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CONVERGENCE ALMOST EVERYWHERE
OF MULTIPLE FOURIER SERIES OVER CUBES

MIECZYSLAW MASTYLO AND LUIS RODRIGUEZ-PIAZZA

ABSTRACT. We study convergence almost everywhere of multiple trigonomet-
ric Fourier series over cubes defined on the d-dimensional torus T¢. We provide
a new approach which allows us to prove the novel interpolation estimates for
the Carleson maximal operators generated by the partial sums of the mul-
tiple Fourier series and all its conjugate series. Combining these estimates
we show that these operators are bounded from a variant of the Arias-de-
Reyna space QA% to the weak L'-space on T?. This implies that the multiple
Fourier series of every function f € QA? and all its conjugate series con-
verge over cubes almost everywhere. By a close analysis of the space QA% we
prove that it contains a Lorentz space that strictly contains the Orlicz space
L(log L)?1ogloglog L(T?). This yields a significant improvement of a deep
theorem proved by Antonov which was the best known result on the conver-
gence of multiple Fourier series over cubes.

1. INTRODUCTION

The theory of Fourier series in the one-dimensional case has a rich history and
is sufficiently well developed. There are many monographs related to this case;
we mention here only the fundamental monograph of Zygmund [20]. The central
problem in this theory is devoted to almost everywhere convergence of the Fourier
series, and a large number of articles have been published. The general study of this
problem was initiated in the pioneering work by Carleson [5] published in 1965, in
which the answer to the famous Luzin’s conjecture is given that the Fourier series
of square summable functions converges almost everywhere. We refer to the book
Arias-de-Reyna [3], which is an excellent source of information about the theory of
Fourier series, in which the author gives the proof of the Carleson-Hunt theorem,
following Carlson more than Hunt [10]. We point out that a new influential proof
of Carleson’s result was given by Fefferman in [9].

In the recent past the theory of multiple Fourier series was studied intensively.
The aim of this paper is to prove novel theorems on almost everywhere convergence
of multiple trigonometric Fourier series over cubes and all its conjugate series which
cover the best known results. Before we formulate our results we begin with some
definitions and notation.
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Throughout the paper, T will denote the torus. As usual we will identify T with
R/27Z or more concretely with the interval (—m, 7], and then the functions defined
on T can be interpreted as 2w-periodic functions defined on R. But T can also
be viewed as the unit circle T = {z € C; |2| = 1} = {e'’; t € (—m,7]}. The Haar
probability measure on T will be denoted by m; that is, dm(e®) = dt/2n. For every
f € LY(T), we denote the Fourier coefficients of f by

flk) = L £t e*“kdtz/f(z)z*k dm, kel
T

2 J_,

Let T? be the d-dimensional torus and my its Haar probability measure. Define

for every f € L'(T%) its Fourier coefficients by
fl) = | fx)exp(~itk,x))dma,
T
where k = (kl, kQ, .. .,kd) S Zd, X = (Il,IQ, Ce 71'(1) S Td, <k7X> = kix1 + kazo +
e+ kgxyg .

Given f € L'(T%) and n € N, the multiple trigonometric Fourier series of f is

given by

(1) > F(k)exp(ifk, x)),
kezd

and its Nth cubic partial sum, S’Nf(x) at x € T, is given by

Snf(x)= Y F(k)exp(ifk,x)),
IIklle <N
where ||k||oo = max{|ky],...,|kq|} for each k = (ki, ..., kq) € Z%.

Let LO(T%) be the cone of mg-measurable functions whose values lie in [0, oc].
The Carleson mazimal operator S: L*(T9) — LO(T4) is defined by

Sf(x) = sup [Svfx)l,  feLXT?), xeT.

Let B = {r1,...,r} be a non-empty subset of the set {1,...,d}. The multiple
series of f given by

l
(2) S° I (=isen k) Fk) explitk,x), x €T,
kezd j=1
is called the conjugate of the series () with respect to the variables whose subscripts
belong to B, or the B-conjugate, and the Nth cubic partial sum Sy g f(x) of ()
is defined in analogy with the Nth cubic partial sum of ().

We note that the series () has 2¢ — 1 conjugates and if B is empty, then () can
be regarded as the B-conjugate ((-conjugate) of itself. In the case when d = 1, the
above definitions coincide with the usual definitions of a trigonometric series and
its conjugate series of an integrable 27-periodic function.

With the B-conjugate series of a function f € L'(T9) we associate the B-
conjugate function fp defined as follows. For e(B) = (ey,, ..., &y, ), we let

!
TlB‘ H [—&r,,€r,])-

Jj=1
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For t = (t1,...,tq) welet t(B) := (t1(B),...,ta(B)), where t,(B) := t,., for v =1y,
1 <j<landt,(B):=0for v#r;. We define for every x € T

~ 1N\
3)  fu(x)= ( _ %) A " F(x+t(B <Hcot( )> dty, ... dt,, .
The limit in (@) is taken as the components of ¢(B) tend to 0 independently. If
B =, then we put fp := f. N

Let Dy be the Dirichlet kernel and Dy the corresponding conjugate kernel,

sin (N—i—%)t ~ _cos (%) — cos (N—i—%)t
am(d) 0 YT T

2 2
Note that the Nth cubic sum of the conjugate series () can be written

(4) Sn.pf(x /H — Dyt II Dnyt)fx+t)dt, xeT,

jE{l,...,d}\B

Dn(t) =

where the set B may be empty, with the convention that the empty product is
equal to unity.
Throughout the paper for every f € L'(T¢) and each B C {1,...,d} and N € N,

SN,Bf(x):ZIISI}CEJLSXN|Sk,Bf(x)|, ‘%f(x):zrj{]lg@SN’Bf(x)\, x € T?.

Now we sketch the historical background for motivation of our study. In 1923
Kolmogorov [12] constructed a function f € L(T), whose Fourier series diverges
almost everywhere, and in [20, 8.4] he showed that the Fourier series can di-
verge everywhere. The divergence of Fourier series on T has been investigated
by many authors. The best known result in this direction is due to Konyagin [13].
It states that for an arbitrary non-decreasing function ¢: [0,00) — [0,00) with

o(t) = o(t log’ﬁ)é t) as t — oo, there is a function f integrable on T such that

©(|f]) € L*(T) whose Fourier series is unboundedly divergent everywhere on T.

In 1966 Carleson [5] justified Luzin’s hypothesis and proved that the Fourier
series of the functions in L?(T) converge almost everywhere; Hunt [10] proved that
Carleson’s result is also valid for functions in LP(T) for 1 < p < 2. A more or
less direct consequence of Carleson’s and Hunt’s results is the convergence a.e. of
the cubic partial sums of the multiple Fourier series of functions in LP(T¢) for any
d > 2 and p > 1. Sjolin [17] extended this result to functions in the Orlicz space
L(log L)?loglog L(T%). The next advance was made by Fefferman [8], who proved
for functions in LP(T?), p > 1, the a.e. convergence of double Fourier series summed
up over dilated of a fixed polygon in the plane. Tevzadze [19], proved the same if
we consider partial sums over a nested increasing sequence of rectangles (with sides
parallel to axes). On the one hand, Fefferman [7] showed that the result for the
family of all those rectangles was not true even for continuous functions on T2.

The best known result on the divergence of multiple Fourier series over cubes on
a set of positive measure was proved by Konyagin [I3]; it states that for an arbitrary
non-decreasing function ¢: [0,00) — [0,00) with ¢(t) = o(t(log ¢)~*loglog t) as
t — o0, there exists a function f integrable on T¢ with o(|f|) € L'(T¢) and with
everywhere divergent Fourier series over cubes.

Antonov [2] proved a theorem extending his results from [I] on the convergence
almost everywhere of ordinary Fourier series of functions belonging to certain classes
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to multiple Fourier series in the case of convergence over cubes. His deep result
states that the multiple Fourier series of every function f in the Lorentz-Orlicz
space L(log L)%logloglog L(T?) and all its conjugates converge over cubes almost
everywhere.

Our main result in this paper on almost everywhere convergence extends the best
known results at present. Our methods hinge on a d-dimensional interpolation esti-
mate of the Carleson maximal operators, which states that for each B C {1,...,d}
with d € Nﬁ/there exists an absolute constant Cy > 0 such that the Carleson maximal
operator Sp generated by conjugate Fourier series satisfies the following interpola-
tion estimates:

~ el fllpzeray\ 1
5) 1SS oy wray < C I flpreay | log (st ) |, f € LA(TY),
Il Lo e

where L1 o (T?) is the weak L!-space on the d-dimensional torus T?. The mentioned
estimates in higher dimensions allow us to prove that the Carleson maximal operator
Sp is bounded from a variant of the d-dimensional Arias-de-Reyna space QA? to
L1.00(T%); i.e., there exists a constant C' > 0 such that for every f € QA?,

ma({x € % 857(x) > A}) < S lfllgas, A >0

As a consequence we obtain that the multiple Fourier series of every function f €
QA% and all its conjugates converge over cubes almost everywhere. By a close
analysis of the space QA¢ defined in the paper, we prove that it contains a Lorentz
space that strictly contains the Orlicz space L(log L)?logloglog L(T%). This yields
an improvement of the mentioned Antonov’s result.

Throughout the paper we will use the following notation: given two quasi-Banach
spaces X and Y, we write X — Y if X C Y and the natural inclusion map of X in
Y is continuous. If X — Y and Y — X, we write X =Y. If f and g are real valued
functions defined on a set A, then the symbol f =< g means that ¢c; g < f < cyg on
A for some positive constants ¢; and cs.

2. INTERPOLATION ESTIMATES FOR THE CARLESON MAXIMAL OPERATORS
IN ONE DIMENSION

The main aim in this section is to prove the key results for the whole paper on
interpolation type estimates for the Carleson maximal operators S and S. Before
we state the main results we need some more definitions and notation.

The Hilbert transform H and the Riesz projection R are defined on L?(T), via
the Fourier transform, by

o~

—if(m) if m >0, -~ .
— — f
Hi(m) =140 it m =0, Rf(m)_{g(m) 1f2i8
if(m) ifm<O0, '

‘Hf is the conjugate function of f. Observe that we have

~

(6) fH+iHf=2Rf — £(0).
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We will need to consider some other partial sums and the maximal type opera-
tors. Let f € L'(T) and x € T. Recall that

Snf(a Z fk)e*  and  Sf(z) = sup [Sx /().
NeN
The Fejér sums oy f and the maximal Fejér operator are defined by

onf=———=(Sof +S1f+ -+ 5Snf), Xf(x)=sup|onf(z).
NeN

N+1
We also define

N
SHf(x) =R(Snf)(x Z ke, S*f(w)Z;%%\Sﬁf(w)l,

and

S =H(SND),  Sf@) = swp Sn (@)
€
Finally the Hardy-Littlewood maximal function M f is defined by

Mf(x) —sup /|f|dm

where the sup is taken over all mtervals I contalmng the point z.

We will use some function spaces. We recall that a quasi-Banach lattice on
a complete o-finite measure space (Q,p) = (2,%, ) is defined to be a quasi-
Banach space X which is a subspace of L°(u) (the topological linear space of all
real measurable functions equipped with the topology of convergence in measure)
such that there exists u € X with v > 0 a.e., and if |f]| < |g| a.e., where g € X and
f € Lou), then f € X and ||f||x < |lg]lx- By a complex quasi-Banach lattice X
we mean a complexification of X.

Given f € L%(u), its distribution function is defined by us(A\) = p({z € Q; | f(w)|
> A}), and its decreasing rearrangement by f*(t) = f;:(t) = inf{\ > 0; puy(\) <t}
for t > 0. A (quasi-)Banach lattice (X, | - ||x) is called a rearrangement invariant
(r.i. for short) (quasi-)Banach space provided pu; = pg, f € X implies g € X, and
1£lx = llgllx-

In the paper we will consider r.i. spaces on a finite atomless measure space (€2, u).
In this case the function ¢ x () := ||xalx, where p(A) =1, 0 <t < p(Q), is called
the fundamental function of X.

In the theory of pointwise convergence of Fourier series an important role is
played by the weak L'-space, Orlicz spaces and Lorentz spaces. We recall that if
(€, 1) is a measure space and 0 < p < oo, then the weak LP-space Ly () (Lp,co
for short) consists of all f € L°(u) such that

1l = sup A iy (VY7 < o0
A>0

It is well-known that L, o is an r.i. quasi-Banach space when it is equipped with
the quasi-norm || - ||p,c0-

Given an Orlicz function @ (i.e., ®: [0,00) — [0,00) is an increasing, continuous
function such that ®(0) = 0), we denote by Lg(2) (Lg for short) the Orlicz space
of all f € L°(u) such that for some A > 0,

[ 201 die < .
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It is easy to check that if there exists C' > 0 such that ®(¢/C) < ®(t)/2 for all
t > 0, then Lg is an r.i. quasi-Banach lattice with the quasi-norm || - || satisfying

where

It is well-known that L¢ is an r.i. Banach space provided & is a convex function.

An important example of r.i. spaces is Lorentz spaces. Let ¢: [0, 1(€2)) — [0, 00)
be a non-decreasing concave function, with ¢(0) = 0. The Lorentz space A,(£2)
(A, for short) consists of all f € L%(u) such that

w(€2)
1flla, == / () do(s) < oo,

A special role is played by an Orlicz space denoted by L log L loglog log L(2), which
is generated by an Orlicz function ®(t) = t(logt) (logloglogt), where logt :=
1+ log t for every t > 1, and @t :=t, for 0 <t < 1. Note that the case of an
atomless probability measure space (2, 1) can be identified up to equivalence of
norms with the Lorentz space (see, e.g., [4]) A,(2) with ¢: [0,1] — [0, 1] given by
»(0) =0:

— 1IN ———1
o(t) < tlog(;) logloglog(;), t € (0,1].
If ¢ denotes the concave function #: [0, 1] — [0, 1] defined by #(0) = 0 and
e
— < <
P(t) tlog(t>, 0<t<1,

then the Lorentz space Ay on (£, 1) is denoted by Llog L(€2) (Llog L for short).
Note that

1
1
Hf”LlogL:/ f*(t)lngdt, fELlOg L7
0

and Llog L(T) coincides up to equivalence of norms with the Orlicz space Lo
generated by the function ®(t) = tlog(l +t) for all ¢ > 0.

We will denote by QA(T) the quasi-Banach space introduced by Arias-de-Reyna
in []; it is defined to be the space of all f € L°(T) such that there exists a sequence
(fn)S2, fn € L°(T), such that

f= i fn, m-ae.
n=1

and

(1 + log n>||fn|llog(e”f”'°°) < .
AT

QA is a quasi-Banach lattice on T equipped with the quasi-norm

Ifllga = inf Y (1 +log )| full1log (e”;ﬁ”fo)’

where the infimum is taken over all representations f = > ° , f, of f as above.
We will use the following results. See |4l Theorem 9] for the first result and
[0, Proposition 2.2] for the second one.

n=1
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Theorem 2.1. There exists a constant C > 0 such that, for every f € QA(T), we
have

ISfll1.00 < CllfllQa-
Proposition 2.2. We have QA(T) C Llog L(T) with
[fllzrog £ < I fllQas  f € QA(T).

Now we can state and prove the main results of this section. We point out
that Theorem and Theorem [2.4] below follow from a result in D. Lie’s paper
[15, Theorem 1.1 d)], however proved by a different method.

Theorem 2.3. For every p € (1,00) there exists a constant Cp, > 0 such that

e
1581 < Gyl latog (SIEI2). 5 e preny.
Theorem 2.4. For every p € (1,00) there exists a constant Cp, > 0 such that
Eflhoe < Gyl {1 log (WL LP(T
H f||1700— PHf”l Og Hf”l 9 fE ( )

Let us remark that usually the proofs of Carleson’s theorem obtain bounds for a
maximal operator that at the same time controls § and S. For instance in Arias-de-
Reyna’s book [3] this maximal operator is defined in page 45. The same operator
appears in Fefferman [9] and in Lie [I5]. So applying this and similar arguments
to the case of S, one can provide a proof of a result analogous to Theorem 2.1l for
S. From this result Theorem 23] could be derived in the same way we are going to
prove Theorem 24 from Theorem 2.1l However we are going to derive Theorem [2.4]
from Theorem [2.3] by applying an estimate presented in Proposition 2.6l whose
proof uses classical arguments. We find it interesting to include this different way
that could be used in some cases where we only know the estimate for S and not
for the bigger maximal operator.

In our study of multiple Fourier series we will use these results only for p = 2.
It should be pointed out that the presence of the L?-norm instead of the L>-norm
which appears in Arias-de-Reyna’s paper [4] is important. This difference allows us
to perform an inductive passage to multiple dimensions, because Hilbert transform
and Riesz projection are bounded on L? but not on L.

Theorem [23] is a direct consequence of the following proposition and Theo-
rem 2.1l As a byproduct the next proposition yields the proof of the following fact:
if, in the definition of Arias-de-Reyna space QA(T), we change the L*°-norm by
the LP-norm, p > 1, we obtain the same space; we do not enlarge it as could be
expected. See the Comment in [I5 page 1242].

Proposition 2.5. For every p € (1,00) there exists a constant Cp, > 0 such that
e|f||P>7 fELp(T)
1£1lx

Proof. Take f € LP(T). By homogeneity we can assume ||f|l; = 1. Let b = || f|, >
1. We need to check || f]lga < Cplog(eb). Let S = eb. Define the sequence (Ay) of
pairwise disjoint measurable sets by

Ar={fI<B}, Ae={B""'<|fI<B"}, k>2

|Nm§%mH%<
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Define fi, = fxa, and ar = || fx|1 = fAk |f] dm, for k € N. For k > 2 we have (by
B>1)

B> > / [P dm > / £8P DD g — g, gD
Ak Ak

and whence ap < g2~ 1-(-1Dk,
As we have f = ZkZI [x, we obtain the following bound for || f{|qa:

k
Ifllga < D (1 +log k)| fill log (erk'OO) <> (1 +logk)ay log(%) :

= | fllx =

Now observe that the function = — xlog(ea/x) is increasing on the interval (
for every a > 0. Combining with 8 > e and a;, < f2*~1= =Dk < gF for each k
yields

e 2p—1—(p—1)k e 2p—1—(p—1)k pk—2p+2
ay, log an <p log m <p log(ﬁ )

0,a
> 2

= (pk—2p+2)P 1" Dr]og B, k> 2.
Let Ay =(2p—-1)/(p—1) € (2,+00). If k > Ay, we have 2p — 1 — (p — 1)k < 0,
and then
ep* 2p—1—(p—1)k
aplog | — ) < (pk —2p+2)e?™ "WV og 3, k> A,.
ak

For k < A,, since 1 = ||f||1 > ay, and 8 > e,
k
ay log <£> <log(ef*) < (k+1)logB < (A, +1)log 3, kE<A,.
ay
In consequence we obtain
[flloa < (1 +1logAp)(Ap +1)Aplog B

+ Y (1 +logk)(pk — 2p+2)e 1P DF log g
k>A,

= Cplog 3,
and this proves the result. (Il
We will use the following proposition, inspired by [20, Theorem XIIL.5.1], in

the proof of Theorem 2.4l Before proving it we will provide first the proof of
Theorem 2.4

Proposition 2.6. There exists a constant C > 0 such that, for every f € L*(T)
and every x € T, we have

Sf(@) < C([MUSHYA) @)+ () (@))
Proof of Theorem 24l Applying Proposition it is enough to prove

(7) I18F 111,00 < ClIflla-

In order to prove () we use Proposition2.6. We need to estimate || [M(|S£]"/2)]?||1.00
and [[Z(Hf)|1.00-
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By Zygmund’s result (see, e.g., [20, Theorem VII.2.8]) the Hilbert transform H
sends Llog L(T) into L'(T). This fact and Proposition 22 provide the existence of
a constant C' > 0 such that

[HSNlL < Cllfllea,  f € QA(T).

It is known (see, e.g., [3, pp. 23-24], that Mg controls pointwise Xg; that is,
Yg(x) < CMg(z), for every x € T and every g € L*(T). So, by Hardy-Littlewood’s
inequality,

(8) IE(H 1,00 < CIMEH) 1,00 < CIHS 1 < C"[[ fll@a -

By Proposition X1l Sf € L“(T) for every f € QA(T). Therefore |Sf|'/?
belongs to L*°°(T), for every f € QA(T) and

9) 1SF1Y2 2,00 = ISFITZ < Cllfllegs -

1oo—

The Hardy-Littlewood maximal operator M sends L™ into L> and L' into LY*°.
By interpolation M sends L*°° into itself. Consequently, by (@), we have

(1) MASF*) o0 = IMAS I3 00 < CHSF2(15 00 < Cll fllga-
Putting together the inequalities (B) and (0, using Proposition and the

fact that || - ||1,00 is & quasi-norm, we deduce (7)), and as we explained the theorem
follows by Proposition a

We need several lemmas for the proof of Proposition

Lemma 2.7. For a >0 and k € N we denote by (c) = sin(ka) —sin((k +1)a). Let
feL*T),neN and z € T. We have

n—1

(11) 25in(na) Sy f(z) = Suf(z — @) = Suf(z+0a) +2) Spf(2)bi(a).
k=1

Proof. Let f € L?(T). We have, for x € T and « > 0,

n

1 p . B »Ak ik e—ika_eika
2 (Suf(@—a)=Suf(o-+a)) = 3 ifthye™ (=)

k=—n
= Z —if(k )e*® sin(ka)
k=—n
= Y Hf(k)e*e sin([kla) = S [Suf(x) — Sp_1 f(2)] sin(ka) ,
k=—n k=1

and by an Abel’s summation, using that %f( ) =0,
= sin(na) S, f(z) + Z Sif(z)[sin(ka) — sin((k + 1)a)] .

Now it is easy to deduce (). O

Lemma 2.8. Let bi() be as in Lemmal2Z7 Suppose n € N and o € [7/6n, 57 /6n).
Then

(12) 2n|by,—1 ()| + 2 Z_:(k + 1) |bg (@) — b1 ()| < 4
k=1
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Proof. We have by(a) = — k(zﬂ)a costdt. Therefore |by(a)] < a < 7/n, and
(k+1)a 71'2
cost — cos(t + a)] dt‘ <a?< 3

() = busnfa)| = | [

The lemma follows easily since we have

[

n—2 n—1 2

™ T 2
2n|bp—_1 ()] + 2;@ + 1)[bk(a) = brra(a)] < 20—+ 2};”% < 472

O

Proof of Proposition 2.8l Let n€N, €T and f € L?*(T). Taking a € [r/6n,57/6n]
and applying Lemma 2.7] we get

(13) 2sin(na)Spf(x) = Spf(x —a) — Spf(z +a) + 2 Z_: S f (@)bp(cv) .
k=1

Using that Spf = Sk(Hf) = (k + Dor(Hf) — kop_1(Hf), for all k > 1, we have
(by a new Abel’s summation):

n—1 n—1
> Sef@)bi(a) = Y [(k + Dow(Hf) (@) = ko1 (Hf)(x)]br()
k=1 k=1
= b1 (@) (K (@) + 3 (k+ 1or(H) () be() — biga (@)
k=1

By Lemma 28 since |o(H f)(x)] < S(Hf)(x), for every k, we deduce from (I3)
that

2| sin(na) S, f ()] < [Spf(w — )| +[Suf (x + @)| + 47°Z(H ) (2)
<Sf(r— )+ Sf(x+ ) +AT*S(Hf) ().

Since |sin(na)| > 1/2 for any « € [7/6n, 57/6n], we have

(14) [Spf ()] g( inf Sf(x—a)1/2+Sf(x+a)1/2)2+47r22(7{f)(x).

a€lmr/6n,5m/6n]
The infimum can be bounded by the average over [r/6n, 57 /6n):

inf S _N\1/2 S 1/2
ae[‘/r/él’;Ll,STr/Gn] f(:E a) + f(x+()é)

n 57 /6n
<o (Sf(:t—a)l/Q—i—Sf(w—l—a)l/Q)da
7/6n
3n 57 /6n

SF(x+ 1) dt < 2 MSFI)(a).

T 2m —5m/6n
Putting this estimate into (I4]), we get

Suf@)] < 7 MUSFH)@) + 45 2).

Taking the supremum in n the proposition follows. ([l
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3. INTERPOLATION ESTIMATES OF THE CARLESON MAXIMAL OPERATORS
IN HIGHER DIMENSIONS

The results of the previous section are one-dimensional, and it is natural to ask
what happens in higher dimensions. Here we shall prove interpolation estimates
for the Carleson maximal operators on the d-dimensional torus T¢. In particular
we prove the following result:

Theorem 3.1. For each d € N there exists Cy > 0 such that

d
mra({x € T% Sf(x) > \}) < % £l [log (e:}f””lz)} ’

for every f € L*(T?) and every A > 0.

We provide two methods which are based on the one-dimensional case. The first
one is based on some ideas from Antonov’s paper [2]. The second one is also inspired
in Antonov’s paper, however with a different presentation using multipliers. This
approach seems easier to handle and more flexible to be used in other contexts. We
provide it with complete details.

3.1. The standard approach. In what follows, for a given 1 < a < o0, we will
denote by ¢, the function defined on [0, 00) by 94(0) = 0, and

balt) = Ltlog* (&) ift e (0,1],
R B if t € (1,00).
In the case when @ = 1 we write 1 instead of ;. It is easy to verify that ¢, is
a concave function on [0, 00) which is increasing on [0, 1].

We will need the following simple estimate which states that for every Lorentz
space A, on an atomless probability space (€2, ) with ¢(0+) =0,

1/ 1l
[1£lloo

To see this it is enough to use the formula (see [14] formula (5.4)])

(15) T ||f|ooso( ) [ e L),

1]l = / plur(\) A, fEA,.

It is enough to show the estimate for f € L>°(Q) with || f]jec < 1.
Since pus(A) =0 for all A > 1, it follows by the above formula that

I £lla, =/O o(ur(N) dX.

Since ¢ is concave, the required estimate follows:

7], < so(/ol pr (V) dA) = o)

We now state and prove a lemma which we will need later. In the proof we will
use the well-known fact that the Hilbert transform is bounded from Llog L(T) to
L(T); i.e., there exists a constant C' > 0 such that

HJ?HLl(’JT) <O\ fleiogrery, f € Llog L(T).
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Lemma 3.2. Let g be a multiple trigonometric polynomial on T with gl Lo (ray <

1, and let u, v € {—1,0,1} with u*> + v # 0. Then there exists a constant C' > 0
such that the function h*" given by

RV (21, .. xq)

1 t
= _—/g(xl + ut,xo + vt,x3,...,24) COt (—) dt, (zi1,...,x4) € T,
27T T 2

where the integral is understood in the sense of the principal value, is also a trigono-
metric polynomial and the inequality holds:

/ (/|h”’”($1,...,xd)das1) dxsy .. .dxg
Td-1 \ JT
SCz/J(/ </|g(x1,x2,...,:1cd)dx1>dx2...da:d).
Td-1 \ JT

Proof. We assume without loss of generality that p # 0. Now observe that intro-
ducing the new variables s1 = x1, so = z3 — (V/p)$1, S3 = X3,...,84 = T4, We
obtain

1 v t
h(x1,...,2q) = “on T9(81 + pt, s2 + ;Sl +ut,83,...,8d) cot (5) dt

1 v .
N g(s1+ut782+—(81 +Mt),83,...7sd> cot (—) dt .
2 Jr L 5

For fixed values sg, .. ., sq the right-hand side of the last formula regarded as a func-
tion of s1 is within a sign the conjugate function of s1+— g(s1, se+(v/p)s1, s3, - . ., 84),
and therefore combining the boundedness of the maximal conjugate function from
Llog L(T) to L*(T) with the estimate (If]) for the Lorentz space Ay = Llog L(T),

T N
|f||Llogm>snfumw(—(> . feL™m),
1l

we conclude that there exists a constant C' > 0 such that

1 v t
‘— g(51 + pt, so+—(s1 + pt), 83, ..., sd) cot (—) dtD dsy
7127 Jp 1% 2

v
SC’H (-,s +—-,s,...,sd)H
I\» 52 u() ’ Ay(T)

< 01/1("9(',82 + g(')a537---75d)‘

Ll(qr))'
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Combining this with the fact that the Jacobian of the transformation from
(81,...,84) to (x1,...,24) is equal to 1, we obtain
|

/ < h””xl,...,zdﬂd:rl) dxo . ..dxy
Td—1

<o [ wllolons Eom)], )

SC’(/)(/ (/‘g(sl,SQ—ﬁ-581,53,...,8d)‘d81) dsz...dsd)
Td—1 T K
:Cw</ g<31,82+351,83,...,sdﬂdsl...dsd)

Td 2

_C¢</ 9($1,$2,~-~7$d)|d$1~~~d$d>,
'H‘d

and this completes the proof. O

d82 . ..de

We will need a variant of the Jensen inequality, which states that if (2, u) is
a probability space and ¢: [0,00) — [0,00) with ¢(0) = 0 is a concave function,
then for every f,g € L'(Q), we have

ettt di< o [ \7ldu. [ loldn).

where (s, t) = to(s/t) for all s >0, ¢ > 0 and ¢(0,0) := 0.

We are now ready to prove the theorem concerning interpolation estimates in-
volving the maximal Carleson operator. The proof is based on some ideas from
Antonov’s paper [2].

Theorem 3.3. Let B C {1,...,d} and d € N. There exists a constant Cy > 0
such that, for every g € L*>(T9), we have

s lgll L rey
16 Sny < Callg 2d¢d<4'
(16) | HLLOO(M lgllz=cre) 91l 22 (Tay

Proof. 1t is enough to prove the theorem for any multiple trigonometric polynomial
g on T¢. Without loss of generality we may assume that ||g|l2 = 1. We use induction
with respect to d. We have already proved that the result is true with d =1, B = ()
and with d = 1, B = {1}.

Let d > 2 and assume that the inequality (I8) holds for d — 1. Let g be an
arbitrary polynomial. For a given B C Ny = {1,...,d}, we put B := Ny \ B.
Following the proof of Theorem 2.1 in [2] we consider three cases:

Case (i). 1 € B and 2 € B. Then
(17)  Sn.pg(x) / Dy (t1)Dn(t)n(ts, ..., ta)g(x +t)dt, xe&T?,
where for any (t1,...,t;) € T,
Mn(ts,....ta) = [[ (= Dn(t)) ] D)
JjeB jEB\{1,2}

Combining trigonometric formulas

1
Dy(t1)Dn(t2) = DN + D% + ~

;J;
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where 1 1 "
Djl\, =3 [DN(tz +1t1) — Dn(ta — tl)] B cot (%);
9 1~ ~ 1 lo
Dy = 3 [Dn(t1 +t2) — Dn(t1 — t2)] B cot (5),
yields (see [2, proof of Theorem 2.1])
— 1 -
2 < ’ D (us)y (us, . ..
Spg(x) < max|—— " N (u2)n (us, . . . ua)
X hl’*l(azl,xz +ug, X3 + U3, ..., Tq + ug) dus . ~-dud‘
D 11
+%12§‘Wd71 i N(Uz) N(U3, , Uq)
« h171($17x2 + ug,r3 +us,...,rq + ud) du2 .. dud‘
1 ~
+I]€2§‘F - DN(UI)HN(USa cee 7ud)
x b~V @y + up, w0, w3 + us, ..., Tq + ug) dus . ~~dud‘
D Il
+IJ{/121>\I(‘7T‘1_1 i N (u2)y (us, ..., uq)
x Wb (@, xo + ug, 3 +us, ..., xq + ug) dus . . ~dud‘

1
— [ Tn(us, ... t.. t) dt ...dt‘
+IJ{[12“1)\]( 2ﬂ_d /Ed N(U3, ,Ud)g(.fﬂl—F 1 ,.Id“‘ d) 1 d

= S5 g(x)+ S5 g(x)+Sp 9(x) + S 9(x) + Sp 9(x).

We claim that there exist universal constants C; such that for each 1 < j <5,

(18) 155" 9111, 0y < Cj balllgllzsoay).

For simplicity of presentation for each d € N, we put ¢4(s,t) := tq(s/t) for all
s,t > 0 and ¢q(0,0) := 0.

Fix x; € T. By application of the induction hypothesis, it follows that for polyno-
mial hl;~! given by hl (@, ..., xq) = RV (1, 22, . . ., xg) for (z2,...,24) € T4
and B’ = B\ {1} € {2,3,...,d}, we have

Amdq{(fz, ., xq) € T max D (u)Ty (us, . . ., ug)

NEN’ Td—1
X hl”l(:m,ﬂ?z +ug, ..., g+ ug) dus . -~dud’ > )‘}
_ md_l{(xz,.-.,xd) e Té- 1, %2§|3N’B'hi71_1(x2"”’xd)‘ > /\}

< Ca1pa—1 (b o wa-y, Mha " Lo ray)-
Thus, using the identity

—~1
ma{(z1,...,2q4) € T Sp g(x) > A}

d—1
z/md,l{(:ﬂg,...,xd) € T *; max
T

D II
NGN‘ - N(uz) N(U37 7Ud)

1,-1
X h " (2, 20 +ugy ..o, g + ug) dus . . . dug

> /\} da
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yields
Ama{(z1,...,2q4) € T S}Bg ) > A}
< s [ para (I3 s romnys Wiy ooy e
Combining with Lemma and the Jensen inequality, we get

)\md{xl,..., )ET SBg >)\}

< Covpas I sy don, [ I sy i

< Ca—1pa- 1</Td ) (/ [ TP d)dx1> dxs .. .dzg, ||h1’1||L2(1rd)>
(/ </|g Tiyeooy & |dx1) dxg...dxd,||g||L2(Td))

2611/&11(/ </|gx1,..., dxl)datg...da:d)
(v

< Cythyg1 (IlgllLr(rey))-

Since ¥g_1(1(t)) < catba(t) with ¢q = d?/(d — 1)471 for every 0 < t < 1 and
lgllrcray < 1 (by [lgllz2(rey = 1), we finally conclude that there exists a constant
Cy = C1(d) such that

< 51 Pd—1

C
md{(xl,..., ) S T SB g > )\} < led(HgHLl('ﬂ‘d))'

We can similarly verify that S g satisfies (I8) with some constants C; for each

~5
1 < j < 4. It remains to show the estimate of Sp ¢g. In the case when d = 2, we
have Il = 1, and so

5 1 d
< —
Sp g(x) < 5 /Td lg(t)| dt, x e T,

yields

llgllzr (T )

—~5
1S5 9ll1, . zz) < Pllgllrces) < 4l ez <||9||L2(T2)

In the case when d > 2 we have

md{(:lc1,.. LL‘d)ET SB g >)\}

1
_ d—2,
= /Tz md,Q{(l'g,...,Jid) eT ) I]{]lg[)\](‘?Wd /Tdi2 HN(’U,g,...,’U,d)
</ g(acl +t1, @0 +to, ..., xq + tg) dty dtz) dtg...dtd‘ > /\}dl‘l dxs .
T2

We can easily verify that the required estimate (8] for j = 5 follows by the induc-
tive hypothesis applied for the polynomial
1

h$1,$2(t3)' 7td) = ﬁ

/ g(l‘l + 11,29 + 1o, ts, ... ,td) dtq dto
T2

in the case of dimension d — 2.
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Case (ii). Let 1 € B and 2 € B (the case when 1 € B and 2 € B can be treated
the same way). In this case we have

__ 1 _
Sn,Bg(x) = i ) Dy (t1)Dn(t2)n(ts, ..., tq) g(x +t)dt .

Again following the calculus shown in [2] proof of Theorem 2.1], we obtain

— 1 -
28pg(x) Smax‘ﬁ/ Dy (u)n(ug, ..., uq)
s Td—1

NEN
1,-1
X h' (xl,acg—|—u2,a:3+u3,...,xd+ud)dU2...dud‘
+max‘ BN uo) N (us, ..., uq
NeN | qd=1 [rq 4 (u2) T (s, - wa)
1,1
x h" (1'1,372-‘1-’11,2,:173+U3,...,.’L'd+ud)d’u,2...dud‘
—l—max‘ INDN u) Iy (us, ... ug
NeN rd—1 Td—1 ( ) ( ’ ’ )
><hl’o(l'l,l'g+’U,2,£L’3+U3,...,.’£d+ud)dUQ...dud‘
+max’ Dy (u)IIy(us,...,uq
wax| = [ D)y (s, )
><hil’l(xl+u17I2,I3+U3,...,Id-'—Ud)dUQ...d'LLd‘

+ max Dy (u) My (us, . . ., ug)

1
v g L
x WY h(xy + uy, 20, w3 4+ us, ... Tg + ug) duy . . .dud‘ .
Case (iii). Let 1 € B and 2 € B. Then via the trigonometric equalities
Dy(t1)Dn(t2) = DY + DY,

where 1 1 t
Dy = 5[D(t2 +t1) + Dy(t2 —t1) — 2D (t2)] 5 cot (51)
1 - - ~ 1 t
DY = 3 [DN(h +t2) + Dn(ta —t1) — ZDN(tZ)} 2 cot (52)’
we can prove in a similar way as in the previous two cases that the required estimate
holds. -

3.2. Approach via multipliers. Here we prove interpolation estimates for the
Carleson maximal operators in higher dimensions by using multipliers. This ap-
proach seems to be more flexible and easy to handle. In fact, it can be used to
prove, for a large class of functions, the almost everywhere convergence of multiple
Fourier series summed up over the dilation of polytopes. To be more concrete, if P
is a convex polytope in R? with 0 in its interior and f € QA4(T9) (see the definition
of QA? in Section 4), then we have

fx)= lim > f(k)exp(i(k,x)), forae xeT%
A—~4o0
ke(AP)NZ4

This extends the main result of Fefferman in [§], where the above property was
proved for P a polygon in the plane R? and f € LP(T?), p > 1. Details will appear
in a forthcoming paper.
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Let us describe the notation that we shall use. A multiplier on L?(T9) is a
bounded operator T': L?(T%) — L?(T%) such that there exists a bounded family
{@m }meza such that for every f € L?(T?),

Tf(m) = amf(m), meZ*.

We will denote then am = T(m), for all m € Z9. Every translation operator
[+ fx is a multiplier, where fy(y) = f(x+y) and x, y € T%. In fact multipliers are
the only bounded operators on L?(T¢) commuting with all translation operators.

Notice that in the case when d = 1, the Hilbert transform #H and the Riesz
projection R are multipliers and

H(m) = —isgn(m), R(m) = X[0,400) (M), m e 7,
where, for x € R, we put sgn(z) =1 if > 0, sgn(z) = —1 if x < 0, and sgn(0) = 0.
The partial sums (over cubes) of the Fourier series Sy are also multipliers, and we
have

Sy(m) = x_yna(m), NeEN, mez

For every B C {1,2,...,d}, the operator sending f to its B-conjugate function
is a multiplier too. Denoting this operator by Hpg, it is easy to see that

Hp(m) = [] H(my) = [[ (=i sen(my)),  mez’,
JjEB jEB

As we have 5/’1;/3f =Sy (HBf), the operator % is also a multiplier.
Given a sequence (Tn)ny>1 of multipliers we will define its maximal operator
M(Tn) by
M(Tn)f(x) = sup |Tn f(x)], xeT?.
N>1
We will say that (Tv)n>1 is an admissible sequence of multipliers in T if there
exists a constant C' > 0 such that

d

19 Ml <l flog (SRR ez
Observe that for the sequence (Sy) of partial sums we have S = M(Sy). Therefore
in this language the statement of Theorem [B1]is equivalent to saying that (Sx)
is an admissible sequence of multipliers in T¢. In the same way we have 3'73 =
M(%), and the statement of Theorem is equivalent to the fact that, for all
B c {1,2...,d}, the sequence (S/J\T/B) is admissible.

In the following two lemmas we collect some properties of admissible sequences
of multipliers. The proof of the first one is obvious and so we omit it.

Lemma 3.4. For each integer 1 < 5 < J, let (TJ{I)N21 be an admissible sequence
of multipliers in T?. If aj € C, for each 1 < j < J, we define

J
TN:ZO[]‘T]{[’ N eN.
Jj=1

Then (Tn)N>1 is an admissible sequence of multipliers in T,
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Lemma 3.5. Let (T)n>1 be an admissible sequence of multipliers in T?, and let
O: 72 — Z% be an automorphism of the group Z%. Define, for each N > 1, the
multiplier Uy by the formula

Un(m) = Ty (®(m)), mez’.
Then (Un)n>1 is also an admissible sequence of multipliers in Te.
Proof. There exists a continuous isomorphism ¢: T¢ — T¢ such that
(20) exp(ifm, p(x))) = exp(i(®(m),x}), (m,x) € 2% x T,

Indeed there exists a d x d matrix (a; ) with integer entries and determinant £1
such that

d d d
_ _ 7d
= ay kM, Ao kM 5 - -, agrmy ), m=(my,ma,...,mq) € L.
k=1 k=1 k=1

To see this it is enough, considering equivalence classes in R/27Z, to define ¢ by

(21, %2, .., Tm)

d d d

d

= (E a;1e;, E ajolj, ..., g aj’dxj), x = (21,Za,...,24) € T®.
=1 =1 =1

This isomorphism ¢ preserves the measure mg, and it follows by (20) that for
every f € L'(T9), m € Z,

(21) fop(®(m)) = f(m), mez
This yields Ux f = [Tn(f o )] o 7%, for all f € L?(T?) by

OxF(m) = Uy (m) f(m) = Tn (2(m)) F o p(@(m)) = Tie(f 0 ) (®(m)) ,

and (2I) implies §(®(m)) = g?go\—l(m), for all g € L'(T?).
Let T = M(Tw) and U = M(Uy) be the corresponding maximal operators. We
have

UF =[T(fop)lop™, feL*T?.

But, since ¢ and ¢! preserve the measure mya and (T) is admissible, we have

ellf opl2\]
< Clf ool log( 251

1 f ol
d
— i loe(SE2)]

for all f € L?(T4), and the sequence (Uy) is admissible. O

U100 = [IT(f o)

Define now, for every o € {0,1}% and every N > 1, the following subsets of Z:
d
(22) A(o,N) = (H[aj,zv]) nzd;  C(o,N) = (01, H o, +00 ) nzd.
=1 =2
Define also the multipliers D¢, and Pg; by

—

D = Xa@,n) and PR = Xc(o,N) -
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As we have said, in order to prove Theorem B.] we just have to check that (Sx)
is an admissible sequence in T¢. Observing that [-N,N]¢ N Z? = ([-N,—-1] U
[0, N])? N Z4, it is easy to see that

§1\V(m):X[—N,N]d(m): Z XA(o,N) (Eo(m))

ce{0,1}4
Z E\f'v(Ea(m)), for all m € Z%;
oe{0,1}4
where E,(mi,ma,...,mq) = ((=1)7'my,(=1)"2ma,...,(=1)7?my). As every E,

is an automorphism of Z¢, applying Lemma 3.4l and Lemma 3.5 the proof of The-
orem 3] will be done as soon as we prove the following.

Theorem 3.6. For every o € {0,1}%, the sequence (D$)n>1 is an admissible
sequence of multipliers in T¢.

Theorem is a direct consequence, via Lemma [3.4] and Lemma [3.5], of the
following propositions to be proved in the following subsections.

Proposition 3.7. For every o € {0,1}%, there exist a finite sequence (q)j)Jle of
J

automorphism of Z2, a finite sequence (Tj)jzl in {0,1}%, and a finite sequence of

scalars (a;)7_, such that
D% (m) = xa(o,n)( Zajpﬂ (m)), m € 7.

Proposition 3.8. For every o € {0,1}¢, the sequence (P$)n>1 is an admissible
sequence of multipliers in T,

3.3. An inductive procedure of decomposition. The aim of this section is to
provide the proof of Proposition 3.7l The proof goes by induction on d.

Proof of PropositionB1. For d = 1 the result is trivial because D%, = Pg when
d = 1. Let us see the case d = 2. We have four different o € {0,1}?. We have to
decompose the characteristic functions of the intersection with Z? of the following
sets:

[0, N] x [0, N], [1, N] x [1, N], [0, N] x [1, N], and [1, N] x [0, N].

We just need to consider the first three cases, because the fourth one is obtained
from the third one with a permutation of coordinates which is an automorphism of
72.
The reader can easily check that we have, for m = (my, ms) € Z*:
X[0,Nx 0,57 (1) = X[0,5] (M1) X[0,+00) (M2) + X[0,5] (72) X [0, +00) (121)
— X[0,N] (ml)X[0,+oo)(m2 —my) — X[0,N] (m2)X[1,+oo) (m1 - mz) .
Therefore

DY (am) = PP (m) 1 PP (@ am) — PP (@3(0m)) — AP (5(m)).

where ®;, ®, and ®3 are the automorphisms of Z? defined by ®(my,ms) =
(ma,m1), ®2(my, mg) = (my,mg —my) and ®3(mi,ma) = (M2, m1 — ma).
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Analogously, we have, with the same meaning of ®;, &5 and ®3:

— e~ e~ e~

DY (m) = P (m) + PJY (@1(m)) — PV (@5(m)) — PV (@3(m))

and

—_

DO (m) = POV (m) + PL (1 (m)) — POV (@ (m)) — PLO (@4(m))

The case d = 2 is complete.

Assume now that the statement of the theorem is true for d — 1 > 2, and let us
prove it for d. Let o € {0,1}? and write 0/ = (09,...,04) € {0,1}¢7L. Thus we
can put 0 = (01,0"). By the induction hypothesis, we can write

X (ma, .y m Z%MWN S(may o ma))

where 77 € {0,1}97! and ¥, is an automorphism on Z4=1. Consequently

D3 (m) = X(o, Ny (M1)XA(or, Ny (M25 - - -, M)
= X[, 8 (m1)Xc(r,n3) (T (ma, .. ma)).
J

Therefore, we only need to see that we can decompose functions as
(23) X[a‘l,N](ml)XC(T,N) (\Il(m2>"‘7md))7

where 7 = (72,...,74) € {0,1}471 and ¥: Z9~! — Z4! is an automorphism. We
can say that
lIj(r'ﬂJ27 DR md) = (1/)2(77’12, s 7md)a R d}d(m?a s 7md))
where t;: Z4~! — Z are homomorphisms for j = 2,...,d. Then (23) can be
written as
d
X1, 8 (M) X (a3 (2(ma, - 1)) [ ] Xiry 00y (05 (2, - a)).
j=3

Now use the case d = 2 to decompose X[y, n](M1)X[r,,n](¥2) in order to obtain

that ([23]) can be written as

2,N

(24) PR (@1(m)) + PF (@2(m)) — PF(@3(m)) — PF'(P4(m)),
where oF € {0,1}%, with Uf =7 for j =3,...,dand 1 < k < 4, and where
®,: 74 — 74 are the automorphisms defined by
&1 (m) = (mq1, ¥(ma,...,mq)),
Po(m) = (Y2(ma, ..., mq),m1,¥3(ma, ..., ma), ..., Ya(ma,...,mq)),
O3(m) = (my,Pa(ma,...,mq) —my,3(ma,...,mg),...,0a(ma,...,mq)), and
Oy (m) = (Ya(ma,...,mg),my — a(ma,...,mg),¥3(ma,...,mq),...,
Ya(ma, ..., mq)).

Then (24]) yields the required decomposition for expressions like ([23]), and from the
previous discussion D¢ can be written as in the statement of Proposition B.7] for
every o € {0,1}4. O
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3.4. The basic admissible sequence of multipliers. In this section we prove
Proposition 3.8 First it will be convenient to introduce some more notation. For
each integer k > 0 and every f € L%(T%) we define

() = 151 o (512 ”2)r.

[1£1l2

Observe that Wo(f) = || f|l1. We will denote by Py the multiplier P§ for o =
(0,0,...,0). That is, for f € L2(T9),

s~ _ [ fm) ifme [0, N]x[0,+00)4" 1,
Py f(m) = {O otherwise.

The proof of Proposition B8 will be finished if we prove that (Py) is an ad-
missible sequence of multipliers in T¢. Indeed, if o € {0,1}? and we define
eo(x) = exp(i(o,x)), x € T, we have, for every f € L?(T4),

PI(\T/'f = GU'PN—Ul(f'a%
and therefore, for the maximal operators,
M(PR)f = M(Pn)(fes).

Since U4(f) = ¥4(f€y), if (Py) is admissible, then (Pg) is admissible.
For each integer N > 1 and 1 < j < d, we define SIN and the jth Riesz
projection R; as the multipliers given by

- 1 ifo< <N —~ 1 if 0<m;y

Stom)y=JL H0sm <N, Ri(m) = { & 0=mj,
0 otherwise, 0 if 0> my.

It is not difficult to check that, for every f € L%(T4),

(25) Pyf=5yoRy0Rz0-- 0Ryf.

The proof of Proposition 3.8 will be a consequence of the two following lemmas
and (239)).

Lemma 3.9. For each integer 1 < j < d and each integer k > 0, there exists
a constant C' > 0 such that

Ue(Rif) < CUpia(f),  feL*(TY).
Lemma 3.10. There exists a constant C > 0 such that, for every g € L?(T%),
[M(S] Nl o < CTa()-
Proof of Proposition[3.8. Let f € L?(T?%) and define
g=RsoRzo0---0R4f.
Applying d — 1 times the Lemma [3.9] we get
(26) Wy (g) < CUu(f).
Then, by 25]), we have Py f = Sfng and therefore
M(Py)f = M(S] y)g.
Applying Lemma B.T0l and (28) we deduce that
||M(PN)fH17oo < CUy(f).
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We have proved that (Py) is an admissible sequence of multipliers in T¢ and, as
explained before, we finish the proof of Proposition 3.8 O

Proof of Lemma 3.9l There is no loss of generality in assuming that j = 1. We will
prove first the case k = 0 and then we will use this case to prove the result for
k>1. For k=0and d =1, we have R; = R, and by the relationship between
the Hilbert transform and the Riesz projection (@), and Zygmund’s result invoked
in the proof of Theorem [Z4] there exists C' > 0 such that

IRfIh < Clifllciogr, f € Llog L(T).
Applying then Proposition and Proposition 2.5 there exists C' > 0 so that
IRfllh < CUL(f), feL*T).

This finishes the proof for k=0 and d = 1.

Assume now that d > 2. Given x = (x1, 2, ...,xq) we write X’ = (xa,...,24), SO
that we have x = (z1,x’). If f: T? — C, we denote by fy the function fy: T — C
defined by

fx’(t):f(taxl>7 teT.
It is not difficult to check that, for every f € L?(T?) and every x = (z1,x’) € T¢,
we have

Rif(x) = Rif(z1,x") = (Rfx)(@1)-
Therefore, by the case d = 1, putting dx’ by dmg_1(x’), we have

IRu S = / IRl dx’ < C / U, (for) dx
Td—l Td—l

The proof of the case k = 0 will finish if we prove

(27) [ wioax <wh).
Td—1
In order to prove (27)), by homogeneity, we can assume ||f||; = 1. Then the
measure dv(x') = | fx||1 dx’ is a probability on T¢~! and we can apply Jensen’s

inequality to the concave function t — log ¢ on (0, 00). We then have

\I/ x/ dX/:/ x/ 10 Gfo/”Q dX/SIO / x/ €||fx’||2 dX/
/ () [ el TE) ([, I T )

1/2
—tog( [ elfwledx’) <tos(e( [ Ielfax) ")
Td—1 Td—1
=log(el|fll2) = ¥1(f),
since || f||1 = 1. We have proved ([27)) and the case k = 0 is over.
By the case k = 0, there exists a constant x > 1 such that

(28) Rafll < slfltos () g e 22

Now assume &k > 1, and take f € L*(T¢). We consider two different cases:

@ sl tog(TH2) < Hifla, and
o) sl tos( S H12) > 41
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In case (b), first observe that there exists By > 0 such that [log(et)]* < Byt,
for every ¢ > 1, and this yields ¥y (g) < Byl|g|l2, for every g € L?(T%). Therefore,
since R is a contraction on L? and log(e||f|l2/||f]l1) > 1, we have

B(Raf) < BullRaflls < Bulfll < Buceh =7l og( S 112)
elfloN]* _ e
< Bire™ | fllx 10%( T ) = Byre" Wry1(f).
k

In case (a), using (28), since the function ¢ +— t[log(e[|f||2/t)]" is nondecreasing

in the interval (0, e!=%||f||2], we have (by &log(el|f|l2/fll1) > 1)

R g '
IR f11 [log(%)] < |IR1 1l {log( ||(;2|fj|c|ﬁ1)]

ol tog(ME) fog (bl )"
A1 w1111 Jog (ell Fll2/11 £111)

w1 tog (212 [og (L12Y] " — )
AN T N T VA IS

Vi(Rif)

O

Proof of LemmaB.I0. For d = 1, S’ffN coincide with Sj; = R o Sy. By the re-
lationship between the Hilbert transform and the Riesz projection (@), we deduce
that

1 ~ 1~
Syf= §(SNf +iSnf) + §f(0)7 f € L*(T).
Taking maximal functions
M(SHf=8Yf<Sf+Sf,  feL*T).
Applying Theorem [23] and Theorem [2.4] we obtain
(29)
ellf
5% 1o = IS0, < 1 o2
which is the case d = 1 of Lemma

For d > 2, f € L*(T?), and x' € T¢"! use, as before, the notation fyx (t) =
f(t,x’). As is easy to check, we have

Sk f(rr,x) = (8§ fx) (1) , (z1,x") € T,
and taking maximal functions,
M(S ) f (1, %) = (ST fur) (@) -
Therefore, for all A > 0, using Fubini, [29) and (1), we have
A ({(2,%) : M(S)F(21,%) > A})

= /Tdi1 )\m({xl eT; (S+fx')(a?1) > )\}) dx’

< / IS* f
Td—1

Taking the supremum in A > 0 we conclude that
[MSTN e <CULS),  f e LP(T). O

)=Cu(n,  ferX(),

1oodx/§C/ \111(fxl)dxl§0\:[/1(f).
’ Td—1
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We are now ready for the proof of Theorem B3 via use of multipliers; as we
have said the statement of Theorem is equivalent to the fact that, for all B C

{1,2...,d}, the sequence (5_1\7/3) is an admissible sequence of multipliers in T¢.
Denoting B¢ = {1,2,...,d} \ B, for every m € Z% we have
Sw.p(m) = TT (ixi-n,-1(my) —ixpm(my)) TT (e wi-0mg) + xpo,m(my)) -
jeB jeBe

If we develop this product as the sum of 2¢ summands, we discover that the sequence

(g;v_;) is a linear combination of sequences of multipliers of the form (Fy"), o,
n € {0,1}%, where

FR(ma,...,mq) = xa@,n) (=1)"mq, ..., (=1)"mg),

and A(o, N) =[], (lo;, N]NZ) as in [22).
Then by Theorem B.6land Lemma [3H the sequence (Fy") is admissible for all &

and all n € {0,1}¢. An application of Lemma [34 allows us to see that (g;v_;) is an
admissible sequence of multipliers in T%, and this concludes the proof of Theorem

B3

4. ARIAS-DE-REYNA SPACE ON THE d-DIMENSIONAL TORUS

Based on some ideas from the paper [6], we give a self-contained treatment on a
variant of Arias-de-Reyna’s space QA(2) defined on a finite measure space (2, p).
In fact, Arias-de-Reyna [4] defined the space QA(T) on the torus T; here we are
interested in the space defined on T¢. The main aim is to show applications to
study convergence almost everywhere of multiple Fourier series over cubes.

Recall that a non-negative ¢ defined on [0,a) with 0 < a < oo is called quasi-
concave if it is non-decreasing on [0,a) with ¢(0) = 0 and ¢ — ¢(¢)/t is non-
increasing on (0, a). Notice that @(t) := infe(g,q) (1+ £)@(s) for every t € [0,a) is
a concave function ¢ satisfying

p(t) < @(t) <2¢(t), tel0,a).
Let (2, 1) be a finite measure space and let ¢: [0, u(2)] — [0,00) be a quasi-

concave function. A measurable function f € LY(u) belongs to QA,(Q) provided
there exists a sequence (f,)5>; with f, € L>(£2) such that

F=) fu pae

n=1

and

S —I—logn)|fn||ooga(|”]{n|:1 ) < 0,

n=1
where 0/0 := 0 by convention.
It is easy to check that QA,(f2) is a quasi-Banach lattice on (€2, 1) equipped with
the quasi-norm

I /llga, = inf (1 +10g”)'f"”°°9”(|:|fn|ll >
n=1 e

where the infimum is taken over all representations f = >°° | f, of f as shown
above.
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We will need some results concerning the space QA,,. Since they can be proved
using methods described in [6] in the case of the space QA(T), we state them without
proofs here.

Before we state the first result we recall that if f, g are functions in L'(Q), we
write g < f provided that

t t
/ g% (s)ds < / f*(s)ds, t>0.
0 0
This defines the Hardy-Littlewood-Pdlya ordering.

Lemma 4.1. QA is a quasi-Banach lattice on (2, 1) satisfying the following prop-
erty. if f € QA, and g € L' satisfy g < f, then g € QA, and

l9llea, < IFllea,-

Consequently, QA is a quasi-Banach r.i. space.

We state the following results. For complete proofs in the case of QA(T), we
refer to [6]. Since the proofs are similar we omit it.

Proposition 4.2. Let (2, i) be a probalilty measure space and let ¢ be a normalized
concave function on [0,1] (i.e., p(1) = 1). Then the following continuous inclusion
holds with norm less than or equal to 1:

QA, — A, .

To state the next result we recall that if (X, | -||) is a quasi-normed space whose
dual separates the points, then the Mackey norm || - || on X is defined by

x| =inf {A > 0; x € Aconv(Bx)}, z€ X,

where conv(Bx) is the convex hull of the unit ball Bx = {z € X; ||z|| < 1}. The
completion of X equipped with the Mackey norm is denoted by X and is usually
called the Banach envelope of X.

It was shown in [0] that the Banach envelope of QA is isometrically isomorphic
to Llog L. A similar proof gives the following.

Proposition 4.3. Let (2, i) be a probalilty measure space and let ¢ be a normalized
concave function. Then the Banach envelope of QA is isometrically isomorphic to

Ay

Given a concave function ¢ on [0, 1], following [6] we show how to construct on
an atomless probability measure space (2, 1) a family of Lorentz spaces contained
in Q/l¢.

Given a sequence s = (s,,) € (0, 1]V, we define A®®) = A(®)(Q) to be the space of
all f € L) such that there exists a sequence (f,,) with f, € L>(Q) satisfying
[ =522, fn (convergence in L'()) with

¢§:n) (1+1log n) < oco.

Zmax{”fnﬂh snll frlloo }

n=1

We equipped A®®) with the norm

||fHA(s) := inf { Zmax{\|fn|\1,sn||fn||oo}¢(53n) (1 + log n); f = Z fn}
n=1 n

= n=1
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Proposition 4.4. For every positive sequence s = (s,) € (0,1]N, A®) is an r.i. Ba-
nach space on (2, 1) such that

(30) A — QA
with norm less than or equal to 1.

Proof. The proof that A(®) is a Banach space is standard. It is easy to check that
A®) is an exact interpolation space between L'(Q) and L>(Q); in particular this
implies that A®) is an r.i. space on Q. To prove the required continuous inclusion,
we observe that if f € L°(Q) with f # 0, then the concavity of ¢ gives

i) o)
It ) < 1w 1, Mo,

s {111 } 22222

Thus, if f € A®), for every € > 0 there exists a sequence (f,) with f, € L>®(Q)
such that f=3""7 f, (convergence in L'(£2)) and

c- ¢(sn)
> max {|[fullt: sall fall } o (I+logn) < (1 +2)[fllaw
n=1 n
Combining the above estimates, we conclude the result. ]

Theorem 4.5. For every positive sequence s € (0,1]Y |

A@: ‘—>Q4¢

with norm less than or equal to 1, where s is a quasi-concave function on [0, 1]
defined by ps(0) =0 and

t
©s(t) :infmax{l,—}gb(sn)(l+10gn), 0<t<1
n Sn
Proof. Since ¢;(t) < ps(t) for all t € I, it then follows from Proposition 4] that it
is enough to prove that the fundamental function of the r.i. space A®) is .

Fix 0 < t < 1 and take any measurable set A with u(A) = t. Clearly, for each
n > 1, we have

n

Ixallae < max{t,s,} (1+1log n)

t
:max{l,—}gb(sn) (I14+logn), 0<t<I.
Thus taking the infimum over all n > 1, we obtain that ||xallae < s(t).
To prove the converse, fix ¢ > 0 and let x4 = >, fn (convergence in L'(Q))
with f, € L*(Q), fn, > 0, and

> mas {lfull sullfulloc } 22 (1 4 10g m) < (1) eall o
n=1 n
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Since || fulloo = Hf’glll, we obtain

(1+e)llxallae =D max {||full1, sn IIanoo}% (1 + log n)

n=1 n

= imax{l s_n} (o) (1+1log n) || fulla

- — Tt Sn
[ee]

11

= nzlmax{;, 7 J(s0) (1 +1og m) 1l

> Lintmax {1, o5, (1-+10g ) 3 17

_tlgmax o Sn, ognn:1 nll1
1

= os(t) [Ixally = ¢s (1),

and the result follows letting ¢ tend to 0. ]

Now we fix the probability measure space (T¢,mg) and we consider the space
QA, generated by ¢ := 4. In what follows we write QA? for short instead of QA

or QAy, (T9).

Taking a special sequence (s,,), we obtain the following corollary (cf. [6]).
Corollary 4.6. If s = (s,,) with s,, = e~¢" for each n > 1, then
A (T%) = L(log L)*logloglog L(T%) < QA*,
where p4(t) = inf,, max{smt}%j")(l +logn), 0 <t <1.

Proof. We observe that

d d
ddtlog (e )<tlog ( )<tlog (t)’ 0<t<1,

yields ¢ = ¢q on (0,1], where ¢g4(t) := tlog® (%) for every 0 < t < 1. Thus for
every t € [e‘ekﬂ,e_ek) with k£ > d, we have

- —e” dn
ps(t) < rllgfl max {e” ¢ ,t}e? (1 +log n)
_ . inf { _e",t dn 1 1 7 inf { —e"7t} dn 1 1 }
mln{léggkmax e te®™ (14 log n) inf max qe e (1+1log n)
= min{ inf e~ e (1 +1log n), t inf e®™ (1 + log n)}

= mln{ (14 log k), te?®+D (1 4 log (k + 1))}
= te®* (1 +log k) = 14(t).
Slnce Ay, (T?) = L(log L)4logloglog L(T¢), the proof is complete by Theorem
O
5. APPLICATIONS TO ALMOST EVERYWHERE CONVERGENCE

We apply our results to prove novel results on almost everywhere convergence
of the multiple Fourier series over cubes. These results unify and extend the best
known results at present.
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Before presenting the results, we introduce some notation. Following Kalton
[T1], a quasi-Banach space X is said to be logconvez provided there exists a contant
K > 0 such that

n
oy + -+ zllx < K> (1+log k)]l x
k=1

for every finite set {z1,...,z,} in X.

It follows from the result due to Stein and Weiss [18] (see also Kalton [I1]) that
the weak L'-space on any finite measure space is logconvex.

We can state and prove the main theorem of this section.

Theorem 5.1. Letd € N and B C {1,...,d}. Then the mazimal opemtorgéz QA?
— L1.0(T%) is bounded; i.e., there exists a constant C > 0 such that for every

fe Al c
md({x S Td; g,S;f(X) > )\}) < X Hf||QAd7 A>0.

Therefore the multiple Fourier series of every function f € QA® and all its conju-
gates converge over cubes almost everywhere.

Proof. Given f € QAY, there exists a sequence (f,,) in L°°(T9) such f =37, f,
and

(31) Z 1 fullootha (d'}f:'@)

Clearly (BI) implies that En:l [l fnlli < co. Hence Y .2, |fi| converges mg-a.e.

and so -
k) =Y fulk), kezl
n=1

This implies that for any N € N,

Sn.pf(x ZSNB.fn x e T?.

In consequence
oo
Spf(x Z ), xeZ?.

Hence by Theorem [3.3] and the 10gconvex1ty of the space Li o (T%) there exist
constants K > 0 and Cy > 0 such that

185 fll00 < O3 (1 +log IS fulloc < KCa 31 +logn>||fn|zw<”§”t)

n=1 n=1

<Kke, Y0 +logn>||fn|oowd(|:'f"|:'1 ) |

Since f € QA? was arbitrary, we conclude that there exists C' > 0 such that

<C Hf||QAd7 f € @4d>

and this yields the required estimate:

n=1

ma({x € % 857(x) > A}) < S lfllgass A >0
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The second part is standard; we define the sublinear operator T : QA? — Ly o (T9)
by
. feAt xeTd.

Tpf(x) = limsup |Sy 5 f(x) — Su,pf(x)
N,M— o0
Since Tgg < 2Spg for every g € QA?, it follows by BI) that
20
mq({x € T% Tpg(x) > A}) < By lgllgaa, A >0.

Clearly for every trigonometric polynomial P on T¢ we have TgP = 0 and Tz f =
Tgs(f — P). Applying the above estimate with g = f — P yields

ma({x € T% Tpf(x) > A}) < % If = Pllgas, A>0.

Since the set of all trigonometric polynomials on T? is a dense subspace in QA (by
the density of L>(T%) in QA?), it follows that

ma({x € T% Tpf(x) >A}) =0, A>0.
This completes the proof. O

As an application of Theorem [l and Corollary we obtain the following
important theorem of Antonov (see [2]).

Theorem 5.2. Let d € N and B C {1,...,d}. Then the mazimal Carleson
operator 373: Ly (T?) — L1,00(TY) is bounded, where Ly(T?) is the Orlicz space
L(log L)*logloglog L on (T¢,mg); i.e., there exists a constant C' > 0 such that for
every f € Lg(T?),

P C
mq({z e T Spf(w) > A}) < 3 [flls(ray, A >0.

Therefore the multiple Fourier series of every function f € Lg(T?) and all its
conjugates converge over cubes almost everywhere.

We show an analog of the result in the one-dimensional case showing that there
exists a Lorentz space that strictly contains the Orlicz space L(log L)% logloglog L
which is contained in QA?.

To state the next result we recall that a pair (Ag, A1) of Banach spaces is called
an interpolation couple provided Ag and A; are continuously embedded in some
Hausdorff topological vector space. For an interpolation couple, we define a Banach
space Ag + A1 equipped with the norm

lallag+a, = inf {{|ao]la, + llarlla,; @ = a0 + a1}

Since for every Banach lattice E on a measure space (£, 1) we have E — L°(u),
every pair (Ep, E1) of Banach lattices is an interpolation pair. If Ey and E; are r.i.
spaces on an atomless measure space (€, ), then Ey+ Fj is also an r.i. space with
the fundamental function ¢g,+p, = min{yg,, ¢, }-

We conclude with the d-dimensional analog of the one-dimensional result from
[6) Theorem 2.3]. The proof is similar to the case d = 1; however we include a proof
for the reader’s convenience.

Theorem 5.3. There exists a Lorentz space A, (T?) that strictly contains the Orlicz
space L(log L)?logloglog L(T?) and such that

Ay (T?) — QA
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Proof. We recall that Orlicz space L(log L)?logloglog(T?) coincides up to equiv-
alence of norms with the Lorentz space A,(T¢), where the normalized concave
function ¢ satisfies

1
o(t) = tlog? (%) log™* log™t log™ (Z), te(0,1].
Let s, = e—¢ for all n € N. Define a concave function @ on [0,1] by ¢(0) =0 and
p(t) = min {¢(t), 25(t)}, te€(0,1].
Clearly, we have A, — Az + Ay and
Ay — Ay — QAL
Since ¢(sp) < e~ ¢ n and 0s(sn) < e e (1 4 log n) for each n > 1 and
Ys < ps, we have
¢(sn)

n—oo ¢(sy,)
This implies that Ag # A, and so the proof is complete. |

=0.
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