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POINCARE-BIRKHOFF THEOREMS IN RANDOM DYNAMICS

ALVARO PELAYO AND FRAYDOUN REZAKHANLOU

The authors dedicate this article to Alan Weinstein, whose fundamental and deep insights in so
many areas of geometry are a continuous source of inspiration.

ABSTRACT. We propose a generalization of the Poincaré-Birkhoff Theorem on
area-preserving twist maps to area-preserving twist maps F' that are random
with respect to an ergodic probability measure. In this direction, we will
prove several theorems concerning existence, density, and type of the fixed
points. To this end first we introduce a randomized version of generalized
generating functions, and verify the correspondence between its critical points
and the fixed points of F', a fact which we successively exploit in order to
prove the theorems. The study we carry out needs to combine probabilistic
techniques with methods from nonlinear PDE, and from differential geometry,
notably Moser’s method and Conley-Zehnder theory. Our stochastic model in
the periodic case coincides with the classical setting of the Poincaré-Birkhoff
Theorem.

1. INTRODUCTION

Poincaré understood that preserving area has global implications for a dynamical
system. We give instances when this connection persists in a random setting. We
do it by using random generating functions to reduce the proofs to finding critical
points of random maps. This paper proposes an extension of the classical theory
of area-preserving twist maps to the random setting.

In his work in celestial mechanics [Po93] Poincaré showed the study of the dynam-
ics of certain cases of the restricted 3-Body Problem may be reduced to investigating
area-preserving maps (see Le Calvez [Le91] and Mather [Ma86] for an introduction
to area-preserving maps). He concluded that there is no reasonable way to solve
the problem explicitly in the sense of finding formulae for the trajectories. New
insights appear regularly (e.g. Albers et al. [AFFHO12], Bruno [Br94], Galante et
al. [GK11], and Weinstein [We86]). Instead of aiming at finding the trajectories, in
dynamical systems one aims at describing their analytical and topological behav-
ior. Of a particular interest are the constant ones, i.e., the fixed points (see Figure
[[I). The development of the modern field of dynamical systems was markedly
influenced by Poincaré’s work in mechanics, which led him to state (1912) the
Poincaré-Birkhoff Theorem [Pol2,[Bil3]. It was proved in full by Birkhoff in 1925.
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FI1GURE 1.1. Fixed point of an area-preserving twist defined by a flow.

The result says that an area-preserving periodic twist map
F:8—8
of
§:=Rx[-1,1]
has two geometrically distinct fixed points. More precisely:

Definition 1.1. A diffeomorphism F': § — 8§,
F(q,p) = (Q(¢.p), P(q,p)),

is an area-preserving periodic twist if the following conditions are satisfied:

(1) area preservation: it preserves area;
(2) boundary invariance: it preserves £1 := R x {£1}, i.e.

P(q,+1) := +1;
(3) boundary twisting: F is orientation preserving and
+Q(q, £1) > +¢q
for all g;
(4) periodicity: F(q+ 1,p) = (1,0) + F(q,p) for all p, q.
We may alternatively replace (3) and (4) by
(3) ¢+ Q(g,£1) is increasing and +Q)(g, +1) > +q for all ¢, and (4) by
(4°) F(g, p) = (a+ Q(q, p), P(g, p)) for a map
F:=(Q,P): 838
such that
F(g+1,p)=F(q, )

for all (g, p).
Now we are ready to state the famous result of Poincaré and Birkhoff on area-
preserving twist maps.

Theorem A (Poincaré-Birkhoff). An area-preserving periodic twist F': § — 8 has
at least two geometrically distinct fized points.
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For the purpose of our article, the most useful proof of Theorem [A] follows Chap-
eron’s viewpoint [Ch84L[Ch84bl[Ch89] and the so-called theory of “generating func-
tions”. Generalizations including a number of new ideas have been obtained by
several authors, e.g. see Carter [Ca82], Ding [Di83], Franks [Fr88|[Fr88bl [Er06],
Le Calvez-Wang [Lel(], Neumann [Ne77], and Jacobowitz [Ja76lJa77]. Theorem [Al
was prove in certain cases by Poincaré [Pol2]. Later Birkhoff gave a full proof
and presented generalizations [Bil3l[Bi26]; in [Bi66] he explored its applications to
dynamics. See [BG97, Section 7.4] and [BNTT] for an expository account.

There is no unique way to generalize Theorem [Al but at least one should hope
that a generalization to the random setting recovers it as a particular case. In
our paper we prove a parallel generalization of Theorem [Al to twist maps that are
random with respect to a given probability measure. Our stochastic model in the
so-called periodic case coincides with the classical setting of the Poincaré-Birkhoff
Theorem. While random dynamics has been explored quite throughly, e.g. Brow-
nian motions [Ei56,[Ne67], the implications of the area preservation assumption
remain relatively unknown. We recommend [AAGS,[KH95, Ko57,Mo73l[Sm67] for
modern accounts of dynamics, and [BHI12,[HZ94LMS98.[Pol01] for treatments em-
phasizing symplectic techniques.

2. THE SPACE OF ALL TWIST MAPS AND MAIN THEOREMS

The primary goal of this article is the study of the set of fixed points of an
area-preserving twist map that is not necessarily periodic. To describe our results,
let us write T for the space of area-preserving twist maps. That is, the set of
diffeomorphism F': 8§ — 8, such that the axioms (1) — (3) of the Introduction are
valid. For our purposes, let us also write T for the space of maps F : § — 8 such
that if

U(F)(q,p) = (4,0) + F(g,p),
then ¢(F) € T. We think of the operator £ : T — T as sending F to its lift F' = ((F).
We have a natural family of shifts {Ta T =T:ac R}, that are defined by

7aF(q;p) = F(q + a,p).
Given F' € T, we write
Fix(F)={z€8: F(z)=x}CS$8
for the set of its fixed points. If we abuse the notation and write 7, for
ToA={x: z+a€ A},

then we have the trivial commutative relationship

(2.1) 1. Fix(U(F)) = Fix({(1,F)).

The type of results we will establish in this paper have the following flavor: For
generic members of T we will show that the set Fix(F') is infinite, and in some
cases of positive density. We use probabilist means to decide on genericness; we
explore quantitative properties of Fix(F') that are valid with probability one with
respect to a probability measure that is defined on the set 7, or equivalently on
T. More precisely, we take a probability measure Q on (T,7), where J denotes

1One can use symplectic dynamics to study area-preserving maps; see [BHI2]. Section 3.4 of
Bramham et al. [BHI2| proves Theorem [A] using the important tool of finite energy foliations
[HWZ03|.
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the Borel o-algebra associated with the topology of uniform norm, and show that
the probability of those F' for which the set Fix(¢(F)) enjoys certain quantitative
properties is one. The type of quantitative properties we have in mind, would not
be affected if the set Fix(F) is translated. In view of the translation property (21),
it is natural to assume that the probability measure Q is translation invariant (or in
the probability theory jargon stationary). This property also allows us to apply the
Ergodic Theorem to guarantee that density of Fix(¢(F)) is well defined for Q-almost
all choices of F. We also assume that the probability measure Q is ergodic with re-
spect to the translations {7, : @ € R}. This is simply an irreducibility assumption;
if Q is not ergodic, then we can express it as an average over its ergodic components
and our results would be valid for each component. The advantage/raison d’etre of
the ergodicity is that the Q-almost sure density of Fix(F") is a constant independent
of F.

We note that in the periodic case, the fact that we have at least two geometrically
distinct fixed points, translates to asserting that in the interval [0, /], ¢ € N, there
are at least 2¢ fixed points. How much of this is true in the random case? On
account of Theorem [A] let us formulate a wish list that we would like to have for
the set of fixed points Fix(F') of a randomly selected area-preserving twist map
F(-,):

(i) At the very least, we would like to show that the set Fix(F') is nonempty (and
in fact unbounded from both sides by ergodicity) almost surely.

(ii) Better yet, we would like to show that the set Fix(F') has a positive density.
That is, the large ¢ limit of 8_1#(Fix(F)ﬁ [0, 6}) exists and is positive almost surely.
(For a set B, #B denote its cardinality.)

(iii) Ideally, we can come up with two distinct properties (formulated in terms of
the derivative dF' at the fixed point) such that if the set of fixed points with those
properties are denoted by Fix; (F') and Fixy(F'), then both Fix (F') and Fixa(F) are
of positive density almost surely. This would be our analog of the “two geometrically
distinct” aspect of the Poincaré-Birkhoff Theorem in the random setting.

2.1. Monotone twist maps. As we will demonstrate in our first theorem, we
have a rather satisfactory result in the case that Q is concentrated on the space of
monotone twists.

Definition 2.1. (1) We write MT, for the space of maps F' = (Q, P) € T such
that for every g, the function f: [~1, 1] — R, given by f(p) := Q(q, p) is increasing.
We also write MT for the set of £(F), with F' € MT,. We refer to the members
of MT as the (positive) monotone twist maps. Similarly, we write MT_ for the
space of maps F such that F~! € MT,. We refer to the members of MJ_ as the

negative monotone twist maps.

(2) A fixed point © = (q, p) of F(-, ): 8§ — 8 is of + (respectively -) type if the
eigenvalues of dF'(q, p) are positive (respectively negative). We write
Fix, (F) = {# € Fix(F) : zis of £ type }.
Our interest in MT4 stems from the fact that all monotone twist maps possess

generating functions. That is, for F = ((F) € MT,, we can find a scalar-valued
function S(q, Q) = S(q, Q; F') such that

(2.2) F(q,=54(¢, Q) = (@, Se(q,Q))-
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Because of the boundary conditions of F(q,p) = (P(q,p),Q(q,p)), we only need to
define G(q, Q) for the pair (¢, Q), such that

(2.3) Qg,—1) < Q < Q(g, +1).
In particular
(¢ F) :=S(q, ¢ F)
is well defined. As we will see later (see (Z4) below)
V(51 F) = 1o ( F).
This implies that the law of ¥(q; F) is translation invariant (hence independent of
q), by the stationarity of Q.

As is demonstrated in our Theorem [B] below, (iii) of our wish list is (almost)
materialized for randomly selected monotone twist maps:

Theorem B. Let Q be a translation invariant ergodic probability measure on
(‘J', ff"), such that Q(MT+) = 1. Then the following statements are true with prob-
ability one with respect to Q:

(1) The sets Fixy (€(F)) are nonempty.
(2) If the random pair

d _ 42 _
il CF). — - F
(fvlaP) vt )
has a probability density p(a_, b) (which is independent of q by translation invari-
ance), then the sets Fixy (E(F)) have positive density A1, given by

o0
pu— / b=p(0,b) db.
—0o0

As we mentioned earlier, each monotone twist map has a generating function
that is unique modulo a constant. It may appear that it would be hard to come
up with examples of probability measures that are concentrated on monotone twist
maps because the set MT is rather complicated; after all a function F' € MT,
must satisfy (1) —(3) of the Introduction, and the monotonicity condition. However,
it would be easier if we start from a randomly selected generating function G, and
construct F' from it with the aid of (Z2]). For this to be useful, we need to figure
out what conditions must be satisfied by G in order to be in the range of the map
F i+ G(-, F). Tt is not hard to see
(2.4) 5(¢+a,Q +a; F) = §(q, Q; o F).
(See Section Bl) This suggests defining £ by

5(¢, @ F) = L(q,Q — ¢; F),

and trying to find the range of the map A(F) := L(-,-; F). In some sense, £(q,v) =
L(q,v; F) is the Lagrangian of F, with v playing the role of the velocity. We also
note that in terms of the Lagrangian,

U(g; F) = £(q,0; F).
For our second result, we determine the range of the map A and give a precise

recipe for constructing A~!, and an ergodic stationary law on MT, . We note that
in view of (23]), the domain of definition for the function £(q,v) is

Q(Q7 _1) SU < Q((L 1)
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However, it is more convenient to start with an extension of £ to R?, and figure
out what the domain of £ is from this extension. To have a simpler description for
the operator A ™!, we would even start from a suitable translate of the extended
Lagrangian function, denoted by w, and build § from this translation. In the
following definition, we give the necessary axioms for w and make preparations for
the construction of G from w.

Definition 2.2. Let us write € for the space of functions
w:R* >R
such that w(g,a) > 0 for a > 0, w(g,0) = 0, and
n(g;w) = inf{a | w(g,a) =2} < oo
for every q. We then set

1

n(g;w)
@) =5 [ wlnada—nge)

G(q,Qw) =w(q,Q —¢— Q (;w))-
We write Qy for the space of w € Qp such that G4(¢, Q;w) < 0 for all (¢, Q).

Theorem C. For every w € (i, there exists a unique function F(-,;w) such
that if F(-,w) = @(F(~,~;w)), then the equation [22)) is valid for the function
9(¢, Q) = S(q, Q;w), that is given by

Q
S@.Qw = [ wlade- Q-0
q+Q~ (q;w)
Moreover, if T,w(q,v) = w(q + a,v), then
(25) F('>';Taw) :TaF('7'§W)-
Theorem [C] provides a recipe for constructing examples of random monotone
twist maps for which Theorem [Blis applicable.

Recipe for the monotone twist map. Take any probability measure P on €
that is stationary and ergodic with respect to {7, : a € R}. If P(Q) = 1, then the
push-forward Q := ByP of P with respect to the map

B: Y —=MT, Bw)(,)=F(,;w),

gives a stationary and ergodic probability measure on M7, .

It is straightforward to construct stationary and ergodic probability measures
on Q. The only nontrivial condition to worry about is P(£23) = 1. To see how in
practice such a condition is verified, let us consider a concrete example.

Example 2.3. If we assume that w is linear in a, and write w(q,a) = R(q)a, for
a function R : R — R, then w € 2y means that R > 0. On the other hand,
if the derivative of R satisfies 2|R'| < R?, P-almost surely, then P(Q;) = 1. For
example, we can start from an arbitrary uniformly positive stationary process Ry
with bounded derivative, and build w via w(q,a) = cRo(g)a. This would satisfy
P(Q1) = 1 provided that ¢ is sufficiently large. See Example [5.7] for details.
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2.2. Hamiltonian systems. We now describe an important class of twist maps
that may include nonmonotone examples. Let 5 denote the set C? (Hamiltonian)
functions w(g, p, t) with uniformly bounded second derivatives such that

in(Qa:tLt) > Oa wq(Qailvt) =0.
(Note that even though w(q,+1,t) is independent of ¢, the function wy(g, £1,1¢)
may depend on ¢.) Given w € Qo, set
w(g,p,t) =w(g+a,pt),

as before, and write ¢%(q, p) for the flow of the corresponding Hamiltonian system

q:wP(Q7p7t)7 D= _Wq(Q7p>t)-
It is not hard to show that if

F'(g,p;w) = ¢¢ (@), F'(a.piw) = ¢ (¢,p) — (¢,0),
then F'(-,;w) € T and
F'(q,p; Taw) = 7o F" (¢, s w).
This means that if we start with a 7-invariant ergodic probability measure P on

s, then its push-forward Q! under the map w + F(-,-;w) is a T-invariant ergodic
probability measure on M7 .

Theorem D. Let P be a T-invariant ergodic probability measure P on Qs. Then
the probability that F'(-,-;w) has infinitely many fived points is one for every t > 0,
i.e.

IE"(aééFix(Ft(~7 . ;w)) = oo) =1.

Example 2.4. In contrast with Theorem[C] it is not hard to come up with examples
of Q' because any g-stationary process w(q,p,t) does the job provided that the
boundary conditions are satisfied. Here are two examples:

(i) Let A(g,t) be a positive C2, g-stationary random process with bounded second
g-derivative. Take any deterministic C? function B(p,t) with bounded second p-
derivative such that £B,(+1,t) > 0, and B(+1,t) = 0. Then the Hamiltonian
function w(q, p,t) = A(g,t)B(p,t) will be in Qs.

(ii) One classical way of constructing a stationary Hamiltonian function is starting
from a fixed deterministic Hamiltonian function H°(gq, p,t) of compact support in
g-variable that satisfies the boundary conditions, and set

qp,tOZ ZHOq_q’Lapu )7

where
a={q¢ : 1€Z}
is a stationary point process. By this we mean that the set « is a discrete subset R
that is selected randomly with a law that is invariant with respect to the translations
Tex={q—a: q€ a}.

A Poisson point process of constant intensity is an example of a stationary point
process.
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Theorem [(] raises two questions:

(i) Let Q be a stationary ergodic measure on J. Can we find a stationary
ergodic measure P on €y such that Q = Q!? In other words, is Q the
push-forward of P with respect to the map w + F1(-, ;w)?

(ii) What can be said about the type of the fixed points we have in Theorem [DI?

To rephrase the first question, let us write €([0, 1]; T) for the space of O maps
7 :[0,1] = T, such that £(v(0)) is identity. The shift operator 7 on T induces a

shift operator (again denoted by 7) on C([0,1]; T) by (747)(t) = 7a(y(¢)). Note that
if we have a stationary ergodic measure P on {5, then the map

w i (F'(q,p;w) = 67 (q.p) — (¢,0) : t€[0,1])

pushes forward P onto a stationary ergodic probability measure Q on C([0, 1]; 7).
It is not hard to show that the converse is also true; a stationary ergodic proba-

bility measure Q on C([0, 1]; T) necessarily comes from a unique stationary ergodic
measure P on 5. As a result, we may rephrase the first question as

(i’) Let Q be a stationary ergodic measure on J. Can we find a stationary
ergodic measure Q on C([0,1];T), such that Q is the push-forward of Q
under the time-1 map m; : €([0,1];T) — T? (By time-1 map we mean
my == 7(1).)

We conjecture that the answer to this question is affirmative. In Theorem E
below, we partially resolve this conjecture by showing that if there is a path v such
that ¢(v) is area preserving only in the average sense, then it can be deformed to a
path of area-preserving maps. To state this carefully, we make a definition.

Definition 2.5. Let D denote the space of diffeomorphism F': 8§ — 8. We write
D for the space of f@ctions F such that ¢(F) € D. Let Q be a stationary ergodic

measure on C([0,1]; D). We say that Q is regular if the following conditions are
true:

(a)

[ e 5O+ 110 + 0] 20 <
with || - ||oc denoting the L norm, and 4(¢) and dv(¢) denoting the deriva-
tives of y(t) with respect to t and z = (¢, p).

(b)

1 1
5 | deraro@man] o -1

for every t € [0, 1]. (This expression is independent of ¢ by the stationarity
of Q.)

We note that the condition (b) is trivially satisfied if Q is concentrated on

C([0,1]; T), because for an area-preserving £(y(t)), we simply have
det(dy(t)(q,p)) = 1.

Theorem E. Let Q be a stationary ergodic measure on T. If there exists a reqular

stationary ergodic measure Q on C([0,1]; D), such that Q is the push-forward of
Q wunder the time-1 map w17y := (1), then there exists another stationary ergodic

measure Q" on C([0,1];T), such that Q is also the push-forward of Q under the
time-1 map 1.
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2.3. The complexity of an isotopy. We now would like to address the second
question we asked in Subsection 2.2:

(ii) What can be said about the type of the fixed points we have in Theorem [DI?

To address this question, we first need to explain what role the measure Q on
€([0,1];T) plays in the proof of Theorem When the measure Q on T comes
from a measure P on (3, or when the assumptions of Theorem D are satisfied,
we have an isotopy of area-preserving twists F*(-, -;w) that connects the identity to
F(-,;w) = F(,-;w), with F! distributed according to Q. Following the Chaperon
strategy for proving Conley-Zehnder’s Theorem, we may use this isotopy to express
F' as a finite composition of monotone twist maps. More precisely,

Theorem F. Let P be a T-invariant ergodic probability measure P on Qy. Let
F = F! be as in Theorem D. Then there exists a deterministic integer N > 0 and
area-preserving random twists Fj, 0 < j < N, such that for P almost all w € Qo,
we have a decomposition:

(26) F(7 7w) = FN(7 7w) o... OFQ('a ,(U) OFI('7 7w) o FO('7 7w)7
where

o I is negative monotone if j is even;

e F; is positive monotone if j is odd; - -

o Fi(¢,p;w):=Fj;(q,p;w)—(g,0) is stationary, i.e. F;(q,p;Tew)=7,F;(q, p;w)
for every j.

The integer N in (Z6]) is the complezity of F. We may use an L bound on the
first derivative of w to get an upper bound on N. Statements [Le91l Propositions
2.6 & 2.7, Lemma 2.16] have the flavor of Theorem [F] for classical twists (see also
[MS98|, Section 9.2]).

When N =1 or 2, more can be said about the set of fixed points and the nature
of dF at the fixed points. We refer to Theorems and when N = 1, and
Theorem [T.3] when N = 2.

2.4. Almost periodic twists. In fact our main results do cover the classical
Poicare-Birkhoff Theorem [A] in some cases. For example, Theorem D implies
that the flow of any deterministic Hamiltonian function H°(g,p,t) on strip 8,
that is 1-periodic in ¢, and satisfies the twist boundary conditions (H (g, £1,t) =
0, :I:Hg(q, +,t) > 0), possesses 1-periodic orbits (or its time-1 map has fixed points).
In other words, we may recast the deterministic periodic model as an example of a
random twist model. The interpretation we have in mind is also applicable if H°
is almost periodic in q. We explain this by three models of random area-preserving
twist maps:

Example 2.6 (Periodic twists). As the simplest example, take any Fy € T, that
is 1-periodic in g-variable, and set

(2.7) D(Fp) = {7afp : a€R} CT.

We now take a 7-invariant probability measure Q on T that is concentrated on
['(Fp). Since Fy is a 1-periodic function in g-variable, the set I'(F) is homeomorphic
to the circle. (Here we are thinking of a circle as the interval [0, 1] with 0 = 1.)
Since Q is 7-invariant, it can only be the push-forward of the Lebesgue measure

under the map a — 7,F. Now any almost sure statement for the fixed points of
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the lifts of maps in the support of Q is equivalent to an analogous statement for
the map Fy. This is because if (qq, po) is a fixed point for

F(q,p) :==L(1aF) = (¢,0) + 7aFo(q, p),

then (qo + a,po) is a fixed point for Fy = ¢(F,). For example, the statement that
for Q-almost choices of F, its lift /(F') has a fixed point is equivalent to asserting
that Fj has a fixed point. In summary, our stochastic model coincides with the
classical setting of Poincaré-Birkhoff in this case.

Example 2.7 (Quasi-periodic twists). Pick a function
Fy:TF x [-1,-1] = R x [-1,1],

where T* denotes the k-dimensional torus. Pick a vector v € R¥ that satisfies the
following condition:

(2.8) (v,n) =0, nezZ’ = n=0.
Let

Fy(q,p) = Fi(qu.p)

and define I'(Fp) as in (7). Note that if k& > 1, the set I'(Fp) is not closed.
However, the condition (Z8) guarantees that its topological closure IV (Fp) consists
of functions of the form

F(q,p;b) = Fo(qu +b,p),

with b € T*. (Here we regard T* as [0,1]* with 0 = 1, and quv — b is a Mod 1
summation.) Assume that Q is concentrated on the set I'(Fp). Again, since Q is 7-
invariant, the pull-back of Q with respect to the transformation b € T* — F(-,-;b)
can only be the uniform measure on T*. Hence, a Q-almost sure statement regarding
the fixed points of F' = £(F), is equivalent to an analogous statement for the map

F(-5b) = L(F(-, ;b))

for almost all b € T*. In other words, our main result does not guarantee the
existence of fixed points for a given quasi-periodic map Fy = ¢(Fp). Instead our
main results say that for almost all choices of b, the map F(-,-;b) possesses fixed
points.

Example 2.8 (Almost periodic-twists). Given a function Fy € T, let us assume
that the corresponding I'(F}) is precompact with respect to the topology of uniform
convergence. We write I'(Fp) for the topological closure of T'(Fp). By the classical
theory of almost periodic functions, the set I'(Fp) can be turned to a compact
topological group and for Q, we may choose a normalized Haar measure on I (Fp).
Again, our main results only guarantee the existence of fixed points for F'(q,p) =
{(F), for Q-almost all choices of F.

In the random stationary setting, we may start with a function Fj, such that the
corresponding I'"(Fp) is not compact and may not have a group structure. Instead
we may insist on the existence of an ergodic translation invariant measure that is
concentrated on I"(Fp). Even the last requirement can be relaxed and our measure
Q may not be concentrated on I''(F) for some Fy. The measure Q in some sense
plays the role of the normalized Haar measure in our third example above.
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2.5. Abstract formulation. So far we have stated several results for the set of
fixed points of £(F) where F is selected according to a suitable ergodic stationary
probability measure Q on T. In all the models we have discussed in the preced-
ing subsections, the measure Q is expressed as a push-forward of another ergodic
stationary probability measure P that is now defined on a probability space 2. In
other words, our Q-selected function can be expressed as F(-,;w) with w selected
according to a suitable stationary ergodic measure P, and the map w +— F(-,;w)
satisfies

TaF (- w) = F(- 5 Taw).
This is equivalent to
(2.9) F(q,p;w) = F(0,p; T,w) := Fo(T,w,p)-

The space €2 takes different forms depending on the type of result we have in mind.
For example:

e O = Q where Q; is the space of functions in )y that satisfies a suitable
nondegeneracy condition as was discussed in Subsection 211

e (3 = s is the space of certain Hamiltonian functions as we described in
Subsection

e () =T"(Fp) is the topological closure of the translates of a fixed Fy € T as
we discussed in Subsection 2.4

For a more flexible formulation, we set up a framework for random area-
preserving twist map that is defined on a general and unspecified 2. With this
goal in mind, we propose the following abstract setting to study area-preserving
dynamics: a probability space, that is, a quadruple:

(2.10) Q:=(Q,F P ).

Here (2 is a separable metric space, & is the Borel sigma-algebra on 2, 7: RxQ — Q
is a continuous R-action, and P is a 7-invariant ergodic probability measure on
(Q,3). Denote 7, :=7(a,-): 2 — Q. In addition, we assume:

(i) P-positivity: if U € F is a nonempty open set, then P(U) > 0.
(ii) P-preservation by T: P(1,A) = P(A) for every a € R, and every A € F.
(iii) Ergodicity: for every A € F, if 7,A = A for all @ € R, then P(4) = 1 or
P(A) =0.

If @), (@), and (@) hold we say that P is a T-invariant ergodic probability measure.
For instance, take a smooth manifold 2 which admits a smooth global flow ¢ :
R x 2 — Q with an ergodic invariant probability measure P that is positive on
nonempty open subsets of (it is nontrivial to find ¢ with these properties), F the
Borel sigma-algebra of Q, and 7, := ¢(a, -).

In what follows, let £ be a probability space as in @I0). Let

F()ZQX[—]., 1]—)8

be a measurable map with respect to the product measure of P and the Lebesgue
measure on [—1, 1]. Write

FO(va) = (Q(va)vp(va))
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and suppose that F': 8§ x Q — 8 is of the form F(q,p;w) = (Q(q, p; w), P(q, p; w)),
with
{Q(q, P w) = ¢+ Q(rw, p),

P(Tqw, p)-

(2.11) Plg, pr w) =

TqW,
Write E for the expected value with respect to the probability measure P.

Definition 2.9. We say that F' in (ZTI1]) is an area-preserving random twist if the
following hold for P-almost all w:

(1) area-preservation: F(-,-; w): 8§ — 8 is an area-preserving diffeomorphism;
(2) boundary invariance: P(q,£1;w) = £1; B
(3) boundary twisting: q — Q(g, £1;w) is increasing, and +Q(w, +1) > 0.

If additionally Q(w, p) is increasing in p, we refer to F' as a (positive) monotone area-
preserving random twist. We call F' a negative monotone area-preserving random
twist, if F~! is a positive area-preserving random twist. When there is no danger
of confusion, we may simply call such a map a positive/negative twist.

It is this abstract formulation that will be used for the rest of the paper. By a
slight change of notion, we can readily restate our main results Theorems B-F in
terms of an abstract area-preserving random twist.

2.6. Arnol’d Conjecture. Arnol’d formulated the higher dimensional analogue
of Theorem [Al the Arnol’d Conjecture [Ar78] (see also [Aul3d], [Hol2], [HZ94,
[Ze86]). The first breakthrough on the conjecture was by Conley and Zehnder
[CZ83], who proved it for the 2n-torus (a proof using generating functions was later
given by Chaperon [Ch84]). The second breakthrough was by Floer [FIS8|FI89
FI89DL[F191]. Related results were proven e.g. by Hofer-Salamon, Liu-Tian, Ono,
Weinstein [Ho85L[HS95LLTI8]0On95[WeS3].

As noted above, the first breakthrough on Arnold’s Conjecture was achieved by
Conley and Zehnder [CZ83]. According to their theorem, any smooth symplectic
map F : T2¢ — T?? that is isotopic to identity has at least 2d+ 1 many fixed points.
For the stochastic analog of [CZ83], we take a 2d-dimensional stationary process

X(z;0) = X(T,w)
with
X: Q=R zeR*,
and assume that its lift
Flzyw) =2+ X(z;w)

is symplectic with probability one. Our strategy of proof is also applicable to such
random symplectic maps. The main ingredients for proving results analogous to our
main theorems are Morse Theory and the Spectral Theorem for multi-dimensional
stationary processes. In a subsequent paper, we will work out a generalization of
Conley and Zehnder’s Theorem in the stochastic setting.
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2.7. Main strategy and outline of the paper. As we mentioned earlier, we have
adopted Chaperon’s approach to establish our main results. Here is an outline of
what follows:

(1) In Section Bl we give a definition for the generalized generating function of an
area-preserving twist map F' in our random setting and show that there is a one-to-
one correspondence between fixed points F' and the critical points of its generalized
generating function (Proposition [3.3)).

(ii) The purpose of Section [l is threefold:

e We show that if ([2.6]) is valid for F', then F' has a generalized generating
function. On account of Proposition B.3] we may prove our results about
the fixed points of F' by proving analogous results for the critical points of
its generalized generating function. (See Lemma [41)

e We establish Theorem [E]so that (2.6]) is valid whenever our area-preserving
random twist map comes from a Hamiltonian ODE.

e We establish Theorem [E] so that any regular Q comes from a Hamiltonian
ODE.

(iii) By Theorem [E] we can associate a nonnegative integer N to our twist map
that measures its complexity. The case N = 0 corresponds to the monotone twist
maps and they are studied in Section Bl In particular, we establish Theorems [Bl
and [l in this Section.

(iv) In Sections [6] and [ we study the case of an area-preserving twist map with
complexity N < 2. Most notably we show that if N = 1, then the corresponding
F possesses infinitely many fixed points of different types (Theorems 6.5 G.G). In
the case of NV = 2, we have a similar result for the critical points of its generating
function. Though we have not been able to prove an analogous result for the fixed
points of F' because of a complicated formula that relates the eigenvalues of the
first derivative of F' to the second derivatives of its generating function.

(v) Section R is devoted to the proof of Theorem [D

3. CALCULUS OF RANDOM GENERATING FUNCTIONS

We construct the principal novelty of the paper, random generating functions,
and explain how to use them to find fixed points. Recall that Q is as in (2.10).

Definition 3.1. We say that a measurable function G : Q — R is w-differentiable
if the limit
VG(w) := ltifgt_l (G(rw) — G(w))

exists for P-almost all w. For a measurable map K: Q x [0, 1] - R we write
K, = %—[p( and K, = %—f for the partial derivatives of K. We say that K is C! if
the partial derivatives of K exist and are continuous for P-almost all w.

Given an area-preserving random twist as in (ZIT), consider the sets (see Fig-

ure B.1)):

A= {(w’ ’U) | Q(UJ, _]-_) NS Q(wa 1)} Q_Q X ]Ra

i Ay ={v| (wiv) € A} CR,
(3.1) A% = {w | (w;v) € A} C O,
Ay ={(q,Q) | (Taw; @ — q) € A}
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<
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=
=

-

FIGURE 3.1. A, in (3) bounded by the graphs of ¢ — Q(q, 1),
q — Q(g, —1), respectively.

We write F~Y(P,Q) = (¢(Q, P),p(Q, P)).

Definition 3.2. Given an area-preserving random twist map (2.I1]), we say that
L AxRYN — Ris a generalized generating function of complexity N if £ is C' and
the function

g(anag) = 9((],@,5,&)) = L(TQW,Q_Qvfl —q,.. ~,§N - Q)
with &€ = (&1, ...,&N) satisfies:
(3.2) 9¢(q, Q& w) = 0= F(q,—94(q, Qs §,w);w) = (Q, Go(g, Qs §,w)) -
Our interest in generalized generating functions is due to the following.
Proposition 3.3. Let £ be a generalized generating function for F. Set
j(‘]7§aw) = L(qu707§1 —4q,. "7€N _Q)
If (q,€) is a critical point for I(-,w), then  := (g, —94(q, ; €)) is a fized point
Proof. Observe that if (g,€) is a critical point of J, then by the definition of G,

S0(q, ¢; &) = —594(q, §; §) and G¢(q, ¢; §) = 0. Since £ is a generating function,
Ge = 0 gives F(Z) = . O

The underlying theme of the paper is to show that fixed points of F' are in
correspondence with critical points of the associated random generating function
9, and then prove the existence of critical points of §. Viterbo has used generating
functions with great success [Vill]. Golé [GoOl] describes several results in this
direction.

4. Proors oF THEOREMS E anD [H

We begin by introducing stationary lifts.

Definition 4.1. A function f(q,w) is stationary if f(q,w) = f(7,w) for a contin-
wous f: Q — R. We say that f is a stationary lift if f(q,w) = ¢+ f(r,w) for a
continuous f: Q — R.

Definition 4.2. A vector-valued map f(q,p;w) with f(-,w): R? — R? is ¢-
stationary if f(g,p,w) = f(r,w,p) for some f: Q x R — R2. A similar defini-
tion is given for f(-,w): 8§ — R2. We say that such f is a g-stationary lift if f can
be expressed as f(q,p,w) = (q,0) + f(r,w,p).
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Proposition 4.3. The following properties hold:

(P.1) If f(q,w) is an increasing stationary lift in Ct, then f=1 is an increasing lift.
The same holds for q-stationary diffeomorphism lifts f(q,p,w).

(P.2) The composition of g-stationary lifts is a q-stationary lift. If f is a g-
stationary lift and g is g-stationary, g o f is q-stationary.

(P.3) For every differentiable f : Q — R we have that EV f = 0.

Proof. The proof of (P is trivial. We only prove (PIl) for a stationary lift
f(g,p,w) because the case of f(q,w) is done in the same way. Assume that f(q, p,w)
is a g-stationary lift so that for every a € R, f(¢ + a,p,w) = (a,0) + f(q,p, Taw),
and write g(q,p,w) for its inverse. To show that g(q,p,w) is a ¢-stationary lift it
suffices to check that g(q+ a,p,w) = (a,0) + g(q, p, Taw). In order to do this, let us
fix a and write (g, p,w) for the right-hand side (a,0) + g(q,p, Tqw). Observe that
since f is a g-stationary lift,

f(9(g,p,w),w) = (a,0) + f(9(q, p, Taw), Taw) = (a,0) + (¢,p) = (¢ + a,p).
By uniqueness, §(q,p,w) = ¢g(q + a,p,w), which concludes the proof of (P2]). As

for (PB]), write f(z,w) = f(TI ) and observe that for any smooth J: R — R of
compact support, with [, J(z)dz = 1,

BV/ = [ J@) Efww) da
_ 4@4JK@f@¢@dx
(4.1) = - (/R J'(z) dx) (Ef) ,
so EVf = 0. O

The proof of Theorem E draws on spectral theory for random processes. To this
end, let us recall the statement of the Spectral Theorem for random processes. The
Spectral Theorem allows us to represent a random process in terms of an auxiliary
process with randomly orthogonal increments. Such a representation reduces to a
Fourier series expansion if the stationary process is periodic. In order to apply the
Spectral Theorem to a stationary process a(q) = a(rqw), one follows the steps:

(i) Assume that a(q) is centered in the sense that Ea(w) = 0. We define the
correlation R(z) = Ea(w)a(T,w).
(ii) There always exists a nonnegative measure G such that

R(z) = / it G(d¢).

— 00

(iii) One can construct an auxiliary process (Y (§) : &€ € R) or alternatively the
random measure Y (d¢) = Y (d¢, w) that are related by Y'(I) = Y (b) =Y (a),
where I = [a, b]. The process Y has orthogonal increments in the following
sense:

(4.2) INJ=g=EYI)Y(J)=0.

The relationship between the measure G(d¢) or its associated nondecreasing
function G(€) is given by EY (I)? = G(b) — G(a) = G(I).
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The Spectral Theorem ([Do53|) says that for any stationary process a for which
Ea? < oo, we may find a process Y satisfying (@2) such that a(r,w)= [ €€V (d).
Note that

(43) Ea(rw)a(w) = E / 1% Y (de) [ Ty (g = / 19 G(de).

— 00 — 00

o0

Also, a(w) = ffooo Y (d¢,w), and the stationarity of a(q,w) means
Y (d€, Tyw) = €Y (d€, w).

For our application below, we will have a family of random maps (a(q,t) | t € [0,1])
that varies smoothly with ¢. In this case we can guarantee that the associated
measures Y (d¢,t) depend smoothly in ¢.

The main difficulties of the proof are due to the fact that the “random and area-
preservation properties” do not integrate well, for instance when arguing about
t-dependent deformations which must preserve both properties. The proof consists
of four steps.

Proof of Theorem E. Write x = (g, p). Since F' is random isotopic to the identity,
there is a path F = (F* |t € [0,1]) of diffeomorphisms that connects F to the
identity map, F! is a stationary lift for each ¢t € [0,1], we have the normaliza-
tion %f_llEdet(dFt)dp =1 for every t € [0,1], and F! is regular for a constant
independent of ¢. There are four steps to the proof:

Step 1 (General strategy to turn F into a path of area-preserving random twists).
Write

p'(x) = p'(g,p) = p' (Tqw, p) = det(dF"(2)),
so that (F*)* dz = p' dx, where dz = dg A dp and, by assumption,

e e
—/ Ep'dp = —/ Eptdp =1, p°=p' =1.
2 ), 2/
Since F'* is regular uniformly on ¢, the function p’ is bounded and bounded away
from 0 by a constant that is independent of ¢. That is, there exists a constant
Co > 0 such that 00_1 < pl(z;w) < Cp, almost surely. We now construct, out of
Ft an area-preserving path A! which is a stationary lift for every t. We achieve
this by using Moser’s deformation trick, namely we construct a path G* such that
At = Ft o G? is an area-preserving stationary lift for all ¢. As it will be clear from
the construction of G* below, G° and G'! are both the identity and, as a result, A
is a path of area-preserving maps that connects F' to identity. We need

(G (p'da) = da,
and G' is constructed as a 1-flow map of a vector field
X(x,0) = X(x, 6;1).

So we wish to find some vector field X such that G* = ¢! where ¢?, 6 € [0,1],
denotes the flow of X. In fact, we also have to make sure that the vector field X
is parallel to the g-axis at p = £1. This guarantees that the strip 8 is invariant
under the flow of X.

Let

m(6,x) = 0p'(z) + (1 - 9),



POINCARE-BIRKHOFF THEOREMS IN RANDOM DYNAMICS 617

so that m(6,z) dx is connecting the area from dz to p' dz. We need to find a
vector field X such that its flow ¢ satisfies (¢?)*dx = m(6, x) dz. Equivalently, m
must satisfy the Liouville equation

(4.4) mg+V - (Xm)=p' —1+V-(Xm) =0.

The strategy to solve equation (L4 for X is as follows. Search for a solution X such
that mX = V,u is a gradient. Of course we insist that u is g-stationary so that X
is also g-stationary:

u(g,p,0) = u(rqw, p, ),
(mX)(q,p,0) = (mX)(q,p, 0 w) = (MX)(rqw, p,6)
= (U, (qua p,0), ap(qua p,0)).

Since t is fixed, we drop ¢ from our notation and write p* = p. The equation (Z.4)
in terms of u is an elliptic partial differential equation of the form

(4.5) Au=1—-p=:n,
with 1(q,p) = 7(Tqw, p) and f_ll En(w, p)dp = 0. This concludes Step 1. %)

Step 2 (Applying the Spectral Theorem to solve (£3l)). To apply the Spectral
Theorem for each p, set

(w,p) = n(w,p) — k(p)
for k(p) = Efj(w, p), and write

o0

R(g;p) = Ef(w, p)i(rap) = / ¢4 G(dz,p).

— 00

Note that Ef(w,p) = 0 for every p and f_11 k(p)dp = 0. We have the representation

(@6)  n(ap) = klp) + nlrgep) =)+ [ e (),
where Y (dz,p) = Y (dz, p; w) satisfies
(4.7) Y (dz, p; Taw) = €7°Y (dz, p;w).

We want to find a solution to the partial differential equation

Au(g,p) = n(q,p),

which is still stationary in the ¢ variable. First choose ho(p) such that hg(p) = k(p)
and satisfy the boundary conditions

(4.8) ho(£1) = 0.
We write u = hg + v and search for a random v satisfying
Av(g,p) = 70(q,p) = 7(Tqw, p)-

Since (g, p) = e9*P)* is harmonic for each z € R, the function h given by

(4.9) h(g,p) = / "o (e T1(dz) + e Ta(d2))

—0o0
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is harmonic for any measures I'y and I's. We will find a solution of the form
v =w + h where Aw = n and h will be selected to satisfy the boundary conditions
vp(q, £1) = 0. Indeed w given by

= / ’ / T sinh((p — a)2)Y (dz, a)da

(p—a)z _ gla—p)z
/ / 22 226 Y (dz,a)da

satisfies all of the required properties. In order to verify this observe that

Weq(q,p) = ——/ / ze'l (p @)z _ e(“_p)z) Y (dz,a)da,

= —/ / e e(pf‘l)z + e(afp)z) Y (dz,a)da,

Wpp(4, P) / / zel9% (eP=0)z _ e(a*p)z) Y (dz,a)da + 7(q,p).
This clearly implies that Aw = 7.

On the other hand, the process w is g-stationary. In other words

w(q,p) = w(g,p;w) = W(Tqw,p)
for a process w. This can be verified by checking that

w(q + b, p;w) = w(q, p; W),

which is an immediate consequence of ([@.1):

o] igz .
w(q +b,p;w) = / / ez sinh((p — a)2)eY (dz, a; w)da = w(q, p; Tow).
—oo J—1

This concludes Step 2. %)

Step 3 (Checking that T’y and T'y in [@3) can be chosen to satisfy the boundary
conditions ([@8))). At p = £1, +Vu should point in the direction of the g-axis. We
need to have that

up(Qv :l:l) = vp(qa :l:]-) = Oa
because ho(£1) = 0. First, the condition v,(g,1) = 0 means

(4.10) /_ " e (T (d2) — e*Ta(d2)

1 1 [ee) .
+ 5/ / % (=97 4 o@Dy (dz, a)da = 0,
—1J—-o00

and the condition v,(g, —1) = 0 means
/ e %2(e”*T'1(dz) — e*T'9(d2)) = 0.
Since we need to verify the above conditions for all ¢, we must have that I'; = e2?T'y
and
ze?(e** — e #*)I'y(dz) +Y'(d2) = 0,
where
1 1
Y'(dz) = 5/ (=92 4 e(@=D2)y (dz, a)da.
-1
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In summary,
(4.11) [o(dz) = =27 te™#(e* — e 2)71Y'(d2), Ty =e*T,.

Since Y satisfies (£7), the same property holds true for both T'; and T's. From
this it follows that the process h (and hence u) is g-stationary; this is proven in
the same way we established the stationarity of w. The ¢-stationarity of u implies
that X is g-stationary. This in turn implies that the flow ¢? is a ¢-stationary lift for
each 0. To see this, observe that since both ¢?(q+ a, p;w) and (a,0) + ¢?(q, p; Taw)
satisfy the ordinary differential equation y/(6) = X(y(),0;w) for the same initial
data (q + a,p), we deduce ¢?(q + a,p;w) = (a,0) + ¢?(q, p; Taw), Which concludes
this step. %)

Step 4 (Producing a twist decomposition for F' from the path A). We claim that

there exists a g-stationary process H(q, p,t;w) = H(7tqw,p,t) such that

t
g\—szzoAt
dt

holds. Indeed, since A is a g-stationary lift, dd—/y is g-stationary. Hence by Propo-
sition 3] the composite A’ o (AY)~! is g-stationary. Set

t

dA _
A(t7Qap’ LU) = ? © (At) 1(q7paw)'

We need to express A as JVH. Observe that since A! is area preserving, A is
divergence free. Write A(t, ¢, p;w) = (a(rqw, p, t), b(Tqw, p, t)). We have a,, +b, = 0.
Set

P
H(g,p, t;w) = / a(tqw, ', t)dp’ — b(T,w, 0, t).
0

Clearly H, = —b, H, = a, and H is stationary. Note that since dd—Att and (A*)~! are
bounded in C!, A4 is bounded in C'. %)
(Il
Proof of Theorem [El. Set A(w) = (wp, —wy),
Q(k) ={w: [[AW), [DA(w)]| < k}.

Let us write (A% | s < t) for the flow of the vector field A so that A% = A! and
A®% =1id. On the other hand

d

_As,t =A As,t
dt °

implies that

EDAS’t =DAo A% DA%,
dt

Hence for w € Qa(k),
”DAs,tH < ek(t—s)
and |[DAS* —id|| < (t — s)e*(t=9). Tt follows that

sup  [|A®" —id||cr <o (t— 5)
0<s<t<1
for a constant ¢y. So we may write

gt (G=1t
)

F=A=¢'oy?0...0¢" with ¢/ =A==
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satisfying |7 — id|| < ¢on~'. Hence, for large n, we can arrange

I —id[|cr < 6.
max |7 —idflor <

Let ©%(q,p) = (¢+p,p). Then
7 0% — (|1 < 6.

The map ¢ is a positive monotone twist map and we can readily show that 17 o °
is a positive monotone twist if § < 1. Hence 1/ = 1’ o (¢°)~! where 7 is a positive
monotone twist and (¢")~! is a negative monotone twist. In summary, we have
established (26) for w € Qq(k), for a positive integer N that depends only on k.
However, if we define N(w) for the smallest nonnegative integer such that (26 is
true, then we can readily check that N(w) = N(7,w). Since P is ergodic, we deduce
that N(w) is constant P-almost surely. This concludes the proof of Theorem[El [

Next we give an application to random generating functions of complexity N.
For the following, recall the definition of A in (B1]).

Lemma 4.4. Let F be an area-preserving random twist map of the form F =
Fyno...oFy, where each F; is a monotone area-preserving random twist with gen-
erating function of the form §'(q, Q;w) := L' (1,w,Q—q). Then F has a generalized
generating function £: A x RN — R of complexity N, L(w,v; £), that is given by

N—1
L%w, &) + Z LI (1w, €41 — &) + LN (Teyw, v — En),
j=1
or equivalently
N-1
S(g, Q: €) = %(a, &)+ D> F(&, &) + 5V (Ew, @),
j=1

where € = (£1,...,6n) € RN,

Proof. We write o = ¢,{n+1 = Q. To verify [B2), observe that §¢ = 0 means that
Sb(giafiﬁ-l) = _9??1(57;-‘,-1)51‘-{-‘2) for ¢ = 0) .. 'aN — 1. We have that Fi(qi7 pl) =
(Qi(ai, pi), Pilai, pi)), with Sg(ai, Qi) = P;, Gq(ai, Qi) = —p;. By definition we

have that FO(Ql,_gg(qa 51)) = (517 9(()2((]7 gl)) Since 9%((]7 gl) = _9é(€1a 52) we
have that

Fl(gla _92(515 52)) = (§2a 95(517 52))

Iterating N times we get
so F(q, =54(q, Q; §)) = (Q, Solg, Q; §)). O

5. AREA-PRESERVING RANDOM MONOTONE TWISTS

5.1. Existence of random generating functions. The map v — p(w,v) is de-
fined to be the inverse of the map p — Q(w,p). This means that

Q — p(q7 Q) = Z_)(qua Q - Q)
is the inverse of B
p = Qg,p) = ¢+ Q(1qw, p).
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Note that the map p is defined on the set A so that v € [Q(w, —1),Q(w, 1)]. The
following explicit description is needed in upcoming proofs.

Proposition 5.1. Write Q% (w) = Q(w, £1) and set

(5.1) L(w,v) = / P(w,p(w,a)) da — Q™ (w).
Q™ (w)

Then L(w,v) is a generating function of F of complexity 0.

Proof. We prove it if F is positive monotone; the negative monotone case is similar.
From (5.0)) we deduce that the corresponding S(q, Q;w) = L(Tw, @ — ¢) is equal to

Q
/ P(g. p(.Q)dQ — @ (ryw) = (0. Q:w) — (@ — 0)
q+Q*(qu)

which is equal to

Q - ~
/ P(g, p(0.0) +1) 4G - (@~ q)
q+Q (Tqw)

Q+ TQw)
- / (p(@.Q) +1)dj - (@ —q)

Q+q~ (TqQw)
(5.2) - / P(@ Q)dd + ¢~ (rquw).

For the first equality in (5.2)), we used that F is area-preserving. Here F'~1(Q, P) =
(¢(Q, P),p(Q, P)) and ¢* is defined by ¢(Q,+1) = Q + ¢*(7qw) so that Q
Q + ¢T (Tow) is the inverse of the map ¢ — ¢+ Q*(1,w) (see Figure 5.1)). Applying
the Fundamental Theorem of Calculus to (5.2)) we obtain that S¢(g, Q) = P(q, p)

and —9,(¢, Q) = p. Then B2)) follows. O
‘ q(Q, 1) . ‘ Q(g, 1)
N
g 5@\ N /560
- g 9@ -1) I " T Qe -) Q

FI1GURE 5.1. Area-preserving random twist F': § — § and inverse.
The area of the shaded regions is §(¢q, Q) in (5.2]).

5.2. Fixed points.

Proposition 5.2. Let F': § X 2 — 8 be an area-preserving random montone twist
with generating function L: A — R. Then ¢: Ag — R given by

w(a’ w) = '(Z)(Taw) = L(Taw, 0)

has infinitely many critical points. Furthermore, except for degenerate cases, 1 has
mazximum and minimum critical points. In degenerate cases ¥ has a continuum of
critical points. If 1 is bounded and nonconstant, it oscillates infinitely many times,
s0 it has mazimums and minimums.
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Proof. We prove the last statement by contradiction. Suppose that ¥(a, w) is
monotone for large a. Then lim, , ¥ (a, w) = (0o, w) is well defined. By ergod-
icity ¥ (00, w) = 9(c0) is independent of w. On the other hand, for any bounded

continuous function J: R — R we have that E J(¢(a, w)) = EJ(¢(w)) for every
a, and therefore J(1(00)) = E J(¢)(w)). Thus ¢(w) = 1(c0) a.s. In other words, if
Y(a, w) doesn’t oscillate, then ¥ (a, w) is constant. a

5.3. Construction of random monotone twists and spectral nature of fixed
points. As we argued in Proposition[5.I] a monotone twist map may be determined
in terms of its generating function. We now explain how we can start from a scalar-
valued function H(w,v) and construct a monotone twist map from it. To explain
this construction, let us derive a useful property of generating functions. Recall

Q* (w) = Q(w, £1).
Proposition 5.3. Let L(w,v) be as in Proposition BIl. Then the function

(5.3) Lw, Q" (W) — QF(w)
is constant and L(w, Q™ (w)) = —Q~ (w).

Proof. From F(q,—94(¢,Q;w)) = (Q, 50(Q, ¢;w)), we deduce
F(w, Ly(w,v) — Ly(w,v)) = (v, Ly(w,v)).
Since P = 41 if and only if p = £1, we obtain £, (w, QT (w)) = 0 and £, (w, Q*(w))
= +1. But
Vo (£(0, Q% ())) = Lu(w, QF (@) + Lo (w, @F (W) Q% (w) = Q5 (),
which means that the function £(w, Q* (w)) FQT (w) is constant by the ergodicity of
P. On the other hand, by the definition of £ (see (B.1])) we know that £(w, Q™ (w)) =
—Q (w). O
We are ready to give a recipe for constructing a monotone twist map from a C?
function H :  x R — R, which satisfies the following conditions:
H(w,0)=0, H(w,a)>0fora>0,
(5.4)
n(w) =inf{a >0 | H(w,a) = 2} < +o0,

almost surely. For such a function H, we set

n(w)
o(w) =n(w) — —/0 H(w,a)da

QW) = o), QW =(-o)w)
(65.6) Gw,v) = H(w,v+oWw)), G(¢g,Q;w)=G(tw,Q —q);

v+o(w)
Llw,v) = A H(w,a)da— v S(q, Qsw) = £(ry0, Q — ).

Theorem 5.4. Assume that H: QxR — R satisfies (0.4) and the condition G, < 0
with G defined as in (B8). Then there exists a unique monotone twist map F
such that F(q,—S4(¢,Q)) = (Q,9¢(¢, Q)), and F(q,£1) = (¢ + QF (rqw), +1) with
Q7T defined by [&.5). Moreover, if G is a local mazimum (respectively minimum,)
for ¢ = ¥(q) = 9(q,q), then DF at the F-fized point (g, —S4(q, 7)) has negative
(respectively positive) eigenvalues.
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Proof. By the definition,

Q
5(4,Q) = / Gla.Q) Q' — (Q - 0).

+Q (Tqw)
which implies
(5.7) 9Q =G — 1, 9Qq = Gq < 0.
From (5.7) we learn that the map @ — 94(q, Q) is decreasing and, as a result, the

equation

(5.8) 94(¢:Q) = —p
may be solved for @, to yield a p-increasing function @ = Q(q,p). We set

P(q,p) = 9q(q,Q(q,p)) = G(q,Q(q,p)) — 1,
so that

F(q,p) = (Q(q,p), P(q,p))-

Note that the monotonicity condition is satisfied because () is increasing in p.
We need to show that the boundary conditions are satisfied and that F' is area-
preserving. For the latter, observe that by differentiating both sides of the rela-
tionship (5.8), we obtain G4y + G0,Qq =0, G40Q@p» = —1, P, = S04 + S00Q,, and
P, = 900@). It follows that

_971 9(1(1 1
Q11940500 — %20 Y]

It follows from (5.9) that if the eigenvalues of DF are A and A~!, then X > 0 if and
only if

(5.9) DF =

Jaq + Sq@
—JqQ
Equivalently DF' has positive eigenvalues if and only if

¢//(Q) = (gqq + Sqq + 29qQ)(Q>Q) > 0.

The case of negative eigenvalues may be treated in the same way.
For the boundary conditions, we first establish

(5.10) Lo(w,QF (W) =0, Ly(w,QF(w)) = +1.

For the second equality in (B.I0), observe that £, = G — 1, and by definition
G(w, Q™ (w)) = Hw,0) =0, and G(w, Q" (w)) =H (w, Q" (w)-Q~ (w))=H (w, n(w))
= 2. As for the first equality in (BI0]), observe that by the definition of o, G and
L,

Trace(DF) = =A+ At >2

L(w, Q7 (W) + Q" (w) =0,
QF (@)How)

L(w, QT (w)) — QT (w) = H(w,a)da —2Q* (w)

/
/ﬁ(w)
0

H(w,a)da —2(n —o)(w) = 0.

As a result

(5.11) £, QF (W) T QF(w) = 0.
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Differentiating (G.I1]) with respect to w yields

0= Lo, (w, @F (W) + Lu(w, @ (W) Q% () F Q5 (W) = Luy(w, @ (w)),
which is precisely the first equality in (GI0).
We are now ready to verify the boundary conditions. We wish to show that
Q(q, +1) = g + Q* (1 w), or equivalently
+1 = =54(q, 9 + Q* (14w)) = (Lo — L) (Tqw, QF (1))
This is an immediate consequence of (BI0). It remains to verify P(q,£1) = +1.
We certainly have

P(Qv :l:l) = 9Q(qa q + Qi(qu)) = G(q,q + Qi(qu)) -1= G(qua Qi(qu)) -1
This and (5.I0) imply P(q, +1) = %1, because G — 1 = £,,. O
Remark 5.5. o in (5.5) is motivated by (5.3). It is chosen so that £(w, QT (w)) =
Q" (w).

Remark 5.6. The monotonicity condition G, = Gg, < 0 may be expressed as
H,(w,a) < Hy(w,a)(1—0'(w)). The derivative of o may be calculated with the aid

of (&3):

n(w)
7 () =/ (@) = g @) @) = [ Holw.a)a
1 fnw)
:—5/0 H,(w,a)da.

Example 5.7. We now give a concrete example of H that satisfies the assumptions
of Theorem 5.4. Consider H(a,w) = R(w)a for R(q,w) = R(r,w) a positive C*
stationary process. For such H, we have = 20 = 2R, and Q* = £R~'. The

condition G4 < 0 is equivalent to
(5.12) R(Q-q)—R<0
for ¢,Q € [Q~,QT]. Eqivalently,
R >0 = 2RR'<R,
R <0 = -2R'R<R.
In summary, we need 2|R’| < R? to hold.

5.4. The density of fixed points. When F' is a positive twist map, it has a
generating function §(¢, Q,w) = L(7,w, @—¢) and any fixed point of F is of the form
(qo, £v(T4ow, 0)) where qq is a critical point of the random process (g, w) = ¥(r,w)
(Propositions B3] and B1l). We have also learned that any random process ¢ has
infinitely many local maximums and minimums. In this section we give sufficient
conditions to ensure that such a random process has a positive density of critical
points, which in turn yields a positive density for fixed points of a monotone twist

map. Let §B be the cardinality of a set B.
Definition 5.8. The density of A C R is den(A) := limy o, (20) " (AN [—4, 1]).

Let us state a set of assumptions for the random process 1(q,w) = 1 (7,w) that
would guarantee the existence of a density for the set

Z(w) ={q | ¢'(¢,w) = 0}.



POINCARE-BIRKHOFF THEOREMS IN RANDOM DYNAMICS 625

Hypothesis 5.9.
(i) Y(q,w) is twice differentiable almost surely and if

du(630) = sup {[v"(q,0) = ¥"(@w)] | q.d € [~0,0, la—dl <5},

then lims_o B ¢p(d;w) = 0 for every £ > 0.
(ii) The random pair (1, (w), Yuw(w)) has a probability density p(z,y). In other
words, for any bounded continuous function J(x,y),

BJ(0(.0): 0" () = [ J(@,y) playy) dady.
R
(iii) There exists € > 0 such that p(x,y) is jointly continuous for x satisfying
|z| > e.

We define Z*(w) = {q | ¢/(¢,w) = 0, £"(¢,) > 0} and NE(w) := Z*(w) N
[—¢,£]. Tt is well known that if we assume Hypothesis [5.9] then
(5.13) E Ne(w) = 25/ p(0,y)y™* dy.

R

This is the celebrated Rice Formula and its proof can be found in [Ad00,[Az09].
Next we state a direct consequence of the Rice Formula and the Ergodic Theorem.

Theorem 5.10. If 1) satisfies Hypothesis 5.9, then Z(w) = Z(w) almost surely and
(5.14) lim E —Ni( ) — /p(O,y)yi dy| = 0.
{— 00 20 R

Proof. Pick a smooth function ¢ : R — [0, oo) such that its support is contained in
the interval [—1,1], {(—a) = ((a), and [, ((q)dg = 1. Set ((q) := e '¢(q/e). It is
not hard to show

1 1 l—e R
(5.15) V@ = g [ e dtaw)]|dg = xE )
20 20 ) 4y
where @(q, ) = ]l(z//(q, w) > 0) (this is [Az09, Lemma 3.2]). We note that if
’fR ¢L(a)(a,w) da|, then
‘/C P(a, Tqw ‘/C a-l—q,)d
= | w<q>\ :
From this and the Ergodic Theorem we deduce
1 [t -
(5.16) lim — / ! x Q/J(q,w)’ dg = En.
l—o0 20

almost surely and in the L!(PP) sense.
On the other hand,

(5.17) lim En, = / p(0, )y~ dy = X*.
e—0 R

This follows the proof of the Rice Formula; see [Az09, proof of Theorem 3.4].
Again by the Rice Formula,

O—E[%Ni( ) — Xi} —]EL@N*( )= XE(w)| -E[XE(w) - X,
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which implies

(5.18) lim 11;221)1]4: [Q%N} (w) — XZ(, w)} =0,

because by (.10) and (E.17)

(5.19) lim limsupE |XF(¢,w) — X*| = 0.
=20 oo

From (515 and (EI8) we deduce

(5.20) lim li?iilip]E ‘%N}(M) — XF(lw)|=0.

Then (5:20) and (519) imply (G14). O

6. COMPLEXITY N = 1 AREA-PRESERVING RANDOM TWISTS

6.1. Domain of random generating functions. We begin by describing the
domain of the random generating function of a complexity one twist.

Lemma 6.1. Let F' be an area-preserving random twist of complexity one with
decomposition F' = FyoFy, where Fy is a positive monotone area-preserving random
twist and Fy is a negative monotone area-preserving random twist. Let G°, G be
the generating functions, respectively, of the monotone twists Fy, Fy. Then G =
F1_1 s a negative area-preserving random twist with generating function given by

gl(q7 g) = _91(57 Q)v and Zf
(6.1) Dy := Domain(§°) and D, := Domain(gl)7

then we have a proper inclusion of sets Dy C Dy (see Figure [6.1]).

Proof. Note that Gy(a, £1) = (Q(a), £1) and Fy(a, £1) = (Q(a), £1), with
:I:(QzjE (a) —a) <0 and in increasing. Since F' is an area-preserving random twist
map, we may write F~1(q, 1) = (Qi(q), +1) with QF increasing and such that
+(Q*(¢q) — q) < 0 for all q. For i =0, 1 let 8+ D; = {(a,Q7 (a)) | a € R} denote
the boundary curves of D;. From Gy = Fyo F~!, we deduce QF(Q*(q)) = Qi (q),

Graph(Q")

F1GURE 6.1. The domains Dy and D; and the gradient VJ.
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and therefore

(6.2) Qo (9) < Q7 (g)
and
(6.3) Qi () > Qf (a).

Then ([G.2)) (respectively (G.3])) implies that the upper (respectively lower) boundary
of Dy is strictly above (respectively below) Dy. It follows that Dy C Dy, as desired.
O

6.2. Gradients and geometry of domains. Let Dj be defined by (6.1J).

Corollary 6.2. The map

is well defined on the set Dy; cf. (@1).

Proof. If (&, q) € Do N Dy, then the sum G°(q, &) + GY(¢, q) is well defined. The
corollary follows from Lemma O

Lemma 6.3. The gradient VI of : Dy — R is inward on 0* Dy and
?jg, :tjq >0
on 0FDy.

P’l"OOf. If FO(Q7 p) = (57 77) and F1(§> 77/) = (q> P)’ then j‘](qu 5) =P - p and
Je(g, €) = n—n' hold. We express the domain Dy of J given by (€] as {(§, ¢) | p =
(g, §) = —92(q, &) € [-1,1]}. On 0 Dy, n = p =1 and P, < 1 (because
Dy € Dy). So on &~ Dy we have J¢(gq, £) > 0 and J,(q, £) < 0. On 0T Dy we have
n=p=-1land 7, P < 1. So on 07Dy we have J¢(g, £) < 0 and J4(q, &) > 0.
The lower boundary 9~ Dy is the graph of an increasing function ¢ — h(q), and of
course h'(q) > 0. So, the tangent to 9~ Dy is (1, h'(¢)) and the inward normal is
(=h'(g), 1). On 0~ Dy we have J¢(g, &) > 0 and J4(g, &) < 0. So we have that the
dot product {(Jy(, €), %e(a, £)), (—H'(a), 1)) = —H'(a)Jq(a, €) +Jelg, €) > 0. That
is, on the lower boundary VJ is inward.

The case of the upper boundary is analogous. ]

6.3. Fixed points. If we set D := {(¢, a)|(q, ¢ + a) € Dy}, we have that, for a
pair of random processes B~ (,w), Bt (t,w) > 0, D = {(gya) | =B (1yw) <a<
Bt (rqw)}. We then use the notation of Lemma E4 to set J(t,w, a) := L%(7,w, a) +
LY(ryTw, —a) = I(q, ¢ + a). Define the map K: Q x [-1, 1] — R by

K(q,p;w) = K(1yw,p) = I (1w, B(t,w,Dp)),
where +1 )

B(tqw,p) = pTBJr(qu) + pT B (Tqw).
Note that

1- _
K,(q,p;w) :59,1 (Tqw, B(Tqw,p)) (BT (Tw) + B~ (1qw)) ,

(6.5) Kq(q, psw) =J,, (Tqw, B(qw, p)) + Ja (Tqw, B(Tqw,p)) B (7w, p).
Hence there is a one-to-one correspondence between the critical points of K and J.
From (63) and Lemma [63] we conclude the following,.
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Lemma 6.4. The gradient VK of K: 8 x Q — R is inward on the boundary of 8.
Theorem 6.5. Let K: Q x [—1, 1] — R be a C'-map such that FK,(-,+1) > 0.

Let K(q,p;w) := K(1qw,p).
(a) K has infinitely many critical points.
(b) Furthermore, the critical points of K occur as follows:

(1) either K has a continuum of critical points;

(2) or K has both infinitely many local mazimums, and infinitely many saddle

points or local minimums.

Proof. We prove (B)). If K(w) '= MaXge[—1,1] K(w, a), then either K is constant or
K (1qw) oscillates almost surely. In the former case for almost all w, there exists
a(w) such that K(w, a(w)) is a maximum and (of course) a(w) ¢ {—1, 1} by the
assumption FK,(-,+1) > 0. More concretely, we set

a(w) = max{p € [-1,1] | K(w,p) = K(w)}.

Hence K has a continuum of critical points of the form {(g¢, a(rqw)) | ¢ € R}. In the
latter case, there are infinitely many local maximums. Choose ¢ so that K (Tqw) is
a local maximum. For such (g, w) choose a(7zw) so that K (rqw, a(r,w)) = K (14w).
Therefore K has infinitely many local maximums by Proposition

Note that if

Qo = {w | {raw|a > ap}is dense for every ag },

then P(€)y) = 1. This is true because the family {7, : a € R} is ergodic and by
assumption P(U) > 0 for every open set U. Given w € g, consider the ordinary
differential equation with initial value condition

q'(t) = Ku(1qyw, p(t)),
(6.6) p'(t) = Ky(rgmw, p(t)),
q(0) =0, p(0)=a.

There are two possibilities; the first possibility is that for some a, we have that ¢(t)
is unbounded as ¢ — oo, and in this case we claim that there is a continuum of
critical points. The second possibility is that ¢(t) is always bounded as t — oo,
and in this case we claim that K has either infinitely many saddle points or local
minimums. We proceed case by case.

Case 1 (The map ¢(t) is unbounded as t — oo for some w € Q). We want to prove
that K has a continuum of critical points. Define w(t) := 7,4)w, and let ¢ be the
flow of (6.4). Note that

d
dt
Since ¢(t) is unbounded, w(t) can approach almost any point in . Moreover

if 7,4,y w — @ and p(t,) — P, then we claim that VK(w,p) = 0. Indeed, if
A= sup,~,, K(w(t), p(t)), we have X = K (w, p), and since

K(w(t), p(t)) = [VE (w(t), p(t)[* > 0.

A= sup K(w(t +7), p(t +1)),
t>to
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we have, for any r > 0, that A = K(w, p) = K(¢" (@, p)). Hence VK (@, p) = 0;
otherwise 4
EK(QST(E, p))|7“:0 > Oa

which is impossible. Note that @ could be any point in €2 and therefore for such
@ there exists p = p(w) such that VK(w, p(w)) = 0, i.e. we have a continuum of

critical points. This concludes Case 1.

FIGURE 6.2. Note that a € v while @ is enclosed by ~.

Case 2 (The map ¢(t) = q(t, w) is bounded for every w € €y). We claim that if
K does not have a continuum of fixed points, then K has infinitely many critical
points which are local minimums or saddle points. Suppose that this is not the
case; then we want to arrive at a contradiction. In order to do this let Z = (g, D)
be a local maximum, which we know always exists by the paragraphs preceding
Case 1. In fact we may take a § > 0 such that K(z) < K(z) for every x = (q,p)
with ¢ € (7 — 0,7+ 9). Now take a closed curve « such that (g, p) is inside v and
if a € 7, then lim;_, ¢'(a) = (g, p) = a@. For example, we may take 7 to be part
of a level set of the function (g, p) — K(g, p) with value ¢ < K(Z) very close to
K (z). Since K does not have a continuum of critical points, we may choose such
a level set v such that K has no critical point on . From this latter property we
deduce that v is homeomorphic to a circle. Let a € 7 (see Figure [6.2). If there
is no other type of critical points, then the curve ¢t — ¢*(a), where ¢t < 0, must
reach the boundary for some ¢, < 0, because &K (¢*(a)) > 0. This defines a map
I:y—= (Rx{-1}) UR x{1}), T'(a) := ¢, (a). We now argue that in fact T is
continuous. To show the continuity of T at a € +, extend K continuously near I'(a),
choose € > 0 and set
n=(¢"(a) | 0€ta —e,¢]).

Choose ¢ sufficiently small so that ¢?(a) is inside + for 6 € (0, ¢], and ¢*(a) is outside
the strip for ¢t € (t, —€,t,). Choose @ € « close to a so that n’ = (¢(b) | 6 €
[ta — €,¢]) is uniformly close to 1. Since ¢'=(a) is near I'(a), we can choose a close
enough to a to guarantee that I'(a) is close to I'(a). Moreover, we can easily show
that I'(c) is between I'(a) and I'(a) for any ¢ between a and @ on . Hence I is a
homeomorphism from a neighborhood of a onto its image. Since 7 is homeomorphic
to S, its homeomorphic image I'(7) cannot be fully contained inside of R x {—1}U
R x {+1}. Therefore there exists a € 7 such that any limit point z of ¢'(a) as
t — —oo is a critical point inside the strip that is not a local maximum. Clearly
z ¢ (q—0,4+9). Let us assume for example that z = (g1, p1) with ¢; > g+ 9. Take
another local maximum & = (¢, p) to the right of Z and assume that K(2) > K(x)
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for all z € (G — 0,4+ 6) x [~1,1]. Since ¢'(a) cannot enter (§ — 8, G+ 6) x [—1,1]
we deduce that ¢ € (7+ 9,§ — d).
Repeating the above argument for other local maximums, we deduce that there

exist infinitely critical points in between local maximums that are not local maxi-
mums. |

6.4. Nature of the fixed points in terms of generating function. A result
similar to Theorem [.4] holds for complexity N = 1 twist maps.

Theorem 6.6. Let F and J be as in Lemma and Corollary 621

Let (3, &) be a critical point of I and ¥ be the corresponding fived point of F as in
Proposition 3.3 Assume that J¢¢(q,€) # 0. Then DF(Z) has positive (respectively
negative) eigenvalues if and only if det (g, &) = 0 (respectively < 0).

Proof. Recall that 8(q, Q;¢) = 8%(¢, &) + 8'(£,Q) and:

9e(q,Q;6) = 0= F(q, —94(q,Q;€)) = (@, 9q(q,@;¢)).

Observe that if cI(q,€) = cGee(q,q;€) # 0, then near (g,q,&), we can solve

9e(q,@:8) = 0 as § = £(q, Q). Write T(q,Q) = 5(¢,@:£(¢,Q)). Then Ty =
G4, To =90, and F(q,—T,4(q,Q)) = (Q,To(gq,Q)). As a result, we can show

1 T, 1
DF = —— aa
~T40 TaaTae —Too  Teq
in the same way we derived (). Observe that Trace(DF) = L‘?Q Since

g0 = Y9a+94¢€0, TQQ = @@ 190:€@, Te@ = Je@+94éq, and Toq = Soq+9qeds;
we have that

Taa + 7@ + 2740 = Gqq + @0 + 294 + (See + Gqe) (&g + €o)-

On the other hand, by differentiating the relationship ¢ (q, @; §(q Q)) = 0, we have
Geqg + Geclq = 0 and Geg + Geclo = 0, or equivalently, &; = 955, o 992‘3 In
particular, Geq + Gep, + Gee (&4 +&g) = 0, which in turn implies

1
o (S + 5qe)-
Jee

Furthermore, if J(¢, &) = (¢, ¢; &), then J; = G4+ 90, Je = ¢, and

Taq +T0q + 2790 = Sqq + G0@ + 2540 —

9eq + Feq Gee
So Tgq +TQq +2T4q = dCt— Also, T,0 = G40 — Jq&gfé Now
T T 27, det(D?J
(6.7) Trace(DF) — 2 = ~4 +Joq +2V4@ _ et(D?J)
aQ 9409 — GucS0c

Recall §(q,Q;¢) = §°%(q,€) + G1(¢,Q) with ng > 0, and 9@5 < 0 because FO is
a negative monotone twist and F! is a positive monotone twist. Hence we obtain
—94¢90¢ > 0. On the other hand G4 = 0, which simplifies ([6.7) to

_ Taqt ‘IQQ + 2T,  det(D?7)
qQ _9115 9@5

Trace(DF) —
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This expression has the same sign as det(D?J). Finally DF has positive eigenvalues
if and only if Trace(DF) > 2, if and only if det(D?J) > 0, which concludes the
proof. O

7. COMPLEXITY N = 2 AREA-PRESERVING RANDOM TWISTS

7.1. Domain of random generating functions. Next we describe the domain
of a random generating function associated to a complexity N = 2 twist.

Lemma 7.1. Let F be an area-preserving random twist of complerity N = 2.
Suppose that F' decomposes as F = Fy o F1 o Fy, where Fy is a positive monotone
area-preserving random twist and F; is a negative monotone area-preserving random
twist for j = 0,2. Let G°, G, G be the corresponding generating functions. Write
G; = FZ-_1 and define Qii and Qf by Fi(q,£1) = (Q?(q),il) and Gi(q,£1) =
(in(q)a il) Then the function j(Qv&lv&?) = SO(Q7§1) + 91(517§2) + 92(€2vq)5 2]
well defined on the set
D={g6.6) | Q@) <6< <&

Moreover, if (q,&1,&2) € D, then Q7 (&1) < & < QF (&)

Proof. Since F; = G5 o F' o Gy, we have

(7.1) Q3 0Q* o Qy = QF,

where QT are defined by the relationship F(g,+1) = (Q*(q),£1). On the set D,
G%q,&1) and G2(&2, ) are well defined. Tt is sufficient to check that if (¢, &1, &2) € D,

then G'(&1, &) is well defined. That is, Q; (£1) < & < QF (€1). To see this observe
that by (1)),

£QE(€) =+ (QF 00 QF) (&) > £ (0F 0 Q) () > +Q5 (0) > &,

as desired. Here for the first inequality we used the fact that Q* and QQi are
increasing and that in D, we have Qg (§1) < Qo (&1); for the second inequality

we used +Q%(q) > +q, which concludes the proof O
We define Boi(w),BQi(w) > 0, by Q(jf(q) =qF Bgt(rqw) and QQi(q) =q=x

BF (tw). Let

(7.2)  K(g,p;w) = K(rqw,p) = 3(g,€(q,p)) = I (7w, ¢ + &(Tqw, D)),

where £(w,p) = (&1(w,p1),&2(w,p2)), &(¢,p) = (¢ + &i(Tqw, p1), ¢ + Ea(Tqw, p2)),

p = (p1,p2), and & and & are defined by & (w,p1) = B2 By (w) + 252 By (w)

and &o(w, po) = P2 B (w) + B2 By (w).

Lemma 7.2. Let K : R x [-1,1]2 x Q — R be as in ([Z2)). The following hold:

(i) There exists a one-to-one correspondence between critical points of J and K.
(ii) The vector VK is pointing inward on the boundary of R x [—1,1]2.

Proof. Evidently K (q,p1,p2) = K(q, p;w) satisfies

Kp, (¢, p1,12) = 3J¢, (4,€(q, p ) (B + By ) ( qu ,

Ky, (¢, p1,02) = 53¢, (0,€(q,p)) (By + By ) (1qw),

(73) Kq(qap17p2) = jq(Qvf(va)) + jEl (Qag(q p)) + 352 ((J7 (Q7p))
+¢, (¢, €(q,p)) (B VBy + BALVBT) (taw)

+76,(9,€(q,p)) (B5=VBy + BV BT (14w).
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It follows from ([Z3]) that there exists a one-to-one correspondence between the
critical points of J and K because BZ-i > 0 for 1 = 0,2. This proves ().

We now examine the behavior of K across the boundary. Observe that the
functions K, and J¢, (respectively K, and J¢,) have the same sign. Moreover,

p1 = e & =Qf (9,
p2 = +leq=QF (&)
It remains to verify
51 - Q(T(q) = :l:jfl < 07
q= Q2i(52) = ing < 0.

Let us write & for ¢ and & for Q. We define functions (&, &01) and P&, Ei)
by F* (&, 0" (&, &iv1)) = (&1, P1(&i,&i41)) - We then have Jg, = G +G1 = PO —p!
and J¢, = 9%2 + 92 = P! — p2. Finally we assert,

p=+l=&=Qf(¢)=p" =P =51= +J, <0,
pr=41= & =QF(q) = p*=P?=+1= 47, <0,

as desired. Here we are using the fact that if p° = P® = 1 or p? = P? = 41, then
Q7 (&) < & < QF (&) or equivalently pt, P! ¢ {—1,1}. O

7.2. Fixed points. The following proof is sketched because it is similar to that of
Theorem

Theorem 7.3. Let K : R x [-1,1]2 x Q = R, and K(q, p;w) := K(r,w, p) be C*
up to the boundary with VK pointing inwards on the boundary. Then:
(a) K has infinitely many critical points.
(b) The critical points of K occur as follows:
(1) either K has a continuum of critical points;
(2) or K has both infinitely many local mazimums, and infinitely many saddle
points or local minimums.

Proof. We prove (B)). As in the proof of Theorem 6.5 we assume that K does
not have a continuum of critical points and deduce that K has infinitely many
isolated local maximums. The ¢ component of the flow remains bounded almost
surely. We take a local maximum a and a connected component « of a level set
of K associated with a regular value ¢ of K, very close to the value K(a). The
surface «y is an oriented closed manifold and if K has no other type of critical point,
then I' : v — R x 9[—1,1]2, is a homeomorphism from v onto its image. Since
the set R x 9[—1,1]? cannot contain a homeomorphic image of v, we arrive at a
contradiction. From this we deduce the conclusion of the theorem as in the proof
of Theorem O

8. COMPLEXITY N > 3 AREA-PRESERVING RANDOM TWISTS

8.1. Geometry of the domain of the generating function. Let F' be an area-
preserving random twist of complexity N. As in Theorem [[] we assume that NN is
an odd number and that F' decomposes as in (Z.6). Recall that G° ..., G denote
the generating functions, respectively, of the monotone twists Fp, ..., Fiy. Set

9(q,€) = 5(q, ;&) = L(rw, 0;€ — q), T (g,m) =I(q,n+ q) =: I(7qw,n),
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where G and £ are defined by Lemma 4 and n+q = (m1+g¢,...,nn +¢). Given a
realization w, we write D = D(w) for the domain of the definition of J. We also set
D'(w) = {n € RN | (0,n) € D(w)} so that the domain of the function J’ is exactly
{(g,n) | n € D'(tqw)}. To simplify the notation, we write & for ¢ and x4 for Q.
In this way, we can write
Fz(glvpl) = (£i+17pi)7

where

Pt =10"(&, &iv1) = =55 (&, &)
and

= P&, &iv1) = 55/(&is &it)-

Here by 93 and 9}? we mean the partial derivatives of Gt with respect to its first
and second arguments respectively. As before, we write G* for the inverse of F** and
define increasing functions in and in by Fi(q,£1) = (in(q), +1) and G¥(q, +1) =
(@i (g), +1). Let

E(&,én)= ﬂ { (&25- - En1) [ (=D)™Q; (&) < (—1) i < (—1)H1QT(&)}-

Then the set D consists of points (g,€) such that & € [QF(q), Qg (9)], én €
Q5 (), Qn(9)] and (&2,...,En_1) € E(€1,En). Alternatively, we can write

N-1

E(&,én) = ) {(527 o) | = 1PN (G i), P& &) < 1}-

i=1

We write 0D = 97D U d~ D, where 9D and 9~ D represent the upper and lower
boundaries of D. Then 0D = UzN:O 9D and 0-D = Uf;o 0; D, where

0ED = {(0,€) € D] & = QF (@)} = {(0,€) € D|p’(g,&1) = P(q,€1) = F1},
p={(0.) € Dlen = 0@} = {(@.6) € DIp"(en.a) = PV(€1.0) = 1}

aiD {(¢,€) € D| &1 = QF (&)} foriodd and 1 <i< N,

95D = {(6,€) € D|& = QF (41)} forieven and 1<i < N.

We also write ;D = 0; DU9; D, 0D = 0D \ (0;£,DUOF D), 95D = 95D\
(0fDUISD), 0xD = 05D\ (95D UI%_, D).

8.2. The gradient. Next examine the behavior of VJ across the boundary. The

randomness of D(w) and J play no role and the proof is analogous in the periodic
case ([GoO1]).

Proposition 8.1. Let FF = Fyo---0 Fy o Fy be an area-preserving random twist
decomposition as in (ZG)). Then the following properties hold:

(Pi) If1 <i < N is even, VI is inward along 8D
(Pii) If 1 < i< N is odd, VJ is outward along 9D
(P.ii) VI is outward along 9D
(P.iv) V13 is inward along O D
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Proof. Evidently, J,(q, §) = PN —p® and J¢,(q, §) = P71 —pi, fori = 1,...,N.
We wish to study the behavior of the function J across the boundary of D. On
aoiD, we have pg = Py = F1. Since J¢, = PO — p'. we deduce

(8.1) +3,>0, +J, <0 on JiD.
On aﬁD, we have py = Py = F1. Since J¢, = PN=1 _ pN we deduce
(8.2) ey, <0, £Jgy >0 on OxD.
On 9D we have P’ = p' = +(—1)"*!; hence
+(=1)"T¢,(q, &) = £(=1)' (P =p') 20
and
£(=1)"Te (g, §) = £(=D'(P" = p"") <0

if 1 <i < N. The inequalities are strict on 8 D.

The boundary 83[D is the set of points (g, &) such that & = Qf (¢) with ¢ —
Q7 (¢) increasing. So, if we write QF (¢) for the derivative of QF (¢), then any vector
that has (1, QSF (¢)) for its projection onto (g, &1)-space would be tangent to 80iD.
Hence a vector ng that has +(QF (¢), —1) for the first two components and 0 for
the other components, is an inward normal vector to the (‘33[D part of boundary.
As a result, we have that on 83[D

(V3. mo) = % (QF (@)7, e, ) >0,

by (BI). Here (-,-) denotes the dot product. That is, on goiD, the gradient VI is
inward, proving (PLv)). Similarly we use (8.2) to establish (PIi).

Assume that i is odd. The boundary 8iiD is the set of points (g, £) such that
the components & and &, lie on the graph &1 = QE(&). Again, if we write
Q;t for the derivative of Q;ft, then any vector that has (1, in (&)) for its projection
onto (&;,&+1)-space would be tangent to 8iiD. As a result, the vector n; that
has +(QF(&;), —1) for (4,7 + 1) components and 0 for the other components, is an
inward normal to the 8Z-iD portion of the boundary. Hence on Qli,

(V9 ns) =+ (QF e, —Je,, ) <0,
proving (PH). (PH) is established similarly. O

Define 0y D := {z € 9D | VI(z) is inward}, and similarly define
Oout D := {x € 0D | VI(z) is outward} .

We write DF for the k-dimensional unit ball.
With the same proof as Golé [Go0ll, Proposition 8], the proposition implies the
following lemma.

Lemma 8.2. Suppose that N = 2k + 1 with k > 1. Then the sets 0oy D and OinD
are homeomorphic to R x DFt1 x gDF and R x ODFH1 x DF respectively.
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8.3. Fixed points.
Theorem 8.3. Let Z(w) be the set of critical points of I and

7 :={al(a,€) € Z(w)}.
Then:
(a) sup Z = 400 and inf Z = —oc with probability 1;
(b) J has infinitely many critical points in D almost surely.

Proof. ([0)) follows from (@). Consider the ordinary differential equation
7(t) = Tyat), E®)) = Tulryw, £1)),
g/(t) = ji(q(t)7 f(t),(U) = j§(Tq(t)w7 f(t))

Now we distinguish two cases (in analogy with the proof of Theorem [G.5]).

Case 1 (The map ¢(t) is unbounded either as t — oo or t — —00). Analogously to
Case 1 in Theorem [6.5], we are assuming that for a realization w € g, either

(@(t) = (q(£),£(t)) : t = 0)
or

(x(t) = (q(£),£(t)) : t < 0)
remains inside the domain D(w) and the g-component is unbounded. As in the
proof of Case 1 in Theorem [6:5 we can show that for all w € Q there exists (w)
such that (w, £(w)) is a critical point for J. In particular J has a continuum of
critical points.

Case 2 (The map q(t) is always bounded as ¢ — +o00). We want to show that J
has critical points strictly inside of D = D(w). Let us first assume by contradiction
that J has no critical point inside of D(w) for a realization of w. Consider the flow

¢'(g, €) = (q(t), &(1)) = = (1),

which starts at the point = (¢,§) € 9;,D. Since ¢(¢) stays bounded and we are
assuming that there is no critical point inside, the flow must exist at some positive
time e(x). Write ¢(z) = ¢°(*)(z). Note that the sets &, D and douD are open
relative to dD. We now argue that the function QAS(:U) is continuous. For example, g%
is continuous at x simply because we may extend J near gZ;(:r) across the boundary
so that for some small £ > 0, the flow ¢'(x) is well defined and lies outside D
for t € (e(z),e(z) + ). We can then guarantee that ¢'(y) is close to ¢'(x) for
t € [0,e(x) + ¢) and y sufficiently close to z. As a result, for y sufficiently close to
x, the point ¢¢) (y) is close to ¢¢(*)(z), concluding the continuity of 6. In fact by
interchanging Oy D with 0y, D, we can show that gZAfl is continuous. As a result
QAS is a homeomorphism from 8;,D onto Oy D. This is impossible because J;, D is
not homeomorphic to 9,y D by Lemma[82] Hence J has at least one critical point
in Int(D) and Z(w) # 0.

It remains to show that the set Z(w) is unbounded on both sides. We only verify
the unboundedness from above as the boundedness from below can be established
in the same way. Suppose to the contrary that Z(w) is bounded above with positive
probability. Since

(8.3) Z(rqw) =792 (W) = {(a—q,§) [(a,§) € Z(w)}
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by stationarity, we learn that the set Z(w) is bounded above almost surely. Define
(w) = (q(w), E(w)) by

q(w) = max{q| (¢, &) € Z(w)}
and

§(w) = max{ | (q(w), &) € Z(w)}.
Again by B3), §(T,w) +a = q(w) and &(T,w) = &(w ) for every a € R. As a result,

P(g(w) =€) = P(q(taw) + a =€) = P(q(1,w) = £ — a) =P(q(w) = £ — a)
for every a and £. Since this is impossible unless ¢ = 0o, we deduce that the set
Z(w) is unbounded from above. ]
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