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RANDOMIZED DYNAMIC PROGRAMMING PRINCIPLE AND
FEYNMAN-KAC REPRESENTATION FOR OPTIMAL CONTROL
OF MCKEAN-VLASOV DYNAMICS

ERHAN BAYRAKTAR, ANDREA COSSO, AND HUYEN PHAM

ABSTRACT. We analyze a stochastic optimal control problem, where the state
process follows a McKean-Vlasov dynamics and the diffusion coefficient can be
degenerate. We prove that its value function V' admits a nonlinear Feynman-
Kac representation in terms of a class of forward-backward stochastic differ-
ential equations, with an autonomous forward process. We exploit this proba-
bilistic representation to rigorously prove the dynamic programming principle
(DPP) for V. The Feynman-Kac representation we obtain has an impor-
tant role beyond its intermediary role in obtaining our main result: in fact
it would be useful in developing probabilistic numerical schemes for V. The
DPP is important in obtaining a characterization of the value function as a
solution of a nonlinear partial differential equation (the so-called Hamilton-
Jacobi-Belman equation), in this case on the Wasserstein space of measures.
We should note that the usual way of solving these equations is through the
Pontryagin maximum principle, which requires some convexity assumptions.
There were attempts in using the dynamic programming approach before, but
these works assumed a priori that the controls were of Markovian feedback
type, which helps write the problem only in terms of the distribution of the
state process (and the control problem becomes a deterministic problem). In
this paper, we will consider open-loop controls and derive the dynamic pro-
gramming principle in this most general case. In order to obtain the Feynman-
Kac representation and the randomized dynamic programming principle, we
implement the so-called randomization method, which consists of formulating
a new McKean-Vlasov control problem, expressed in weak form taking the
supremum over a family of equivalent probability measures. One of the main
results of the paper is the proof that this latter control problem has the same
value function V' of the original control problem.

1. INTRODUCTION

In the present paper we study a stochastic optimal control problem of McKean-
Vlasov type. More precisely, let T > 0 be a finite time horizon, let (2, F,P)
be a complete probability space, let B = (B;);>0 be a d-dimensional Brownian
motion defined on (Q, F,P), let F¥ = (FF);>0 be the P-completion of the filtration
generated by B, and let G be a sub-o-algebra of F independent of B. Also let
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P5(R™) denote the set of all probability measures on (R™, B(R™)) with a finite
second-order moment. We endow 7 (R™) with the 2-Wasserstein metric W, and
assume that G is rich enough in the sense that 2,(R") = {P,: £ € L?(Q2,G,P;R™)},
where P, denotes the law of £ under P. Then, the controlled state equations are
given by

(1.1)

Xhee — €_|_/t b(r,Xﬁ’fv“,Pxi,g,a,ar) dr—l—/t U(r,vafvaJPXﬁ,g,a,aT) dB,,
(1.2)
s S
Xbmee = g4 / b(r, Xp T Pra, ar) dr + / o (r, X758 Pyeca, o) dBy,
t t

for all s € [t,T], where (t,2,€) € [0, T]xR"x L?(2,G,P; R"™), and « is an admissible
control process, namely an FE-progressive process a: Q x [0,T] — A, with 4 a
Polish space. We denote by A the set of admissible control processes. On the
coefficients b: [0, 7] x R™ x Z,(R") x A — R™ and 0: [0,T] x R" x Z,(R") x A —
R™*? we impose standard Lipschitz and linear growth conditions, which guarantee
existence and uniqueness of a pair (X%, X5%82) 7 of continuous (FZ V G),-
adapted processes solutions to equations (LI)-(L2). Notice that X% depends
on ¢ only through its law 7 := P,. Therefore, we define X %™ := Xt

The control problem consists of maximizing over all admissible control processes
a € A the functional

T
J(tvxaﬂ-va) = El:/t f(SaX?zm’aaPXé’f*”‘aas) d5+g(X%x7W7a7PX;;E:@) )

for any (¢t,z,m) € [0,T] x R™ x P,(R"), where f: [0,T] x R" x Z,(R") x A - R
and g: R™ x Z,(R™) — R satisfy suitable continuity and growth conditions; see
Assumptions (A1) and (A2). We define the value function
(1.3) V(t,z,m) = sup J(t, z, 7, ),

acA
for all (¢,z,7) € [0,T] x R™ x Z,(R™). We will show in Proposition 2.2 that the
mapping V is the disintegration of the value function

T
(14) VMKV(ta g) = Sup IE|:/ f(sv X?&Qa Pit,&,avas) dS + g(X;“’g’aa Pit,&,a) ’
aEA& t s T
for every (¢,€) € [0,7] x L*(Q,G,P;R"), where A, denotes the set of A-valued
(FB v o(€))-progressive processes, and Pitvaa denotes the regular conditional dis-

tribution of the random variable X%%<:  — R™ with respect to ¢(¢). That is,

(1.5) Vi (£, 6) = / V(t,z, m)m(dz).

Notice that at time ¢ = 0, when £ = z( is a constant, Vykv(0,zo) is the natural
formulation of the McKean-Vlasov control problem as in [13].

Optimal control of McKean-Vlasov dynamics is a new type of stochastic control
problem related to, but different from, what is well-known as mean field games
(MFG) and has attracted a surge of interest in the stochastic control community
since the lectures by P.L. Lions at College de France; see [25] and [I0] and the
recent books [6] and [I1I]. Both of these problems describe equilibrium states of
large population of weakly interacting symmetric players, and we refer to [14] for a
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discussion pointing out the differences between the two frameworks: In a nutshell
MFGs describe Nash equilibrium in large populations, and the optimal control of
McKean-Vlasov dynamics describes the Pareto optimality, as heuristically shown in
[14] and recently proved in [23]. As an example we mention the model of systemic
risk due to [I5], where, using our notation, X% (as well as the auxiliary process
X1#:8a) represents the log-reserve of the representative bank, and « is the rate of
borrowing/lending to a central bank.

In the literature the McKean-Vlasov control problem is tackled by two different
approaches: On the one hand, the stochastic Pontryagin maximum principle allows
one to characterize solutions to the controlled McKean-Vlasov systems in terms
of an adjoint backward stochastic differential equation (BSDE) coupled with a
forward SDE; see [I], [§] in which the state dynamics depend upon moments of the
distribution and [I3] for a deep investigation in a more general setting. On the other
hand, the dynamic programming (DP) method (also called Bellman principle),
which is known to be a powerful tool for the standard Markovian stochastic control
problem and does not require any convexity assumption usually imposed in the
Pontryagin principle, was first used in [24] and [5] for a specific McKean-Vlasov SDE
and cost functional, depending only upon statistics like the mean of the distribution
of the state variable. These papers assume a priori that the state variable marginals
at all times have a density. Recently, [26] managed to drop the density assumption,
but still restricted the admissible controls to be of closed-loop (a.k.a. feedback)
type, i.e., deterministic and Lipschitz functions of the current value of the state,
which is somewhat restrictive. This feedback form on the class of controls allows
one to reformulate the McKean-Vlasov control problem ([4) as a deterministic
control problem in an infinite dimensional space with the marginal distribution as
the state variable. In this paper we will consider the most general case and allow
the controls to be open-loop. In this case reformulation mentioned above is no
longer possible. We will instead work with a proper disintegration of the value
function, which we described in ([I4). The disintegration formula (I5]) was pointed
out heuristically in [I2] (see their formulae (40) and (41)), but the value function
V' was not identified. The idea of formulating the McKean-Vlasov control problem
as in (3] (rather than as in (I4) is inspired by [9], where the uncontrolled case is
addressed. We will then generalize the randomization approach developed by [21]
to the McKean-Vlasov control problem corresponding to V.

The DPP that we will prove is the so-called randomized dynamic programming
principle (see []), which is the dynamic programming principle for an intensity
control problem for a Poisson random measure whose marks live in a subclass of
control processes which is dense with respect to the Krylov metric (see Definition
3.2.3in [22]). See (B.8) for the definition of the randomized control problem, Theo-
rem 3] for the equivalence to V' (in itself one of the main technical contributions),
and Theorem [B.I] which is our main result, for the statement of the randomized
dynamic programming principle. Although the approach of replacing the original
control problem with a randomized version is also taken in [4] and [I7], our con-
tribution here is in identifying the correct randomization that corresponds to the
McKean-Vlasov problem. The McKean-Vlasov nature of the control problem makes
this task rather difficult and as a result the marks of the Poisson random measure
live in an abstract space of processes. We should also emphasize that another rel-
evant issue resolved in this paper concerns the flow properties for the solutions to
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equations (IL.I)) and ([L2); see Section [5.J1 The importance of the flow properties is
to prove an identification formula (Lemma [B.3]) between V' and the solution to the
BSDE, which in turn allows us to derive the randomized dynamic programming
principle for V. Our aim is then to use the randomized dynamic programming
principle to characterize V' through a Hamilton-Jacobi-Bellman equation on the
Wasserstein space %2,(R™), using the recent notion of Lions’ differentiability.

Although it is an intermediary step in deriving the randomized DPP, we see
Theorem [AJ] as the second main result of our paper. Here we derive the non-
linear Feynman-Kac representation of the value function V' in terms of a class of
forward-backward stochastic differential equations with constrained jumps, where
the forward process is autonomous. This representation has been derived in [21] for
the case of classical stochastic optimal control problems, and here we are generaliz-
ing it to McKean-Vlasov control problems. The importance of this representation,
beyond its intermediary role, is that it would be useful in developing probabilistic
numerical schemes for V' (see [20] for the case treated in [21]).

The rest of the paper is organized as follows. Section [2 is devoted to the for-
mulation of the McKean-Vlasov control problem and its continuity properties. In
Section [B] we introduce the randomized McKean-Vlasov control problem and we
prove the fundamental equivalence result between V and V® (Theorem B.1). In
Section (] we prove the nonlinear Feynman-Kac representation for V in terms of
the so-called randomized equation, namely BSDE ([I]). In Section [B] we derive the
randomized dynamic programming principle, proving the flow properties (Lemma
(.2) and the identification between V' and the solution to the BSDE (Lemma [5.3)).
Finally, in the Appendix we prove some convergence results with respect to the
2-Wasserstein metric W, (Appendix [A]), we report the proofs of the measurability
Lemmata 3.1l and (Appendix [B]), we state and prove a stability result with re-
spect to the Krylov metric p (Appendix[C]), and we consider an alternative random-
ization McKean-Vlasov control problem, more similar to the randomized problems
studied for instance in [4L[16,17,21] (Appendix [DI).

2. FORMULATION OF THE MCKEAN-VLASOV CONTROL PROBLEM

2.1. Notation. Consider a complete probability space (2, F,P) and a d-dimen-
sional Brownian motion B = (B;);>0 defined on it. Let FP = (F2),>¢ denote the
P-completion of the filtration generated by B. Fix a finite time horizon 7" > 0 and
a Polish space A, endowed with a metric p. We suppose, without loss of generality,
that p < 1 (if this is not the case, we replace p with the equivalent metric p/(1+p)).
We indicate by B(A) the family of Borel subsets of A.

Let Z2,(R™) denote the set of all probability measures on (R™, B(R")) with a
finite second-order moment. We endow &,(R™) with the 2-Wasserstein metric W,
defined as follows:

1/2
(2.1) Wy(m,7') = inf { </ |z — 2’| W(dI,dI/)> cmw e (R x R™)
R'VLXRTL

with marginals 7 and w’},
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for all m,7" € Z5(R™). We recall from Theorem 6.18 in [3I] that (%(R™), W) is
a complete separable metric space. Notice that

Wi(Be,Pe) < (E[l€ —€'P)Y?,  for every pair £,¢' € L*(, F,P;R"),

where P: denotes the law under P of the random variable £:  — R". We also
denote by ||7||, the square root of the second-order moment of 7 € Z,(R"™):

(22)  Wal(m, ) = |7f. = (/ |x27r(dx)>2, for all 7 € P,(R"),
Rﬂ,

where dg is the Dirac measure on R™ concentrated at the origin. We denote by
B(Z,(R™)) the Borel o-algebra on %,(R™) induced by the 2-Wasserstein metric
Ws.

We assume that there exists a sub-o-algebra G C F such that B is independent
of G and Z,(R") = {P;: ¢ € L*(Q,G,P;R")}.

Finally, we denote by C,(R™) the set of real-valued continuous functions with
at most quadratic growth, and by %,(R™) the set of real-valued Borel measurable
functions with at most quadratic growth.

Remark 2.1. For every ¢ € C5(R"), let A_: Z5(R"™) — R be given by

@

A (m) = /n o(z) m(dx), for every m € Z,(R").

We notice that (as remarked on pages 6-7 in [I8]) B(Z%(R"™)) coincides with the
o-algebra generated by the family of maps A_, ¢ € C5(R™). As a consequence,
we observe, given a measurable space (E,£) and a map F: — ,(R"), that F
is measurable if and only if A o F' is measurable, for every ¢ € C5(R™). Finally,
we notice that if ¢ € %,(R"), then the map A is B(Z,(R"™))-measurable. This
latter property can be proved using a monotone class argument, noting that A is
B(Z,(R™))-measurable whenever ¢ € Cy(R™).

2.2. Optimal control of McKean-Vlasov dynamics. Let A denote the set of
admissible control processes, which are FB-progressive processes a: 2 x [0,7] — A.
Given (t,z,€) € [0,T] x R™ x L?(Q,G,P;R") and o € A, the controlled state
equations are given by

(2.3) dXLSY = b(s, X5 Pyrca, ) ds + o (s, X5 Pyrca, o) dBy,
X0 = ¢,

(24) dXLPEY = b(s, X0 Pyrea, a5) ds + 0 (s, XD Pyrea, ;) dBs,
X:,I’E,OC = z,
for all s € [t, T]. The coefficients b: [0, T] x R™ x Z,(R™) x A — R™ and o: [0, T] x
R"™ x P,(R") x A — R™ 4 are assumed to be Borel measurable. Recall that Py .e,a
denotes the law under P of the random variable X>%%: Q — R™. Notice that
(Pyt.c.0)sepe, ) depends on € only through its law m = P;, and 7 is an element of
P5(R™). As a consequence, X575 = (X1%8%) o1, 1 depends on € only through
7. Therefore, we denote X% simply by X®™< whenever 7 = P,.
Our aim is to maximize, over all a € A, the functional

T
(2.5) J(t,z,m, ) = E[/t f5, X0 Pyrca, ) ds+g(X%z’”’a,JP’X},g,a) ,
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where f:[0,7] x R” x Z,(R") x A — R and g: R" x &,(R") — R are Borel
measurable. We impose the following assumptions.

(A1)
(i) For every t € [0,T], b(t,-), o(t,-), and f(¢,-) are continuous on R™ X

P,(R™) x A, and g is continuous on R™ x ZZ,(R™).
(ii) For every (¢, z, 2’ 7,7 a) € [0,T] x R™ x R™ x Z,(R") x Z,(R") x A,

|b(t,z,m a) —b(t,z', 7' a)| + |o(t,z,m a) —o(t, ', 7", a)|
< L(lz —2'| + Wa(m, 7)),
|b(t,0,60,a)| + |o(t,0,00,a)] < L,
[f(t, 2,7 a)| + |g(z,m)] < A(l7r]2) (1 +[2f),

for some positive constants L and p and some continuous function h: Ry —
R,.

Under Assumption (A1), and recalling property (2.1I), it can be proved by
standard arguments that there exists a unique (up to indistinguishability) pair
(XLoe, Xbwme) o 7 of continuous (FZ VG),-adapted processes solution to equa-

tions (23)-(24), satisfying

(26) Sllp]E|: sup (‘Xﬁ,ﬁ,a’Q_*_’Xg,w,ma‘Q)} < oo,
a€A  tselt,T)

for all ¢ > 1. The estimate sup,c 4 E[supsep 1 | X5899] < 0o holds whenever |£]4
is integrable. Notice that (X% ™) cr 1) is FB-adapted.

Recalling 2,(R") = {P,: £ € L?(Q,G,P;R")}, we see that J (¢, =, 7, a) is defined
for every quadruple (¢, z, 7, «) € [0,T] x R™ x Z,(R™) x A. The value function of
our stochastic control problem is the function V on [0, 7] x R™ x &, (R") defined
as

(2.7) V(t,z,m) = sup J(t,z,7, ),
acA

for all (t,z,m) € [0,T] x R™ x Z,(R"™).

From estimate (2.0), we see that [[Pyt.c.q[lo < M, for some positive constant M
independent of o € A and s € [t,T]. It follows from the continuity of h that the
quantity h([|[Pytc.all2) is bounded uniformly with respect to o and s. Therefore,
by the polynomial growth condition on f and ¢ in Assumption (A1)(ii), we deduce
that the value function V in (Z7) is always a finite real number on its domain
[0,T] xR"™ x Z,(R™), namely V: [0, T] xR™ x &,(R™) — R. In particular, it is easy
to see, under Assumption (A1), that V satisfies the following growth condition:

(2.8) Vt,z,m)| < () (1 + =),

for some continuous function ¢: Ry — Ry.
We now study the continuity of V. Firstly, we impose the following additional
assumption.
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(A2) For every t € [0, 7] and R > 0, the map (z,7) — f(¢,...,a) is uniformly
continuous and bounded on {(z,7) € R™ x Z5(R™): |z|, ||7|l2 < R}, uniformly with
respect to a € A. For every R > 0, the map g is uniformly continuous and bounded
on {(z,m) € R™ x P5(R"): |z|,||7]ls < R}.

Proposition 2.1. Under Assumptions (A1) and (A2), for every t € [0,T] the
map (x,m) = V(t,z,m) is continuous on R™ x FP5(R™).

Proof. We begin by noting that, as a consequence of Assumption (A2), for every
t € [0,7) and R > 0, there exists a modulus of continuity §{*: [0, 00) — [0, 00) such
that, for ¢t € [0,T),

[f(tz,ma) = f(ta' 7', 0)| < 6f(Jo =o' + Wa(r, 7)),
and, for t =T,
(T2, 7m,a) = f(T, 2!, 7', a)| + |g(a,m) = g(a',m)| < 67 (| — '| + Wa(m, 7)),

for all (z,7),(2/,7") € R™ x P5(R"™), a € A, with |z|,|2'|, |72, |7']]2 < R. Re-
call that, by definition (see for instance [2], p. 406), the modulus of continuity §*
is nondecreasing and lim,_,o+ 6%(g) = 0. Moreover, by Assumption (A2), we see
that 62 can be taken bounded. In particular, limsup,_, . 6%(¢)/e = 0. Therefore,
without loss of generality, we can suppose that 6% is concave (see for instance The-
orem 1, p. 406, in [2]; we refer, in particular, to the concave modulus of continuity
constructed in the proof of Theorem 1 and given by formula (1.6) on p. 407). Then,
we notice that 5% is also subadditive.

Now, fix t € [0,T] and (x,7), (Tm, Tm) € R™ x P5(R"™), with |z, — x| — 0 and
Wa(7m, ™) — 0 as m goes to infinity. Our aim is to prove that

m—00

(2.9) V(t, e, mm) — V(t,z,7).

By Lemma [A1] we know that there exist random variables &, &, € L%(Q, G, P; R™)
such that 7 = P, and m,, = P, under P; moreover &,, converges to £ pointwise
P-a.s. and in L?(Q, G, P; R"). In particular, sup,, E[|¢,,|?] < co. Then, by standard
arguments, we have

Pyte Pytm. = R
mac{ Pl [Pl f < R

for some constant R > 0. For every R > R and a € A, define the set E, € F as

E, = {weQ: sup |XE"™Y(w)l, sup sup |X§’Im’”m’a(w)|§R}.
sE[t,T] m selt,T]
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Then, we have
(2.10)
[V(t,z,7) — V(t, 2, Tm)|

T
< supE{lEa/ SR (| XLmmo— xbrmmma]) ds 4 1EQ6§?(]X}’”’”’@—X}”””“””“"])}
acA t

T
+ SugE{lEa / (W, (PXQ@““PX?%*”)) ds+1p, 07 (Wa (PX;@‘“’IPX{F&”““))]
aec t

+sup E {115 g(XF"T Pyrea) = (X5 Pyt |

T
g / £ (5, XE™m0 P ciay ) — f (3, XETHT00 B ay)] ds]
t

T
< supe] [ a8t gt e]) g (g7 e
acA t

T
+ sup </ 55 (Wg (PXf:,g,a y PXt,gm,a)) ds + (SQE (WQ (]P)Xt,g,a,]P’Xf,,gm‘a)))
acA t N s T T
+ C(1+ |z|” + |zm|P) sup P(EY),
acA

for some positive constant C, depending only on R, T, the constants L, p in
Assumption (A1)(ii), and the maximum maxy,«p h(r), where the function h
was introduced in Assumption (A1)(ii). Recalling that Wo(Pytea, Pytema) <
E[| X5 — Xtém|2] and 6 is nondecreasing, we find that

(2.11) SEWs(Pyrea,Pyrna)) < 6F (EH XtEe X;,sm,a‘z]1/2>.
Now, recall the standard estimate
(2.12) sup E[| X060 — xtemo P12 < GR[le - ¢, 27,

acA

for some positive constant ¢, depending only on T and L. Therefore, from (211
we obtain

(2.13) SEW2(Pyr o, Pyrema)) < 55(61E[\£—£m|2]1/2)~

On the other hand, from the concavity of 5%, we get

(2.14)  E[gf(Jxpmm = Xpremee)] < o7 (BXGTTY - XEmm Tl ]).
By standard arguments, we have

sup]E[ sup |X;7m,‘rr,a _X;,zm,‘rrm,a”
a€A  tselt,T)

<c (|x — Zp,| + sup sup WQ(IP)Xt,é,u7]IDXt,§m,Lx)),
acA se(t,T) s ?

where ¢ is a positive constant, depending only on 7" and L. Therefore, by (212]),
we obtain

(2.15) sup IE[ sup |XD5m — Xi’m’"’”’"’o‘” <c (|33 — Tp| + EE[|€ — &ml?] 1/2)~
acA s€(t,T]
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Since §ft is nondecreasing, from (Z.I4) and [2.I5), we find that

(2.16) supE[éR(|Xm”a Xm"“ﬂ"“a|)] < 5f(c|x—xm|+cé]E[\f—§m|2}l/2).
acA

Concerning P(ES), we have

P(ES) < ]P’( sup |Xbeme| >R) +P( sup | X bEmimmsal >R)

s€(t,T] s€(t,T]
1
(2.17) < —E[ sup |xtome ]+—E[ sup |XLemne 2]
R? s€[t,T) ‘ | R? se[t,T) |
< (142l + fenl?).

for some positive constant ¢y, depending only on T, L, R. In conclusion, plugging
2.13)-@I6)- 211 into R.10), we get
(2.18)

[V (t,z,7) — V(t, T, Tm)|

T
R A 211/2 R . 211/2
§/t 0 (c|fc—xm|+cc]EUf—fm\ ] )ds+6T (c|x—xm|+cc]EUf—fm\ ] )

[ et ol -
CQC
R2

Taking the limsup,,_, ., in the above inequality, we find that

limsup [V(t,z,7) = V(t,Zm, Tp)| < COC

m—r oo R

+ —5 L+ |2 + |2m?) (L + 2P + |zm]?).

O (1 + 20af?) (1 + 21aP).

Letting R — oo, we deduce that limsup,, . |V (¢, z,7) — V(t, Tm, Tm )| = 0; there-
fore (2.9) holds. O

We end this section showing that the value function V': [0,T] x R"™ x P,(R"
— R given by [27) is the disintegration of the value function Vykv: [0,T] X
L?(9,G,P;R") — R given by

T

(2.19) Vuxv(t, &) = sup EU f(s, Xbo Pit“, s) ds + g( X%, }P’itm)
OLE.AE t

for every (¢,€) € [0,7] x L?(Q,G,P;R"), where A, denotes the set of A-valued

(FB v o(§))-progressive processes, (X1%%)sc( 1) is the solution to the following

equation:

dXbo = b(s, XL P

Xt&e

ozs)ds+a( tha Pt

thm

as)dBs, X5 = ¢,

for all s € [t,T], with o € A, and Pit,m denotes the regular conditional distribu-

tion of the random variable X5%<: Q — R™ with respect to (), whose existence
is guaranteed for instance by Theorem 6.3 in [19].
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Proposition 2.2. Under Assumptions (A1) and (A2), for every (¢,€) € [0,T] x
L3(Q,G,P;R™), with m = P under P, we have
VMKV(tv 5) =E [V(ta €7 W)}
or, equivalently,

Vamkv (t,€) = / V(t, z,m) n(dz).

n

Proof. Fix t € [0,T]. Recall from Proposition 1] that the map (z,7) — V (¢, z, )
is continuous on R™ x Z,(R™). Proceeding as in the proof of Proposition 211 we
can also prove that the map & — Vv (t, &) is continuous on L2(2,G,P;R™). As
a consequence, it is enough to prove the proposition for ¢ € L?(Q, G, P;R") taking
only a finite number of values, the general result being proved by approximation.
In other words, we suppose that

K
£ = alp,,
k=0

for some K € N, ;, € R", Ey, € 0(§), with (Ex)r=1,.. x being a partition of .
Notice that o € Ae if and only if

K
(2.20) a = aplg,,
k=0

for some oy € A. We also observe that

K K
t.§,a0 t,xp, 0 3 _
X, = E X, 1., ]P)X?S,Q = E PX;,mk,ak 1g,.
k=0 k=0

Then, the stochastic processes (Xﬁ’f’o‘)se[t,T] and

5

21,857 001 6K 00 e UK
(Xs o1 1E1 + st + XS K 1EK)s€[t,T]

are indistinguishable, since they solve the same equation. Therefore

T
Vakv (t,§) = sup E[/ f(s,Xﬁ’g’a,P;?&maS) ds—f—g(X;g’a,]P’i,T@a)}

OtE.A{ t
K T t,xk,0
(2.21) = aSGUE E Z (/t f(s,Xs’ A k,PX;,wk,ak,(ak)s) ds
¢ Lig=o

1,0k ,0a, ,
+ g(XTxk k ak7PX;xk,uk)> 1Ek:| .

Since ¢ is independent of X*%#%x:% and of ay, we can write the last quantity in

R21) as

K T

t, 0,

(2.22) Vauxv(t,€) = sup ]E[ZE[/ Fs X P e, (ai)s) ds
a€Ae Lp—o t

t, %k 0z, Ak

+g(XT 7]P>X;xkv0‘k):| 1Ek:|
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From (220)), we conclude that

VMKV t € |:Z sup IE|:/ (S’X§7xk761k,ak7pxzvmkvak,(Oék)s) ds
+ s

ap€A

P S
—l—g(XTxk * ak7]P)X;—:zk,ak):| 1Ek:|

K

- ]E{Z V(t, 2k, 0x,) 1Ek] =E[V(t¢& )]

k=0

3. THE RANDOMIZED MCKEAN-VLASOV CONTROL PROBLEM

Following Definition 3.2.3 in [22], we define on A the metric p given by

(3.1) o) = | [ : pla. o) |

where we recall that p is a metric on A satisfying p < 1. Notice that convergence
with respect to p is equivalent to convergence in dP dt-measure. We also observe
that (A, p) is a metric space (identifying processes a and S which are equal dP dt-
a.e. on  x [0,7]). Moreover, since A is a Polish space, it turns out that (A, p)
is also a Polish space (separability follows from Lemma 3.2.6 in [22]; completeness
follows from the completeness of A and the fact that a p-limit of FB-progressive
processes is still F2-progressive). We denote by B(A) the family of Borel subsets
of A.

Following [22], we introduce the following subset of admissible control processes.

Definition 3.1. For every t € [0, 77, let (E})s>1 € F be a countable class of subsets
of © which generates o(Bs, s € [0,t]). Fix a countable dense subset (@, )m>1 of A.
Fix also, for every integer k > 1, a subdivision I, :={0=:1tg <t < ... <ty :=T}
of the interval [0,T], with the diameter max;—1,. . x(¢; — t;—1) of the subdivision Ij,
going to zero as k — oo. Then, we denote

Agstep 1= {oz € A: there exist k > 1, M > 1, L > 1, such that, for every i =0, ...,
k—1,04: Q= (am)m=1,.. M, with oy, constant on the sets of

the partition generated by EV, ..., EtL7 and, for every t€[0, T,
Q= Ot 1[to,t1)(t) e toy 1[tk—17tk)(t) + oy, 1{tk}(t)}

Remark 3.1. Notice that A, depends (even if we omit writing explicitly this
dependence) on the two sequences (am)m>1 and (I;)g>1, which are supposed to
be fixed throughout the paper. The set Agep, with oz, being o(Bs, s € [0,t])-
measurable, is introduced in the proof of Lemma 3.2.6 in [22], where it is proved
that it is dense in A with respect to the metric p defined in BI). It can be
shown (proceeding as in the proof of Lemma [C])) that the map o — J(¢, 2,7, «)
is continuous with respect to p, so that we could define V (¢, x,7) in the following
equivalent way:

(3.2) V(t,z,m) = sup J(t,z,m ).

O‘e-Astcp
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Finally, we observe that A, is a countable set, so that it is a Borel subset of A,
namely Ay, € B(A).

Now, in order to implement the randomization method, it is better to reformulate
the original McKean-Vlasov control problem as follows. Let A, be the following
set:

Ao = {a: [0,T] = Agep: o is Borel-measurable, cadlag,
and piecewise constant}.

It is easy to see that, for every a € Ay, the stochastic process ((aus)s)sejo,7) is an
element of A. Vice versa, for every element & € A, there exists & € A, such
that ((&s)s)sejo,r) coincides with & (take &, = &, for every s € [0,7]). Hence, by

V(t,z,m) = sup J(t,x,w, ((as)s)se[oﬂ).
aeAstep
On the right-hand side of the above identity we have an optimization problem with
class of admissible control processes given by {((s)s)sefo,7]: @ € Agiep}- We now
randomize this latter control problem.

Consider another complete probability space (2!, F1,P!). We denote by E! the
Pl-expected value. We suppose that a Poisson random measure g on R, x A is
defined on (Q', F1,P!). The random measure y has compensator \(da) dt, for some
finite positive measure A on A, with full topological support given by Age,. We
denote by f(dtda) := p(dtda) — M(da) dt the compensated martingale measure
associated to p. We introduce F* = (F}');>0, which is the P'-completion of the
filtration generated by u, given by

FI' = o(u((0,s] x A): s € [0,t], A’ C Ayep) VN,

for all ¢t > 0, where N'! is the class of P1-null sets of F!. We also denote by P(F*)
the predictable o-algebra on Q! x R, corresponding to F~.

We recall that s is associated to a marked point process (T, A, )n>1 on Ry XA by
the formula g =3 -, 0(7,,4,), where (7, 4, is the Dirac measure concentrated
at the random point ZT nsAn). We recall that every T, is an F#-stopping time and
every A, is Fi, -measurable.

Let Q = Qx Q% let F be the PQP'-completion of F@F!, and let P the extension
of P® P! to F. We denote by G, B, [i the canonical extensions of G, B, ju, to Q,
given by G := {G x Q!: G € G}, B(w,w!) := B(w), ji(w,w';dtda) := p(w'; dtda).
Let FB = (FP);>0 (vesp. F* = (F!')¢>0) denote the P-completion of the filtration
generated by B (resp. fi). Notice that FZ and F are independent.

Let FB# = (]i'tB ")¢>0 denote the P-completion of the filtration generated by B
and ji. Notice that B is a Brownian motion with respect to FB# and the FB:#-
compensator of i is given by A(da) dt. We define the A-valued piecewise constant
process I = (I;);>0 on (2, F,P) as follows:

(3.3) ft(w,wl) = Z(An(wl))MT(w) 1[Tn(w1),Tn+1(w1))(t)7 for all t > 0,
n>0

where Ty := 0 and Ag := @&, for some deterministic and arbitrary control process
& € Agep, which will remain fixed throughout the paper. Notice that I is F5#-
adapted.
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Randomizing the control in ([2.3)-(2.4]), we are led to consider the following equa-
tions on (2, F,P), for every (t,z,§) € [0,T] x R" x L*(Q,G,P;R™), with 7 = P¢
under P:

(34) o o 7
dX0E = b(s, X0 P78 L) ds + o (s, X05, P75 L) dB., Xt = ¢
(3.5)

dXP5T = b(s, XD L) ds + o (s, XEUTPU L) dBay XPTT =

for all s € [t,T], where }P’,t ¢ denotes the regular conditional distribution of the

random variable X €0 o R” with respect to ]—"“, whose existence is guaranteed
for instance by Theorem 6.3 in [19]. Notice that p’* %1€ depends on ¢ only through
its law 7, so that equation (B5) depends only on 7. Under Assumption (A1), it
follows_by standard arguments that there exists a unique (up to indistinguishability)
pair (X4, X5%™) cipm of continuous (FZ# Vv G),-adapted processes solution to
equations (B4)-(B1), satisfying
(3.6) E[ swp (| XL+ [K07|)] < o,
s€t,T]
for all ¢ > 1, where E denotes the P-expected value. Moreover, (ngm)se[m is
FB-+_adapted.
. . FH
We now prove two technical results concerning the process (PXE ¢) se[t,T]- In par-

ticular, the first result (Lemma [31)) concerns a particular version of (P < é) s€[t,T]>

which will be used in the proof of Lemma [3.21 This latter proves the existence of

another version of (P)’(t ¢)seft, 1), which will be used throughout the paper.

Lemma 3.1. Under Assumption (A1), for every (t,m) € [0,T] x P,(R™), there

erists a 332(]1%”) valued FH-predictable stochastic process (I@’g )sept, ] which is a

version of (P”. —)Se[tT with € € L*(Q,G,P;R™) such that m = Pg¢ under P. For

xié
all s € [t,T], Pb™ is given by

(3.7) Pim(whle] = E[p(XEE(,wh)],

for every w! € Q1 and ¢ € B,(R").

Proof. See Appendix [Bl O

Lemma 3.2. Under Assumption (A1), for every t € [0,T], there exists a measur-
able map
Pl (01 x [1,T] x 25(R™), F'  B([1,T]) © B(Z,(R"))) — (Z5(R"), B(F,(R")))
such that
Ptﬂ' — I[D tg’
X
P'-a.s., for every s € [t,T], = € P5(R"), where £ € L*(Q,G,P;R™) has law
under P. In other words, for every s € [t,T] and m € P5(R™), (PL™)scpm is a

: P
version of (P);tyg)se[t,T] .

Proof. See Appendix [Bl O
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From now on, we will always suppose that (]P’;: ¢ )se[t, 7] stands for the stochastic
process (P%™) e, 7] introduced in Lemma

Let us now formulate the randomized McKean-Vlasov control problem. An ad-
missible control is a P(F*) @ B(A)-measurable map v: Q! xRy x.A — (0, 00), which
is both bounded away from zero and bounded from above: 0 < infgiy g, xav <
SUPo1 g, x4V < 00. We denote by V the set of admissible controls. Given v € V,
we define P on (Q!, F1) as dP” = k% dP', where k¥ = (kY )tefo, is the Doléans
exponential process on (!, F1, P!) defined as

i = [ o)
—exp(//lnl/s p(ds de) //u ) 1) da)d)

for all ¢t € [0,T).

Notice that £ is an F#-martingale under P!, so that PV is a probability measure on
(QY, F1). We denote by E¥ the PY-expected value. Observe that, by the Girsanov
theorem, the F#-compensator of 4 under PV is given by v;(a) A(da)dt. Let PV
denote the extension of P ® P¥ to (Q, F). Then dP¥ = &%.dP, where &Y (w,w') :=
kY (wl), for all t € [0,T]. Using again the Girsanov theorem, we see that the FZ:+-
compensator of fi under P is ;(a) A(der) dt, where 7;(w,w!, @) = vy (w?, @) is the
canonical extension of v to Q x Ry x A.

Notice that a G-measurable £: Q@ — R™ has law 7 under P if and only if it
has the same law under P”. In particular, £ € L?(Q,G,P;R") if and only if £ €
L2(9,G,P";R"). As a consequence, the following generalization of estimate (3.6))
holds (E¥ denotes the PY-expected value):

sup]’E”[ sup (|X;’5|2+|X§’x’”|q)} < 0,

vey s€(t,T]

for all ¢ > 1, for every (¢,z,€) € [0,T] x R® x L?(Q,G,P;R"), with 7 = P¢ under
P (or, equ1valently, under PV).

Let (t,z,€) € [0,T] x R* x L*(Q,G,P;R"), with 7 = P, under P and v € V.
Then the gain functional for the randomized McKean-Vlasov control problem is
given by
"

T _
JR(tz,mv) = 1]?:”[/ f(s, XL ]P’,ig,I)ds—f—g(Xm’T Pl
t

T

.

As for the functional (2.3)), the quantity J7 (¢, z, 7, v) is defined for every (¢, x, 7, v)
€ [0, T]xR™ x 2,(R™) x V, since by assumption &,(R")={P,: £¢€ L*(Q,G,P;R"™)}.
Then, we can define the value function of the randomized McKean-Vlasov control
problem as

(3.8) VR(t,z,m) = sup J(t,z, 7, v),
veV

for all (t,z,m) € [0,T] x R™ x Z,(R"™).

Remark 3.2. Let V be the set of P(F#) @ B(A)-measurable maps 7: Q' xR, x A —
(0,00), which are bounded from above SUPq1 xRk, x4 Y < 00, but not necessarily
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bounded away from zero. For every (¢,z,m) € [0,T] x R™ x &P5(R"), we define

VR(t,x, 7) = sup JX(t,x, 7, D).
PEV
In [4) the randomized control problem is formulated over V. Here we considered V

because this set is more convenient for the proof of Theorem B.Jl However, notice
that

(3.9) VR(t,z,7) = VR(t, z, ).

Indeed, clearly we have V C V), so that VRt z,7) < VR(t,x,w). On the other
hand, let 7 € V and define v = 0 Ve, for every € € (0,1). Observe that v* € V
and R%E converges pointwise P-a.s. to k7. Then, it is easy to see that

T _
| = v T F T St ol
JR(t,z,mv°) = ]E[KT (/t (s, X0om P78 L) ds + (X ,IP’XZE))]

.
2% IRtz m, D).

This implies that J® (¢, z, 7, D) < SUp,cy JR(t,z,7,v), from which we get the other
inequality VR (t,z,m) < VR(t,x,7), and identity (3.9) follows.

We can now prove one of the main results of the paper, namely, the equivalence
of the two value functions V and V=.

Theorem 3.1. Under Assumption (A1), the value function V in ZT) of the
McKean-Viasov control problem coincides with the value function V= in [B.3) of
the randomized problem

V(t,z,7) = VE(ta,m),
for all (t,z,m) € [0,T] x R™ x F5(R™).

Remark 3.3. As an immediate consequence of Theorem 3.1 we see that V* does
not depend on ag and A, since V' does not depend on them.

Proof of Theorem Bl Fix (t,z,&) € [0,T] x R* x L?(Q,G,P;R"), with 7 = P,
under P. Set (w,w!) := &(w); then € € L%(Q,G,P;R™) and 7 = Pg under P. We
split the proof of the equality V(¢,z,7) = VR(t,x,7) into three steps, which we
now summarize:
I) In Step I we prove that the value of the randomized problem does not
change if we formulate the randomized McKean-Vlasov control problem on
a new probability space.
II) Step ITis devoted to the proof of the first inequality V (t, z,7) > VR (t, z, 7).

1) In order to prove it, we construct in Substep 1 a new probability space
(0, F,P) for the randomized problem, which is a product space of
(Q,F,P) and a canonical space supporting the Poisson random mea-
sure. Step I guarantees that the value of the new randomized problem
is still given by VR (¢, x, 7).

2) In Substep 2 we prove that the value of the original McKean-Vlasov
control problem is still equal to V(¢,z,7) if we enlarge the class of
admissible controls, taking all ¢: Q x [0,T7] — A which are progres-
sive with respect to the filtration FB# . The new class of admissible
controls is denoted AB:#ee,
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3) In Substep 3 we conclude the proof of the inequality V(t,x,7) >
VR(t,z, ), proving that for every 7 € V there exists &’ € AB#e
such that J®(t,z,7,7) = J(t,z,7,&”). From Substep 2, we immedi-
ately deduce that V(¢,z,m) > VR(t,x, ).

III) Step III is devoted to the proof of the other inequality V(¢ z,m) <
VR(t,z,7). In a few words, we prove that the set {@”: 7 € V} is dense
in AP with respect to the distance p in (BI). Then, the claim follows
from the stability Lemma

Step 1T (Value of the randomized McKean-Vlasov control problem). Consider an-
other probabilistic setting for the randomized problem, defined starting from
(2, F,P), along the same lines as in Section Bl where the objects (Q', F! P1),
(Q,F.P), G, B, fi, T, An, I, Xt Xt=m Y JR(t 2.7, v), VR(t, x,7) are re-
placed respectively by (!, FL,BY), (Q, F,P), G, B, 1, Tp, A, I, Xt:€, Xt@m P,
JR(t,z,m,0), VR(t,z,7), with £(w, @) 1= £(w), so that € € L*(Q,G,P;R™) and
m = Pg under P.

We claim that VR(t,z,7) = VR(t,x, 7). Let us prove VR(t,z, ) < VR(t, z,7);
the other inequality can be proved in a similar way. We begin by noting that
VR(t,z,n) < VR(t,z,n) follows if we prove that for every v € V there exists 7 € V
such that JR(t,z,m,v) = JR(t,z, 7, 7). Observe that

T
— | _ — ]:—p. — — , _7?#
TRt mv) = E{Fv%(/t Fls, Xo7 P e ) ds+g(X;I“,PX§§))].
The quantity J®(t,z, 7, v) depends only on the joint law of &%, X»™7 IP’;?E—, I
under P, which in turn depends on the joint law of B, fi, 7 under P.

Recall that #(w,w?, a) := 14 (w', @) and v is P(F*) ® B(A)-measurable. Then,

we can suppose, using a monotone class argument, that v is given by

vs(a) = k()l(g, 1,,,(8)¥(s,Th,. .., T, A, ..., An),

for some bounded and positive Borel-measurable maps k& and . We then see that
U defined by

Us(ar) = k(a)l(TvavnH](s)\P(s, Ti, ..., T, AL, ..., Ap)
is such that JR(t,z,m,v) = JR(t,z, 7, ).

Step 11 (Proof of the inequality V (¢, z,7) > V*(t,z,7)). We shall exploit Propo-
sition 4.1 in [4], for which we need to introduce a specific probabilistic setting for
the randomized problem.

Substep 1 (Canonical probabilistic setting for the randomized McKean-Vlasov con-
trol problem). Recall that the Polish space A can be countable or uncountable, and
in this latter case it is Borel-isomorphic to R (see Corollary 7.16.1 in [7]). Then,
in both cases, it can be proved (see the beginning of Section 4.1 in [4]) that there
exist a surjective measurable map ¢: R — A and a finite positive measure X' on
(R, B(R)) with full topological support, such that A = X o/~ and )\ is diffuse,
namely X ({r}) = 0 for every r € R.

Now, consider the canonical probability space (€', ', ') of a marked point pro-
cess on Ry xR associated to a Poisson random measure with compensator X (dr) dt.
In other words, w’ € Q' is a double sequence w’ = (t,7n)n>1 C (0,00) x R, with
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tn < tny1 /* 00. We denote by (T}, R} )n>1 the canonical marked point process
defined as (T}, (w'), R;,(w')) = (tn,7rn), and by ¢" = > -, d(77 g/ ) the canonical
random measure. F' is the o-algebra generated by the sequence (T/, R.,),>1. P’ is
the unique probability on " under which ¢’ has compensator \'(dr) ds. Finally, we
complete (', F',P’) and, to simplify the notation, we still denote its completion
by (¥, F,P).

Set A}, = «(R;,) and p' =3 -, 6(7s ar). Then p is a Poisson random measure
on (€, F',P') with compensator A\(da)ds. Proceeding along the same lines as in
Section Bl we define, starting from (2, F,P) and (£, F',P'), a new setting for
the randomized problem where the objects (Q!, F1,P!), (Q, F,P), G, B, i, FB =
(]t-sB)SZO’ Fr = (]:5)520’ FB# = (‘fSB’M)SZO’ (anAn)nzl’ j’ Xt’g’ Xt’xﬂ v, P,
PY, JR(t,z,m,v), VR(t,z,7) are replaced respectively by (€', F’, IP”) Q, F, ]P’)
ga Bv fby ]FB = (ﬁSB)S>O’ Ful = (-/—':é/)san FB”M = (‘FV'SBHU‘>SZO7 ( "Zl )7L>1’ ;
Xte Xtem Y ProPY JR(t 7w, v), VR(t x, ), with £(w,w’) = £(w), so that
£e L2(Q G,P;R") and 7 = P; under P.

Substep 2 (Value of the original McKean-Vlasov control problem). Let FP#e =
(FB#o) 5o be the P-completion of the filtration (FF @ F')s>o, and let F’
be the canonical extension of F’ to . We define the set AB#e of all FB#oe-
progressive processes &: 0 x [0,7] — A. For every & € AP#=, we denote by
(ngvd,X;vad)se[t,T] the unique continuous (FB#= v G),-adapted solution to
the following system of equations:

AXE = p(s, XLES, IP’ L) ds 4o (s, X064 PTE L a)) dB,,

t Eao Xt £,a0

(3.10) Xpee = ¢,
dX;’er"a:b( thﬂ-a thson S) d5+0( Xtrﬂa ]P)tho‘, S) dBS’

a1 X,

for all s € [t,T], where P’ 15 » denotes the regular conditional distribution of the

random variable X! &6 () — R™ with respect to Ft. We also define (E denotes
the P-expected value)

T
J(t,z,m &) = E[/t f(s, Xboma ijéa, &) ds + g(Xp"™ P M)
and
V(t,z,7) = sup J(t,z,7,d&).
GEAB poo

Let us prove that V(t,z, ) = V(t,z, 7).

The inequality V (t,z,7) < V(t,z ,m) is obvious. Indeed, every a € A admits an
obvious extension ¢(w,w’) := a(w) to Q. Notice that & € .AB oo We also observe

that X169 (w,w') = X6 (w), for P-almost every (w,w’) € . Therefore P

1 E &
is equal P-a.s. to Pyrea. Then, X1®™%(w,w') = X5®™%(w), for P-almost every

(w,w') € Q. As a consequence, we see that J(t,z, 7, o) = J(t,z, 7, &).
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To prove the other inequality, let & € AP#~. Then, there exists an A-valued
(FB ® F')s>0-progressive process d:  x [0,T] — A satisfying & = @, dP ds-a.e., so
that J(t,x,m,&) = J(t,x,m, &). Moreover, for every w’ € Q' the process o' given
by o' (w) := dy(w,w’), is FB-progressive.

Now, for every w’ € £/, consider the solution (Xﬁ’E’O‘WI , Xﬁ’m””aw/ )sepe,r) to B3)-
24) with « replaced by a“/, namely,

’ ! ’
t,&,a¥ t,&,a% w’ t,&,a% w’
axber = p(s, X6 P o )ds+o(s, XS P 0 ) dB,,
s s
’ ! ’
tx,ma” t,x,m,a" w’ t,x,m,a” w’
axteme —p(s, Xprmel B 0 ds 4o (s, XERTO P 0d) dB,.
S s

On the other hand, since (X!, XEema) .7 is the solution to (I0)-@BII), we
have, for P'-a.e. w' € €V,

AXPE0 (W) = b(s, KBS (W), PTE (W), ds(- ) ds

Xt

+o(s, XEE (W), PTE (W), ds(, W) dBs,

I Xﬁ’é’d
dXEPE (W) = b(s, XEDT (W), P (L 0), Ga(w)) ds

+ o (s, X2 (W), PTE (W), sl W) dB.

Xtea
Fh
xtea
> the law under P of the random variable XE60( W Q — R

Notice that, for P-a.e. w' € ' we have that P
P

(,w') is equal P-a.s. to

X?E:d(A7w’

Recalling the identity o = d,(-,w’), we see that, for P-a.e. ' € Q/, (X6
X}}I*’T’O‘w )sepe,r) and (X;fvd(-,w’),X§7m’”>d(~,w’))se[t’;p] solve the same system of
equations. Then, by pathwise uniqueness, for P’-a.e. w’ € €, we have X15” (w) =

X146(w, w') and X;””’”’O‘Wl(w) = XL (w, '), for all s € [t,T], P(dw)-almost
surely. Therefore, by Fubini’s theorem,

T , ,
Jtama) = [E| [ pxiene e ) as

+ (X R )| P

t,&,
X7

/ J(t,z, 70 )P (dw') < V(t,x, 7).

Recalling that J(t,z, 7, &) = J(t,z, 7, &), we deduce that J(t,z,7,&) < V(t,z,7).
Taking the supremum over & € AP#>= we conclude that V (¢, z,7) < V(t,z, 7).
Substep 3 (Proof of the inequality V (t,z,7) > VR(t,z,7)). Let ¥ € V. By Lemma
4.3 in [4] there exists a sequence (77, A”),>1 on (€, F',P') such that:

e (T7, A”) takes values in (0,00) x A;

o T} < T5+1 /003

o T7 is an F* -stopping time and A” is }'T’f:,—measurable;

e the law of (77, .A”),,>1 under P’ coincides with the law of (T}, A, )n>1 under

P”.
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Let @”: Q x [0,T] — A be given by (@ was introduced in (3.3)))

- / _ = . AT / . .
&g (w,w') = as(w) L gw () (s) + ;(An(w Nsar (W) Lge iy, 72wy (9)-
n>1
Notice that &7 € APte~. For every n > 1, set iy s(w,w’) = (A, (w'))s(w) and
af (w,w') = (A% (w))s(w), for all s € [0,T]. Notice that the law of (cin,s)sefo,7]
under P” coincides with the law of (dz7s)se[0,T] under PP (to see this, we can suppose,
by an approximation argument, that the A-valued random variables A,, and A’,’L

take only a finite number of values). It follows that the law of I under P¥ coincides
with the law of &” under P.

More generally, for every n > 1, the law of (E,B,d,L7.) under P” is equal to
the law of (é,B,di,) under P. Therefore, the law of (£, B, I) under P” coincides
with the law of (€, B,&”) under P. This implies that the law of (Xt€, Xtom T
under P” is equal to the law of (X%&%" Xt®mad” 37) under P. It follows that
JR(t,z,7,0) = J(t,xz,m,&). In particular, we have

sup J*(t,x,m,7) = supJ(t,x, 7, &").

vEV a”.

vev
Since the left-hand side is equal to VR(t, x,m), while the right-hand side is clearly
less than or equal to V (¢, z, ), we get VR(t,z,7) < V(t,z,7). Recalling from Step
I that VR(t,z,m) = VR(t,z,7) and from Substep 2 that V (¢, z,7) = V(t, z,7), we
conclude that VR (t,z, ) < V(t,z, ).

Step 111 (Proof of the inequality V (¢,z,7) < VR(t,z,m)). The proof of this step
is based on Proposition A.1 in [4] (notice, however, that we will need to use some
results from the proof of this proposition, not only from its statement). More
precisely, the set () appearing in Proposition A.1 of [4] is the empty set Q = ) in our
context, so that the product probability space (Q, F, Q) coincides with (Q, F',P'),
which is some suitably defined probability space (see Appendix A in [4] for the
definition of (', 7', P’); here, we do not need to know the structure of (', 7', P’)).
Fix & € A and denote by a: [0,7] — A the map ay = &, for every s € [0,T].
By Proposition A.1 in [4] we have that, for every ¢ € N\{0}, there exists a marked
point process (1%, A%),>1 on (€, F', ') such that (& was introduced in (3.3)))

Tg = 0, ./46 = q, If(w’) = Z .Afl(w/) 1[T,{(w’),T£+l(w’))(s)’ for all s > 07
n>0

and

(3.12) E’{/OTﬁ(If,as)ds] < %

where E’ denotes the P’-expected value. Set py, = >, o (e, 4¢y as the random
measure associated to (T, A% )n>1, and denote by Fre = (FHt) 5 the filtration
generated by . Then, by Proposition A.1 of [4] we have that the F#¢-compensator
of y1y under P’ is given by vf(a) A(da) ds for some P(F*¢) @ B(A)-measurable map
v xRy x A — Ry satisfying

(3.13) 0 < inf vt < sup P < oo

Q' x[0,T]x.A ' x[0,T]x.A
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Noting that the definition of ¥ on €’ x (T,00) x A is not relevant in order to
guarantee ([3.12), we can assume that v/ =1 on Q' x (T, 0) x A.

Observe that

n

T Tf AT T 1
2| [ ot anas] = 2 fien [ 78] [ otinan arfas] < 1
0 0

n>0 T

n

On the other hand, let

ff(w,w/) = Z(Afl(w'))s/\zp(u}) 1[Tﬁ(wl),T£+l(w/))(s)’ for all s 2 0.
n>0

Our aim is to prove that

(3.14) (I a) = E []E[/OTp(ff,dr)drH =% ).

Digression (Estimate for the series >, -, P/(T¢ < T)). We recall from the proof of
Proposition A.1 in [4] that the sequence (7)),>0 is the disjoint union of (R7),>;
and (TF),>o (we refer to the proof of Proposition A.1 in [4] for all unexplained

notation), namely,

(3.15) SNP(TE<T) = Y PRy <T)+ > P(TF <T).

n>0 n>1 n>0

We also recall that TF — T% | has an exponential distribution with parameter
kE=*X(A). Then, it is easy to prove by induction on n the estimate

(3.16) PTF <T) < (1—e® AAT™,

On the other hand, concerning the sequence (R}'),>1, we begin by noting that
since «v is constant and identically equal to &, the sequence of deterministic times
(tn)n>0 appearing in the proof of Proposition A.1 in [4] can be taken as follows:
to=0,1 € (0,55 AT), and t,, = T +n — 2 for every n > 2. Therefore R]" > T for
all n > 2, while RT* =t¢; + V™, where V] is an exponential random variable with
parameter A1, > m. In particular, we have

(3.17) P(R"<T) = P(V{"<T—t;) = 1—e MmT=h) < 1,

Plugging (B16]) and BI7) into BI5]), we obtain

(3.18) ZP/(Tﬁ <T) < 1+Z (1_6719—1>\(A)T)n < 1_|_61<;—1)\(A)T < 1+6>\(A)T.

n>0 n>0
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Continuation of the proof of Step III. We can now prove (8.14]). In particular,
we have, using [B.I8]),

(I a) = {E[/OT p(It, &) dr”

Tf AT
=S E tgene| [ A an ]|

TZ

n>0 n

T AT T AT

' ! /+ E /+ (AL, &) dr|ds
= E — T
7;) =Tyl AT = TE Je Te PR n s

1 To AT
SE |1 e>1/v0 T E<T}—/
{Tt  AT-TE>1/VE} T£+1 /\T—Tﬁ T

n>0
<g| | ) ar|as

T

n

1 T!, AT
+Y E|1 1 T AT _T¢ /
Z { {Th AT-Ti <t/ HTI<T) Tyt NT = TF Jge

n>0
TE AT
X EU p((AfL)r,&r)dr} ds}

Ty
T. AT T
< VEY E [ {T2<T}/ EU p((Aﬁ)T,dT)dr]ds] Z]P” (T <T)
n>0 0 n>0

T
- \/ZIE’U A, as)ds} +—Z]P’/(T£ <T)

0 \[n>0

T 1+e)\(.A)T 2+e>\(A)T
< \/ZIE’{/ (T, o ds}—i— < 5
= , PTees) N/

which yields (314).

We consider now the product probability space (Q x ', F ® F',P ® P'), which
we still denote (Q F,Q) (by an abuse of notation, since according to Proposi-
tion A.1 in [, (Q F,Q) coincides with (Q, F/,P')). We complete the proba-
bility space (Q, F, Q) and, to simplify the notation, we still denote by (Q F,Q)
its completion. Let &, B, #* be the canonical extensions of §, B, v to Q. On
the other hand, we still denote by i the extension of uy to €. We denote by
fe(dsda) = ,ug(ds da) — 7*(a)A(da)ds the compensated martingale measure as-
sociated to uf. We also denote by FB#e = (FB#e) 5 (resp. Fre = (FF),>0)
the Q-completion of the filtration generated by B and (resp. pg). For every
¢ € N\{0}, we define the Doléans exponential

(/ / 1) fue(dr da)) for all s € [0, 7).
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By BI3) we sce that (i5)sepo, 1) is an FB:#_martingale under Q, so that we can
define on (€, F) a probability P, equivalent to Q by dP, = &% dQ. By the Gir-
sanov theorem, piy has FB:#e- -compensator given by A(da) ds under P,. Moreover,
B remains a Brownian motion under Py, and 7 = [P’ under Py.

Let G be the canonical extension of G to 2 and denote by (X?g’e, Xﬁ’x’”"z)se[tﬂ
the unique continuous (]EB”“ vV é) adapted solution to equations BA)-B3) on
(Q F, ]f"g) with &, B, I, FH replaced by §, B, I, ]—"“-7 Finally, we define in an
obvious way the followmg objects: Vy, P7, E7, JR(t z,m, D), VR(t, 2, ).

For every ¢ we have constructed a new probabilistic setting for the randomized
problem, where the objects (Q', FL,PY), (Q,F,P), G, B, j, I, X4, Xt@m y,
JR(t,x, 7, v), VR(t,z,7) are replaced respectively by (', F',P'), (0, F,Py), G, B,
pl, 16, XU&E Xtemt Y, JR(t x,m, D), VR(t, 2, 7).

Now, let us prove that jgz(t,x,w ) — J(t,r,m &) as £ — co. To this end,
notice that I@”Zé = Q. Therefore JR(t,z,m, ") can be written in terms of E¢ as
follows:

-15147 s

T
IR (t@,m, 0" = E@U (s, Xbomt pEe Ie)ds—i—g(Xm”ZIP’~tU)
t

On the other hand, let F® = (F5),>¢ be the Q-completion of the filtration gener-
ated by B, and let & be the canonical extension of & to Q. Then, we
denote by (ngév&,)?;wﬂ)se[m the unique continuous (FP V G)-adapted solu-
tion to equations (Z3)-(Z4) on (2, F,Q) with &, B, « replaced by &, B, &. Notice
that (X% .6 , X Lo a)se[t 7] coincides with the obvious extension of
(X80, XEbmma) cn p) to Q. Hence, we have
T - R
J(t,z,m,d) = E@U f(s, Xpomea PZW ay) ds + g(Xp" ™ P )
t T
Then, it follows that JJ (¢, z, 7, #*) — J(t, 2,7, &) as £ — oo. Indeed, this is a direct
consequence of Lemma [T with Fro := ({ Q})S>0 being the trivial filtration,
= (FB#e v G) s for every £ > 1, FO := (FEV G) 40, I° == @, X060 .= Xtéa
and X“”T0 = XtemE,
We conclude that for every € > 0 there exists some L. € N such that, for every
£ > L., we have

J(t,x,m, &) —e < JR(tx,m,0°) < sup JR(t,x, 7, 0) = VR(t z,n)
ﬂE\}[
Step I
L VYRt 7).

From the arbitrariness of €, we see that J(t,x,7,&) < VR(t,x,7). The claim
follows taking the supremum over & € A. O

Remark 3.4. Let V1, C V be the set of v € V such that v =1 on Q x [0,t) x A.
Then

(3.19) V(t,z,m) = sup JX(t,z,m,v),
veVi ¢
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for all (¢,z,m) € [0,T] x R™ x &,(R™). Indeed, by Step II of the proof of Theo-
rem 3.1 we have V(t,z,7) > VR(t,z,m) > SUD,ey, , JR(t,x,m,v). Let us prove
the other inequality. We begin by noting that in Lemma m the convergence
EQ[f,” (I, 1%)ds] — 0 as £ — oo is needed rather than E?] f 5(I4, 1) ds] — 0.
In other words, the behavior of ( )SE[O 7] on the interval [0, ) is not relevant.
Therefore, proceeding as in Step III of the proof of Theorem Bl we see that
we can take 7' = 1 on Q x [0,£) x A in order to guarantee the convergence
]EQ[ftT ﬁ(ff,&s) ds] — 0 as £ — oo. Then, from the same proof of Lemma [C.1]
we conclude that JR (¢, z,, ') — J(t,z,7,&) as £ — oo. This implies the validity
of the other inequality V'(¢,z,7) < sup,¢y, , JR(t,z,7) and proves (3.19).

4. FEYNMAN-KAC REPRESENTATION: RANDOMIZED EQUATION

In the present section we introduce, for every (¢, z, &) € [0, T|xR"x L?(Q, G, P; R™),

a forward-backward stochastic differential system of equations, which provides a

probabilistic representation for the value V (¢, z, ), with 7 = P, under P. In other

words, we derive a nonlinear Feynman-Kac formula for the value function V in ([27)

of the McKean-Vlasov control problem.

We firstly introduce the following spaces, for every t € [0, T].

e S2(t,T), the set of real-valued cadlag F#-adapted processes Y = (Ys)se[t, 5

with Y: Q' x [t,T] — R, satisfying ||V (|32, 7y := E' [sup,<,<r [Ys]?] < 00.

o LZ(t,T), the set of real-valued P(F*) ® B(A)-measurable maps U =

(Us(@))seft, 1], acas with U: QF x [t,T] x A — R, satisfying [|U]|3,

2(6,7) T
E' [T [, |U(@)]?A(da) ds] < oo
e KC2(t,T), the set of nondecreasing F*-predictable processes K = (Ks)sept,)s
with K: Q! x [t,T] — R, satisfying K € §%(t,T) and K; = 0.

Given (t,z,£) € [0,T] x R" x L?(Q,G,P;R"), with m = P, under P, consider on
(Q, FL,F# P) the following backward stochastic differential equation with con-
strained jumps over [¢,T7:

L)) dr + Kr — K,

o,

(4.1) / / p(dr dev), s € [t,7),

Us(a) < dP* ds A(da)-a.e. on Q' x [t,T] x A.

T
Y, = ]E[(X“”P,tg)] /E[f(rX””]P’T

Notice that E[g(X%E’W,]P’;iE)], as well as E[f(r, X1®7 IP’ft o
variable on (Q!, F1 P1).

Equations B3)-@B4)-B35)-[EI) constitute a forward-backward stochastic dif-
ferential system of equations. We also observe that equation (@I depends on &
only through its law m = P,. We now prove that there exists a unique solution
(Ytom gl K0Ty e 82 (t,T) x LE(t,T) x K*(t,T) to @), which is minimal in
the followmg sense: if (Y,U,K) € 82 (t,T) x L? 2(t,T) x K2(t,T) is another solution
to (@), then the inequality Y*#7™ <Y holds on Q! x [t,T], up to a P!-evanescent
set.

I.)], is a random
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Theorem 4.1. Under Assumption (A1), for every (t,z,€) € [0,T] x R"x

LQ(Q,Q_,P’; R™), with m = P under P, there exists a unique mz’m’mcil solution
ta,w [Tt ot 2 2 2 . X

I(P};-a.s.’g) a c;)ffstant? Ienid(;z,'t?o)nf‘fﬁa(;z;isihf ;Z;/Z)nz—g ;eZ;iZe}gtationequal

(4.2) V(t,z,m) = YOO

Pl-a.s., for all (t,z,m) € [0,T] x R"® x P,(R™). Moreover, we have

S —
(43 viem - sup]Ev{ [ Bl X0 B ) dr+Y””“]
veV t T

s —
= sup ]EV{ Flr, XEmm P7E L) dr + Y:M],
vey t Y
Pl-a.s., for all s € [t,T).
Proof (Existence and uniqueness of the minimal solution to @I)). Fix (t,z,£) €
[0,T] x R™ x L?(Q,G,P;R"), with m = P, under P. Consider, for every n € N, the
following unconstrained backward stochastic differential equation on [t, T

Ht

B _ T
Y, = E[g(X3"",P tg)]+/ E[f(r, XE™" ]P’XQS,I)] dr

T

+n/ / Ada) dr
(4.4) / / p(dr de).

By Lemma 2.4 in [30], there exists a unique solution (Y™%%™ Umtem) € §2(¢,T) x
L/%(t, T) to the above equation.

For every n € N, let V" denote the set of P(F*)® B(A)-measurable maps ©: Q! x
Ry x A — (0,n], which are not necessarily bounded away from zero. Then, let us
prove the following formula:

(4.5) Y%"’t’w’” = esssup]E'}{/ E[f(r, X", P77 L)] dr +YWbor
t

> Xt &0
veyn

7]

for all , s € [t,T], with < s. Let € V (see Remark 32 for the definition of V).
Then, considering (&4]) between ¢ and s and taking the P”-conditional expectation
with respect to .7-'5‘ we obtain

xt &

w [ [ Innayeemy, - vpee @)o,a)] Atda) i

Since 7,.(a) € (0,n], the last term inside the expectation is nonnegative. Therefore

(46) 5/{n7t,w,7r _ E9|:/ E[f( Xt:cﬂ' P 5 )] dr_‘_Yn,t,;cﬂ'

}'4 |

s
(47) Ynthr > esssup]E”{/ E[f( thw IP) S I)] d,,,_,_yntxﬂ
t

_, &
veyn

fﬂ
To prove the other inequality, define, for every ¢ € (0, n|, the map 0™ as

~AM,E €

Zroe) = m s @20y TE Lmacup e o) <oy T gEEmE g Lo @) <o
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on Q' x [t,T] x A, and 2™° =1 on Q! x ([0,¢) U (T,00)) x A. Notice that o™
belongs to V", and it is not necessarily bounded away from zero. Taking  equal
to ©™¢ in (L), we obtain

(4.8)
Y]L,t,a:,ﬂ S ]Ef/"t,s |:/ E[f( Xtacw P » )] dr+Ynt9c7r
t

t ’157

]-'”} +e(T —t)A(A)

s
< esssup {/ E[f(r, XE"T ]P’_:E,I)] dr + Yohom
peyn t

}'“} +e(T — t)A(A).

From the arbitrariness of ¢ we get the reverse inequality of (£7), from which we
deduce the validity of (£H]). In particular, when s = T in (1)), we obtain
(4.9)

T _
yher = esssupEﬁU E[f(r, Xb®™, P7E )] dr +E[g (X””,]P’X%{)]‘ft”],
t

z A 06
peYn

for all ¢ € [¢,T]. Then, it is easy to see that the following estimate holds:

(4.10) sup Y710 < oo, for all ¢ € [t, T].

Hence, the existence and uniqueness of the minimal solution to equation (Z1]) fol-
lows from Theorem 2.1 in [21] (apart from the fact that K"*™ = 0, as required in
the definition of K2(¢,T), which will be proved later). Indeed, (&Il can be seen as

an equation on the entire interval [0, 7|, with terminal condition E [g(X%z’”, }P’;% J]
T

and generator E [ f(r, X" IP’XZ - I)] 1, 79(r). Assumption (HO) in [21] holds un-
der Assumption (A1). Moreover, Assumption (H1) in [2]I] is imposed only to
guarantee the validity of (AI0), which in our case follows directly from formula
([@3), since f does not depend on Y™&&™ [Jm62T Tt only remains to prove that
K}™™ = 0. This is clearly true if we show that ;""" is equal P'-a.s. to a constant
(as a matter of fact, if Ytt’m”r is equal P'-a.s. to a constant, then, by uniqueness,
Yhem = YT on [0,t], so that K%®7™ is also constant on [0,t] and, in particu-
lar; equal to Ké’w’ﬂ = 0). This latter property is proved below. Finally, for later
use, we notice that, according to Theorem 2.1 in [21], the sequence (th"’t’x’”)nzo is
nondecreasing (this is a direct consequence of formula ([@3]), since v C ]A/”“) and
converges pointwise P'-a.s. to "™, for all € [t, T]. O

Proof of @2, in particular Ytt’m"’r is equal P'-a.s. to a constant. Notice that
Y;"™™ is FI*-measurable; therefore it is not a priori clear that it is P!-a.s. a constant.
For every n € N, consider (£H) witht =t and s =T

T
Yt”’t’%”7r — esssupIE’}{/ ]E[f( Xbem pr
t

A ’tﬁ"[ )} dr—l—]E[ (X;I’ﬂ % ‘-7:“]
vey™ T

Letting n — oo, recalling that y, b 4y T Plas. and noting that V, C
Vn+1 cU,Vn= V we obtain
(4.11)

T
Ytt’””’Tr = esssup]Ef’[/ E[f( Xhom p7" )] dr—l—E[ (Xt’”r IP_,E)]‘}",{‘].
¢

; xtE
ey
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Reasoning as in Remark[3.2] we can show that the right-hand side of (@11l does not
change if we take the supremum over V. In other words, ([@I1]) can be equivalently

written as follows:
(4.12)

T
yher = esssup]E"[/ E[f(r, Xtom IP’fté,I)] dr +E[g(X5T, P,tg ‘]—"L]
vey t

From Corollary [D.1]it follows that the right-hand side of [I2) is equal P!-a.s. to
V(t,z, ), which yields V""" = V(t,z,n), P'-a.s. O

Proof of formula (£3)). Let v € V. Consider (£I]) between ¢ and s, and take the
expectation with respect to EV. Then (recalling that K»*™ is nondecreasing and
UH®™ is nonpositive)

(4.13) yer > EVU E[f(r,X2"7 P,;g, [)] dr + Y|
t

From the arbitrariness of v € V, we get the first inequality. To prove the reverse
inequality, considering ([Z8) with ¢ = ¢ and taking the expectation E*""", we obtain

n

E”" [y <EA"E[/ E[f(r, X"" wa L)) dr+Y"t“ +e(T —)A(A)
t i

gsup]EﬁU E[f(r, Xb™T IP’_:E,I)] dr+Y“”“ +e(T — t)A(A)
Y% t i

_sup]EVU E[f(r X““'}P’th, )]dr+Y””T +e(T — t)A(A),
vey t J

where the last equality can be proved arguing as in Remark[3.2l From the definition
of U™, we see that k" = 1; therefore E*"""[Y;*"*™] = E'[Y;""""™]. Hence

El[Y;n’t’w’ﬂ] < sup]E”[/ E[f(?” Xtacfr P ¥
t

t,&9
vey Xy

L) dr + Y "™ +e(T — t)A(A).

Recall that the sequence (Y;"’t’w’ﬂ)nzo is nondecreasing and converges pointwise
Pl-as. to Y;"™". In particular, V,2"*" < V"7 < Y7 for every n € N.
Therefore, letting n — oo and using Lebesgue’s dominated convergence theorem,
we obtain

}/;t,a?,ﬁ — El [}/;t,a?,ﬁ}

SsupIE”{/S]E[f( Xbom P,’ts, )] dr—l—Y“”'} +e(T —t)A(A).
vey t

Sending £ — 0, we get

Y;t’:”’” < supIE”{/ E[f(r XL ]P’ft{,
vey t

I)]dr+Y””}

which, together with [I3), gives formula (@3] and concludes the proof. |
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5. RANDOMIZED DYNAMIC PROGRAMMING PRINCIPLE

The present section is devoted to the proof of the dynamic programming principle
for V in the randomized framework. Firstly, we prove the flow properties of Xt¢
and X*®™. These in turn imply the identification E[V (s, X[*7 ]P’,i ] =Yher,

Pl-as., for all s € [t,T]. Then, (&3] allows us to derive the randomized dynamic
programming principle for V.

5.1. Flow properties. We begin by considering the solution to system (34))-(B.5)
with more general initial conditions. More precisely, concerning equation ([3.4), for
every (t,7) € [0,T] x L2(€, FP* v G,P; R™), consider the following equation:

(5.1) dXi7 = b(s, X07, P

Xtﬂv

)ds+a(s Xhn IP’X“,, )dBS7 )_(f’ﬁ =1,
for all s € [t,T]. Concerning equation ([B.5]), we begin by recalling that (IP’Xt 7)se[t,T]
stands for the stochastic process (P4™) ¢ ) introduced in Lemma[B.2) with 7 = P;
under P. In the sequel, when considering equation (3.3), it is more convenient to
adopt the notation P4 instead of ]P’;é;;,. For every (t,7) € [0,T] x L2(Q, FP* v
G,P; R™) and II: Q — 2,(R"), with II measurable with respect to /' and such
that E[||TI]|2] < oo, consider the following equation:
(5.2) - o )
d)_(gfl,ﬂ _ b(S,X;’ﬁ’H,P?H,I_S) ds + 0.(57)_(?7771'1’[@?1'17[_8) dBS, _fihl'[ = 7,

for all s € [t,T], where
(5.3) Pl(@) = PYI@ (WY, for all (@,s) = (w,w!,s) € Qx [t,T].

Notice that, thanks to Lemma [3.2] the stochastic process (IP’Z’H)Se[tT] is well-

defined. In particular, for every s € [t,T], P4 is F¥-measurable. Under As-
sumption (A1), we have the following result, whose standard proof is not reported.

Lemma 5.1. Under Assumption (A1), for every (t,7) € [0,T] x L*(Q, FPr v
G,P;R™) and I1: Q — 2,(R"), with I measurable with respect to F}* and such
that E[||1I||2] < oo, there emists a unique (up to indistinguishability) pair
(XL, XEMI) ey of continuous (FEH' v GV o (7, 11))-adapted processes solu-
tion to equations (BI)-B2), satisfying
B[ sup (X7 +]X7P)] < o
se(t,T)

Moreover, there exists a positive constant C' such that
(54) E{ sup |X;77771:I _ X;ﬁ,r_]',ﬁ’ |2] < C(Eﬂﬁ _ 77/|2] + ]E[Wg(ﬁ, ﬁ/)2]),
s€t,T]

Jor every t € [0,T), 7,77 € L*(, F, FPHr v G P;RY), and any I1,11': Q — 2,R"),
with TL, 11" measurable with respect to F!' and such that E[||T1||2 ] E[|ITI')|2] < oo

Proof. The proof of the existence and uniqueness of (X7, Xﬁ’ﬁ’n)se[tﬂ is standard
under Assumption (A1) and can be done as usual by a fixed point argument.
Concerning estimate (54)), the proof can be done proceeding as in Lemma 3.1 in
[@). |
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Remark 5.1. When in equation (5.2)) the random variables 77 and II are equal P-a.s.
to some z € R™ and 7 € P,(R™), respectively, then (Xﬁ’ﬁ’ﬁ)se[tﬂ coincides (up
to indistinguishability) with the stochastic process (X?””“)SE[LT] defined in Section
Bl Indeed, (ng’?vﬁ)se[m and (X;v’”’”)se[tﬁT] solve the same equation; therefore the
claim follows from the uniqueness of the solution.

Remark 5.2. Suppose that 7 and II in Lemma [5.1] take only a finite number of
values, namely,

K K
n = ZiﬂklE,ﬂ I = ZﬂklEkv
k=0 k=0

for some K € N, z;, € R", 71, € P(R"), Ey € ]:"f’“ vV G, with (Ek)kzL___ﬂK
being a partition of 2. Then, by definition of Pt (formula (£.3)), we have P4 =
P 1p, +- -+ P75 1, . Therefore, the stochastic processes (X7 1p, +- -+
Xber,mr 1By )sep,r) and (X§7”7H)S€[t1T] are indistinguishable, since they solve the
same stochastic differential equation.

Lemma 5.2. Under Assumption (A1), for every (t,s,z,§) € [0,T] x [0,T] x R"™ x
L*(Q,G,P;R"), with t < s and m = Pg under P, we have the flow properties

—s ot,& _ .z
(55) XTaXs — X'ﬁ7§7
75,5{5””’"7?}};5 _
(5.6) X, = XbeT
for all r € [s,T], P-almost surely.
5, X8

Flow property (B.5). Consider the process (X "° ),¢[s,7] solution to equation (5.1)

with initial conditions ¢t = s and 7 = X.%. Since (X/*),¢[s,r) solves the same

_ o ¥t& _, =
equation, by pathwise uniqueness we deduce that (Xf’XS )rels,r) and (Xﬁ’f)re[s’T]
are indistinguishable; namely (5.35) holds.

Flow property (B.0). Recall that (P;ig)se[t,T] stands for the stochastic process
(PY™)sefe,) introduced in Lemma In the present proof it is more convenient

to adopt the notation PL™ instead of P”* .. Notice that, by (5.5), we have PL™ =

Xﬁ’é.

IP’f’P?W, for all » € [s, T], P-almost surely. Therefore

Xtem = Xterm 4 / b(u, X" YT, 1) du + / o (u, Xy=™, 2,7, 1) dB,
s S

o / b(u, Koo B T, du + / o (u, X2 B 1) dB,,
S S

vi,x,mT t,
b, p

for all r € [s, T], P-a.s. On the other hand, consider the process (X, " * )rels,T)
solution to equation (5.2]) with initial conditions t = s, 7 = X,®™ II = PL™. Then,

_ . wtx,m pt,w _
we see that (X5 % Jrefs,r) and (X2®7),c(, 1) solve the same equation. It
follows that they are indistinguishable; namely (5.6]) holds. a

5.2. Randomized dynamic programming principle. We begin proving the
following identification result between V and Y%7,
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Lemma 5.3. Under Assumptions (A1) and (A2), for every (t,x,€&) € [0,T] x
R™ x L2(Q,G,P;R™), with © = P¢ under P, we have

E[V(s, X" P )] = Y1,
Pl-a.s., for all s € [t,T).

Proof. Fix (t,s,2,€) € 10,T] x [0,T] x R* x L*(Q,G,P;R"), with t < s and 7 = Pg¢
under P. Using the same notation as in the proof of Theorem E1] let us consider,
for every n € N, formula (3] with ¢ and s replaced respectively by s and T

T _
yrebem = esssupEﬁ[/ E[f(r, Xt®™ PTF  1)] dr + E[g(X5, Ptg)]‘]-"g‘].
pevn s "

Letting n — oo, we obtain

T

Yh®™ = esssupE” [/ E[f(r, X" IP’Jt L) dr + E[g(X557 }P’,t : ‘]—"‘L]
eV s

Reasoning as in Remark[3.2] we can show that the right-hand side of ([@IT]) does not

change if we take the supremum over V. In other words, ({11l can be equivalently

written as follows:

T _
Y'St,w,Tr — esssup]E”[/ E[f(?",Xﬁ’w’ﬂ7Pf€ I )] d’r'i‘E[ (Xtiﬂﬂ— P,tg ’]:P*:|
vey s )

Then, we see that the claim follows if we prove the following equality: P!-a.s.

(5.7) E[V(s,Xtom P78 )]

xt€

T =1
_esssup]E"{/E[f(r Xt"“r}P’ 3 I)]dr+El[g (X5, ;Tg)}

t,E9
vey Xy

7|

As in the proof of Lemmam it is more convenient to adopt the notation P%L™ in-

stead of P ft c

introduced in Lemma B32). Then, from the flow properties (B.5) and (B8], we have

(recall that (P”* N )seft,r] stands for the stochastic process (PL™) e, 1

T toa,m ot tor
(5.8) YIoT = essesBpE”{/E[f(r X X TR Pt L) ]dr
v s

—|—]E[ (XSX Tr]P”",Ps]}" )]‘}m]

Now, notice that XL®™ € L%*(Q,FEB# P;R"), so that it is the L2-limit (and
also pointwise P-a. s) of a sequence (Xm)m>0 C L*(Q, FB+» P;R"), where each
X,, takes only a finite number of values. Similarly, Pg” is a random variable
PL™: Q0 — ZP,(R™) such that E[||PL™[|2] < co. Therefore, by Lemma there
exists a sequence (Pp,)m>0 of FB#*-measurable maps P, : Q@ — 22,(R"), with
E[|Pn]l?] < oo and each P, taking only a finite number of values, such that
EWy (P, PL™)2] — 0 as m goes to infinity (and also Wy(P,,,PY™) — 0 point-
wise P-a.s.). In particular, for every m > 0, we have

Ko K
= E :‘Tme ]‘E'm,k7 P, = E :ﬂ-mJC ]‘E'm,k7
k=0 k=0
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for some K, € N, 2 € R, i € Po(RY), By € FEH, with (Epp)k
being a partition of Q. For every m > 0, consider the process (Xﬁ’Xm’PM)TE[&T]
solution to equation (B.2)) with initial conditions ¢t = s, 7 = X,,, II = P,,. Recall
from Remark [£.2] that we have that the stochastic processes ()_(,‘?X"“P"L)TG[S’T] and
(Zk o Xt g Jrels,7) are indistinguishable.
Notlce that, for every v € V, we have, from Corollary [D.] P'-a.s.,
(5.9)
Ko

E[V (8, Xm,Pr)] = > E[V(S,Zmks Tm) 15, ]
k=0

T
1E,,hk€SS Sup El/ |:/ ]E [f (T, X’fawm,kﬂrm,k , ]P);‘);fﬂ'm,k , jr)] d'f‘
veV s

|
ingls
—=

+ [y )] 72

T _ i,
= esssup E¥ {/ E[f(r, X5XmPm ps.Pm I)] dr + E[g(X;’Xm’Pm,IP’%Pm)} ’]—"4 .
vey s

From the continuity of the map (y,v) — V(s,y,7) stated in Proposition 21 and
the growth condition (2.8]), we see that
(5.10) E[V (s, Xin,Pr)] mii" E[V (s, XL, PL™)].

On the other hand, using estimate (54]) and proceeding as in the proof of inequality
[21I]) in Proposition 2.1, we can prove the following convergence:

(5.11)

esssup]E”[/ E[f (r, X3XmEm P 1] dr+]E[g(X;’Xm’Pm7PST’Pm)]‘f§L]
veV
T Gt ot tor
e esssupEV{/ B[S XpRen R e 1) dr
Pl-a.s. vey

(B )|

Hence, by (BI0) and (GIT), together with equalities (B.8]) and (59, we see that
(E7) holds; therefore the claim follows. |

We can now state the main result of this section.

Theorem 5.1. Suppose that Assumptions (A1) and (A2) hold. Then, for every
(t,s,2,6) € [0,T] x [0,T] x R* x L*(Q,G,P;R"), with t < s and 7 = Pg under P,
we have

V(t,z,m) = supE”[/ E[f(r, X" P-§£71)]dr+E[V( Xbom Pf%‘ )]}
vey t

X

Prooffix(t,s,x,ﬁ_)e[ T x [0,T] x R" x L*(Q,G,P;R"™), with ¢t < s and 7 = P
under P. Recall that by (IH) we have, Pl-a.s.,

Ytﬁ’m’7T = supIEV{/ E[f(r Xhbom P’ )] dr—|—Y”“r}
t

&9
vey Xy
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Then, the claim follows from Lemma B.31 O

Remark 5.3 (Hamilton-Jacobi-Bellman equation for V and Vykv). Let us derive, in
a formal way, the dynamic programming equation for the value function V. We pro-
ceed as usual, starting from the dynamic programming principle of Theorem [.Iland
applying It6’s formula (see the Appendix in [I2]) to the process V (s, X7, P;é:)g),
supposing that V is smooth enough. Then, it is easy to see that the Hamilfon-
Jacobi-Bellman equation for V' takes the following form (see Section 6 of [10] for

the definition of dy):
OV (t,z,m)

+ sup {f(t7 x,ma)+ b(t,x,m a). {amV(t, x,m) +

O:V (2!, ) (w)m(da’)]
a€A

R™

+ %tr(aaT(t, T, a) [@%V(t, x,m) + 0,0:V (t, 2/, W)(l’)’]‘r(dl’l)} } =0,

Rn
for all (t,x,7) € [0,T) x R™ x Z5(R"™), with terminal condition

V(T ,z,7) = g(z,n), for all (z,m) € R™ x Z,(R").

We can also derive the Hamilton-Jacobi-Bellman equation for the value function
Vakv defined by (ZI9). From Proposition 222] we have

VMKV(tvf) = E[V(t,f,ﬂ')] :/ V(t,l’,’]‘()ﬂ'(d(ﬁ),

n

for all (t,€) € [0,T] x L*(Q,G,P;R"), with 7 = P, under P. From the above
formula we see that Vykyv depends on & only through its law 7. In other words,
Vv (t, €) = Vaukv(t, &) whenever € and & have the same law 7. Then, by an abuse
of notation, we suppose that Vyy is defined on [0, T] x Z5(R™) with Vi (¢, 7)
given by Vukv(t,€), for some £ such that m = P:. Now, recalling the definition of
the derivative 0, we obtain

O Vauxv(t,m) = E[@V(t,& )],
O Vv (8, m) () 0,V (t,x,m) + E[0:V (¢, & m)(x)],
0u0x Vv (t, ™) (x) = 02V (t,x,m)+ E[0,0,V(t, & m)(x)].

Integrating with respect to 7 in the Hamilton-Jacobi-Bellman equation of V', we
obtain the following dynamic programming equation for Vyky:

(5.12) O Vakv(t, ) —|—/ sup [f(t,z, 7, a) + b(t,z, 7, a).0- Varv (t, ) (2)
R” a€A

1
+ Etr(aaT(t,x,77,a)@x&rVMKv(t,W)(ac))]ﬂ(da:) =0,
for all (¢t,m) € [0,T] x P5(R™), with terminal condition

Vugv (T, m) = / g(x,m) w(dx), for all m € Z,(R").

Notice that if the supremum inside the integral in (5.12)) is attained at some a(z),
for some map a: R™ — A Lipschitz continuous in x, then the above equation can
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be written as (we denote by L(R™; A) the set of Lipschitz continuous maps from
R™ into A)

Vv (t, ™)+  sup [f(t, x,m a&(x)) + b(t, z, 7, a(x)).0x Vury (t, 7) ()
&EL(R™;A) JR®

+ %tr(oaT(t,z,ﬂ',d(x))ax&rVMKv(t,w)(x))]ﬂ'(dz) =0.

This latter is the Hamilton-Jacobi-Bellman equation obtained in [26] under the as-
sumption that the optimization in the McKean-Vlasov control problem is performed
only over the class of Lipschitz continuous closed-loop controls.

APPENDIX

A. Some convergence results with respect to the 2-Wasserstein metric
W,.

Lemma A.1 (Skorohod’s representation theorem for W,-convergence). Let (7, )m
be a sequence in Po(R™) such that Wa(mpm, m) — 0, for some m € P5(R™). Then,
there erists a sequence of random variables (&m)m C L?(Q,G,P;R™), with P, =
Tm, converging pointwise P-a.s. and in L?(2,G,P;R") to some & € L*(Q,G,P;R"),
with Pg =T.

Proof. By Theorem 6.9 and point (i) of Definition 6.8 in [31], we have that W, (7, 7)
— 0 is equivalent to

(A1) mp migo T and / || 70 (dir) mﬂo/ |z)? 7 (dx).
weakly n n

Then, by the classical Skorohod representation theorem for weak convergence, there
exist random variables &,,,¢ € L?(Q,G,P;R"), with Pe, = 7, and P, = , such
that £,, converges pointwise P-a.s. to £. It remains to prove the convergence in
L?(Q,G,P;R™). To this end, we notice that (A implies E[|¢,,|?] — E[|¢|?]. There-
fore, by Theorem I1.6.5 in [28], the sequence (|&,,|?)m is uniformly integrable. Then,

it follows that &,, — & in L*(Q, G, P;R™). a
Lemma A.2. There exists a countable convergence determining class (¢r)k>1 C
Cy(R™) for the Wh-convergence. In other words, given my,ma,...,m € Po(R™), we
have

Wy (T, ) 2800 if and only if / ok (x) T (dx) e / o (x) m(dz),
Rn R~
for all k.

Proof. Let my,m2,...,m € P5(R™). We recall from Theorem 6.9 and point (i) of
Definition 6.8 in [31] that

W (T, m) ™50 if and only if 7, > 7
weakly

and |2|? 7 (d) ™50 / |z|? 7 (dz).
Rn n

Now, it is well-known that there exists a countable convergence determining class
(Yn)n>1 C Cp(R™) (the set of real-valued continuous and bounded functions) for
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the weak convergence (see, for instance, Theorem 2.18 in [3]). In other words, we
have

T mi)}j 0 if and only if Up(x) T (d) i Yy (x) w(dx), for all h.
weakly R R

Then, the claim follows taking i (z) := |z|?, for every z € R™, and ¢} = 1,
for every k > 2. O

Lemma A.3. Let (Q, F,P) be a probability space and let 11: Q — 2,(R") be a
measurable map. Suppose that (E denotes the P-expected value)

(A.2) E[|I)Z] < +co.

Then, there exists a sequence (IL,,)>1 of measurable maps I1,,, QR Py (R™) such
that

Wa (I (@), (@) ™=5° 0, P(d)-a.s., and  E[Wy(IL,,11)?] ™= 0,

where, for every m > 1,
Km
I, (0) = Zﬂ'm,k 1g,, . (@), for every @ € Q,
k=1

for some finite integer K, > 1, mp o € P2(R"), Ep i € F, with (Emk)k=1,... K
being a partition of €.

m

Proof. Recall from Theorem 6.18 in [31] that (Z%,(R™), W,) is a complete separable
metric space. Then, there exists a sequence (mp,),>1 dense in &, (R™). Now, for

every £, h > 1, define the measurable set By, € F by
Bep = {@ € Q: Wy(Il(@), ) < 1/¢}.

We also define the disjoint measurable sets: By := By and By, := By \(Be1 U
U Bgﬁ_l), for any h > 2. Notice that Q = Uh21 By . In particular, for every
£ > 1, there exists K; > 1 such that ED(UhZKe+1 Bey) < 1/0%. Finally, we set

K,
(@) ==Y 7 1p,,na, @)+ LUy sepis Bena (@) +1ag (@), for every €,
h=1

where
A = {2 e Q@2 < ¢}
Then, we see that (recall from (Z2)) that Wy (5o, II(®)) = [|TI(@)]|2)
_ B 1 N 5 N B
W2(Hl(w)7 H(w)) < z 1(Uh1,(£1 Bo.n)NA, (w)"'_HH(w)”? (1(Uh2Ke+1 By n)NAg (w)+1A§(W))7

for all @ € Q. Therefore (recalling that ]?)(UhZKz-i-l Bep) <1/0%)

- _ 1 - ~ - ~
EW, (T, 1] < 55 + E[IT@)I3 LU, 4, Bemnac] +E[IT@)]3 Lag]
1 . - 5
< £—2+€P(( U Ben) N Ay +E[IT(@)]13 1]
h>K,+1
1 1 ~ ~ L—o0
< £—2+€€—2+E[||H(w)||§1,42] =% 0,
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where the convergence E[HH(LD)H% 1a¢] — 0 follows from the Lebesgue dominated
convergence theorem, using (A2) and noting that 1 Ag converges pointwise P-a.s.
to zero.

Let Y;: Q— [0, 00) be the nonnegative random variable given by Y, :=W,(II,, IT).
We know that Y, — 0, as £ — oo, in L2(Q F. I@’) Then, it is well-known that this
implies the existence of a subsequence (Y7, )m>1 such that Y, = W, (11, ,II) — 0,
as m — oo, pointwise P-a.s. and in L?(Q, F,P). Then, (IL,,)m>1, with IL,,, := T, ,
is the desired sequence. O

B. Proofs of Lemma [3.1] and Lemma

Proof of Lemma Bl Recall that, by construction, the map X%¢: (It,T] x Q x
QL B([t, T)) ® F) — (R™, B(R™)) is measurable. Therefore, up to indistinguishabil-
ity, we can suppose that X*¢: ([t,T] x Q x QL B([t,T]) ® F @ F') — (R", B(R"))
is measurable. Since ()_(ﬁ’g)se[tﬂ is also (F2#* v G)s-adapted, we deduce that, for
every s € [t,T], the map X5¢: (Q x Q' (G V FB) @ F#) — (R, B(R™)) is mea-
surable. Therefore, by estimate (3.06]) and Fubini’s theorem, we see that, for every
© € By(R™), the map
wh — E[np()_(ﬁ’g(-,wl))},
from Q! into R, is F#-measurable. In particular, when ¢ € Cy(RY), the continuous
process (E[@(X?g)])se[tﬂ is F¥-predictable. Then, by Remark 2] it follows that
the process (]f”g’”)se[t;p] is F#-predictable.
Finally, we observe that

B (whlel = E[p(X5(,wh)] = E[p(Xe9)| AW = PLie@hlgl,

P!(dw')-a.s., for every ¢ € B,(R™). Let (pr)r C B2(R™) be a countable separating
class of continuous functions whose existence is guaranteed for instance by Theorem
2.18 in [3] (pk can be taken even bounded). Then, there exists a unique P'-null set
N' € F! such that

T

Pim(whlen] = P

v O

g( w")[epxl, for every k,

t, T

©™ coincides with

Whenever w! ¢ N'. Since (o) is separating, we conclude that Pt~

P’ _“1 e on QNN In other words, (P )se[t,) is a version of (IP )F;: )selt,T]- |

.

Proof of Lemma B2l Fix t € [0,T] and consider a generic 7 € Z,(R"). Let £ €
L?*(Q,G,P;R") be such that 7 = P¢ under P. We construct X*¢ using Picard’s
iterations. More precisely, we define recursively a sequence of R"-valued processes
(X™18),, on Q x [t,T] as follows. i .

Recursive construction of the sequence (X™!¢),,. Definition of X%*¢. We
set X0 = 0. Defining PO*¢ by formula ([@7) with X%¢ in place of X*¢, we see
that I@’g 6™ = §p, the Dirac delta at zero, for all s € [t,T]. In other words, up to a

version, (P},{O +.&)seft,7) is identically equal to do.

Definition of X**€. The process X 1€ is given by

XiE = 5+/ b(r,o,éo,fr)dwr/ o (10,60, 1,)dB, .
t t
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for all s € [t,T]. Notice that, by construction, the map Xb€: ([t,T] x Q x
QLB(t,T)) ® F) — (R*,B(R™)) is measurable. Up to indistinguishability, we
can suppose that X10¢ ¢ ([t,T] x Q x QY B([t,T]) ® F @ F!) — (R", B(R")) is
measurable. As a consequence, by Fubini’s theorem, we can define the &,(R")-
valued F#-predictable stochastic process (P;’t’ﬂ)se[t,T] by formula (7)) with X Lt.€

"

in place of X*¢. Notice that (Pi’t’”)se[t7T] is a version of (P;,t,g)se[t,ﬂ- Moreover,

from (B7), we see that (using the definition of X1*¢ and the independence of G
and F2)

BT @il = E[p(X4CN)] = [ @l ) mlda),

for every w! € Q' and p € %,(R"), where @1 ,: Q' x [t, T] x R™ — R is measurable,
with at most quadratic growth in z uniformly with respect to (w!, s), and it is given
by

@17@(0.)1,3,‘%) :—E[cp(x—l—/ b(r,O,éo,fT(-,wl))dr+/ 0(7",0,50,]7«(~,w1))dBr>}
t t

Then, we see that the map P [p]: Q! x [t,T] x Z,(R") — R is measurable.
Indeed, when ®; ,(w', s, z) = £(w', s)h(z), for some measurable functions ¢ and h,
with ¢ bounded and h with at most quadratic growth (namely h € %,(R™)), the
result follows from Remark 211 The general case can be proved by a monotone
class argument.

Using again Remark 2] we conclude that the map P2 : Q! x [t,T]x Z5(R™) —
P,(R™) is measurable.

Definition of XerLt*g, for every integer m > 1. We define XmHLtg recursively,
assuming that Xmt€ has already been defined. We also assume that the map
Xmte: (t,T] x Q x QL B(t,T)) ® F @ FY) — (R", B(R")) is measurable and
that (I@’Z“t’”)se[tj] is the P2,(R™)-valued F¥-predictable stochastic process given
by formula (B7) with Xmt€ in place of XtE, Moreover, we suppose that the map
P QL x [, T) x P5(R™) — 2,(R™) is measurable. Notice that (]f”;”’t’”)se[tj]

. . F
is a version of (P5, ; ¢)seft, -

Then, we define X™+1:t¢ as follows:
gL _ gy / b(r, Xb€ Bt T )dr + / o (r, X Bt T)dB,
¢ ¢

for all s € [t,T]. Notice that, by construction, the map X™15E: ([t,T] x Q x
QL B([t, T)) ® F) — (R™, B(R™)) is measurable. Therefore, up to indistinguishabil-
ity, we can suppose that X108 ([6, T]xQx QY B([t, T)) @ FOF') — (R™, B(R™))
is measurable. Then, by Fubini’s theorem, we can define the 22;(R"™)-valued F*-
predictable stochastic process (I@Tﬂ’t’ﬂ)se[t,ﬂ by formula (37) with X™+14€ in

place of X%¢, namely,

]fD;n+17tv7T (UJI)[QD] = FE [()0(X';n-‘rl,tf(,7 wl))] )
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for every w! € Q1 p € %,(R"), s € [t,T]. In particular, we have
S
PT+1’t)Tr(wl)[(p] =E |:<p (g—i_ / b(r>§_+ e +7P1m7ty7r(w1)7 I’r('>w1))dr
¢

+ /Sa(r,g_+ . ..+,I@’;”’t’”(w1),IT(.vwl))dB,)]
t

/ q)m+1,go(w1757x77r) W(dl‘),

for some measurable @, 1 ,: Q' x[t, T]xR" x Z,(R™) — R, with at most quadratic
growth in (z,7) uniformly with respect to (w',s) (the dependence of ®,,41,, on
7 is due to the presence of P"t™). Then, we see that the map P™ 5 [¢]: Q! x
[t,T] x Z,(R™) — R is measurable, as it can be deduced using a monotone class
argument, first taking ®,,1,, of the form ®,, 11 ,(w', s, z,7) = f(w', s, m)h(x), for
some h € %,(R™), and some measurable function ¢ with at most quadratic growth
in 7 uniformly with respect to (w', s). Then, by Remark I} we see that the map
PHLE QU [, T) x Py (R™) — P,(R™) is measurable.

End of the proof of Lemma Now that we have constructed the sequence
(X™t8),,, we notice that it can be proved (proceeding for instance along the same
lines as in the proof of Theorem IX.2.1 in [27]) that

(B.1) sup ‘Xsm’t’g—)_(ﬁ’g’ l 0,

s€[t,T] m—>00

where the convergence holds in probability. Fix s € [t,T] and let us prove that
(B)) implies the following convergence in probability:

A~ ~ ]le
(B2) Wg (PT’t’ﬂ,Pi’ﬂ) mjgo 0.
In order to prove (B), it is enough to show that every subsequence (P7¢tm),
admits a subsubsequence (P ‘" ’t’ﬂ)h for which (B:2)) holds. Let us fix a subsequence

(Pmetm),. We begin noting that, by (B, we have, for every ¢ € Co(R™),
~ 1 A
Bretmle] — BiTlel.
£— 00

Let (pr)r € C2(R™) be a countable convergence determining class for the W,-
convergence, whose existence follows from Lemma [A2l Then, there exists a unique

Plnull set N! € F! and a subsubsequence (]f"?swh’t’ﬂ)h such that, for all w! €
QNN
I@’?Z"’t’ﬂ(wl)[gok] o P (W) [or), for every k.

By Theorem 6.9 in [31] it follows that, for all w! € QY\ N1,
Wi (BT (), Bt () 23 0,

In particular, the above convergence holds in probability. This concludes the proof
of (B2).

Notice that convergence (B.2) holds for every s € [¢t,T] and m € Z2,(R™). More-
over, for every m € N, Pt s jointly measurable with respect to (w!, s, 7). Then,
we deduce (proceeding for instance as in the first item of Exercise IV.5.17 in [27]
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or as in Proposition 1 of [29]) that there exists a measurable map P> : Q! x [t, T] x
PH(R™) = P,(R™) such that

Wy(EPT BT T o
for every s € [t,T] and m € Z2,(R"). This implies that P;™ coincides P'-a.s. with
PY™. By Lemma 3] we conclude that (P4™),cp 77 is a version of (ngé)se[m. O

C. Stability lemma. For the proof of Theorem[3.I] we need the following stability
result.

Lemma C.1. Suppose that Assumption (A1) holds.

o Let (Q,]}, Q) be a probability space on which a d-dimensional Brownian
motion B = (By);>o is defined.

o For every £ € N, let F' = (F%)s>0 be a filtration on (Q, F,Q) such that B
is a Brownian motion with respect to .

e For every £ € N, let Fre = (Fi) o, with Fle C FL, be a filtration on
(Q,F,Q) Zindependent of B.

o Let (t,z,€) € [0,T] x R* x L2, F,Q; R™), where & is Ft-measurable for
every L € N and m = IP’ under Q.

For every £ € N, consider the system of equations:

AXEE0 = b(s, XESL BT 1) ds + o (s, X0 PEE 1Y) dB,,

~t§tz7 s ~t§tz7 s

Xt,é,é _ §~

dX;S,x,ﬂ',Z _ b( thﬂ'[ P]: IZ) d5—|-0'( thﬂ'[ P]: be IZ) dB

-fgw s -fgw s

Xt,z,ﬂ',f =

for all s € [t,T], where (I )sejt,r] 18 an A-valued F*-progressive process. Then

. ~
|: f s, thﬂ'e Pj:-tgl’ s)dS‘Fg(thﬂZ P;;;é,z)}
(oo ]EQ[/t Fls, XEmmORLL I ds + (X557, P’flo)]

whenever pR(I¢, I°) := B[ fo (I, 1% ds] = 0 as £ — oo

EREan

Proof. We begin by noting that, by standard arguments (based on the Burkholder-
Davis-Gundy and Gronwall inequalities), we have

o e[ swp (|4 [KE])] < o
LeN s€[t,T]
for all ¢ > 1. We also have

(C.2) ]EQ{ sup |)~(;’£’Z - X;’E’O|2}
s€t,T]

< CE@[/T(M(S,X;@O PEE TY) —b(s, XEEO, BT 1O

~t§07 s Xt{[)’ s

+ o (s, XtEOPf If) —o(s, thO]P’F I°)|)d ,

~t§o’ s ~t507 s
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for some positive constant C, independent of /. Now, we notice that ﬁQ(_f LT 9 =0
implies I* — I° in dQds-measure, which in turn implies the convergence to zero
in dQds-measure of the integrand in the right-hand side of (C.2). By uniform
integrability (which follows from (C.I)) and Assumption (A1)(ii)), we deduce that

Wa(P PR )P < BR[| ReEe_ Refop| \ Fu] 2 o,
LEN

Xt§é7 qu’

Q-a.s., for all s € [t,T]. Moreover

(C.3) sup WQ(IE”{E'W- P7E" )2 < ]EQ[ sup ’Xtu X§’£’0’2‘ \/ﬁgg} = .

t,€,07 t,€,0
sE[t,T) Xs Xs s€[t,T] ¢eN
Similarly, we have

It It 2
]EQ[ sup ’X;,:C,TF,Z _ X;,ac,‘n',O’ }
s€[t,T]

—fgw -1507 s

T
< CEQ[/ (‘b( thTrO P]: jd IK) |b( XtacﬂO ]P)}‘ Y IO)’
t

—|—|0(s Xta;‘n'O PF’»’ Ié)—a(s Xt:E?TO ]P,f‘(’

~tge7 s

19)[) ds

~t§o7 s

Then, by ((3), the convergence I* — I° in dQ ds-measure, estimate ((L1)), and
Assumption (A1)(ii), we obtain

(04) EQ |: sup |Xt x,m, L X£7m1ﬂ70‘2:| Zj}o 0.
s€(t,T]

Then, by (C:3) and (C4), we see that

f( Xtmfr[ P}' Ie)—)f( Xt:crrO P}'O INO)

~15e’ s "t&O’ s

as £ — oo in dQds-measure. Therefore, by uniform integrability (which follows
from estimate (CJ]) and Assumption (A1)(ii)), we deduce that

T T
]E@[/ (s X”Mpﬁie,ff)d] o E@U (s, Xt“(JPﬂZO,IQ)d
t t

Using agaln (IEI) and (CA4), we obtain the Q-a.s.  pointwise convergence
g(Xhmmt PT. ) o g(XEom0 P’T_ ) as { — co. By estimate (Z0) together

with the polynomlal growth condltlon of g in Assumption (A1)(ii), we can apply
Lebesgue’s dominated convergence theorem and obtain

E@[ (XLt Pﬂ“)} g EQ[ (Xhom0 p7ie )}

XE0

~t£é ~f§o

which concludes the proof. O

D. On a different randomization of the control. In the present appendix we
introduce, following [21], a different kind of randomization, which in our paper turns
out to be useful in the proof of Theorem [l More precisely, for every ¢ € [0, T,
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ag € A, consider the A-valued piecewise constant process It = (Jbeo) 5, on
(Q, F,P) given by
(D 1)
“(w,w!)
= D (a0lprny<o + (Aa@)aar(@) i<, @1)) Ui, T @) (9);
n20t<Tn+1(wl)

for all s > ¢, where we recall that Ty = 0 and Ay = &. The process I = (I;)s>0
defined in ([B3) corresponds to %40 = (1%@0) 5, for any ag € A (when t = 0, ag
plays no role in (D).

Let FBt = (FBt) 5, (vesp. F! = (FA1)4>,) be the P-completion of the fil-
tration generated by (Bs — By)s>¢ (resp. jil(too)x.a), and let FE#f = (FBwt) o,
denote the P-completion of the filtration generated by (Bs— By)s>¢ and i 11 00)x.4-
If we randomize the control in (Z3))-(Z4]) by means of the process 1% we obtain,
for every (x,€) € R" x L?(Q,G,P;R"), with 7 = P, under P:

(D.2)

AXbEw0 = p(s, X160 ]P’,tUO,I;“O)ds+U( XbEao P,tgao,fgao)st,
(D.3)
AXLB™a0 = p(g, XLmmao Pﬂw,lgao)dwo( Xtamao Pfiﬁao,lgao)df;s,

for all s € [t,T], with )_(f’f’ao = ¢ and X" = g, Under Assumption (A1),
there exists a unique (up to indistinguishability) pair (X5:@0, Xboma0) 7 of
continuous (FEZ#t v G),-adapted processes solution to equations (D.2)-(D.3)), sat-
isfying
E[ sup (|XL6w]” 4| Kbmmel)] < o,
s€t,T)

for all ¢ > 1.

Let Fv! = (F#t)>, be the Pl-completion of the filtration generated by
1 1(#,00) x Agiep» and denote by P(F1) the predictable o-algebra on Q! x [t, 00) corre-
sponding to F*'. Then, we define V; as the set of P(F*!) @ B(A)-measurable maps
v: Q' x [t,00) x A = (0,00), with 0 < info1[1,00)xA ¥ < SUPQ1 y[1,00)xa ¥ < OO
Given v € V, we define v* € V as v* = 1gix(o,1)x4 TV Lot x[t,00)x.4- We denote by
P¥ (resp. P¥) the probability P¥~ (resp. P”"), and by E (resp. E¥) the expectation
E¥" (resp. E”"). Then, for every v € V;, we define the gain functional (notice that
JR(t,z, 7, ap,v) does not depend on the value of v* on Q! x [0,¢) x A)

ftgao’ s

T
R Y z,m,a Fhot a v i,T,T,a Fht
TR(t, 2,7 a0,v) = E Ut s, Koo PP T) dsbg (R4, B7EL )

and the value function

VR(t,QC,’]T,ao) = Ssup JR(tal'v’]T,GOaV)'
veV:

Finally, let FBt = (FB:1),5, be the P-completion of the filtration generated by
(Bs— By)s>t, and let A; denote the set of FB-'-progressive processes a: Q x [t, T] —
A. Given a € A, we define o € A as o = algyp,y + alax(,r), for some

deterministic and fixed point @ € A. Then, we denote J(¢,z, 7, a*) simply by
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J(t,x,m, a) (notice that J(t, x, m, a*) does not depend on the value of a* on 2x[0,t),
namely on a).

Theorem D.1. Under Assumption (A1), we have the following identities:

V(t,z,m) = sup J(t,z,m,a) = sup J(t,z,7,a) = sup J=(t,x, 7, ag, V)

acA ac A, veVy
(D.4) = VR(t,z,m a0) = sup J=(t,z,m,v) = VR(t,x ),
veVy

for all (t,z,m,ap) € [0,T] x R™ x Z5(R™) x A.

Remark D.1. From Theorem Bl we conclude that the function V* (t,z,m, ap) does
not depend on ag € A and coincides with the function V*(¢,z,7) defined in (B.8).

Proof. When t = 0, we see that, for every ap € A, we have 1% = T A, = A,
and Vo = V. Therefore, V*(0,z,7,ag) coincides with V®(0,x,7), so the result
follows from Theorem Bl When ¢ > 0, we proceed along the same lines as in
the proof of Theorem [B1] for the case t = 0, with (Bs)s>0, FZ = (F8)s>0, A, i,
FB# = (FB#) >0, V replaced respectively by (Bs — By)s>t, FBt = (FBY) 5y, Ay,
B 1(t,00) %A FB#mt = (FB#t) o, Vi Then, we obtain

sup J(t,xz,m, o) = sup J~(t,z, 7, ag, V).
acA, vEV:
This implies that V*(t,z,m,ag) does not depend on ag € A, since the left-hand
side of the above inequality does not depend on it.
By Theorem [B.1] equivalence (D.4) follows if we prove the following inequalities:

(D.5)
V(t,z,m) > sup J(t,z,m a), sup JR(t,x, 7, a9, v) > VR(t,z, 7).
aEA; veEV:
Since for every a € A; we have, by definition, J(¢,z,7,a) = J(t,z, 7, a*), where
a* = algyow + aloxpr), We see that sup,¢c 4, J(t, 7, ™, a) < sup,eq J(t, 2,7, @)
= V (¢, z, 7). Therefore, the first inequality in (D) is proved.

In order to establish the second inequality in (D.5), we fix (¢,z,&,7) € [0,T] x
R" x L?(Q,G,P;R") x Z,(R"), with 7 = P¢ under P, and we take a particular
probabilistic setting for the randomized McKean-Vlasov control problem. More
precisely, we first consider another probabilistic framework for the randomized
problem, where the objects (Q,F,P), (Q, F',P), (Q,F, IE”) B, i, (Tn, An), T
are replaced respectively by (QO FOPO), (QY, F, ]P’l) (Q, F, IP’) B, ji, (Tn, Ay), I

Let Q = Q x Q, let F be the P@P- completion of F® F, let PP be the extension of
PRP to F , and let [ be the P—expected value. Also let G be the canonical extension
of G to Q. Define &(&, @) := &(@) and

By(@,0) = By(@)1{sxsy + (Bs(@) = Bu(@) + Bi(@)) Lsnty,
(@, wsdsda) = fi(w;dsda) Lis<yy + (w5 ds da) 154y

Notice that = = P¢ under P, B = (B,)s>0 is a Brownian motion on (€, 7, ), and
i is a Poisson random measure with compensator A(da) ds under P, with respect
to its natural filtration. We also define as in ([B:3) the A-valued piecewise constant
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process I= (fs)SZO associated to [i, which in the present case takes the following
form:

fs(d)uw) = j 1{s<t}+ Z I 1{T (wh)<t}
n>0
t<Tn+1(wl)

+ (An (@) sAT (W) L {r< T (@1)}) LT (@2, T s (01)) (8) Lis>t}-

In particular, I, = I;. We define FB# = (FB#) 5 (resp. ¥ = (FF),>0) as
the P-completion of the filtration generated by B and fi (resp. fi). We denote by
(X;f, Xﬁ?w’”)se[tﬂ the unique (up to indistinguishability) continuous (F2# V G),-
adapted solution to equations (B4)-B3H) on (Q,]:"7 ]f”) with &, B, I, F" replaced
respectively by é, B, I, F*. For later use, we also consider, for every w €
Q, the unique (up to indistinguishability) continuous (FBmt v G)-adapted so-
lution (Xﬁ’g’jt(w),Xﬁ’w’ﬂ’lt(w))se[tﬂ to equations (D.2)-(D.3) with ag replaced by
I,(©). Then, we see that, for P-a.e. @ € Q, (XQQ@,-),XQW(@,-))se[m and

(X;’g’lt(w),Xﬁ’r’ﬂ’lt(w))se[t,T] solve the same system of equations. Therefore, by

pathwise uniqueness, for P-a.e. @ € €, we have X’t’é((b w) = Xbed®) (@) and
Xbom (o, w) = Xomm It(w)( ), for all s € [¢, T, P(dw) almost surely.

Let ’P(IE‘“) be the predictable o-algebra on Q x Ry correspondlng to F#. In
order to define the randomized McKean-Vlasov control problem on (Q,]—' , IP’),
introduce the set V of all P(F*) ® B(A)-measurable maps 7: Q x Ry x A — (0, 00),
satisfying 0 < ianxR+xA v < SUPQxRerAD < 00. Then, we define in an obvious
way k7, P, E?, jR(t,x,ﬂ, V), and the corresponding value function VR(t,x,ﬁ).
We recall from Step I of the proof of Theorem Bl that VR(t, x,m) = VRt x, 7).

We can now prove the second inequality in (D.5]), namely,

(D.6) VR(t,z,m) = VR(t,JJ,TF) = suij(t,;v,w,ﬁ) < sup JR(t,x, 7, ag,v).
Y vEV:

Fix 7 € V. We begin by noting that, since © is P (F*) ® B(A)-measurable, up to a P-
null set, 7 depends only (@', w'). Now, by a monotone class argument, we see that
there exists a PL-null set N! € F* such that v°" = 12" (w!,a): Q! x [t,00) x A —
(0,00), given by

Vg’l(wl,a) = (0!, W, ), for all (0!, wh,s,a) € Q' x Q x [t,00) x A,

is an element of Vy, for every w! ¢ N'. In other words, for every @’ ¢ Nt ¥ s a

P(Ft) @ B(A)-measurable map satisfying

~1 ~ 1
0< inf v < sup VY < oo.

Q' x[t,00)x A Q1 x[t,00) x A
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Therefore, by Fubini’s theorem,

Tt m) = B[ ([ s 502 B s (S )]
T

wTrItw s (@
= Ll ([ s w1
o)) | s

= /JR(t7$77T7jt((I))7Uw1)IFD(d(D) < sup JR(t,.’I],’]T,G/O7V)7
Q veV
for any ap € A (recall that sup,cy, JR(t, 2,7, ap,v) does not depend on ag €
A). From the arbitrariness of ¥ € V, we deduce that SUP,cp jR(t,x,ﬂ,D) <

sup,,cy, J*(t, x, 7, ag, v), hence establishing (D.0) and consequently the second in-
equality in (D). O

Corollary D.1. Under Assumption (A1), we have
(D.7)

T
V(t,z,m) = esssupIE”{/ E[f(s, X057, P
t

7 L] ds R [g (X5 BT )

il
Pl-a.s., for all (t,z,€) € [0,T] x R" x L?(Q,G,P;R"), with 7 = P¢ under P.
Proof. Fix (t,z,€) € [0,T] x R* x L*(Q,G,P;R"), with 7 = P, under P. We have

il

E! {esssupE”{/T]E[f(s Xhom P’ I,)]ds+E|g (X””T ﬂg ‘]:u”

t,€9
veVi ¢ Xs

T =
E' {esssup]E”{/ E[f(s, Xo™7 ]P’—isa L)) ds + E[g(X5"" P 7 )]
veVy t *r

\%

vV

sup El{EV[/tTE[f( Xtem 7L 1] ds +Elg (X”’T]P’,té ‘]-‘{‘H.

&9
veEVr e X

By the Bayes formula, and recalling that xy = 1 whenever v € V; ;, we obtain
T

sup E! []EVU E[f(s, Xtmm ]P’fté,I)}ds—kE[ (X5, thg)] ]-'t“”

veVi ¢ t

= sup El{El{n;</tTE[f( XL ]P’:;E,I)]ds—HE[ (X7, P,,é )‘f#”

veVi ¢

T _
— sup EU E[f (s, X657, B7E  1,)] ds + B[g(X55, ptg)]} — V(t,a,m),
veVi ¢ i

where the last equality follows from Remark [l Then, we conclude that

T Fu
(D.8) E! {esssup]E”[/ E[f(s, XLom IP’,tg,I )] ds +E[g (X%I’”,Pﬁé)]‘]-‘{‘ﬂ
veV t T

> V(t,x,m).
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Let us now prove the following inequality: for every v € V, P'-a.s.,
(D.9)

T
E”{/ E[f(s, XL [P’fts, I,)] ds + E[g(X5"7, P_ts ‘P‘} < V(t,z,m).
¢
Suppose we have already proved (D.9). Hence, P!-a.s.,

T
esssupIE”{/ E[f(s, XL P_i£71)}ds+E[ (X5mr, P,E)]‘ft“] < V(t,z,m).
vey t

From the above inequality and (D.g), it is then easy to see that equality (D.1)

holds. Tt remains to prove (D.9). To this end, we notice that (D.9) holds if and
only if the following inequality holds: for every v € V, P-a.s.,

T
(D.10) ]E”M f(sX“”]P’X;&, 5) ds+ g(Xp™T, ,tg)

.77“] < V(t,x,m).

Now, consider the same probabilistic setting introduced in the proof of Theorem
m (Qv]:a P)a ga B IFB B = (]:B”u)s>0, ]F# (‘Fét)s>0a I7 Xt7§7 Xt@ﬂrv V7 Vl,tv

P?, kP, jR(t,x,W,y), V (t,z,m). Observe that (D.I0) holds if and only if the
following inequality holds: for every v € V, P-a.s.,

T
(D.11) Eﬁu f(sX“”]P’;&,I)ds—kg(X””]P’ )

}] < V(t,z,m).
Indeed, let us prove that if (D.I1) holds, then m holds as well (the other

implication has a similar proof). Fix v € V. Then, proceeding as in Step I of the
proof of Theorem [B1] we see that there exists o € V such that

—v T
'f—f(/ F(s, X0mm B ) ds + g (X577, Pt€)> B,
t

i
K

and
ﬁ r t,x,m t,x,m -7:-;* o I
’ f(s, X5 }P’tg, [,)ds+g(X35",P°T ) ), B, ii
Ky t X7

have the same joint law. As a consequence,

cre)| T

T _
EVU f(s, Xt ]P’,ig,I)ds—f—g(Xt“T
t

HN’“]F

and
T -
]EVM f(s, Xt P 35, )ds+g(X%w”r,P;zé)

have the same law. In particular, we have

T
P(Eu[/ f( thﬂpfstf’ )ds_’_g(thﬂP—tg)
t

ﬁ;‘]

ﬁf} < V(t,x, w))

T 0
Nl r—

}} gV(t,x,ﬁ)) = 1,

where the last equality follows from the assumption that (D.11)) holds. This implies
that (D.I0) also holds for v. Since v was arbitrary, the claim follows.
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Let us now prove that (I.11) holds. For every o € V, by the Bayes formula and

proceeding as in the proof of Theorem [D.1] we find that

T
8| [ (s R P L) ds kg0 P
t

1 T .
:E{’%(/t f(s, Xt’”r}P’ftg, )ds+g(Xt“PAt€))’ff]

ﬁ;}

Kt

v T = e ~
([ e B B (g0 ) 2]

t t s T

Then, by the freezing lemma (see for instance Proposition 10.1.2 in [32]), we obtain

£

v T e ~
([ romrtosirm s gt
t

Ry T

@1 T L s L, T w i
=1E[m¢”p (/ £(s, Xt di(@) Pff‘t“twltmw))d8+g(Xt T (a LP?{“M))}
t T

JR(taxaTraIvt(w)vywl) S sup JR(t,.’L‘,ﬂ',ao,U),
veV;

]f"-a.s., for any ag € A (recall from Theorem [D.] that SUp,cy, JR(t,x, 7, ap,v) does
not depend on ag € A). Then, since by Theorem [D.J] we have that

we

(1]
2]

sup JR(t, x, 7, a9, v) = V(t,x, ),
veVy

deduce that (D.I0)) holds, which concludes the proof. O
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