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BREUIL O-WINDOWS AND #-DIVISIBLE O-MODULES

CHUANGXUN CHENG

ABSTRACT. Let p > 2 be a prime number. Let O be the ring of integers of
a finite extension of Qp and let m be a uniformizer of ©. We prove that, for
any complete Noetherian regular local O-algebra R with perfect residue field
of characteristic p, the category of Breuil O-windows over R is equivalent to
the category of w-divisible O-modules over R. We also prove that the cate-
gory of Breuil O-modules over R is equivalent to the category of commutative
finite flat O-group schemes over R which are kernels of isogenies of w-divisible
O-modules. As an application of these equivalences, we then prove a bounded-
ness result on Barsotti-Tate groups and deduce some corollaries. The results
generalize some earlier results of Zink, Vasiu-Zink, and Lau.

1. INTRODUCTION

The theory of displays is a powerful tool to study p-divisible groups. The aim
of this paper is to generalize this theory and to study w-divisible O-modules. We
first review the main results from the theory of displays. Let p be a prime number
and let R be a commutative ring. Assume that p is nilpotent in R. Following the
notation in [23], we have a functor

BT : {nilpotent displays over R} — {p-divisible formal groups over R}.

Zink [24, Theorem 9] proved that this functor is an equivalence of categories if R
is an excellent local ring or a ring such that R/pR is an algebra of finite type over
a field k. Then Lau [I4, Theorem 1.1] proved the equivalence for all R in which p
is nilpotent.

Let R be a complete Noetherian local ring with perfect residue field of charac-
teristic p. For p = 2, we assume that pR = 0. Zink [23] defined a category of
Dieudonné displays over R and extended the functor BT to an equivalence

BT : {Dieudonné displays over R} — {p-divisible groups over R}.

Moreover, Lau [13] showed that this equivalence is compatible with duality.

The above results have been generalized to m-divisible formal O-modules and the
m-divisible O-modules case. Let O be the ring of integers of a finite extension of
Qp with uniformizer m and residue field F,. Let R be an O-algebra. A mw-divisible
(formal) O-module over R is a p-divisible (formal) group G over R with an action
of O given by ¢ : O — End(G), such that the induced action of O on Lie(G) via ¢
coincides with the action through @ — R. Here we use Zink’s definition of formal
groups ([24, Definition 80] and [2] Section 1.2.3]).
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Assume that p > 2. In his thesis [I], Ahsendorf defined a category of O-displays
over R and by adapting the method of Drinfeld [7], proved that the category of
nilpotent O-displays over R is equivalent to the category of w-divisible formal O-
modules over R, if 7 is nilpotent in R. This result was then extended to an equiv-
alence between the category of Dieudonné O-displays over R and the category of
m-divisible O-modules over R, for R a complete Noetherian local ring with perfect
residue field of characteristic p. More concretely, we have an equivalence

BTo : {Dieudonné O-displays over R} — {m-divisible O-modules over R},

which is compatible with duality. See [2, Section 1] for more details of these results.
In [I521], the authors introduced frames and windows, which are generalizations
of the notion of displays, to study p-divisible groups. In particular, an equivalence
between the category of Breuil windows over R and the category of p-divisible
groups over R is established for R, if R is a complete Noetherian regular local ring
with perfect residue field of characteristic p. As an application, Vasiu and Zink
[22] proved some boundedness results for commutative finite flat group schemes
over a discrete valuation ring of mixed characteristic (0,p). Similar results and
generalizations are also obtained in Breuil [5], Bondarko [4], Kisin [12], Savitt [19],
Liu [I617], Cais-Liu [6], etc. See the paper [22], Section 1] for a detail introduction
on the history of earlier results. The main goal of this paper is to generalize the
results in [I5L21.22]. We explain our main results more precisely in what follows.
In Section 2] we define O-frames and O-windows (Definitions [Z1] and 23)). Let
R be a complete Noetherian regular local O-algebra with perfect residue field k& of
characteristic p. On one hand, there is an O-frame attached to R given by

D = (Wo(R), Io(R), R, 7, V).

Here W@(R) is a subring of the ring of ramified Witt vectors Wo(R), ¥ and v
are the Frobenius and Verschibung morphisms, respectively, Io(R) = V/W@(R).
See Section [3.1] for a detailed construction. For the definition of the functor Wp
and its properties, we refer to [2] Section 1.2.1], [9, Section 1.2] and [I1I]. Note
that Hazewinkel [I1] used a different set of notations. In particular, the functor
Wo, the Frobenius map ¥, the Verschiebung map "', the Cartier map A, the n-th
Witt polynomial w,, in [2] and this paper are denoted by Wfoo, LV, E, wé‘jm
respectively, in [IIl Theorem 6.17]. On the other hand, we may choose a ring
epimorphism

& = Wo(k)[[z1,...,z.]] > R

such that z; — ¢; for 1 < ¢ < r, where (t; € mp | 1 < i < r) is a regular
system of parameters of R. There exists f(z1,...,z,) € (21,...,2,)8, such that
E =m— f(x1,...,2.) € Ker(h). Then there is another O-frame attached to R
given by

BR = (G,EG,R, g, 0'1).

Here 0 : 6 — & is the morphism that extends the Frobenius on Wp(k) and
o(z;) = af for 1 < i < r, where ¢ is the cardinality of O/7O, o1 : ES — & is
defined by o1(Ef) = o(f). See Section B3] for more details.

A Breuil O-window relative to & — R is a pair (Q, ¢), where @Q is a free G-
module of finite rank, ¢ : Q — Q?) := Q ®s,s © is an G-linear map with cokernel
annihilated by E. With the above notation, we have the following result.
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Theorem 1.1. Let O be the ring of integers of a finite extension of Q, and let 7
be a uniformizer of O. Let R be a complete Noetherian regular local O-algebra with
perfect residue field of characteristic p. Then the following categories are equivalent:

(1) the category of w-divisible O-modules over R;

(2) the category of O-windows over the frame Dg;

(3) the category of O-windows over the frame Br;

(4) the category of Breuil O-windows relative to & — R.

By a special O-group, we mean a finite flat group scheme which is the kernel
of an isogeny of m-divisible O-modules. To study these objects, we define Breuil
O-modules. A Breuil O-module relative to & — R is a pair (M, ¢), where M is an
G-module of projective dimension at most one and annihilated by a power of ,
¢ : M — M) is an G-linear map whose cokernel is annihilated by E. Following
from Theorem [[LT] we prove the following result in Section

Theorem 1.2. Let O and R be as in Theorem [LIl. Then the following two cate-
gories are equivalent:

(1) the category of special O-groups over R;

(2) the category of Breuil O-module relative to & — R.

As an application of Theorem [[.2] we generalize the boundedness result in [22]
and obtain the following result.

Theorem 1.3. Let O be the ring of integers of a finite extension of Q, with uni-
formizer m. Let R € Alg, be a complete discrete valuation ring of mized charac-
teristic (0,p) with fraction field K and residue field k. There exists a nonnegative
integer s that depends only on R and that has the following property. Let G and
H be two special O-groups over R. For each homomorphism f : G — H whose
generic fiber fx : Gx — Hy is an isomorphism, there exists a homomorphism
f' i H — G such that f' o f = 7%idg and f o f' = n®idy. Therefore the special
fiber homomorphism fi : Gy, — Hy has a kernel and a cokernel annihilated by 7°.

This result has interesting consequences. In particular, we prove the following
results in Section

Corollary 1.4. Let R and K be as in Theorem[L3l. The following two claims hold.

(1) Let G and H be special O-groups over R. Assume that the ramification
degree of R over O is less than or equal to (¢ — 2). If Gk and Hg are
isomorphic, then G and H are isomorphic.

(2) Let X andY be w-divisible O-modules over R. Then the natural map

Home (X, Y) — Homp (XK, YK)
is a bijection.

The first claim generalizes a result of Raynaud [I8] and the second claim gener-
alizes a result of Tate [20].

The content of the paper is as follows. In Section Pl we introduce O-frames
and O-windows (Definitions 2] and 233]) and prove some basic properties of these
objects. In particular, in Theorems and Z.I5] we prove that a morphism of
frames o : F — F' is (nil)-crystalline under some conditions, i.e., it induces an
equivalence between the category of (nilpotent) F-windows and the category of
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(nilpotent) F’'-windows. This allows us to translate properties between different
bases.

In Section Bl we introduce various O-frames with special properties. The Dieu-
donné O-frame Dg attached to R is defined in Section 3.1l The windows over
Dr are the same as Dieduonné O-displays over R. Then by [2, Theorem 1.5], the
first category and the second category in Theorem [[I] are equivalent. The Breuil
O-frame B attached to R is then defined in Section B3l A key property of Bg is
that it is a k-O-frame (Definition B8]). Thus there exists a morphism of O-frames
k : B — Dg. It turns out that this morphism & is crystalline (Theorem [BI3)).
Then Theorem [[T] follows by combining Theorem BI3] and Proposition B.I8

In Section @, we prove Theorem [[.13] An explicit description of s is given at the
beginning of Section 4.4 following from the computations in Section[£3l In Section
435 we deduce some corollaries from Theorem

2. O-FRAMES AND (O-WINDOWS

2.1. Definitions. In this section, we introduce O-frames and O-windows following
[15, Section 2], [1, Section 3.1], and [2, Section 3]. Most of the notions are general-
izations from the paper [15]. Let O be a commutative unitary ring, 0 # 7 € O not
a zero divisor, and ¢ a power of p. We call the triple (O, ,q) a ramification ring
structure, for short RRS, if p € 7O and x = 2? (mod =) for all z € O.

Definition 2.1. Let (O, q) be an RRS. An O-frame is a quintuple F = (S, I, R,
0,01), where S is an Q-algebra, I C S is an ideal, R = S/I, 0 : S — S is an
O-algebra homomorphism, and o7 : I — S is a o-linear map of S-modules, such
that the following conditions hold:

(1) I+ xS C Rad(9).

(2) o(a) =a? (mod 7S) for all a € S.

(3) o1(I) generates S as an S-module.
Let F = (S,I,R,0,01) and F' = (S, I',R',0’,01) be two O-frames. A morphism
of O-frames o : F — F' is an O-algebra homomorphism « : S — S’ such that
a(l)CI',o'a=ao, oja=u-ao; for aunit u € S’. In order to specify u, we also
call a a u-homomorphism. If u = 1, then « is called strict.

Note that in the definition, R is determined by S and I. We take R as part
of the data because it serves as the base of the objects that we consider later and
it is convenient to include it in the quintuple. Let R be an O-algebra. A simple
example is the so-called Witt O-frame attached to R given by

Wo.r == (Wo(R), Io(R) := YWo(R), R = Wo(R)/Io(R), ¥, V).
Remark 2.2.

(1) If F = (S,I,R,0,01) is an O-frame, then there exists a unique element
0 = 0 € S such that o(a) = fo1(a) for all a € I ([I5, Lemma 2.2]
and [I, Lemma 3.1.2]). Indeed, by definition, the map 0§ Y ACORE
is surjective. Here Ug is the linearization of 7. Choose b € I(?) such
that ag(b) = 1 and define § = o¥(b), then for all a € I, we have o(a) =
ot (b)o(a) = ot (ba) = ot (b)oy(a) = b0y (a).

(2) Let @ : F = F' be a u-homomorphism of O-frames. Let F” be the frame
obtained from F’ by replacing o} by u~!co}. Then a : S — S’ induces a
strict morphism of O-frames F — F".
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Definition 2.3. Let F = (S,I,R,0,01) be an O-frame. An O-window over F,
or an F-window, is a quadruple P = (P, Q, F, F}), where P is a finitely generated
projective S-module, @ C P is a submodule, F' : P — P and I} : Q — P are
o-linear maps of S-modules, such that the following conditions hold:

(1) There is a decomposition P = T®L with Q = IT®L. Such a decomposition

is called a mormal decomposition of P.

(2) Fi(ax) =o01(a)F(x) foralla € [ and = € P.

(3) F1(Q) generates P as an S-module.

If P=(P,Q,F,F) is an F-window, define a morphism of S-modules V¥ : P —
S®s, Pby VH(Fiy) =1®y forally € Q and V#(Fz) = 0@ for all z € P. Here
0 = 0r € S is the element in Remark Let (VN)* be the composition of the
following maps:

# i #
P S0s, P S04, (S 0ss P) = - — S Qg P.
We say that P is nilpotent if (VN)¥ =0 (mod I + 7S) for some N € Z~o.

Denote by Winz (respectively NilpWin) the category of F-windows (respec-

tively the category of nilpotent F-windows).

Remark 2.4. The operator F' is determined by Fj. Indeed, assume that a?(b) =1
with b € I(®). Then F(z) = Ff(bx) for all z € P. In particular, F(z) = 0F;(z) if
T € Q.

2.2. Structure equation. Let P = (P,Q, F, F}) be a window over the O-frame
F =(S,1,R,0,01). By definition, we may write P =T & L, Q = IT ® L. Thus
P/Q=T/IT. Let F*: S®s, T — T be the morphism defined by s ®t ~— s - F(t)
forall s€ SandteT. Let Flﬁ be the linearization of ;. We obtain a morphism

Fﬁ@Flu:(S®S,UT)@(S®S,0L)_>P'

We may write F¥ & Ff = (45), with A: S®s, T - T, B: S®s, L — T,
C:5®secT =L, D:5®g,L — L. In the case that T" and L are free S-modules,
the morphisms A, B, C', D may be represented by matrices.

Define two morphisms o : P — S ®g, P by t — 1®t (for all t € P) and
01 : I®RsT = S5, T bya®t— o1(a)®t (for all a € I and t € T). Let
yelksTCcQQ=I®sT)®L,l e L,teT. The following is called the structure

equation of P:
e (v (A B) (W)
1 - )
l C D a(l)

(2.1)
- (t) _ <A 0B a(t)) |
l ¢ op) \o)

Conversely, the equation (2.) defines an F-window if and only if (4 5) : S®g,P —
P is an isomorphism. In other words, we have the following result (cf. [I5] Lemma
2.6]).

Lemma 2.5. Let F be an O-frame. Let P =T@®L be a finitely generated projective
S-module and Q = IT @ L. Then the set of F-window structures (P,Q, F, F1) on
these modules is bijective to the set of o-linear isomorphisms V : T & L — P.
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2.3. Base changes.

Definition 2.6 (Cf. [15] Definition 2.9]). Let P (respectively P’) be an F-window
(respectively F'-window). Let « : F — F’ be a u-homomorphism of O-frames. A
homomorphism of O-windows g : P — P’ over «, also called an a-homomorphism,
is an S-linear map ¢ : P — P’ with g(Q) C Q’, such that F'g = gF and Fjg =
u - gF1. A homomorphism of F-windows is an id z-homomorphism in the previous
sense.

Definition 2.7. Let « : F — F' be a u-homomorphism of O-frames. Let P =
(P,Q, F, F1) be a window over F with structure equation defined by ¥ (Lemma
2.3). The base change a,P of P with respect to « is the F'-window defined by
(s L, a, T, ¥"), where a, L = S'®g L, a, T = S'®gT, and V' (s'®1) = uo’(s')@¥(1),
U(s'®t)=0'(s)@U(t), forall s € S’ teT,l € L.

Similarly to [I5, Lemma 2.10], we have the following result.

Lemma 2.8. Let o : F — F' be a morphism of O-frames. Let P be an F-window
and a,P the base change of P with respect to . Then the a-homomorphism of
O-windows P — a.’P induces a bijection Homz (a, P, P’) = Hom, (P, P’) for any
F'-window P’.

2.4. Limits. In the following, we define the limits of O-frames, limits of O-windows,
and dual O-windows. We follow the corresponding parts in [I5, Section 2].
Assume that for each positive integer n we have an O-frame

Fn = (SnyIn, Rny0opny010)
and a strict morphism of O-frames 7, : F,+1 — F, such that the maps S,,41 —
Sp and I41 — I, are surjective and Ker(m,) C Rad(S,+1). Define @fn =
(S,I,R,0,01) by letting S = @Sn, I = @nln, R=S/I,0= @Um o1 = @Uln.
It is easy to check that ].}Ln}'n is an O-frame. An F,-window is a system P, of F,,-
windows P,, together with isomorphisms 7, Pp 1 = Pp.

Lemma 2.9. The category of (@n}'ﬂ)—wmdows is equivalent to the category of
Fi-windows.

Proof. This is entirely similar to [I5, Lemma 2.12]. In particular, from the proof
of [I5, Lemma 2.12], for any F.-window P., the corresponding (@fn)—window is

given by (lmP,) = (P, Q, F, F1) with P =limP,, etc. O

2.5. Dual O-windows. Let P, P’, P’ be windows over an O-frame F. A bilinear
form of F-windows 3 : P x P’ — P” is an S-bilinear map 3 : P x P’ — P” such

that 8(Q x Q') C Q" and

B(Fi(x), Fi(2") = F{'(B(z,2))
for all z € Q and 2’ € @'. Let F denote the F-window (S,1,0,01) and let
Bil(P x P’,F) be the set of all bilinear forms. For every F-window P, there
is a unique dual F-window P° that represents the functor Bil(P x —,F), i.e.,
Bil(P x P’, F) = Hom(P’, P*) for any F-window P’. Indeed, P can be described
as follows. Let P = (P, Q, F, F}), then

P =(PY,Q,F' F}),
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where Q = {z € PV | 2(Q) C I} and MV = Homg(M, S) for any S-module M . If
P =T @ L is a normal decomposition and @ = IT ® L, then P¥ = LY © TV and

Q = ILY @ TV. There is a natural isomorphism P! = P. See [15, Section 2] and
the references there for more details. We have the following result.

Lemma 2.10. Let a: F — F' be a u-homomorphism of O-frames. Let c € S’ be a
unit such that ¢c='o’(c) = u. For any F-window P there is a natural isomorphism
(depending on c)

ax (P = (. P)".

Proof. This is entirely similar to [I5l Lemma 2.14]. The given bilinear form P x
P! — F induces a bilinear form a, P x o (P') — F”, where F" = (S',I' ,uo’, uc})
is considered as an F'-window. Moreover, the multiplication by ¢ induces an iso-
morphism of F'-windows F” = F’. The composition gives us a bilinear form
a,P X a,(P!) — F', which induces the isomorphism . (P?) = (a,P)". The lemma
follows. |

2.6. Crystalline homomorphisms.

Definition 2.11 (Cf. [I5] Definition 3.1]). A morphism of O-frames a : F — F' is
called crystalline if the base change functor a, : Wing — Winz is an equivalence
of categories. It is called nil-crystalline if the base change functor o, : NilpWin —
NilpWin, is an equivalence of categories.

Corresponding to [I5] Theorems 3.2 and 10.3], we have the following results.
The proofs here are similar to the proofs in [I5], which are variations of the proofs
of [24] Theorem 44] and [23] Theorem 3].

Theorem 2.12. Let F = (S,I,R,0,01) and F' = (S',I',R',0’,0}) be two O-
frames. Let « : F — F' be a morphism of O-frames such that « : S — S’ is
surjective. Let C = Ker(S — S’). Assume that R=R', 01(C) C C, o(C) =0, and
o1 is elementwise nilpotent on C. Assume further that finitely generated projective
S’-modules lift to projective S-modules. Then the morphism « is crystalline.

Note that C' C I since R = R’. Thus o1(C') makes sense.

Proof. The functor «, is essentially surjective since normal representations (T, L, ¥)
can be lifted from F' to F. It suffices to show that a, is fully faithful. Since a
homomorphism g : P — P’ can be encoded by the automorphism ((1] (1)) on PoP,
it suffices to show that «, is fully faithful on automorphisms. This follows from the

following lemma. O

Lemma 2.13. In the situation of the theorem with F = F', assume that P =
(P,Q,F,F) and P' = (P,Q, F', F}) are two F-windows such that F = F' (mod C)
and Fy = F{ (mod C). Then there is a unique F-window isomorphism g : P — P’
with g =id (mod C).

Proof. By assumption, we may write F/ = F'+e and F| = Fy+n, wheree : P — CP
and 7 : Q — CP are o-linear maps. Let g = 1+w, wherew : P — C'P is an arbitrary
S-linear map. By Remark 2.4l ¢ induces an isomorphism of F-windows if and only
if gFy = F{g on @, which is equivalent to

(2.2) n=wk — Flw.
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Fix a normal decomposition P =L@ T, Q=L P IT. Let [ +at € Q with [ € L,
teT,and a € I. Then
n(l +at) = n(l) + o1(a)e(t),
(2.3) w(Fi(l + at)) = w(F1 (1)) + o1(a)w(F (1)),
Fl(w(l+ at)) = F{(w(l)) + o1(a) F'(w(?)).

If ce C and z € P, then F'(cx) = o(c)F'(z) = 0 since o(C) = 0. Therefore,
F'w = 0. The equation [22) is equivalent to

(2.4)

e=wkF on T,
n=wkF; — Flw on L.

By definition, ¥ := F} + F : L® T — P is a o-linear isomorphism. To give w is
equivalent to giving a pair of o-linear maps

wp=whkh :L—-CP, wr=wF:T— CP.

. (rhH~*
Let A : L — L(?) be the composition L ¢ P ——— L(@) ¢ T(?)

s (whH!
7: L — T be the composition L ¢ P ~—— L) ¢ T()

wlp = wﬁL)\ + wﬁTT. Thus equation (2.4) is equivalent to

(2.5) {“T = dr,

wr, — Flwb X = | + Fjwhr

projection
—_—

L) and
7). Then

projection
e

By assumption, oy is elementwise nilpotent on C. Thus the endomorphism F] on
CP is elementwise nilpotent since Fy(cz) = o1(c)F'(z) for all ¢ € C and = € P.
Let H be the abelian group of o-linear maps L — CP. Define U € EndH by

U(wr) = 1wL)\ Since L is finitely generated, U is also elementwise nilpotent,
which implies that (1 — U) is bijective. Therefore, equation (X)) has a unique
solution in (wr,wr). The lemma follows. (]

Corollary 2.14. Let F = (S,1,R,0,01) and F' = (S',I',R',0’,0) be two O-
frames. Let « : F — F' be a morphism of O-frames such that « : S — S’ is
surjective and R = R'. Let C' = Ker(S — S’). Assume that there is a finite filtra-
tion C = Cy D --- D Cp, = 0 with 0(C;) C Ci11 and 01(C;) C C; such that o1 is
elementwise nilpotent on C;/Ciy1. Assume further that finitely generated projective
S’-modules lift to projective S-modules. Then the morphism « is crystalline.

Proof. The morphism « factors into F — F” — F’' where F” is determined by
S” = 8/C;. By induction, we may assume that o(C') = 0. The corollary follows
immediately. (]

Theorem 2.15. Let F = (S,I,R,0,01) and F' = (S, I',R,0',0}) be two O-
frames. Let « : F — F' be a morphism of O-frames such that « : S — S’ is
surjective. Let C = Ker(S — S’). Assume that R=R', o1(C) C C, and o(C) = 0.
Assume further that finitely generated projective S’-modules lift to projective S-
modules. Let J = (I, ). If J*C = 0 for some large integer n, then the morphism
« 1s nil-crystalline.

Proof. The proof is the same as the proof of Theorem 2121 In this case, P is
nilpotent. Thus in the last paragraph of the proof of Lemma I3l X is nilpotent
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modulo J™ for any m > 1. Since J"C' = 0, the endomorphism U is nilpotent. The
theorem follows. |

Corollary 2.16. In Theorem 25|, the condition o(C) = 0 is not necessary.

Proof. Let Cy = C, Cy = I[14-7C,...,Cy, = I7"C+nI1"=DC+.. 47" [C+7"C.
We claim that 01(C),) C C,,, 0(C,) C Cpy1.

Indeed, since the image of o1 : I — S generates S, we may write 1 = 3, spo1(ay)
for some s € S and ar € I. Then the number 6 in Remark is given by
0 = >, sko(ag). Since o(ay) = aj (mod wS), 0 is an element in I? + 7S. The
claims follow by induction.

Let N be large enough such that Cy = 0. Consider the chain of morphisms

S=8/Cn = S/Cn_y—-—8/C =5

Each map S/C; — S/C;_1 induces a morphism of O-frames which satisfies the
assumptions in Theorem The corollary follows easily. O

2.7. Hodge filtration.

Definition 2.17. Let P = (P, Q, F, F}) be a window over F. The Hodge filtration
of P is the submodule
Q/IP C P/IP.

The following result is entirely similar to [15, Lemma 4.2].

Lemma 2.18. Let a: F — F' be a strict morphism of O-frames such that S = S’.
Hence R — R’ is surjective and I C I'. Then the category Wing of windows over

F is equivalent to the category of pairs (P',V), where P’ is an F'-window and
V C P'/IP' is a direct summand and is a lift of the Hodge filtration of P’.

Proof. The equivalence is given by the functor P = (P, Q, F, F}) — (a.P,Q/IP).
In our case, if P = (P,Q, F, F}), then a.(P) = (P,I'P+Q, F, F}), where F|(az) =
o1(a)F(z) for all a € I’ and x € P. Tt is easy to see that this functor is fully faith-
ful. We show that it is also essentially surjective. Let (P’ = (P, Q', F', F}),V C
P'/IP") be such a pair. Let P = P’ Q C P the preimage of V of the map
P=P — P'/JIP'. Then IP=1P' C Q C Q. Let F} : @ — P be the restriction
of F| : Q" — P’. We check that P = (P,Q, F = F', Fy) is an F-window. It suffices
to verify that Fy : Q — P is a o-linear epimorphism. Let P’ = L & T be a normal
decomposition. Thus Q' = L ¢ I'T. By changing the decomposition by (. 9) with
a morphism ¢ : L — I'T, we may assume that V = L/IL. Therefore Q = L & IT.
To check that Fi : Q — P is o-linear epimorphic, it is equivalent to proving that

FeF :TeL—P

is a o-linear isomorphism. This is true since (P,Q’, F, F}) is an F'-window. The
lemma follows. O

Remark 2.19. Assume that « : F — F' is a strict morphism of O-frames such
that S — S’ is surjective and I’ = IS’. If we may factor « into strict O-frame
morphisms

(S,I,R,0,01) o, (S, 1", R ,o,07) == (S',I',R', o', 0%),

such that ag is crystalline, then the category of F-windows is equivalent to the
category of F'-windows equipped with a certain lift of Hodge filtration. We explain
this idea with an explicit example in Section 2.8
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2.8. O-pd-thickenings. We recall the definition and basic properties of O-pd-
structures following [8, Section 7] and [10, Section B.5.1].

Definition 2.20. Let R be an O-algebra and a C R an ideal. An O-pd-structure
on ais a map 7y : a — a, such that

(1) () = a9,

(2) A(r-z) =r?-y(2), _ A

B3) Y@ +y) =7@) + YY) + Pgcicg z (1) - -y7"
hold for all r € R and z,y € a. Let v be the n-fold iteration of v. We call v
nilpotent if al® = 0 for all n > 0, where al® C a is generated by all products
[17% (z;) with ; € a and > ¢* > n.

For each n, define

g2 4pgtlon on

o, = i Y ra—a
and
wl : Wo(a) = a
(0, @1y oy Tpyvr) = (o) + ap_1(z1) + -+ @1 (Tp-1) + Tp.

We call w), the n-th divided Witt polynomial. The main application of this structure
is as follows (cf. [10, Lemma B.5.8]). Define on a¥ a Wy (R)-module structure by
setting

€lao, a1, ... = [wo(§)ao, wi(§)ax, . . ]
for all £ € Wo(R) and [ag, a1, ...] € aV. Then we have an isomorphism of We(R)-
modules
N

log: Wo(a) — a
a=(ag,a1,...) — [wy(a),w)(a),...].
Moreover, if 7 is nilpotent, the above isomorphism induces an isomorphism
log : Wo(a) — a®V.

Here Wo(a) is the object defined in Section B.Jl We may view a as an ideal of

Wo(a) via the map a +— @ = log™*([a,0,...]). Since ¥ acts on the right-hand side
by

F[ao,a1,...] = [7Ta1,7Ta2,...,7Tai,...]
for all [ag, a1, ...] € a, we obtain that, for the ideal a C Wo(a), fa = 0.

In this paper, as in [23], an O-pd-thickening is a triple (S, R,~), where S and
R are Q-algebras with a surjection S — R, « is a nilpotent O-pd-structure on
Ker(S — R).

Let (S, R,~) be an O-pd-thickening such that 7 is nilpotent in S and R. For R
and S, we have the Witt O-frames

Wr = (Wo(R),Io(R) = VWo(R),R, F, V),

Ws = (Wo(S), Io(S) = YV Wo(S),S, F, V),

where ¥ and Y are the corresponding Frobenius and Verschiebung, respectively.
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The natural map Wo(S) — Weo(R) gives us a strict morphism of O-frames Wg —
Wg. Let J = I@(S) + W(g(ﬂ) C W@(S) Since W(g(a) \ (I@(S) n W(g(a)) =
{[a,0,...,0,...] | a € a} = a, we may extend V' : In(S) = Wo(S) to o1 : J —
Wo(S) by setting

01(,‘7/) =17 (for all n € Wn(S)) and o1(a) =0 (for all a € a).
Thus we obtain a third O-frame

WS/R = (WO(S)a Ja Ra Fv Jl)'

The morphism Wg — Wk factors as Ws — Wg/r 2 Wg in the obvious way.

Proposition 2.21. The morphism « s nil-crystalline, that is, the categories
NilpWin,, n and NilpWiny,, . are equivalent.

Proof. Tt suffices to check that o : Wg,r — Wg factors through a finite chain of
morphisms of O-frames such that each morphism satisfies the conditions in Theorem

For t big enough, we have
S=S8/rta— S/n"ta— - = S/a=R.
This induces a chain of morphisms of O-frames
Ws/r =W(s/xta)/r = Wis/xt-1a)/r =+ = Wis/a)/r = Wr-

Note that Ker(Wo(S/7ta) — Wo(S/mla)) = Wo(ria/mita). Using logarithmic
coordinates, since w¢a/m**1a is m-torsion, it is easy to see that ' (Wo(ria/m*1a)) =
0. The claim follows. O

Definition 2.22. Let P = (P, Q, F, F}) be a nilpotent Wg-window. The Dieudonné
crystal Dp is the functor that sends an O-pd-thickening S — R to the finitely gen-
erated S-module P/Io(S)P, where (P, Q, F, F) is the unique Wg, g-window lifting
P.

Let NilpWing\,R be the category of pairs (P, V), where P is a Wr-window and
V is a lift of the Hodge filtration in Dp(S). By Lemma[ZI8], we have the following
result.

Corollary 2.23. The two categories NilpWin,,, . and NilpVVin;?vR are equivalent.

3. BREUIL O-FRAMES

3.1. Dieudonné O-frames. Let R be a local O-algebra. Assume that R is an
Artinian local ring with perfect residue field k. Let m C R be the maximal ideal of
R. Then we have the following exact sequence

0— Wo(m) — Wo(R) L) Wo(k) — 0.
It admits a canonical section § : We (k) EN Wo(Wo(k)) = Wo(R), which is a

ring homomorphism commuting with F'. Here A is the unique natural morphism
(Cartier morphism) of O-algebras

A Wo(—) — Wo(Wo(—))

such that W(A(z)) = [ 2]n>0, where W = (wg,wy, ...). The Cartier morphism
is the morphism F in [IT, Theorem 6.17].
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Since m is nilpotent, we have a subalgebra of Wy (m):
W@(m) = {(zo,x1,...) € Wo(m) | z; = 0 for all but finitely many i}.
Note that Wo (m) is stable under ¥ and V.

Definition 3.1. In the case R is Artinian, we define the subring We (R) C Wo(R)
by
Wo(R) ={§ € Wo(R) | § —07(§) € Wo(m)}.
Again we have an exact sequence
0 = Wo(m) = Wo(R) T Wo(k) = 0

with a canonical section § of 7. e e

In the case R is Noetherian, we define Wp(R) := @W@(R/mﬁ), where mp C R
is the maximal ideal. .

We also define Ip(R) = V(Wo(R)).

The following result is proved in [2, Lemma 1.8].

Lemma 3.2. W@(R) is stable under ¥ and V.

Definition 3.3. The Dieudonné O-frame attached to R is the frame
Dr = (Wo(R),Io(R),R, F,V ).

Remark 3.4.

(1) For the O-frame Dg, Op, = .

(2) Windows over Dp are Dieudonné O-displays over R in the sense of [2], Sec-
tion 5.1]. Note that W(g (R) is a local ring, therefore the normal decompo-
sitions exist automatically.

(3) The inclusion W@(R) — Wo(R) induces a strict O-frame morphism D —
Wh.

(4) Let S be another Noetherian local O-algebra. A local O-algebra homomor-
phism S — R induces a strict O-frame morphism Dg — Dg.

Let (S, R,v) be an O-pd-thickening and a the kernel of S — R. The discussion
in Section 2.8 remains true if we replace the Witt O-frames Wg and Wg by the
Dieudonné O-frames Dg and Dg, respectively. More precisely, as Wg, g, define

DS/R = (WO(S)a ja R7 Fvo-l)v
where J = Io(S) + ﬁ/\o(a). We have the following result.
Proposition 3.5. Let (S, R,7) be an O-pd-thickening with 7 nilpotent in S and
R. The following claims hold.
(1) The two categories NilpWing . and NilpWinp, . are equivalent.
(2) The two categories Winpy,,, and Winp,, are equivalent.
Definition 3.6. Let P = (P,Q, F, F}) be a Dgr-window. The Dieudonné crystal

Dp is the functor that sends an O-pd-thickening S — R to the finitely generated
S-module P/Io(S)P, where (P, Q, F, I) is the unique Dg,p-window lifting P.

Let VVin%R (resp. NilpWin%R) be the category of pairs (P,V), where P is a
Dr-window (resp. nilpotent Dp-window) and V is a lift of the Hodge filtration in
Dp(S). We have the following result.
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Proposition 3.7. Let (S, R,7) be an O-pd-thickening with 7 nilpotent in S and
R. The following claims hold.

(1) The two categories NilpWinp . and NilpWin%R are equivalent.

(2) The two categories Winp, and Win%R are equivalent.

3.2. k-O-frames.

Definition 3.8. A k-O-frame is an O-frame F = (5,1, R,0,01) such that S and
Wo(R) have no m-torsion, and o(f) — 67 € 7S*.

Lemma 3.9. Let R be an O-algebra with m € Rad(R). Let uw € Wo(R) and
r € Z>o. Assume that m"u = (ag,a1,a2,...). Then the element u is a unit in

Wo(R) if and only if a, is a unit in R.

Proof. Since m(bg,b1,...) = (0,b8,b%,...), by replacing R by R/7R, it suffices to
prove the claim for r = 0, i.e., u = (ag, a1, . ..) is a unit in Wep(R) if and only if ag is
a unit in R. Since Wo(R) = limWo ,,(R) where Wo n(R) = Wo(R)/( V" Wo(R)),
it suffices to show that an element u € Wo 41 (R) that maps to 1 in Wp ,(R) is
a unit. Using the formula of multiplications of Witt vectors, this is the same as
saying that, for any x € R, x + y + 7"zy = 0 has a solution. This is true since
7 € Rad(R). The lemma follows. O

Proposition 3.10. Let F = (5,1, R, 0,01) be a k-O-frame with m € Rad(R). Then
there exists a u-homomorphism of O-frames k : F — Wg lying over idg for some
unit u € R. The element u and the morphism k are functorial with respect to strict
O-frame morphisms.

Proof. There exists a morphism 6 : S — Wy (.S) such that w,(§(s)) = o™ (s), where
wy, is the n-th Witt polynomial attached to Wp. Let k : S — Wp(R) be the
composition

S % Wo(S) = Wo(R).
We show that x induces a morphism of O-frames. First, by the following commu-
tative diagram

§ —— Wo(8) —— Wo(R)

(3.1) inclusionT wol lwo

I inclusion, S R

it is easy to see that x(I) C Io(R). Note that w,(5(c(s))) = w,(F(8(s))) =
o"Tl(s) for all s € S, we see that oo = " 04, and thus koo = ¥ 0 0. Next, we
check that there exists u € Wp(R)* such that V' =u-koy. Forany a € I,

k(0)k(01(a)) = k(801 (a)) = K(o(a))
= Pa@) =7V (x(a)).

It suffices to show that 7~ 1k(0) is a unit in Wo(R). Then we can take u = 7~ 1x(6).
Let x(0) = (xo, 21,...) and §(0) = (Zo, Z1,...). By Lemma 3] it suffices to check
that 2, is a unit in S. Using the following two identities

o(0) = wi(0(0)) = &§ + 7y,
(3.3) {9 — wo(6(6)) = Fo, 0

(3.2)



708 CHUANGXUN CHENG

we obtain 721 = o(#) — 67. Note that o(0) = 67 (mod 75*), thus #; € S*. From
the construction, x and u are functorial. ([l

Corollary 3.11. Let F=(S,1I, R, 0,01) be a k-O-frame with S=Wo (k)[[x1, ..., 2]
for a perfect field k of characteristic p. Assume that o extends the Frobenius auto-
morphism of Wo (k) by o(x;) =zl for 1 <i <r. Then u is a unit in /WO(R), and
K induces a u-homomorphism of O-frames k : F — Dg.

Proof. By the construction in the proof of the proposition, it suffices to show that
0(S) /WO(S). Since wy, (0(x;)) = wy([zi]) = :z:gn for all n, for each monomial

soit 0([L25") = [[Lz'] € W(S). Let mg be the maximal ideal of S. Then
S has image in WO(S/mg) under the composition S — Wo(S) = Wo(S/m}%).
Indeed, there are only finitely many terms of an element of S with degree less that
n. Therefore, 6(5) € @W@(S/mg) = W@(S). The claim follows. O

3.3. Breuil O-frames. Let R be a complete regular local O-algebra with perfect
residue field k of characteristic p. We choose a ring homomorphism

S = Wo(k)|[z1,....2.]] > R

such that z; — t;, where (¢; € mp) is a regular system of parameters of R. In R,
T = Y a;t; € mp with a; € R. There exists f(z1,...,2,) € (21,...,2,)6, such
that E =7 — f(z1,...,z,) € Ker(h). Note that F ¢ mZ since 7, z1,...,, form a
basis of mg/m%. Also, G/(FE) is a regular local ring. Thus &/(FE) & R.

Let 0 : 6 — & be the morphism that extends the Frobenius on Wp(k) an
o(z;) =z (1 <i<r). Define o1 : E& — & by o1(Ef) = o(f) (for all f € &).
Then we have the following result.

Lemma 3.12. The quintuple Br = (6,EG, R, 0,01) is a k-O-frame. We call it
the Breuil O-frame over R.

Proof. It is easy to check that Br is an O-frame. Since o(Ef) = o(E)o(f) =
o(E)o1(Ef) for all f € &, we see that § = 05, = o(E). By assumption, & and
Wo(R) have no 7-torsion. Moreover, () — 67 has constant term = — w%. So
(o(0) — 07) € 7&*. The lemma follows. O

An immediate consequence of the lemma is the existence of an O-frame u-
homomorphism
K BR — DR,
where u € W@(R) is determined by the equation 7u = k(o(E)). The following
result corresponds to [I5, Theorem 7.2].

Theorem 3.13. Let R be a complete regular local O-algebra with perfect residue
field k of characteristic p. The O-frame morphism k : B — Dpg is crystalline. i.e.,
it induces an equivalence between the categories Wing, and Winp,,.

To prove the theorem, we introduce more objects. Let J C & be the ideal
(z1,...,2.), mg the maximal ideal of R. For each positive integer a, let &, =
6/J*6 and R, = R/m%. Then R, = 6,/EGS,. Note that E is not a zero divisor
of &,, because the leading term of E is 7 € Gry(S,) = Wo(k) and is not a zero
divisor in Gr’ &,. Since o(J)C J,o:6 — & induces a morphism o, : &, = &,.
Define 01, : E6, — &, by 014(Ey) = 04(y) for all y € &,. Then we have the
following result.
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Lemma 3.14. The quintuple Br, = (64, ESy, Ra,04,014) 15 a k-O-frame. The
projection & — &, induces a strict O-frame morphism Br — Br, .

Let u denote the image of u in Wo(R,). Then the u-homomorphism k : Br —
Dr induces a u-homomorphism

Kqg BRa — DRQ.
Proof. The claims follow from the construction. O

Proposition 3.15. For each positive integer a, the morphism K, : Br, — Dr, is
crystalline.

Proof. Let B~a+1 be the quintuple (S,41, ja+1> Ra,0a11,01(at1)), Where

o Iy =EG, 1+ J%/Jot;
® Ti(at1) Iy — Sa+1 is the extension of o441y + FGay1 — Say1 by
sending J%/J*! to zero.
The map &y(441) is well-defined. Indeed, EG,41 N Je/Jott = B(Je/Jet). For
any x € J*/J*, 01(441)(Ex) = 0g41(x), which is zero in J*/J1.

It is easy to check that B, 1 is a k-O-frame. The homomorphism ka1 : Sap1 —
W@(Raﬂ) induces a morphism of O-frames K441 : B~a+1 — DRr,.1/R,- We claim
that £,41 is a u-homomorphism. Indeed, it suffices to check that o1k,41 = u -
Ka+101(a+1) ON fa+1. For this, it suffices to check that oykq41 = 0 on J¢/JoHL,
This follows from the identity o1 ([z]) = 0, where x € J® is a monomial of degree a.

Summing up the above construction, we obtain the following commutative dia-
gram of O-frames:

L > B
Br,,, — Bay1  —— Bg,

(3.4) l“a+1 J//%a+1 J/Ka

Dr

L/ m/
a+1 DRa+1/Ra DRa

Here the lower line is obtained from the O-pd-thickening R/m%"™" — R/m% with
trivial O-pd-structure on m%/m% .

We now prove the proposition by induction on a. If a = 1, then k1 is an
isomorphism. There is nothing to prove. Assume that k, is crystalline. Since the
filtration on J¢/J%"! is trivial and both ‘B and B’ are crystalline, the morphism
Fqy1 is crystalline. Since to lift a Hodge filtration in the upper case and in the

lower case are the same, we conclude that k.41 is crystalline. The proposition
follows. 0

Proof of Theorem BI3l Because Bg-windows (respectively Dg-windows) are equiv-
alent to compatible systems of Br, -windows (respectively Dg, -windows), the the-
orem follows immediately from Proposition [3.15] ]

3.4. Breuil O-windows and Breuil O-modules. Let (&, R, E) be as in Section
19.9)

Definition 3.16. A Breuil O-window relative to & — R is a pair (Q, ¢), where Q
is a free &-module of finite rank, ¢ : Q — Q7 := Q ®e,0 G is an G-linear map
with cokernel annihilated by F.

We denote by BrWing r the category of Breuil O-windows relative to & — R.
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Lemma 3.17. Let (Q,¢) be a Breuil O-window relative to & — R. Then ¢ is
injective and Coker ¢ is a free R-module.

Proof. The first claim follows from the surjectivity of the morphism ¢ ® Frac &. By
this claim, the cohomological dimension of Coker ¢ is 1. Thus the height of Coker ¢
is r. Therefore, Coker ¢ is a free R-module because R is regular of dimension r. [

Proposition 3.18. The categories BrWing g and Wing,, are equivalent.
Proof. Let P = (P,Q,F, Fy) be an object in Wing,,. Let Q = (Q,¢), where

. . —1
6 : Q — Q') is the composition Q inclusion, - p» () Q9. Then Q is a Breuil
O-window relative to & — R. Conversely, for a Breuil O-window (Q, ¢), define a
quadruple P = (P,Q, F, F}), where P = Q9 F:Q— Q9 isgivenby z — z®1
forallzx € Q, F: P — P is given by 1 ® x — Fy(Fz) for all z € Q. Then P is an
O-window over Bgr. The two functors are inverse to each other. The proposition
follows. |

Definition 3.19. A Breuil O-module relative to & — R is a pair (M, ¢), where M
is an G&-module of projective dimension at most one and annihilated by a power of
7, ¢ M — M) is an G-linear map whose cokernel is annihilated by E.

Following the strategy in [2I, Section 6], we prove some properties of Breuil
O-modules.

Lemma 3.20. Let (M, ) be a Breuil O-module relative to & — R. Then ¢ is
injective.

Proof. Let © € & such that x ¢ 76. We claim that x : M — M is injective.
Indeed, let
0P S5P—-M—0

be a resolution of M, where P and P’ are finitely generated free G-modules of
the same rank. In this case, det(a) = 7™ - unit for some integer n. There exists
B : P — P, such that « o 8 = «™. Thus the induced morphism P’/xP’ — P/xP
is injective since 7 is not a zero divisor in &/x&. The claim follows by the Snake
lemma.

By the claim, the map M — M, from M to its localization at the prime
ideal () is injective. The localization M(,) is of finite length over the discrete
valuation ring &,). Let 0 : &) — &(n) be the extension of o on & by setting

o(r) = m. Then we see that M) and M((:)) have the same length. Because

E ¢ (), the induced morphism ¢y : M) — M((;:)) is surjective. Therefore it is
an isomorphism. Thus ¢ is an injection. (I

Corollary 3.21. Let (M, ¢) be a Breuil O-module relative to & — R. There exists
a unique S-linear morphism 1 : M7 — M, such that ¢op = ¢ = E.

Remark 3.22. Let P’ and P be projective modules of the same rank over ring
S. Let  : P — P be a homomorphism. Then there is a well-defined ideal
¥(a) := det(a)S, which generalizes the usual det(«) in the free modules case.

Lemma 3.23. Let F = (S,I,R,0,01) be an O-frame. Let a : P — P’ be a
morphism of F-windows. Assume that Rankg P = Rankg P’, Rankg(P/Q) =
Rankgr(P'/Q"). Then o(¥(a))S = Ha).
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Proof. Since the question is local, we may assume that all modules are free. By
assumption, we may assume that P and P’ have normal decompositions P = T @ L,
P =T @ L' where T =2 §¢ = T and L = S°¢ = [/ for some integers ¢ and d.
Let (A B) € GL+q(S) and (C, gi) € GL¢y4(S) be morphism matrices of F :
ITOL—-T®Land F{: IT'® L' — T' & L', respectively. Let (£ %) € GLc1a(S)
be the matrix that defines o : T ® L — T’ @ L'. Since a defines a morphism of
windows, Y has entries in I and

X Y\ (A B\ (A B\ [c(X) oY)
U zZz)\C D) \C D J\bas(U) o(Z))"

Let ¢ = det (¥ g)andt':det(”m Ul(Y)).Thenﬁ(a):tS:t’S. On the other
)=

0o (U) o(2)
hand, det(o(a)) = det ( o(X) UI(Y)). The lemma follows. O

0c(U) o(Z)

Lemma 3.24. In the same situation as in Lemma B.23] assume that w 1s not a
zero divisor in S and (), ~, 7S = 0. Assume further that Spec S/mS is connected.

Then ¥(a) = 7S or ¥(a) = 0.
In the case that ¥(a) = 7S, we call a an isogeny of O-height h.

Proof. Since the situation is locally principal, we may assume that ¥(«) = £S for
some & € S. Assume that o(§) = 7€ for 7 € S*. Then 7€ = £? (mod 7.5). Because
¢ and €971 — 7 are relatively prime, i.e., (£, —7) = S, we have

Spec(S/mS) = D(&)U D7 — 7).

By assumption, D(¢) = Spec(S/mS) or D(§) = 0. If € is a unit, we are done. If
£ € w8, assume that £ = 7€’. Applying the above argument repeatedly, we either
obtain a unit 5 with & = 7rh§, or ¢ € ﬂn>1 7S = 0. In either case, the lemma
holds. ]

Lemma 3.25. FEach Breuil O-module relative to & — R is the cokernel of an
isogeny of Breuil O-windows relative to & — R.

Proof. Let (M, ¢) be a Breuil O-module. Let J and L be finitely generated free
G&-modules and 7 : J ® L — M) be an G-linear epimorphism which maps EJ & L
surjectively to ¢(M). Then there exists a unique &-linear map 7, : J ® L — M
such that the following diagram is commutative:

JoL ——2— M
(3.5) lEde +idg, lq&
EJ®L —— Im(¢p)

Furthermore, there exists an G-linear isomorphism v : J @ L — J@) @ L(?) which
makes the following diagram commutative:

(3.6) JOL—-T— s M)

'yl /
)

J@) ¢ o)
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Indeed, let N be a finitely generated module over a local ring A, and let F; and
F5 be two finitely generated free A-modules of the same rank equipped with A-
linear epimorphisms 7; : F; — N (i = 1,2). Then there exists an isomorphism
12 : F} — Fy such that 75 012 = 71. Applying this general property to our case,
the existence of v follows.

Let Q:=J® L and ¢ := yo (E-idy+idg) : J® L — J @ L), Then the
pair (Q, ¢) is a Breuil O-window relative to & — R and we have a commutative
diagram:

(3.7) lo &

(o)
Q@ 1, @)

Hence 71 is a surjection from (Q, ¢) to (M, ¢). It is clear that the kernel (Q’, ¢') is
a Breuil O-window relative to & — R. The lemma follows. O

Corollary 3.26. If (M,¢) is a Breuil O-module relative to & — R, then the
quotient M(?) J¢(M) is an R-module of projective dimension at most one.

Proof. From Lemma[3.25] (M, ¢) is the cokernel of an isogeny of Breuil O-windows,
i.e., we have a short exact sequence

0 (@) = (Q,6) = (M, ) = 0.
This induces an exact sequence
Coker (¢, ) — Coker(¢q) — Coker(¢ar) — 0.
The claim follows. O

Lemma 3.27. If (M,¢) — (M,gg) is a morphism of Breuil O-modules relative
to & — R, then it is the cokernel of a morphism of two exact complezes 0 —

(@, ¢") — (Q,9) and 0 — (Q', (;3’) —(Q, ¢Z) of Breuil O-windows.

Proof. From Lemma [3.25] there exists a Breuil O-window (Q, gg) relative to & — R
with a surjection (Q,QE) — (J\;I,QNS) Let Q = M x5 Q be the fiber product. The
functor L — L(?) from S-modules to G-modules is exact and therefore respects
fibre products. We obtain the following commutative diagram:

(@Q,0) —— (M, 9)

(3.8) l l

(Q,9) —— (M, 9)
As in the proof of Lemma [3.25] the kernels of the horizontal arrows are Breuil
O-windows relative to & — R. The lemma follows. O

3.5. w-divisible O-modules and special O-group schemes. In the rest of this
paper, we assume that p > 2 and O is the ring of integers of a finite extension of
Q, with uniformizer 7. First, we have the following result.

Theorem 3.28. Let O be the ring of integers of a finite extension of Q, with
uniformizer w. Let R be a local complete reqular Noetherian O-algebra with perfect
residue field of characteristic p. The category of w-divisible O-modules over R is
equivalent to the category of Breuil O-windows relative to & — R.
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Proof. This is an immediate consequence of Theorem B.13] Proposition B.I8 and
[2, Theorem 1.5]. O

Definition 3.29. A special O-group scheme over R is a finite flat commutative
group scheme which is the kernel of an isogeny of w-divisible O-modules over R.
Write sGrg for the category of special O-group schemes over R.

From the definition, a special O-group scheme is annihilated by a power of 7
and is of g-power order.

Remark 3.30. By [3, Theorem 3.1.1], for a Noetherian local ring R with perfect
residue field of characteristic p, every finite flat commutative group scheme of p-
power order over R is the kernel of an isogeny of p-divisible groups over R. Hence,
in the case O = Z,, every finite flat commutative group scheme of p-power order
over R is special.

Theorem 3.31. With the same setting as in Theorem [B.28], the category of special
O-group schemes over R is equivalent to the category of Breuil O-modules relative
to G — R.

Proof. Let H be a special O-group scheme over R. By definition, H is the kernel
of an isogeny of 7-divisible O-modules over R,

0-H—-G —-G—0.

Let (Q',¢') and (Q, ¢) be the Breuil O-windows relative to & — R which corre-
sponds to G’ and G, respectively. Let (Q',¢') — (Q,¢) be the morphism corre-
sponding to the isogeny G’ — G. The cokernel of this map is annihilated by a
power of m. Therefore it is an isogeny and the cokernel Mg/ (H) = (M, ¢) is a
Breuil O-module relative to & — R.

Assume that h : H — H; is a homomorphism of special O-groups. Write H; as
the kernel of an isogeny of w-divisible O-modules

0— H — Gy — Gy —0.

Let (Q}, ¢}) and (Q1, ¢1) be the Breuil O-windows relative to & — R which cor-
respond to G} and Gy, respectively. Let (Q},#}) — (Q1,¢1) be the morphism
corresponding to the isogeny Gj — G;. Embed H into G, = G' & G} by (1,h)
and define Go = G4/H. We obtain two morphisms G’ < G4 — GY. They induce
morphisms of short exact sequences:

| [ | | [
(3.9) 0 H G G 0
N

The upper half of the diagram is a quasi-isomorphism and induces an isomorphism
Me:(H) = Mgy (H). This shows that Mc(H) is independent of the isogeny, and we
denote it by M(H). Moreover, the diagram induces a morphism M(H) — M(H;).
It is easy to see that M is an additive functor.

Next, we construct an additive functor M — H(M) from Breuil O-modules
to special O-groups. Each M is the cokernel of an isogeny of Breuil O-windows
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Q' — Q, and H(M) is defined to be the kernel of the associated isogeny of -
divisible O-modules. By a similar argument as above, H is a well-defined additive
functor. Also, from the construction, it is easy to check that H and M are inverse
of each other. The theorem follows. |

3.6. Duality. Let (Q, ®) be a Breuil O-window relative to & — R. The dual of
(Q, ¢) is the Breuil O-window (Q, ¢)! = (QY,v"), where Q¥ = Homg(Q, &) and
Y : Q%) — Q is the unique &-linear map with ¢¢ = E. Here we identify (Q(?))Y
and (QV)(?).

Let G be the O-module attached to the O-display (Wo(R), Io(R), ¥, Vﬁl). Let
G[r™] be the m™-torsion of G. For a w-divisible O-module G over R, the Serre O-
dual (or special O-dual) GY of G is defined in the same way as the Serre dual of G,
by using G and G[n"] instead of G, and ppn = G, [p"]. Similarly, for H in sGrg,
the Cartier O-dual HY of H is defined in the same way as the Cartier dual of H,
by using G[r] instead of p1,,. Let W(G) be the Breuil O-window attached to G via
the equivalence in Theorem

Proposition 3.32. There is a functorial isomorphism g : W(GY) =2 W(G)".

Proof. By [2l Theorem 1.5], the equivalence between m-divisible O-modules over
R and Dieudonné O-displays over R is compatible with duality. The equivalence
in Proposition B.I8 preserves duality. It suffices to show that the functors k. in
Theorem .13 preserves duality. By Lemma[2.10] it suffices to show that there exists
a unit ¢ € W@(R)7 such that ¢=!(¥¢) = u. Note that u = 7~ 'k(cE) (Proposition
BI0 and Lemma B12) lies in 1+ Wo (mg), the element w( Fu)( ¥ u)--- converges
in W@(R) = @W@(R/m’é). Let ¢! = u(Fu)(F’u)- -, the claim follows. O

Let (M, @) be a Breuil O-module relative to & — R. The dual (M, ¢)! of (M, ¢)
is the Breuil O-module (M*, ¢*), where M* = Extlg(M, &), ¢* is determined by
Corollary B2T] (cf. [22] Section 2]). Then we have the following result.

Proposition 3.33. Let H be an object in sGrg. There is a functorial isomorphism
Ay M(HY) 2 M(H).

Proof. Let H be the kernel of the isogeny of m-divisible O-modules G’ — G. Then
M(H) is the cokernel of @' — @, where @' and @ are Breuil O-windows corre-
sponding to G and G’, respectively. Thus M(H)! is the cokernel of Q' — (Q')’.
On the other hand, H" is the kernel of G¥ — (G’)V. By Proposition .32, we have
the isomorphism Ay : M(HY) = M(H)!. This isomorphism is independent of the
choice of G’ and functorial in H. The proposition follows. |

For the application in the next section, it is convenient to use contravariant
Breuil O-windows and contravariant Breuil O-modules ([22, Section 2]).

Definition 3.34. A contravariant Breuil O-window relative to & — R is a pair
(Q, ¢), where Q is a free G-module of finite rank and ¢ : Q) — @Q is an G-linear
map whose cokernel is annihilated by E.

A contravariant Brewil O-module relative to & — R is a pair (M, ¢), where
M is a finitely generated G-module annihilated by a power of 7 and of projective
dimension at most one, and ¢ : M) — M is an S-linear map whose cokernel is
annihilated by F.
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The category of Breuil O-windows relative to & — R (respectively Breuil O-
modules relative to & — R) is equivalent to the category of contravariant Breuil
O-windows relative to & — R (respectively contravariant Breuil O-modules relative
to & — R) by taking dual objects.

4. AN APPLICATION

Using the theory of Breuil modules, Vasiu and Zink [22] proved some bound-
edness results for finite flat group schemes over discrete valuation rings of mixed
characteristic. With the results proved in Section Bl we now generalize the results
in [22] to the case of special O-group schemes.

4.1. Setup. Let p > 2 be a prime number. Let O be the ring of integers of a
finite extension of Q, with uniformizer 7 and residue field F,. Let R be a complete
regular discrete valuation ring of mixed characteristic (0,p) with fraction field K
and residue field k. Assume that R is an O-algebra. We view canonically R
as a Wo(k)-algebra, which as a We(k)-module is free of rank e. Here e is the
ramification degree of R over O.

Let & = Wo(k)[[u]] and &,, = &/7"6. Let

E:=FEu) =u+ae_1u* '+ +ag € Wo(k)u]

be the Eisenstein polynomial associated with a uniformizer p of R. We have a
Wo (k)-epimorphism & — R with kernel ES which maps u to the fixed uniformizer.

Let BrModg,r be the category of contravariant Breuil O-modules relative to
G — R. Let BrModlg/R be the full subcategory of BrMode,r whose objects are

pairs (M, ¢) with M annihilated by «. If (M, ¢) is an object of BrModIG/R, then
M is a free G1-module of finite rank. In the following, a Breuil O-module means a
contravariant Breuil O-module.

Let sGrr be the category of special O-groups over R. Let SGI‘}% be the full
subcategory of sGrg whose objects are annihilated by 7. Applying the results in
Section [3] we have the following proposition.

Proposition 4.1. There erists a contravariant functor B : sGrg — BrModg /g
which is an anti-equivalence of categories. It is O-linear and takes short exact
sequences (in the category of abelian sheaves in the faithfully flat topology of Spec R)
to short exact sequences (in the category of &-modules with Frobenius maps).

The restriction of B induces an anti-equivalence B : sGrg — BrModé/R.

Definition 4.2. For an object G of sGrg, let o(G) € N be such that ¢°(%) is the
order of G.

For (M, ¢) an object of BrModé/R, the rank of (M, ¢) is the rank of M as a free
S1-module.

Remark 4.3. Tf G is an object of sGrg, then by definition, the rank of B(G) is o(G).
Let H be an object of sGrr. Assume that 7" annihilates H, then we have a
chain of natural epimorphisms

H — H/H[r] — H/H[r? = --- — H/H[z"] = {0}.
This induces a chain of Breuil O-modules

0= (Mn>¢n) C (Mn717¢n71) c---C (M07¢0) = (M7 ¢)>
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whose quotient factors are objects of BrModé /r- Then we can compute the order
q°H) of H via the formula

o(H) = o(M,¢) := > Ranke, (M;_1/M,;) = Lengthg _ (M(z)).
i=1

The following proposition corresponds to [22] Proposition 1]. The proof is similar.
We give details here for completeness.

Lemma 4.4. Let f : G — H be a morphism of special O-group schemes. Let
g:=B(f):B(H)=(M,¢$) = B(G) = (N,¢). Then the following claims hold.
(1) The morphism frx : Gk — Hg is a closed embedding if and only if the
cokernel of g : M — N is annihilated by some power of u.
(2) The morphism fx : Gk — Hg is an epimorphism if and only if the map
g: M — N is a monomorphism.
(3) The morphism frx : Gk — Hg 1is an isomorphism if and only if the map
g: M — N is injective and the cokernel of g is annihilated by some power

of u.

Proof. We prove the first statement. Let N = Coker(g). Assume that fr is
not a closed embedding, then there exists a nontrivial flat closed subgroup Gy of
G, which is contained in the kernel of fx and which is annihilated by w. Let
B(Go) = (No,10). Then Nj is free over &1 with positive rank. On the other hand,
B takes short exact sequences to short exact sequences, we have an epimorphism
N — Ny and N is not annihilated by a power of w.

Assume that N is not annihilated by a power of u, then Ny = ]\7/71']\7 is not
annihilated by a power of u. As &; = k[[u]] is a principal ideal domain, we have a
short exact sequence

0— Ny — N1 — Ny — 0,

where Nj is the largest &1-submodule of N; annihilated by a power of v and Ny is a
free &;-submodule of positive rank. The map 1) : N(°) — N induces a o-linear map
Yo : Néo) — Np. It is easy to see that the pair (Ny, ) is an object of BrModlg/R.
Then by Proposition 1] there exists a nontrivial flat closed subgroup Gy of G,
which is contained in the kernel of fx. Therefore, fx is not a closed embedding.

The second statement follows by a similar argument. Assume that fx is not an
epimorphism, then there exists a nontrivial flat closed subgroup Hy of H, which is
not contained in the image of fx and which is annihilated by . The corresponding
Breuil O-module B(Hy) produces nontrivial elements in Ker(g) and the map g :
M — N is not a monomorphism. On the other hand, assume that g : M — N
is not a monomorphism, then the kernel Ker(g) produces a nontrivial flat closed
subgroup Hy of H which is not contained in the image of fx. Thus fx is not an
epimorphism.

The third statement follows from the first and the second. O

4.2. Truncations. By a special truncated Barsotti-Tate O-group of level n over R,
we mean a Barsotti-Tate O-group of level n over R, which is the 7"-torsion of a
w-divisible O-module. Let H be such a group. Let (M, ¢) := B(H). Then M is a
free &,,-module of finite rank h.
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Lemma 4.5. There exist two bases (eq, . ..

717
sen) and (v1,...,v,) of M, such that

i=d+1,d+2,....h,

(4.1) {Ml@m — .
i=1,...,d,

¢(l1®e;j)=Ev; (mod vgy1,...,vn),

for some integer d.

Proof. Since H is special, we may assume that H = H[x"] for some m-divisible
O-module H. The normal decomposition of the Breuil O-window associated with
‘H induces a direct sum decomposition M = T & L into free &,,-submodules, such
that T is free of rank d and Im(¢) = ET @ L. Consider the composition

projection
R

M 287 M) Ly p(M(@) M/T = L.

All the arrows are surjective after tensoring with the residue field k. By Nakayama’s
lemma, there exists a basis (e,...,ep) of M, such that the images of ¢(1 ® ;)
(i =d+1,...,h) form a basis of M/T = L. Define v; = ¢(1Qe;) for i = d+1,..., h.
They form a basis of L. Note that (¢(1®e;) :i=1,...,h) form a basis of ET @ L,
there exists a basis (v1,...,vq) of T, which satisfies the required conditions. ([l

Lemma 4.6. Lett € Z>¢. Let x € %M such that p(1 ®@ x) € %M Using the

basis (e1,...,en) in Lemma [LH, write x = Z?:l e with a; € &,. Then for each

i=1,...,h, Eo(a;) € w9 VG, a; € (m" 1, u)S,, and 1a;(0) =0 € &,,.

Proof. By definition,

d h d
-y (%) g 4 3 (@l | SN Uio‘j) Jo; € uiM,

for some \;; € &,. Thus for i € {1,...,d}, Eo(a;) € v'(~Y&,,. Moreover, for
1> d,

utd

Therefore, Eo(o;) € u'@1G,, for all i = 1,...,h. The other two claims follow
easily. O

Lemma 4.7. Lett € Z>g. Let N be an &,-submodule of #M which contains M.
Assume that ¢ induces an S-linear map N@) — N. Then N C M.

Proof. We prove this by induction on t. If ¢ = 0, the claim is trivial. Assume
that the lemma is true for ¢ — 1. Let x € N. Then by Lemma [0 wz € utl,l M.
Thus 7N C ut—l_lM Applying induction to N’ := #N + M C ut—l_lM, we get
7t~ IN’ C M. Therefore, 7t N C M. The lemma follows. O
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4.3. Some formulas. In this section, we prove the results corresponding to those
in [22 Section 3]. The motivations for these results are explained in [22]. Our
arguments here are entirely similar to those in [22]. In many cases, to give the
proofs, we may just replace the number p € Z in [22] with the number ¢ € Z and
the uniformizer p € Z, with the uniformizer 7 € 0. For completeness, we give
details in the following.

Assume that O is of degree rf over Z,, where r is the ramification degree and
f is the residue degree. Then ¢ = p/ and ord,(p) = r. For x € R, [z] denotes the
maximal integer with the property [z] < z.

Define m := ordy(e) = [%”(e)] Let a. = 1. Recall that E = Y 7_a;u’ is the
Eisenstein polynomial of a uniformizer p of R. Define

Eo:= Y au’ € Wo(k)[u?),

qli

and By = FE — Ey € Wo(k)[u].
If m = 0, define 7(p) = 1 and ¢(p) = 0.
If m > 1, define 7(p) € Z>o U {0} by

7(p) := ord,(E1) = min{ord,(a;) | i € {1,...,e — 1}\¢Z}.

If m > 1and 7(p) < o0, let ¢(p) € {1,...,e—1}\gZ be the smallest number such
that 7(p) = ordx(a,(,))-
For all m > 0, define

7 = 7R := min{7(p) | p is a uniformizer of R}.
If 7 < oo, which is always true as we show in next lemma, define
v =g :=min{i(p) | p is a uniformizer of R with 7(p) = 7}.
Lemma 4.8. With the notation as above, T < 0.

Proof. If m = 0, then 7 = 1 by definition and the claim follows. Assume that
m > 1. Note that p is a uniformizer with Eisenstein polynomial E(u). Then
another uniformizer p’ = p+m of R is the root of the Eisenstein polynomial E’'(u) =

Eu—m)=3 i jalu’. Thus a,_; = —me + a._1. At least one of a._1 and a,_, is

not divisible by 72t°*d=(¢) The lemma follows. ([l
Lemma 4.9. Let n,t € Z~o. Assume that q | e. Let
C=C(u) = w g ut 4 uto € Wo (k)[u]

be a Weierstrass polynomial (i.e., C — u? = 0 (mod 7)), such that qd < t and
co & T"Wo(k). Assume that Eyo(C) € (u',7")S. Then d = (n — 1)e/q and for
each i € {0,1,...,n— 1}, we have

(4.3) ord(c;e) =n—i—1 and ord(c;)>n—1i, for0<j <is.
? q

Moreover, t < ne.

Proof. Let c¢g = 1. Let v; = 0(¢;) € Weo(k) for 0 < i < d. Then

o(C) = yqut® + vg_1u? ™Y -yl + 5y € Wo (k) [u].
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For i ¢ {0,...,d}, define ¢; = v; = 0. Note that ord,(c;) = ord,(v;). To prove
equation ([@3)), it suffices to prove it for ;. Moreover,
dte

E()O'(C) = Z ,quujq,
7=0

where
(4.4) Big = aovj + agyj—1+ -+ acyj-<.

By assumption, ord,(f8;4) > n for jq < t. In particular, ord.(5;4) > n for j < d.
We prove that

(4.5) ord(vie)=n—i—1 and ord:(y;)>n—1i, for0<j< ig,
¢ q

by induction on j. The case 7 = 0 is easy. The passage from j — 1 to j goes as
follows. Assume first (i — 1)5 <j< z% for some integer i. By equation (4],
apyj = Bjqg— (@gyj—1+-- ~—|—aefyj_5). Each term on the right-hand side has 7-order
strictly bigger than n — . Thus, ord,(y;) > n —i+ 1 — ord,(ag) =n — i.

In the case j = if, aoYie + aeV(i-1)s = Bie = (AgVic—1 4+ + Me—gVi4(i-1)¢
Each term on the right-hand side has m-order > n — i+ 1. Since ordx(aey(i—1)<)

).
n—1i<n—1+ 1, we must have ord; (aofyz%) = n — 4. This ends the inductionil

If dis of the form i, then 0 = ordx(cq) = n—i—1and d = (n—1)%. Suppose that
d is not of the form ¢¢. Assume that (i —1)¢ <d <ig, then 0 = ordx(ca) 2 n —i
and 4 > n. This implies ordﬁ(’y(i_l)g) = n—1 < 0, which contradicts the assumption
that C' is a Weierstrass polynomial.

Finally, as ¢ | e and d = (n — 1)¢, Ego(C) € (u',7™)G is a monic polynomial of
degree e + qd = ne. Thus we must have ¢t < ne. The lemma follows. O
Corollary 4.10. With the same notation as in Lemma 9], let | € {0,1,...,e—1}.
Let By = Ea(u) = u! + b_qul=t + -« + bju + by € Wo(k)[u] be a Weierstrass
polynomial of degree 1. If we have E30(C) € (uf,7™)&, then | > t.

Proof. If n = 1, then d = 0 and C' = ¢ is a unit. The corollary follows. Assume

that n > 2. Write
l+qd

EQJ(C) = Z 5iui,
i=0
where
6[ =7 + bl_q’}/l + -+ bl_q[é]’}/[%]
Forie{1,..., [é]}, we have ord,(v;) > n—1 by equation [I]). Thus ord, (b;—i7:)
> n. On the other hand, ord;(y9) =n — 1. Thus ord,(§;)) =n—1andl >t O

The following proposition corresponds to [22] Proposition 2], which is the key to
the computation.

Proposition 4.11. Let n and t be positive integers. Let C = C(u) € & be a power
series whose constant term is not divisible by ©™. Assume that

Eo(C) € (u!, 7).
If 7(p) = o0, then t < ne. If 7(p) < oo, then
t < min{7(p)e + t(p),ne}.
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Moreover, if m = 0, then we have no(C) € (ul,7™)&; if m > 1, then we have
a1 (0) € (ut, )&,
In particular, if m > 1 and the content of C is 1, then 7(p) +1 > n.

Proof. Since o(u) = wu?, without loss of generality, we may assume that C is a
polynomial of degree d with dg < t. Each term of o(C) has degree divisible by
q, Eoo(C) and E10(C) do not contain monomials of the same degree. Therefore,
Eo(C) € (u',7™)& implies Eyo(C) € (u',7")& and E10(C) € (ul,7™)6.

Consider the case m = 0, i.e., ¢t e. In this case, 7 1 Ej is a unit in the ring &.
Therefore, mo(C) € (u',m )G By our assumption on the degree of C, wo(C) =0
(mod 7™). Moreover, E; —u® =0 (mod 7), u¢c(C) € (u',7™)&. As the constant

term of C is not divisible by 7™, we must have ¢ < e = min{r(p)e + ¢(p), ne}.

Assume now that ¢ | e. By Weierstrass preparation theorem, we may assume
that C is a monic polynomial of degree d such that C' —u? = 0 (mod 7). Indeed, if
¢, the content of C, is greater than 0, then we may just replace the pair (C,n) by
the pair (C’,n — ¢), where C' = 7~ ¢C, and prove the proposition for (C’,n — c).
It suffices to show that 7(p) + 1 > n. As in [22], assume that 7(p) + 1 < n and it
suffices to show that 7(p) + 1 = n.

As 7(p) = ord,(E;), by Weierstrass preparation theorem, we may write

E1 = WT(p)EQQ,

where 0 € & is a unit and Ea(u) € W@( )[u] is a Weierstrass polynomial of degree
t(p) < e. The property F10(C) € (uf,7")S implies that

Eyo(C) € (ut, n"7(P))s.

Note that 7(p)<¢ < (n — 1)% =d and ¢4 = 1, we consider the monic polynomial

a
Cr=Cr(u)=u+cqqutt -+ CT(p)guT(p)i € Wo (k)[u)].

By Lemma B9, ord,(c;) > n — 7(p) for j < 7(p)<. Thus C — C; € 7" "G,

Therefore, ‘
Eyo(Ch) € (ut, 7" "P)G.
Write C; = u™ g C5. Then the constant term of Cs is Cr(p)<) which is not divisible
by 7"~ 7(). Therefore, as t > qd = (n — 1)e > 7(p)e,
Eyo(Cy) € (ut~7Pe gn=m(bha,
Similarly, since Eoo(Cy) = Egu™""¢a(C) — Equ~7Pea(C — Cy),
Eyo(Cy) € (ut7Pe gn=me)@,

Applying Corollary 10 to the quintuple (¢t — 7(p)e, Ca, Eg, Ea,n — 7(p)) in-
stead of the quintuple (¢, C, Ey, E2,n), we obtain that t(p) = deg(E2) >t — 7(p)e.
Since t(p) < e —1 and n > 7(p) + 1, it is easy to see that t < 7(p)e + t(p) =
min{7(p)e + ¢(p), ne}. The property (n — 1)e = qd < t implies n < 7(p) + 1. Thus
n = 7(p) + 1 and the proposition follows. (Il
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4.4. The number s. For a uniformizer p of R, define

T(p)e+1t
t(p) = (B2 1) € 70U (o),
By Lemma [£.8] there exists p, such that t(p) is finite.
Let e = 0 (respectively e = 1) if m = 0 (respectively m > 1). For all nonnegative
integers i, define
TE + L ]

=i(T +e€) and t; := [(q——l)(ﬂ

Thus ti-i—l = [t"

4] (an easy computation) and

to = min{t(p) | p is a uniformizer of R}.
Define the number s € Z>( which only depends on R by
s=sp:=min{s; +t; | i € Z>o}.

Let z € Z>¢ be the smallest number with the property s, +1¢, = s.
With the above definition, we have

O=sg<s1<---<s,andtyg >ty >--->t, >0.

Theorem 4.12. With the notation as above, let G and H be two special O-groups
over R. For each homomorphism [ : G — H whose generic fiber fix : Gx — Hg is
an isomorphism, there exists a homomorphism f' : H — G such that f'o f = 7% idg
and fo f' =x®idy. Therefore the special fiber homomorphism fy, : Gy, — Hy has
a kernel and a cokernel annihilated by 7°.

Proof. If there exists f’ : H — G such that fo f' = n%idy, then f' o f = 7%idg
as this is true on the generic fiber. The claim on the special fiber homomorphism
follows easily.

Choose an epimorphism &g . H — H from a special truncated Barsotti-Tate
O-group H. Let G = G xg H be the fiber product in the category sGrg. Let
f G — H be the corresponding morphism. Then fK is an isomorphism. Assume
that there exists a homomorphism f' : H — G such that fo f' = 7%id ;- Then
£ o f' is zero on Ker(£p) because this is true for the generic fibers. Thus there
exists f': H — G such that f' o0&y = &g o f'. Therefore fo f'ofy = folgof =
€gofof =n¢y and fo f =n*idy.

By the above discussion, to prove the existence of f’, we may assume that f = f
and H = H is a special truncated Barsotti-Tate O-group of level n > s. We
translate the problem in terms of Breuil O-modules. Let B(H) = (M,¢) and
B(G) = (N, ). By Proposition 4], f induces an &-linear monomorphism M — N
whose cokernel is annihilated by some power u!. Assume that ¢ is the smallest
natural number with this property. If ¢ = 0, then f is an isomorphism. Thus we
assume that ¢ > 0. The existence of ' : H — G is equivalent to the inclusion

TN C M.

Now we prove by induction that, for j € {0,...,z}, 75N C M For the base

case j = 0, it suffices to show that t < tg. Choose x €N such that u~le & M.
Write
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where (e1,...,ep) is an &,,-basis of M as in Lemma Then by Lemma [E.0]
FEo(a;) € uta=Y@,, for 1 <i < h. By the minimality of ¢, there exists 1 < ig < h,
such that «;, is not divisible by u. Let C = C(u) € & be such that its reduction
modulo 7" is «;,. The constant term of C is not divisible by #™ and Eo(C) €
(utla=1) 7™)&. Applying Proposition BTl we see that ¢(q — 1) < min{re + ¢, ne}.
Thus t < tg by definition of ¢g.

If 0 < j < z the passage from j — 1 to j goes as follows. The induction
hypothesis says that 7% -1 N C ut]%lM Let [;_1 € {0,...,t;—1} be the smallest
number such that 7% -'N C ulj%lM If I,y = 0, then 7%-*N C M. Thus
7SN C 8N C M C H%M Assume now that [;_; > 1. Choose y € 7% -1 N.
Write

where 7, € 6,\uS,, and n; € {0,...,1;_1}. We want to show that 77ty € U%M
For this, it suffices to show that n7t¢- ¢ ﬁ@n for all 4. If n; < t;, this is
obvious. Assume that n; > ¢; + 1. The inequality

ti—1+1 > li—1+1
q q

ti_
ni >t +1=[2=]+1>
q

implies that gn; — ;1 > 1. Let C; = C;(u) € & be such that its reduction modulo
7™ is 1;. Applying Lemma B8 we have Eo(Cyuli-1—") € (uld=Dhi-1 77)&. This
implies that

Eo(Cy) € (ut™ -t 7M& C (u, ).
The constant term of C; is not divisible by 7™. Applying Proposition L 1Tlto the pair
(Cy,qni—1;_1) instead of (C,t), we get (77 T¢C;) = 770 (C;) € (ut™i~li-1 7).
lj,
So we may write 77 ¢C; = A; + B;, where A; € 7S and B; € u""f[Tl]G. Thus

i 1 1 1
WT+GL € T 6n C T n — _t n-
ure 1 ul uts

This shows that 7% N C U%M and ends the induction.

Finally, applying Lemma [£.6] the inclusion 7% N C ﬁ@ implies w54 N C M.
In particular, we may take j = z and obtain the inclusion 7*N C M. This finishes
the proof of the theorem. O

4.5. Some corollaries. In this section, we deduce several consequences of Theo-
rem [£12] The corresponding results for p-divisible groups appear in [22] Section
1]. We refer to that paper for more details on the history of these results. The idea
of the proofs are the same as in [22, Section 5].

If G is a w-divisible O-module over R, we denote by G[n™] the schematic closure
of Gg[m™] in G.

Corollary 4.13. With the same notation as in Theorem AI2, if H is a special
truncated Barsotti-Tate O-group of level n > s, then the natural homomorphism
flm"=3] : G[a"~ %] — H[r"" %] is an isomorphism.
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Proof. Let f' : H — G be such that fo f/ = 7%idg. Then we have the following
commutative diagram:

n—!1 ¢

\ Iy

On generic fibers we have Hg[n°] C Ker(fy), thus H[x°] C Ker(f'). We obtain a
second commutative diagram:

H/(H[) — G

~—

In the diagram, f” is a closed immersion because 7* is a closed immersion. Applying
the functor [#"~%], we obtain a third commutative diagram:

H/(H[r)) — 0 Gpanee]

\ lf’—ﬂ_ns-l
H[ﬂ.’nfs]

In this diagram, f”[7"*] is a closed immersion. It is then an isomorphism because
the domain and the range are finite flat group schemes of the same order. The
diagonal map is an isomorphism by the assumption on H. Therefore, the map
fIm™~*#] is an isomorphism. The corollary follows. a

Corollary 4.14 (Raynaud). Let G and H be special O-groups over R. Assume
that e < q— 2. If Gk and Hy are isomorphic, then G and H are isomorphic.

Proof. Since e < ¢ — 2, we have m = ¢ =0, 7 = 1. In this case
TE+ L
< =0
<[

Thus s = 0. The corollary follows. O

Remark 4.15. In the case O = Z,, this is a classical result of Raynaud [I8, Theorem
3.3.3]. It is proved by others with different methods. See [22], Section 1] for a detail
list. The condition e < p — 2 is necessary, as we may see from the fact that p, and
Z/pZ have the same generic fiber over Z,[(,], where ¢, is a p-th root of unity.

On the other hand, in the case of higher ramification, (i.e., eg > p — 1), if the
group Gk is endowed with a strict O-action and O is large, then there is still at
most one way to extend Gi to an integral model which also extends the O-action.

Corollary 4.16. Let h : Gg — Hg be a homomorphism over K. Then w°h
extends to a homomorphism G — H over R. Moreover, the kernel of the natural
homomorphism Ext*(H,G) — Ext'(Hy, Gx) is annihilated by °.

Proof. Let G be the schematic closure in G xr H of the graph of the morphism

h. Let i : G — G xr H be the corresponding closed embedding. We have a
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commutative diagram:

(4.6) G—— ' sGxgH—2 4 H

Let o : G — G be such that o’ oo = 7° ids. Then the morphism pyoioa’ : G — H
is an extension of 7%h.

Let v € Ker(Ext'(H,G) — Ext'(Hg,Gg)). Assume that it is represented by a
short exact sequence

(4.7) 0—-G—J—H—=0,

whose generic fiber splits. Let h : Hx — Jx be a homomorphism that is a splitting
of
0—+Grg —Jx — Hg — 0.
Let g : H — J be an extension of 7°h. Let
0—-G—Js—~H—0

be the pullback of ([@7) via 7°idy. Then by the universal property of pullback,

(4.8) il \R

H
— H

e

TK'S ldH

— H

oG

there exists a unique g, : H — Jg, such that its composite with Js — J is g. Thus
m®v = 0. The corollary follows. |

Corollary 4.17. Assume that G and H are special truncated Barsotti-Tate O-
groups of level n > s. Let h : Gx — Hg be a homomorphism. Then the restric-
tion homomorphism h[n"~*] : Gg[m" %] — Hg[n""*®] extends to a homomorphism

G[r" %] — H[r""%].

Proof. Let b’ : G — H be an extension of 7°h : Gx — Hpg as in Corollary
It induces a homomorphism G[r"~°] = G/G[r°] — H[r"~°] whose generic fiber is
hx™5]. O

Corollary 4.18. Assume that n > 2s. Let H be a special truncated Barsotti-
Tate O-group of level n over R. Let G be a special O-group such that we have an
isomorphism h : Gx — Hg. Then the quotient group scheme G[m"*|/G[xw*] is
isomorphic to H[x"~2%] and thus it is a truncated Barsotti-Tate O-group of level
n — 2s.

Proof. The proof is exactly the same as the proof of [22] Corollary 4]. O

Corollary 4.19 (Tate). Let X and Y be m-divisible O-modules over R. Then the
natural map

Home (X, Y) — Homp (XK7 YK)
s a bijection.
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Proof. Let f € Hom(Xgk,Yk). For any integer n > 0, it induces a morphism
flm"] « Xk [n"] = Y [n"]. If n > s, the morphism f[n" %] : Xg[n" %] = Yi[n" 7]
extends to a morphism g, : X[x"*] — Y[x"®] by Corollary ET7l Taking
limit for n > s, we obtain a morphism g : X — Y, which lifts the morphism
f+ Xk — Yg. The corollary follows. O

ACKNOWLEDGMENTS

The author learned the theory of displays and the theory of frames and windows
from lectures of Professor Zink, where Professor Zink explained most of the results
in this paper in the case of p-divisible groups. The author would like to thank him
for the great lectures and for helpful discussions. The author would like to thank
the referee for numerous comments and suggestions.

REFERENCES

[1] Tobias Ahsendorf, O-displays and 7-divisible formal O-modules, Thesis 2012.
[2] Tobias Ahsendorf, Chuangxun Cheng, and Thomas Zink, O-displays and w-divisible formal
O-modules, J. Algebra 457 (2016), 129-193, DOI 10.1016/j.jalgebra.2016.03.002. MR3490080
[3] Pierre Berthelot, Lawrence Breen, and William Messing, Théorie de Dieudonné cristalline. II
(French), Lecture Notes in Mathematics, vol. 930, Springer-Verlag, Berlin, 1982. MR667344
[4] M. V. Bondarko, The generic fiber of finite group schemes; a “finite wild” criterion for good
reduction of abelian varieties (Russian, with Russian summary), Izv. Ross. Akad. Nauk Ser.
Mat. 70 (2006), no. 4, 21-52, DOI 10.1070/IM2006v070n04ABEH002323; English transl.,
Izv. Math. 70 (2006), no. 4, 661-691. MR2261169
[5] Christophe Breuil, Groupes p-divisibles, groupes finis et modules filtrés (French, with French
summary), Ann. of Math. (2) 152 (2000), no. 2, 489-549, DOI 10.2307/2661391. MR1804530
[6] Bryden Cais and Tong Liu, On F-crystalline representations, Doc. Math. 21 (2016), 223-270.
MR3505135
[7] V. G. Drinfelrd, Coverings of p-adic symmetric domains (Russian), Funkcional. Anal. i
Prilozen. 10 (1976), no. 2, 29-40. MR0422290
[8] Gerd Faltings, Group schemes with strict O-action, Mosc. Math. J. 2 (2002), no. 2, 249-279.
MR1944507
[9] Laurent Fargues and Jean-Marc Fontaine, Courbes et fibré vectoriels en thérie de Hodge p-
adique, Preprint https://webusers.imj-prg.fr/~laurent.fargues/Prepublications.html.
[10] Laurent Fargues, Alain Genestier, and Vincent Lafforgue, L’isomorphisme entre les tours de
Lubin-Tate et de Drinfeld (French), Progress in Mathematics, vol. 262, Birkhauser Verlag,
Basel, 2008. MR2441311
[11] Michiel Hazewinkel, Twisted Lubin-Tate formal group laws, ramified Witt vectors and (ram-
ified) Artin-Hasse exponentials, Trans. Amer. Math. Soc. 259 (1980), no. 1, 47-63, DOI
10.2307/1998143. MR561822
[12] Mark Kisin, Moduli of finite flat group schemes, and modularity, Ann. of Math. (2) 170
(2009), no. 3, 1085-1180, DOI 10.4007/annals.2009.170.1085. MR2600871
[13] Eike Lau, A duality theorem for Dieudonné displays (English, with English and French sum-
maries), Ann. Sci. Ec. Norm. Supér. (4) 42 (2009), no. 2, 241-259. MR2518078
[14] Eike Lau, Displays and formal p-divisible groups, Invent. Math. 171 (2008), no. 3, 617-628,
DOI 10.1007/s00222-007-0090-x. MR2372808
[15] Eike Lau, Frames and finite group schemes over complete regular local rings, Doc. Math. 15
(2010), 545-569. MR2679066
[16] Tong Liu, Potentially good reduction of Barsotti-Tate groups, J. Number Theory 126 (2007),
no. 2, 155-184, DOI 10.1016/j.jnt.2006.11.008. MR2354925
[17] Tong Liu, Torsion p-adic Galois representations and a conjecture of Fontaine (English, with
English and French summaries), Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 4, 633-674,
DOI 10.1016/j.ansens.2007.05.002. MR2191528
[18] Michel Raynaud, Schémas en groupes de type (p,...,p) (French), Bull. Soc. Math. France
102 (1974), 241-280. MR0419467


http://www.ams.org/mathscinet-getitem?mr=3490080
http://www.ams.org/mathscinet-getitem?mr=667344
http://www.ams.org/mathscinet-getitem?mr=2261169
http://www.ams.org/mathscinet-getitem?mr=1804530
http://www.ams.org/mathscinet-getitem?mr=3505135
http://www.ams.org/mathscinet-getitem?mr=0422290
http://www.ams.org/mathscinet-getitem?mr=1944507
https://webusers.imj-prg.fr/~laurent.fargues/Prepublications.html
http://www.ams.org/mathscinet-getitem?mr=2441311
http://www.ams.org/mathscinet-getitem?mr=561822
http://www.ams.org/mathscinet-getitem?mr=2600871
http://www.ams.org/mathscinet-getitem?mr=2518078
http://www.ams.org/mathscinet-getitem?mr=2372808
http://www.ams.org/mathscinet-getitem?mr=2679066
http://www.ams.org/mathscinet-getitem?mr=2354925
http://www.ams.org/mathscinet-getitem?mr=2191528
http://www.ams.org/mathscinet-getitem?mr=0419467

726

CHUANGXUN CHENG

[19] David Savitt, On a conjecture of Conrad, Diamond, and Taylor, Duke Math. J. 128 (2005),

no. 1, 141-197, DOI 10.1215/S0012-7094-04-12816-7. MR2137952

[20] J. T. Tate, p-divisible groups, Proc. Conf. Local Fields (Driebergen, 1966), Springer, Berlin,

1967, pp. 158-183. MR0231827

[21] Adrian Vasiu and Thomas Zink, Breuil’s classification of p-divisible groups over regular local

rings of arbitrary dimension, Algebraic and arithmetic structures of moduli spaces (Sap-
poro 2007), Adv. Stud. Pure Math., vol. 58, Math. Soc. Japan, Tokyo, 2010, pp. 461-479.
MR2676165

[22] Adrian Vasiu and Thomas Zink, Boundedness results for finite flat group schemes over dis-

crete valuation rings of mized characteristic, J. Number Theory 132 (2012), no. 9, 2003-2019,
DOI 10.1016/j.jnt.2012.03.010. MR2925859

[23] Thomas Zink, A Dieudonné theory for p-divisible groups, Class field theory—its centenary

and prospect (Tokyo, 1998), Adv. Stud. Pure Math., vol. 30, Math. Soc. Japan, Tokyo, 2001,
pp- 139-160. MR 1846456

[24] Thomas Zink, The display of a formal p-divisible group, Astérisque 278 (2002), 127-248.

OF

MR1922825

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, PEOPLE’S REPUBLIC
CHINA
E-mail address: cxcheng@nju.edu.cn


http://www.ams.org/mathscinet-getitem?mr=2137952
http://www.ams.org/mathscinet-getitem?mr=0231827
http://www.ams.org/mathscinet-getitem?mr=2676165
http://www.ams.org/mathscinet-getitem?mr=2925859
http://www.ams.org/mathscinet-getitem?mr=1846456
http://www.ams.org/mathscinet-getitem?mr=1922825

	1. Introduction
	2. \co-frames and \co-windows
	2.1. Definitions
	2.2. Structure equation
	2.3. Base changes
	2.4. Limits
	2.5. Dual \co-windows
	2.6. Crystalline homomorphisms
	2.7. Hodge filtration
	2.8. \co-pd-thickenings

	3. Breuil \co-frames
	3.1. Dieudonné \co-frames
	3.2. 𝜅-\co-frames
	3.3. Breuil \co-frames
	3.4. Breuil \co-windows and Breuil \co-modules
	3.5. 𝜋-divisible \co-modules and special \co-group schemes
	3.6. Duality

	4. An application
	4.1. Setup
	4.2. Truncations
	4.3. Some formulas
	4.4. The number 𝑠
	4.5. Some corollaries

	Acknowledgments
	References

