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REGULARITY PROPERTIES OF SPHERES
IN HOMOGENEOUS GROUPS

ENRICO LE DONNE AND SEBASTIANO NICOLUSSI GOLO

ABSTRACT. We study left-invariant distances on Lie groups for which there
exists a one-parameter family of homothetic automorphisms. The main exam-
ples are Carnot groups, in particular the Heisenberg group with the standard
dilations. We are interested in criteria implying that, locally and away from
the diagonal, the distance is Euclidean Lipschitz and, consequently, that the
metric spheres are boundaries of Lipschitz domains in the Euclidean sense. In
the first part of the paper, we consider geodesic distances. In this case, we
actually prove the regularity of the distance in the more general context of sub-
Finsler manifolds with no abnormal geodesics. Secondly, for general groups we
identify an algebraic criterium in terms of the dilating automorphisms, which
for example makes us conclude the regularity of every homogeneous distance
on the Heisenberg group. In such a group, we analyze in more detail the ge-
ometry of metric spheres. We also provide examples of homogeneous groups
where spheres present cusps.
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1. INTRODUCTION
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The study of the asymptotic geometry of groups led us to investigate spheres in
homogeneous groups, examples of which are asymptotic cones of finitely-generated
nilpotent groups. A homogeneous group is a Lie group G endowed with a family
of Lie group automorphisms {d)}x>0 and a left-invariant distance d for which each
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&) multiplies the distance by A; see Section An algebraic characterization of
these groups is known by [30]. In fact, the Lie algebra g of G admits a grading, i.e.,
a decomposition g = @,~; Vi such that [V;,V;] C V;;. For simplicity, we assume
that the dilations are the ones induced by the grading. Namely, the dilation of
factor X relative to the grading is the one such that (5)«(v) = A for all v € V;.
We denote by 0 the neutral element of G and by S; the unit sphere at 0 for a
distance d on G, i.e., Sg:={p € G : d(0,p) = 1}.

In this paper we want to exclude cusps in spheres since their presence in the
asymptotic cone of a finitely-generated nilpotent group may give a slower rate of
convergence in the blowdown; see [8]. We find criteria implying that the metric
spheres are boundaries of Lipschitz domains and in fact that the distance function
from a point is a locally Lipschitz function with respect to a Riemannian metric.

First, we address the case where the distance d is a length distance. Thanks to a
characterization of Carnot groups (see [18]), the group G is in this case a stratified
group and d is a sub-Finsler distance. Being a stratified group means that the
grading of g is such that the first layer V7 generates g. Being a sub-Finsler distance
means that there are a left-invariant subbundle A C T'G and a left-invariant norm
Il - |l on A such that the length induced by d of an absolutely continuous curve
v : [0,1] — G is equal to fol [Iv/ ()|l dt, where |7/ (t)]] = +oo if 7/(t) ¢ A. The
left-invariant subbundle A is in fact the one generated by V;.

In the sub-Finsler case, an obstruction to Lipschitz regularity of the sphere comes
from the presence of length-minimizing curves (also called geodesics) that are not
regular, in the sense that the first variation parallel to the subbundle A does not
have maximal rank; see Definition

Theorem 1.1. Let G be a stratified group endowed with a sub-Finsler metric d.
Let dy : G — [0,400), p— d(0,p). Let p € G be such that all geodesics from 0 to p
are reqular. Then for any Riemannian metric p on G the function dy is Lipschitz
with respect to p in some neighborhood of p.

We will actually state and prove Theorem [[LT] in the more general setting of
sub-Finsler manifolds of constant-type norm; see Section 211

In case of homogeneity, the regularity of the distance implies also the regularity
of the spheres. Hence, using Theorem [[LT] we easily get the second result for sub-
Finsler homogeneous groups.

Theorem 1.2. Let G be a stratified group endowed with a sub-Finsler metric d.
Let p € Sq be such that all geodesics from 0 to p are regular. Then, in smooth
coordinates, the set Sy is a Lipschitz graph in some neighborhood of p. In particular,
if all non-constant geodesics are regular, then metric balls are Lipschitz domains.

Notice that a ball may be a Lipschitz domain even if the distance from a point
is not Lipschitz (we give an example in Remark ). In Section [l we also present
examples of sub-Riemannian and sub-Finsler distances whose balls have a cusp.

At a second stage, we drop the hypothesis of d being a length distance and we
present a result similar to the previous Theorem [[.2in the context of homogeneous
groups. Hereafter we denote by L, and R, the left and the right translations on
G, respectively, and by 6(p) the vector %5t(p)| € T,G, where {6;};>0 are the
dilations relative to a grading.

t=1
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Theorem 1.3. Let (G,d) be a homogeneous group with dilations relative to a grad-
ing; see Definition 212l Assume p € Sy is such that

(L1) AL, (V1) + dR, (V1) + span{5(p)} = T,G.

Then, in some neighborhood of p we have that the sphere Sq is a Lipschitz graph
and the distance dy from the identity is Lipschitz with respect to any Riemannian
metric p.

The similarity between Theorem and Theorem [[3] consists of the fact that
if d is a sub-Finsler distance, then condition (II)) implies that all geodesics from 0
to p are regular; see Remark

The equality () or the absence of non-regular geodesics is actually quite a
strong condition. However, in general we can give an upper bound for the Hausdorff
dimension of spheres. In fact, if d is a homogeneous distance on a graded group of
maximal degree s, then
(1.2) dim% (G) — 1 < dim%,;(Sq) < dimf, (G) — %,
where dim¥; is the Hausdorff dimension with respect to some (therefore any) Rie-
mannian metric p. We show with Proposition £.1] that this estimate is sharp.

In the last part of the paper, we analyze in more detail an important specific
example: the Heisenberg group. In this graded group we consider all possible
homogeneous distances and prove that in exponential coordinates:

(i) the unit ball is a star-shaped Lipschitz domain (Proposition [G1I);
(ii) the unit sphere is a locally Lipschitz graph with respect to the direction of
the center of the group (Proposition [62)).

We also give a method to construct homogeneous distances in the Heisenberg
group with arbitrary Lipschitz regularity of the sphere. Namely, the graph of each
Lipschitz function defined on the unit disk, up to adding to it a constant, is the
sphere of some homogeneous distance; see Proposition[6.3l The investigation of this
class of examples is meaningful in connection with Besicovitch’s covering property
as studied in [2TH23].

The paper is organized as follows. In Section 2] we will present all preliminary
notions needed in the paper. We introduce sub-Finsler manifolds of constant-type
norm, graded and homogeneous groups and Carnot groups. Section B]is devoted to
the proof of Theorem [[T] first in the setting of sub-Finsler manifolds (see Theo-
rem [3.] proved in Section BA), then with a more specific result for Carnot groups
(see Proposition B3). In Section Ml we see metric spheres as graphs over smooth
spheres. Hence, we show Theorem [[L2] the inequalities (L), and Theorem In
Section [{ we present six examples: three different gradings of R?, the Heisenberg
group, a sub-Finsler sphere with a cusp and a sub-Riemannian sphere with a cusp.
In Section [6] we prove stronger properties for spheres of homogeneous distances on
the Heisenberg group.

2. PRELIMINARIES

2.1. Sub-Finsler structures. Let M be a manifold of dimension n. We will write
T M for the tangent bundle and Vec(M) for the space of smooth vector fields on M.

Definition 2.1 (Sub-Finsler structure). A sub-Finsler structure (of constant-type
norm) of rank r on a manifold M is a triple (E, || - ||, £), where (E, || - ||) is a normed
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vector space of dimension r and f : M x E — T M is a smooth bundle morphism
with £({p} x E) C T, M, for all p € M.

We added the specification “of constant-type norm” because the norm ||-|| defined
on the fibers of M x E does not depend on the base point of each fiber.

Definition 2.2 (Horizontal curve). A curve «: [0,1] — M is a horizontal curve if
it is absolutely continuous and there is w : [0, 1] — E measurable, which is called a
control of 7y, such that

7 (1) = £(y(t), u(t)) for a.e. t € [0, 1].
In this case v is called the integral curve of u and we write ~,,.

Definition 2.3 (Space of controls). The space of L°-controls is defined adl

L>(]0,1; E) := {u : [0,1] — E measurable, esssup ||u(t)] < oo} .
t€0,1]

This is a Banach space with norm [[ul|pe := esssup,¢jo 1y [[u(?)]-

Thanks to known results for ordinary differential equations (see [2§]), given a
control u € L>°([0,1]; E) and a point p € M there is a unique solution 7, , to the
Cauchy problem

{'Yu,p(o) =D,

Yoop(t) = £(yup(t), u(t)) for a.e. t in a neighborhood of 0.

Remark 2.4. We will always assume that for every u € L*°([0,1];E) and every
p € M the curve v, , is defined on the interval [0, 1]. This happens in many cases,
for example, for left-invariant sub-Finsler structures on Lie groups, in particular in
Carnot groups.

Definition 2.5 (End-point map). Fix o € M. Define the End-point map with base
point o, End, : L=°([0,1]; E) — M, as

End,(u) = Yu0(1).
By standard results of ODE the map End, is of class ¢’!; see [28].

Definition 2.6 (Regular curves). Given o € M, a control u € L*°([0, 1]; E) is said to
be regular if it is a regular point of End,, i.e., if dEnd,(u) : L°°([0, 1; E) — Tgna, (u)M
is surjective. A singular control is a control that is not regular.

Definition 2.7 (Sub-Finsler distance). The sub-Finsler distance, also called the
Carnot-Carathéodory distance, between two points p,q € M is

1
d(p,q) := inf {/0 lu(t)]| dt : v € L*°([0, 1]; E) with End,(u) = q} .

Clearly (M, d) is a metric space, even though it might happen that d(p, q) = oo.
Let £4(7y) be the length of a curve v with respect to d; see [4]. It can be proven that

L Among the three norms L', L2 and L for controls, we chose the latter because the unit ball
in L1([0, 1]; E) is not weakly compact and the L2-space is not a Hilbert space in our context.
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a curve v : [0, 1] — (M, d) is Lipschitz if and only if it is horizontal and it admits a
control in L°°([0, 1]; E). Moreover, if v is Lipschitz, then

1
Lq(7y) = inf {/0 [lu(®)|| dt : uw € L°°([0, 1]; E) control of ”y} .

We will use the term geodesic as a synonym for length-minimizer.
The distance can be expressed by using the L°°-norm,; i.e., for every p,q € M,

d(p,q) = inf {|luljL~ : v € L=°([0, 1]; E) with End,(u) = ¢} .

Moreover, if u realizes the infimum above, then its integral curve =, starting from
p is a length-minimizing curve parametrized by constant velocity, i.e.,

d(p,q) = |JullLe = la(va) = |lu(@®)|l, for a.e. t €[0,1].

Notice that the L>®-norm plays a similar role here as the L2-energy in sub-
Riemannian geometry.

Definition 2.8 (Bracket-generating condition). Let o be the Lie algebra generated
by the set

{p+— £(p, X (p)) with X : M — E smooth} C Vec(M).

The sub-Finsler structure (E, ||-||, £) on M satisfies the bracket-generating condition
if for all p e M,
{V(p): Ved}=T,M.

As a consequence of the Orbit Theorem [I7], we have the following basic well-
known fact.

Lemma 2.9. If (E, || - ||, ) satisfies the bracket-generating condition, then the dis-
tance d induces the original topology of M and (M,d) is a locally compact and
locally geodesic length space.

By the Hopf-Rinow Theorem (see [J]), the assumption in Remark 4] implies
that (M, d) is a complete, boundedly compact metric space.

2.2. Graded groups. All Lie algebras considered here are over R and finite-
dimensional.

Definition 2.10 (Graded group). A Lie algebra g is graded if it is equipped with
a grading, i.e., with a vector-space decomposition g = €, Vi, where i > 0 means
i € (0,00), such that for all 4,5 > 0 it holds that [V;,V;] C Vi1;. A graded Lie
group is a simply connected Lie group G whose Lie algebra is graded. The mazimal
degree of a graded group G is the maximum ¢ such that V; # {0}.

Graded groups are nilpotent, and the exponential map exp : g — G is a global
diffeomorphism. We will denote by 0 the neutral element of G and identify g = Ty G.

Definition 2.11 (Dilations). In a graded group for which the Lie algebra has the
grading g = @, Vi, the dilations relative to the grading are the group homomor-
phisms 6, : G — G, for A € (0,00), such that (6))«(v) = A for all v € V;.

In the definition above, ¢. denotes the Lie algebra homomorphism associated to
a Lie group homomorphism ¢, in particular, ¢poexp = exp o¢,. Since a graded group
is simply connected, ¢y is well defined. Notice that, for any A, it > 0, 65 06, = xp-
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Definition 2.12 (Homogeneous distances). Let G be a graded group with dilations
{dx}r>0, relative to the grading. We say that a distance d on G is homogeneous
if it is left-invariant, i.e., for every g,z,y € G we have d(gz,gy) = d(x,y), and
one-homogeneous with respect to the dilations, i.e., for all A > 0 and all z,y € G
we have d(0 z,0,y) = Ad(z,y). If d is one such distance, then (G,d) is called a
homogeneous group (with dilations relative to the grading).

Remark 2.13. A graded group admits a homogeneous distance if and only if for
i € (0,1) we have V; = {0}; see [16].

Given a homogeneous distance d, the function p — do(p) := d(0,p) is a ho-
mogeneous norm. Here with the term homogeneous norm we mean a function
N : G — [0,+00) such that for all p,q € G and all A > 0 it holds that:

(1) N(p) =0 & p=0;
(2) N(pg) < N(p) + N(a);
(3) N(p~') = N(p);
(4) N(6xp) = AN(p).

In fact, homogeneous distances are in bijection with homogeneous norms on G
through the formula d(p, q) = N(p~1q).

Homogeneous distances induce the original topology of G; see [23]. Moreover,
given two homogeneous distances di,ds on G, there is a constant C' > 0 such that
for all p,q € G,

(21) 51 (9.0) < dalp.0) < Odi(p,a).

Lemma 2.14. Let G be a graded group and let 0 < ki < ko be such that V; = {0}
foralli < ki and alli > ko. Let d be a homogeneous distance and p a left-invariant
Riemannian metric on G. Then there are C,e > 0 such that for all p,q € G with
p(p,q) < € it holds that

1 1 1
(2.2) g @)™ < d(p,q) < Cplp, g)*
In particular, the homogeneous norm dy is locally kiz—Hé'lder.

Proof. We identify G = g via the exponential map. So, if p € G, we denote by p;
the i-th component in the decomposition p = ), p; with p; € V;. Fix a norm | - |
on g. For any pair (p,q) € G x G define

1

)7,

The function 7 is a so-called quasi-distance; see [23]. In particular, 5 is continuous,
left-invariant and one-homogeneous with respect to the dilations dy. Therefore, if
d is a homogeneous distance, then there is C' > 0 such that

n(p,q) :=n(0,p""q), where (0, p) := max(|p;

%n(p, q) < d(p,q) < On(p,q)-

So, we can prove (22 only for 7.
Let C,e > 0 be with Ce < 1 and such that if p(0,p) < ¢, then

1
(2.3) Ep((),p) < max |p;| < Cp(0, p).
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Therefore, if p(p,q) < ¢, then |(p~1q):| < Cp(p,q) < 1 for all i and

_ L _ 1 _ 1
(24)  max|(p~q)il™ < max(|(p~q)i) T =n(p, q) < max|(p~ q)il ™,

thanks to the monotonicity of the function x — a* for 0 < a < 1. The thesis follows
immediately from (23] and 24) combined. O

The next lemma gives a characterization of sets that are the unit ball of a
homogeneous distance. In this paper, we denote by int(B) the interior of a subset
B.

Lemma 2.15. Let G be a graded group with dilations dx, A > 0. A set B C G
is the unit ball with center 0 of a homogeneous distance on G if and only if B is
compact, 0 € int(B), B= B~! and

(25) vpa q € Bv vt € [Oa 1] 6t(p)517t(Q) € B.

The proof of the latter fact is straightforward and hence omitted. One only needs
to show that the function N(p) := inf{t > 0: §;-1p € B} is a homogeneous norm
and B={p: N(p) < 1}.

Definition 2.16 (Stratified group). A stratified group is a graded group G such
that its Lie algebra g is generated by the layer V; of the grading of g.

Notice that in a stratified group G the maximal degree s of the grading equals
the nilpotency step of G and it holds that g = @;_, V; with [V3,V;] = V;4; for all
i€ {l,...,s}, with Vi1 = {0}. We also remark that all stratifications of a group
G are isomorphic to each other; i.e., if g = @flzl W; is a second stratification, then
there is a Lie group automorphism ¢ : G — G such that ¢.(W;) = V; for all i; see
[19].

In a stratified group, the map £ : G x Vi — TG, f(g,v) = dLg4(v) is a
bundle morphism with £(g,v) € T,G. So, if || - || is any norm on Vj, the triple
(Vi, | - I, £) is a sub-Finsler structure on G. The stratified group G endowed with
the corresponding sub-Finsler distance d is called a Carnot group. Such a d is an
example of a homogeneous distance on G.

Remark 2.17. As already stated, singular curves play a central role in our analysis,
because they disrupt the Lipschitz regularity of the distance function. We recall that
every Carnot group of nilpotency step s > 3 has singular geodesics; see Appendix[Al
More precisely, there is X € V; such that the curve ¢ — exp(tX) is a singular
geodesic. In particular, if all non-constant length-minimizing curves are regular,
then the step of the group is necessarily at most 2.

3. REGULARITY OF SUB-FINSLER DISTANCES

We will prove in this section that sub-Finsler distances are Lipschitz whenever
all length-minimizing curves are regular; see Theorem 3.1 Theorem [[I] expresses
this result for Carnot groups.

It is important to recall what is known in the sub-Riemannian case. A sub-
Riemannian distance is a sub-Finsler distance whose norm on the bundle E is
induced by a scalar product. Rifford proved in [27] that if there are no singular
length-minimizers, for all 0 € M, not only d, is locally Lipschitz but also the spheres
centered at o are Lipschitz hypersurfaces for almost all radii. The key points of his
proof are the tools of Clarke’s non-smooth calculus (see [12]) and a version of Sard’s
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Lemma for the distance function (see [26]). An exhaustive exposition of this topic
can be found in [2].

In Rifford’s version of Sard’s Lemma, one uses the fact that the L? norm in the
Hilbert space L%(]0,1]; E) is smooth away from the origin. If E is equipped with
a generic norm, instead, the LP norm on LP([0,1;E) with 1 < p < oo may be
non-smooth; hence the proof does not work in the sub-Finsler case.

The non-smoothness of the norm can be seen in another dissimilarity between
sub-Riemannian and sub-Finsler distances. Sub-Riemannian distances are proven
to be locally semi-concave when there are no singular length-minimizing curves. We
recall that a function f: R™ — R is semi-concave if for each p € R™ there exists a
% function g : R® — R such that f < g and f(p) = g(p); see [28]. Semi-concavity
is a stronger property than being Lipschitz. However, semi-concavity fails to hold
in the sub-Finsler case. For example, the ¢!-distance d(0, (z,y)) := |x|+|y| on R? is
a sub-Finsler distance that is not semi-concave along the coordinate axis, although
all curves are regularE

We restrict our analysis to the Lipschitz regularity of the distance function, from
which we deduce regularity properties of the spheres by means of the homogeneity
of Carnot groups. With this aim in view, the core of the proof of Theorem B.lis the
bound on the pointwise Lipschitz constant (see (83)), which already appeared in
the sub-Riemannian context; see [I]. Our approach differs from the sub-Riemannian
case for the fact that the set of optimal curves joining two points on a sub-Finsler
manifold may not be compact in the W1 topology. As an example, consider the
set of all length-minimizers from (0,0) to (0, 1) for the ¢>°-distance d(0, (z,y)) :=
max{|z|, |y|} on R2[ However, we are still able to obtain a bound on the pointwise
Lipschitz constant, i.e., to prove (B3], by use of the weak* topology on controls.

Theorem 3.1. Let (E,|| - ||,£) be a sub-Finsler structure on M with sub-Finsler
distance d. Fiz o and p in M. If all the length-minimizing curves from o to p are
regular, then for every Riemannian metric p on M there are a meighborhood U of
p and L > 0 such that

(3.1) Vg, €U do(q1) — do(g2) < Lp(q1,q2)-
The proof is presented in Section 3.4
Remark 3.2. Theorem B.I] can be made more quantitative. Define
7o := inf {7(dEnd,(u)) : End,(u) = p and ||u||.~ = d(o,p)},

where, for any linear operator L, 7(L) is the minimal stretching, which we will
recall in Definition 34 Then, for every L > T—lo, there exists a neighborhood U of p
such that (3] holds. The hypothesis of regularity of all length-minimizing curves
from o to p is equivalent to 75 > 0.

2We show that d : R?2 x R? — R is not locally semi-concave at the point ((0,0),(1,0)).
Suppose there is a function ¢ € ¥2(R? x R2) with ¢((0,0),(1,0)) = d((0,0),(1,0)) = 1 and
#((z,y), (7,9) > d((z,y),(Z,9)) for (z,y) ~ (0,0) and (7,7) ~ (1,0). Set ¥(¢) := #((0,0), (1,¢)).
Then ¢ € €2(R), ¥(0) = 1 and +(t) > 1 + [t|, which is impossible.

31f f : [0,1] — R is a 1-Lipschitz map with f(0) = 0 and f(1) = 0, then ~(t) := (¢, f(t))
is a length-minimizer from (0,0) to (0,1) for the ¢>°-distance on R2. Moreover, convergence in
W12°([0,1]) and in W1>°([0,1];R?) are equivalent for such curves. Hence, the set of all length-
minimizers from (0, 0) to (0, 1) contains as a closed subset the unit ball of W1->°([0, 1]), which is
not compact.
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In the case of Carnot groups (of step 2; see Remark [217), we can obtain the
following more global result.

Proposition 3.3. Let (G,d) be a Carnot group without non-constant singular
geodesics. Then for every left-invariant Riemannian metric p and every neigh-
borhood U of 0 the function dy : x — d(0,z) is Lipschitz on G\ U. Moreover, the
function d3 : x — d(0,z)? is Lipschitz in a neighborhood of 0.

Proof. Thanks to Theorem [B.1] one easily shows that there are L > 0 and an open
neighborhood Q of the unit sphere {p : d(0,p) = 1} such that dy is L-Lipschitz on
Q.

Next, we claim that dy is locally L-Lipschitz on G \ B4(0,1). Indeed, let r > 0
be such that B,(xz,r) C Q for all x € S4(0,1). If 1,92 € G \ B4(0,1) are such
that p(q1,q2) < r, then there is 0 € G such that d(0,¢;) = d(0,0) + d(o,q1) and
d(o,q1) = 1; therefore

do(q2) — do(q1) < d(0,q2) — d(0,q1) < Lp(o™'qa, 0 q1) = Lp(qa, q1)-

In the second step of the proof, we prove that dy is L-Lipschitz on G'\ B4(0,1).
Let p,q € G\ Bg(0,1) and let v : [0,1] — G be a p-length-minimizing curve from p
to g. If Sy C G\ By(0,1), then there are 0 = tg < t1 < -+ < tp41 = 1 such that
do(v(t:)) — do(v(ti+1)) < Lp(y(ti), ¥(tit1)) for all i. Hence

k
do(p) —do(q) =Y _ do(v(t:)) — do(y(tit1))
=0
k
< LY p(y(t:), y(ti1)) = Lo(p, 9).
=0

If instead Sy N Bg(0,1) # 0, then there are 0 < s < t < 1 such that do(y(s)) =
do(y(t)) =1 and ([0, s]) C G \ B4(0,1) and ~([t,1]) C G\ B4(0,1). Then

do(p) — do(q) = do(p) — do((s)) + do(7(t)) — do(q)
< L(p(p,v(s)) + p(7(t),9)) < Lp(p, q).

Finally, let p,q € G\ Bg(0,7) for 0 < r < 1. Then 6,-1p,d,-1q € G\ Bq(0,1)
and we have

CL
(3.2) do(p) — do(a) = r(do(d,-1p) = do(6,-14)) < Lrp(é,-1p, 6-14) < ==p(p, q),
where we used in the last step the fact that there exists C' > 0 such that
Vp,qe G, Vre (0,1)  p(6,-1p,6,-1q) < Cr?p(p,q).

Now, we need to prove that d3 is Lipschitz on By(0,1). We first claim that d2 is
locally 4L-Lipschitz on B4(0,1) \ {0}. Indeed, if p,q € B4(0,1) \ {0} are such that

1 _ do(p)
QS 0(q)

<2,

L

then
0 < do(p) + do(q) < 4min{do(p),do(q)}-
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Therefore, using (3.2)),
do(p)” — do(q)* = (do(p) + do(9))(do(p) — do(q))

CL
< (do(p) + do(q)) — P.q
(dole) + dol ))mln{do(p),do(Q)}p( )
< (dolp) + do(0)) 7 (. 0) = 4CLo(p. )
= (aolp o\q do(p)-l-do(q)pp’q PP q)-
Finally, using again the fact that p is a geodesic distance, we get that d3 is 4C'L
Lipschitz on B4(0,1) \ {0} and therefore on By(0,1). O

3.1. About the minimal stretching.

Definition 3.4 (Minimal stretching). Let (X, || -||) and (Y, || -||) be normed vector
spaces. We define for a continuous linear map L : X — Y the minimal stretching

7(L) = inf{|ly] : y € Y\ L(Bx(0,1))}
where Bx(p,7) ={qe€ X : |l¢ —p| <7}

It is easy to prove that 7 : L(X;Y) — [0,400) is continuous, where L(X;Y) is
the space of continuous linear mappings X — Y endowed with the operator norm.

The next proposition applies this notion to smooth functions, and it is a restate-
ment of [I5] Theorem 1].

Proposition 3.5. Let (X, ||-||) and (Y, ||-||) be two Banach spaces and let F : Q =Y
be a €1 map, where Q C X is open. Fiz & € Q and let 19 := 7(dF(£)) > 0. Then
for every C' > 1 there is € > 0 such that for all 0 < € < € it holds that

C
By (F(&),e) C F (Bx(i, —e)) .
To
3.2. The End-point map is weakly* continuous. As before, let (E, £, ||-||) be a
sub-Finsler structure on a manifold M. We want to prove the following proposition.

Proposition 3.6. Fiz o € M and let o, € M be a sequence converging to o. Let
u € L([0,1; E) be a sequence of controls weakly™ converging to u € L°°([0, 1]; E).
Let vy, (resp. 7v) be the curve with control uy, (resp. u) and v(0) = oy, (resp. v(0) =
0). Then vy uniformly converges to 7.

In particular, it follows that the End-point map End, : L*°([0,1];E) — M is
weakly* continuous.

Proof. Since the sequence uy, is bounded in L*°([0,1]; E) by the Banach-Steinhaus
Theorem and the sequence oy is bounded in (M, d), there is a compact set K C M
such that v, C K for all k. Let R > 0 be such that ||ug|L~ < R for all k € N.

Thanks to the Whitney Embedding Theorem, we can assume that M is a sub-
manifold of R for some N € N. Fix a basis ey, ..., e, of E and define the vector
fields X; : M — RY as

Xi(p) == £(p, €:).

Since they are smooth, they are L-Lipschitz on K for some L > 0. We extend the
vector fields X; : M — RY to smooth functions X; : RV — RV,

Define 7y, : [0,1] — RY as

nw(t) = ok +/O ut (5)X;(v(s)) ds.
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Since ¢+ X;(y(t)) € RN are continuous, u}, X;(v) = u'X;(7), for all i € {1,...,7}.
In particular, nx(¢t) — ~(t) for each ¢ € [0,1]. Moreover, since the 7;’s have uni-
formly bounded derivative, they are a pre-compact family of curves with respect
to the topology of uniform convergence. This fact and the pointwise convergence
imply that np — ~ uniformly on [0, 1].

Set ek 1= supyeo 1] |k (t) —¥(t)[ +2[ok —ol, so that ex — 0, where |- | is the usual
norm in RV,

By the Ascoli-Arzeld Theorem, the family of curves {74} is also pre-compact
with respect to the uniform convergence. Hence, if we prove that the only accumu-
lation curve of {7}« is v, then we obtain that 7, uniformly converges to 7. So, we
can assume v, — £ uniformly for some € : [0,1] — M. Then we have (sums on ¢
are hidden)

e(t) = 4(8)] < ok — of + / Ul (5) Xi(ys(5)) — () Xi((s)) ds

< Jox — ol + / 1. (5) X2 (9(5)) — k() Xi(v())| ds

" / 4 (5) X:(1(5)) — () Xs(4(5)) ds

< 2log — o] + rRL / () — ()| s + [ (£) — 4(2)]

t
<rRL [ fuls) = 2(9)] ds + e
0

Passing to the limit £ — oo, we get for all ¢ € [0, 1],

(3.3) £(t) —~(t)| < rRL / 1€(5) — 7(s)] ds.

Starting with the fact that || —||L~ < C for some C' > 0 and iterating the previous
inequality, we claim that

(rRLt)?
J!
Indeed, by induction, from [B3) we get

. ‘
1€(t) — (t)] < rRL/O C(Nj%!l/)]tj ds=C

1€(t) =y < C Vj €N, Vte[o,1].

(TRL)j+1 ti+1
I

Finally, since lim;_,, (TRﬁt)J =0, we have [£(t) —~(t)| = 0 for all ¢. O
3.3. The differential of the End-point map is an End-point map. The End-
point map behaves like the exponential map: its differential is again an End-point
map. In order to make this statement precise, we consider the case M = R™. Notice
that we don’t need any bracket-generating condition. In Corollary 3.8 we will use
the results on R™ to prove a statement for all manifolds.

Let £ : R" x E — R"™ be a smooth map. Given a basis ey, ..., e, of E, we define
the vector fields X; : R™® — R"” as

Xi(p) = £(p, &)
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The differential of the End-point map with base point 0 is the map

dEndg : L°([0,1];E) x L*°([0,1;E) — R™
(u,v) —  dEndp(u)[v].

Define V;, Z, : R" x R" - R* xR" fori=1,...,r as

{Yi(p,q) = (Xi(p), dX;(p)lq])
Zi(p,q) == (0, Xy(p))

where dX;(p) : R® — R” is the differential of X; at p. These vector fields induce
a new End-point map

Endgo : L°([0,1;E x E) = R" x R"
with starting point (0,0) € R™ x R™.
Proposition 3.7. For all u,v € L>([0, 1]; E) it holds that
(Endg(u), dEndg(u)[v]) = Endgo(u, v).

The proof is immediate, and hence omitted, once one has an explicit represen-
tation of the differential dEndg(u)[v]; see [24]. This result, together with Propo-
sition B.6] gives us the weak™® continuity of the differential of the End-point map.
The next corollary is an application.

Corollary 3.8. Let (E, £, ||-||) be a sub-Finsler structure on a manifold M and o €
M. Let p be a Riemannian metric on M. Then the map L>°([0,1];E) — [0, +00),
u +— 7(dEnd,(u)) is weakly* lower semi-continuous, where T is the minimal stretch-
ing computed with respect to the norm given by p.

Proof. Let {ux}x C L°([0,1];E) be a sequence such that uj — u € L=([0,1]; E).
Let v, be the curve with control v and starting point o. We can pull back the
sub-Finsler structure from a neighborhood of 7, to an open subset of R"™ via a
covering map, so that we reduce the statement to the case M = R"”.

We need to prove

(3.4) likrggf 7(dEnd, (ux)) > 7(dEnd,(u)).

Set 7 := 7(dEndg(u)). If ¥ = 0, then (B4) is fulfilled, so we assume 7 > 0. Let
7 > € > 0. Then there exists a finite-dimensional vector space W C L>([0, 1]; E)
such that

€
BEndo(u) (07 T = 5) € dE"n-dO(’u’)[‘BLDo (07 1) n WL

where, for p € R", B, denotes a ball in R” = T,R™ with respect to the norm given
by p at p, and B~ denotes a ball in L*°([0,1]; E) with respect to the L°°-norm
induced by || - ||. Since dimW < oo and by Propositions and B77 the maps
dEndg(ug)|w strongly converge to dEndg(u)|w. Moreover, the norm on R = T,R”
given by p continuously depends on p € R™. Therefore, for k large enough we have

Benag(uy) (0,7 — €) C dEndg(ug)[Bre~ (0,1) N W].

Hence
liminf 7( dEndg(ug)) > 7 — €.

k—oco

Since € is arbitrary, (34 follows. O
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3.4. The sub-Finsler distance is Lipschitz in absence of singular geodesics.
The proof of Theorem [B.1]is divided into the next two lemmas, from which Theo-
rem [37] follows.

Lemma 3.9. Leto,p € M such that all d-minimizing curves from o to p are reqular.
Then there exist a compact neighborhood K C M of p and a weakly* compact set
A C L([0,1];E) such that:

(1) End, : # — K is onto;

(2) doc(0,Endy(u)) = ||t for all u € A

(3) every u € X is a regular point for End,.

Proof. For any compact neighborhood K of p, define the compact set
H(K) :={u e L>®([0,1];E) : End,(u) € K and d(0,End,(u)) = ||ul|re} -

Since the metric d is geodesic, the End-point map End, : ¢ (K) — K is surjec-
tive, for all K. Moreover, the second requirement holds by definition. Finally,
suppose that there exist a sequence pr — p and a sequence uy € L*°([0, 1]; E) such
that End,(ur) = pk, d(0,pr) = ||uk|lt~ and ux is a singular point for End,, for
all k. Since the sequence uy is bounded, thanks to the Banach-Alaoglu Theorem
there is u € L°°([0,1];E) such that, up to a subsequence, uj, — u. By the con-
tinuity of End,, we have End,(u) = p. By Corollary B8, we have 7( dEnd,(u)) <
lim infy, 7( dEnd,(uy)) = 0. Finally, by the lower-semi-continuity of the norm with
respect to the weak™ topology, we have

|]lLee < liminf ||ugllLe = liminf d(o, pg) = d(o,p) < |Ju||re.
k—o0 k—o0

So, u is the control of a singular length-minimizing curve from o to p, against
the assumption. Therefore, there exists a neighborhood K of p such that J¢(K)
contains only regular points for End,,. (Il

Lemma 3.10. Let o € M and let K C M be compact. Suppose there is a weakly™
compact set & C L>°([0,1]; E) that satisfies all three properties listed in Lemma 3.9l
Then for every Riemannian metric p on M there exists L > 0 such that the function
dy : p — d(o,p) is locally L-Lipschitz on the interior of K.

Proof. Let p be a Riemannian metric on M. We first prove that
AL >0, Vge K, 3¢, >0V¢ € K
[p(a,q') < &= do(q') — do(q) < Lp(q,q)].

Since £ is a weakly™ compact set of regular points for End,, by Corollary [B.§] the
function u — 7(dEnd,(u)) admits a minimum on % that is strictly positive. By
Proposition 3.5 there is L > 0 such that for every v € .# there is €, > 0 such that

(3.6) B, (End,(u), €) C End, (Bpe (u, Le)) Ve < é,.

Let ¢,q' € K be such that ¢ = End,(u) with v € # and € := p(q,q’) < é,. Then,
by the inclusion (36]), there is v’ € By (u, Le) with End,(u') = ¢’. So

(3.5)

do(q') = do(q) < ||/l — Jullee < [0/ = ullee < Le = Lp(q, q).

This proves the claim B3).
Finally, if p is an interior point of K, then there is a p-convex neighborhood U of
p contained in K (see [25]). So, if ¢,¢' € U, then there is a p-geodesic £ : [0,1] = U
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joining ¢ to ¢’. Since the image of £ is compact, there are 0 =1 < 51 < t2 < 83 <

o < sp—1 <t = 1 such that p(£(t;),€(s:)) < ég(ryy and p(€(s), €(tit1)) < €e(riyr)-
Therefore

k-1
do(q') — do(q) < Zdo(ﬁ(tiﬂ)) — do(§(si)) + do(&(5:)) — do(&(t:))

k-1
<L ZP(E(EH)@(&)) + p(&(s4),€(t:)) = Lp(a, q').

4. REGULARITY OF SPHERES IN GRADED GROUPS

This section is devoted to the proof of Theorems and [[.3 and of the inequal-
ities (2.
4.1. The sphere as a graph. Let (G,d) be a homogeneous group and p a Rie-

mannian distance on G. Theorem [[2] and the estimate (2] are both based on the
following remark.

Remark 4.1. Let g = @, Vi be a grading for the Lie algebra of G. Let |- | be the
norm of a scalar product on g that makes the layers orthogonal to each other and
let S =exp({v: |v] =1}) C G. The hypersurface S is smooth and transversal to
the dilations; i.e., for all p € S we have %h:létp ¢ T,S. Define

¢: Sx(0,400) — G\{0}
(p,1) = dup.
Since S is transversal to the dilations, ¢ is a diffeomorphism. Moreover, if [' :=

{(p,do(p)) : p € S} C S x (0,400) is the graph of the function dy restricted to S,
then

Sq = ¢(T).
Thanks to the last remark, the estimate ([2)) follows from the next lemma.

Lemma 4.2. Let Q@ C R™ be an open set and let f : @ — R be an a-Hélder
function; i.e., for all x,y € Q we have

[f(z) = f(y)l < Clz —y|*,
for some C' > 0, where « € (0,1]. Define the graph of f as
Tyi={(z, f(x)): 2 € Q} C R*.
Then
n<dmygl'f<n+1-aq,

where dimy is the Hausdorff dimension. Moreover, this estimate is sharp; i.e.,
there exists f such that dimg 'y =n+1—a.

The proof is straightforward by use of a simple covering argument or by an
estimate of the Minkowski content of the graph. The sharpness of this result has
been shown in [5] for the case n = 1. The general case, as stated here, is a simple
consequence. Indeed, if g : (0,1) — R is an a-Holder function such that dimg (I'y) =
2 — , then the graph of the function f(x1,...,2,) = g(z1) is Ty =T, x (0,1)""L.
Therefore, dimp (I'y) =n+1— .
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In the next easy-to-prove lemma we point out that a homogenous distance is
locally Lipschitz if and only if the spheres are Lipschitz graphs in the direction of
the dilations.

Lemma 4.3. Let d be a homogeneous distance on G. Let S and Sy be as in
Remark [£1] and p € S. Then the following conditions are equivalent:
(i) Setting p := 0qy(p)-1(p) € Sq, the sphere Sq is a Lipschitz graph in the
direction 6(p) in some neighborhood of p;
(i) dols : S — (0,400) is Lipschitz in some neighborhood of p in S;
(iii) do is Lipschitz in some neighborhood of d\p for one, hence all, A > 0.

Thanks to Lemma [£3] Theorem is a consequence of Theorem [T11

4.2. An intrinsic approach. In this section we will prove Theorem [[L3] We define
a cone in R™ as

Cone(a, h,v) :={z € R" : |z| < h and £(z,v) < a} CR",

where a € [0,7], h € (0,+00], v € R™ is the axis of the cone, and Z(x,v) is the
angle between z and v. The following lemma is a simple calculus exercise and it
will be used later in the proof of Theorem [[.3l Roughly speaking, it states that a
small smooth deformation of a cone still contains a cone with the same tip.

Lemma 4.4. Let m,k,n € N, p € R™ and 39 € R*. Let ¢ : R™ x RF = R” be a
smooth map such that d(¢,)(yo) : R¥ — R™ is surjective, where ¢.(y) := ¢(x,y).
Let C' C R* be a cone with axis v' € R*. Then there exist a cone C C R™ with axis
d(¢p)(yo)v" and an open neighborhood U C R™ of p such that for all ¢ € U,

bq(y0) + C C ¢q(yo + C").

Proof of Theorem [L3l In this proof, we consider the dilations d) as defined for
A <0 too, with the same definition as for A > 0. Notice that in this way the map
G xR — G, (p,\) = 0xp, is a smooth map.

Let vy, ..., v, be a basis for V7 and set p; := exp(v;) € G. Up to a rescaling, we
can assume do(p;) < 1 for all i. For p € G define ¢, : R ! — G as

Qsp(uh ey Upy SV, 000, Ur) = 6u1p1 e 6urpr . 5510 . 6v1p1 e 6vrp7‘-

Let 2 € R*"*! be the point with u; =0, s =1 and v; = 0, so that ¢, (%) = p. The
differential of ¢, at % is given by the partial derivatives

0, .. d d
agf: (I) = E|t=0 (atpi p) = dRp <a|t:0(5tpz)) = dRp(vi)7
o, , . d -

%(I) = g le=1 0ep) = 0(p),

Odp

N d d
v, (@) = E|t:0 (p-0epi) = dLy (Et—o((stpi)) = dLy(vi).

Therefore, if p € Sq is such that the condition (L) is true, then the differential
d¢, has full rank at £, hence in a neighborhood of .
Define
A= {(u17 sy Upy 5,01, 7UT) € R2r+1 DS+ Z(|u1| + |v’i|) < 1}
i=1
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We identify G with R™ through an arbitrary diffeomorphism. So, by Lemma .4}
there is a cone C with axis d(p) and a neighborhood U of p such that for all ¢ € U,

g+ C C ¢g(A).

Up to restricting U, for all ¢ € U there are cones C,; with axis 5(q), fixed amplitude

and fixed height such that ¢ + C;, C ¢ + C. Notice that for all ¢ € Sq we have

$q(A) C Bq(0,1) and ¢y(A) NSy = {g}. In particular, for all ¢ € Sy N U, we have

g+ Cy C By(0,1) and (¢ + Cy) NSy = {q}; i.e., SN U is a Lipschitz graph in the

direction of the dilations. Thanks to Lemma 3] we get that dy is Lipschitz in a

neighborhood of p. O
Finally, some considerations on condition (LI]) are due.

Remark 4.5. If [ holds at p € G and u € L°°([0,1]; V3) is a control such that
Endg(u) = p, then the differential dEndg(u) is surjective; i.e., p is a regular value of
End. Indeed, by [20] (see (2.6) and (2.11) there), we have

dL, (V1) + dR, (V1) + span{é(p)} C I(dEndg(u)),
because ¢ — d(q) is a contact vector field of G.
Proposition 4.6. Let X € Vi. If ([1) holds for p = exp(X), then
g=Vi+[X,1].

Proof. Let Xq,...,X, be a basis for V; and Yi,...,Y; a basis for [X,V;]. Let

o’ € R be such that [X, X;] = Zﬁ:l %Y. First, notice that

ToG = dLexp(—x) (ALexp(x) (V1) + dRexp(x) (V1))
= V1 + dLexp(—x) © dRexp(x)(V1)
= V1 + Adexp(x) (V1)
Then, using the formula Adex,x)(Y) = e*X(Y) =377, %ad’;((Y), we have

Adusp) (X) = X, + (Z Sadi (X, XA))

k=1

It follows that dim (V1 + Adexp(x)Vl) < r 4+ £ and therefore dimg < 7 + ¢, i.e.,
g="Vi+[X, ] O

Proposition 4.7. Let Z € Vi, where k > 0 is such that V; = {0} for all i > k. If
([T holds for p = exp(Z), then
g = Vi +span{Z}.

Proof. Since [Z,g] = {0}, we have R, = L,. Moreover, 6(p) = dL,(kZ). So,
condition (1)) becomes dL, (V1) + dL,(span{Z}) = T,G. O

In particular, if (L)) holds for all p € G\ {0}, then g = V; ® V5 with dim V5 <1
and [X, V1] = V; for all non-zero X € V.
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5. EXAMPLES

5.1. Three gradings on R?. We will present three examples of dilations on R2.
In particular we want to illustrate two applications of Theorem [[.3] and show the
sharpness of the dimension estimate (L2). In Remark we give an easy example
of a homogeneous distance whose unit ball is a Lipschitz domain, but the distance
is not locally Lipschitz away from the diagonal.

The first and the easiest example is

x(z,y) := Az, \y),

which gives rise to the known structure of vector space. Here, homogeneous dis-
tances are given by norms and balls are convex, hence Lipschitz domains. It’s trivial
to see that condition (1)) holds for all p € R2.

The second example is given by the dilations

Oz, y) == Az, \2y).

In this case, R? = V@&V, with V; = Rx {0} and V5 = {0} xR, and 6(z,y) = (z, 2y).
Condition (L)) holds for all (z,y) € R? with y # 0. One can actually show that for
any homogeneous metric on (R?,§y) with closed unit ball B centered at 0, the set
I ={zeR:(x,0) € B} is a closed interval and there exists a function f: I — R
that is locally Lipschitz on the interior of I such that

San{(z,y):y >0} ={(z, f(z)):z I}
We will prove a similar statement in the Heisenberg group with an argument that

applies here too; see Section [6l
The third example is given by the dilations

(5.1) n(z,y) == Nz, \%y),
and it is interesting because of the next proposition.

Proposition 5.1. There exists a homogeneous (with respect to dilations (&)

distance d on R? whose unit sphere has Buclidean Hausdorff dimension %

Notice that % is the maximal Hausdorff dimension that one gets by the estimate

@2).
For proving Proposition [l we need to find a set B C R? that satisfies all four
conditions listed in Lemma [Z.15] in particular,

(5.2) Vp,q € B, Yt €[0,1] t*p+ (1 —1t)?q€ B.
One easily proves the following preliminary facts.
Lemma 5.2. Let p,q € R? and v:[0,1] — R2, v(t) :=t2p + (1 — t)?q.
(1) The curve v is contained in the triangle of vertices 0,p,q.
(2) The curve 7 is an arc of the parabola passing through p and q and that is
tangent to the lines span{p} and span{q}.
(3) If B satisfies (5.2) and A : R?* — R? is a linear map, then A(B) satisfies
B2) as well.
Lemma 5.3. For 0 < C <1, define
Yo :={(z,y): [z <1, y <1+ CVlzl}.
Then Yo satisfies (B.2).
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Proof. Let p,q € Yc and set y(t) = (v (1), 7,(t) :== t>p+ (1 — t)%q

If both p and ¢ stay on one side with respect to the vertical axis, then y(t) € Yo
for all ¢ € [0,1] thanks to the first point of Lemma and because the two sets
Yo N{z >0} and Yo N {z < 0} are convex.

Therefore, we suppose that

pP= (_pmapy)v q= (Qra Qy)a

with py, g, > 0. Let tg € [0,1] be the unique value such that v,(tg) = 0. Then
the curve v lies in the union of the two triangles with vertices 0,~(0 ) v(to) and
0,7(1),7v(to), respectively. Therefore, v lies in Y if and only if ,(¢9) < 1. Solving
the equation v, (o) = t3(qx — pz) — 2quto + ¢ = 0, one gets

VvV 4z (1 _ to) Pz
\/qgc"'\/pac7 \/Qac"’\/px
From the expression of v, (to) = t3p, + (1 — t9)?qy, we notice that, p, and g, fixed,
the worst case is when p, and ¢, are maximal, i.e.,

pyzl"_c\/pma Qy:1+c\/q_a:-

to =

Finally
Yy(to) = tgpy + (1 —t )Q‘Jy
s(1+Cype) + 5 (1+CVg)
(\/q—er Jrap (1 OVt (e (4 OV
(\/q—1+\/p_w)2(q j2 Ge\/Pz + CP2\/0z)
=1+ _2\/pa:qm + qu\/p_;v+ Cpa:\/q_;v
(V@z + /Pz)?
-2+ C Gz + Dz
1 g W VR,
(Vz + /Px)
Since —2 + C(\/qz + /Pz) < 0, we have v, (to) < 1, as desired. O
Lemma 5.4. Let a,3>0. Forall0<e<a and all 0 < C < T’ the set
Y(e,3,C):={(z,y) : |z] <€, y < B+ C/|z]
satisfies (B.2)).

Proof. Define the linear map A(z,y) := (az, By) and set C’ := C’% < 1. Then
one just needs to check that

Y(e,8,C) = A(Yer) N {(z,y) : || < €},
where Y- is defined as in Lemma, [5.3] O

Proof of Proposition Bl First of all, let 6y > 0 be such that for all |#] < 6, it holds
that

0
(5.3) |—2‘ < |cos(g +6)| =|sinf| < 2/6].
Moreover, let L,m, M,C > 0 be such that
Ve _ o om

vm 2M0,
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Let f: R — (0,400) be a function such that

(5.4) Vs, t e R |f(¢) s)| < L/|t — s|,
(5.5) VteR m< f(t) < M.
We claim that for || < 6y, we have
™ ™ T 7r
(5.6) f (5 + 9) : (cos(5 +0),sin(5 + 9)) cy (2M90, I3 0)

where Y (2M90, (%), C) is defined as in Lemma 5.4l Indeed, we have on one side
|z := |f(g +0) cos(g +0)] < M2(0] < 2M.

On the other side,

yi= (5 +0)sin(5 +6) < (5 +0)
<G +FG+0) = F(5) < £(5) + LVI0]
™ V2cos(5 +0)f(5+0) ™ @ -
Sf(2)+L JSarn S/ m Vi
(5)+CVal.
So (&.4) is satisﬁed.
Since for o := 2M 6y and 3 := f(F) we have
B G L m

Vo \/2M6, = \/2Mb,
Lemma [5.4] applies and we get that Y (2M6y, f(3),C) satisfies ([G.2).
For any 6 we set Ap to be the counterclockwise rotation of angle 6:

cosf —sinf
Ao = (sinﬂ cos 6 ) '
Define the curve ¢(t) := f(t)(cost,sint). Notice that

Apgp(t) = f((t — ) + 0)(cos(t + 0),sin(t + 0))

and that the function s — f(s + 0) is still satisfying both (B4]) and (EH). So we
have that, for |¢],|s| < %

05 +1) € AJY (2Mb, [(5 +5),C)]
and the set A[Y (2M0y, f(5 + s),C)] satisfies (5.2).
Set
B= (AS[Y(QMQO, f(g +5),C)] N =AY (2M6, f(g +5), C)]) :

|sl< 2
The set B satisfies all three conditions of Lemma 2.I5F hence it is the unit ball of
a homogeneous metric. Moreover,

T . 9()
{¢(§ +it): |t < 3} C 0B.

The statement of Proposition [5.]] follows because there are functions f : R —
[0,400) that satisfy (B4 and (B5) and such that the image of the curve ¢ has
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Hausdorff dimension % Indeed, the image of ¢ has the same Hausdorff dimension

of the graph of f, and then one uses the sharpness of Lemma O

Remark 5.5. Using the same arguments as in the proof of Lemma [5.3] one easily
shows that the set

Bi={(z,y) €R?: |z| <1, —f(-2) <y < f(2)},

o) = {1’ e

where

1++x, x>0,

is the unit ball of a homogeneous distance on R? with dilations (5.I)). Notice that
such B is a Lipschitz domain, but the associated homogeneous distance is not
Lipschitz in any neighborhood of the point (0, 1), thanks to Lemma 3]

5.2. The Heisenberg groups. In the Heisenberg groups H" (for an introduction
see [I0]) condition (L)) holds at every non-zero point. Therefore, balls of any
homogeneous metric on H" are Lipschitz domains. We will treat the first Heisenberg
group in more detail in Section [Gl

5.3. A sub-Finsler sphere with a cusp. Let H be the first Heisenberg group
(see Section [0l for the definition). The group G = H x R is a stratified group with
grading (V7 x R) & V,, where V; @ V43 is a stratification for H. The line {Og} x R
is a singular curve in G. Moreover, it has been shown in [8] that there exists
a sub-Finsler distance on G whose unit sphere S; has a cusp in the intersection
Sa N ({0m} x R). However, for sub-Riemannian metrics we still have balls that are
Lipschitz domains, as the following Proposition B.7] shows. But let us first recall a
simple fact:

Lemma 5.6. Let A and B be two stratified groups with stratifications @V; and
P W;, respectively. Endow Vi and Wy with a scalar product each and let da,dp be
the corresponding homogeneous sub-Riemannian distances.

Then A x B is a Carnot group with stratification @, V; x W; and metric

d((a,b), (a',V) := \/da(a,a’)? + dp(b, V)2,

which is the sub-Riemannian metric generated by the scalar product on Vi x Wh
induced by the scalar products on Vi and W7.

One proves this lemma by using the fact that the energy of curves on A xB (i.e.,
the integral of the squared norm of the derivative) is the sum of the energies of the
two components of the curve.

Proposition 5.7. Any homogeneous sub-Riemannian metric on H x R is locally
Lipschitz away from the diagonal.

Proof. First of all, we show that, up to isometry, there is only one homogeneous
sub-Riemannian distance on H x R. Let (X1,Y7,71) and (X2, Y3, T5) be two bases
of V1 X R that are orthonormal for two sub-Riemannian structures, respectively.
We may assume 71,75 € {0} x R. Notice that [X;,Y;] ¢ V4 x R. The linear map
such that X1 — Xo, Y1 — Yo, Th — 1o, [X1,Y1] — [Xs, Ys] is an automorphism of
Lie algebras and induces an isometry between the two sub-Riemannian structures.
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Denoting by dy and dr the standard metrics on H and R, respectively, we prove
the proposition for the product metric as in Lemma [5.6l Namely, we need to check
that the function

(5.7) (p,t) — d((0,0), (p, 1)) = V/du(0,p)* + 1*

is locally Lipschitz at all (p,%) # (0,0). This follows directly from Proposition B3l
U

5.4. A sub-Riemannian sphere with a cusp.

Proposition 5.8. Let G be a Carnot group of step 8 endowed with a sub-
Riemannian distance dg. Then the sub-Riemannian distance d on G X R given

by

d((p,s), (a:1)) = Vdr(p,q)? + |t — s
has a unit sphere with a cusp at (0g,1).

Proof. Let g = @?:1 V; be the Lie algebra of G and fix Z € V3 \ {0}. We identify
g with G through the exponential map.

The intersection of the unit sphere in (G x R, d) with the plane span{Z} x R is
given by all points (zZ,t) such that

(5.8) da(0,22)* +1* = 1.

Since dg is homogeneous on G, there exists C' > 0 such that for all z € R,

(5.9) de(0,22) = C|z]5.

Putting together (B.8)) and (B.9) we obtain that this intersection consists of all the

points (zZ,t) such that
1+t)\2 3

One then easily sees that this set in R? has a cusp at (0, 1). O

ol

6. A CLOSER LOOK AT THE HEISENBERG GROUP

The Heisenberg group H is the easiest example of a stratified group that is not
Abelian and for this reason it has been studied in large extend. The most common
homogeneous metrics on H are the Koranyi metric and the sub-Riemannian metric.
Sub-Finsler metrics on H arise in the study of finitely-generated groups; see [7] and
references therein. The geometry of sub-Finsler spheres has been studied in [21]
and [14].

The Lie algebra § of the Heisenberg group is a three-dimensional vector space
span{X,Y, Z} with a Lie bracket operation defined by the only non-trivial relation
[X,Y]=2Z.

We identify the Heisenberg group H again with span{X,Y, Z}, where we define
the group operation

1
p~q::p+q+§[p7fﬂ Vp,q € H.

Hence b is the Lie algebra of H, and the exponential map h — H is the identity
map. Notice that the inverse of an element p is p~! = —p.
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The Heisenberg Lie algebra admits the stratification h = V3 @ V5 with V; =
span{X,Y} and Vo = span{Z}. Denote by 7 the linear projection h — V; along
V5. Notice that this map, regarded as 7 : (H, ) — (V4,+), is a group morphism.

The dilations §y : H — H are explicitly expressed by

EX +yY +2Z) =aAX +y\Y + 2022, YA >0.
These are both Lie algebra automorphisms dy : h — b and Lie group automorphisms

H — H.
There are three main results in this section.

Proposition 6.1. Let N : H — [0, +00) be a homogeneous norm. Then the unit
ball

B:={peH:N(p) <1}
is a star-like Lipschitz domain.

Proof. One easily shows that condition (L) holds for all p € H \ {0}. In order
to prove that B is star-like, one first notices that if p € B, then —p € B, hence
01(p)d1—+(—p) = (2t — 1)p € B for all ¢t € [0,1], and this is a straight line passing
through zero. |

Proposition 6.2. Let N and B be as in Proposition 61l Set K := n(B) C V;.
Then K is a compact, conver set with K = —K and K = cl(int(K)), and there
exists a function f: K — [0,+00), locally Lipschitz on int(K), such that

(6.1) B={v+z2Z: ve K, —f(—v)<z< f(v)}.

The proof is postponed to Section

We remark that homogeneous distances and sub-Finsler homogeneous distances
on H have a precise relation. Indeed, if d is a homogeneous distance on H, then it

is easy to show that the length distance generated by d is exactly the sub-Finsler
distance that has the norm on V; generated by the set K defined in Proposition

Proposition 6.3. Let K C Vi be a compact, convex set with —K = K and 0 €
int(K). Let g : K — R be Lipschitz. Then there exists b € R such that for f :== g+b
the set B is as in ([G.1)).

The proof will appear in Section

As a consequence of Proposition [6.3] we get the existence of homogeneous dis-
tances on H that are not almost convex in the sense of [I3]. Indeed, one can take
the distance associated to g(zX + yY) = |z| from Proposition (631

6.1. Proof of Proposition

Lemma 6.4. Let B C H be an arbitrary closed set satisfying @H). If p=v+27Z €
B with v = w(p) € V1, then v+ szZ € B, for all s € [0,1]. In particular,

(1) #(B)=BnVy;

(2) m(B) C Vi is convez.
Proof. We have that for all ¢ € [0,1],

B36&p-6ip=v+ (*+(1—1)%)2Z.

Since the image of [0, 1] through the map ¢ — (t* 4 (1 —¢)?) is [3, 1], it follows that
v+ szZ € B for all s € [%, 1]. Tterating this process and using the closeness of B,

we get v+ szZ € B for all s € [0,1]. For the last statement, take v,w € 7(B) C B
and notice that tv + (1 — t)w = 7(dv - d1—4w) € w(B). O
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Let B = {N < 1} be the unit ball of a homogeneous norm and set K := 7(B) C
V) and Q := int(K). First, we check that @ = K. On the one hand, clearly
we have Q C K. On the other hand, if v € K, then for any ¢t € [0,1) we have
N(6w) =tN(v) < 1, ie., v =tv €intBNV C Q. Hence v € (.

If we define f : K — [0,400) as f(v) := max{z : v+ zZ € Q}, then we have
(61). In order to prove that f is locally Lipschitz on €, we need to prove

Vp e dBN{z>0}na"Y(Q),
(6.2) 3U > p open ,3C a vertical cone, s.t.
Vq € U N OB it holds that ¢ + C C B.

Here a wvertical cone is a Euclidean cone with axis —Z and non-empty interior.
So, fix p € 9Q N {z > 0} such that w(p) € Q. Define for § € R and € > 0,

v := 29X + ypY := ecos(0) X + esin(0)Y.
For € > 0 small enough, 7(p) + vy € Q for all 8. Define

B(t,0) := 61—pyp - 0¢(m(p) + vg).

Clearly ¢(t,0) € B for t € [0,1] and § € R, and ¢(0,6) = p for all §. Geometrically,
#([0,1] x R) is a “tent” inside B standing above the whole vertical segment from
7(p) to p. Notice that p # 7w(p); indeed N(p) = 1 while N(n(p)) < 1, because
m(p) € Q.

We only need to prove that the curves t — ¢(t,0) meet this vertical segment by
an angle bounded away from 0. Some computations are needed: set p = p1 X +
p2Y + p3Z; then

0(0.0) = x(0) + tor + (50~ Ooago — pao) + (1= ) Z
We take care only of the third coordinate. Set
o(t) == L0~ )i — pao) + (1~ 1)y
— 12 (— 2 (pryo — pawo) + ps) + ¢ (5 (prys — paa) — 2ps) + ps.

2 2

Saying that the angle between the curve t — ¢(t,0) and the vertical segment at p is
uniformly greater than zero is equivalent to giving an upper bound to the derivative
of g at 0 for all §. Since

1
g'(0)= §(p1y9 — patg) — 2p3,

and we are done.
Finally, since both e and ¢’(0) depend continuously on p, ([6.2]) is satisfied. O

6.2. Proof of Proposition [6.3l We consider the bilinear map w : V3 x V; — R
given by

w1 X + Y, w1 X + weY) 1= vjwg — vowy.
Lemma 6.5. For any continuous function f : K — [0,400), the set B as in (6]
is the unit ball of a homogeneous norm on H if and only if

Yo,we K, Vte|[0,1]
Fltv+ (1= hw) = () = (1= £)2f (w) = 5 w(v,w) > 0

(6.3)
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Proof. One easily sees that B = B~!. Notice that B is the unit ball of a homoge-

neous norm if and only if it satisfies (Z3]).
Assume that B satisfies (2.0). Then for any v,w € K we have

B3 60+ f(0)Z) 50w+ f(w)Z)

=tv+(1—t)w+ (t2f(v) + (1=t f(w) + %t(l - t)w(v,w)) Z,

hence
21 0) + (1= 02 f(w) + %t(l — Dw(v,w) < f(to + (1= t)w).
[ Suppose f satisfies ([6.3]). Define

Bt :={v+2Z:veK and z < f(v)},
BT :={v+zZ:ve K and — f(—v) < z}.

We will show that both Bt and B~ satisfy (2.3]), from which it follows that B =
BT N B~ satisfies [2.) as well.

So, let v,w € K and z1, 23 € R such that v+ 2,2, w+ 20Z € Bt. Then the third
coordinate of §;(v + 21Z) - 614y (w + 227) satisfies

P21 4 (1— )22 + %t(l — (v, w)
< 2F(0) + (1— )2 f(w) + %t(l — Hw(v,w) < fltw+ (1 — ).

Therefore we have 6;(v + 21Z) - 61—y (w + 22Z) € B* for all t € [0, 1].
The calculation for B~ is similar. g

The verification of the next lemma is simple and therefore is omitted.

Lemma 6.6. Suppose that g : K — R is a continuous function such that there is
a constant A € R with

Yo, w e K, Vt € ]0,1]

(6.4) g(tv+ (1 — t)w) — 2g(v) — (1 — £)2g(w) > AL(1 — ).

Then f := g+ B satisfies [63)) with

1/1 1 1
B s 3 (qetu)—a) =1 (sw o)) - 54

v,weK

Lemma 6.7. Let g: K — R be L-Lipschitz. Then g satisfies (64) for

A= —2Ldiam(K) — 4 sup |g(p)|.
peEK
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Proof. Notice that we need to show that (4] holds only for ¢ € (0,1) and that (6.4)
is symmetric in ¢ and (1 —¢). So, it is enough to consider only the case t € (0, 1]:

ik
g(tv + (1 — thw) — t3g(v) — (1 — t)?g(w)

t(1—t)
_gwttv—w)—gw) (1-(1-t)*)gw) ¢ o(v)
t(1—t) t1—t) 1—t
Ljv—w|| 2-t t
> — -
2 ——1— T 9W) — 739
> —2Ldiam(K) — 4 sup |g(p)|-
peK
(Il

Putting together Lemmas [6.7 [6.6] and 6.5 we get Proposition O

APPENDIX A. EQUIVALENCE OF SOME DEFINITIONS
AND EXISTENCE OF SINGULAR MINIMIZERS

We shall prove that on Carnot groups the absence of singular geodesics is equiva-
lent to other three well-known properties. Consequently, we will prove that Carnot
groups of step larger than 2 always have singular length minimizers, as we stated
in Remark BT7 Corollary [A-2] and hence Theorem [A]l cannot be extended to the
more general setting of sub-Finsler manifolds. Namely, it has been proven in [11]
that a generic distribution of rank m > 3 on a manifold M does not have singular
curves. Note that if dim(M) > 2m, then the step of all distributions of rank m is
larger than 2.

Before stating the theorem, we briefly introduce four classical properties present
in the literature. Let G be a stratified group with Lie algebra g and first layer
V1 of the stratification. The stratified Lie algebra g is said to be strongly bracket
generating if for all X € V4 \ {0} it holds that

g=V+ [X, ‘/1]
A stratified step 2 Lie algebra g = V; ® V5 is of Métivier type if there is a scalar
product (-,-) on g such that for all Z € V5 \ {0} the map Jz : Vi — V; defined by
VXY eVi  (JzX,Y)=(Z[X,Y])

is injective. The main examples of groups of Métivier type are those of H-type.
See [6] for further reference.

We write I'(V7) for the space of all vector fields of G with values in the left-
invariant tangent subbundle of G generated by V;. A stratified group G is fat if for
every vector field X € I'(V4) with X (0) # 0 it holds that

g="Vi+[X,T(V1)lo,

where [X,T'(V1)]o = span{[X,Y](0) : Y € T'(V4)}. See [3128] for reference.
A sub-Finsler manifold is said to be ideal if, except for the constant curve, there
are no singular length minimizers. The terminology is taken from [28].

Theorem A.l. If G is a Carnot group with stratified Lie algebra g, then the
following properties are equivalent:

(i) g is strongly bracket generating;
(ii) g is of Métivier type;
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(iil) G is fat;
(iv) G is an ideal sub-Finsler manifold.

Moreover, these properties imply that g has step 1 or 2.
A direct consequence of the proof of the latter theorem is the following corollary.

Corollary A.2. In all sub-Finsler Carnot groups of step at least 3, there exists a
one-parameter subgroup that is a singular non-constant length minimizer.

Proof of Theorem [AJl (i) = (ii). We give a proof by contraposition. If g is not of
Métivier type, then there are a scalar product (-,-) on g and Z € V5 \ {0} such that
Jz : Vi — Vi is not injective. So, there is X € V; \ {0} with JzX = 0. Therefore,
for all Y € Vi we have (Z,[X,Y]) = (Jz,Y) = 0, ie., Z ¢ [X,V4], so g is not
strongly bracket generating.

(ii) = (i). We give a proof by contraposition. Suppose g is not strongly bracket
generating and let (-,-) be a scalar product on g. Then there are X € V4 \ {0} and
Z € Vo \ {0} such that Z is orthogonal to [X,V4]. Hence, for all Y € V; we have
(JzX,Y)={(Z,[X,Y]) =05 ie., g is not of Métivier type.

(iii) = (i). The implication is trivial.

(i) = (iii). Let X7,...,X, be a basis for V; and X = >"7_, a;X; € T'(V;) with
a; € €*(G) with X(0) # 0, where X; are considered as left-invariant vector
fields. Set X := Y7, a;(0)X; € Vi \ {0}. Since g is strongly bracket generating,
[X, V4] = Va. Since [X, X;] = [X, X] + > (Xja)X;, for j € {1,...,7}, one easily
sees that

Vi+[X,T(V)]o =Vi+span{[X,X;]o:j=1,...,r} =g.

(i) = (iv). This implication is well known. See for example [20, Remark 2.7].

(iv) = (i). Before starting, recall that any horizontal one-parameter subgroup in
a sub-Finsler Carnot group is length minimizer.

We begin by claiming that if G is a Carnot group, X € V;\{0}, and v : [0,1] — G,
~(t) := exp(tX) is a regular curve, then

(A.1) adx : Vi — Viqq is surjective, for all k € {1,...,s —1}.
Indeed, for all v € V; we have
adsx - tk k
Adexpex)v = ¥ v = Z Eadxv
k=0
t2 t3
=v+ t[X’ U] + E[Xv [Xa U]] + E[Xv [X’ [vam +o

Therefore,
span { Ad,,[Vi] : t € [0,1]} C span{ad’ [V4]: k € {0,...,s}}.

Thanks to [20, Proposition 2.3] the left hand side is Lie(G), since v is regular.
Hence, since ad’[V1] C Vii1, ad% [Vi] = Viy1, and we get (AI). To conclude the
proof of the theorem, it is enough to show that if G is a stratified group of step s
such that (AJ) holds for all X € V; \ {0}, then s < 2. If s > 3, we can take the
normal subgroup H = exp (;_, Vi) so that the quotient G/H is a stratified group
of step 3. By taking a further quotient we may assume that the third layer V3 has
dimension 1. The quotient still satisfies (AJ]) for all X € V7 \ {0}.
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Therefore, we just need to show that there are no stratified groups of step 3 with
dim(V3) = 1 that satisfy (AJ) for all X € V; \ {0}. Let r := dimVj. Since for
any X € V4 \ {0} the map adx : V; — V5 is surjective and has non-trivial kernel,
m:=dimV, < r. Let Y1,...,Y,, be a basis of V5. Since V3 >~ R, we can interpret
each ady, as an element of (V1)*. Since m < r, span{ady,,...,ady, }* # {0}; i.e.,
there exists X € V1 \ {0} such that ady,(X) =0 for all i € {1,...,m}. We now get
a contradiction with (A]) because

{0} # Vs = adx (V2) = span{[X, Y] s i € {1,...,m}} = {0}.
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