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A
1-CONNECTEDNESS IN REDUCTIVE ALGEBRAIC GROUPS

CHETAN BALWE AND ANAND SAWANT

Abstract. Using sheaves of A1-connected components, we prove that the
Morel-Voevodsky singular construction on a reductive algebraic group fails to
be A1-local if the group does not satisfy suitable isotropy hypotheses. As a
consequence, we show the failure of A1-invariance of torsors for such groups
on smooth affine schemes over infinite perfect fields. We also characterize
A1-connected reductive algebraic groups over a field of characteristic 0.

1. Introduction

Let us fix a base field k and letH(k) denote the A1-homotopy category of schemes
over k developed by Morel and Voevodsky [19]. This category is constructed by
first enlarging the category of smooth (finite type, separated) schemes over k to
the category of simplicial sheaves on the big Nisnevich site of smooth schemes over
k and then taking a suitable localization. Given a smooth scheme X over k, one
may ask if the set of morphisms HomH(k)(U,X) has a geometric description, at
least when U is a smooth henselian local scheme. In particular, one may ask if
the set HomH(k)(U,X) is in bijection with the equivalence classes of morphisms

of schemes U → X by naive A1-homotopies. This question is closely related to

the behaviour of the Morel-Voevodsky singular construction SingA
1

∗ X (for precise
definitions, see Section 2). More precisely, the above question has an affirmative

answer if SingA
1

∗ X is A1-local, that is, discrete as an object of H(k) (see Definition

2.1). However, there exist (even smooth, projective) varieties X for which SingA
1

∗ X
is not A1-local [3, §4.1].

In this paper, we will study this question for a reductive algebraic group G over
an infinite perfect field k. Under a suitable isotropy hypothesis on G, it was shown

by Asok, Hoyois and Wendt [2] that SingA
1

∗ G is A1-local. This isotropy hypothesis
on reductive algebraic k-groups was introduced in [22]:

(∗) Every almost k-simple component of the derived group Gder of G contains

a k-subgroup scheme isomorphic to Gm.

Asok, Hoyois and Wendt obtain the A
1-locality of SingA

1

∗ G for a reductive alge-
braic group satisfying the hypothesis (∗) by showing affine homotopy invariance of
Nisnevich locally trivial torsors under such groups. More precisely, they show that
for every smooth affine scheme U over k and a group G satisfying (∗), the natural
map

H1
Nis(U,G) → H1

Nis(U × A
n, G)
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is a bijection, for every n ≥ 0. Special cases of this result (such as the case G = GLn

[16] and the case where G satisfies (∗) and U = Spec k [22]) were known much
earlier.

Examples of anisotropic groups G for which SingA
1

∗ G fails to be A1-local were
obtained in [4]. For these examples, the failure of affine homotopy invariance of G-
torsors was noted in [2]. Explicit examples of failure of affine homotopy invariance
of the presheaf H1

Nis(−, G) were already known in many cases (see [20], [21] for
the first examples, and [22, Theorem B] for a general statement excluding certain
groups that are not of classical type). See Section 4.2 for more details. In this
paper, we generalize these results as follows:

Theorem 1 (Theorem 4.8). Let G be a reductive algebraic group over an infinite
perfect field k. Then the following conditions are equivalent:

(1) SingA
1

∗ G is A1-local;
(2) G satisfies the isotropy hypothesis (∗) (Hypothesis 4.1);
(3) the presheaf H1

Nis(−, G) fails to be A1-invariant on smooth affine schemes
over k.

Thus, Theorem 1 compares a motivic statement, a group-theoretic statement
and a cohomological statement. In view of [2], the main results of this paper are
Theorem 4.7 and Proposition 4.9. Although Theorem 1 addresses all reductive
groups that fail to satisfy the isotropy hypothesis (∗) uniformly, our proof of fail-
ure of affine homotopy invariance for groups that do not satisfy hypothesis (∗) is
existential. The main ingredient in the proof of failure of A1-locality of the sin-
gular construction for such groups is the behaviour of A1-locality of the singular
construction under central isogenies, which is described in Section 4.1.

In [4], it was shown that sections over fields of the sheaf of A1-connected com-
ponents of a semisimple simply connected group agree with the group of its R-
equivalence classes. However, this is not the case if we drop the hypothesis of
simple connectedness. This can be seen via our following characterization of A1-
connected reductive algebraic groups.

Theorem 2 (Theorem 5.2). Let G be a reductive algebraic group over a field k of
characteristic 0. Then G is A1-connected if and only if G is semisimple, simply
connected and every almost k-simple factor of G is R-trivial.

In particular, this shows that one cannot have A
1-connected components of a

non-simply connected group agree with its R-equivalence classes in general. Indeed,
any split semisimple group is a rational variety [5, V.15.8] and hence R-trivial;
however, its A1-connected components cannot be trivial unless the group is simply
connected. As a consequence of Theorem 2, we observe that A1-connected compo-
nents of a semisimple group with an A1-connected, simply connected central cover
form a sheaf of abelian groups (see Proposition 5.3).

We now outline the contents of this paper. In Section 2, we recollect preliminar-
ies about A

1-connectedness. In Section 3, we recall basic notions about reductive
algebraic groups and describe A1-connected components of semisimple, simply con-
nected algebraic groups as an immediate consequence of results of [4]. Section 4
is devoted to the proof of Theorem 1. In Section 5, we characterize A1-connected
reductive algebraic groups over a field of characteristic 0. We then obtain the
abelian-ness of the sheaf of A1-connected components of certain algebraic groups
as an application.
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2. Preliminaries on A1
-connected components of schemes

In this section, we briefly recall some definitions from the A1-homotopy theory
and some basic properties, particularly regarding A1-connectedness. We will begin
by briefly reviewing the construction of the A

1-homotopy category from [19].
Let k be a field. Let Sm/k denote the big Nisnevich site of smooth, separated,

finite-type schemes over k. We begin with the category of simplicial sheaves over
Sm/k. A morphism X → Y of simplicial sheaves is a local weak equivalence if it
induces a weak equivalence of stalks Xx → Yx at every point x of the site. The
local injective model structure on this category is the one in which the morphism
of simplicial sheaves is a cofibration (resp. a weak equivalence) if and only if it is
a monomorphism (resp. a local weak equivalence). The corresponding homotopy
category is called the simplicial homotopy category and is denoted by Hs(k). The
left Bousfield localization of the local injective model structure with respect to the
collection of all projection morphisms X × A1 → X , as X runs over all simplicial
sheaves, is called the A1-model structure. The corresponding homotopy category is
called the A

1-homotopy category and is denoted by H(k).

Definition 2.1. A simplicial sheaf X on Sm/k is said to be A1-local if for any
U ∈ Sm/k, the projection map U × A1 → U induces a bijection

HomHs(k)(U,X ) → HomHs(k)(U × A
1,X ).

Following standard conventions, an A1-local scheme will be called A1-rigid. A
scheme X ∈ Sm/k is A1-rigid if for every U ∈ Sm/k, any morphism h : U×A1 → X
factors through the projection map U × A

1 → U .

Examples 2.2. Curves of genus ≥ 1, abelian varieties and algebraic tori are some
examples of A1-rigid schemes.

We now recall the singular construction SingA
1

∗ in A1-homotopy theory defined
by Morel-Voevodsky (see [19, p. 87]). For a simplicial sheaf X on Sm/k, define

SingA
1

∗ X to be the simplicial sheaf given by

(SingA
1

∗ X )n = Hom(Δn,Xn),

where Δ• denotes the simplicial sheaf

Δn = Spec

(
k[x0, ..., xn]

(
∑

i xi = 1)

)

with natural face and degeneracy maps analogous to the ones on topological sim-

plices. The functor SingA
1

∗ commutes with limits; in particular, with products. Also,

there exists a natural transformation Id → SingA
1

∗ such that for any simplicial sheaf

X , the morphism X → SingA
1

∗ (X ) is an A1-weak equivalence.
There exists an A1-localization endofunctor ([19, §2, Theorem 1.66 and p. 107])

on the simplicial homotopy category Hs(k), denoted by LA1 , such that for every
simplicial sheaf X , the simplicial sheaf LA1(X ) is A1-local. In [19, §2, Theorem 1.66
and p. 107], an explicit description of LA1 is given as follows:

LA1 = Ex ◦ (Ex ◦ SingA1

∗ )N ◦ Ex,

where Ex denotes a simplicial fibrant replacement functor on Hs(k). There exists a
natural transformation Id → LA1 which factors through the natural transformation
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Id → SingA
1

∗ mentioned above. For any object X , the morphism X → LA1(X ) is
an A1-weak equivalence.

Notation 2.3. Given a simplicial sheaf of sets X on Sm/k, we will denote by π0(X )
the presheaf on Sm/k that associates with U ∈ Sm/k the coequalizer of the diagram
X1(U) ⇒ X0(U), where the maps are the face maps coming from the simplicial data
of X . We will denote by πs

0(X ) the Nisnevich sheafification of the presheaf π0(X ).
Now, let n ≥ 1 be an integer and let (X , x) be a pointed simplicial sheaf of sets on

Sm/k. For U ∈ Sm/k, we will denote by U+ the scheme U
∐

Spec k, pointed at the
added basepoint Spec k. We will denote by πs

n(X , x) the Nisnevich sheafification
of the presheaf (of groups) on Sm/k that associates with U ∈ Sm/k the group
HomHs(k)(Σ

s
nU+, (X , x)) of simplicial homotopy classes of pointed maps from the

simplicial n-fold suspension of the pointed scheme U+ into (X , x).
We caution the reader that this notation is not to be confused with the similar

notation used for the sheaves of stable homotopy groups. Although this choice of
notation is unfortunate, we use it here nevertheless in order to be consistent with
the notation in [3] and [4].

Definition 2.4. Let X be a simplicial sheaf on Sm/k. The sheaf of A1-chain
connected components of X is defined by

S(X ) := πs
0(Sing

A
1

∗ X ).

Remark 2.5. Let X be a scheme over k. For any smooth scheme U over k, we say
that two morphisms f, g : U → X are A

1-homotopic if there exists a morphism
h : U ×A1 → X such that h|U×{0} = f and h|U×{1} = g. We say that f, g : U → X

are A1-chain homotopic if there exists a finite sequence f0 = f, . . . , fn = g such that
fi is A

1-homotopic to fi+1, for all i. Clearly, A
1-chain homotopy is an equivalence

relation. It is easy to see that S(X) is the sheafification in the Nisnevich topology
of the presheaf on Sm/k that associates with every smooth scheme U over k the
set of equivalence classes in X(U) under the relation of A1-chain homotopy.

Definition 2.6. Let X be a simplicial sheaf on Sm/k. The sheaf of A1-connected
components of X is defined by

πA
1

0 (X ) := πs
0(LA1(X )).

For any smooth scheme U over k, we will say that f, g ∈ X (U) are A
1-equivalent

if they map to the same element of πA
1

0 (X )(U). We say that X is A1-connected if

πA
1

0 (X ) � ∗, the trivial point sheaf.

There is a canonical epimorphism S(X ) → πA
1

0 (X ) [19, §2, Corollary 3.22, p. 94].

This epimorphism is an isomorphism if SingA
1

∗ X is A1-local.

Definition 2.7. Let (X , x) be a pointed simplicial sheaf on Sm/k (that is, x is a
morphism Spec k → X ). For every integer n ≥ 1, the nth A1-homotopy sheaf of X
with basepoint x is defined by

πA
1

n (X , x) := πs
n(LA1X , x),

where LA1(X ) is pointed by Spec k
x−→ X → LA1(X ), which we continue to denote

by x. We will always suppress basepoints for the sake of brevity, when the basepoint
is understood from notation.
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The main difficulty in the study of πA
1

0 of schemes is that the explicit description
of the A1-localization functor is cumbersome to handle. However, in the cases when

πA
1

0 of a scheme is A1-invariant, it can be studied with geometric methods using
results of [3].

The notion of Weil restriction of a simplicial sheaf will be very useful in what
follows. We briefly recall it here. Let F/k be a finite field extension and let
f : SpecF → Spec k denote the morphism corresponding to the inclusion k ↪→ F .
The pushforward functor f∗ from the category of simplicial sheaves on Sm/F into
the category of simplicial sheaves on Sm/k is defined by

f∗(X )(U) = X (U ×Spec k SpecF ).

If Ex denotes a simplicial fibrant replacement functor on the category of simplicial
sheaves over Sm/k, one can show that the functor f∗ ◦Ex preserves simplicial weak
equivalences. Thus, it induces a functor Rf∗ : Hs(F ) → Hs(k), which is the right
derived functor of f∗. We recall that the functor Rf∗ preserves A1-local objects and

thus induces the composition Rf∗ ◦ LA1 induces a functor RA
1

f∗ : H(F ) → H(k)
(see [19, pp. 92 and 108]). It follows from [19, p. 109, Proposition 2.12] that for
any simplicial sheaf X on Sm/F , the canonical morphism

Rf∗(X ) → RA
1

f∗(X ) = Rf∗ ◦ LA1(X )

is an A
1-weak equivalence. This induces an isomorphism

LA1 ◦Rf∗(X ) → Rf∗ ◦ LA1(X ).

Notation 2.8. Let F be a finite field extension of k. For the finite map f : SpecF →
Spec k, we will denote Rf∗ by RF/k.

The following is a straightforward consequence of the above discussion.

Lemma 2.9. Let F/k be a finite extension of fields. For every simplicial sheaf X
over Sm/F , we have RF/kπ

A
1

0 (X ) = πA
1

0 (RF/kX ).

3. Algebraic groups and their A1
-connected components

In this section, we briefly recall the basic definitions and properties from algebraic
group theory; for details, refer to [27], [28] and [11, Appendix A].

We will always work over a field k. We will write GLn for the general linear group
scheme and write Gm for GL1. We recall the definitions of reductive and semisimple
group schemes from [28, Exposé XIX, 1.6, 2.7]. A reductive algebraic group over
k is a smooth, affine k-group scheme with trivial unipotent radical. A semisimple
algebraic group over k is a smooth, affine k-group scheme with trivial radical. Over a
field, reductive algebraic groups are linear, that is, they admit a finitely presented,
closed immersion into GLn for some n, which is a group homomorphism. All
the reductive algebraic groups considered in what follows will be assumed to be
connected.

The derived group of G [28, Exposé XXII, Theorem 6.2.1(iv)], will be denoted
by Gder. It is a normal, semisimple subgroup scheme of G and the quotient

corad(G) := G/Gder

is a k-torus [28, Exposé XXII, 6.2] called the coradical of G.
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The center of a reductive group is of multiplicative type [27, Exposé XII, Propo-
sition 4.11]. There exists a central isogeny [28, Exposé XXII, Proposition 6.2.4]

Gder × T → G,

where T is a torus, the radical of G. This is a faithfully flat, finitely presented
morphism, whose kernel is a finite group of multiplicative type contained in the
center of Gder × T .

An algebraic group is said to be almost k-simple if it is smooth, connected over k
and admits no infinite normal k-subgroup [24, p. 41]. An algebraic group G over k
is said to be absolutely almost simple if Gk is almost k-simple. An algebraic group
G is said to be the almost direct product of its algebraic subgroups G1, . . . , Gn if
the product map

G1 × · · · ×Gn → G

is an isogeny. Semisimple algebraic k-groups are exactly those that occur as the al-
most direct product of their almost k-simple algebraic subgroups, called the almost
k-simple factors.

A connected semisimple algebraic group G over k is said to be simply connected
if every central isogeny G′ → G is an isomorphism. Given a connected semisimple
algebraic group G, there exists a simply connected group Gsc and a central isogeny
π : Gsc → G. The pair (Gsc, π) is unique up to unique isomorphism and its for-
mation respects base change by field extensions. Gsc is called the simply connected
central cover of G. Every semisimple simply connected k-group is uniquely given
by a direct product of almost k-simple simply connected groups. If G is almost
k-simple and simply connected, there exists a finite field extension F/k and an
absolutely almost simple, simply connected F -group H such that G = RF/k(H)
[24, p. 41].

Definition 3.1. A reductive algebraic group G over a field k is called isotropic if G
contains a non-central k-subgroup scheme isomorphic to Gm. A reductive algebraic
group G over a field k is called anisotropic if it contains no subgroup isomorphic to
Gm.

We now describe A1-connected components of algebraic groups over a field k.

By [7, Theorem 4.18], for any algebraic group G, the sheaf πA
1

0 (G) is A1-invariant.
Putting this together with [3, Theorem 1], we obtain the following description.

Proposition 3.2. For an algebraic group G over a field k, we have

πA
1

0 (G) � lim−→
n

Sn(G).

We end this section with an explicit description of A1-connected components
of semisimple, simply connected groups in terms of other classical invariants of
algebraic groups. This description is a straightforward consequence of the results
of [4]. We first recall the definitions of R-equivalence and Whitehead groups.

Definition 3.3. Let G be an algebraic group over a field k. Two k-rational points
x, y of G are said to be R-equivalent if there is a rational map f : P1

k ��� G defined
at 0 and 1 such that f(0) = x and f(1) = y.

The notion of R-equivalence was first studied in the context of algebraic groups
in [9]. For the basic properties regarding R-equivalence, also see [14, Section II],
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[15] and [26, Chapter 6]. It can be shown that R-equivalence gives an equivalence
relation on G(k). It is easy to see that elements of G(k) that are R-equivalent to
the identity form a normal subgroup of G(k). The quotient of G(k) by this normal
subgroup is denoted by G(k)/R and called the group of R-equivalence classes of G
over k.

Definition 3.4. We say that an algebraic group G over a field k is R-trivial if the
group G(F )/R := GF (F )/R is trivial, for every field extension F/k.

Definition 3.5. For an algebraic group G over a field k and a field extension F of
k, let G(F )+ be the normal subgroup of G(F ) generated by the subsets U(F ) where
U varies over all F -subgroups of G which are isomorphic to the additive group Ga.
The group

W (F,G) := G(F )/G(F )+

is called the Whitehead group of G over F .

Evidently, there is a canonical surjection

(1) W (k,G) → G(k)/R,

for any algebraic group G over a field k. This surjection is an isomorphism if
G is semisimple, simply connected, absolutely almost simple and isotropic (see
[15, Théorème 7.2], for example). The above surjection is not an isomorphism in
general for non-simply connected groups.

Theorem 3.6. Let G be a semisimple, simply connected group over an infinite
perfect field k. Let F be a perfect field extension of k. Then there is a canonical
isomorphism

πA
1

0 (G)(F ) → G(F )/R.

Proof. First assume that G is a semisimple, simply connected and absolutely almost

simple group over k. If G is isotropic, then by [2, Theorem 4.3.1], SingA
1

∗ G is A1-

local and it follows that πA
1

0 (G)(F ) � G(F )/R, for every field extension F/k (see
[4, Theorem 3.4]). If G is anisotropic, this is [4, Theorem 4.2] (although it is stated
there with the assumption that the base field is of characteristic 0, it is easy to see
that the proof works over any infinite perfect field).

Now, let G be an arbitrary semisimple, simply connected group. There exist
almost k-simple algebraic groups H1, . . . , Hr such that G � H1 × · · · × Hr. For
each i, there exists a finite field extension ki/k and an absolutely almost simple
group Gi such that Rki/k(Gi) � Hi. Note that for any finitely generated field
extension F/k, we have

πA
1

0 (Hi)(F ) � πA
1

0 (Rki/k(Gi))(F ) � Rki/k(π
A

1

0 (Gi))(F ) � πA
1

0 (Gi)(F ⊗k ki).

However, since F⊗kki is a product of fields, by the special case of absolutely almost
simple groups explained above, we have

πA
1

0 (Gi)(F ⊗k ki) � Gi(F ⊗k ki)/R.

Since
Gi(F ⊗k ki)/R � Rki/k(Gi)(F )/R � Hi(F )/R,

for every i, we conclude that

πA
1

0 (G)(F ) �
r∏

i=1

πA
1

0 (Hi)(F )�
r∏

i=1

Hi(F )/R � G(F )/R. �
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This immediately implies the failure of A1-locality of the singular construction
on G satisfying the hypotheses of Theorem 3.6 and having at least one anisotropic
factor.

Corollary 3.7. Let G be a semisimple, simply connected group over an infinite

perfect field k. If G has an anisotropic almost k-simple factor, then SingA
1

∗ G is not
A

1-local.

Proof. Since G is a direct product of its almost k-simple factors, we are reduced to
the case of an anisotropic, semisimple, almost k-simple group. Since G is reductive
over a perfect field k, it is unirational over k (see [5, Theorem 18.2]). Therefore,
there exists a pair of distinct R-equivalent elements in G(k). Since G is anisotropic,

we have G(k) � S(G)(k), by [4, Lemma 3.7]. Thus, the map S(G)(k) → πA
1

0 (G)(k)

is not a bijection. This shows that SingA
1

∗ G cannot be A1-local. �

4. Failure of A1
-locality of the singular construction

and consequences

4.1. A1-locality of SingA
1

∗ . The following isotropy hypothesis on reductive alge-
braic k-groups was introduced in [22]. This is the isotropy hypothesis (∗) from the
introduction.

Hypothesis 4.1. Each of the almost k-simple components of Gder contains a k-
subgroup scheme isomorphic to Gm.

Remark 4.2. We caution the reader that reductive groups satisfying Hypothesis 4.1
are called isotropic reductive groups in [2]. However, in this paper, we stick to the
classical definitions and terminology [5, V.20.1].

In this section, we show that if a reductive algebraic group G over an infinite
perfect field does not satisfy Hypothesis 4.1, then the Morel-Voevodsky singular

construction SingA
1

∗ (G) is not A1-local. A key role in the proof will be played by
the fppf classifying space BfppfG of a reductive group G. We begin by briefly
introducing this object.

Definition 4.3. Let t be a Grothendieck topology on a small category C. We say
that a simplicial sheaf F on C is t-local if, for every X ∈ C and every t-covering
sieve U of X, the restriction map

F(X) → holim
(Y→X)∈U

F(Y )

is a weak equivalence.

The Čech t-local injective model structure on this category is the left Bousfield
localization of the injective model structure with respect to the set of maps {U →
X}, where X runs over all objects of C and U runs over all covering sieves of X.
In this model structure, an object F is fibrant if and only if it is t-local and also
fibrant with respect to the injective model structure.

It can be proved (see the argument in [12, Example A.10]) that in the case of
the category Sm/k, the Čech Nisnevich-local injective model structure is the same
as local injective model structure described in Section 2.

We now apply this notion to the category Sch/k of schemes of finite type over
k with the fppf topology. Thus, we have the model category of simplicial sheaves
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on Sch/k with the Čech fppf -local injective model structure. Let Rfppf denote
the fibrant replacement functor for this model structure. The inclusion functor
i : Sm/k → Sch/k induces a restriction functor i∗ from the category of simplicial
fppf-sheaves on Sch/k to the category of simplicial Nisnevich sheaves on Sm/k.

For a group sheaf G, we will denote by BG the pointed simplicial sheaf whose
n-simplices are Gn with usual face and degeneracy maps.

Definition 4.4. Let G be an fppf -sheaf of groups on Sch/k. Then we define
BfppfG to be the simplicial Nisnevich sheaf defined by

BfppfG := i∗ ◦Rfppf(BG).

We denote by (Sm/k)fppf the site of faithfully flat, finitely presented smooth
schemes over k which are separated and of finite type. We will use simplicial
and A

1-fiber sequences of simplicial fppf -sheaves of sets. Following [2, §2], by a
simplicial fiber sequence of pointed simplicial presheaves, we mean a homotopy
Cartesian square in which either the top-right or bottom-left corner is a point. One
defines an A1-fiber sequence similarly with appropriate modifications; see [1, §2.3,
Definition 2.9]. As in topology, A1-fiber sequences of pointed simplicial sheaves
induce long exact sequences of A1-homotopy sheaves. In what follows, we will
suppress the basepoints for the sake of brevity.

The following lemma will be very useful in the proof of our main theorem.

Lemma 4.5. Let G be an algebraic group of multiplicative type over a field k. Then
the classifying space BfppfG is A1-local.

Proof. We imitate the proof of [19, §4.3, Proposition 3.1]. We abuse the notation
and continue to denote by BfppfG the restriction to (Sm/k)Nis of the fppf -local
replacement of the simplicial presheaf BG.

Since BfppfG is etale-local in the sense of Definition 4.3 (that is, BfppfG satisfies
étale descent), it suffices to show that the map

(2) (BfppfG)(S) → (BfppfG)(A1
S)

induced by the projection A1
S → S is a weak equivalence for every S which is the

strict henselization of a local ring of a smooth scheme over k. In order to show this,
it suffices to show that the map induced by the map (2) on every πi is a bijection.
Since πi(BfppfG) is trivial for i > 1, it suffices to examine the map on πi for i = 0
and 1. Since G is an algebraic group of multiplicative type, it follows that G is
diagonalizable over S [10, Proposition B.3.4]. Hence, GS is a product of group
schemes of the form Gm or μn over S, for a natural number n. So without loss of
generality, we may assume that G = Gm or G = μn.

By [2, Lemma 2.2.2], π0(BfppfG)(−) � H1
fppf(−, G). Hence the map induced by

(2) on π0 is the map
H1

fppf(−, G) → H1
fppf(−, G)

induced by the projection A1
S → S. This map is a bijection by the A1-invariance

of Picard group of schemes (over any normal base-scheme).
It remains to verify that the map (2) is an isomorphism on π1’s at the basepoint.

However, this is just the map G(S) → G(A1
S) (induced by the projection A1

S → S),
which is clearly an isomorphism, since S is reduced and since G is either Gm or a
finite group. �

We are now set to prove the main reduction step in the proof of our main theorem.



6008 CHETAN BALWE AND ANAND SAWANT

Proposition 4.6. Let G′ → G be a central isogeny of reductive algebraic groups.

Suppose that SingA
1

∗ G′ is not A1-local. Then SingA
1

∗ G cannot be A1-local.

Proof. Suppose, if possible, that SingA
1

∗ (G) is A1-local. Let μ denote the kernel of
the given central isogeny G′ → G. Then we have a sequence

G′ → G → Rfppf(Bμ)

which is a fiber sequence in the model category of simplicial fppf -sheaves on Sch/k
(with the Čech fppf -local injective model structure). The restriction functor i∗,
from the category of simplicial sheaves on Sch/k to the category of simplicial
sheaves on Sm/k, preserves objectwise fiber sequences. An objectwise fiber se-
quence is a fiber sequence in Hs(k). Thus, we have a simplicial fiber sequence

G′ → G → Bfppfμ.

Note that μ is a group of multiplicative type, being contained in the center of the
reductive group G′. Since μ is A

1-rigid and since Bfppfμ is A
1-local by Lemma

4.5, it follows that πA
1

0 (μ) � μ is a strongly A1-invariant sheaf, in the sense of
[18, Definition 1.7]. Therefore, by [18, Theorem 6.50], the simplicial fiber sequence

G′ → G → Bfppfμ

is also an A1-fiber sequence. The associated long exact sequence of homotopy groups
gives us the following commutative diagram with exact rows, for every i ≥ 0:
(3)
πs
i+1(Sing

A
1

∗ G) −→ πs
i+1(Sing

A
1

∗ Bfppfμ) −→ πs
i (Sing

A
1

∗ G′) −→ πs
i (Sing

A
1

∗ G) −→ πs
i (Sing

A
1

∗ Bfppfμ)

⏐
⏐
��

⏐
⏐
��

⏐
⏐
�

⏐
⏐
��

⏐
⏐
��

πA
1

i+1(G) −→ πA
1

i+1(Bfppfμ) −→ πA
1

i (G′) −→ πA
1

i (G) −→ πA
1

i (Bfppfμ).

Here the first row is obtained as follows: since π0(Bfppfμ)(−) � H1
fppf(−, μ) is

an A
1-invariant presheaf, the functor SingA

1

∗ preserves simplicial fiber sequences
[2, Proposition 2.1.1]; we then take the associated long exact sequence of simplicial
homotopy groups. All the vertical maps are induced by the natural transformation

of functors SingA
1

∗ → LA1 . In the diagram (3), the second and the last vertical
arrows are isomorphisms since Bfppfμ is A1-local (Lemma 4.5); and the first and

fourth vertical arrows are isomorphisms since SingA
1

∗ (G) is A1-local. It follows from

the five lemma that the map πs
i (Sing

A
1

∗ G′) → πA
1

i (G′) is an isomorphism for all

i ≥ 0. This shows that the natural map SingA
1

∗ G′ → LA1(G′) is a weak equivalence,
by the A1-Whitehead theorem [19, §3, Proposition 2.14, p. 110]. Consequently,

SingA
1

∗ G′ is A1-local, contradicting the hypothesis. �

We now prove the main theorem of this section.

Theorem 4.7. Let G be a reductive algebraic group over an infinite perfect field k

that does not satisfy Hypothesis 4.1. Then SingA
1

∗ G is not A1-local.

Proof. Since G is reductive, there exists a central isogeny

Gder × T → G,

where Gder is a semisimple group (the derived group of G) and T is a torus (the

radical of G). By Proposition 4.6, it suffices to show that SingA
1

∗ (Gder × T ) is not
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A1-local. Note that SingA
1

∗ commutes with products and that SingA
1

∗ T is A1-local.

Therefore, we are reduced to showing that SingA
1

∗ Gder is not A
1-local.

Let Gsc denote the simply connected cover of Gder. There exists a central isogeny

Gsc → Gder. Again by Proposition 4.6, it suffices to prove that SingA
1

∗ (Gsc) is
not A1-local. Let G1, . . . , Gn be the almost k-simple factors of Gsc; we have an
isomorphism G1 × · · · × Gn

∼→ Gsc. If G does not satisfy Hypothesis 4.1, then
Gder has at least one anisotropic almost k-simple factor. Therefore, there exists
i ∈ {1, . . . , n} such that Gi is anisotropic. By Corollary 3.7, we conclude that

SingA
1

∗ Gi is not A
1-local. Hence, SingA

1

∗ (G1 × · · · × Gn) � SingA
1

∗ Gsc cannot be

A
1-local. Thus, if G does not satisfy Hypothesis 4.1, then SingA

1

∗ G cannot be
A1-local. �

We end the section by recording a proof of Theorem 1, stated in the intoduction,
by putting together Theorem 4.7 and relevant results from [2].

Theorem 4.8. Let G be a reductive algebraic group over an infinite perfect field
k. Then the following conditions are equivalent:

(1) SingA
1

∗ G is A1-local;
(2) G satisfies the isotropy hypothesis (∗) (Hypothesis 4.1);
(3) the presheaf H1

Nis(−, G) fails to be A1-invariant on smooth affine schemes
over k.

Proof. The implication (1) ⇒ (2) follows from Theorem 4.7. The implication (2) ⇒
(3) is proved in [2, Theorem 3.3.3], whereas the implication (3) ⇒ (1) is proved in
[2, Theorem 2.3.2]. �

4.2. Failure of affine homotopy invariance for G-torsors. In [2, Theorem
3.3.6], it is shown that if G is a reductive algebraic group over an infinite field k
satisfying Hypothesis 4.1 and A is a smooth affine k-algebra, then the map

H1
Nis(SpecA,G) → H1

Nis(SpecA[t1, . . . , tn], G)

induced by the projection SpecA[t1, . . . , tn] → SpecA is a bijection for all n ≥ 0.
In view of the Grothendieck-Serre conjecture (see [8], [23], [13]), Nisnevich locally
trivial G-torsors are Zariski locally trivial, where G is a connected reductive group
over an infinite perfect field k. Therefore, [2, Theorem 3.3.6] can be seen as a
generalization of the results of Lindel [16] (the caseG = GLn) and Raghunathan [22]
(the case where G satisfies Hypothesis 4.1 and A = k). Counterexamples to affine
homotopy invariance of G-torsors were found in case the group G does not satisfy
Hypothesis 4.1 by Ojanguren-Sridharan [20] and Parimala [21]. A general result
about failure of affine homotopy invariance is due to Raghunathan [22, Theorem
B], where it is shown that if G is an anisotropic, absolutely almost simple group not
of type F4 or G2 and satisfying a technical condition (there exists a group G′ in the
central isogeny class of G and an embedding of G′ in a connected reductive group H
as a closed normal subgroup such that H is a k-rational variety and such that H/G′

is a torus) which holds for groups of classical type, then there are infinitely many
mutually non-isomorphic G-bundles on A2

k that are not extended from Spec k.
A straightforward application of Theorem 4.8 shows that torsors for reductive

groups not satisfying Hypothesis 4.1 fail to be A1-invariant on smooth affine schemes
over an infinite perfect field. In the case of semisimple, simply connected, absolutely
almost simple anisotropic groups, this was shown by Asok, Hoyois and Wendt in
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[2, Proposition 3.3.7] using [4, Corollary 3]. Theorem 4.7 generalizes [4, Corollary 3]
to all reductive algebraic groups not satisfying Hypothesis 4.1 and hence generalizes
[2, Proposition 3.3.7] to all such groups using the same method. We end this section
by formally stating the result for the sake of completeness.

Proposition 4.9. Let G be a reductive algebraic group over an infinite perfect field
k, which does not satisfy Hypothesis 4.1. Then the presheaf H1

Nis(−, G) cannot be
A1-invariant on smooth affine schemes over k.

5. Characterization of A
1
-connectedness in reductive groups

and applications

5.1. A
1-connected reductive algebraic groups. In this section, we characterize

A1-connected reductive algebraic groups over a field of characteristic 0. We first
treat the case where the base field is algebraically closed.

Theorem 5.1. Let G be a reductive algebraic group over an algebraically closed field
k. Then G is A1 -connected if and only if it is semisimple and simply connected.

Proof. First, we assume that G is semisimple and simply connected. Since G is
semisimple and k is algebraically closed, G is an almost direct product of absolutely
almost simple groups H1, . . . , Hr over k. Since G is simply connected, it has no
non-trivial isogenies, thus giving an isomorphism

∏r
i=1 Hi

∼−→ G.
Since k is algebraically closed, each of the Hi’s is a rational variety [5, 14.14,

Remark] and hence, is R-trivial. By Theorem 3.6, we have

πA
1

0 (Hi)(F ) � Hi(F )/R � ∗,
for every field extension F of k. By [17, Lemma 6.1.3], it follows that G is A1-
connected.

We now prove the converse. Let G be an A1-connected reductive algebraic group.
We have the exact sequence

1 → Gder → G → corad(G) → 1,

where Gder is a semisimple group (the derived group of G) and corad(G) is a torus
(the coradical of G). Since k is algebraically closed, G clearly satisfies Hypothesis

4.1. Therefore, by [2, Theorem 4.3.1], SingA
1

∗ G is A1-local and we have S(G) �
πA

1

0 (G). Since tori are A1-rigid, the surjective map G(k) → corad(G)(k) induces a
surjective map S(G)(k) → corad(G)(k). Since S(G) = ∗ by hypothesis, it follows
that corad(G) is trivial. Thus, Gder � G, that is, G is semisimple.

Let Gsc denote the simply connected central cover of G so that we have a central
isogeny Gsc → G, whose kernel will be denoted by μ. As we noted before in the
proof of Proposition 4.6, the simplicial fiber sequence

Gsc → G → Bfppfμ

is also an A
1-fiber sequence. Thus, the long exact sequence of A1-homotopy gives

us the following exact sequence of pointed sheaves:

· · · → πA
1

1 (Bfppfμ) → πA
1

0 (Gsc) → πA
1

0 (G) → πA
1

0 (Bfppfμ).

Since Gsc is a split semisimple simply connected group, we have πA
1

0 (Gsc)(F ) �
S(Gsc)(F ) � W (F,Gsc) = ∗, for every finitely generated field extension F of k, by
[25, 1.1.2].
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Let k(G) and k(Gsc) denote the function fields of G and Gsc respectively. Let
η : Spec k(G) → G denote the generic point of G. By Lemma 4.5, Bfppfμ is A1-

local and so πA
1

0 (Bfppfμ) is the sheafification of the pointed presheaf H1
fppf(−, μ)

(where the basepoint corresponds to the trivial torsor). Thus, πA
1

0 (Bfppfμ)(k(G)) =
H1

fppf(k(G), μ) and the image of η in H1
fppf(k(G), μ) under the composition

G(k(G)) → πA
1

0 (G)(k(G)) → πA
1

0 (Bfppfμ)(k(G))

corresponds to the class of the μ-torsor Gsc ×G,η Spec k(G) → Spec k(G). Since

πA
1

0 (G) = ∗, the morphism of pointed sheaves πA
1

0 (G) → πA
1

0 (Bfppfμ) in the above
A1-fiber sequence is trivial. Hence, the image of η under the composition

G(k(G)) → πA
1

0 (G)(k(G)) → πA
1

0 (Bfppfμ)(k(G))

is equal to the basepoint of πA
1

0 (Bfppfμ)(k(G)), that is, the class of the trivial torsor.
Therefore, the μ-torsor Gsc ×G,η Spec k(G) → Spec k(G) is trivial and thus admits
a section. Hence, the morphism η : Spec k(G) → G can be lifted to a morphism
η′ : Spec k(Gsc) → Gsc. The image of this morphism must be the generic point
of Gsc. As a result, η′ induces a morphism Spec k(G) → Spec k(Gsc) which is a
section of the morphism Spec k(Gsc) → Spec k(G) induced by the isogeny Gsc → G.
This gives us a sequence k(G) → k(Gsc) → k(G) of homomorphisms of fields such
that the composition is the identity homomorphism on k(G). Thus, we see that the
homomorphism k(G) → k(Gsc) induced by the isogeny Gsc → G is an isomorphism.
We conclude that the isogeny Gsc → G is a finite morphism of degree 1 and hence
it is an isomorphism. Thus, we see that G is simply connected. �

Using Theorem 5.1 and Lemma 2.9, we now treat the general case.

Theorem 5.2. Let G be a reductive algebraic group over a field k of characteristic
0. Then the following are equivalent:

(1) G is A
1-connected;

(2) G is semisimple, simply connected and the almost k-simple factors of G are
R-trivial.

Proof. (1) ⇒ (2): Let k denote an algebraic closure of k. By Theorem 5.1, Gk

is semisimple and simply connected. Therefore, G is semisimple and simply con-
nected. Now, there exist almost k-simple algebraic groups H1, . . . , Hr such that
G � H1 × · · · × Hr. Since G is A1-connected, each of the Hi’s is A1-connected.
For each i, there exists a finite field extension ki/k and an absolutely almost simple
group Gi such that Rki/k(Gi) � Hi. Note that

Hi(F )/R = Rki/k(Gi)(F )/R � Gi(F ⊗k ki)/R.

By Theorem 3.6, we have Gi(F ⊗k ki)/R � πA
1

0 (Gi)(F ⊗k ki) for each i, since each
Gi is semisimple, simply connected, absolutely almost simple. Hence, for every i,
we have

Hi(F )/R � πA
1

0 (Gi)(F ⊗k ki) � πA
1

0 (Rki/k(Gi))(F ) � πA
1

0 (Hi)(F ) � ∗.

(2) ⇒ (1): Since G is semisimple, it is an almost direct product of almost k-
simple groups H1, . . . , Hr. For each i, there exists a finite field extension ki/k and
an absolutely almost simple group Gi such that the Weil restriction Rki/k(Gi) is
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isomorphic to Hi. Since G is simply connected, it has no non-trivial isogenies, thus
giving isomorphisms

r∏
i=1

Rki/k(Gi)
�−→

r∏
i=1

Hi
�−→ G.

By Theorem 3.6, πA
1

0 (Gi)(F ) = Gi(F )/R. Since for every i, the group Hi =
Rki/k(Gi) is R-trivial by hypothesis, we have

πA
1

0 (Rki/k(Gi))(F ) � πA
1

0 (Gi)(F ⊗k ki) � Gi(F ⊗k ki)/R � Rki/k(Gi)(F )/R � ∗.

By [17, Lemma 6.1.3], it follows that every Rki/k(Gi) is A1-connected. Conse-

quently, G is A1-connected. This completes the proof of the theorem. �

5.2. Abelian-ness of A1-connected components of certain reductive alge-
braic groups. Recall from Section 3 that A1-connected components of semisimple,
simply connected groups agree with their R-equivalence classes (Corollary 3.7). In
this subsection, as an application of Theorem 5.2, we show that the sheaf of A1-
connected components of certain reductive groups is a sheaf of abelian groups.

Let G be a semisimple algebraic group over an infinite perfect field. The simply
connected cover Gsc of G gives rise to a central isogeny

Gsc → G,

whose kernel μ is a finite abelian group. By Lemma 4.5, we get an A
1-fiber sequence

Gsc → G → Bfppfμ.

The associated long exact sequence of A1-homotopy groups yield the following exact
sequence:

· · · → πA
1

0 (Gsc) → πA
1

0 (G) → πA
1

0 (Bfppfμ).

We first show that the morphism πA
1

0 (G) → πA
1

0 (Bfppfμ) is a homomorphism of
group sheaves. Given a smooth scheme U over k, and an element s ∈ G(U), we
obtain a μ-torsor G′

s := G′ ×G,s U → U , which defines an element of H1
fppf(U, μ) =

π0(Bfppfμ)(U). Thus, we obtain a morphism of sheaves G → π0(Bfppfμ). This

morphism factors through the quotient morphism G → πA
1

0 (G), inducing the mor-

phism πA
1

0 (G) → π0(Bfppfμ) mentioned above. Thus, it suffices to show that the
map G(U) → H1

fppf(U, μ) is a homomorphism.

For an element s ∈ G(U), suppose {Ui → U}i∈I is an fppf cover which trivializes
the torsor G′

s. Thus, for every i, there exists an element s′i ∈ G′(Ui) such that
the map G′(U) → G(U) maps s′i to s|Ui

. For any two indices i, j ∈ I, we write
Uij := Ui ×U Uj and define sij = (s′i|Uij

)(s′j |Uij
)−1. Then, the collection (sij)i,j is

a 1-cocycle which represents the isomorphism class [Gs] of Gs in H1
fppf(U, μ).

Given elements s, t ∈ G(U), we may choose an fppf cover {Ui → U}i∈I that
trivializes both G′

s and G′
t. It is easy to see (using the fact that μ is abelian) that

the collection (sijtij)i,j is a 1-cocycle which defines a μ-torsor over U , which we
denote by G′

s∗t. The binary operation ([G′
s], [G

′
t]) 
→ [G′

s∗t] is precisely the one that
defines the group structure on H1

fppf(U, μ). If st denotes the product of s and t in

G(U), we wish to prove that [G′
st] = [G′

s∗t]. In other words, we wish to prove that
the torsor Gst can be represented by the 1-cocycle (sijtij)i,j .
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For every i ∈ I, the element s′it
′
i ∈ G′(Ui) maps to s|Ui

t|Ui
∈ G(Ui). Thus, the

cover {Ui → U}i∈I trivializes the torsor G′
st. So, the class [G′

st] is represented by
the 1-cocycle {uij}i,j where

uij := (s′i|Uij
)(t′i|Uij

)(t′j |Uij
)−1(s′j |Uij

)−1

= (s′i|Uij
)(s′j |Uij

)−1(t′i|Uij
)(t′j |Uij

)−1

= sijtij ,

where the second equality follows from the fact that (t′i|Uij
)−1(t′j |Uij

)−1 lies in

μ(Uij) and hence commutes with (s′j |Uij
)−1.

We are now ready to show the main result of this subsection.

Proposition 5.3. Let G be a semisimple algebraic group over a field of character-

istic 0 such that its simply connected cover Gsc is R-trivial. Then πA
1

0 (G) is a sheaf
of abelian groups.

Proof. The simply connected cover Gsc of G gives rise to an A1-fiber sequence

Gsc → G → Bfppfμ

as described in the discussion above. The associated long exact sequence of A1-
homotopy groups yield the following exact sequence:

· · · → πA
1

0 (Gsc) → πA
1

0 (G) → πA
1

0 (Bfppfμ).

Since Gsc is R-trivial, so are its almost k-simple components. By Theorem 5.2,

we then have πA
1

0 (Gsc) = ∗. Hence we have an injection of sheaves πA
1

0 (G) ↪→
πA

1

0 (Bfppfμ). Since π0(Bfppfμ)(−) = H1
fppf(−, G) by [2, Lemma 2.2.2] and since

Bfppfμ is A1-local, we conclude that πA
1

0 (Bfppfμ) is a sheaf of abelian groups. Since

πA
1

0 (G) → πA
1

0 (Bfppfμ) is a homomorphism of group sheaves, we conclude that

πA
1

0 (G) is a sheaf of abelian groups. �

Remark 5.4. It is an open question whether πA
1

0 (G) is always a sheaf of abelian
groups, for a reductive group G over a field.
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Algébrique du Bois Marie 1962/64 (SGA 3), Lecture Notes in Mathematics, Vol. 152,
Springer-Verlag, Berlin-New York, 1970. MR0274459

http://www.ams.org/mathscinet-getitem?mr=3456703
http://www.ams.org/mathscinet-getitem?mr=1102012
http://www.ams.org/mathscinet-getitem?mr=0207712
http://www.ams.org/mathscinet-getitem?mr=3158752
http://www.ams.org/mathscinet-getitem?mr=1179077
http://www.ams.org/mathscinet-getitem?mr=0450280
http://www.ams.org/mathscinet-getitem?mr=3309122
http://www.ams.org/mathscinet-getitem?mr=3362817
http://www.ams.org/mathscinet-getitem?mr=2034012
http://www.ams.org/mathscinet-getitem?mr=3415067
http://www.ams.org/mathscinet-getitem?mr=1608570
http://www.ams.org/mathscinet-getitem?mr=2605318
http://www.ams.org/mathscinet-getitem?mr=641133
http://www.ams.org/mathscinet-getitem?mr=2240215
http://www.ams.org/mathscinet-getitem?mr=2934577
http://www.ams.org/mathscinet-getitem?mr=1813224
http://www.ams.org/mathscinet-getitem?mr=0276271
http://www.ams.org/mathscinet-getitem?mr=517136
http://www.ams.org/mathscinet-getitem?mr=1016097
http://www.ams.org/mathscinet-getitem?mr=1253199
http://www.ams.org/mathscinet-getitem?mr=0224710
http://www.ams.org/mathscinet-getitem?mr=1634406
http://www.ams.org/mathscinet-getitem?mr=0274459


A
1-CONNECTEDNESS IN REDUCTIVE ALGEBRAIC GROUPS 6015

[28] M. Demazure and A. Grothendieck (eds.), Schémas en groupes. III: Structure des schémas
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