ ⇒ T (ϕ) = 0.
However, the set sptT can be much bigger than S in general, unless S is known

to be regular. A current T = t(S, θ,
−→
T ) ∈ Rloc

m is called an integer multiplicity
rectifiable m-dimensional current in R

n, and we write T ∈ Rm, provided S is also
bounded and m rectifiable. A current T ∈ Dm is an m-dimensional integral current
in R

n, and we write T ∈ Im, if T is a rectifiable m current and (for m > 0 only)
if ∂T is a rectifiable (m − 1) current. It follows from the closure theorem ([26],
4.2.16) that whenever m > 0, Im = {T ∈ Rm : M(∂T ) < ∞} . For T ∈ Dm we also
define the so-called flat norm F (which is a seminorm on Dm) as the infimum of
the numbers M(Q) +M(R), where the infimum is taken over all currents R ∈ Rm

and (if m < n) Q ∈ Rm+1 for which T = R+ ∂Q. In particular, rectifiable (n− 1)
currents S and T are flat close to each other when S − T can be altered slightly
(i.e., the piece R has small mass) so as to bound a crystal Q having small mass. F
is useful for determining how close together surfaces are geometrically. The weak
topology on Dm is specified by asserting Ti → T weakly if and only if Ti(ϕ) → T (ϕ)
pointwise for each ϕ ∈ Dm. Convergence in the mass norm (strong convergence)
implies convergence in the flat norm (flat convergence), which implies convergence
on fixed m forms (weak convergence).

If K ∈ C, we let T = [K] be the multiplicity one n current naturally associated
with K, i.e., T = Ln�K ∧ (e1 ∧ · · · ∧ en) = t(K, 1, e1 ∧ · · · ∧ en), so that

(2.4) [K] (w) =

∫
x∈K

〈e1 ∧ · · · ∧ en, w (x)〉 dLnx

for each w∈Dm. The boundary (n−1) current ∂[K] is given by ∂[K]=Hn−1�∂FK∧
∗nK = t(∂FK, 1, ∗nK), where ∗nK is the Hodge dual of nK . Also, M (∂[K]) =
Hn−1(∂FK). If K ∈ C, we may also define the complementary current [Rn \K] =
t (Rn \K, 1, e1 ∧ · · · ∧ en) .

Suppose K ∈ C and let T = ∂ [K] . Then M (T ) < ∞, so T is representable
by integration. We may therefore apply [26], 4.5.6, to deduce that T ∈ Rloc

n−1,
‖T‖ = Hn−1�∂FK, and for Hn−1 almost all x ∈ ∂FK we have Θn−1(∂FX, x) = 1,
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Tann−1 (∂FX, x) ∈ G (n, n− 1) , and ∗nK (x) =
−→
T (x) . This motivates the follow-

ing definition. We define Bdy (K) to be the intersection of ∂FK with the set{
x : Θn−1(∂FX, x) = 1, Tann−1 (∂FX, x) ∈ G (n, n− 1) , ∗ nK (x) =

−→
T (x)

}
.

We have Bdy(K) ⊂ ∂FK and Bdy(K) =n−1 ∂FK. We also define the measure-
theoretic interior and measure-theoretic exterior of any K ∈ C by setting Int (K) =
{x : Θn(K,x) = 1} and Ext (K) = {x : Θn(K,x) = 0}. When K ∈ C, the sets
Bdy(K), Int (K) , and Ext (K) are disjoint, and [26], 4.5.6, implies that their union
is Rn up to a set having Hn−1 measure 0. We note that slightly different measure-
theoretic notions of boundary, interior, and exterior have been used in the literature.
Typically, these definitions agree with ours up to sets having Hn−1 measure 0.

The following theorem can be deduced from results on the slicing of locally
rectifiable currents by Lipschitz functions in [48], §28.

Theorem 2 (Slicing of crystals). Suppose T = [K] for some K ∈ C and f (x) =
dist (x,B) for some compact B ⊂ R

n. Then f is Lipschitz with Lip f = 1, and for
L1 almost every q > 0 each of the following is true:

(1) T�{f < q} ∈ In.
(2) The (n− 1)-dimensional slice current 〈T, f, q〉 satisfies

〈T, f, q〉 = ∂ [T�{f < q}]− (∂T ) �{f < q} ,
spt 〈T, f, q〉 ⊂ (sptT ) ∩ {f = q} ,

M (〈T, f, q〉) ≤ m′ (q) , where m (q) = ‖T‖ ({f < q}) .

The standard reference for currents is the treatise [26] by H. Federer. [4], [11],
[24], [25], [33], [38], [40], and [48] are also very good references for currents.

An (n− 1)-dimensional varifold in R
n is simply a Radon measure (i.e., a Borel

regular measure which is finite on compact sets) on R
n×G (n, n− 1) . In accordance

with the Riesz representation theorem, when V is an (n− 1)-dimensional varifold
in R

n and f : Rn×G (n, n− 1) → R is a continuous function with compact support,
we write V (f) =

∫
f dV. We let Vn−1 denote the space of all (n− 1)-dimensional

varifolds in R
n, endowed with the weak topology on Radon measures: Vi → V

weakly if and only if Vi (f) → V (f) pointwise for each f ∈ Cc (R
n ×G (n, n− 1)) .

Suppose f : Rn → R
n is a diffeomorphism, and V ∈ Vm with 2 ≤ m ≤ n. We define

the varifold f#V ∈ Vm by requiring that

(f#V ) (B) =

∫
{(x,T ):(f(x),Df(x)(T ))∈B}

|ΛmDf (x) ◦ T | dV (x, T )

wheneverB is a Borel subset of Rn×G (n,m) (see [1], 3.2, and [2], 1.1 (13)). Suppose
S is an n−1 rectifiable subset of Rn. We can define the (n− 1)-dimensional varifold
|S| by setting |S| (A) = Hn−1

(
S ∩

{
x :
(
x, Tann−1

(
Hn−1�S, x

))
∈ A
})

for each

A ⊂ R
n × G (n, n− 1) . If φ is a norm on R

n, and φ̂ its corresponding geometric

integrand, we define Φ̂ (|S|) =
∫
φ̂ d |S| . We will write Φ̂ij (|S|) if φ = φij for some

1 ≤ i < j ≤ N, and we will write Φ̂E (|S|) if φ = φE , the Euclidean norm. The

mass of the varifold |S| is given by M (|S|) = Φ̂E (|S|) = Hn−1 (S) . [1], [2], [24],
[33], [40], and [48] are some good references for varifolds.

2.4. Polycrystals. By a partition or polycrystal in R
n we mean an N -tuple P =

(P (1) , P (2) , . . . , P (N)) such that P (i) is an Ln measurable subset of Rn for each
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i, P (i) has locally finite perimeter in R
n for each i, P (i) ∩ P (j) =n ∅ whenever

i �= j, and
⋃
P (i) =n R

n. We refer to the sets P (i) as regions or crystals. A
partition P is called a Caccioppoli partition of Rn if additionally P (i) has finite
perimeter in R

n for each i. Because of the isoperimetric inequality, any Caccioppoli
partition has precisely one region having infinite volume. We let PN denote the
subcollection of all Caccioppoli partitions of Rn such that P (i) is bounded for each
i = 2, 3, . . . , N.

Definition 1. If (Pk) is a sequence of polycrystals and P is a polycrystal, we say
that Pk → P in volume (or strongly) provided Ln (Pk (i)	 P (i)) → 0 as k → ∞
for each 1 ≤ i ≤ N.

Definition 2. Whenever P is a polycrystal and 1 ≤ i < j ≤ N, we define the i-j
interface of P as

Γij (P ) = Bdy (P (i)) ∩ Bdy (P (j)) ,

and we define the corresponding varifold V (i, j) = |Γij (P )| ∈ Vn−1 by setting

V (i, j) (A) = Hn−1
{
x ∈ Γij (P ) :

(
x, Tann−1

(
Hn−1�Γij (P ) , x

))
∈ A
}

for each A ⊂ R
n ×G (n, n− 1) .

Definition 3 (Surface energy and surface area). Suppose P is a polycrystal, E ⊂
R

n is an open or closed set, and {φij}1≤i<j≤N is a family of surface energy density

functions. Whenever 1 ≤ i < j ≤ N we define

SEij (P,E) =

∫
p∈Γij(P )∩E

φij

(
nP (i)(p)

)
dHn−1p

if Hn−1 (Γij (P ) ∩ E) < ∞, and SEij (P,E) = ∞ otherwise. We then define

(2.5) SE (P,E) =
∑

1≤i<j≤N

SEij (P,E) .

If E = R
n we simply write SEij (P ) and SE (P ) , respectively. Also, when φij = φE

for each i and j with i �= j, surface energy becomes surface area, and we use the
notation SAij (P,E) , SA (P,E) , SAij (P ) , and SA (P ) accordingly.

Definition 4 (Volume constraints). Whenever v = (v2, . . . , vN ) ∈ (0,∞)
N−1

, we

let PN,v
∗ denote the collection of all Caccioppoli partitions such that Ln (P (i)) = vi

for each 2 ≤ i ≤ N. We let PN,v =
{
P ∈ PN,v

∗ : Rn \ P (1) is bounded
}
.

Definition 5. A family, F , of polycrystals is called M-closed if whenever Pk → P
in volume for some sequence (Pk) of polycrystals in F and for some polycrystal P
we have P ∈ F .

Proposition 1. If N ≥ 2 and v = (v2, . . . , vN ) ∈ (0,∞)
N−1

, then PN,v is M-
closed.

Proof. Suppose Q ∈ PN and (Pk) is any sequence in PN,v for which Pk → Q in
volume. It follows that Ln (Q (i)	 Pk (i)) → 0 as k → ∞ for each 2 ≤ i ≤ N. Then
Ln (Q (i)) = vi for each 2 ≤ i ≤ N, so Q ∈ PN,v, as desired (also, see [7]). �

Definition 6. Whenever P and Q are polycrystals we define

d (P,Q) = sup
1≤i≤N

{Ln (P (i)	Q (i))} .
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3. Lower semicontinuity, compactness, and existence theorems

3.1. Lower semicontinuity and BV-ellipticity. L. Ambrosio and A. Braides
discovered the first necessary and sufficient condition for lower semicontinuity of the
surface energy functional (2.5) with respect to convergence in volume, an integral
condition they named BV-ellipticity (cf. [6], [7]). BV-ellipticity ensures that certain
perturbations of a planar interface cannot have less surface energy than the original
planar interface. It is analogous, for the setting of Caccioppoli partitions of Rn, to
C. B. Morrey’s quasi-convexity [46].

BV-ellipticity is an integral condition, and, like quasi-convexity, it is not easy
to check in practice. Therefore, many other conditions on the φij ’s, sufficient for
lower semicontinuity of the surface energy functional (2.5), have been introduced
and studied, such as (B)-convexity (introduced in [7]; cf. [8]), joint convexity (see
[8] but also [7]), LSC1 and LSC3 (introduced in [13]), B2-convexity (introduced in
[43]), and A-convexity, A2-convexity, and directional control (introduced in [14]).

For a collection {φij}1≤i,j≤N of surface energy density functions, the triangle

inequalities φik ≤ φij + φjk are necessary for lower semicontinuity (or else two
parallel planar interfaces can meet and cause surface energy to suddenly increase).
In [7], L. Ambrosio and A. Braides showed that the triangle inequalities are sufficient
for lower semicontinuity (hence equivalent to BV-ellipticity) when the number of
regions, N, equals 3. They also gave an example in the plane demonstrating that
lower semicontinuity may fail even if the triangle inequalities hold when N ≥ 6. In
[15], we completed the analysis by showing in R

n that the triangle inequalities and
BV-ellipticity are not equivalent when N > 3.

It seemed that B2-convexity might be equivalent to BV-ellipticity. As F. Mor-
gan noted in [43], the example L. Ambrosio and A. Braides used in [7] to show
that (B)-convexity is not necessary for lower semicontinuity does not apply to B2-
convexity. Also, in the important special case when φuv = cuvφ, for a norm φ and
for positive constants cuv satisfying the triangle inequalities cuv ≤ cuw + cwv for
each (u, v, w) triple (as with immiscible fluids; see also [2] and [54]), B2-convexity
is necessary for lower semicontinuity [43]. Moreover, when {φuv} is a family of
surface energy density functions, each of the conditions above on the φuv’s, except
for joint convexity, implies B2-convexity (see [16]). However, in [16] we established
that B2-convexity is not necessary for lower semicontinuity; it follows that none
of the conditions which implies it can be equivalent to BV-ellipticity, which thus
remains the only condition known to be necessary and sufficient for lower semicon-
tinuity (except in very special cases). It is still unknown whether joint convexity is
equivalent to BV-ellipticity in general.

Definition 7. A collection {φij}1≤i<j≤N of surface energy density functions on R
n

satisfies BV-ellipticity if SE (P,Q) ≥ φij (w) whenever 1 ≤ i < j ≤ N, w ∈ R
n is

a unit vector, Q is an open unit cube in R
n, centered at the origin and having all

faces parallel or perpendicular to w, and P is a Caccioppoli partition in R
n with⋃

h/∈{i,j} P (h) � Q, H−(0, w) \Q ⊂ P (i) , and H+(0, w) \Q ⊂ P (j) .

Consider a polycrystal P satisfying
⋃

h/∈{i,j} P (h) =n ∅, P (i) =n H−(0, w), and

P (j) =n H+(0, w), where i, j, w, and Q are as in Definition 7. Then SE (P,Q) =
φij (w) . Thus we see that, when BV-ellipticity holds, bounded perturbations of
a planar interface, possibly involving other regions, are never cheaper than the
original planar interface.
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The following theorem is due to L. Ambrosio and A. Braides (see [7]). For
an alternative proof see [17], in which we also consider lower semicontinuity with
respect to flat and weak convergence of integral currents.

Theorem 3 (BV-ellipticity implies strong lower semicontinuity). Suppose the sur-
face energy density functions {φij}1≤i<j≤N satisfy BV-ellipticity. Suppose (Pk) is

a sequence of Caccioppoli partitions converging in volume to a Caccioppoli partition
P. Then SE(P ) ≤ lim infk→∞ SE (Pk) .

3.2. Compactness and existence theorems. If we work inside a fixed compact
set having finite positive volume, so that all finite-volume regions of all polycrystals
are required to be contained in that set, then the existence of a surface energy
minimizer satisfying volume constraints is relatively easy to establish, and in this
section we give the necessary compactness and existence results. Later, we will
prove our main existence result, Theorem 1, by starting with a general minimizing
sequence and modifying it to produce a bounded minimizing sequence so that we
may apply Theorem 5.

Definition 8. If X ⊂ R
n is compact and if C > 0, we define PN (X,C) to be the

collection of all polycrystals P with spt ([Rn \ P (1)]) ⊂ X and SA (P ) ≤ C.

This compactness result was first used by F. Almgren (see [2], VI.15 (8)). See
[14] for a proof.

Theorem 4 (Compactness theorem for polycrystals). For any positive real numbers
C and R, any sequence in PN (Bn (0, R) , C) has a strongly convergent subsequence.

The following existence theorem, established in [14], reduces the question of the
existence of surface energy minimizers to the construction of a bounded minimizing
sequence, provided the space is M-closed.

Theorem 5 (General existence theorem). Suppose R > 0. Suppose the surface
energy density functions {φij}1≤i<j≤N satisfy BV-ellipticity. Suppose F is any M-

closed, non-empty collection of polycrystals in PN for which there exists a surface
energy minimizing sequence (Pk) of polycrystals in F with spt ([Rn \ Pk (1)]) ⊂
Bn (0, R) for each k ≥ 1. Then there exists a P ∈ F for which

SE (P ) = inf {SE (Q) : Q ∈ F} .

4. Key estimates and constructions

Definition 9. Whenever ε > 0 and N is a positive integer, let Z (N, ε) ={
a : a ∈ (−ε, ε)

N
and

∑N
i=1 ai = 0

}
.

We now give a modified form of Proposition VI.12 from [2], with estimate (4)
extended so that the bounds hold for each of the φij ’s even though they are inde-
pendent norms.

Proposition 2. Suppose P is a polycrystal in PN , with Ln (P (i)) > 0 for each
1 ≤ i ≤ N. Suppose {φij}1≤i<j≤N is a family of class 1 norms. Then there exist

ε > 0, M < ∞, and class 1 functions Ψ1,Ψ2 : Z (N, ε) × R
n → R

n such that each
of the following is true:

(1) For each a ∈ Z (N, ε) , the functions Ψ1 (a, ·) and Ψ2 (a, ·) are diffeomor-
phisms.
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(2) The sets {x : Ψ1 (a, x) �= x for some a ∈ Z (N, ε)} and {x : Ψ2 (a, x) �= x
for some a ∈ Z (N, ε)} are separated by positive distance.
(3) For each sufficiently large R ∈ (0,∞) , and for each a ∈ Z (N, ε) ,

Ln (Ψm (a, ·) [P (i) ∩Bn (0, R)])− Ln (P (i) ∩Bn (0, R)) = ai

for each i = 1, . . . , N and for m = 1, 2.
(4) For each a ∈ Z (N, ε) , for each collection of varifolds {V (i, j)}1≤i<j≤N (with

each V (i, j) ∈ Vn−1), for each 1 ≤ i < j ≤ N , for each 1 ≤ u < v ≤ N, and for
each m = 1, 2,∣∣∣Φ̂uv

(
Ψm (a, ·)# V (i, j)

)
− Φ̂uv (V (i, j))

∣∣∣ ≤ M sup
1≤i<j≤N

{M (V (i, j))}
N∑
i=1

|ai| .

(5) For each P ′ ∈ PN with d (P, P ′) < ε, there exist class 1 functions α1, α2 :
Z (N, ε/2) → Z (N, ε) such that for each a ∈ Z (N, ε/2) , for each 1 ≤ i ≤ N, and
for each m = 1, 2, we have

Ln (Ψm (αm (a) , ·) [P ′ (i) ∩Bn (0, R)])− Ln (P ′ (i) ∩Bn (0, R)) = ai,

for all sufficiently large R ∈ (0,∞) .

Proof. We use Ψ1 and Ψ2 precisely as constructed in [2], VI.8 and VI.11. Conclu-
sions (1), (2), (3), and (5) are the same as [2], VI.12 (1), (2), and (3). (4) above
follows from [2], VI.12 (4), as follows. We first define σ (i, j) = 1/2 if i �= j and
φ (i, j) = 0 if i = j. For a fixed u and v with 1 ≤ u < v ≤ N, we may apply

[2], VI.12 (4), with G = F = Φ̂uv. That gives us an ε (u, v) and an M (u, v) for
which (4) above holds with M and ε there replaced by M (u, v) and ε (u, v) , re-
spectively. It follows that (4) holds for each 1 ≤ u < v ≤ N if we simply define
M = sup1≤u<v≤N {M (u, v)} < ∞ and ε = inf1≤u<v≤N {ε (u, v)} > 0. �

The following proposition is a corrected and specialized form of Lemma VI.13
from [2], which we then generalized so as to allow for unbounded regions. We
will proceed as in the proof of Lemma VI.13 from [2] to the extent possible. This
quite general result allows us to cover most of the underlying set for an integral
current with a finite collection of balls, each having radius 2 but not containing each
other’s centers. Various theorems allow for such a construction; the non-trivial part
is that, for our purposes, we will need a uniform bound on the number of such balls,
q, that can be applied to all of the currents [Pk (i)] , for i = 2, 3, . . . , N, and for each
sufficiently large integer k. Later, in Section 5.4.3, this uniform bound on q will
enable us to prove the critical inequality card (Ξk) ≤ N0 for all sufficiently large k,
where N0 is independent of k. That inequality in turn is instrumental in completing
the proof in Section 5.4.3.

Proposition 3. Suppose T = [K] for some K∈ C and 0 < ε < (2ζ + 1)M (∂T ) /n.
Then there exist points p1, p2, . . . , pq ∈ sptT such that |pi − pj | > 2 whenever
1 ≤ i < j ≤ q, and

M

(
T�
(
R

n \
q⋃

i=1

Bn (pi, 2)

))
< ε.

If, additionally, we have M (T ) ≥ ε, then we may choose the points pi so that they
also satisfy

M (T�Bn (pi, 1)) ≥
1

[2γ (2ζ + 1)]n

[
ε

M (∂T )

]n
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for each i = 1, . . . , q, and

q ≤ M (T ) [2γ (2ζ + 1)]n
[
M (∂T )

ε

]n
.

If M (T ) < ε, we may take q = 1. Here, γ =
(
nα (n)

1/n
)−1

is the optimal isoperi-

metric constant and 2ζ + 1 is the covering constant from the Besicovitch Covering
Theorem (see [26], 2.8.14).

Proof. Define a = 2γ (2ζ + 1)M (∂T ) /ε > 2γn.

Claim 1. If p ∈ sptT and 0 < ‖T‖ (Bn (p, 1)) < a−n, then the set of r values in (0, 1)
for which ‖∂T‖ (Bn (p, r)) > (a/ (2γ)) ‖T‖ (Bn (p, r)) has positive L1 measure.

Proof of Claim 1. Suppose the claim to be false. Then for L1 almost every r ∈
(0, 1) the functions m (r) = ‖T‖ (Bn (p, r)) and n (r) = ‖∂T‖ (Bn (p, r)) satisfy

(4.1) n (r) ≤ a

2γ
m (r) ≤ a

2γ
m (r)

(n−1)/n
m (1)

1/n ≤ 1

2γ
m (r)

(n−1)/n
.

Let f (x) = |x− p| whenever x ∈ R
n. For L1 almost every r ∈ (0, 1) , the slice

current 〈T, f, r〉 exists and the conclusions of Theorem 2 hold. For such r, we apply
the isoperimetric inequality to the current T�Bn (p, r) and make use of Theorem 2
and (4.1) to estimate

m (r)
(n−1)/n ≤ γM (∂ (T�Bn (p, r))) ≤ γ [M (〈T, f, r〉) +M ((∂T ) �Bn (p, r))]

≤ γm′ (r) +
1

2
m (r)(n−1)/n ,

so that

a−1 <
1

2γn
≤ 1

n
m (r)(

1
n−1)m′ (r) =

[
m (r)

1/n
]′
.

Integrating from 0 to r∗ and letting r∗ ↑ 1 implies ‖T‖ (Bn (p, 1)) = m (1) ≥ a−n,
a contradiction. �

Claim 2. If B ⊂ R
n is any non-empty closed set for which

‖T‖ ({x ∈ R
n : dist (x,B) > 1}) ≥ ε,

then there exists p ∈ sptT, with dist (p,B) > 1, such that ‖T‖ (Bn (p, 1)) ≥ a−n.

Proof of Claim 2. Suppose B is as stated, and let E = {x ∈ R
n : dist (x,B) > 1} .

Then ‖T‖ (E) ≥ ε by assumption. If no such p exists, then ‖T‖ (Bn (p, 1)) < a−n

for all p ∈ (sptT ) ∩ E. Claim 1 implies that, for each p ∈ (sptT ) ∩ E, there exists
a number r (p) ∈ (0, 1) such that

(4.2) ‖∂T‖ (Bn (p, r (p))) >
a

2γ
‖T‖ (Bn (p, r (p))) .

The Besicovitch Covering Theorem (see [26], 2.8.14) guarantees that we can cover
(sptT )∩E with the union of 2ζ+1 disjointed subcollections, F1,F2, . . . ,F2ζ+1 of the
collection F = {Bn (p, r (p)) : p ∈ (sptT ) ∩ E} . Noting that ‖T‖ (Rn \ sptT ) = 0,
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and proceeding as in [2], VI.13, Part 2, we estimate

ε ≤ ‖T‖ (E) = ‖T‖ ((sptT ) ∩ E) ≤ ‖T‖

⎛⎝2ζ+1⋃
i=1

⋃
Bn(p,r(p))∈Fi

Bn (p, r (p))

⎞⎠
≤

2ζ+1∑
i=1

∑
Bn(p,r(p))∈Fi

‖T‖ (Bn (p, r (p)))

<
2γ

a

2ζ+1∑
i=1

∑
Bn(p,r(p))∈Fi

‖∂T‖ (Bn (p, r (p))) (using (4.2))

=
2γ

a

2ζ+1∑
i=1

‖∂T‖

⎛⎝ ⋃
Bn(p,r(p))∈Fi

Bn (p, r (p))

⎞⎠
≤ 2γ

a

2ζ+1∑
i=1

‖∂T‖ (Rn) =
2γ

a
(2ζ + 1)M (∂T ) ,

which contradicts the definition of a. �

Next, suppose M (T ) ≥ ε, and let B = {x ∈ R
n : dist (x, sptT ) ≥ 2}. Then

ε ≤ M (T ) = ‖T‖ (Rn) = ‖T‖ (sptT ) ≤ ‖T‖ ({x ∈ R
n : dist (x,B) > 1}) ,

and so we may apply Claim 2 to choose p1 ∈ sptT so that ‖T‖ (Bn (p1, 1)) ≥ a−n. If
‖T‖ (Rn \Bn (p1, 2)) < ε, then we’re done. If, instead, ‖T‖ (Rn \Bn (p1, 2))≥ε, we
let B = Bn (p1, 1) and observe that B satisfies ‖T‖ ({x ∈ R

n : dist (x,B) > 1}) ≥ ε,
since clearly any point more than 2 units away from p1 is at least 1 unit away
from B. We may then apply Claim 2 to choose p2 ∈ sptT with dist (p2, B) >
1 (so that |p1 − p2| > 2) and ‖T‖ (Bn (p2, 1)) ≥ a−n. Continuing in this fash-
ion, we obtain points p1, p2, . . . , pk such that |pi − pj | > 2 whenever i �= j and

‖T‖ (Bn (pi, 1)) ≥ a−n for each i = 1, 2, . . . , k. If ‖T‖
(
R

n \
⋃k

i=1 B
n (pi, 2)

)
< ε,

then we’re done; otherwise, we let B =
⋃k

i=1 B
n (pi, 1) , observe that B satisfies

‖T‖ ({x ∈ R
n : dist (x,B) > 1}) ≥ ε, and apply Claim 2 to choose pk+1 as before.

This process terminates after a finite number, say q, of iterations since M (T ) < ∞.
Since the Bn (pi, 1)’s are disjoint by construction, we have

M (T ) = ‖T‖ (Rn) ≥ ‖T‖
(

q⋃
i=1

Bn (pi, 1)

)
=

q∑
i=1

‖T‖ (Bn (pi, 1)) ≥ qa−n,

so that q ≤ M (T ) an, as claimed. Finally, suppose M (T ) < ε. Take q = 1, and
let p be any point in sptT. The proposition follows since M (T�(Rn \Bn (p, 2))) ≤
M (T ) < ε. �

The next result is analogous to [2], VI.14, for our setting, in which the surface
energy density functions {φij}1≤i<j≤N may be independent of one another. For any

positive constant Γ > 0 we construct a constant S, depending only on n, Γ, and
the φij ’s, with the property that any Caccioppoli partition P such that Rn \ P (1)
is mostly contained in some compact set B can, if necessary, be replaced with
another partition P r0 , having no more surface energy than P, and having regions
P r0 (i) which, for each i ≥ 2, are contained in the compact set B +Bn (0, S − r0) .
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Moreover, if P and P r0 are different, the surface energy savings in replacing P
with P r0 is at least Γ times the total volume change. The proof requires some care
because we want the result to hold for any Γ > 0.

Proposition 4. Suppose P is a Caccioppoli partition. Suppose Γ > 0, and let
S = nφ0/ (4Γ) . Suppose B ⊂ R

n is a non-empty compact set for which

Ln [(Rn \ P (1)) \B] <

(
φ0

16γΓ

)n

,

and let f (x) = dist (x,B) for x ∈ R
n. For r ∈ [0, S] , define the polycrystal P r ∈ PN

as follows:

P r (i) = Int (P (i) ∩ {f ≤ S − r}) , for 2 ≤ i ≤ N, and

P r (1) = Int

(
R

n \
N⋃
i=2

P r (i)

)
.

Then, if Ln ((Rn \ P (1)) ∩ {f > S}) > 0, there exists an r0 ∈ (0, S) such that
SE (P )− SE (P r0) ≥ 4Γ (|β1|+ . . .+ |βN |) , where

βi = Ln (P r0 (i))− Ln (P (i)) ≤ 0, for 2 ≤ i ≤ N, and β1 = −
N∑
i=2

βi > 0.

Proof. Define X = [(Rn \ P (1)) ∩ {f > 0}] . For L1 almost every q ∈ (0, S) , the
slice current 〈X, f, q〉 exists and the conclusions of Theorem 2 hold. For such values
of q, we define

m (q) = ‖X‖ ({f < q}) = Ln ((Rn \ P (1)) ∩ {0 < f < q}) ,
V (q) = Ln ((Rn \ P (1)) ∩ {f > S − q}) ,
n (q) = Hn−1 (∂F (Rn \ P (1)) ∩ {f > S − q}) ,

(4.3) V (q) = V (S)−m (S − q) ≤ V (S) = M (X) <

(
φ0

16γΓ

)n

.

Since V is monotonically increasing, V ′ (q) exists for L1 almost every q ∈ (0, S) , so
we further restrict the q’s, if necessary, so that V ′ (q) is defined. For such q’s, we
have V ′ (q) = m′ (S − q) ≥ 0.

Claim 1. The set of r values in (0, S) for which φ0n (r) ≥ φ0V ′ (r) + 8ΓV (r) has
positive L1 measure.

Proof of Claim 1. Suppose to the contrary that, for L1 almost every r ∈ (0, S) ,
we have φ0n (r) < φ0V ′ (r) + 8ΓV (r) . For each such r, we apply the isoperimetric
inequality to the n current

Yr = [(Rn \ P (1)) ∩ {x : dist (x,B) > S − r}]
and make use of Theorem 2 to estimate

V (r)(n−1)/n = M (Yr)
(n−1)/n ≤ γM (∂Yr) ≤ γ (n (r) +m′ (S − r))

= γ (n (r) + V ′ (r)) .

The extreme inequality and the first sentence in the proof of this claim give

γ−1V (r)(n−1)/n − V ′ (r) ≤ n (r) <
φ0

φ0
V ′ (r) +

8Γ

φ0
V (r) .



1534 DAVID G. CARABALLO

(4.3) implies V (r)
1/n ≤ φ0/ (16γΓ) , so we have

1

2
V (r)

(n−1)/n ≤
[
1− 8γΓ

φ0
V (r)

1/n

]
V (r)

(n−1)/n
< γ

[
φ0

φ0
+ 1

]
V ′ (r) ,

which in turn implies
[
V (r)1/n

]′
>
[
2nγ

((
φ0/φ0

)
+ 1
)]−1

= c. Integrating from

r = 0 to r = S gives V (S)1/n − V (0)1/n > cS, so V (S) > cnSn ≥ (φ0/ (16γΓ))
n ,

a contradiction. �

It follows that φ0n (r0) ≥ φ0V ′ (r0)+8ΓV (r0) for some r0 ∈ (0, S) for which each
of the quantities above is defined. Next, we note that the surface energy savings in
passing from P to P r0 is at least φ0n (r0) , while the surface energy cost in passing
from P to P r0 is at most φ0V ′ (r) . Thus, the net surface energy savings is

(4.4) SE (P )− SE (P r0) ≥ φ0n (r0)− φ0V ′ (r0) ≥ 8ΓV (r0) ,

and

V (r0) =
N∑
i=2

Ln (P (i) ∩ {f > S − r0}) =
N∑
i=2

−βi =
N∑
i=2

|βi|

implies that |β1| = β1 = −
∑N

i=2 βi = V (r0) , and so 2V (r0) =
∑N

i=1 |βi| . Finally,
we use (4.4) to deduce that SE (P )− SE (P r0) ≥ 4Γ

∑N
i=1 |βi| , as desired. �

5. Proof of the main existence theorem

We will follow F. Almgren’s approach (from [2]) closely, modifying constructions
and estimates to make them suitable for our setting as needed.

5.1. Part 1: Some definitions. LetN≥2 be an integer. Suppose v=(v2, . . . , vN )

∈ (0,∞)N−1 . Set vmin = inf2≤i≤N {vi} and vmax = sup2≤i≤N {vi} . Clearly, 0 <
vmin ≤ vmax < ∞. Suppose P1, P2, P3, . . . is a sequence of partitions, with Pk ∈
PN,v
∗ for each k ≥ 1, and satisfying

lim
k→∞

SE (Pk) = inf
{
SE (L) : L ∈ PN,v

∗
}
= Emin.

Later, we will modify this minimizing sequence to produce a bounded minimizing
sequence. Let

amin = inf
{
Hn−1 (∂FPk (i)) : 1 ≤ i ≤ N, k = 1, 2, 3, . . .

}
,

amax = sup
{
Hn−1 (∂FPk (i)) : 1 ≤ i ≤ N, k = 1, 2, 3, . . .

}
.

The isoperimetric inequality implies that amin > 0, and so Emin > 0. Given any v
as above, we can form a polycrystal W ∈ PN,v by letting W (i) be a scaled Wulff
crystal (scaled to have volume vi) for the 1-i interface for each i = 2, 3, . . . , N,
where the W (i)’s are a positive distance from one another. Since W itself is always
a candidate in the minimization, for any ε > 0 there exists a k0 such that k > k0
implies SE (Pk) < SE (W ) + ε. Since area is within a constant factor of surface
energy, we can find a uniform upper bound to the areas Hn−1 (∂FPk (i)) for all i
and for any k > k0. We can trivially bound Hn−1 (∂FPk (i)) for all i and for any
k ≤ k0, so it follows that amax < ∞. Thus, 0 < amin ≤ amax < ∞.
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5.2. Part 2: Construction of clusters for volume adjustment. We now pro-
ceed as in [2], VI.15. For each pair (k, i) , where k = 1, 2, 3, . . . and i = 2 to N, we
use Proposition 3 with T = [Pk (i)] and with

ε =
1

2
inf

{
(2ζ + 1) amin

n
, vmin

}
< inf

{
(2ζ + 1)M (∂T )

n
, M (T )

}
to choose points pk (i) ∈ R

n for which

Ln (Pk (i) ∩Bn (pk (i) , 1)) ≥
1

[2γ (2ζ + 1)]n

⎡⎣ inf
{

(2ζ+1)amin

n , vmin

}
2amax

⎤⎦n

> 0.

Next, fix R > 0 according to the condition α (n)Rn = 2
∑N

i=2 vi. It follows im-
mediately that Ln (Pk (1) ∩Bn (pk (i) , R)) ≥ (1/2)α (n)Rn for each k = 1, 2, 3, . . .
and i = 2 to N.

It is not the case that for each i the sequence (pk (i)) must converge as k → ∞.
Passing to a subsequence of 1, 2, 3, . . . , if necessary, we define an equivalence relation
∼ on {2, . . . , N} as follows: i ∼ j provided there exists a sequence i1, i2, . . . , it of dis-
tinct elements of {2, . . . , N} such that i1 = i, it = j, and limk→∞ |pk (il)− pk (il+1)|
≤ R for each l = 1, 2, . . . , t − 1. Passing to a subsequence, if necessary, we may
suppose that limk→∞ (pk (i)− pk (j)) exists whenever i ∼ j. We use ∼ to par-
tition {2, . . . , N} into equivalence classes Λ1, . . . ,Λs (1 ≤ s ≤ N − 1), and we
choose λi ∈ Λi for each i = 1, . . . , s. For each 1 ≤ i ≤ s and k ≥ 1, we define
Clusterk (i) =

⋃
λ∈Λi

Bn (pk (λ) , R) . We will now define a new sequence (P ′
k) of

polycrystals as follows. For each k ≥ 1 and for each 2 ≤ j ≤ N, we set

P ′
k (j) = Int

(
s⋃

i=1

τ [pk (λi) + 4NRi en] (Pk (j) ∩ Clusterk (i))

)
.

Whenever k ≥ 1, we set P ′
k (1) = Int (Rn \ (P ′

k (2) ∪ . . . ∪ P ′
k (N))) . For all suffi-

ciently large k, the sets τ [pk (λi) + 4NRi en] (Clusterk (i)) , for i = 1, . . . , s, are
separated by a distance greater than R. Finally, the compactness theorem for poly-
crystals (Theorem 4) ensures that there exist a polycrystal P ′ and a subsequence

k1, k2, k3, . . . of 1, 2, 3, . . . such that the currents
[
P ′
kj

(i)
]
converge strongly to

[P ′ (i)] as j → ∞. Passing to this subsequence, it follows that

lim
k→∞

Ln (P ′
k (i)	 P ′ (i)) = 0

for each 1 ≤ i ≤ N.

5.3. Part 3: Construction of diffeomorphisms for volume adjustment.
The idea here is to effect small volume changes on any subcollection of the N
regions by using diffeomorphisms, ϕ, which act inside small cubes at points zj on
various interfaces. If p ∈ ∂FKi ∩ ∂FKj , then Θn(Ki, p) = Θn(Kj , p) = 1/2, and
so, by using a diffeomorphism, we can essentially increase the volume of region i
slightly while decreasing that of region j by the same amount, or we can decrease
the volume of region i slightly while increasing that of region j by the same amount.
We can record such changes (with 1’s and −1’s) in a matrix, L, and then we can
use a linear combination of many such local perturbations to produce an arbitrary
small volume perturbation, including changing the volumes of each of the regions
by small, specified amounts, provided rank (L) = N − 1. We can then combine the
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diffeomorphisms, via composition, so as to obtain a function Φ which performs all
the volume changes in each of the cubes. It is critically important that this can be
done with surface energy cost that is no more than a constant times the sum of the
volume changes.

5.3.1. Definition of ϕ (ε, z, θ) ([2], VI.8). The definitions here are from [2], VI.8.

We define h1 : R → R according to h1 (t) =
(
(1/2)− t2

)2
whenever |t| ≤

√
2/2 and

h1 (t) = 0 otherwise. Then h1 ∈ C1 (R,R) and sup h1 = 1/4.We define h2 : Rn → R

by setting h2 (x) = h1 (x1)·. . .·h1 (xn) for each x = (x1, . . . , xn) ∈ R
n. We note that

h2 ∈ C1 (Rn,R) , with spth2 =
{
x : |xi| ≤

√
2/2 for each i = 1, . . . , n

}
. For each

ε ∈ (0, 1) we define hε : Rn → R by setting hε (x) = c ·
(
1/εn−1

)
h2 (x/ε) for each

x ∈ R
n. Here, the constant c is chosen so that hε (x1, . . . , xn−1, 0) integrates to 1

over all (x1, . . . , xn−1) ∈ R
n−1. We note that sup |∂hε/∂xn| = c

√
6/
(
9 · 4n−1 · εn

)
.

For each ε ∈ (0, 1) , z ∈ R
n, θ ∈ O (n) , we can now define ϕ (ε, z, θ) : R× R

n → R
n

by setting, for each t ∈ R and x ∈ R
n,

ϕ (ε, z, θ) (t, x) = x+ thε (θ (x− z)) θ−1 (en) .

We note that, for small values of t, ϕ (ε, z, θ) (t, ·) is a diffeomorphism of Rn. Clearly,
ϕ (ε, z, θ) (t, ·) changes points only inside a certain n-cube centered at z; we observe

that the ball Bn
(
z, ε

√
2
2

√
n
)
contains this cube, and so ϕ (ε, z, θ) (t, x) = x when-

ever x /∈ Bn
(
z, ε

√
2
2

√
n
)
.

5.3.2. Definition of Φ ([2], VI.11, VI.15 (9),(10)). Lemma VI.10 from [2], together
with the remarks from [2], VI.10, Part 2, and also [2], VI.15 (9), applied to P ′,
imply that there exist a positive integer M ≥ N and a sequence z1, z2, . . . , zM of
distinct points in R

n satisfying

dist

(
zj ,

s⋃
i=1

⋃
λ∈Λi

lim
k→∞

τ [pk (λi) + 4NRi en] (pk (λ))

)
< R

for each 1 ≤ j ≤ M, and there exist functions ξ, η : {1, . . . ,M} → {1, . . . , N} , such
that zj ∈ Γξ(j),η(j) (P

′) for each 1 ≤ j ≤ M, and conditions (2) and (3) of Lemma
VI.10 of [2] hold as well. [2], VI.11 (c), with A replaced by P ′ there, guarantees
that we can choose θ1, θ2, . . . , θM ∈ O (n) so that θj

(
nP ′(ξ(j)) (zj)

)
= en for each

j = 1, . . . ,M. Let L be the N by M matrix [Lij ] with

Lij =

⎧⎨⎩ 1, i = ξ (j) ,
−1, i = η (j) ,
0, otherwise.

Its rank is N − 1 (see [2], VI.11 (d) and VI.10 (2)). [2], VI.11 (d), asserts the
existence of a δ ∈ (0, 1) having the property that if K is an N by M matrix with
|Kij − Lij | < δ for each i, j, then rank (K) = N − 1. We now fix δ as in [2], VI.11
(d).

We next choose ε1, ε2, ε3 > 0, as specified in [2], VI.11 (e), with P ′ replacing A,
with the additional requirement that ε1 be sufficiently small that the closure of the
set ⋃

{x ∈ R
n : ϕ (ε1, zj , θj) (t, x) �= x for some t ∈ R and some 1 ≤ j ≤ M}
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be contained in{
x : dist

(
x,

s⋃
i=1

⋃
λ∈Λi

lim
k→∞

τ [pk (λi) + 4NRi en] (pk (λ))

)
< R

}
.

Following [2], VI.11 (f), again with P ′ replacing A there, we define Φ : RM ×R
n →

R
n by setting, for each (t1, . . . , tM ) ∈ R

M and for each x ∈ R
n,

Φ (t1, . . . , tM , x) = ϕ (ε1, z1, θ1) (t1, ·) ◦ ϕ (ε1, z2, θ2) (t2, ·)
◦ · · · ◦ ϕ (ε1, zM , θM ) (tM , ·) (x) .

[2], VI.9 (1) and VI.11 (e) imply that Φ (t, ·) : Rn → R
n is a diffeomorphism for

each t ∈ (−ε2, ε2)
M

.

5.4. Part 4: Completing the proof.

5.4.1. Estimates on surface energy cost associated with volume corrections. Propo-
sition 2, applied with P replaced by P ′, guarantees the existence of numbers
ε,M ′ ∈ (0,∞) and a function Ψ1 satisfying conclusions (1)-(5) of the proposi-
tion. For all sufficiently large integers k > 1, we define Ψk : Z (N, ε)×R

n → R
n by

setting, for each β ∈ Z (N, ε) ,

Ψk (β, x) = τ [pk (λi) + 4NRi en]
−1 ◦Ψ1 (β, ·) ◦ τ [pk (λi) + 4NRi en] (x)

if 1 ≤ i ≤ s and if

dist(x− pk (λi)− 4NRi en,
⋃

λ∈Λi

lim
k→∞

τ [pk (λi) + 4NRi en] (pk (λ)) < R,

and we set Ψk (β, x) = x otherwise.
For all sufficiently large k, the hypotheses of Proposition 2(5) are satisfied, so

there exist class 1 functions αk : Z (N, ε/2) → Z (N, ε) such that, for all sufficiently
large k, for each β ∈ Z (N, ε/2) , and for each j = 1, . . . , N, we have

Ln (Ψk (αk (β) , ·) [Pk (j) ∩Bn (0, S)])− Ln (Pk (j) ∩Bn (0, S)) = βj

for all sufficiently large S ∈ (0,∞) , and, in addition

(5.1) |SE (P ∗
k )− SE (Pk)| ≤ M ′′amax

∑
|βi| ,

where P ∗
k is defined according to P ∗

k (i) = Ψk (αk (β) , ·) (Pk (i)) , for each i =
1, . . . , N. The estimate (5.1) is derived by applying Proposition 2(4) with V (i, j) =
|Γij (Pk)| . Then M (V (i, j)) = Hn−1 (Γij (Pk)) ≤ amax, and so

sup
1≤i<j≤N

{M (V (i, j))} ≤ amax

as well. We can apply Proposition 2 (4) for each 1 ≤ i < j ≤ N and add the results
to get (5.1), where M ′′ is easy to compute in terms of M ′. We note that M ′′ is
independent of k.
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5.4.2. Covering step and truncation. Next, define Γ = (1/2)M ′′amax and

ε0 =
1

2
inf

{
ε

2 (N − 1)
,
vmin

4
,
(2ζ + 1) amin

n
,

1

N − 1

(
φ0

16γΓ

)n}
.

Each of the terms in its definition is independent of k, and so ε0 is independent of
k. For each sufficiently large k and for each i = 2, . . . , N, we apply Proposition 3
with ε replaced by ε0 there, and with T = [Pk (i)] . We check that

ε0 ≤ 1

2

(2ζ + 1) amin

n
<

(2ζ + 1)Hn−1 (∂FPk (i))

n
=

(2ζ + 1)M (∂ [Pk (i)])

n
,

as required by the proposition. It follows that there exist points p1k (i) , p
2
k (i) , . . . ,

p
q(k,i)
k (i) in spt [Pk (i)] with

q (k, i) ≤ M ([Pk (i)]) [2γ (2ζ + 1)]n
[
M (∂ [Pk (i)])

ε0

]n
(5.2)

≤ vmax [2γ (2ζ + 1)]n
[
amax

ε0

]n
,

separated pairwise by distance greater than 2, and having the property that

M

⎛⎝[Pk (i)] �

⎛⎝R
n \

q(k,i)⋃
j=1

Bn
(
pjk (i) , 2

)⎞⎠⎞⎠ < ε0.

Thus, we have

(5.3) Ln

⎛⎝Pk (i) \
q(k,i)⋃
j=1

Bn
(
pjk (i) , 2

)⎞⎠ < ε0.

For all sufficiently large k, we define the compact sets

Bk =

[
N⋃
i=2

Bn (pk (i) , R)

]
∪

⎡⎣ N⋃
i=2

q(k,i)⋃
j=1

Bn
(
pjk (i)

)⎤⎦ .
For each sufficiently large k, we apply Proposition 4 with P replaced by Pk, with B
replaced by Bk, with Γ as defined above, and with S = nφ0/ (4Γ) (which we note
is also independent of k). We check that the definition of ε0 and (5.3) imply

(5.4) Ln

[(
N⋃
i=2

Pk (i)

)
\Bk

]
≤

N∑
i=2

Ln (Pk (i) \Bk) < (N − 1) ε0 <

(
φ0

16γΓ

)n

,

as required. It follows from Proposition 4 that for each sufficiently large k there
exists rk ∈ (0, S) such that

(5.5) SE (Pk)− SE (P rk
k ) ≥ 4Γ

N∑
i=1

|βi (k)| .
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Here, P rk
k and βi (k) are defined as follows:

P rk
k (i) = Int (Pk (i) ∩ {x : dist (x,Bk) ≤ S − rk}) , for 2 ≤ i ≤ N, and

P rk
k (1) = Int

(
R

n \
N⋃
i=2

P rk
k (i)

)
,

βi (k) = Ln (P rk
k (i))− Ln (Pk (i)) ≤ 0, for 2 ≤ i ≤ N, and

β1 (k) = −
N∑
i=2

βi (k) .

5.4.3. Truncation and volume correction. We will now show that β (k) =
(β1 (k) , . . . , βN (k)) ∈ Z (N, ε/2) for all sufficiently large k. We have

N∑
i=2

|βi (k)| =

N∑
i=2

Ln (Pk (i) ∩ {x : dist (x,Bk) > S − rk})

≤
N∑
i=2

Ln (Pk (i) \Bk) < (N − 1) ε0,(5.6)

because of (5.4). It follows from the definition of ε0 and from (5.6) that |βi (k)| <
(N − 1) ε0 < ε/2 for each i ≥ 2 and that |β1 (k)| = −

∑N
i=2 βi (k) < (N − 1) ε0 <

ε/2, and so β (k) ∈ Z (N, ε/2) for all sufficiently large k, as claimed. Now, we
combine our previous estimates. Using the βi (k)’s from above, we define the poly-
crystals P ′′

k ∈ PN by setting P ′′
k (i) = Ψk (αk (β (k)) , ·) (P rk

k (i)) for each i ≥ 1 and
each sufficiently large k. We note that, by construction and by definition of the
βi (k)’s, we have P ′′

k ∈ PN,v. The surface energy savings in going from Pk to P
rk

k is

(5.7) SE (Pk)− SE (P rk
k ) ≥ 4Γ

N∑
i=1

|βi (k)| ,

by (5.5). The surface energy cost incurred by re-adjusting the volumes, in going
from P

rk

k to P ′′
k , is

(5.8) SE (P ′′
k )− SE (P rk

k ) ≤ M ′′amax

∑
|βi| ≤ 2Γ

N∑
i=1

|βi (k)| ,

by (5.1) and by the definition of Γ. Subtracting (5.8) from (5.7) gives SE (Pk) −
SE (P ′′

k ) ≥ 0, as desired. Thus, SE (P ′′
k ) ≤ SE (Pk) , so (P ′′

k ) is a surface energy
minimizing sequence; i.e., inf {SE (P ′′

k ) : k = 1, 2, 3, . . .} = Emin.
For all sufficiently large k, we let Ξk denote the set of centers of balls in Bk :

(5.9) Ξk =

[
N⋃
i=2

{pk (i)}
]
∪

⎡⎣ N⋃
i=2

q(k,i)⋃
j=1

{
pjk (i)

}⎤⎦ ,
card (Ξk) ≤ (N − 1) + (N − 1) sup {q (k, i) : 2 ≤ i ≤ N}

≤ (N − 1)

[
1 + vmax [2γ (2ζ + 1)]

n

[
amax

ε0

]n]
= N0,(5.10)

by (5.2). We note that N0 is independent of k; without an estimate such as (5.10),
this proof would not work. From now on, it will be understood that k is taken to
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be sufficiently large so that the previous steps hold, and we will not always repeat
this assertion.

We note that Bk ⊂
⋃

p∈Ξk
Bn (p,R+ 2) , and so, since we truncate the polycrys-

tals at a distance less than S away from Bk (with a net savings, after restoring the
volumes), it follows that

N⋃
i=2

P ′′
k (i) ⊂

⋃
p∈Ξk

Bn (p,R+ S + 2) = Fk.

We will now show that Fk is contained in some fixed ball centered at the origin
(with radius independent of k) or that we can get it to be contained in such a ball by
simply translating its connected components. This is easy to accomplish. We have
an a priori upper bound, N0, on the cardinality of Ξk, and we can easily estimate
the diameter of any connected component of Fk: since the number of closed balls
(and hence of connected components) in Fk does not exceed N0, and since each ball
has radius no more than R + S + 2, any connected component of Fk has diameter
no more than 2N0 (R + S + 2) , which we note is independent of k.

One way to proceed at this point would be to use Jung’s theorem ([26], 2.10.41)
to put each connected component of Fk inside a closed ball having diameter not
exceeding

√
2n/ (n+ 1) (2N0 (R+ S + 2)) = N1. We could then translate each of

these balls so that they remain separated by positive distance (not exceeding 1/N0)
and have centers on the xn axis, with one ball having its center at the origin. In
this way, we can translate all of these balls in such a way that they are disjoint
and are all contained in Bn (0, N0N1 + 2) , which is what we need. We would
then have to explicitly define the translation functions that do this, and then we
would replace P ′′

k with a new polycrystal, P ′′′
k , which is formed from P ′′

k by simply
translating components of Fk. Both volume and surface energy are preserved by
translation of separate components, and so (P ′′′

k ) is an a priori bounded, surface
energy minimizing sequence, as desired.

Alternatively, we could proceed as in [2], VI.15 (16), by setting r =
2N0 (2N0 (R+ S + 2)) , and choosing s = 2r. F. Almgren defined functions

fk :

⎛⎝ ⋃
p∈Ξk

Bn (p,R+ S + 2)

⎞⎠→ Bn (0, r + 2N0 (R+ S + 2))

by showing how to translate each connected component Cm of Fk in such a way that
the components remain separated and inside the ball Bn(0, r+2N0 (R+S+2)) . We
define P ′′′

k (i) = fk (P ′′
k (i)) for each 2 ≤ i ≤ N, and set

P ′′′
k (1) = Int (Rn \ (P ′′′

k (2) ∪ . . . ∪ P ′′′
k (N))) .

It follows from the discussion above that

P ′′′
k (2) ∪ . . . ∪ P ′′′

k (N) ⊂ Bn (0, s+ 2N0 (R+ S + 2))

for all sufficiently large k and that (P ′′′
k ) is a surface energy minimizing sequence,

so that

inf {SE (P ′′′
k ) : k = 1, 2, 3, . . .} = Emin.

Now that we have produced a bounded minimizing sequence, since PN,v is M-
closed we may use Theorems 4 and 5 to deduce that there exist a Q ∈ PN,v and

a subsequence
(
P ′′′
k(j)

)
of (P ′′′

k ) for which P ′′′
k(j) → Q in volume as j → ∞, with
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SE (Q) = inf
{
SE (L) : L ∈ PN,v

∗
}
= Emin. Any polycrystal satisfying the volume

constraints but which is not in PN,v
∗ must have infinite total boundary surface area,

and hence infinite surface energy, and so SE (Q) equals the infimum of SE (L) over
all polycrystals L for which Ln (L (i)) = vi for each 2 ≤ i ≤ N. �

6. Other related work

F. Almgren’s methods are quite adaptable to other settings. In [41], Section 4.3,
F. Morgan uses several key constructions from F. Almgren’s argument to study the
existence of a partition of Rn into regions R0, R1, . . . , Rm (with R0 having infinite
volume in his formulation) having prescribed volumes and a prescribed “index set”
T (a collection of subsets of {ij : 0 ≤ i, j ≤ m} “prescribing how the Sij can come
together”, where Sij denotes the (n− 1)-dimensional interface between regions Ri

and Rj), and minimizing

(6.1)
∑

M (Sij) + λ
∑
I∈T

M (CI) ,

where λ > 0 and each CI is an (n− 2)-dimensional “singular set” where the Sij ’s
(for each ij in I) meet, and ∂Sij = Σij∈ICI . As set up in [41], each interface and
singular set is counted multiple times in the energy term (6.1). In Section 4.6 of
[41], F. Morgan remarks,

The existence Theorem 4.3 extends to produce a bounded mini-
mizer of ∑

Φij (Sij) +
∑

λIM (CI)

for general norms Φij and positive constants λI . (Here Φij (Sij) =∫
Sij

Φij (n) , where n is the oriented unit normal to Sij .) Without

the curvature bounds on the Sij ’s of the regularity Theorem 3.2,
another argument, similar to [A2, VI.14], is needed to ensure com-
pact support, in turn needed in the existence proof. To outline the
arguments for the harder case n � 3, suppose a minimizer fails to
have compact support. . . . a contradiction.

(Here, A2 is [2].) F. Morgan uses proof by contradiction to outline a proof, for
the case n ≥ 3, that if a minimizer exists then it must have just one unbounded
region. We note that his energy term is always different from ours since λI > 0;
the main existence theorem in our paper does not involve the CI ’s in any way, and
our main results are distinct from those in [41].

Also, our setting is a bit different from that of [41] in another fundamental way.
In the caption to Figure 2a and 2b there, F. Morgan writes, “The regions Ri do not
completely determine the surfaces Sij .” His Figures 2a and 2b of [41] depict two
partitions having nearly the same R1, R2, and R3 but different Sij ’s: in his Figure
2a the regions R1 and R2 meet along a flat interface S12, while in his Figure 2b the
interface S12 is replaced by flat S13 and S23 interfaces separated by an “infinitesimal
layer of R3 through the middle”. His Ri’s in the two figures are the same except for
that infinitesimal layer of R3 having zero volume. In our formulation, our interfaces
are defined using reduced boundaries, which are unaltered by zero-volume changes
in the regions. In particular, if we were to put an infinitesimal layer of region 3 in
between regions 1 and 2, which meet along a planar interface, there would be only
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a 1-2 interface in our formulation. No interface would form with this infinitesimally
thin part of region 3 since the reduced boundary of a set having zero volume is
empty.

A proof of the existence result stated in [41], §4.6, which is based on the stan-
dard compactness/lower semicontinuity argument would not work without severely
restricting the index set T and also restricting the norms Φij and the constants
λI . One issue is that new interfaces and new “edges” can be created in the limit,
causing total energy to go up suddenly in the limit without creating any new types
of interfaces or edges. For example, consider a sequence of clusters Cα such that
for each positive integer α the cluster Cα consists of two congruent and parallel
solid, closed right circular cylinders, the first being region 1 and the second being
region 2 (with region 0 being the complement of the union of regions 1 and 2), each
separated by a positive distance, and such that the distance between the cylinders
becomes arbitrarily close to 0 as α increases, so that Cα converges in volume to
a limit configuration C involving the two cylinders intersecting along a boundary
edge. We can form another sequence C ′

α by adding to each Cα a translated copy
of C so that the C ′

α sequence converges in volume to two copies of C. Then for
any norms Φij and positive constants λI the energy of the limit will exceed the
limit inferior of the energies of the C ′

α clusters, violating lower semicontinuity, even
though no new types of interfaces or edges were created in the limit. Unless T is
made so restrictive as to rule out all examples of this sort (and several other fam-
ilies of sequences of clusters where new edges form in the limit as surfaces meet),
the energy (6.1) will not be lower semicontinuous with respect to convergence in
volume.

Even with T severely restricted, the Φij ’s in the more general energy term that
F. Morgan remarked on would have to satisfy BV-ellipticity, which is necessary for
the lower semicontinuity of the surface energy component of the energy with respect
to convergence in volume. In addition to that, the λI ’s in the more general energy
term F. Morgan discussed would have to be restricted so as to satisfy triangle-type
inequalities, chosen to preclude the possibility of several low-energy edges merging
in the limit to produce a costly, previously non-existent, higher-energy edge. It is
not clear that even all of those conditions together would imply lower semicontinuity
of the energy with respect to convergence in volume. The same general issues would
be present when trying to use a compactness/lower semicontinuity argument with
lower-dimensional energies of all orders.

The existence results proven and discussed in [41] are for the case where the
coefficients of the lower-dimensional energies of the singular sets CI are strictly
positive. Although those existence results do not apply to our setting, as those
coefficients are zero in our surface energy and so our energies are always different in
a significant way from those in [41], it is worth considering how some of the results
and constructions from [41] could be modified in order to produce an alternative
existence proof in our setting.

First, several changes (such as those noted above for the Φij ’s, for the λI ’s, and
for T ) would need to be made in order to ensure lower semicontinuity of the energy
being minimized.

Second, Lemma 3.1 from [41], used in the proof outline for the existence result
discussed in [41], §4.6, is stated for the special case where the Φij ’s are each equal
to ΦE , the Euclidean norm. This is a special case of a result of F. Almgren ([2],
Theorem VI.2 (3), which is proved in Lemma VI.12). However, F. Almgren himself
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established it only for the case where the Φij ’s are scalar multiples of a fixed,
smooth Φ, with the additional hypotheses of “partitioning regularity”. It would be
necessary to extend F. Almgren’s result to the case of independent Φij ’s, as we did
in Proposition 2.

There is another technical issue related to Lemma 3.1 from [41]. This result is
critical for the main existence proof in [41]. Even our own result, Proposition 2,
which is much more general, would not be enough to carry out the proof of the
existence result mentioned in [41], §4.6, which is stated for general, not necessarily
smooth, norms Φij . We are not aware of any extensions of our Proposition 2 in
the literature which do not require smoothness of the norms. Proving such a result
seems to be quite difficult.

Next, Lemma 4.1 of [41], stated for the isotropic case, would have to be stated
and proved for the case of independent Φij ’s, as in our paper. Additionally, Lemma
4.2 of [41] (a modification of a special case of F. Almgren’s Lemma VI.13) is stated
and proven for integral n currents, which necessarily have compact support. Yet,
in order to allow for regions Ri which may be unbounded, as in our setting, the
proofs in [41] would need to make use of such a result on locally integral currents
of the form [K] , where K is a possibly unbounded Lebesgue measurable subset of
R

n having finite perimeter and finite volume. Our Proposition 3, itself modeled
after [2], Lemma VI.13, is the first proven result which allows this. A similar result
would be needed to extend the existence results from [41] to our setting. Also, the
boundedness proof sketch in [41], §4.6, introduces the ratio (n− 1) / (n− 2) , which
restricts the proof to n ≥ 3.
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