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ON THE CONSISTENCY OF LOCAL AND GLOBAL VERSIONS
OF CHANG’S CONJECTURE

MONROE ESKEW AND YAIR HAYUT

ABSTRACT. We show that for many pairs of infinite cardinals x > put > pu,
(T, k) = (ut, ) is consistent relative to the consistency of a supercompact
cardinal. We also show that it is consistent, relative to a huge cardinal, that
(T, k) = (ut, p) for every successor cardinal x and every p < K, answering a
question of Foreman.

1. INTRODUCTION

The Downwards Lowenheim-Skolem-Tarski Theorem states that every model M
for a language £, |M| = K > Rg, and cardinal [£| + 8y < p < k there is an
elementary submodel M’ < M, of cardinality u. Informally speaking, this means
that first order logic (with countable language) cannot distinguish between infinite
cardinals.

Second order logic, in which we are allowed to quantify over subsets of the
structure, is strong enough to distinguish between different infinite cardinals. For
example, it is easy to express the statement “There are exactly N7 elements in the
structure” in second order logic. By a theorem of Magidor [I7], a variant of the
Downwards Lowenheim-Skolem Theorem for full second order logic can hold only
above a supercompact cardinal. In fact, there is a specific I13-formula ® such that if
k is a cardinal and for every model M of cardinality at least x that models ® there
is an elementary submodel M’ |[M'| < k, M’ |= ®, then there is a supercompact
cardinal kg < k.

Thus, it is natural to ask how strong a fraction of the second order logic can
be such that it still does not distinguish between “most” pairs of infinite cardinals.
One candidate is first order logic enriched with Chang’s Quantifier:

Definition 1. Let M be a model. We write

Qz, ¢(,p)
if
{z € M: M = o(z,p)}| = [M].

We let L(Q) be first order logic enriched with the quantifier Q. We write M’ <
M if M’ is an elementary submodel of M relative to all formulas in L(Q).
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Lemma 2. The following are equivalent for infinite cardinals p < k:

(1) For every model M of cardinality k™ there is an L(Q)-elementary submodel
of cardinality p+.

(2) For every model M for a language L that contains a predicate A, if |M| =
kT and |A| = k, then there is M' < M with |M'| = u*,|M' N A| = p.

(3) For every function f: (kT)<“ — k there is a set X C kT, | X| = u', such
that |f 7 X<¥| < p.

The second assertion is called Chang’s Conjecture, and it is denoted by

(KT K) = (0, ).

For basic facts about Chang’s Conjecture see, for example, [4, Section 7.3].

Note that if M is a model of cardinality x of enough set theory, M’ <o M, and
|M’| = p, then k is a successor cardinal iff p is a successor cardinal. Thus the
restriction in the above lemma to successor cardinals is unavoidable.

This is not the only instance of Chang’s Conjecture which provably fails. For
example, assuming GCH, for every singular cardinal x and every p such that p >
cfkand cf p # cf k, (KT, k) % (u*, 1), [16, Lemma 1]. Without assuming GCH one
can prove weaker results using Shelah’s PCF mechanism: for example (R,,1,N,,) —
(N11, R,,) implies that for every scale on R, there are stationary many bad points
of cofinality wy+1 (see [I0]). It is provable that for every scale on X, there is a
club in which every ordinal of cofinality > wy is good (see, for example, [1]), and
therefore (N,41,N,) 4 (N,41,R8,) for every n > 3. The consistency of the cases
(N1, Ry) = (No, Ny) and (N 41, V) = (N3, Ry) is completely open.

There are many open questions about Chang’s Conjecture at successors of sin-
gular cardinals. In this paper we will concentrate on the questions about Chang’s
Conjecture at successors of regular cardinals. In Section Bl we will show how to
force instances of Chang’s Conjecture of the form (xT, k) — (u, ), where & > pt,
for various values of k and p from large cardinals weaker than a supercompact car-
dinal. This improves the known upper bounds for the consistency strength of those
instances.

In Section d we will show that it is consistent relative to a huge cardinal that for
every successor # and every p < &, (k%,x) = (u*, ). This answers a question of
Foreman from [9, Section 12, Question 7].

In Section Bl we will construct a model in which for all m < n < w, (N, 41, 8,) —
(Nm+1,Nm) and (Nw-i-lva) - (Nl, No)

Our notation is mostly standard. We work in ZFC, and specify any usage of large
cardinals. For basic facts about forcing see [13]. For standard facts and definitions
about large cardinals, see [14].

2. PRELIMINARIES AND PRESERVATION LEMMAS
We begin with some standard notation and definitions.

Definition 3 (Levy collapse). Let k < A be cardinals. Col(x, A) is the set of all
partial functions, f: k — A, |dom f| < k, ordered by reverse inclusion.

Col(k, \) adds a surjection from k onto A. If k is a regular cardinal, this forcing is
k~closed. The forcing Col(k, <)) is the product with support <k of Col(k, @), a <
A. If A is inaccessible, then this forcing is A-c.c.
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Definition 4 (Easton Collapse, Shioya [21]). Let x < A be cardinals. E(x, \) is
the Easton-support product of Col(k, «) over inaccessible « € (k, A).

Definition 5. A partial order P has precaliber k if for every A C P of size k, there
is B C A of size k that generates a filter.

Lemma 6. Assume that  is reqular and X\ is Mahlo. Then E(k,\) has precaliber
A and is k-closed.

The following absorption lemmas will be important in our use of huge cardinal
embeddings.

Lemma 7 (Folklore). If P is k-closed and forces |P| = k, then P is forcing-
equivalent to Col(k, |P]).

The following notion and lemma are due to Laver, which we will show in some-
what more generality in Lemma

Definition 8. Suppose P is a partial order and Q is a P-name for a partial order.
The termspace forcing for Q, denoted T(P, Q), is the set of equivalence classes of
P-names of minimal rank for elements of @ Two names 7,0 are equivalent when
17 =o0. The ordering is [r] < [o] iff 1 IFp 7 < 0.

Lemma 9. If@ is a P-name for a partial order, then the identity map from P x
T(P,Q) to PxQ is a projection.

In this paper, we will use the Erdés-Rado theorem repeatedly. Since, at some
points, we will need to refer to its proof we provide here a proof as well for the case
that interests us.

Theorem 10 (Erdés-Rado [B]). Let k be a regular cardinal and let p < k. Then,

2<% — (k+ 1)/2).
Namely, for every function f from the unordered pairs of (2<%)T to p there is a set
H of order type k + 1 and an ordinal a such that for all z,y € H, f(z,y) = .

Proof. Let A = (2<%)*. Let M be an elementary submodel of H(x) (for large
enough ), with f € M, <*M C M, M N X an ordinal and |M| = 2<%,

Let § = M N A. By the closure assumptions on M, cf§ > k. Let us construct,
by induction, an increasing sequence of ordinals a; € M such that

Vi < j <k, flag,a;) = f(a;,9).

Assume n < k and we have constructed the first 7 members of the sequence
(s i < m). The element r = (f(a;,d): ¢ <n) € "p belongs to M, as M is closed
under <x-sequences and thus contains H (k). Similarly, the function g: n — M N\,
g(i) = a4, belongs to M,

H(x) = 3¢, Vi<, f(g(i),¢) = r(i), ¢ >supg ™
as witnessed by ¢ = 4. By elementarity, the same holds in M, so there is ( € M
such that f(a;, () =7r(i) = f(y, ) for all i < 7. Take o, = (.

Next, let us narrow down the sequence (a;: i < k) to a homogeneous set. Let
pi = f(a;,0) < p. Since k is regular and p < k, there is some p, < x and an
unbounded set I C & such that for all i € I, p; = p,. Let H = {ay: ¢ € I} U{0}.
For every a < S in H, f(a, ) = f(a,d) = py, as wanted. a
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Remark 11. The same proof shows that whenever x is regular, A<* = \, and

fr 2=
there is an increasing sequence of ordinals (a;: ¢ < k + 1), § = a4 such that
flaeu, o) = f(ay,d) for all ¢ < j < k. This observation will come in handy later.

In this paper, we are interested in transfer properties between pairs of cardinals.
However, consideration of transfer between larger collections of cardinals will aid
in the investigation of pairs. Suppose (\;)icr, (ki)icr are sequences of cardinals.
The notation

(Aidier = (Ki)ier
signifies the assertion that for every f : [A\|]<¥ — )\, where A\ = sup ), there is
X C X closed under f such that | X N ;| = &; for each i € T.
Let us note a few easy facts about these principles:

o If JC I and (Ni)ier — (Ki)ier, then (N)ics — (Ki)ies-

o If (Ni)ier = (ki)ier and (Ki)ier = (fi)ier, then (Ni)ier = (fi)ier-

o If )\;, k; are the maximum elements of (\;);er, (Ki)ier respectively, A" > A,

and kj > K" > sup,; ki, then {(4, ')} U (Ni)izg — {(J, &)} U (Ki)izj-

During the construction of our models, we would like to use the fact that Chang’s

Conjecture is indestructible under a wide variety of forcing notions.

Definition 12. If \; > )¢ and k1 > kg are cardinals and £ is an ordinal, let

(A1, Ao) —¢ (K1, ko)
stand for the statement that for all f : AT — Ay, there is X C \; of size r; such
that f7(X<¥) C X, |X N Xg| = ko, and £ C X.

Lemma 13 (Folklore). The statement (A1, Ao) —»x, (K1,K0) is preserved by kg -c.c.
forcing.

Proof. Suppose P is a kJ-c.c. forcing and f is a P-name for a function from AT
to A;. For every z € A%, let us look at the P-name f(x). By the chain condition
of P, the set of possible values for f(x) has size < ko. If g(c,x) returns the "
possible value for f (x), then a set closed under g of the appropriate type will be
closed under f in the extension by P. |

Lemma 14. Suppose either A\g = Harg or there is A < Ao such that g = AT¢ and
A0 < A, ]f ()\1,)\0) —>¢ (Iil, Ho), then ()\1, )\()) e (Kl,ﬁo).

Proof. See [8, Section 2.2.1]. O

Under GCH, in many cases (A1, Ag) — (K1, ko) implies (A1, Ag) —r, (K1, K0) (see
[8) Proposition 19]). For example, this is true for regular cardinals ko, K1, Ao, A1.
Foreman [7] proved the next result for the case where P is trivial.

Lemma 15. Let k1 be regular. Suppose P is k1-c.c., Q is k1-closed, and IFp R<Q.
Iflep (K1, ko) = (k1 po), then Ibp,p (K1, K0) = (p1, o).

Proof. First we show that it is sufficient to prove the conclusion for P x Q. By
Easton’s lemma, IFp “Q is k;-distributive”, thus IFp; “Q/R is k;-distributive”.
Let G * H be P x R-generic, and let f : k5 — k; be in V[G][H]. If H' is Q/H-
generic, then in V[G][H][H'], there is an X C k; closed under f such that |X| = p
and |X N kg| = po. By the distributivity of Q/R, X € VI[G][H].
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Now suppose IFpxg “f KTY = k17, Let (8o : a < K1) enumerate k¢, and
let (p,q) € P x Q be arbitrary. Let (p9,q}) decide f(so), with (p3,qd) < (p,q). If
possible, choose p§ L pY also below p, and let ¢§ < ¢ be such that (p}, ¢}) decides
f (so). For as long as possible, keep choosing a sequence of pairs (pg, ¢§) such that
the p§’s form an antichain below p and the g§’s form a descending sequence. If
we have chosen less than k1 ¢2’s, we can choose a condition below all of them by
k1-closure. By the ki-c.c., this must terminate at some 1y < k1, at which point
(p§ : o« < mo) is a maximal antichain below p. Let ¢ < ¢§ for all o < 19. Next, do
the same with respect to f(s1), but starting with ¢¥ < ¢&. Continuing in this way,
we get maximal antichains (pg 1B <mng)inP [ pfor each a < k1 and a descending
sequence (g’ : a < k1), with the property that whenever o < k1, 5 < 74, and
a <y <k, (p,q;) decides f(sq).

Let G C P be generic over V with p € G. For each a < k1, there is a unique
B < M4 such that p2 =4e¢ p;, € G. In V[G], define a function f’ : k7% — K by
['(sa) = Biff (ph,q%) FE g f(sa) = B. By the hypothesis about P, let X C k;
be such that X is closed under f’, |X| = p1, and |X N ko] = po. Let v < K1 be
such that X< C {s, : @ < v}. Next, take H C Q generic over V[G] with ¢} € H.

Then for all a < v, f&(s,) = f'(sa), since {(p%,q%) : a < 7} C G x H. As
(p,q) was arbitrary, P x Q forces that there is X C k; closed under f such that
| X N kol = po- U

3. LocAL CHANG’S CONJECTURE FROM SUBCOMPACT CARDINALS

In this section we will prove the consistency of certain instances of Chang’s
Conjecture relative to the existence of large cardinals at the level of supercompact
cardinals.

We start with the concept of subcompactness. This large cardinal notion was iso-
lated by Jensen. We will use a generalization due to Brooke-Taylor and Friedman.

Definition 16 ([3]). Let x < X be cardinals. + is A-subcompact if for every
A C H(X) there are £, A < k, A C H(A) and an elementary embedding

J: (H(N), A, €) = (H(\), A, €)
with critical point & and j(k) = k.

Following Neeman and Steel, we say that s is (+a)-subcompact if it is x1%-

subcompact.

It follows immediately from a theorem of Magidor [I7, Lemma 1] that & is A-
subcompact for all A iff k is supercompact. Nevertheless, subcompactness is level-
by-level weaker than supercompactness.

Assuming GCH, if & is a kT l-supercompact cardinal and a < &, then & is
(+a + 1)-subcompact, and the normal measure derived from the supercompact
embedding concentrates on (4+a + 1)-subcompact cardinals.

On the other hand, if x is (+«a + 2)-subcompact, then there are unboundedly
many cardinals p < s such that p is pT*T!-supercompact.

Theorem 17. Assume GCH. Let k be (+2)-subcompact. Then for every regu-
lar 1 < K there is p < Kk such that forcing with Col(u, p™) x Col(p™™, k) forces

(W21t ) = (uh,p).
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Proof. As a warm-up, let us first show an easier fact.
Claim 18. There is p <  such that (kT1 k1) — (p*T, pT).

Proof. Let  be a (+2)-subcompact cardinal. Assume, toward a contradiction,
that for every p < k, (k7 kT) 4 (p, p"). In particular, for every p < k we
can pick a function f,: (k77)<“ — k™ such that for every A C st |A| = p*T,
‘fp” A<w| — P++-

Let us code the sequence (f,: n < k) as a subset of H(k™"). By the (+2)-
subcompactness of k, there exist p < x and elementary embedding

3 (H(p™), € {gn: n < p)) = (H(™T), €, (fy: m < k).
Let us look at A = j” p**. By the definition of f,, f,” A< has cardinality p*+.
In particular, there is a sequence of finite subsets of A4, {a¢: & < p*T), such that
folag) < folac) < kT for all £ < ¢ < p™*. Since a¢ is a finite subset of j7 p*™,
ag = j(be), where be is a finite subset of p*. For every pair £ < ¢, by elementarity,
there is some 7 < p such that g,(be) < g,(bc) < p™.

Let us define for £ < ¢ < pt, ¢(¢,¢) = min{n < p: g,(be) < gy(bc)}. cis a
coloring of the pairs of ordinals below p*+. By GCH, 2 = p*. By the Erdds-Rado
Theorem, there is a homogeneous subset of p™ with order type p™ + 1, H. Let n
be its color.

Let us look at the sequence (g,(bs): £ € H). This is an increasing sequence of
length p* + 1 of ordinals below p™, a contradiction. O

Let us now return to the proof of the theorem, which is very similar to the proof
of the claim.

Let L, = Col(p, p*) x Col(p*™, k).

Assume, towards a contradiction, that there is no such p; i.e., for every p < k
there is an L,-name, f, of a function from (k*+)<“ to kT, such that for every subset
of cardinality p*™, A, we have I- |fp 7(A<¥)| = pt+. The sequence <fp: p < K) can
be coded as a subset of H(k™T).

Using the (42)-subcompactness, there is j and p such that

FAH (™), € gy n < p)) = (H(), €, (fp: p < w))
is elementary. As before, let us look at A = j” p*+.
By the assumption, Ik, [f,” A<¥| = p*t+.
Let (iq: a < p™T) be a sequence of L,-names such that for every a < S,
Ik fo(da) < fo(&p). Let us pick, by induction, conditions

Pa = (da,Ta) €L, = Col(u, p™) x Col(p™*, k).

For every o, we find a, € A<% and pick p, such that p, IF &, = d,. Moreover,
using the p**-closure of Col(p™™, ), we may pick the sequence (ro: a < p*+)
to be decreasing. |Col(u, pT)| = pT, and therefore there is an unbounded subset
J C ptt such that for every a € J, qo = ¢, for some fixed g, € Col(u,p*). By
rearranging the sequence and omitting all elements outside J, we may assume that
J=ptt.

To conclude, we can find a sequence of conditions (p,: @ < p*1) and a sequence
of finite subsets of A, {ay: a < p*™), such that:

(1) For all a, po, = (Gx, T'ar)s where g, € qu(u, pT) is fixed and r, is decreasing.
(2) Forall a < B < p*, pg Ik fo(aa) < folap).
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Reflecting downward for every pair £ < ¢ separately and using the fact that as =
J(be) for some be € (p™+)<¥, we get that there is some 7 < p and some condition
s in Col(u,n) x Col(nt+, p) such that s IF g, (be) < g, (be) < pt.

Let us define the coloring that assigns for each pair & < ¢ such pair (7, s) as
above. Since p is measurable, and in particular inaccessible, this coloring obtains
only p many colors. Therefore, by Erdés-Rado, we have a homogeneous set H of
order type p* + 1. Let (1, s) be its color.

For every & < ¢ in H, s |- g,(b¢) < gy(bc). We conclude that in the generic
extension relative to the forcing Col(u,n") x Col(n™™, p), there is a subset of p*
of order type p™ + 1, which is impossible. O

A similar method can be used in order to get instances of Chang’s Conjecture
with larger gaps between the cardinals, starting from stronger large cardinal as-
sumptions:

Theorem 19. Assume GCH, and let a > 2 be an ordinal. If there is k > « such
that k is a (+a)-subcompact cardinal, then there is p < K such that (k™")1<i<q —
(pT1<i<a. Moreover, if o is a successor ordinal, we may find p < r such that

Fcot(pramy (PT N 1<ica = (P )1<i<a-

Proof. We will only sketch the case when we collapse cardinals. Towards a contra-
diction, suppose & is (+«)-subcompact and there is no such p < x. Let <f77 i < K)
be a sequence such that fn is a Col(n*%, k)-name for a counterexample. Let p < &
be such that there is an elementary embedding

G (H(p*), €, (gn: n < p) = (H(5™), €, {fy: 1 < R)).
Let A= ;" p*® and consider a Col(p™®, k)-name for fp 7 A. We may assume that
IFAC f,” A, sothat IF [f,” AN pToti| > pT for 1 < i < . It suffices to prove

that for all successor 8 < a, I |f,” AN ptet8| = pP since the limit cases follow
by continuity. For such 3, the argument proceeds exactly as before. (Il

Remark 20. Suppose that in the above, « is the successor of a limit ordinal .
Using the lemmas of the previous section, we can then force with Col(u, p*?),
where p < cf()\), to obtain (A1, ut*) — (ut, u). This gives an alternate proof
of consistency results from [12].

In the next theorem, we will get the consistency of instances of Chang’s Conjec-
ture where the source is the double successor of a singular cardinal, e.g.,
(N2, Rut1) = (Rp11,R,). In order to achieve this, we need to start with a
slightly stronger assumption.

Lemma 21. Assume GCH. Let k be a k™ -supercompact cardinal and let U be a
normal measure on k, derived from a supercompact embedding.
(1) There is a set of measure one A such that for all p € A, (kTT,kT) —
(p™, pT). Moreover, there is a set of measure one A’ such that for every
p € A" and every forcing notion of cardinality < p*, Q, Q x Col(p*™, k)
Jorces (k++, k%) —» (o, 7).
(2) If (kT k1) = (pt,p"), then there is a set B, € U such that for every
n€ B,, (1, nT) = (o, pT).
(3) There is C € U such that for every ¢ < & in C, (£77,6T) — (¢TT,¢T).
The stronger versions of (2) and (3) involving collapses also hold.
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Proof. Let us show the first assertion. Assume otherwise, and let us pick fp, Q,
witnessing it. Namely:
(1) Q, is a forcing notion of cardinality < p*.
(2) f, is a name for a function from (k)<
Col(p™, k).
(3) For every set of cardinality p*+, X C x++,

into k* in the forcing Q, x

||—Qp><c01(p++’,{) Ifp?” X<“’| = p++.
Let us assume, without loss of generality, that Q, is a partial order on p*.
Let j: V — M be a k™ T-supercompact embedding such that

U={Y Cr:rejl¥)}
Let us work in M. There, by elementarity, the forcing j(Q), x Col(k™ ™, j(x)) adds

a function j(f),.: (k)<Y = j(kT) such that for every X C j(k*) of cardinality
(kM =+

IFj @) xCol(nt+ ) 17(F)n” K| = B4,
Take X = j” k™. Let us denote L = j(Q), x Col(k*™,j(x)). By the same argu-
ments of Theorem [Tl we can find a sequence of conditions p, € L and a, C kT,

finite, such that for every oo < 8, pg IF j(f)x(j(aa)) < j(f)n(j(\ag)). Reflecting this
fact back to V, we obtain that for every a < 8 < ™1 there is an ordinal p < k
and a condition r € Q, x Col(p™™, k) such that

r kg, xcol(pr+ ) folda) < fplag) < k™.

This defines a coloring of pairs of elements in T+ with s many colors. By Erdds-
Rado, there is a homogeneous set of order type kT + 1, which is impossible.

The second statement follows from the reflection properties of the supercompact
cardinal. For the third statement take C'= AN A, ,caB,. (]

Theorem 22. Assume GCH. Let k be k™ -supercompact and let u < x be regular.
There is a generic extension in which k = p** and

(5T 6T) = (uF, ).

Proof. Let us consider the Prikry type forcing with collapses relative to a normal
measure U on x which is a projection of k™ -supercompact measure. Let us describe
explicitly the conditions in the forcing notion.

Let jii: V — M be the ultrapower embedding. Let us consider the forcing notion
Col™ ((k*t)M j(k)). This forcing is x*-closed (in V), and by standard counting
arguments, it has only |PM (j(x))|V = kT dense subsets in M. Therefore, there is
an M-generic filter for Col™ (k™)™ j(k)) in V, K.

Let us define the conditions for the forcing P:

pP= <a0af05 ey Op1, fn—laA7F>
is a condition in P iff:
1) p<ag < <ap_g <K
(2) fi € Col(aj ™, ayq) for i <n—1, and f,_1 € Col(a) ™, k).
(3) AeU, and min A > a;,—1 +rank f,,_1.
(4) F: A=V, for every a € A, F(a) € Col(at™, k) and [F|y € K.
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Let p,q € P.
pP= <a05f07"'7an—17fn—15AaF>a
q= <507907 s ,ﬁmfl,gmflvaG>

p < q iff:

(=

i
) n>m.

) For every i < m, a; = f;.

) For every i <m, f; 2 g;.

) If m <i < n, then a; € B and f; O G(o).
) AC B and for all « € A, F(a) D G(w).

We say that p <* ¢ if p < ¢ and they have the same length.

1
2
3
4
5

PRy

Claim 23. P satisfies the Prikry property. Namely, for every statement & in the
forcing language and condition p € P, there is ¢ <* p that decides the truth value
of .

This is folklore, and a complete proof can be found in [6]. We remark that there
are some minor differences between the presentation there and our presentation.
As is standard, if p = (g, fo,- - -, n, fn, A, F), then P | p = Col(ag t,a1) x -+ x
Col(a;f 1), @) x Q, where Q adds no subsets of a;f.

Since conditions with the same stem are compatible, P is x™-c.c. Moreover, every
<k-sized set of conditions sharing a common stem has a lower bound with the same
stem. From the Prikry property and the chain condition, we conclude that every
cardinal greater than or equal to k is preserved and that x becomes oza' “.
Let

Xo={a<k:¥gaYIF(a,q,Y,F) IF (sTT,6T) - (T, a™)},

X ={a<k:3¢g3YIF(a,q,Y,F) IF (s, k1) A (aTT,a™)]}.

By the Prikry property, either Xy or X3 is in U/. Towards a contradiction, suppose
X, eU. Let f: (k7)< = kT be a name for a function such that if p, witnesses
o € X1, then p, forces that for all A C xt+ of size at ™, |f7 A<¥| = atT,

Let j: V — M be a s T-supercompact embedding such that the normal measure
on k that it defines is the one that we use in the Prikry forcing. Let A = j7 x*T.
By hypothesis, there is a condition p = j(p)x = (k,q,Y,F) € j(P) such that
D \F%p) |j(f)” A<¥| = kT, There is a sequence of names (b, : @ < kTT) C A<

such that p forces (f(by) : @ < k1) to be an increasing sequence of ordinals below
j(k1). The sequence of ba’s is forced to be j” @, where @ is a sequence contained
in (kTH)<“. Let ¢ = (k,90,7, 97, Y, F') < p. By the Prikry property, @ is added
by the factor Col(k™T,v), and there is an extension ¢’ of g of the same length that
decides on a Col(k™ ", ~v)-name 7 for d.

Let (ro : @ < k1) be a descending sequence of conditions in Col(k*,~) such
that ro < g}, and r, decides a value a, for 7(«). Thus we have that for each
a< B <kt

(R, 5,71, 90 Y F'Y IE () (G(aa)) < () (i(ag)) < 3(s™).

Reflecting this downwards to V', we have the following coloring problem: For every
pair of ordinals, & < f < k*T, there is a condition p, 5 that forces f(a.) < f(ag) <
kT. We want to show that this situation is impossible.
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There are 2 many conditions in P, and therefore we can think of the above
coloring as a coloring from [k*1]? to 2%. By Remark [Tl we obtain an ordinal § <
kTT and a sequence of ordinals {a;: i < kT}, cofinal in § such that Pac.oc = Pag.s
for all £ < k*. Let us denote g; = pa,s. Let us claim that there is a condition r
that forces the set {i < k*: ¢; € G} (where G is the generic filter) to be unbounded.
Otherwise, using the chain condition of the forcing, we can find an ordinal 8 < k™
such that I- {i < kT:¢; € G} C . This is absurd, since gp forces the opposite
statement.

Let G be a generic filter containing r. Let I = {i < k*: ¢; € G}. Since k7 is
regular in V[G], otpI = x*. For every £,¢ € I, £ < ¢, Pag,ac = Pae,s = G € G.
Therefore, V|G| = f(ag) < f(ac) < f(as) < k*. So, in V]G], there is a sequence
of ordertype kT + 1 of ordinals below T, a contradiction.

Therefore, Xy € U, and any condition of the form (Xo, F') forces (T, k1) —

(af ™, o), where aq is the first member of the Prikry sequence. If we then force
with Col(u, ag ), we get the desired conclusion. O

Corollary 24. It is consistent relative to a (4+2)-supercompact cardinal that for all
even ordinals f < a < w, Rat2,Ray1) = Rgyo, Ngiq).

Proof. It p = {ap, fo,- .., Qn, fn, A, F) € P as above, then
Pl p=Collagt,aq) x -+ x Col(at ™), ) X P [ (aun, fn, A, F).

n—1>
If G C P is generic, then for some ng < w, we have (k*+, k%) — (aft,a;t) for
all m > ng. By Lemma 21} there is some n; > ng such that (bt af ) —
(att, ) for all m > ny. These relations continue to hold after forcing with
Col(w, &, ). By the facts mentioned after Remark [T the desired statement holds
in this extension. ]

The learned reader may perceive how to use Radin forcing to extend the above re-
sult to obtain a model of ZFC in which for all even ordinals 8 < a, (Rgy2, Rot1) —
(Ng12,Rp4+1). Instead of pursuing this line, we will now work towards showing
the consistency of a “denser” global Chang’s Conjecture using much stronger large
cardinal assumptions, answering a question of Foreman.

4. GLOBAL CHANG’S CONJECTURE

In this section we obtain a model in which (k*,x) — (u*, ) holds for every
cardinal p and every successor cardinal x, starting from a huge cardinal.

4.1. Getting Chang’s Conjecture between many pairs of regular cardi-
nals. Towards the goal of the section, we start with a simpler task:

(v v) = (1", )

for all regular cardinals 4 < v. This answers Question 7 of Foreman in [9]. Foreman
asked whether a weaker statement is consistent, where we assume the larger v is
a successor cardinal. In our model, we retain many large cardinals. We will then
force further to obtain a model in which the smaller cardinal p can be singular.
Lemma 25. Suppose p < k < A < § are regular, K and § are Mahlo, and

(1) Fg (e “Q is p-closed, of size < X\, and preserves the regularity of A”.

(2) Py )5 “R is p-closed and of size <67
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Then there is a projection 7 : E(i1,8) — (E(p, k) * Q) * (R x E(X,0)) such that for
all p, the first coordinate of m(p) is p[k.

Proof. For brevity, let P = E(u, ) * Q. For every inaccessible cardinal o € (A, 9),
T(P, Col(\, a)) is A-closed and has size ov. By Lemmal[Z since PxCol(), o) collapses
« to have size A and since [P| < «, T(P, Col(),a)) collapses o to A as well, and
therefore T(P, Col()\, )) is forcing-equivalent to Col(\, ). Thus,

E
PxENG)=Px [ T(P,Col()a),
a€e(N,6)NI

where [ is the class of inaccessible cardinals, and the superscript E indicates that
Easton supports are used. We define a projection

E
m:Px [ T(P,Col(\ ) —PxE(X0)
ae(X,0)NI
as follows. mo(p,q) = (p,74), where 7, is the canonical P-name for a function

with domain dom g, and I- Ve, 74(a) = §(a). To show mg is a projection, suppose
(P1,d1) < (Po,Tqo)- Since |P| < A, there is an Easton set X such that IF dom(g;) C
X. For each a € X, let 0, be a P-name such that p; I+ o, = ¢1(&) and if
pLp,plkos =do(d). I g ={{a,04) : @« € X}, then (p1,q92) < (po,qo), and
(P1,7gs) < (p1,G1) because py IF 7, = d1.

Let p < 8 be regular and such that IFp |R| < p. Applying Lemma [7 coordinate-
wise, we have the following sequence of projections:

E(u,0) = E(p, k) x E(u, ) I [, 6)
~E(u, k) x Col(u, A) x Col(u, p) x E(u,d) | (A, 0)
(E(u, k) * Q* R) x E(), 6)
E
=~ (P«R)x [[ T(P,Col() a))
ae(X,0)NI

— P« (R x E(\4)),

1

as desired. O

The next lemma answers a question of Shioya [21], who asked if & is a huge
cardinal with target § and p < & is regular, does E(u, &) *E(x, §) force (ut+, ut) —
(u", 1)? He noted in the same paper that if we allow more distance between the
cardinals, then the answer is yes: for example E(u, &) *E(/@‘*‘, §) forces (u3, ut+) —
(1™, p). The next lemma covers these cases and many others. The main issue is to
understand the behavior of a potential master condition. The argument shows that
the use of posets like the Silver collapse, which is designed to get master conditions
under control (see [9]) is not actually needed in this context.
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Lemma 26. Suppose k is a huge cardinal, j : V. — M is a huge embedding with
critical point k, j(k) = 6, and p, A are regular cardinals with p < k < A < 6.
Suppose also:

(1) Fegur “Q is k-directed-closed, of size < X, and preserves the reqularity of
A
(2) g0 0)x “R is k-directed-closed, of size <67

Then it is forced by (E(u, &) * Q) * (R x E(X,68)) that (AT, |A]) = (uT, ).

Proof. Let G % g% (h x H) be (E(u, &) * Q) * (R x E()\, §))-generic. By Lemma 23]
there is a further forcing yielding an E(y, 6)-generic G with G * g« (h x H) € V[G].
The embedding can be extended to j : V[G] — M[G].

Since M[G] = |g * h| < &, and j(Q % R) is é-directed-closed, there is a master
condition (g,7) € j(Q xR) below j” (g * h). Forcing below this, we get an extended
embedding j : V[G % g % h] — M[G x § * h].

In M[G % §], for any o < &, j” H|o is a directed subset of E(j(A), j(a))MC*d]
of size < 8. Hence we define m, = inf ;7 H .

Note that the restriction maps are continuous in the sense that for any ordinals
a < f <~vandany X C E(a,v) with a lower bound, (inf X)[3 = inf{p|8:p € X}.
Since Hla = {pla: p € H|B} for any a < 8 < §, we have

mglj(a) = (inf{j(p) : p € HIBY) I j(a) = inf{j(p)lj(a) : p € HIB}
= inf{j’(p[oz) :p€eH|B} = inf{j’(p) :p € Hla} = myg,.

In M[G * §], let m = Ua<s Ma- To show that m € E(j()\),j(é))M[G*g], let
v = supj”é < j(8). First note that M[G * §] thinks that domm is an Easton
subset of . This is because domm = (J,,c y dom j(p), MG |= |H| = 6, and for all
p e H, M[G] = “dom j(p) is an Easton subset of v\ §”. Second, for every § < 7,
domm(p) is a bounded subset of j(\). For f <, if a < § is such that j(a) > 3,
then m(fB) is “frozen” by me, as me(8) = mqa () for all £ > a.

Therefore if we take a generic H C E(j()\),j(é))M[G*g] over V[G « § * h] with
m € H, then we get an extended elementary embedding j : V[G % g % (h x H)] —
M[Gx g« (hx H). If f:6< = §isin V[G*g* (hx H)|, then 778 = j7 4 is
closed under j(f). In M[G g (h x H)], |57 6N j(A)| = || = p, and j” § has size
0 = j(k). Thus by elementarity, there is some X C § of size k closed under f and
such that |[X NA| = p in V[G g = (h x H)]. O

Lemma 27. Let k be huge with witnessing embedding j : V. — M, and let U be
the normal measure on k derived from j. There is A € U such that for all reqular
cardinals o < B <y < d with 8,6 € A, and for every notion of forcing of the form
(E(a, B) * Q) * (R x E(v,d)), where

(1) Fga,p) “Q is B-directed-closed, of size < ~, and preserves the reqularity of
,7)7; .
(2) IFg(a gy« “R is B-directed-closed and of size <5”

forces (vF, 1h]) = (F, q).
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Proof. Let ¢(8,9) stand for the assertion that whenever o < § < < § are regular
and (1) and (2) hold of Q and R as above, then (E(a, 8) * Q) * (R x E(v, §)) forces
(" ) = (o™, a).

By Lemma 26 V | ¢(k,j(k)). Since M7(®) C M, this holds in M as well.
Reflecting this statement once, we find Ay € U such that ¢(8, k) holds for all
B € Ap. Next, for all B € Ay, we can reflect again to find a set Ag € U such that
©(8,9) holds for all 6 € Ag. Take A = Ao N Dpeca,Ap. O

Let k be a huge cardinal, with A C k as above, and without loss of general-
ity assume A contains only <k-supercompact cardinals. Let (o; : i < k) be the
increasing enumeration of the closure of A U {w}. We define an Easton-support
iteration (P;, Qj 11 < K,j < k) as follows:

If o; is regular, IF; Q; = E(ai,aH_l). If o; is singular, IF; Q; = E(a;",ai_,_l).
Note that since each cardinal in A is sufficiently supercompact, the cardinality
assumptions of Lemma [27] are satisfied at singular limits. If ¢ < j, then P4, forces
(aj41,8) = (a;r,ai), where 3 is the cardinal predecessor of ajy; in Pj4q. By
Lemma [T5] this is preserved by the tail Py /P41, which is cj41-closed.

After forcing with P, we have:

Claim 28. VP« = (at,a) — (B%,B) for all pairs of regular cardinals 8 < a.
Furthermore, this is preserved by Col(yg,v1) whenever 8 < v9 < 71 < « are
regular.

We do not exclude the cases in which § = 7y or @ = ;. Note that if both
equations hold, then in the generic extension 8+ = o' and |a| = 3. In this case
the assertion holds trivially.

The stronger claim holds because if 8 is the next regular cardinal > |P;| and
a is such for P;, then it is forced by P; that (P,;11/P;) x Col(vp,v1) has a form
satisfying the hypotheses of Lemma As Col(yo,m1) is at-c.c. and P, /P,y is
at-closed, Lemma implies that this instance of Chang’s Conjecture continues
to hold in VFx*Celom),

Claim 29. Assume that k is an almost huge cardinal with a witnessing elementary
embedding j such that § = j(k) is Mahlo and « € j(A). Assume also that supj”é =
j(0). Then in the generic extension by j(P), j extends to an elementary embedding
witnessing that « is almost huge.

Proof. Let P = j(PP,.). Let us analyze the forcing notion j(P).
P is defined as an Easton support iteration of Easton collapses between the
elements in the closure of the set j(A). Note that since M NV = Vs, V and M

compute this iteration in the same way. j(P) is an Easton support iteration in the
model M, of length j(), between the points in the closure of j%(A). Note that

72(A) N6 =j(j(A) N k) = j(A).

Therefore, ](]f”) =Px Q where Q is forced to be a d-closed forcing notion.

Let G C P be a V-generic filter. In V[G], we will define a filter H C j(P) generic
over M[G] such that for every p € G, j(p) € G« H.

We imitate the proof of Lemma For every a < § inaccessible, let m, =
UpEGﬁVa J(p). Since we apply j on o many elements and a < §, m,, € M[G]. Also,
for every a < 8, mg | j(a) = mq.
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P is é-c.c., and therefore M models that j(P) is j(6)-c.c. As 4 is inaccessible,
M[G] can compute an enumeration of the set of all maximal antichains of j(P) |
[6,7(8)) in a sequence of length j(5). |7(8)]V = &, so V[G] can enumerate those
maximal antichains in a sequence of length §. Since all those antichains are bounded
below j(d), we may pick an enumeration (A4;: i < §) € V[G] in which A, is a
maximal antichain in j(P | «) (here we use the fact that supj” § = j(9)).

Let us define a decreasing sequence of conditions (g;: i < §) C Q. We require
that g, < Maq, go € Aa, and that the support of ¢, be a subset of j(«). For every
a < 4§, the sequence (gz: f < ) is a member of M. By the d-closure of Q, one can
always pick a condition ¢, stronger than all previous conditions. By the properties
of Q, it is clear that one can choose g, to have support which is contained in the
union of the supports of gg, 8 < a.

Let H be the filter generated by {g;: ¢ < ¢}. By the construction of this sequence,
H meets every maximal antichain in M of the forcing notion j(I@’) Therefore, it is
M |G]-generic.

By Silver’s criteria, j: V' — M extends to an elementary embedding j: VIG] —
MIG|[H]. Let us claim that M[G][H]<° C M[G][H]. Indeed, let {i;:i < a) be
a sequence of names of elements of M and assume that o < §. Without loss of
generality, we may assume that #; is a name of an ordinal for every i < a. By the
chain condition of ]f”, this sequence can be encoded as a set of ordinals of cardinality
< ¢ and therefore belongs to M. Since G € M[G][H], we conclude that also its
realization is in M, as needed. O

In fact, for our goals it is sufficient to note only that some of the supercompact-
ness of k is preserved.

For the next section we need a stronger version of Lemma 26] and Claim We
will need to know that a stronger type of reflection holds between pair of elements
from A.

Definition 30 (Magidor-Malitz quantifiers). Let M be a model over the language
L. We enrich £ with the quantifiers Q™ with the following interpretation:

ME= Q" xy, ... Tn_19(x0y ..y, Tne1,D)
iff
IIC M, |I|=|M|, Yag,...,an-1 € I, M = p(ag,...,an-1,p).
A set I C M satisfying

va’Ov" <y ap—1 € Ia M ): QO(GJO)' --’an—hp)

is called a @-block.

The Magidor-Malitz quantifiers were defined by Menachem Magidor and Jerome
Malitz in [I8]. In this paper, they showed that under {}(X;) a certain compactness
theorem holds for the language L£(Q<%), the first order logic extended by adding
the Magidor-Malitz quantifiers.

We say that A <gn» B if A is an £(Q")-elementary substructure of B. We write
p —gn v if for every model B of cardinality u, there is a Q"-elementary submodel
A of cardinality v.
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Lemma 31. Suppose k is a huge cardinal, j : V. — M is a huge embedding with
critical point k, j(k) = 6, and p, A are regular cardinals with p < k < A < 6.
Suppose also that:

(1) Fg(u,r) “Q is k-directed-closed, of size < \, and preserves the reqularity of
A7

(2) Py )5 “R is w-directed-closed, of size <6”.
Then it is forced by (E(u, k) * Q) * (R x E(\,8)) that A\t —g<w pt.

Proof. First, let us note that it is enough to deal with models A which are transitive
elementary submodels of H(d1). Indeed let A" be an algebra on §. Clearly, A’ €
H(6"). Let A be a transitive elementary submodel of H(6") of cardinality ¢ that
contains A’ as an element. Assume that B <g» A. Let us claim that B’ =
BN A <gn A. This is true, as any Q" statement in A’ is equivalent to a Q"
statement in A.

Let A be a transitive elementary structure of H(6") of size §. We may assume
that for every formula ® of the form Q"zo,...,zn—19(x0,...,Tn_1,p) there is
function in the language of A, fs such that fe: A — A is either constant (if
—®) or one-to-one (if ® holds), and if it is one-to-one, then

A ': VYo, . - - 7yn7190(f<1>(y0)7 .- ‘7f<1>(yn71)>p)'

Let j: V[Gxgx (hx H)] — M[G* § (hx H)] be as in Lemma 26, and for
brevity denote the domain and codomain by V’ and M’ respectively. We want to
show that j” A is a Q<“-elementary substructure of j(A).

Let ® be a formula of the form:

an()a v >xn7190(x07 ey x’nfbj(p))'
Let us assume, by induction, that every proper subformula of ® is satisfied by j(.A)
in M’ if and only if it is satisfied by j” A in M’.
First, let us assume M’ |= “j(A) = ®”. By elementarity,

VIE“AEQ"xo,...,tn19(0s ..., Tn1,p)".

By the observation above, there is a function fe witnessing this fact in V', and
clearly, j(fs) is a one-to-one function on j” A witnessing 77 A = ®.
On the other hand, assume that

M 4" AE Q" "z, ..., wn—19(20, - -, Tn-1,5(p))"-

Let I C j” A be a ¢-block. We want to show that there is a corresponding ¢-block
(for the parameter p) also in V’. Note that the forcing to obtain G % § % (h x H)
from G % g *x (h x H) is of the form Qp * Q1, where Qq is a precaliber-0 forcing,
and Q; is a d-closed forcing. Let us denote the generic filter for Qg by Ky and the
generic filter for Q; by Kj.

In order to find the ¢-block in V', we will show that the existence of such a
@-block in V'[Kp|[K1] implies the existence of a corresponding ¢-block in V[Kj]
and that the existence of the latter ¢-block in V’[Kj] implies the existence of a
similar ¢-block in V.

In M’, there is a p-block I C j” A of size §. Note that all its elements are
of the form j(a) for some a € V'. Since M’ C V'[Ky][K1], there is a ¢-block
in V[Ko][K1]. In V[Ky], let (i;: i < &) be a sequence of Q;-names such that
VKo [K1] = “{j(&5"): i < 8} is a p-block”. In V[Kj] let us construct a decreasing
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sequence of conditions (g;: ¢ < d) C Qy such that go IF“{j(&;): i < 0} is a p-block
in j7 A” and ¢; & &; = a;, for some a; € V'. We claim that {a;: i < ¢} is a
@-block for A in V' (with parameter p). For every ag < a3 < -+- < ap—1 < 6, the
condition ¢ = gq,_,+1 forces j(aa,),j(aay),---y4(aa,_,) € I. Thus, ¢ IF j7 A |=
©(J(ang)s---J(aa,_,),7(p)). This is a proper subformula of ® and thus, by the
induction hypothesis,

ql- M Ej(A) Ee(i(aag)s - - j(aa, ), J(p))-
By elementarity,
gIFV' EAE ¢©(aag,--- 100, _1,D)-
This statement is about the ground model V’, so it does not depend on the condition
q. We conclude that in V[Kj] there is a ¢-block, I’ C A of cardinality .

Work in V’. Let (g;: 4 < ) be a Qp-name such that (a;: i < §) is its K
realization. In V', let us pick conditions (r;: i < §) C Qg such that r; I g; = b; for
some b; € V', and each r; forces that {g;: ¢ < é} is a ¢-block.

By the d-precaliber of Qq, there is X € [4]° such that {r, : « € X} generates a
filter. The set I"” = {b, : @« € X} is a p-block for A in V': indeed, if ap < a1 <
<o+ < ap—1 € X, then there is a condition r € Qy stronger than all the conditions
Tary - sTan_q- TIEV EAE ©(bays---,ba,_,,p). But this is a statement about
the ground model, so it does not depend on the condition r. We conclude that

V'E “AEQ"xo,...,xn—10(T0, ..., Tno1,p)",
so by elementarity, M’ = “j(A) = ®”. O

Applying the reflection argument of Lemma 27] we conclude that the measure
U generated from the huge embedding contains a set A such that every pair of
elements a < B in A satisfies the conclusion of Lemma 27 when replacing Chang’s
relation — with the stronger relation —»g<w.

Let us look at the model after the iteration of the Easton collapses. We can’t
conclude that the stronger version of Claim 28 holds, since we do not have a preser-
vation lemma similar to Lemma [I5] for Magidor-Malitz reflection. Thus we can only
conclude the following version:

Claim 32. Let P,; be the iteration defined in Claim If a > § are regular in the
generic extension by IP,, then there is an a™-c.c. complete subforcing P; such that
IFp, a™ —g<e BT and P, /P; is at-closed. The same holds when replacing P,, by
J(Py).

4.2. Radin forcing. Work in the model of Claim In this model, GCH holds
high above s, and & is almost-huge. In particular,  is measurable and o(x) = k*T,
so we can force with the Radin forcing, while collapsing the cardinals between points
in the Radin club. We will show that in the generic extension, for every pu < v < &,
where v is a successor, (v, v) — (u™, u) holds.

We start with a pair of preservation lemmas:

Lemma 33. Let o < 3 be reqular cardinals such that 3<P = B, and assume that
Bt —g2 at. Assume that Q is a B-c.c. forcing notion of size < 8 and Q preserves
at. Then Q forces (BT, 8) — (a™,|a|).

Proof. Let f be a name of a function from (BT)<“ to 3, such that it is forced that
there is no set A of cardinality ot such that |f” A<¥| < a.



LOCAL AND GLOBAL VERSIONS OF CHANG’S CONJECTURE 2895

Let A be an elementary substructure of H(x) of cardinality 7, x large enough,
f,Q e Aand let B <g2 A, |B| = a™, and f,Q € B. Let us look at the elements
fla), a € (BNBT)<Y = BN (BT)<Y. It is forced that there are ot many elements
a € B with different realizations for f(a).

Thus, in the generic extension, there is a set I C B such that every pair of
elements of it obtains different values under f . We claim that in the ground model,
one can find a set of full cardinality I C B such that for every a,b € I there is a
condition ¢ € Q that forces f(a) # f(b).

Let us look at the collection of all subsets of I’ C BN (81)<“ such that for
every pair of distinct elements a,b € I’ there is a condition ¢ € Q, such that
q |- f(a) # f(b). Let I,, be maximal with respect to this condition. If |I,,| < a,
then in the generic extension for every a € BN (81)<%, f(a) € f7 I,. If a € I,,,
this is clear, and otherwise, there is no condition ¢ that forces it to be different
from every element in this set, so every condition forces it to be equal to one of
them. In particular, in the generic extension ot = |f” (BN (81)<%)| < |Ln| < |a],
a contradiction to the assumption that o™ is not collapsed in the generic extension.

Let I € BN(B1)<* be a set of cardinality o™ such that for every a,b € I, there is
q € Q that forces f(a) # f(b). By elementarity, for every a,b € I, there is ¢ € QN B
forcing the same statement. Therefore B satisfies the following Q?-sentence:

Q%a,b€ BIgeQ, ql- f(a) # f(b).

Thus, A satisfies the same formula: There is a set I C A, |I| = 8, and for every
a,b € I, there is ¢ € Q such that ¢ I+ f(a) < f(b) or ¢ I+ f(a) > f(b). This defines
a coloring h: [1]? — 2 x Q.

By Remark [Tl there are sequences {a; : i < S+1) C (8T)<“ and (¢; : i < 8) CQ
such that for all ¢ < j3,

(Vi >1)q IF f'(ai) < f(aj) < Bor (Vj>i)glF B> fla;) > f(aj).

For each i, the second option is impossible by well-foundedness. By the S-c.c., there
is some ¢ forcing S-many of ¢; to be in the generic filter. Then ¢ forces that there
is an increasing sequence of order type 8 + 1 below [, which is impossible. O

Corollary 34. Work in the generic extension by Py. Let a < v <71 < B < kK
be regular cardinals. Assume that Q is a [-c.c. forcing notion of size < § and
Q x Col(vyg,71) preserves a™. Then Q x Col(vg,v1) forces (81, 8) — (a™,|a|).

Proof. Let P; be a BT-c.c. regular subforcing of P,; such that Ibp, 57 —g<o a™ and
P, /P; is BT-closed. By Claim B2l 8T —g<e ot holds in YPixCol(om) | Lemma
B3 implies that Q forces (8,8) — (a™,|al) over this model. In V¥ P, /P; is
BT-closed, and |Q x Col(vp,71)| < B. Therefore, Lemma [I5] implies that in the
generic extension Chang’s Conjecture, (31, 3) = (a™, |a|), holds. O

We are now ready for the main theorem. We start by defining a notion of Radin
forcing with interleaved collapses. For simplicity, we assume GCH.
Recall the following definition of a measure sequence, due to Radin.

Definition 35 ([19]). Let j: V — M be an elementary embedding, crit j = «. Let
us define, by induction, a sequence of normal measures on V,, u. Let u(0) = a.
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For every i < j(a), ifu [ i € M, let u(i) ={X C V,:u i€ j(X)}. Otherwise,
we halt.
u is called the measure sequence derived from j.

Let j: V — M be an elementary embedding with critical point . Let U be the
measure sequence derived from j. Let M .S be the class of all measure sequences.
We say that a measure u on V,, is normal if it is closed under diagonal intersec-
tions in the following sense: if (4, | v € MSNV,) is a list of sets from u, then
also
NyAy ={z € Vo NMS [Yv e VyyNMS, z € Ay}

Let us start with the following fact.

Lemma 36. There is a sequence (G : o < K) such that:

(1) For every measurable a and every f € G, f is a function with domain V,
and for every measure sequence u € dom f, f(u) € Col(u(0)", ).

(2) Letu be a normal measure on V,,, a < k, and let j,,: V — M, be the ultra-
power embedding. Then the set {[flu: f € Ga} is an M,-generic filter for
Col(a™, ju()). Moreover, for every function D: V, — V, such that for ev-
ery measure sequence v € Vy, D(v) is a dense open subset of Col(v(0), a),
there is f € Go such that {v € MS NV,: f(v) € D(v)} belongs to every
normal ultrafilter on V.

Proof. Let § < k. Using GCH, enumerate all the functions D : V5 — Vi1, such
that D(u) is a dense open subset of Col(u(0)™, d) for every measure sequence u € Vj,
as (Dy, : o < 8%). Let pg : Vs — Vs be such that po(u) € Do(u) for every measure
sequence u € Vs. Given (p; : i < a), a < §, let poy1 be such that pay1(u) < po(u)
and pa4+1(u) € Dgt1(u) for all measure sequences u. At limit stages A in the
construction, we use the following inductive assumption: For every a < 8 < A,
there is a club C, g C 6 such that whenever u(0) € C, g for a measure sequence u,
Pa(u) > pg(u). Let (Aq @ @ < cf(A)) be increasing and cofinal in A. The diagonal
intersection, C' = {a < ¢ : for all B <y <, & € Cx 2, }, is club. For all u such
that u(0) € C, (px, (u) : a < u(0)) is a decreasing sequence in Col(u(0)",d). Let
px be such that py(u) € Dy(u) is a lower bound to this sequence for all such u. To
continue the induction, we define Cy_ » = C N {fla < B} for a < cf(A). For § < A
not among the Ay, let Cg x = Cy, » NCs )y, where « is the least ordinal such that
Ao > 0.

For every normal measure u on Vy, {[pa]u: @ < d*} is a descending sequence in
Col(6%,74(8)), and [pau € [Daly for every a < 6. We let G5 = {po : @ < 67}
Finally, we let G, = j((Go : @ < K))(K). O

Lemma 37. Under the same assumptions:

(1) Assume that (fo: a < K) is a sequence of functions, fo € Go. Then there
is a function f € G, such that the collection {v € Vi.: f | Vi) = fo(o)} is
in ﬂo<ﬁ<1enuu(5)-

(2) Let B be the set of all measure sequences u € V. such that for every (f: v <
u(0)), with f, € G, there is f such that {v € Vyy: f [ Vo) = fuo)} s in
ﬂo</3<1enuu(»3)- Then B € ﬂO<B<lenL[ UpB).

Proof. For (1), let f = j({fa: a@ < k)) € G,. Note that j(f) [ Vi, = f. Let
A=A{a:f|Vy=fa} Theset A’ of measure sequences u € V,; such that u(0) € A
is in U(B) for every 8 < lenl, since k € j(A).
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Now let B be as in (2). For all 8 < lenld, M can see that for all sequences
(fa: @ < k) as in (1), there is f € G, such that {v € Vi : f | Vo) = fon)} €
Na<pU(a). Thus U | B € j(B), and B € U(B). O

Let us define the forcing notion P. p € P iff

p= <f—17QOaf07---7Qn>a

where
@i = (ui, Ai, Fy)

and:

(1) wu; is a measure sequence. We denote u;(0) by a;.

(2) Iflenu; >0, A; € Ny pien(u,) wi(B). Otherwise A; = 0.

(3) Fi: Aj =V, and for all 3 € A;, Fi(B) € Col(BT, ;) and F; € Gy, (0)-

(4) u, =U.

(5) For every i >0, f; € Col(a;, cvit1).

(6) f-1 € Col(w, ap).

(7) If v € A;, then v(0) > suprange f;_1.

Let
p=(f_1,u0, A0, Fo, fo, -, Un, An, F},) € P,
p = (fl 1, ug, Ay, Foy fos o yul,, Al EL) € P
p <p iff:
(1) m < n and there is a strictly increasing sequence of indices i, . .., ,, such
that u;, = u; Let us set i1 = —1.

(2) Forall -1 <j<m, f;, 2 f]'
(3) A C AL
(4) For every —1 < j <m and every i; <k <ijy1, up € Ay, fr 2 F{j+1(uk)
and A C A3'+1'
(5) For all j and i; <k < ij1, for all B € Ay, Fi.(B) 2 F , (B).
We say that p <* ¢ if p < g and lenp = leng.
For a condition p = (f_1, ug, Ao, Fo, fo, - - Un, Apn, F) € P, let us denote

Stemp = <f—17u07A07 F07 an e 7U'n>-
Lemma 38. P is k-centered.

For any measure sequence u which is derived from some elementary embedding,
let us denote by P* the forcing notion which is defined as P when replacing U by
u. Lemma [38 holds for P“. We have the standard decomposition:

Claim 39. For every condition p € P of length n and every measure sequence u in
the stem of p, the forcing P | p of all conditions below p splits into the product
Pl p="P"] py xP*[ p, where P”* is the forcing P when we modify the
definition of a_1 to be u(0)™. ps,p, is the decomposition of the condition p to the
parts above and below u, respectively.

Lemma 40. P satisfies the Prikry property. Moreover, this is true for P>% for
every measure SEqUENce u.
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Proof. We sketch a proof for the lemma. The proof is similar to the one in [IT,
Sections 3 and 4], with minor changes. We will prove it only for the case of P. The
other cases are similar. Let ® be a statement in the forcing language. Let p € P be
a condition.

In order to show that IP satisfies the Prikry property, we will show that this is
true for P*, for every measure sequence u.

Let us assume, by induction, that this is true for every measure sequence u such
that ©(0) < &.

Let us start with the case lenp = 0:

Claim 41. Assume that p = (f_1,U, A, F). There is a direct extension of p that
decides the truth value of ®.

Proof. First, let us consider, for every stem s, the following sets:

DO = {g S F(v): HA/U’F"U’A/7F/’ SA<A1MF1)797 A/7 F/> || ¢}’

S,V
D;,u = {g S F(/U): VAv7Fv7A/7F/>VgI S gasA<Av>Fv>glaA/7F/> H/(I)}

Clearly, DY, U D!, is a dense subset of Col(v(0)*,x). By the distributivity of
Col(v(0)™, k), the intersection D, = ﬂsev,,<0) (DY, UD.,) is a dense subset of
Col(v(0)™, k). By Lemma [36] there is F’ € G,; such that the set of all v € V,; with
F'(v) € D, belongs to (g pcienyy U (). Let A’ be the intersection of the above set
with A. Let F'* be a condition in G, stronger than F, F”.

Let us define for every possible stem of a condition stronger than (f_1,U, A’, F*),

s = <fi15u8aA(S)aFOSvfga"'7U’Z—17AZ—1’F/§—17f1§—1>5

and for every a < lenl, a set A(s,a) € U(a). This is a measure one set, relative
to U(«), such that one of three possibilities holds for it:

(1) For every v € A(s, ) there is a choice of B2, F?, {3 such that an extension
of p with the stem s~ (v, B3, F?, f5) forces ®.

(2) For every v € A(s,«) there is a choice of B, F?, f5 such that an extension
of p with the stem s~ (v, BS, F5 f5) forces —®.

(3) For every v € A(s, o), there is no extension of p with stem s~ (v, By, F, fy)
that forces either ® or —®.

Using the closure of the generic filter G, (o), we may assume that F, f; depend only
on v (by taking the lower bound of all the FyJ, fs with s € V(o) there are only v(0)
many such stems). Let A(«) be the diagonal intersection of all the A(s, «), and let
A = A NUpcreny Ala). Let p* = (f_1,U, A", F*).

Let us observe first that for every v € A(s,a) N A’ if one of the first two options
holds, then we may take f, = F*(v). Recall that F*(v) € D, UD! . f, < F*(v),
and it decides the truth value of ®. Thus, F*(v) € Dg,v. In particular, there are
B!, F! that together with F*(v) decide the truth value of ®. By compatibility, a
condition with stem s™(v, B, N B, F, A ), F*(v)) must force the same truth value
for ® as a condition with stem s~ (v, By, F, fo,).

Let us take an extension of p* which decides ® and has a minimal length. If it is
a direct extension, we are done. Let us assume, towards a contradiction, that this
extension has length n + 1:

T:<f11,'l)6, 67Fg>f67"'7M7A2+17F7:+1>'
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Let s be the lower stem (up to length n). By our assumption, there is « such
that A(s,a) € U(a) contains only measure sequences v, which when appended to
s together with A,, F,, form a condition that decides the statement in the same
direction as r. Without loss of generality, they all force ®.

For every v € A(s,a), F, is stronger than the restriction of F* to A, (pointwise)
and belongs to G, (). Let us consider the function g: A(s,a) — Vi, g(v) = (A, Fy).
By the definition of U (), U | o € dom j(g). Let (A<, F<*) = j(g)(U | ).

By elementarity, A<~* € (N_,U(B) and for U(a)-almost all v € V;, AS* NV, ) =
A, and F< | V) = F,. Let A* be the collection of all v € A(s, ) that satisfy
the above assertion. By Lemma [37, F<® € G, so let F** = F'<® A F'*

Let A= be all the sets that reflect A%, namely A~* = {u € A*: 33, A*NV, €
u(B)}. Now let A** = A<*U A~ U A~ and let us restrict the domain of F** to
A,

Let us show that any extension of the condition ¢, = s~ (U, A**, F**) is com-
patible with a choice of an element from A(s,a). Therefore, any extension of the
current condition is compatible with an extension that forces ®.

This is true by our choice of A**. If we extend ¢s, by only adding elements
below v,, and strengthening the collapses, then this condition is compatible with
any condition in which we extend ¢, by adding a single element from A(s, ) above
vp—1. Otherwise, let ¢ < g5 be any extension of ¢; and assume that the Radin club
of ¢ contains elements above v,_1. Let m = leng,

q=(f1,ul, AL F, f3, ... ul,, AL (F1),

m?

and assume that k& < m is the first index of an element in the Radin sequence which
is a measure sequence of length > 0 such that (A*UA~*)NV., ) € Up<ienw, Wk (B)-
If there is no such element, let us pick any nontrivial measure sequence v € A“NAY .
Then AS*NAY € MNgoien,,, wi(B) for alli < m, and A, = AS*NV,(g). Thus adding
(v, Ay, F** | Ay) to gs results in a condition that forces ® and is compatible with
q.

So, let us assume that there is such an element uj. If A* € u{(B) for some
B < lenuj, then there is v € A such that A, N A} € Np<ienw V(B), s0 as above,
¢s may be extended by (v, A,, F** [ A,) to get a condition compatible with ¢ that
forces ®. If A € ul(B) for some B < lenuy, then by our choice of A~* there is
some v € A] that can be added to ¢ to put us into the previous case.

We conclude that in any case, any extension of g; has an extension that forces
® and thus g5 I ®. But this is a contradiction to the minimality of n. ]

Let us continue to the general case.

Let p € P be a general condition. Let us assume, by induction, that Prikry
property holds for every shorter condition. By the claim above, we may assume
that lenp > 0. We want to find a direct extension of p that decides the truth value
of statement ®.

We can decompose the forcing notion P [ p into a product P~* [ py x P* [ p, for
some measure sequence u that appears in p.

Recall that P* is a-centered, where o = w(0). Let (r;: i < «) enumerate all
possible stems of conditions in P“.

Let us define, by induction, a sequence of conditions in P>*, (p;: i < a) in the
following way. Let pg = py. Given p;, let p;11 <* p; decide whether there is a
condition in P* with stem r; deciding ®, and if so, whether it forces ® or —®. At
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limit ordinals 7 < «, we use the closure of the order <* and take p; to be a lower
bound of p;s for every ' < i.

If G x HCP"xP>" is generic with (p},ps), then there is a condition (r,q) €
G x H deciding ®. The stem of r is r; for some 7 < «, and p, must already decide
which way r decides ®. Thus it is forced by P* that p, decides ®. By induction,
we may take a direct extension r’ <* p; which decides which way p, decides ®.
7" peo is the desired direct extension of p. O

Recall that U was derived from an elementary embedding j: V' — M.
Lemma 42. Assume that V1o C M. Then P preserves the inaccessibility of k.

Proof. By GCH and the strength of the elementary embedding j, we have len U/ >
kTF. Let @ < k7T be the minimal ordinal such that

() uB = () u®m.

0<B<a 0<B<KT+

There is one, since there are only x* many subsets of V.
Clearly, replacing & with U | a does not change the forcing. Let k: V' — M be
an elementary embedding generated by U(«). Let us look at k(PP). Let

p:<f717u07AO7F07fO7"'7un7'An7Fn>EI[D'

Let us extend the condition k(p) by adding (U | «, A,,, F},) at the n-th coordinate,
and let ¢ be the obtained condition. It is clear that forcing below ¢ introduces a
generic filter for P, K. The Radin forcing below the condition ¢ is equivalent to
a product P x Q (where Q consists of all the upper parts of the conditions in P).
Recall that Q is kT-weakly closed. Applying k to the upper part of the conditions in
P generates an M-generic filter for Q’, since any dense open set in M is represented
by a function from k to dense open sets of the closed part of P. Therefore, there is
a condition in the intersection of all of them. Let H be a Q-generic filter, extending
the Q’-generic filter which is generated by the k images of the elements of P.

Let K x H be the M-generic filter for k(P). Silver’s criteria holds, and therefore
one can extend k to an elementary embedding k: V[K] — M[K][H]. In particular,
since & is the critical point of k, it is regular in V[K]. O

In fact, the forcing P preserves also the measurability of k, but for our purposes
it is enough to know that V,; is a model of ZFC.

There is a natural projection from a measure on measure sequences in V, to a
measure on k by taking each measure sequence u to its first element u(0). When
saying that a subset of k is large relative to a measure on the measure sequences of
V. we mean that it is large relative to the corresponding projection.

Let us return now to the model that was obtained in the previous section.

Theorem 43. Let P be the Radin forcing for adding a club through k, with inter-
leaved collapses, collapsing p;11 to be of cardinality p;r for any two successive Radin
points. Let A be the set obtained in Lemma 21 Assume that A is U-large relative
to all relevant measures. Then P forces (81, 7) — (aT, ) for all a < B < k.

Proof. Let p € P force that 5 be a cardinal in the extension. Assume p is strong
enough to decide three successive points ( < ¢ < p in the Radin club such that

plE Bt =(¢CH)Y, g =(64)Y, and p+° = (p*)V.
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The forcing P | p splits into a product Qg x Col(£, p) x Qq, where Qg is the
Radin forcing below ¢, and Q; adds no subsets of £T.

Note that Qg = Py x Col(¢T, &), where Py is (T-c.c., has size < (*, and preserves
o, which is the successor cardinal in V' to some member of the Radin club. Corol-
lary B4l implies that (871, 3%) — (a,a) holds after forcing with Py x Col(¢T, ).

Since Qg is £*-c.c. and Col(£T, p) is £T-closed, Lemma [I5 implies that the in-
stance of Chang’s Conjecture holds after forcing with Qg x Col(£T, p). Tt continues
to hold after forcing with Qy, since no new algebras on ¢+ are added. O

In the above model, the instances of Chang’s Conjecture of the form (u™, p) —»
(vt,v) where p is singular always fail. Since every singular cardinal in the generic
extension is inaccessible in the ground model, [}, holds there. Since we preserve its
successor, it still holds in the generic extension. Any instance of Chang’s Conjecture
of the form (u*,u) — (v,v), where yu is singular, implies the failure of the weak
square [y, [10].

5. SEGMENTS OF CHANG’S CONJECTURE

In the previous section we dealt with obtaining Chang’s Conjecture between all
pairs of the form (u, 1) and (v+,v) where p is a successor cardinal. The cases of y
singular cardinal, which were not covered in the previous section, are much harder.

Recall that any instance of Chang’s Conjecture of the form (u*,u) — (v*,v)
where p is singular, ¥ < p (in which we assume that the elementary submodel of
cardinality v contains v) implies the failure of the weak square 0% Indeed, it
implies that there are no good scales. Thus, the problem of getting, for example,
() = ((cf p)T,cf u) globally requires us to get a failure of weak square at all
singular cardinals. See [2] for the best known consistency result towards this goal.

We want to attack a more modest problem. We will get all the instances of
Chang’s Conjecture which are compatible with GCH in a small segment of cardinals
not covered by the previous section.

Let x be a huge cardinal, and let j: V — M be an elementary embedding
witnessing it. Let 6 = j(k). Let £ be a universal Laver function for V5. We will
need to address the specific details of the choice of £.

Lemma 44. There is a function £: 6 — Vs with the following properties:
(1) j(1R) =1,
(2) For every cardinal g and v < 0, if x € V, and p is 27-supercompact,
then there is an elementary embedding k: V. — N, critk = pu, k7v € N,
k(0)(p) = =.
(3) For every u < k nonmeasurable, £(p) = 0.
(4) For every u < K, if p 18 <d-supercompact, £(u) = 0.

Proof. We pick a universal Laver function ¢ [ k on Vj, using minimal counter-
examples, and apply j on it. Since V5 C M, the first item holds. The last three
items are general properties of the Laver diamond. O

We wish to make every o < k which is <k-supercompact indestructible under
any a-directed-closed forcing. We do the usual Laver iteration P with respect to
£. We claim that if G C j(P) is generic, then & is still huge in V[G]. Since  is
<d-supercompact in M, j(P)/(GNP) is (27)*-directed-closed in V[G N P]. Thus
we may take a master condition and build an M[G]-generic filter for j2(P)/G.
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Now let A be the set obtained from Lemma By reflection arguments, we
may assume every cardinal in A is <k-supercompact. Let us pick such cardinals
po < p1 < oo <y < --- in A.

Theorem 45. There is p < pgy such that
Col(w, pT) * E(p* ™, o)  Epao, pur) % -+ Epin, ping1) % -+ -
forces:

(1) For every m <n < w, (NnJrla Nn) - (Nerla Nm)
(2) (Rus1, Ryy) = (R, Rg).

We split the proof of this theorem into three parts:
Lemma 46. For every choice of p, (Na,N1) — (R, Rp).

Proof. After forcing with Col(w, p), po is still measurable. Since the forcing
E(wy, po) is po-c.c. and o-closed, after forcing with it there is an ws-complete ideal
on ws in which the positive sets have a dense subset which is o-closed. In particular,

the Strong Chang Conjecture holds (see, for example, [20, Theorem 1.1]). O
Lemma 47. For every choice of p, for every 0 < m < n < w, Ryy1,N,) —
(Nm+1a Nm) .

Proof. This is a special case of Lemma |

Lemma 48. There is a choice of p for which (Ny,41,Re) = (N1, Rp).

Proof. Let us show first that there is p such that after forcing with

(Col(w, p™) * E(p* ™, o)) x (E(po, 1) X -+ X B, finy1) X -+ +)

Chang’s Conjecture (N, 41, R,) = (N1, Rg) holds.

Replace the order of the product and force with the second component first.
By the indestructibility of ug, po remains <xk-supercompact after this forcing. As-
sume that for every p < pg there is a name for a function fp: (uar”+1)<“’ — g
witnessing the failure of Chang’s Conjecture in the generic extension.

Let k: V — M be an elementary embedding with critical point pg and A =
k” udet™ e M. Let f = k((f, : p < po))(po). By our assumption, I+ |f7 A<¢| =
N;. Since the image of f is contained in k(ud®), there is an integer n > 0 and a
condition p € Col(w, g™ ) *E(ugd“ ™, k(o)) such that p IF | £ A< Nk(ud™)| = N;.

Let us find a sequence of decreasing conditions p, below p and a sequence of
sets an € (ud®“T)< such that pg IF f(k(aa)) < f(k(ag)) < k(ud") for every

a < B < pd®t. We find this sequence in the same way as we did in Theorem [I71

Namely, let (#; | i < ud“™) be a sequence of names for elements in A< such that
plF f(ia) < f(ip) < k(ug™) for every o < 3. Let us pick for every o < pud“*" a
condition p, = (T, o) below p such that:

(1) For some a; € (p, , Do IF T = E(Gq).

(2) For every 8 < o, 1o IF §o < ¢p.

+w+1)<w
0

Given the partial sequence (rq,a,aq : @ < ) satisfying the above conditions,
we let ¢ be a name for a lower bound to (¢, : @ < 8). Then we pick (rg,d’) < (ro,q)
and ag such that (rg,¢’) IF ©3 = k(ag). Then let ¢z be such that r3 IF s = ¢’ and
r" I+ gg = ¢ for all ¥’ L rg. By the regularity of ugwﬂ, there is a fixed condition
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r, and a cofinal set of ordinals o < ,uar”H such that r, = r,. Without loss of
generality, for every «, ro = ry.

By elementarity, for every a < f < ug “*1 there is p < po and a condition
q € Col(w, pt) * E(p+tT1 ug) that forces f,(aa) < fo(ag) < pg™. Applying
the Erd6és-Rado theorem on the first ,uarnﬂ elements in this sequence, we obtain a
sequence of ordinals I of order type ui{”—f—l and a single p, < po, ¢ € Col(w, pF*) x
E(pf“+t, 1) such that for every v < B in I, q, I f,, (aa) < f,. (ag) < ug™. This
is a contradiction, since it is impossible to get an increasing sequence of ordinals of
length pd™ + 1 below ud”.

Thus, there is p < pp such that the product forces (N,11,R,) — (Ry,Rg). Let
us show that in this case the iteration does the same.

Claim 49. There is a projection

i (Col(w, p) * E(p™*, o)) X Epo, 1) X -+ X B, piny1) X -+
— COl(UJ, p+w) * ]E(p+w+17M0) * ]E(M(LMI) ook E(ﬂn, un+1) koo

Proof. Let P = Col(w, pt*)*E(p*“*1 11g). The argument for Lemma 25 shows the
following: For each n < w, there is a map

On - E(M’m Mn-‘rl) - T(P * E(MOa ,ul) Kook ]E(Mn—la Mn)aE(Mna Mn-‘rl))

such that (p, q) — (p, 0, (q)) is a projection from (P+E(ug, pr1) *- - - *E(fin—1, fin)) X
E(tins pint1) to (P E(uo, p1) * -+ % E(pbn—1, tbn) * E(pon, fin+1). Furthermore, if
plk g1 < o,(do), then there is go < go such that p I- 0,(G2) = ¢1.

For a condition » = (p,qo,q1,...) in the infinite product we define w(r
(p,00(q0),01(q1),--.). To verify that m is a projection, suppose (p’, g, ¢}, - - -
(p,00(q0),01(q1),-..). For each n, there is ¢/ < ¢, such that (p’,q},...,q,_1
on(q)) = ¢,. An easy induction argument shows that (p’, 09(qf)),o1(qY),- ..
@),

~ o~ ~—

OIN TIA

As the product is pp-closed in the ground model, it is pp-distributive in the
generic extension by the pg-c.c. forcing Col(w, p**) * E(pt«+L o). Therefore, if
f: Njil — W, is in the extension by the iteration, the R;-sized witness for Chang’s
Conjecture with respect to f already exists in the extension by the iteration. [

6. OPEN QUESTIONS

We conclude this paper with a list of open questions.

Question. Is it consistent, relative to large cardinals, that for every pair of cardi-
nals Kk < A such that k < cf A or ¢f kK = cf A,

AT ) = (61, K)?

In the model of Section ] we gave a positive answer to this question when re-
stricting A to be a successor cardinal.

Question. What is the consistency strength of (R4, Ng) — (g, 8q)?

In Section [B] we gave an upper bound of (+2)-subcompact cardinal. The known
lower bound, due to Levinski, is 0f [15].
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