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ASYMPTOTIC BEHAVIOR OF POSITIVELY CURVED
STEADY RICCI SOLITONS

YUXING DENG AND XIAOHUA ZHU

ABSTRACT. In this paper, we analyze the asymptotic behavior of k-noncollaps-
ed and positively curved steady Ricci solitons and prove that any n-dimensional
k-noncollapsed steady Kéhler—Ricci soliton with nonnegative sectional curva-
ture must be flat.

1. INTRODUCTION

The classification of a positively curved steady soliton is an important problem in
the study of Ricci flow. In his celebrated paper [20], Perelman conjectured that all
3-dimensional k-noncollapsed steady (gradient) Ricci solitons must be rotationally
symmetric (precisely, Perelman claims that the conjecture is true without giving
any sketch of proof; see 11.9 of that paper). The conjecture was solved by Brendle
in 2013 [I]. Brendle also proved that the same result holds for higher-dimensional x-
noncollapsed Ricci solitons with nonnegative sectional curvature if they are asymp-
totically cylindrical [2]. Under the condition of a locally conformally flat condition,
Cao and Chen also proved the rotational symmetry of a gradient steady soliton
in [7]. These rotationally symmetric metrics are usually called the Bryant steady
Ricci solitons.

In the complex case, Cao constructed a family of U(n)-invariant steady Kéhler—
Ricci solitons with positive sectional curvature on C™ [5]. He also proposed the
following open problem.

Problem 1.1. Is it true that any complete gradient steady Kéahler—Ricci soliton
with positive sectional curvature must be U(n)-invariant?

Unlike the Bryant solitons, one can check that Cao’s solitons are all collapsed
(cf. the Appendix in the present paper). Thus, it is interesting to ask the following
question.

Problem 1.2. Does there exist a steady Kéhler—Ricci soliton with positive sec-
tional curvature which is x-noncollapsed?

In this paper, we give a negative answer to Problem Namely we prove the
following theorem.

Theorem 1.3. There is no k-noncollapsed steady gradient Kdhler—Ricci soliton
with positive sectional curvature.
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Theorem [[.3] gives a positive evidence to Problem [Tl As an application of The-
orem [[L3] we get the following rigidity result for the steady Kahler—Ricci solitons.

Theorem 1.4. Any k-noncollapsed steady Kdihler—Ricci soliton with nonnegative
sectional curvature must be flat. More generally, any k-noncollapsed noncompact
and eternal Kahler—Ricci flow with nonnegative sectional curvature and uniformly
bounded curvature must be a flat flow.

We use the induction argument to prove Theorem [[.3land first prove it for Kahler
surfaces. The main technique is to analyze the asymptotic behavior of positively
curved steady Ricci solitons as used by many people, such as in [20], [I8], [19],
[1], etc. By the blow-down argument, we first generalize Perelman’s compactness
theorem for 3-dimensional k-solution in [20] to higher dimensions (see Theorem
B3). Then we apply the compactness theorem to the steady Ricci solitons and
prove the following theorem.

Theorem 1.5. Let (M, g, f) be a noncompact k-noncollapsed steady Kihler—Ricci
soliton with dimension n. Suppose that M has nonnegative sectional curvature
and positive Ricci curvature. Then, for any p; — oo, the sequence of rescaled
flows (M, R(p;)g(R™*(pi)t), pi) converges subsequently to a Kihler—Ricci flow (N1 x
N2,4(t)) (t € (—00,0]) in the Cheeger—Gromov topology, where

g9(t) = dz @ dz + gn, (1),
Ny is Ct or R x St with the flat metric gn, = d2®dz, and (Na, gn,(t)) is a pseudo
k-solution (cf. Definition B2]) of Kihler—Ricci flow on a complex manifold No with

dimension n — 1. Furthermore, in case dimcM = 2, (N2, gn,(t)) = (CPL, (1 —
t)grs), where grs is the Fubini-Study metric of CP*.

Once Theorem is available, we study integral curves generated by the Killing
vector field JVf on (M,g, f). We show that there exists a sequence of closed
integral curves whose lengths have a positive lower bound under suitable rescaled
metrics of g. On the other hand, we can use the global Poincaré coordinates on M
constructed by Bryant in [3] to prove that the length of those curves should tend
to zero. This will lead to a contradiction!

We remark that the real version of Theorem is also true.

Theorem 1.6. Let (M, g, f) be a noncompact k-noncollapsed steady Ricci soliton
with dimension n. Suppose that M has a nonnegative curvature operator and posi-
tive Ricci curvature. We also assume that (M, g, f) has a unique equilibrium point.
Then, for any p; — oo, the sequence of rescaled flows (M, R(p;)g(R™(pi)t), p:)
converges subsequently to a Ricci flow (R x N,g(t)) (t € (—o00,0]) in the Cheeger—
Gromov topology, where
g(t) =ds®@ds + gn (1),
and (N, gn(t)) is a pseudo k-solution on N with dimension n — 1.

The proof of Theorem is the same as Theorem Theorem gives an
asymptotic behavior of k-noncollapsed steady solitons with a nonnegative curvature
operator in higher dimensions.

In a sequel of papers [13], we improve Theorem [[3] in the sense of positive
bisectional curvature as follows.

Theorem 1.7. There is no k-noncollapsed steady gradient Kdhler—Ricci soliton
with positive bisectional curvature.
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The paper is organized as follows. In section 2, we recall some facts on s-solution.
In section 3, we give a generalization of Perelman’s compactness theorem for higher-
dimensional k-solutions. In section 4, we analyze the asymptotic geometry of steady
solitons and prove Theorem In section 5, we prove both of Theorem [[3] and
Theorem [[4]

2. PRELIMINARY ON K-SOLUTIONS

A Riemannian metric (M, g) is called a (gradient) Ricci soliton if there exists a
smooth function f on M such that

(2.1) Rij — Agij = ViV,

where R;; are components of Ricci curvature of g, V is a co-derivative associated
to g, and X is a constant. (M, g) is called shrinking, steady, or expanding according
to A >,=,< 0, respectively. In the case that (M, J) is an n-dimensional complex
manifold and g is a Kéhler metric, then we call (M, g) a Kéhler—Ricci soliton. It is
easy to see that ([2I]) is equivalent to

(2.2) Rﬁ — )\gﬁ = VN;f, ngif =0.

Let ¢; and v be the one parameter group generated by vector field Vf and JV f,
respectively. Then ¢y, 1 are two families of biholomorphisms of M. Moreover
are isometric transformations since JV f is a Killing vector field (cf. [3]).

Recall that a complete n-dimensional Riemannian manifold (M™, g) is called k-
noncollapsed if there exist some x > 0 such that vol(B(p,r)) > xr™ for any r > 0
whenever [Rm(q)| < r=2 for all ¢ € B(p,r). For a solution of Ricci flow, Perelman
introduced the following [20].

Definition 2.1. Let g = g(t) be a solution of the Ricci flow on M,

0
(2.3) a_i} = —92Ric(g), t € (a,b].
We say that (M, g(t)) is k-noncollapsed on scales at most rg if there exist some
k& > 0 such that

vol(B(p,r,t)) > kr™,

whenever |Rm(q,t')| < r=2 for all ¢ € B(p,r,t), t' € (t —r%,t], a <t —r? and
0 < r < rg. We say that (M, g(t)) is k-noncollapsed if it is k-noncollapsed on all
scales rg < oo.

Definition 2.2. A complete solution (M, g(t)) of [23)) is called ancient if it is
defined on (—o0,0] and the curvature operator of g(t) is bounded and nonnegative
for any ¢t € (—o00,0]. A complete Kéhler-Ricci flow (M, g(t)) on ¢t € (—00,0] is
called ancient if the bisectional curvature of g(¢) is bounded and nonnegative for

any t € (—o00,0]. Without confusion, we call a x-noncollapsed, nonflat ancient
solution of ([Z3]) a x (Kéhler) solution.

For a complete noncompact Riemannian manifold (M, g) with nonnegative Ricci
curvature, we define the asymptotical volume by

V(M,g) = lim M.

r—00 rn

Clearly, V(M, g) is independent of the choice of p. The following result says that it
is always zero for an ancient solution (M, g(t)) (cf. [20], [18]).
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Proposition 2.3. Suppose that (M, g(t)) is a noncompact and nonflat ancient
(Kdhler) solution. Then V(M,g(t)) =0 for all t <0.

Next, we define the asymptotical scalar curvature of g by
R(M, g) = imsup ,,, )00 R(2)p”(p, 2),

where p(p,-) is a distance function from p on M. It is easy to see that R(M,g) is
independent of the choice of p. By Proposition 2.3 we prove the following.

Corollary 2.4. The asymptotical scalar curvature R(M,g(t)) of a noncompact k
(Kdhler) solution (M, g(t)) is infinite.

Proof. We prove the corollary by contradiction. Suppose R(M,g(to)) < A for
some positive constant A > 1 and tg < 0. For a fixed point p € M, we have
R(z,tg) < Ar=2 for allz € M\ B(p,r,to) when r > rq. Fix any ¢ € B(p, 3v/Ar, 1)\
B(p,2V/Ar,tg). Then, replacing r by vAr we have R(z,tg) < r~2 for all z €
B(q,r,tg). Since (M, g(ty)) is k-noncollapsed and has nonnegative curvature, we
get vol(B(q,r,ty)) > kr". By the volume comparison theorem,

vol(B(p, (3VA + 1)r, to) > volB(q,r, to)
> Kk(BVA+ 1) BVA+ D))", YV r > 1.
It follows that
V(M,g(t)) > k(3VA+ 1)
This is a contradiction to Proposition [Z.3] O

3. PERELMAN’S COMPACTNESS THEOREM

In [20], Perelman proved the following compactness theorem for 3-dimensional
k-solutions.

Theorem 3.1. Let (M, gi(t),pr) be a sequence of 3-dimensional k-solutions on
a noncompact manifold M with R(px,0) = 1. Then, (M, gr(t),pr) subsequently
converge to a k-solution.

To generalize Theorem [B.1] to higher-dimensional x (Ké&hler) solutions, we intro-
duce the following.

Definition 3.2. We call a x-noncollapsed Ricci flow (M, g(t)) a pseudo x (K&hler)
solution if it is defined on M x (—o0, 0] with a nonnegative curvature operator (non-
negative bisectional curvature) such that the following Harnack inequality holds
along the flow:

R i i1/d
(3.1) E +2V,;RV"* + 2RijV V> 0, VVeTM,
or in Kéahler case,

aR . = . =
(3.2) S T ViRV + ViRV 4+ RgV'V? >0, V V € 7O M.

(I or (B2) implies the Harnack inequality (cf. [14], []),
2 (z1,22)

R('/E27t2) > e—dr‘,l(tziitj.

R(.’ﬂl, tl)

In this section, we prove the following.

(3.3)
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Theorem 3.3. Let (Mg, gr(t),pr) be a sequence of n-dimensional k (Kdhler) so-
lutions on a noncompact manifold with R(pg,0) = 1. Then (Mg, gir(t), pr) subse-
quently converge to a pseudo k (Kdhler) solution of Ricci flow.

It was mentioned by Morgan—Tian that Perelman’s argument still works for
higher-dimensional x-solutions [I7, p. 222] (also see [I8]). In fact, our proof of
Theorem B3] below is from Theorem 9.64 in [17], where Perelman’s Theorem [31]is
proved. The proof consists of several technical lemmas below, some of which will
also be used in Sections 4 and 5. First we need an elementary lemma (cf. [I7]).

Lemma 3.4. Let (M,g) be a Riemannian manifold and let p € M. Let f be a
continuous and bounded function defined on B(p,2r) — R with f(p) > 0. Then
there is a point ¢ € B(p,2r) such that f(q) > f(p), d(p,q) < 2r(1 — «), and
f(d') <2f(q) for all ¢ € B(q,ar), where o = f(p)/ f(q)-

By Proposition 23] and Lemma [3.4] we prove the following.

Lemma 3.5. Let (My, gi(t), pr) be a sequence of n-dimensional ancient solutions
of flow Z3). Let v > 0. Suppose that there are pr € My and rp > 0 such
that vol(B(pk, 7, 0)) > vri™. Then there is a C(v) independent of k such that
r2R(q,0) < C(v) for all q € B(p,r,0).

Proof. We argue by contradiction. Then there is a sequence of points qx € B(pg,rx,0)
such that 77 R(qy,0) — oo as k — oco. Let f(z,t) = \/R(z,t). Applying Lemma
B4 to f(x,0) defined on B(gy,2rk,0), we see that there are ¢, € B(qk,2r,0)
such that R(g;,,0) > R(qx,0) and R(g,0) < 4R(q;,,0) for all ¢ € B(q},, sk, 0) with
sk = Te/R(qx,0)/R(g},0). Since %—If > 0 by the Harnack inequality B.1]) (or
B2)), we get

(3.4) R(q,t) <4R(q},0), ¥Vt <0,q € B(q, sk,0).

On the the hand, by the relation

Po(Pr: 4) < po(Prs ar) + polar, @) < 37k,
where po(pk, ¢x) is a distance function between two points py, g in M} with respect
to gx(0), we have
vol(B(q}, 4rk,0)) > vol(B(p, k,0)) > (v/42™) (4ry,)?".
It follows from the Bishop—Gromov volume comparison theorem,
(3.5) vol(B(qj,,5,0)) > (v/4°™)s*" ¥ 5 < 55 < 3ry.

Now we consider the rescaled flows (M, Qrg(Q}.'t),q)) with Qx = R(qj, 0).
By (B4) and B3], we see that the flows are all (v/42")-noncollapsed with the
scalar curvature bounded by 4 on the geodesic balls of radii s;+/Q centered at
q).- Since spv/Qr = ri/R(qk,0) — o0 as k — oo, by Hamilton’s compactness
theorem [15], (Mk,ng(lelt),q;C) converge subsequently to an ancient solution
(Moo, goo(t)). Note that ([BH) implies that the limit (Mo, goo(0)) has the maximal
volume growth. This is a contradiction to Proposition 2.3 O

Lemma 3.6. Let (M, g(t),p) be an n-dimensional k-solution of Ricci flow. Suppose
that there exists a point ¢ € (M, g(0)) such that

(3.6) po(p,q)*R(g,0) = 1.
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Then, there is a uniform constant C >0 independent of g(t) such that R(x,0)/R(q,0)
< C for all x € B(q,2d,0), where d = py(p, q).

Proof. Suppose that the lemma is not true. Then there is a sequence of k-solutions
(M, gi(t), pr) with points ¢;, € B(qx, 2dy,0) such that

(2dx)?R(g}, 0) = oo,

lim

k—o0
where dj, = po(pr, qx) and po(pr, qx)?R(q,0) = 1. By Lemma [3.5] it is easy to see
that for any v > 0, there is an N(v) such that

vol(B(qg, 2dy,0)) < v(2dy)*" ¥V k > N(v).
Hence, by taking the diamond method, we may assume that
(3.7) Jim vol(B(q, 2dx,0)) /(2dy,)?" = 0.
—00

In particular,

vol(B(qk, 2dx,0)) < (wa,/2)(2d)?" ¥ k > ko,
where ws,, is the volume of unit ball in R?". Therefore, by the Bishop-Gromov
volume comparison theorem, there exists an r; < 2dj such that
(3.8) vol(B(qg,71,0)) = (wan/2)73".

Note that by (817) and [B.8) we have limy_,o0 75 /di, = 0.
Next we consider a sequence of rescaled ancient flows (My, g.(t),qr), where

g, (t) =7} 2gx(r?t). Then by (38), we have

vol(B(gqk, 1 + 4, g;.(0))) > vol(B(gx, 1, 9(0))) = 2(11#)2”

where A > 0 is any fixed constant. Thus by applying Lemma to the ball
B(qi, 1+ A; ¢,.(0)), there is a constant K(A) independent of k such that
(1+ A4)*R(q,9;,(0)) < K(A) ¥ q € Blg, 1 + A3 g;(0)).

Hence by the Harnack inequality, the scalar curvature on By (o) (qk, A,0)x(—00,0] is
uniformly bounded by K (A). By Hamilton’s compactness theorem, (My, g;.(t), qx)
converges to a limit flow (M, goo(t), G0 ). Note by ([B.6]) that

2
S G Y
k— o0 d%

(1+A)*,

R(goc, 9o(0)) = lim R(g, g;(0))

Therefore, the strong maximum principle implies that (M, goo(t)) is a flat flow.
At last, we prove that (M, goo(t)) is isometric to the Euclidean space for any
t < 0. We need to consider at ¢t = 0. Fix any » > 0. Obviously,
sup [Rm(z)| =0 <e¢,
z€B(¢oo,7397,(0))
where € can be chosen so that % > 2r. Note that (Mu, goo(t)) is x-noncollapsed
for each t < 0. Thus we have

VOl(B(goc, 73 9o (0)) = wr?".
It follows from the estimate of Cheeger—Taylor—Gromov [9],

1 K

T
inj(goc) > I '
wan(r/4)
2VEL+ B/ tga@) Y
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Hence B(¢oo, TFor T Joo(0)) is simply connected for all » > 0. Therefore, M, is
simply connected, and consequently go.(t) are all isometric to the Euclidean metric.

The above implies that vol(B(geo, 1, §oo(0))) = wa,. On the other hand, by the
convergence of (Mg, gx(t), px) and the relation [B.8]), we get

vol(B(¢oos 1, 900 (0))) = wap /2.

This is a contradiction. The lemma is proved. (|

Lemma 3.7. Let (M, g(t),p) be a k-solution with R(p,0) = 1. Then there exists a
§ > 0 independent of g(t) such that R(q,0) < =2 for all ¢ € B(p,J;0).

Proof. By Corollary [Z4] there exists a point ¢ € M such that

(3.9) po(p,a)°R(q,0) = L.
Applying Lemma [3.6] we get
(3.10) R(z,0)/R(q,0) < AY a € B(q,2d,0),

where d = po(p, ¢). It suffices to prove that R(q,0) < Cj for some Cy > 0.
By the Harnack inequality, we have
(3.11) R(z,t) < R(x,0) V « € B(q,2d,0).
Thus the Ricci curvature of g(t) is uniformly bounded by AR(q,0) on B(q, 2d,0)
by (310). By the flow (23], it follows that
d
where L(t) is the length of v(s) with respect to g(¢) for any ¢ < 0 and 7(s) is a
minimal geodesic connecting p and ¢ with respect to g(0). Thus
di(p,q) < L(t) < e AHEOLL(0) = e ARG R (g, 0)71/2,

Choose t. = —cR™!(q,0) , where 0 < ¢ < 1 is to be determined. By the Harnack
inequality (33)),
? p,q
R(p,O) > edt(Zt )
R(q,1)

we obtain
(3.12) R(q,t.) < exp(e®4/2¢) < e/
Let §(t) = R(q, 0)g(R(¢,0)~"t). By (I,
|R(x,t)| < AVz € B(q,2d,0).
Since the Ricci curvature is nonnegative,
B(q,2,t) C B(q,2,0) = B(q,2d,0) V ¢ < 0.
By Shi’s higher order estimates for curvature tensors [21], we have
|AR|(z,t) < C(A) Vz € B(q,1,—1) ,t € (—1,0].
It follows that
|AR|(z,t) < CR*(q,0) Vz € B(q,1,—-1), t € (—R(g,0)~",0].
Hence

(3.13) |AR(q,t)| < CR?(q,0) V t € (—R(q,0)"*,0].
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By (3I3) and the equation
OR

E = AR + 2‘Ric|2,

we have
9 ) 2
By B12), it follows that
R(q,0) < R(q,te) + C'|te|R?*(q,0)% < e/%¢ + ¢C'R(q,0).
Thus by choosing ¢ = %(C’)’l, we derive
Let 6 = y/(ACp)~!. Then the lemma immediately follows from (B3) and BI0). O

Proof of Theorem B3l By Lemma [B.7] the x-noncollapsed condition of (Mg, gx(t))
implies
vol(B(px, 6,0)) > k5",
where § > 0 is a uniform number. By the Bishop—Gromov volume comparison
theorem, we have
K
T+ /)

Applying Lemma to each ball B(pg,d + r,0), we see that there is a C(r) inde-
pendent of k such that

R(q,0) < C(r)(r+0)"2V q € B(pg,d +1,0).

vol(B(pg, 0 + 7,0)) > vol(B(py, 9,0)) > S+7)*" VY r>0.

By the Harnack inequality, we also get
R(q,t) < C(r)(r+6)"2V q € B(py,d +r,0).

Hence, Hamilton’s compactness theorem implies that (M, gx(t), pr) subsequently
converges to a limit Ricci flow (M, goo(t)) with a nonnegative curvature operator
(or a nonnegative bisectional curvature) for any ¢ < 0 [15]. Moreover, g () satisfies
the Harnack inequality (1)) or ([B:2)) since gy (t) satisfies the corresponding Harnack
inequality (cf. [I4], [4]). O

By using the argument in the proof of Theorem B3] we have the following point-
wisely estimate for the Laplace of scalar curvature.

Proposition 3.8. Let (M, g(t)) be a k-solution. Then there is a constant C inde-
pendent of p,t such that

|AR(p, )]
——=<C V(pt)e M x(—o0,0].
Proof. On the contrary, we can find a sequence of p; and ¢; such that
A 4
(3.14) im [AR@: ) _

Consider a sequence of rescaled flows (M, g;(t), p;) with
gi(t) = R(pi, t:)g (R~ (pi, ti)t + ti).
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Then R(p;,9:(0)) = 1. As in the proof of Theorem B3] we see that there is a
constant C independent of 4 such that
R(q,9:(0)) < CV q € B(p;, 1, 9:(0)).
Since the bisectional curvature is positive and the Harnack inequality holds on
(M, g;(t)), we have %R(q,gi(t)) > 0. Thus
[Rm(q, g:())| < C(n)R(q, 9:(t)) < C(n)R(q,9:(0)) < C(n)C,

where (Qa t) € B(p’iv 1ag1(0)) X [_170]

Since the Ricci curvature Ric(q, g;(t)) is nonnegative along the flow, the metric
9i(q,t) is decreasing along the flow. It follows that

B(pi,1,9i(-1)) C B(pi, 1,9:(0)).
Hence,
[Rm(g, g:())| < C(n)C'V (g¢,t) € B(pi, 1,9i(~1)) x [-1,0].
By Shi’s higher order estimate, it follows that

1 1 1
In particular,
|AR(p;, t:)| ’
———2> =|AR i, i (0 < C".
R th) |AR(p;, 9:(0))]
This is in contradiction with BI4)). O

Proposition [3.8 will be used in the proof of Theorem in next section.

4. ASYMPTOTICAL GEOMETRY OF SOLITONS

In this section, we use Theorem to prove Theorem Let ¢ be a family of
biholomorphisms generated by —V f. Let g(t) = ¢;(g). Then g(t) satisfies the Ricci
flow ([Z3)). In [12], the authors proved that there exists a unique equilibrium point
o such that V f(0) = 0 for a steady gradient Kdhler—Ricci soliton with nonnegative
bisectional curvature and positive Ricci curvature. Thus for any p € M \ {0}, it is
easy to see that ¢;(p) converge to o as t — co. In the following, we show that the
growth order of p(o, ¢:(p)) is actually equivalent to [t| as t = —oo.

Lemma 4.1. Let o be the equilibrium point defined above. Then for any p € M\{o},
there exist constants C1,Coy > 0 and tg < 0 such that

(4.1) Crlt] < plo, ¢e(p)) < Colt] V t < to.
Proof. By the identity (cf. [16])
(4.2) R+ |Vf]* = Ao,

where Ag is a constant, we have
IVf?(z) + R(z) = R(o) Vx € M.
Note that
S HGup) =~V P op) v <0

and
d2

S (0p) = S R6(0) =Rie(VL,TH 20 i <0,



2864 YUXING DENG AND XIAOHUA ZHU

Thus
0 < R(¢:(p)) < R(p) V& <0

and
R(0) ~ R(p) < L (6.(p)) < Rlo) ¥t <0.
It follows that
(43) (R(o) = Rp)It| < £(p) — F(6u(p) < ROO)IH] ¥t <0,
Consequently,
(R(0) — R)It + C(p) < £(0) - £(64(p)) < RO+ Cp) ¥t <0,

where C(p) = f(o) — f(p). On the there hand, by Proposition 7 in [7], there are
constants Cq, Cy > 0 such that

(4.4) C1p(0,0¢(p)) < f(0) = f(¢e(p)) < Caplo, ¢:(p)),
where ¢t < tg and t( is small enough constant. Combining the above two inequalities,
we get (). O

Remark 4.2. Let A(r) ={p € M : f(p) =r} for any r € R. Then A(r) is compact
as > 1 since f is strictly convex. Thus from the proof of Lemmal[ZT] the constants
C; and Cy in IJ) can be chosen uniformly for all p € A(r) so that both of them
are independent of ¢.

Combining Lemma (1] and Proposition 3.8, we obtain a lower bound growth
estimate for scalar curvature.

Proposition 4.3. For a k-noncollapsed steady Kahler—Ricci soliton (M, g) with
nonnegative bisectional curvature and positive Ricci curvature, the scalar curvature
satisfies

C
4.5 —— < R(x), if p(x) > 1o,
where p(x) = p(o,z) and C > 0 is a uniform constant.

Proof. Sine the scalar curvature R(p,t) of g(p,t) satisfies

0

by Proposition B.8], there is a positive constant C' > 0 such that

. AR(p, )] | 2[Ric(p, )]
—RYp,t)| < ’ <O +2
ot ST TRy O
and consequently,
It] 1

(4.6) R(p,t)[t] =

(C+2[+Rp,0) 1 = 2(C+2)

as long as [t| is large enough.
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Next we show that (£6) implies [@H). We may assume f(o) = 0. For any z
such that f(z) > 1, there exists p, € {g € M|f(¢) = 1} and ¢, < 0 such that

¢+, (pz) = x. By (L0) together with [@3]) and(@4]), we have

1 1
B 251 @ v R
_R()~ R(ps) |
Z @)~ F ) (© 59+ (R L)
R(0) — R(pa) | |
22— 1) (© 12+ (RpnL)
R(O)—M1 1 C+2
"0 (01 " Ry

Here My = sup,eqr—1} 2(q). On the other hand, by (43), we have
f(x) = f () flz) -1

e 2 R o) = Rip) ~ Rlo)— Ripn)"

Then it holds that
> R(O) — M1 > 1
T A0 (C +2)p(z) — C3(C +2)p(x)’

R(z)

as long as f(z) > Cm—Jrf - (R(0) —my) + 1, where m; = inf,c(y—1} R(q). Note that
C, C3, and m; are all independent of z,¢. Hence, by (@A), we get (3. O

Now we are ready to prove Theorem

Proof Theorem [LE. By Proposition £.3] we have
(47) zlig{olo p2(07p’i)R(p’i7 0) = 0.

Let g;(t) = R(p;,0)g(R™1(p;,0)t) be a sequence of rescaled Ricci flows of g(t).
Clearly, R(p;;§:(0)) = 1. Then applying Theorem B3l to (M, g;(t),p;), we see that
(M, G;(t), p;) converges to a pseudo x Kéhler solution (M, §(t), poo) of (Z3]). More-
over, by (@) and the nonnegative sectional curvature condition, we can construct
a geodesic line through pe in (Meo, §(%),poo) (cf. Theorem 5.35 in [I7]). Thus by
the Cheeger—Gromoll splitting theorem [8], (M, §(0)) must split off a line. Let X
be the vector field tangent to the line with the norm equal to 1 and J, the complex
structure on My,. Then JX generates a geodesic curve y(s) in M. If v(s) is
not closed, it is a geodesic line on M. If y(s) is closed, it is a flat S*. Hence
(Mo, G(0)) splits off a complex line Ny = C! or a cylinder N; = R! x S'. Namely,
Mo = N1 x Ny and §(t) = dz ® dZ + gn,(t), where gn,(t) is a pseudo x Kéhler
solution of (Z3)) on a complex manifold Ny with dimension n — 1.

In case dimg(M) = 2, (Moo, §(t)) = (N1 X Na,dz ® dZ + gn,(t)), where gn, is a
pseudo x Kéahler solution of (233]) on a surface Ny. In particular, the scalar curvture
R(-,t) of gn,(t)) satisfies Harnack inequality

(4.8) %R(~,t) >0in Ny x (—o0,0].

By Lemma [£.4] below, we see that (Na, gy, (t)) = (CPL, (1 — t)grs). O
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Since Theorem [3.3] holds for k-solutions and all lemmas in this section are true
for all steady Ricci solitons, one can prove Theorem by the same argument as
in the proof of Theorem

The following lemma is a generalization of Corollary 11.3 in [20] which says: Any
oriented k-solution on a surface is a shrinking round sphere.

Lemma 4.4. Any oriented pseudo k-solution (M, g(-,t)) (t <0) on a surface is a
shrinking round sphere.

Proof. By Corollary 11.3 in [20], it suffices to exclude the case that (M, g(t)) is
noncompact and has unbounded curvature. In this case, we may assume that there
is a sequence of points p; such that R(p;, —1) — oo and py(_1)(po,pi) — oo, where
po is a fixed point. In particular,

(49) pg(fl)(pOapl)R(pla _1) — 00, as i — 00.

By taking f(z,t) = \/R(z,t) and r = r; = %pg(_l)(po,pi) in Lemma [3.4] we can
find a sequence of points ¢; such that R(g;, —1) > R(p;, —1) and

R(qa _1) S 4R(qza _1) v qc B(qla dia _1)7
where d;\/R(gi, —1) = r;n/R(p;, —1). Moreover,

1
Pg(—1)(Pis i) < 21 = §Pg(—1)(P0api)-

Hence
Pg(~1)(P0, @) = pg(—1)(P0s i) — Pg(—1)(Pi> @) > %Pg(—l)(povpi)
It follows that
(4.10) Zlirgo pg(fl)(po,qi)R(qi, —1) = 0.
Now, we consider a sequence of rescaled Ricci flows (M;, gi(¢), ¢;), where g}(t) =
R(q;,—1)g(R™*(q;, —1)(t + 1) — 1). Since 2R > 0, we have

Rg; (qa t) S 4V qc B(qiaTi V R(pla _1)ag:)at S —1.

Note that r;4/R(p;, —1) go to infinity as ¢ — oo by ([@3)). This means that the
curvature of flows are locally uniformly bounded. Together with the k-noncollapsed
condition, (M;, gi(t),¢;) converge to a limit Ricci flow (Mo, goo (t), ¢oo) for ¢ < —1.
Moreover it is a pseudo x Kéhler solution. On the other hand, by (@I0) and the
nonnegative sectional curvature condition, one can construct a geodesic line through
Qoo In (Moo, Goo, @oo) (cf. Theorem 5.35 in [I7]). Thus (Muo, goo(—1))) splits off a
line. As a consequence, it is isometric to C' or R! x S! with the flat metric. But
this is impossible since R(¢s,—1) = 1. The lemma is proved. O

Remark 4.5. A complete classification of ancient flow has been obtained by
Daskalopoulos-Hamilton-Sesum (cf. [I1I], [I0]). They need to assume that the
curvature of the flow is uniformly bounded. In Lemma [£4], the curvature of the
flow can be unbounded.

As an application of Theorem [[L5] we get the following precise estimate for scalar
curvature of steady Ricci solitons on a complex surface.
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Corollary 4.6. Let (M,g, f) be a 2-dimensional k-noncollapsed steady Kdhler—
Ricci soliton with positive sectional curvature. Let o € M be the unique equilibrium
point such that Vf(0) =0 and p # o. Then

(4.11) R(p,t)|t| = 1, ast — —oo.

As a consequence, there are constants C1 and Co such that
C C

(4.12) —L < R(z) < 2.
p(x) p(x)

Proof. We first prove the following claim.

Claim 4.7.

4.13) li QR—l( —t)=1

(e Mgt =t

Moreover, the convergence is uniform for all p € A(1), where A(1) = {q € M|f(q) =
1}.

Proof of the claim. We prove the claim by contradiction. On the contrary, we can
find 6 > 0, p(;) € A(1), and t; — oo such that
o

Let ¢; be the group of biholomorphisms generated by —V f and let g(¢) be the
corresponding Kéhler-Ricci flow. Let p; = ¢4, (p(;)). Consider a sequence of rescaled
Ricci flows (M, gi(t), p;) as in Theorem [LH] where g;(t) = R(p;,0) g(R™*(pi, 0)t).
Then (M, g;(t), p;) subsequently converge to a limit Ricci flow (Mo, §(t), poo), while
(Moo, 3(0), poo) are isometric to (N7 x CP',dz ® dz + grs). Moreover, by the flow
equation for scalar curvature R(-,t) of §(t) at (peo,0),

9 - 5 ~
aR(poo, 0) = AR (P, 0) + 2|Ric|?(puo, 0),
we get
0 ~
as 00y =1
57 1P, 0)
On the other hand, by the convergence of (R(p;,0)g(R™!(p;,0)t,p;), we have
0 = 1 0 1 0
2 R(pes,0) = lim ———— 2 R(pi,0) = lim ————— % R(prsy, —t:).
gt [1poe 0) = Jim 75 g f1pe 0) = Jim R2(pgs), —t:) Ot (P, —t:)
Thus

lim G(p(i),ti) =1,

1—»00

where G(p,t) = %Rfl (p, —t). This is a contradiction to (ZI4]). Hence the claim is
true. g

By Claim 71 for any € > 0, there exists a t(¢) < 0 such that

(4.15) Rip, O)lt] < % Wpe AL, t < te).
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We may assume f(o) = 0. For any x such that f(z) > 1, we can find p, € {q €
M]|f(q) =1} and t, < 0 such that ¢, (p,) = z. By [I0) together with (£3) and
[#4), we have

R(o) 1

R(z) < .
R Oy PR RN
2R(0) 1
ST - flo) -
2R(0) 1
R > .

A

Note that by (£3) we have
) ) flz) -1
R(O) - R(pr) R(O) - R(pr) .

Thus as long as f(x) > [t(e)| - (R(0) —mq) + 1, where my = inf,crr—1} R(q), we
obtain

|tz] >

The proof is finished. O

5. NONEXISTENCE OF THE NONCOLLAPSED STEADY KAHLER—RICCI SOLITON

In this section, we prove Theorem [[.3]and Theorem[T.4l First we recall a result of
Bryant about the existence of global Poincaré coordinates on a steady Kahler—Ricci
soliton [3].

Theorem 5.1. Let (M,g, f) be a steady Kdahler—Ricci soliton with positive Ricci

curvature, which admits an equilibrium point on M. Let Z = W. Then
there exist global holomorphic coordinates (Poincaré coordinates) z : M — C™ which

linearize Z. Namely, there are positive constants hy, ..., h, such that
- 0

5.1 Z = hizi—.

5 S b

Corollary 5.2. Let (M, g, f) be a steady Kdihler—Ricci soliton with nonnegative
bisectional curvature and positive Ricci curvature. Then, there exists a sequence
of points pr, — 0o such that every integral curve yi(s) of JV [ starting from py
is closed with the same period time. Moreover, the length of vi(s) is uniformly
bounded from above.

Proof. By Theorem 1.1 in [12], there exists a unique equilibrium point on M.
According to Theorem [E.J] we see that there exist global Poincaré coordinates

(21,...,2n) on M such that Z = w satisfies (B.1)).
Let z; = ©; + v/ —1y;. Then

o 0

oy P on

Choose points pr = (k,0,...,0,0...,0) € M. Then the integral curves of JV f
starting from py are given by

Yi(s) = (kcos(hys), ksin(hys),0,...,0,0...,0).

JVf = zn: hi(x;
i—1
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Clearly, these curves are all closed with period time ,21—7; By the identity ([4.2),

VL (5)] = IV Fl((s)) < A2, as k — .

Hence the length 1) of 44 (s) has a uniformly upper bound:

2

Ry 127
(5.2) b= [ s < a3
0 1

O

In the remainder of this section, we use the estimates in Section 4 to get a lower
bound of [ to derive a contradiction. First, we need the following fundamental
lemma.

Lemma 5.3. Let B(p,r) be a geodesic ball with radius r centered at p in a Rie-
mannian manifold (M, g), and let X be a smooth vector field such that | X |,(z) > Co
and |VX|(z) < C for any x € B(p,r), where C is a positive constant independent
of x € B(p,r). Let y(s) be the integral curve of X starting from p and we assume
that v(s) stays in B(p,r) for all s € [0,00). Then there exists co > 0, which depends
only on r,C, Cy, and the metric g on B(p,r), such that v(s) is away from p for all
s € (0, o] and

(5.3) Length(y(s)) > ¢oCo.

Proof. Suppose that 7, is the injective radius at p € M. Set ro = min{r,, 5}. By
the exponential map, we can choose a normal coordinate (z1,...,z,) on B(p,ro).
Let X(p) = (X1(p),X2(p),...,Xn(p)). We may assume that |Xy(p)| =

maxi<;<n | X;(p)|. Then | Xy (p)| > % Note that

— (X (p) + T20) :”’“(532(95” 5)

and

Prr(v(s)), dzi(v(s)) dx;(v(s))
‘ZT| =|VxX -y ds ds

<C X Co|X . Tk
<CiVxX|g+ GX Oy max - T5(@)
§037

where Cj is independent of s € [0,79]. Choose ¢y = min{ry, 2\/07—?03} Then

Pai(v(6s))
ds

(5.4) | Xk(p) + D)

1
-8l > §|Xk(p)| >0V se(0,c).
It follows that
1
|2k (7(5)) = 21(7(0))] = 551 Xk(p)| > 0¥ s € (0, col.

Thus, (B.3)) is true. Hence, the lemma is proved. O
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By Lemma [5.3] we prove the following lemma.

Lemma 5.4. Let (M, g, f) be an n-dimensional k-noncollapsed steady Kdihler—Ricci
soliton with nonnegative sectional curvature and positive Ricci curvature. Let py be
the sequence of points constructed in Corollary B2l Then, there exists a positive
constant C' such that R(pyx) > C, where C is independent of py.

Proof. We use the contradiction argument and suppose that R(p;) — 0 as k — co.

Let gi(t) = R(px)g(R~*(pr)t). Then by Theorem [[5 the sequence of Ricci flows

(M, gr(t), pr) converge subsequently to a limit flow (M, goo("st), Poo). Fix r >
1

Ag i—’lr (cf. Corollary B2). Applying Lemma B to flows (M, gi(t), px), there is a

positive constant C' = C(r) independent of k such that

R(x
(5.5) R((pk)) < CV z € By 0)(pr,7)-
Thus
(5.6) R(z) = 0V z € By, (0)(prs 7).

Moreover, the convergence is uniform for = € By, (o)(px, ).
Let X () = R(px) 2 JVf. Then
‘X(k)|gk(0)( z) = \Vf|2(9c) = Ao — R(z).
By identity (£2) together with condition (&.6]), it follows

lim sup ‘X(k)|qk(0 \/ | = O

k—oo By, (0) (Pk.T)
By Shi’s higher order estimate [21I] and soliton equation (22]), we also get

sup |€gk(0))X(k)|gk(0) <C(n) sup |V";k(})))R1c( %(0) g0y < Ch,
By, (0)(Pr,T) By, (0)(Pr,T)

where V denotes the connection with respect to the rescaled metric g;(0). As a
consequence, the restricted vector field X}, on By, (o)(pk, ) converges to a smooth
vector field Xoo on By (0)(Poo, ) C Mo in C°-topology. On the other hand,

(5.7) Vige v (JVF) = Vv (JVf) = =Vy(Vf) =
Then | (@)
VR

‘V(gk(o X(k)X(k |9k(0 R: (pk)
Note that by (5X) and Shi’s higher order estimate,

VR|(z
(58) ‘éﬁ < C'VYx S ng(O) (pk,’l”).

R (pr)
Thus we get
(5.9) IV (900 0) X o0y K(0) 9 0) = M|V (g, (0)) X (1 X (k) g1 (0) = 05

where the convergence is uniform on By, o)(pk, 7).
By the convergence, there are diffeomorphisms @y, : By, 0)(pk, ) = Moo such

that @5 (pk) = Poos Pr(9k(0)) = g0 (0), and
(D)« (Xg) = Xoo, as k — o0.
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By ([&.9), it follows that
|V(gw(0))7(mf(k>|gm(o) — O7 as k — o0,

where X () = (®p)«(Xg). Let 7, = ®p(vi). Clearly 7, C By_(0)(Po,) as long
as k is sufficiently large, since v C By, (0)(pk,7) by the choice of 7. Then we can
apply Lemma B3] to 7, to see that there are constants c¢g, A > 0, which depend
only on the metric g (0) on By__ (0)(Poo,”) such that

Length(7;, g0 (0)) > A
and d(7,(s), peo) > 0 for all s € (0,co]. It follows that

1 1
Length (v, gx(0)) > §Length(7kvgoo(0)) 254

and d(vk(s),pr) > 0 for all s € (0,¢], as long as k is sufficiently large. On the
other hand, by (52)), we have

2 1
Length(vx, gx(0)) < h—WAg R(pk)% — 0, as k — oo.
1
Hence we get a contradiction! The lemma is proved. O

Combining Lemma [5.4] and Corollary in Section 4, we prove Theorem [[.4] in
the surfaces case.

Proposition 5.5. Let (M, g, f) be a 2-dimensional k-noncollapsed steady Kdhler—
Ricci soliton with nonnegative sectional curvature. Then (M, g) is flat.

Proof. If (M, g) is compact, then applying the maximum principle to the identity
A-f + |Vf‘2 = Ao,

it is easy to see that f is constant of g and so (M, g) is flat. If the soliton is not flat,
then we may assume that (M, g) is a k-noncollapsed, noncompact steady Kéhler—
Ricci soliton with positive Ricci curvature by the Cao dimension reduction theorem
in [6].

Let (21,...,2n) be the Poincaré coordinates as in Theorem BT and let ¢(t) be a
family of diffeomorphisms generated by —2Re(Z) = -V f. Let p = (1,0,0,...,0).
Then one can check z;(¢(p)) = e "tz (p) (cf. Theorem 3 in [3]). Namely,
Z(¢+(p)) = (e~™*,0,...,0). For pr = (k,0,...,0) in Corollary 5.2, we see that
pr = ¢, (p) and ¢, = —%. By Lemma 5.4l we have R(py) > C for some positive
constant C' independent of py. On the other hand, by (£II]) in Corollary we
have

Ink
R(pk)h— = R(p,tr)|tx| — 1 as k — oo.
1
Hence, we get a contradiction. The proposition is proved. ([l

Now, we prove Theorem [[.3]

Proof of Theorem [L3l We prove it by induction on the complex dimension of M.
By Proposition (5.5l we suppose that there is no I-dimensional x-noncollapsed steady
Kahler—Ricci soliton with nonnegative sectional curvature and positive Ricci cur-
vature for all [ < n. To generalize the argument in the proof of Proposition to
higher dimensions, we only need to find a sequence of R(py) as in Lemma [5.4] such
that limy_, oo R(px) — 0. In fact, we prove the following claim.
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Claim 5.6. Let o be the unique equilibrium of M. Then, under the induction
hypothesis, for any fixed p € M \ {0}, R(p, —t) — 0 as t — oo.

Proof. By the Harnack inequality, we have %R(p7 t) > 0. Note that R(p,t) > 0.
So, lim;—, o R(p,t) exists. Then there exists a point p € M such that

(5.10) lim_R(p,t) =C >0,

if the claim is not true. Consider the sequence (M,g,(t),p,), where g, =
R(p,7)g(R™Y(p,7)t) and p, = ¢,(p). Then the curvature of (M,g,(t)) is uni-
formly bounded. Note that (M, g,(t)) is also x-noncollapsed. Thus there is a
subsequence (M, g, (t), p-,) which converges to a geometric limit (Moo, goo (1), Poo),
where ¢ € (—00,00). For any fixed ¢ € (—o0, +00), by (&.I0),

lim (7 4+ R (p,7;)t) = —oo.
T;—>—0Q

Therefore,
lim R(p,, R '(p,7)t) = lim R(p, 7+ R *(p,:)t) = C.
Ti—r—00 Ti—>—00
Hence
. R(pT'aR_l(p7 T’L)t)
5.11 Roo(Poo,t) = lim * =1,
(510) oot = = R, )
and consequently,
0
(5.12) aRoo(poo,t) =0.

By (610), (Mw, goo(t); Pso) is not flat. Then by Cao’s dimension reduction the-
orem [0], we may assume that (Mu, goo(t)) has positive Ricci curvature. Since
(Moo, oo (t), Do) satisfies the Harnack inequality ([B2]) and there exists a point
Doo € My, which satisfies (5.12), following the argument in the proof of Theorem
4.1 in [4], we can further prove that (M, goo(t), Poo) is in fact a steady Kéhler—
Ricci soliton, which is k-noncollapsed and has nonnegative sectional curvature and
positive Ricci curvature.
On the other hand, it follows from (5.I0) that

R(p, Ti)dQ(o,pﬂ.) — 00, as T; — 00.

Then as in the proof of Theorem [[H (Moo, goo(0)) splits off My, = N; x N
with go(0) = gn, + gn,, where gy, = dz ® dZ is a flat metric on N; and gn,
is a Riemannian metric on No. Consequently, gy, is an (n — 1)-dimension k-
noncollapsed steady Kéahler—Ricci soliton with nonnegative sectional curvature and
positive Ricci curvature. It contradicts the induction hypothesis. The claim is
proved. O

Let p = (1,0,0,...,0). Then p; = ¢:(p) = (e~™%,0,...,0). By Claim 5.6
R(p;) — 0 as t — —oo. On the other hand, R(p:) = R(p,t) is increasing for
t € (—o0,4+00) by the Harnack inequality. By Lemma [5.4] we see that there is a
positive constant C' > 0 such that R(p;) > C as long as —t is sufficiently large.
Therefore, we get a contradiction. The proof of Theorem [[.3] is complete. O

By Theorem [[.3] together with Cao’s dimension reduction theorem [6], we imme-
diately get the following corollary.
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Corollary 5.7. Any n-dimensional k-noncollapsed steady Kdhler—Ricci soliton
with non-negative sectional curvature must be flat.

In the end, we apply Corollary 5.7 to prove Theorem [[.4

Proof of Theorem [L4. We only need to prove that R(p,t) = 0 for all p € M and
t € (—oo0,4+00). Suppose not. Fix any p € M such that R(p,t’) > 0 for some
t' € (=00, +00). Let {t;} be a sequence of numbers which tends to infinity and let
gr(t) = g(t +tx). Since each flow (M, gx(¢),p) is k-noncollapsed and has uniformly
bounded curvature, (M, gx(t),p) converges to (Mso, goo(t),Po) in the Cheeger—
Gromov topology. Note that the Harnack inequality (8:2)) holds along flow (M, g(t))
and that (M, g(t)) has uniformly bounded curvature. Thus £ R(p,t) > 0 and R(p,t)
is uniformly bounded. It follows that

ROO(pOO7t1) = tli}{olo R(p7t + tl) = tli>1£10 R(p7t+ t2) = ROO(pOO7t2)a

and consequently,

(5.13) %Roo(poo,t) =0.

Since R (Poo,t) > R(p,t') > 0, (Mo, goo(t)) is nonflat. By Cao’s dimension
reduction theorem in [6], we may assume that (M, goo(t)) has positive Ricci cur-
vature. Since (Moo, oo (t); Poo) satisfies Harnack inequality (8:2) and there exists a
point ps € My which satisfies (5.13]), following the argument in the proof of The-
orem 4.1 in [4], we can prove that (M, goo(t), Do) is in fact a (gradient) steady
Kahler—Ricci soliton which is k-noncollapsed and has nonnegative sectional curva-
ture. By Corollary BT (Moo, goo(t), Poo) 1s a flat metric flow. This is impossible
because Ry (Poost) > R(p,t') > 0. Hence, we complete the proof. ]

6. APPENDIX

In this appendix, we compute the curvature decay of the steady gradient Kéher—
Ricci solion on C™ constructed by Cao in [5] and we show that these steady solitons
are collapsed.

We first recall Cao’s construction. Let (21, 22, ..., z,) be the standard holomor-
phic coordinates on C". Assume that g = (g;;) is an U(n)-invariant metric on C"
and the corresponding Kahler potential is given by wu(s), where u(s) is a strictly
increasing and convex function on (—o00,00) and s = In|z|? = Inr2. By a direct
computation, we have

9i7 = 0i05u(s) = e~*u/(s)0i; + e~ *z,2;(u" (s) — v/ (s)),

gﬁ = 0;05u(s) = esu'(s)715ij + 2z (U () — ' (s)),

and

(6.1) f(s) £ —Indet(g;;) = ns — (n — 1) Inw/(s) — Inu'(s).
Then

(6.2) Ri5 = 0,0;f(s) = e '(s)dij + e Ziz; (f"(s) — f'(s))-

Thus g;; is a steady gradient soliton if and only if

9 5 J2)
P = g¥O-f— = (z, 1) —
v 0z; 9 ajfazi (z u”)azi
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is a holomorphic vector field, which is equivalent to
(6.3) fr=x",

for some constant .
Let ¢ = «’. Then by (63) and (G1I), we get an equation for ¢,

(64) ¢n—1¢/€a¢ —_ ﬁens-
After rescaling, we may choose o = 3 = 1. Cao solved (64 by

n—1

(6.5) S (—1ynke 1”¢ke¢ e + (—=1)" " nl.

k=0
Cao has observed the following properties of ¢:

#(s) >0, ¢'(s) >0V s € (—o0,+00),

(6.6) lim #s) _ n, lim ¢'(s) =n

s—oo 8§ §—00

He also proved that these solitons have positive sectional curvature.
The curvature asymptotic behavior can also be computed in the following. Let
0=1(0,0,...,0) and p = (#1,0,...,0). Then by ([6.2)), we have

B 1 ng’ ) 9251/ ) n—1 (b/ ¢/I
67 BE)= (-0 + () )+ T (- -1 - )
=n—¢.
On the other hand, by differentiating (6.0, it follows that
¢/:ens+ n Ln'Z( n k— 1n¢k n+1>
Thus
(=)™ 1nl.n
R(p) Zm
e n(n — 1) 1 = n k— 17’l k—n+3
+ ens + (_1)7171”[ ( Qb + E kZ:O(_ ¢ )
(6.8) — (n—1), as |z1| = 0.

Let p(x) be a distance function from the original point o € C™. Then by (6.6),
it is easy to see that

(6.9) plx) = ?s(m) + o(s(x)), as s = 0.
Hence, using the U(n)-symmetry of g, we obtain from (G.8) the following lemma.

Lemma 6.1. The metric g satisfies the curvature condition
1
(6.10) R(z)p(z) — 5\/5(71 —1), as |z| — oc.
By Lemma [6.I], we prove the following proposition.

Proposition 6.2. Any U(n)-symmetric steady gradient soliton on C™ is collapsed.
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Proof. Let z; = x; ++/—1y; for 1 < ¢ < n. We introduce new coordinates
(r,0, 25, vy, ..., 20 ,y.) such that

T =cosfy/r2 — X0 (22 + y?),
—sinf 2_271 ( 2+ 2)
y1 =sinfy/r n (22 4+ y?),
To = rah,
/
Y2 = TYog,
/
T, =TT,
/
Yn = TYp,-

Then under the new coordinates the metric g has an expression,

g=71"2¢'(s)(dr? +r2d6?) + ¢(s) 7" grs

/
= P a4 g/ (00a8% + () g
(6.11) = ¢ (tH)72dr? + ¢/ (11)d0* + d(TH) T grs,
where 7 : §27~1 — CP" ! is the S'-Hopf fibration. Let p, € M such that |pg|> =
¥ and let ry = 2\/% By the choice of py, we have s(py) = k2.

Let Ny = {z € M : k? — k < s(z) < k> + k} and g = ¢(pr)"'g. We consider
open manifolds (N, gx). By the asymptotic behavior of ¢(s) and (GI)), it is easy
to see that (Ni,gr) converge to (R x CP" !, ds?> ® gpg) in C™ topology. Note
that B(py,rr) C Ni. By the convergence, for any = € B(pk,7%), s(x) € [k? —
2ry, k2 + 2ry] and (@b (), y5(z), ..., 2! (x), v, (z)) C Brs(pk, 20(pr)~"/?r), where
Brs(pk, ) is the geodesic ball of the submanifold {(r(pk), 0(pr), 5, Yo, - Th, Yh)
€ M} with the metric 7*gpg. Hence, the volume of B(py, 1) satisfies the following
estimate for sufficiently large k:

vol(B(pg,Tr))

k2427 2
< / ds / do ¢'(5)¢(s)" tdvoly,,
k2 —2ry, 0 Brs(pr,2¢(pr) =1/ ?ry)

ke o(s)
= 2m(o(pr)) /k?2rk s /BFS(Pk72¢(ZDk)1/2Tk) ’ (¢(pk)
< 2n(op) ™ [

k2427,
ds/ 2"71ndvolgFS
k2—2ry, cpr—1
(6.12) < (32)"*'n(n - 1)"_17rw2n727°12€n71.
It follows that

gFs

) nildvol

vol(B(py, k)

lim o =0.
k—o0 Tk
On the other hand, by Lemma [6.T]
2(n—1) _4(n-1) 1
R(z) < 2k < 2 ZQVxEB(pk,rk),

when k is large enough. Hence g is collapsed. O
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From the computation in (6.12]), it is easy to get the volume growth of B(p,r),

vol(B(p,r)) = O(r"), as r — 0.
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