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NONDIVERGENCE PARABOLIC EQUATIONS IN
WEIGHTED VARIABLE EXPONENT SPACES

SUN-SIG BYUN, MIKYOUNG LEE, AND JIHOON OK

ABSTRACT. We prove the global Calderén-Zygmund estimates for second or-
der parabolic equations in nondivergence form in weighted variable exponent
Lebesgue spaces. We assume that the associated variable exponent is log-
Holder continuous, the weight is of a certain Muckenhoupt class with respect
to the variable exponent, the coefficients of the equation are the functions of
small bonded mean oscillation, and the underlying domain is a C'''-domain.

1. INTRODUCTION

This paper is devoted to the study of the following Dirichlet problem for a second
order parabolic equation in nondivergence form:

(1.1) {ut—aijDiju = f in QT,

u = 0 on 0,Qr.
Here Qr stands for the space-time cylinder  x (0,7] over a bounded C*! do-
main Q@ C R™ with n > 2, and its parabolic boundary is denoted by 0,8l :=
(092 x [0,T]) U (2 x {t =0}). The coefficient matrix A = (a;;) : R"*!1 — R"*"
is assumed to be measurable and symmetric and satisfies the uniform parabolicity
condition; i.e., there exists a positive constant A, called the parabolicity constant,
such that

(1.2) A7) < (A(2)n,n) < Alp)* Vn€R™ and ae. z = (z,t) € R™L.

For the problem (LIl), we prove the Calderén-Zygmund type estimates in the
weighted variable exponent Lebesgue spaces like

el Loy (2 w) + 10l e (@)
(1.3) I Dull o) (g ) + 1D 0l 200 (g ) < NNl 00 (220
for any log-Hélder continuous function p(-) : R**! — (1, 00) with

(1.4) 1< inf p(z) < sup p(z) < oo,
z€Rn+1 2ERn+1

for any weight w belonging to A,y class, and for some constant ¢ > 0 indepen-
dent of v and f under possibly a minimal regularity requirement on the coefficient
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matrix A. We will introduce the definitions of log-Holder continuity, Ay class,
and the weighted variable exponent space in the next section. The estimate (L3)
ultimately implies the weighted LP() solvability of the equation (II)) with the im-
plication

(1.5) fe P (Qr,w) = uy, D*u € LPO(Qp, w).

The main points in this paper are the variable exponent p(-) and the weight w.
Note that if p(-) = p then the weighted variable exponent space is the classical
weighted Lebesgue space and if w = 1, then it is the variable exponent Lebesgue
space. We aim to establish a weighted LP() regularity theory that is a natural
generalization of the classical LP regularity theory. The Calderén-Zygmund esti-
mates for linear equations have been extensively studied since the celebrated work
[1]. In particular, Chiarenza, Frasca, and Longo [13] obtained W?2P-estimates for
solutions to nondivergence elliptic equations with discontinuous coefficients of van-
ishing mean oscillation (VMO) type, and Bramanti and Cerutti [6] extended this
result to nondivergence parabolic equations.

Over the past decades there has been much investigation into the variable expo-
nent spaces [T4H18\[20,30.33] and related partial differential equations [TL2L5.[822].
The physical motivation for such research is concerned with the modeling of various
phenomena in physics, engineering, and other fields, such as electrorheological fluids
[28,29], elastic mechanics [33], the thermister problem [34], and image restoration
[12]. Moreover, the weighted variable exponent Lebesgue spaces have been actively
studied; see [25H27,[31] and the references therein. Especially, one of main research
interests for the weighted Lebesgue spaces has been to find the necessary and suffi-
cient condition on weights to ensure boundedness of the maximal operator. Quite
recently, Diening and Héasto [I5L[18], in turn, characterized the class of weights for
which the maximal operator is bounded on the weighted variable exponent Lebesgue
spaces, that is, the A,y class which is a generalization of the classical Muckenhoupt
class.

Recently some results of LP theory have been generalized to the variable exponent
spaces. Diening, Lengeler, and Rizicka [T9] obtained W?2P()-estimates and W *P()-
estimates for the Poisson equation Au = f. The authors derived W1P()_estimates
for divergence linear elliptic equations with possibly measurable coeflicients in a
nonsmooth domain [9] and W?2P()-estimates for nondivergence linear elliptic equa-
tions with coefficients of bounded mean oscillation (BMO) type in a C*! domain [7].
On the other hand, as far as we know, there are no results either of weighted L?(")
estimates even for elliptic equations or of LP(") estimates for parabolic equations,
even for the heat equation u; — Au = f.

We point out that the approach in this paper is different from the classical
one which uses representation formulas in terms of singular integral operators and
commutators, as in the previous papers [GIITT3L19]. In addition, our approach does
not employ any maximal function that has been frequently used in LP theory. Our
method is influenced by the so-called large-M-inequality principle, which was first
introduced by Acerbi and Mingione [3] in order to prove the Calderén-Zygmund
type estimates for parabolic systems of p-Laplacian type. We first derive local
interior and boundary a priori estimates. To do this, we apply a certain stopping
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time argument to find a suitable Vitali type covering of the upper-levels

p(x) p(2)
{z €EQrNQ:|w|r +[D%*u["> > )\} ,

for sufficiently large numbers A, where 79 > 1 is to be selected as a suitable con-
stant satisfying v < inf p(z) and p~ := inf e p(z). We then estimate the weighted
measures of these upper-level sets by taking advantage of the comparison estimates
in the classical Lebesgue space L7 the log-Hoélder continuity of the variable expo-
nent p(-), and the properties of A,y class. The desired estimate (L3)) follows by
standard flattening and covering arguments along with an appropriate approxima-
tion procedure. We point out that in this procedure, we need to control the term
[ Dull o) (0, For the particular case when p(-) = p and w = 1, i.e., the classical
Lebesgue space, this term can be easily controlled by |ul|rr(0,) and [ D?ul|Ls ()
from the interpolation inequality for the Sobolev space W?2P(Q). For the case of
the weighted variable exponent Lebesgue space, however, it is not easy to do in a
similar way as in the constant exponent case, because the exponent p(-) and the
weight w depend on the ¢ variable. To overcome this difficulty, we instead use a
certain compactness argument, which will be indicated in the last section.

The remainder of this paper is organized as follows. In the next section we
introduce some notation, the definitions of log-Hélder continuity, A,.) class and
weighted variable exponent spaces, and the main assumption on the coefficient
matrix to state the main results. In Section [8] we further discuss the properties
of the Ay class and the weighted variable exponent spaces. In Section @ the
comparison estimates are mainly provided in LY spaces with 1 < ¢ < oo. In Section
we derive local interior and boundary a priori weighted W;g.l)—estimates. The
proof of our main result, Theorem 2.5, is presented in Section

2. MAIN RESULTS

We first introduce some standard notation and definitions that will be used
throughout the paper. The variable in R"*! is termed z = (z,t) for the spatial
variables z = (2/,z,) = (21, - ,Zpn_1,%,) € R™ and the time variable ¢ € R.
For a function g : U € R"! — R, we denote the spatial gradient of g by Dg =
(D1g,- -+, Dyg), the spatial Hessian of g by D?g = (D;;g), where D;g = D, g =

ad—;’i, Dijg = Dyu;9 = 83289% for 4,5 = 1,---,n, while the time derivative of
g by g¢ = Dig = %. As usual, the parabolic distance d, between two points

£=(y,s),£ = (9,5) € R" x R =R"*! is denoted by

dp(&,€) 1= max {Jy — g, V/Is =51

where |- | is the Euclidean norm. In this paper, we shall use a parabolic cylinder of
the form

Qr(&) = Qu(y,s) = Br(y) x (s —r? s +1?)

with center £ =(y, s) €R"™! and radius 7>0, where B,.(y)={x € R" : |z —y| < r}
is the open ball in R™ with center y and radius r. Its parabolic boundary is denoted
by

0,Qr (&) = 0,Qr(y,8) = (aBr(y) X [s —r? s+ r2)) U (B,«(y) X {t =5— 7‘2}) )
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For the sake of simplicity, we abbreviate B;' (y) = B,(y) N {z,, > 0}, B, = B,(0),
and B = B (0). We also write Q, = B, x (—r?,7%), Q;f = B} x (—r?,1?).
In our further considerations, we shall use the notation T, = @, N {z,, = 0} and
T, (y,s) = T, + (y, s). Furthermore, we shall employ parabolic cubes of the form
Cr(&)=Crly,s) i={r eR" : |, —yi| <7, i=1,....,n} x (s — 1%, s +7?)

for ¢ = (y,s) € R and r > 0. B
For a vector valued function f : U — R™, N > 1, we denote f;; by the integral
average of f on U, that is,

fu = fo(z)dz = |%|/Uf(z)dz

We consider the variable exponent p(z) = p(x,t) = p(-) : R"™! — R with

(2.1) 1<y := inf p(z) < sup p(z)=:72 < oo,
z€RnFL 2€RP+1
for some constants vy; and 72, and its conjugate exponent p/(-) = p(’?g—zl. Let

w : R"1 — (0,00) be a locally integrable function, which is called a weight. For
U c R, we define the weighted variable exponent Lebesgue space Lp(')(U, w) to
be the set of all measurable functions g : U — R such that the modular

000 (g) = / 9P (z) dz
U

is finite. Then LPC)(U, w) becomes a Banach space equipped with the following
Luzemburg norm:

(2.2) 191l ro> 00y = inf{)\ >0 0p(y0 (%) < 1} .

If w = 1, we simply write LPO)(U) = LPO)(U, 1), which is the usual variable expo-
nent Lebesgue space. On the other hand, if the variable exponent p(-) is constant,
i.e., p(-) = p, then the space LP() (U, w) coincides with the weighted Lebesgue space
LP(U,w); i.e., its norm becomes the classical norm of the space LP(U, w) as follows:

1
P
19llr @) = ( [ taruta dz) .

We now present crucial conditions on the variable exponent p(-) and the weight
w.

Definition 2.1. We say that p(-) : R"*! — R is log-Hélder continuous, denoted
by p(-) € Pleg(R" 1) if

(2.3) Ip(€) — p(€)] < L
log (e +1/l¢ — )
and o
|p(§) _poo| < my

for all £,€ € R™! and for some po € R and cppg = cru(p(-)) > 0. Here, cpy is
called the log-Hélder constant of p(-).
In particular, if p(-) € Plo8(R"1) satisfies 1)), we write p(-) € PLE(R™1).
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Hereafter, we abbreviate P28 := P?8(R™+1) for the sake of simplicity. We point
out that the condition (Z3)) implies that

1
(2.4) 6(r) log <—) <M, forall 0 <r < oo,
r

where 6(-) : [0,00) — [0, 23] with #(0) = 0 is the modulus of continuity of p(-) with
respect to the parabolic distance d,, such that

(2.5) 0(r) = sup {[p(€) — p(&)] : dy(€,€) <7 and &,€ € R"! ]

and the constant M > 0 depends only on ¢z and 2. Indeed, if d, (¢, E) =7r<r<
1, we have ¢ — €] < 7v/1+ 72 < +/27. Then a direct computation yields

¢ — €]
) T 1n(E) - p(©)] log V.

9(6) ~ p@l1og (1) < 19(6) (@) 7 ) < ) - )10 ( v )

- 1
< 19(6) = (@)t (e +
[y
which implies that
1
0(r)log (—> <crg +2v log\/§ forall 0 <r <1.
T

In addition, from (Z3]) we have

(2.6) [p(€) = p()] < 0(dy(£,€)).

Definition 2.2. For U C R""!, we say that the weight w is of A,y (U) class,
denoted by w € Ay (U), if

[wla,.,w) = sup |C|77 w1 c)llw™ || Lo s w0y < 005
ccu

where C' is any parabolic cube and p¢ is the harmonic average of p(+) over C' denoted

by B
pe = <][Cp(2)‘1 d2> :

In particular, when U = R™*!, we simply write A,y = A, (R™T).

Here, [w]Ap(_)(U) is called the A (.)-constant of w and || - ||L,,/(.>/,,(.)(C) is defined
by [22) with p(-) replaced by p’(-)/p(+). Note that p'(:)/p(-) might be less than one
and, in this case, || - ||L,,/(.>/,,<.)(C) is not a norm but is only a quasi-norm. When
p(-) is constant, i.e., p(-) = p, the A,y(U) class is the ordinary Muckenhoupt class
A,(U), and we have

[w]a,w) = sup (][Cw(Z) dZ) (fcw(z)pl_l dz>p1,

which is the classical definition of the Ap,-constant of w.

Remark 2.3. We adopted parabolic cubes instead of usual cubes in the definition
of Ay class. This is suitable for our problem dealing with parabolic equations.
We also note that the weight w € A, satisfies the doubling property in the same
way as the classical Muckenhoupt weight. On the other hand, we still used the
Euclidean distance in the definition of log-Hélder continuity.
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We suppose p(-) € Pfg and w € Ay and recall the bounded domain Qr =

Q x (0,T]. The parabolic weighted variable exponent Sobolev space sz(’,l)(QT,w) is

defined as

W (@ w) = {g € 0@, w) : |Dgl, D], g1 € L (@, w)}
endowed with the norm
||g||W§(’_1)(QT7w) =191l L0 (@) FIIPI L5 (200) FIDZ G 1603 (00) FN G N 100 (20)

where we abbreviate || Dgl| o) 7)) = 1Dl Lr0) (2 0y a0 DGl 1o (0 ) =
I1D%g[ll Lo (2 ) for the sake of convenience. We also define Wj(’_l)(QT(f),w) and

Wj(l)( T, w) for parabolic cylinders Q,(¢) and Q;F in the same way. In addition,
we denote

W;(l)(QTﬂ.U) = {g S Wj(’l)(QTﬂ.U) g = 0 on apQT} .

We remark that the log-Holder continuity is considered as an unavoidable condi-
tion, because given the variable exponent p(-) with this condition, the properties of
the classical Lebesgue and Sobolev spaces, such as Sobolev embeddings, Poincaré’s
inequality, and the boundedness of singular integral operators are valid in vari-
able exponent Lebesgue and Sobolev spaces. We further discuss weighted variable
exponent spaces in the next section.

The following is our principal assumption on the coefficient matrix A.

Definition 2.4. For §, R > 0, we say that the coefficient matrix A = (a;;) is
(6, R)-vanishing if

(2.7) [A]gr := sup sup ][ |A(2) — Ag, (o] dz < 6.
0<r<R geR™t1J Q. ()

The above condition means that A has a small bounded mean oscillation (BMO)
seminorm. We note that Bramanti and Cerutti [6] showed that if f € LP(Qq) for
any constant p with 1 < p < oo, there exists a unique strong solution u, i.e., a
function u € W2'(Qr) which satisfies the equation (L) almost everywhere in Qp
and v = 0 on 9,07 in the trace sense, whose coefficient matrix belongs to the class of
functions of VMO type. This result can be naturally extended to the same equation
whose coefficient matrix is (d, R)-vanishing for some sufficiently small 6 > 0 and
any R > 0.

Our main result in this paper is the following.

Theorem 2.5. Let p(-) € Pliog with the log-Holder constant cp,g and the modulus
of continuity 0(-), and w € Ap.y. Assume 0 € CH' and f € LPO)(Qp,w). Then
there is a small 6 = 6(n, A, y1,y2, cLm, w,00) > 0 so that if A is (§, R)-vanishing
for some R > 0, the problem ([LI)) has a unique strong solution u € Wi’(%)(QT, w),
and we have the estimate

(2.8) HU”WPZ(»})(QT,@U) < cllfllzeer ()

for some positive constant ¢ = c¢(n, A, v1,72, cLm, 0(-),w, R,Q,T).

Thanks to the linearity of the equation (I.Il), we have a direct consequence of
the above theorem as follows.
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Corollary 2.6. Let p(-) € Pfg with the log-Hélder constant crp and the modulus
of continuity 0(-), and w € Ap(). Assume that 9Q € C*, f € LPO)(Qp, w), and
¢ € W;(l)(QT,w) Then there is a small § = d(n, A, v1, Y2, cLm, [W]w,02) > 0 so
that if A is (6, R)-vanishing for some R > 0, the problem

Uy — aijDiju = f m QT,
u = ¢ on 6pQT

has a unique solution u € Wj(l) (Qr,w) with u — ¢ € Wi(l) (Qr,w), and we have
the estimate

(2.9) ||U‘|W§£}>(QT,1U) <c (||f||LP(~)(QT,w) + ||¢|‘W§(‘})(QT7W)) )

for some positive constant ¢ = c¢(n, A, v1,72, cLm,w, ), R, T).

3. MUCKENHOUPT CLASSES AND WEIGHTED VARIABLE EXPONENT SPACES

3.1. A, class. We introduce the properties of weights belonging to A, class for
1 < p < oo. For their proofs, we refer to [10,23[32]. Let us define

w(B) = [ () de

for a measurable set £ C R"*!, and let U C R"*! be an open set. We first remark
that u € A,(U) if and only if there exists ¢ > 1 such that

(3.1) (4.0 dz)p <o [ rutyes

for all nonnegative measurable functions g and all parabolic cubes C C U. In
particular, the smallest constant ¢ satisfying the inequality (3.1]) is equal to [w] 4, (v)-
Lemma 3.1. Let w € A,(U) for some 1 < p < 0.

(1) There exist positive constants vy and di > 1 depending only on n,p and
(W] a, ) such that

(f wteyen i) T f wya:

for all parabolic cubes C' C U.

(2) We have

for all parabolic cubes C C U and all measurable subsets I of C, where v;
and dy have been determined in (1).

(3) There exist €1 € (0,p—1) and dy > 1 depending only on n,p and (W] A, )
such that w € Ay, (U) with [w]a, . @) < d;.

Remark 3.2. In view of the proofs of Theorem 9.2.2, Theorem 9.2.5, and Corollary
9.2.6 in [23], we see that the constants v4,€1,d;,d; depend continuously on the
values p and [w]4 (1), respectively.

From Lemma 3.1l and Remark 3.2 we have the following lemma.
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Lemma 3.3. Let 1 <y <72 < o0 and Ag > 1.

(1) There exist positive constants vy and Jo depending only on n,~y1,v2 and Ag
such that for any p € [y1,72] and any weight w € A, (U) with [w]a, @) < Ao,

we have
Y2 Vo
L (Y o)y (121
Ao \|C] w(C) IC]

for all parabolic cubes C C U and all measurable subsets E of C.

(2) There exist eg € (0,71 — 1) and do > 1 depending only on n,v1,72 and Ag
such that for any p € [y1,72] and any weight w € A,(U) with [w]a, @) < Ao,
we have w € Ay, (U) with [w]a, . @) < do.

3.2. Weighted variable exponent Lebesgue spaces. We recall basic properties
for weighted variable exponent Lebesgue spaces. The results in the following lemma
can be found in [I7, Chapter 2] by letting (z,t) = t?@w(zx).

Lemma 3.4. Let p(+) : R"™! — (1, 00) satisfy 1) and let w be a weight.
(1) Norm-modular unit ball property:

(3.2) l9l e wwy €1 = 0p()wlg) < 1.

(2) Relationship between norm and modular:

min{(gp(-),w(g))% ; (gp(.),w(g))%}

e 1
(33) < Ngllrs ey < s { (0000(0)) T (0360.0(9))
(3) Hélder’s inequality: For q(-) : R"™ — (1, 00), let % = ﬁ_) + ﬁ). Then
we have
(3.4) 1 £l =) () < 20 e (@) 19l Lat) (U,0) -

(4) Cg2(U) is dense in LPC) (U, w).

(5) LV O(U, w=Y®O=1)) is isomorphic to the dual space (LPO) (U, w))* of the
space LPC) (U, w) in the sense that for g € Lp'(')(U, w1/ PO “we define
Jg € (LPO(U, w))* by

1= [ fods

In particular, there exists ¢ = ¢(vy1,v2,w) > 1 such that

1
E||9||Lp'(z>(U,w—l/w(z)—l)) < HJgH(LPH(U,w))* < C||g||Lp’(-)(U,w—l/@(-)—l))-

We next show two properties of A,(-) class. The first one is duality, and the
second one is monotonicity. Similar results can be found in [I5,[18]. In contrast
with [I5,[18], however, we adopted parabolic cubes in the definition of A,y class,
Definition

Lemma 3.5. Let p(-) € PY% and let U C R™*! be bounded. Then we have the
relation that

w e Ap()(U) <~ w_l/(p(')_l) S Ap/()(U)
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Proof. 1t suffices to show that w € A,y (U) implies w=/®0)=1 € A, (U), since
this means that this reverse is also valid. Suppose w € A,.)(U). Then we will show
that

[w =/ (PO)=1)]

Apry(U)
(3.5) — Sup |C|7(p’)c||w71/(p(')71)||L1(C)le/(p(‘)*l)||Lp<~>/p’<~>(c) < 00.
cc
Here (p')c is the harmonic mean of p’ in C and (p’)c = (pc)’. We first compute
|C|~ e

—(0e _ ||-pel/lpc—1) _ |o|-pc/(E&—1)|y|—Pe@E—pa)/{(PE-1)(pc—1)}
1C| €| €| | -

If |C| > 1 we have
|C\ Jo <|c| pc/(pcfl)
and if |C| = |C,.(€)] = (2r)"*2 < 1 we have from ([2.4)) that

<c

0(2+/27r)(n+2 —1)2
|C‘ —pc pC pC)/{(pc 1)(pc— 1)} < < 1) ( Y(n+2)v2/ (71 )

2r
and so

|C\ e < c|C| —pc/(PE—1)
As for ||w*1/(p(')*1)||L1(C) and [lw!/( ||L,,(.>/,,/<.>(C), we estimate by ([B.3) that

(pE-1)/(p&-1)
oY @OD ey = (/ wl/(p(zw)dz)
C

_ _ _1n1/(pE-1
< max{w(U)(Vz ) 1),1}||w 1||L/p('1<7-c>/p<~)>(0)

and

o _ 12 1 -1
[/ ®0) 1)””(‘)/[),(‘)(0)Smax{w(U)(vz m)/(3—-1) }H HL/l((pC? )

Therefore, we have

—(v — D — D — 1 —1 —_
IC= e =Y EO=D | o o PO iy oy < el ]A/p((”)c " <efu] {7V,

which implies (33). O

Lemma 3.6. Let p(-),q(-) € P8 with 1 < v < p(-) < 72 < 00 and 1 < 3 <
p(-) <ya < oo. Ifp(-) < q(-) and U C R are bounded, then there exists ¢y, > 1
depending only on n,y1,%y2,73, 74 and the log-Hélder constants of p(-) and q(-) such
that

[w]a, W) < ¢mmax {lgfpammtmamie 1} [w] a0, @)-
In particular, if q(-) is a constant function, then the constant c,, depends only on
n,71,v2 and the log-Hélder constant of p(-).

Proof. For a parabolic cube C' = C,.(§) C U, we first observe from 3] and (3.4)
that

IN

™ oy /a2 (0 20w oy 000 ()| )

_ N -
2||w 1||LP’(~)/1J(4)(C) max{|C\1/Sc’ |C|1/Sc} 7

IN
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where s(-)~! = ¢(-) — p(+). Note that if |C| > 1 we see that

max {|C|1/sg7 |C|1/35} |C[Pe—1c < |OpE—Potib—tc < |y mtiem
and if |C| = (2r)"*? < 1 we see that

max{|C‘1/s$’|C|1/s5}|C|pc—qc < |C|—(pé—p6)_(qg_q5)

< ¢

1 (65(2v2r)+64(2V/2r)) (n+2)
()
where 6, and 6, are the modulus of constant of p(-) and ¢(-), respectively. Therefore,
we have
|CI79 flwl| Lr ey ™ o sacr oy
< maX{|O|1/Séa |C\1/SE} |C[Pe=9e|C17Pe Jwl| iy lw™ I Lo errner ()
< cmax {|U[27 11479 1O lwl| Loy lw ™ | por o rmer (-

This implies the desired result. O

The following lemma plays a crucial role in Sections [ and

Lemma 3.7. Let p(-) € Pliog, let w e Apyy, and let U C R+ be bounded. There
exist ’?0 = ’70(77‘7717’}/27CLH7 [U}}AP(_)) € (1771) and ¢ = c(n7/y177270LH7w7U) >0
such that

(3.6) £l 230 0y < el fll oo ()

Proof. We extend f from U to R"™! by zero. Let C' = C,.(¢) be a parabolic cube.
We first note that if |C] < 1 we have from Lemma that w € A,(C) with
[w]q(U) < emfw]yey for all ¢ > p(-) in C and for some ¢, = cm(n, 71,72, CLH)-
Therefore, since pf, > p(+) in C and 1 < pf; < 72, applying (2) of Lemma to
Ay = cm[w]Ap(_), there exists ey = €o(n, V1, V2, cLm, [w]Ap(_)) € (0,71 — 1) such that
w e Apg_ (C) for all parabolic cubes C' with |C] < 1, where [w]ApgieD(c) depends

€0

only on n,y1,72,crm and [w]a, .
We now consider parabolic cubes C' such that

(3.7) IOl =(2r)"™ <1 and 6(2v2r) < %’
Note that pl, — €9/2 < p(+) in C. Moreover, we infer from (B3] and ([B4) that
||f||LpéfeO/2(Cyw) < 2“1||L(l/(pgfeo/’.’)fl/p(-))*l(C7w)||fHLp(')(C,’LU)

1 1 1

1 1 1 1
< 2max{w<0>%fo/2 " w(C) el PC}||f||Lp<->(c,w)

IN

2max{w<0> & w(C) E}w(cvé-w||f||m-><c,w>

1

2 max {w(C)—W, 1} W(C) e ||l oty

IA
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and from (B0 that

an \"T0
n
fanie ) <l [l as,
c w(C) c
Consequently, letting
- V2—60/2 €0
38) 0 Y2 — €0 +2(72—€0)
we have
pE—<0
_ % pg+7eo/2 pé—eO/Q
<]/ f|v0d2> = ]/ f] e dz
c c
1
< ol max {w(C) W 1} £
= Apl—€o(C) ’ LrO) (Cow)>
and hence,
T 1
pPN—€n/2 _ 1
B9 Wl <205, 0 max {w(©)7F T} 1o e

for all C satisfying (B7). By a standard covering argument, the desired estimate
B9 follows from the previous estimate (9. O

4. COMPARISON ESTIMATES

We start this section by recalling the interior and boundary a prior: WqQ71—
estimates and the global qu’l—estimates in a C1! domain that have been proved
in [6].

Lemma 4.1. Let 1 < ¢ < co. There exist a small 6 = 6(A,n,q) > 0 and ¢ =
c¢(A,n,q) > 0 such that the following hold for any fized r > 0 :

(i) (Interior estimates) If A is (6, 2r)-vanishing and f € LY(Q2,), then for any
strong solution u € qu’l(Qgr) of

uy —aijDiju=f in Qoy,
we have the estimate

1
luellzac@,) + 1D*ull Laq,) < ¢ <||f|L‘1(Q2r) + T—QIIUIILqu)) :

(ii) (Boundary estimates) If A is (0, 2r)-vanishing and f € L9(Q3.), then for
any strong solution u € WqQ’l(Q;n) of

_ ; +
u —aijDigu = f  in Q3
u = 0 on Ty,

we have the estimate

1
il gty + 10?0l oo < <||f||Lq<Q;,) " T—Znuuq@;)) .
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Moreover, let 9Q € CYL. Then there exists a small 6 = §(A,n,q,9Q) > 0 such that
if f € LYQr) and A is (9, R)-vanishing for some R > 0, then the problem (1))

o
has a unique strong solution u € W?]’I(QT), and we have the estimate

(11) el am < lfllzagen,
for some ¢ = ¢(n, A, q,Q, R, T) > 0.

We next derive the comparison estimates in L? spaces with 1 < g < oo by using
a compactness argument. These estimates play crucial roles in the proofs of the
interior and boundary a priori W;(’Al)—estimates in Section @ In what follows, we
denote by ¢ any positive constant depending only on n, A and ¢, which may vary
from line to line.

We first prove the Poincaré type inequalities in Sobolev space un.

Lemma 4.2. For any 1 < q¢ < oo, let h € Wf’l(Q4). Then there is a positive
constant ¢ depending only on q and n so that

(4.2) ][ h—Tig, — (Dh)g, - 2l7dz < c]f (Jhel? + |D?R]1) dz.
4 Q4

Proof. We argue by contradiction. Suppose that (£2)) is not true. Then there exists
a sequence {hy}p2, in W2 (Qy) satisfying

(4.3) ][ i — s — (Dha)g, - 2ldz > k][ (1(hi)el? + |D?hy|9) d.
Q4 4
By normalization, we may assume that

][ i, — Trng, — (Dha)g, - aldz =1,

4

and then the inequality (@3]) implies that
1
F (e + 1Dhul) dz < .
Qa
Now let us consider hy := hj, — h_kQ4 - (th)Q4 -x. Then it is easy to check that

(4.4) ]l hidz = 4 Dhydz = 0,
4

. - . 1
(4.5) ][ hel9dz =1, and ][ (\(hk)t|q+|D2hk|q) dz< <1

In addition, we use the interpolation inequality (see [4, Theorem 5.2]) for each time
slice By x {t} with ¢ € [-42, 4%] to obtain

/ |Dhy|9dz / c</ |i€k\qu+/ |D2Ek|qu>dt
4 [742,42] B4 B4
(4.6) = c</ \ﬁk\qdz+/ |D2Bk|qdz),

4 4

and in turn, it follows from (£3]) that

IN

(4.7) / |Dhy|9dz < c.

4
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In view of @) and [@71), we then see that {h;}2, is bounded in W2 (Qa).
Therefore there exist a subsequence of {h;}32,, which we still denote by {hs}32,,
and a function h € W' (Q4) such that

hie = h  weakly in W21(Qu),
. - k .
{ hi — h  strongly in LY(Q4), as Koo
Then we infer from (X)) that
(4.8) ][ |h|%dz =1 and h; = D?h = 0.

4
So we can write h = c1 - x + co for some constants ¢; € R™ and ¢o € R. However,
it follows from (4] that
c = Dhdz =0 and 02:][ hdz = 0.
Qa 4
In turn, we see that h =0 in 4, which is a contradiction to the first equality in

E@3). O

Lemma 4.3. Foranyl < g < oo, leth e WqQ’l(QI) with h =0 on Ty. Then there
is a constant ¢ depending only on q and n so that

(4.9) ][ |h = (Dph)g+an|'dz < c]l (|he|* + |D?h|?) dz.
Qf ! Qf

Proof. Suppose that ([@9) is not true. Then there exists a sequence {hj}72, in
qu’l(QI) with h, = 0 on Ty such that

(4.10) ][ \hk—(Dnhk)Q+:En\qdz>k:][ (1(hi)el? + |D?hy|?) d.
Qf * Qf

4

By normalization, we may assume that

]ZQ+|hk - (Dnhk)QIxn|qu =1.
4
Then the inequality ([@I0) yields

1
£l + 10l dz < 1.
Q+

4

Setting hy == hi — (Dnhk)QIxn, we then easily see that

- - - 1
(4.11) ][ hpl?dz=1 and ]1 (|(hk)t|q + \DQhk|q) dz < — < 1.
Qf Qf K
In a way analagous to how ([{1) was deduced, we can infer from (@11l instead of
@4 that
(4.12) / |Dhy|9dz < c.
Qf

We also know that

(4.13) +Dnhkdz = ][ . (Dnh/C — (Dnhk)QI> dz = 0.
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From (&II) and @I), we see that {hg}32, is bounded in W(?’l(ij), and so
there exist a subsequence of {h;}22,, which we still denote by {h;}22,, and a
function h € W21(QF) with h = 0 on Ty such that

{ /:11@ —~h  weakly in W2 Q1), as ko o0

hi — h strongly in Lq(QI)v

For 1 < i < n —1, since Dihy, = 0 on Ty, we apply the standard Poincaré
inequality for each time slice of @} in order to discover that

f%

as k — oo, which implies that

~ q ~
Dihk} dz < c][ |D?hy|dz = c][ |D?hy|dz < N
Qf Qf K

D;h = 0.
Furthermore, it is easy to check from ([T that

(4.14) f |h|%dz =1 and h; = D*h =0.
Qf

So we can write h = c1xy + co for some constants c¢1,co € R. However, since h=0
on Ty, we have ¢ = 0, and then by ([{I3]) we see that

c1 = DniLdz =0.
QT

Therefore, we finally have h=0in QZ, which is a contradiction to the first equality
in (@I4). This completes the proof. O

Let us now derive the following comparison estimates.

Lemma 4.4. Let 1 < g < co. Assume that B = (b;;) : R"1 — R"" satisfies the
uniform parabolicity condition (L2). For anye € (0,1), there is § = 6(e,n, A, q) > 0
such that the following hold:
If B is (6,4)-vanishing and h € qu’l(QAL) is a solution of
(415) ht - b”D”h =g m Q4
satisfying
][ (|he|*+ |D?*h|7) dz <1 and ][ lg|%dz < 6,
4 4

then there exist a constant matriz B = (b;;) with |Bg, — B||L00(Rn+1) <e€anda
solution v € W' (Qu) of

(416) Vg — BijDij'U =0 m Q4

satisfying

(4.17) ][ (Joe]? + | D20|7) dz < 1
Qs

and

/ |h — hg, — (Dh)g, - & —v|%dz < e.

4
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Proof. We argue by contradiction. If not, there exist ¢¢ > 0, h; € W(IQ’I(Q4),
g1 € LY(Q4), and B; = (béj) : R 5 R™@7 where | = 1,2,..., such that B; is
uniformly parabolic with the parabolicity constant A satisfying [B;]s < %, which
implies that
— 1
(418) ][ ‘Bl - B1Q4\dz S -
Q !
and hy € W}'(Q4) is a solution of

(h)e — by Dijhy =g in Q4

satisfying
1
(4.19) ][ (1(h)el? + |D?hi[7) d= < 1 and ]f lg9dz < 1,
Qa Qa !
but
(4.20) / | — hug, — (Dhi)g, -« — v|%dz > €,

4

for any constant matrix B with |Bg, — B||Lm(Rn+1) < ¢ and any solution v €

W2L(Q,) of [@I6) with [@IT).

By virtue of the uniform parabolicity on B; and (£I8]), we infer that

- , — 2A)4 1
][ ‘BZ—B1Q4‘q dZS (2A)q 71][ |Bl—BlQ4|dZ§ %,

4 4

where ¢/ = ﬁ. On the other hand, it is clear that {EQ4}?§1 is bounded in R"*",
and so it has a subsequence, which is still denoted by {B;g, }, such that

(4.21) Big, — By in R as | — oo,
for some constant matrix By = (b?j). Therefore it follows that
(4.22) B, — By in LY(Q4) as | — oo.

Let us now consider v; := hy; —h_lQ4 — (Dhy)g, - x. Then we see from Lemma [£.2]
that
(4.23)

][ v ?dz < Cf (|(v)e]* + | D*v|?) dz = C][ (I(h0)e|* + |D*ly|?) dz < c,
4 Q4 Q4

where the last inequality follows from (@I9). Moreover, in an analogous way to
([#34), the interpolation inequality leads us to get

/ |Dvi|9dz < ¢ (/ |v|9dz +/ |D2vl|qdz) ,
Q4 Qa Q4

and then it follows from (23] that

(4.24) / |Dv;|%dz < c.
4
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Therefore, in view of @.23) and [24), we see that {v;}72, is bounded in W>'(Q4),
and so there exist a subsequence of {v;}?°,, which is still denoted by {v;};°,, and
a function vy € W2'(Q4) such that

as | — oo.

N : 2,1
(4.95) { vy = vy weakly in W2 (Qa),

v — v strongly in LI(Qy),
From @I9), #22), and [@25), we observe that vy € W2 (Q4) is a solution of
(’Uo)t — b?jDijUO =0 in Q4

satisfying
(4.26) ][ (|(v0)¢|* + | D?wo|?) dz < lilrninf][ (|(v)e|? + [D*0|?) dz < 1.
4 7 JQu
However, it is a contradiction to ([20). This completes the proof. O

Corollary 4.5. Under the hypotheses and conclusion of Lemma B4, we have
][ (I(h = 0)il? + [D2(h — 0)|7) d= < .
1
Proof. From the assumptions of Lemma [£4] we see that

(4.27) ][ lg|%dz < § and ][ B — Bg,|dz < 4.

4 4

Apply Lemma (4] with any x > 0 in place of € in order to find a constant matrix
B = (b;;) with [|Bg, — B[ ®n+1) < & and a solution v € W24(Qy) of (@I6) such
that

(4.28) ]l (Jve|? + |D?*v|) dz <1 and / |h — hg, — (Dh)g, -z —v|%dz < K
4

4

by taking & = §(k,n,A,q) > 0 sufficiently small. Then we use the local estimates
on derivatives of solutions to the equation (AI6) (see Theorem 9 in [21I] page 61])
to obtain

(4.29) [0el|7 o () T \|D2U||qx(Q2) < c][ (Joe]? + [D20]7) dz < c.
4
Setting h := h — hg, — (Dh)q, - © — v, one can readily see that h € W2 (Qy) is
a solution of

he — bijDijh = g+ (bij — bij)Dijv  in Qu.
Then Lemma 1] gives

g—|— (bz] bij)Dijv

(4.30) fl(ﬁtuw?m‘z) dz§c<]l 2 - qdz+][ 2|7quz>

if we take 6 = (k,n, A, q) > 0 sufficiently small.
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In view of (A27)-@30) and (L2), we consequently deduce that

]l (|( — )" + |D2(h—v)|q) dz:][ (1Rl +|DRI*) a2
Q1

( qdz—I—f |/~1|qdz)

2
. |4
( lgffd=+ ||D2”||L°°<Q2)][Q }B B B‘ dz R)
4

bij)DijU

_ — ~ |9
otz +2 1][Q (IB-Ba.|"+ |Bo. - B| )dz+m>
4

<c|d+ (4N~ 1 |B—§Q4’dz+2qlfiq—|—li)

where the elementary inequality (a+b)% < 28~1(a® +b7) for any a,b > 0 and 8 > 1
has been used in the third inequality. Hence, the proof is completed by choosing
k=k(e,n,A,q) >0and § = d(e,n, A, q) > 0 small enough so that ¢(d+ k) <e. O

The following is the flat boundary version of Lemma 4] which will be proved
by the same argument as in Lemma 4] with Lemma [£.3] instead of Lemma

Lemma 4.6. Let 1 < g < co. Assume that B = (b;;) : R"™! — R™ " satisfies the
uniform parabolicity condition (L2). For anye € (0,1), there is § = §(e,n, A, q) > 0
such that the following hold:

If B is (6,4)-vanishing and h € W2(QY) is a solution of

ht — bijDijh = g mn QI,
(4.31) { h = 0 on 1T
satisfying
][ Ihel? + |D2h|%dz <1 and lgl7dz < 5,
Qf QF

then there exist a constant matriz B = (b;;) with HEQ?{ - EHLoo(Rnﬂ) <eanda
solution v € W2 (QF) of

’Ut—BijDijU =0 mn QI,
(4.32) { v = 0 on Ty
satisfying
(4.33) ][ |vg|9 + | D?v]9dz < 1
Qf
and

/+ |h—( nh)erﬂCn —vlldz <e.
4

Proof. We argue by contradiction. If not, there exist ¢ > 0, h; € W(IQ’I(QI),
g € LYQf), and B; = (béj) : R — R™X™ where [ = 1,2,..., such that B;
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is uniformly parabolic with the parabolicity constant A satisfying [B;]s < %, and
hi € WEH(QY) is a solution of

(h)e =;Dijly = g in QF,
hl = 0 on T4
satisfying
1
(4.34) ][ |(h)¢]? + |D?*Ry|%dz <1 and ][ lgi|9dz < 7
QF Qf
but
(4.35) / |hi = (Dnha) g+ an — v|%dz > eo,
Qf !

for any constant matrix B with HEQI - B||L00(Rn+l) < ¢ and any solution v €

W2HQF) of @32) satisfying ([E.33).

From the condition [By]4 < }, a simple computation gives

][Q+|BZ—EQ;;|dZ < 2][ [Bi — Big,ldz + [Bigy — Big,|
4

4

(4.36)

IN
—1

2][ |BZ_EQ4|d'Z+2][ |BZ_EQ4‘dZ§
4 Q4
By the same argument as in ([{.22]) along with (£36]), we deduce that
(4.37) B, — By in Lq'(QI) as | — oo (up to subsequence),
for some constant matrix Bo = (bY;).

We now set v; = hy — (Dnhl)QIxn. It is clear that v; € W(IQ’I(QI) with v; = 0
on Ty, and then Lemma (4.3 implies that

Foguts = cf o+ Dt

4 Q4
(4.38) = c][ +\(hl)t|q—|-|D2hl|qdz < ¢
4

where the last inequality comes from ([@34]). In an analogous way to (£24) with

#38) in place of (23], we also have

(4.39) / |Du|%dz < ¢ (/ lv]9dz +/ |D2vl|qdz> <ec.
Qf Qf Qi

4
In turn, it follows from @34), @3Y), and (@39) that {v;}7°, is bounded in
qu’l(QI). Then there exist a subsequence of {v;}7°,, which is still denoted by
{vi}2,, and a function vy € W2 (QY) such that

as | — oo.

N - 210+
(4.40) { v —wvy  weakly in W2H(Qy),

v — v strongly in LY(QY),
By (EZA), @3D), and @0), it is easy to check that vy € WP'(QF) is a solution

of
(UO)t — b(i)jDijUO = 0 iIl QI,
v9 = 0 on Ty
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satisfying
(4.41) ][ I(vo)|? + | D2vo|7dz < liminf][ \(v0)e]? + [D?wi]7dz < 1.
However, this is a contradiction to (A35)). This completes the proof. O

Corollary 4.7. Under the hypotheses and conclusion of Lemma 6], we have
][ ((h = v).|7 + [D2(h — v)[9dz < e.
Qf
Proof. We proceed as in Corollary with Lemma in place of Lemmal[f4l O

5. LOCAL ESTIMATES

In this section, we establish interior and boundary a priori weighted W;(’,l)-
estimates, which are a core part of the proof of our main result, Theorem
The following is the main theorem in this section.

Theorem 5.1. Let p(-) € Pfg with (211), let the log-Holder constant crg > 0, and
let the modulus of continuity be 0(-), and suppose w € Apy. Then there exists a
small po = po(1,71,72,cLr, [w]a,.,) € (0,1) such that the following hold:
For any p € (0, pol, there exists a small § = 6(n, A, y1,72, cLm, [w]a,.,, w(Q4p)) €
(0,1) such that:
(i) (Interior estimates) If A is (,4p)-vanishing and f € LPC)(Q4p,w), then
for any solution u € Wj(’_l)(Qz;p,w) of

ug — aijDigu=f  in Qup,
we have

tILr()(Q,,w) 2U||Lp<~>(Q )
e | pawy T 11D ,

_ (nt42)vo

1
(51) S cp m <||f||LP(')(Q4p7w) + p_2|u||LP(')(Q4p,w))

fO'I" some ¢ = C(’I’L, A7717 Y2,CLH, [’LU]AP(_) ) w(Q4p)) > 1.
(ii) (Boundary estimates) If A is (9,4p)-vanishing and f € Lp(')(Qip,w), then
for any solution u € W;(})(Qip,w) of
(5 2) Uy — aijDiju = f m Qip’
’ u = 0 on Ty,

we have

el o> 0t oy + 1P* 0l 1oy (0 o
Qs w) (Qp ,w)

_ (nt2)7yo

1
(53) <o (Il + a1l )

fO'I" some ¢ = C(’I’L, A7717727CLH7 [w]Ap(.)aw(Qle)) > 1.

Since the proof of the interior estimate (5I)) in Theorem BTl is analogous to that
of the boundary estimate (5.3)) in Theorem 5.1l we shall only establish the boundary
estimate (B.3). We divide the proof of the boundary case into several subsections.
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5.1. Setting and notation. We first take pg as follows. Recall that
€0 = €o(n,71,72: e [wla, ) € (0,7 — 1)
determined in (2) of Lemma with Ag = ¢p[w] Ay, Without loss of generality,
we assume that
2
(5‘4) €0 S %
Then we take pg > 0 to be the largest number satisfying
1 . 71€0 €0

(55) Po < §7 |C4p0‘ < 17 and 9(8\/§p0) < mln{m, Z, 1} .

From now on, we fix p < pg and suppose that A is (d, 4p)-vanishing, where § > 0
will be determined later; see Remark 5.4l Setting

p~ = inf p(z) and pt:= sup p(z)
Z€Q2+p zEQ;rp
and recalling 49 = 1 + m <7 in B8) of Lemma 37 define
L+% €0 4y2 — 3eo
5.6 = — = 1 + = .
(56) 7 2 4(y2 —€) 412 — o)

Then we see that

<y <Fo<m<p <ph<ym<+oc.
Moreover, using the restriction 6(4p) < 6(4pg) < min{Q”YY;iOeo7 @, 1} as in (5.1,
along with (54)), we obtain that

z 0(4 € N
D 7 272 — €
and
4 —€0)p~ - €op~
ot = pto Me—e” pm o e P
4v2 — 3€o Yo dy3 —3€0 Y0
€072 D € , €0 , D
< f4p)+—2 4T <242
< (p)+472_360+70 <ty +70 €0
-
5.8 < —.
(5:8) Yo
To simplify the proof of (B3], we assume that
(5.9) Hf||Lp<~>(Q4+p,w) <1 and ||U||Lp<»)(QIp,w) <0’
and then show that
2 _ (nt+2)vo
(5.10) HutHLP(')(Qjm}) + D UJHLP(»(Q;M) <cp M

for some ¢ = c(n, A, y1,7%2, cLm, [w]a, ), w(Qs)) > 1. In fact, by virtue of the
standard normalization argument, defining

B u
u = 1
1l o0r @1y + 72 0l o) (0 )
and f
[ ’

||fHLp<->(QL,w) + plz”“HLPM(QIp,w)
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for w and f given in Theorem [B.1[ii), we have that

3 . 2
||f||LP(-)(QIp7w) <1, ||uHLp(-)(ij,w) <p
and @ is a solution of
i —ai;Diji = f in Q1
i = 0 on Ty,

Then (EI0) implies that

_ (n+42)7o

el Lo (o wy T HDQQHLP(-)(Q;,U,) <cp

which means the desired estimate (B3]). Therefore, from now on, we prove the
estimate (B.I0), instead of (5.3)), under the additional assumption (5.9]).

We remark that in view of Lemma [B.7] especially ([89), we have from (5.9) and
the restriction |Cy,| < |Cup,| < 1 and 6(8v/2p) < 0(8v2pp) < L in (E5) that

(5.11) ”fHL’Yo(QIp) <c¢ and ||u||L’Yo(QIp) < cp2
for some ¢ = c(n, 71,72, [w]a,,, w(Qsp)) > 0. Therefore, recalling (ii) of Lemma
[T we see that
||Ut||mo(Q2+p) + ||D2u||mo(Q:;p) <
and hence, it follows from (B3] that

(5.12) / lug| 0 dz + / |D?ul dz < ¢
Q+ +

2p 2p

for some ¢ = c(n, A, 1,72, cLm, 0(-), [w]a, ., w(Qsp)) > 0.

Hereafter, in this section, we denote by the letter ¢ any positive constant de-
pending only on n, A, y1,72, cLu, [w]a,,, and w(Q4,), and it is possibly varying
from line to line.

5.2. Covering argument. Let us define
yop(2) yoP(2) 1 yop(2)
(5.13) Ao ::][ N {|ut| v— + |D%u| +S(|f P +1>]dz>1.
2p

We choose any s1,s2 with 1 < 57 < s9 < 2, and for A > 0, define the upper-level
set

~op(2) Yor(2)
(5.14) E(\) = {z € Qf , : lu(2)] o+ |D?u(z)| >~ > )\} .

Using a stopping time argument and the Vitali covering lemma, we will find an
appropriate covering of the upper-level set E()), where ) is large enough so that

240 )"*2

S2 — 81

(5.15) A > A)g, where A := <

For each £ € E()), define a continuous function @, : (0, (s2 — s1)p] — [0,00) by

F0P(2) YoP(2)

9 Yop(2) 1
D, (1) ::]l lug] »= 4+ |D%u| »= 4+ 5|f| »~  |dz.
QF(©)
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Note that Q1 (£) C Qf,, C Q;p for 7 € (0, (s2 — s1)p). Then, for any £ € E(\) and

any 7 € [%,( S2 —sl)p} , we have
202(2) ppG) 1 20pG)
ver) = f (Wl 02
QF(©

I =) ) )
< Bl L (i b )‘“
Q)] oz,

2p n+2 y0P(2) yop(2) vop( 2)
(_) ][ fuel =+ [DPul e —| e
T Q+

2p

240 n+2 Yop(2) Yop(2) 1 YoP(2)
( ) 7[ <|ut| DMl S )dz
82 — 81 QT Y

2p
< Al <)

where the inequalities in the last two lines come from (BI3) and (GI5). On the
other hand, Lebesgue’s differentiation theorem leads us to obtain

wop r(z)

1 20
S S

=t (1

for almost every £ € E()). Hence, for almost every £ € E(\), there exists

(s2 —s1)p
Te € (O, 120

De(re) = A and De(r) < A, forall 7 € (7¢, (s2 — 51)p).

)dz>)\,

such that

According to the Vitali covering lemma, we consequently find &8 € E()\) and
T 1= Ter € (O %) k=1,2,..., such that the family of parabolic cylinders

{ij (fk)};il is mutually disjoint and satisfies the relation

(516) U Q5Tk Szp’
except a Lebesgue measure zero set. Note that for each k we have
(5.17) Per (1) =X and P (1) < A, forall 7 € (7x, (52 — 51)p)].
Lemma 5.2. Under the above settings, we have for each k =1,2,...,
2¢c,
w(Cr, (€Y)) < T
Yop (=) 5 d0r(z) pt—co
<\ [ o (™ D2 w(z)dz
QL € )N{lw] P~ +[D%u| T >z}
yop(2) P —co
(518) +/ yopr(2) . ( 1|f| P ) U)(Z) dz s
QL (M n{Ifl »~ >}

for some co = ca(n, 71,72, cLm, [w]a,.,) > 1.
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Proof. By the first equality of (517, we have

2”+1 y0P(2) 9 yoP(2) F0P(2)
N @ g (0 PP G
Tk

Since w € Ap+_ ¢, (Q4p), we apply (BI) to obtain

+
p(2) 70p(2) —¢o
C, (%) < —‘a / 4 D? d
w(Cr, (£7)) < AereOl ot 6 |lug] »= 4+ [D%ul »~ w(z)dz

Y0p(2) p+*€o
(5.19) + STHF w(z)dz|,
QF, (€%)

for some ¢, = cq(n, 71, V2, cLu, (W] a p())>1 Note that
vop(z vop(2) ph—co
Lo (1l 0™ ) e
Qi’k( k)
0p( 9 ’YOP(Z) P —¢o
< / e e el + (D) w(z) dz
QL (€N {luel P~ +[D2u| pT >3-}
APt —eo
C,, (€F
(O (€)
and
N
yopr(2) P —€o
/ ( e ) w(z)dz
QY (&F)
1 wop( ) +_60 )\p+_€0 k
S/ ~vop(2) Ifl » w(z)dz + 1 w(Cry (€7)).
QF (€)N{If] »~ >R} Ca

Therefore, inserting the above two inequalities into (5.19)), we conclude the desired

estimate (B.I8]). O

Now, we seek comparison estimates on each cylinder Qs,, (€F). We first divide

the covers Qs,, (€F), k = 1,2,..., into two cases: the interior case Bao,, (y*) C Bf,
and the boundary case Bgo-,—k( ) ¢ Bf, . ie., Bogr, (yF) N{z € R" : 2, < 0} # 0,
where ¢¥ := (y*,s*). In particular, for the boundary case, we can find a point

¢k .= (§*, s*) where §* € B, ,(0) N {z € R : z,, = 0} satisfying |y* — §*| < 2074

Lemma 5.3. Under the above settings, the following hold:

(a) (Interior case) If Baor, (y*) C B, ,,
(5.20)

][ (Jue|™ + [D?u| ™) dz < coX?t and ][ |f7°dz < co)\ﬁé%,
Q207 (§%) Q20r, (§F)

we have

for some co = co(n, A, y1,7%2, cm, [wla, ., w(Qap)) > 1. Moreover, for
any € € (0,1), there exist 6 = d(e,n, A, v1,72, cLm, [w]a,,) > 0 and vy, €
W2 Q207 (€7)) N W3 (Qs5r, (€7)) such that

p_
¥
k

(5.21) ][ (J(u = vi)e| ™ + |D*(u — vy)|°) dz < ecoA ™
Q'ﬁ‘rk (§k)
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and
Yo 2 o < f}_;
I [ O - @”)._cpxk7
for some c1 = c1(n, A, v1,72, com, [w]a Ap(y) w(Qap)) >
(b) (Boundary case) If Baor, (y*) ¢ BY,,, we have
(5.23)
(w4 |D*u?) dz < coA7h and _|fPede < Cz/\ﬁ(s%,
Qioor, (€9) Qioor, (€F)
for some ca = ca(n, A, y1,7%2, crm, [w]a,.,, w(Qap)) > 1. Moreover, for
any € € (0 1), there exist 6 = 6(e,n, A, y1,72, cLm, [w]a,.,) > 0 and vy €
W21(Qoor, ENnwz 2 Q%5 (&%) such that
(5.24) ][  (w = vg)e + |D?(u — o)) dz < 662/\_;:
Q35 (€%)
and
P
5.25 v )| + || D?wg || < c3APE
525 N gy ¥ ”m@wxm—3
for some c3 = c3(n, A, v1,72, cLm, [w]a Apcyr w(Qap)) >

Proof. Let us first consider the interior case (a) Baor, (y*) C BY,,. One can easily
see that
2071, < (s2 — s1)p < po and By, (¥*) C B;';p

For the sake of simplicity, we write

5.26 P, = inf  p(z) and pf = sup  p(z),
( ) g #€Q207, (€%) ) g 2€Q20r,, (€%) =
and then it follows from (2.6]) that

(5.27) py —py < 0(407).

From (53] we know that 407, < 1, (407%) < 1 and |Q20-, | < 1. Using these facts,
along with (512) and (B21), we deduce that

P —pi
][ (Juel® + | D%uf) d
Q207‘k (gk)

p_pk
1 / - 9 15
< | — w|7° 4 | D2ul" 4 2) dz
M@M@QC&(” 1D )]

1 0(407y) 1 (n+2)6(407%)
5.28 <el—" <el— <e
(5:28) Q@m@w> . @w> :

where the last inequality comes from ([24]). In an analogous way to (528)), we can

obtain from (24, (&I11)), and (@27) that

i —py
<][ | f|7° dz) <e.
Q20r,, (€F)
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According to Hélder’s inequality with facts v < pg and p~ < p,, we then infer

from (BI7) and (B2]) that

Py
p+
][ (Ju® + |D?u[*) dz < e ][ (Jue® + |D?u[?) dz| "
Q207 (€F) Q207 (€F)
Y0P Y0Py E
Scf Juel 7=+ |D?ul ) dz
Q207 (€%)
P
PZT p_
< < c)\PL

Y0P(2) 9 F0P(2)
c ][ lug| »= 4+ |D%u| »= |dz+2
Q20r,, (€F)

and moreover, using the same argument as above, we also deduce that

P
yop(2) ”k+
][ |f]0dz c f Ifl »= dz+1
Q207 (€%) Q207 (€%)

o
Pk

IA

P o
< APk 2,

IN

c(OA+1)

where the last inequality comes from the fact that 1 < dA\g < dA, which is induced
by (513) and (BIH). In turn, the desired estimate ([5.20) follows.
We now rescale Qao, (£F) to Q4 by setting

u (57(& — y* T2(t — s
hk(g) — (5 k( Y )725 k(tl ))’ gk(g) .— - ,

=\ 70
2572 (coz\’%)

(b5:(2)) = Bi(2) == A (57(% — o), 2572 (E — s¥)),

for Z := (Z,t) € Q4. By a straightforward calculation, one can check from (L2,
the (9, 4p)-vanishing condition of A, and the above resulting estimates (5.20) that
By, also satisfies ([L2]) with A(z) replaced by By(Z):

and

By]s <0, f WMM%+W%WQMSLzm1fI%W&Sﬁ?

Qa Qa
Besides, hy, € Wp2(1) (Qs,w) C W2(Q4) is a solution of
(5.29) (hi)e — b;Dijh = gr  in Qu.

Therefore, applying Lemma [£4] and Corollary to the equation (5.29) with B,

¢, and ¢ replaced by By, 70, and 5%, respectively, we obtain that there exist a
constant matrix By = (bfj) and a solution o € W2'(Q4) of

(’[)]c)t — B?jDijqjkr =0 n Q4
satisfying
][ (|(hk — ﬁk)tpo + |D2(hk — @k)"‘/o) dZ S €
1
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and
f (|(Te)e + |D?0g°) dz < 1
4
by choosing sufficiently small 6 = §(n, A, y1,72,6(-)) > 0. Moreover, we also have
Nl ) + 1D%Tl e g <

Therefore, letting

1

e\ 1 1
v (2) := 2572 | coATx <y + ﬂx s* + 9572 >
T

for all z = (z,t) € Qa0r,(£¥), we conclude that vy is in Wf{;l(ngm ()a
W21(Qs,, (€F)) and satisfies the estimates (5.21)) and (5.22)).

Next we deal with the boundary case (b) Baor, (y*) ¢ BJ,,. Note that |y*—g"| <
207;. From the fact that 1207 < (s2 — s1)p < po, it is clear that

(5.30) Bs. (") C BQ5Tk( M) c B1007k( M) c BEOTk( ¥y c B},

S2p°

‘We abbreviate

(5.31) Py = inf _ p(z) and p} = sup  p(z).
2€Q100-, (6%) 2€Q o0, (%)

We also get from (26) that
pi =y, < 0(2007y).

We recall (5I7) to discover that

'YOP 2 P
][ (|ut| - +1|D u| ) dz <X\ and dz < 0.
Q1F207']C (ék) QlQOTk (5 )

By means of (530]), we then obtain

0P (=) 20P(2)
][ <|ut| v 4 |D%u| ) dz < 272\
Qfo0r, (€%)

][ Qioor, (€9)

Using an analogous argument to the above interior case (a) by taking into ac-
count ([B.3T)), the previous two estimates, Lemma L6l and Corollary 7] in place of
(26), (5I1), Lemma 24 and Corollary 5] respectively, we can derive the desired
estimates (5.23)) and find the desired vy, satisfying (5.24) and (E25). O

and

Yopr(2)
v dz < 2"

5.3. The proof of (I0). For constants ¢; and c3 given in Lemma [53] let us set

(5.32) K = (2"’0_104)% where ¢4 := max{cy,c3}.
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Recalling the upper-level set (B.14), an elementary calculus yields

/ (\ut\p(z) + |D2u|p(z))w(z) dz
+

s1p
SC/
Q

_ ﬂf(%/ N Lw(B(KN)) dA
Y0 0

20p(2) op(2) 2_
(|ut| r— 4 |D%u| )WD w(z) dz

+
s1p

A)\() — o0 —
< c</ A5 Lw(B(KN) dA + Ai—o—lw(E(KA))dA>
0 AXo
(5.33) < c<(AAO)”v—ow( ;p)+/°o A’%—o—lw(E(m))dA) = (L, + L)

AXo

Taking into account the definitions of A\g, A, and K in (513)), (E15), and (532),
we deduce from (£.7), (510)), and (5I2) that

cw(QF p(2) 0p(2)
L < %[ <|ut|”§f + | D% )dz
+
2p

(n+2)p—
(52 — 31) wop

P

1 Y0P(2) 7o
+—][ <f| = +1) 0z
5 Q+
2p

cw 5 5

(s2—s1) 0 |Qgp| ™ LV@2

1 _ 13Y_0
+—/ (|f7° +1) d=
(5 Q+
2p
2
¢ (1 + %) 0 Q"
(5.34) < s

(s2 —s1) 0

Now we compute I5. We start by estimating w(E(K X)) for A > AXg. We recall
the covering {QF,, (5’“)}:‘;1 of E()\) in Section Since K > 1, we see that
E(K\) C E()), and so it follows that

w(B(KN) < iw({zecz;k<s’f>:|ut<z>Vi‘”(”+\p2u<z>r”‘f‘”>m})
k=1
635 < gjw ({# e @t o + |02 > e }).

In order to estimate the sum of measures of the level sets on the right-hand side
of (5.38)), we should consider two cases, the interior case Baor, (y*) C B, , and the
boundary case Bag,, (v*) ¢ B,

s2p°
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For the interior case Bag,, (y*) C B;;p, which means Q;Tk (&%) = Qs (€F), we

infer from (5.210), (5.22), (5.26), (5.32), and the elementary inequality (a + b)? <

2°=1(aP 4 bP) for any a,b > 0 and 3 > 1 that

Hz € Q5 (€9 lun(2)[™ + [D?u(=)[* > (V)7 H

: {Z € Q5 (€5) 1 [(u—vi)e(2) + [ D (u — wi) (2)[* > 01)\2_;}|

+ { € Qs (€") : (0™ + [ Do (=) > A}|

€Co

-1
< <C1AE> / (|(u—vk)t|%—i—‘Dz(u—vk)Po) dz < —‘C5Tk(§k)|.
qu—k(fk) 1

Then (1) of Lemma B3] allows us to discover that

P

w ({z € QL (%) : w2 + | D2u()[™ > (KN })

(5.36)

ce"ow(Csr, (€9))
e w(Chy (€4)).

IN

IA

T, it follows from (G.24)), (5.25),

Similarly, for the boundary case Bagr, (y*) ¢ B,

(E30), and (G.31) that
Hz € Qs (") Jue(2) + ‘D2u(z)’% > (KA)%H

< {Z € Q;’am (gk) (= vk)e(2)]7° + |D2(U - vk)(z)!“ > C3A§_Z}|

i { € Qs (€9 £ [0 (I + | Do) > f}‘

-1
p__ ~
< <03APZ> (1@ =onl + (D= 0)[*) dz < 2 |, (€9)]
Q;—s%(gk) €3

and then we apply (1) of Lemma B3] to find that

ce”w(Casr, (€¥))

ce”w(Cr, (E)).

IN

w ({ € Q. () Ju(2)[™ + | D2u(z)[™ > (KNP })

(5.37)

IN
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Inserting (5.30) and (B.37) into (B.33]), we eventually obtain from (5.I8) that

k=1
vor(z) \ P ~¢€o
e 5 i
< e Z / 0p(2) 5 w(z) dz
k=1 Qik(fk)n{‘f‘ P >4/\cf1
Yop(2) , 0p)\ Pt —co
-I-/ ~op(2) ~0p(2) (lut\ r= +|D%ul e ) w(z)dz
QE (€)n{lusl P~ +|D2u| PT >3
cevo
— \PT—<o
~vop(2) ) ’Yop() pt—eo
X / ~op(2) ~0p(2) (\ut| r= + Dl r ) w(z) dz
QL Mlul 7~ +ID2al >y
|f|w p(=) pF—co
w0
(5.38) +/ ~op(2) B w(z)dz|.
Qb P >25}
Accordingly, this estimate (538)) leads us to discover that
oo p—
I = A0 T w(BE(KN)) dX
Alg
oo —
<C€Vo/ )\%*(ZD+*€O)*1
B 0
yop(2) ’YQP(Z) P+—50
X / T0p(x) Y0p(2) (|Ut| v 4 |D%u| ) w(z)dz| d\
Qf,,N{luel P~ +|D%u| P >3-}
¥op(2) pF—eo
_ W
+-ce”® / Ao~ —eo)— 1/ Yop(2) L w(z) dzd\.
QLN P >3 0

Then applying the basic identity

/ 9 w(z) dz = (g — § / pa-i-1 / 19(2)| T w(z) dzd)
{zeU:|g(x)|>A}

for ¢ > ¢ > 1, together with (58) and the additional assumption (59, we deduce
that

2
1\
L < ce® / (|ut|P(Z)+|D2up(z)>w(z)dz+(—) °/ If PP w(z) dz
QL y Q%

sgp

2
Y0

z z 1
(5.39) < ce™ /+ (|ut|p( ) 4+ | D2y P )) w(z)dz + ¢ (5)

Qiazp
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Therefore, combining (5.33), (5.34), and (5.39), we arrive at
/ (|ut\p(z) + |D2u\p(z)) w(z)dz < c5€e”° / (|ut\p(z) + |D2u\p(z)) w(z)dz
Qe @iz

2 2
C(1+%)70 Qpl " 1\
+ (n+2)vo +c 5 )

(52 _51) 0

=)

for some c5 = c5(n, A, v1,7%2, com, [w]a, ), w(Qap)) > 0. At this stage, we take
€ =¢€(n, A, 71,72, cLm, [w]a, ., w(Qap)) > 0 small enough so that

1
(5.40) 0 <cxe < 3
to establish

jf (juelP® + D2 (=) d
i

s1p

1 (2) 2. 1p(=) c|Q, "
< - (|ut|p + |D?ul? )w(z) dz+ ——F—— +¢.
2 + (n+2)vg
Qszp (s2—s1) 0

Since s1 and s, with 1 < s1 < s9 < 2 are arbitrary, we apply the standard iteration
lemma [24, Lemma 4.3] to conclude that

(5.41) / (\ut\p(z) + |D2U\p(z)) w(z)dz < c|Q,| " +c < eop” (MFIM
QF

for some cg = co(n, A, v1,7%2, cm, [W]a, .y, w(Qap)) > 1. By virtue of @B.3), we
consequently obtain the desired estimate (B.I0). This completes the proof.

Remark 5.4. From the choice of € > 0 in (5.40]), one can select § > 0 depending
Only on n7A7’y1>’y27 [w]Ap(.)7 a'nd w(Q4p)'

6. GLOBAL ESTIMATES

The proof of our main result, Theorem [2.5] proceeds in three steps. In the first
step we show that it suffices to derive the estimate (28] only for the solutions u
of (II) belonging to Wj(’.l)(QT7 w). Then in the next two steps, by using standard
covering and flattening arguments, we obtain the a priori estimate ([2.8) from the
interior and boundary a priori weighted estimates that have been established in
the previous section. In what follows, we denote by ¢ a universal constant being
dependent only on n, A, v1,72,0(-), w, 2, and R, and possibly varying from line to
line.

6.1. Approximation. We first suppose that we have the a priori estimate; that
is, the estimate (28] holds for any Wj(’_l)(QT, w)-solution of the problem (1]). To
get rid of this a priori assumption, we show that the solution u of the problem
(CI) can be suitably approximated by solutions ug, k = 1,2,..., in Wj(l) (Qr,w)
to regular equations.

Given A = (a;;), we choose a sequence {AF}° = {(af})}g":1 of smooth ma-
trix functions satisfying the uniform parabolicity condition with the parabolicity
constant A and (6, R)-vanishing property, which converges to A = (a;;) in L*(Qr)
for each 1 < a < oco. For instance we may define (afj) = (aij * 1/1), where

©1/k(x) == k"p(kx) and ¢ is a standard mollification function. On the other hand,
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for given f € LP()(Qr, w), we also find a sequence { fr}p2, of smooth functions in
C&° () converging to f in LP()(Qr, w) and satisfying that

(6.1) I fill oo () < N llper () +1 forallk=1,2,....

Since w € Apy C Ay,q1 and w “1/eO-1) ¢ 4 () € Ay /(vi—1)+1, by Lemmas
and B0l we note that in view of (1) of LemmaB1] there exist posmve constants
vy and 7y such that w € L1 (R"1) and w=1/(PO)=1 ¢ L1471 (R™+1). Therefore,

y2(1+vy)
(QT)7

V1 1
(ro+1)(A+vy) T+vy 1+
/ |g|V2+1,de < </ |g| 1 dz) (/ with dz) ,
Qp Qr Qr

from which together with ([B4]) one can find ¢; = W € (2 + 1,00) such
that

we have that for g € L

(6.2) L9 (Qp) < L=TY(Qp, w) = LPY)(Qp, w).
In the same argument, there exists g € (71/(71 — 1) + 1, 00) such that
(6.3)  L®(Qp) — LM/ =DF(Qp /Oy oy Lp/(')(QT,w_l/(p(')_l)).

Since A* and f; are smooth, according to [6, Theorem 4.3], there exists the
unique solution ug € W2 (Qr) of

(uk)t—aijijuk = fk in QT,
(6.4) { up, = 0 on Q.

We then see from (B.2) that uj, € W2 frs )(QT, w). Hence, by the a priori assumption
we have the estimate

lurllwzs @) < Elfill oo @)
Moreover, it follows from (G.1I) that
(6.5) ||uk||w2 L) S <l fill oo @y < € IF Lo gy +1) 5

where ¢ is independent of k, and so {ux};2, is bounded in Wj(l) (Qr,w). Therefore,

there exist a subsequence, which is still denoted by {u;}%2,, and a function uy €
WPQ(’.l)(QT, w) such that

up — uo weakly in W (QT, w).
On the other hand, for the sequence {A*}, we see from (6.3)) that
A* — A strongly in Lp,(‘)(QT,wfl/(p(‘)fl)) = (LPO)(Qp, w))*.

Hence, taking into account the convergence properties of a¥., fi, and uy, we

170
conclude that ug € W (QT, ) is a solution of (LJ)). The uniqueness of strong

solutions of ([ITI) dlrectly follows from Lemma B7 and [6, Theorem 4.3].
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6.2. Flattening and covering. In this subsection, we assume that the strong
solution u of (1)) satisfies that

(6.6) u € Wj(l) (Qr,w)

and then prove

el Lo () + 1D 0l| Lo (2700
(6.7) <c (HfHLP(‘)(QT,w) + lull Lo (@) + ||Du||LP<~>(QT,w)) .

In fact, it suffices to show that
(6.8) el Lo (2 0) + 1Dl Lo (0 0) < €5

under the additional assumption that

(6.9) 11l oo (@ w) + 12l oo () + 1DU[ Lo (00 < 1

First, we extend the solution v and the function f in (L)) to Q% := Q x (=T,2T)
by letting u(x,t) = f(z,t) =0 for =T <t < 0 and u(z,t) = u(z, 2T —t), f(z,t) =
f(x,2T —t) for T < t < 2T and redefine the coefficient matrix A(x,t) by

(aij(z,1)) in R x (=00, T],
A= (@ H ) i Box T

Then the extended function f is obviously in LP()(Q%, w), and the redefined A
satisfies the uniform parabolicity condition with the parabolicity constant A and
(46, R)-vanishing property. Furthermore, it is clear that w € Ay, and we observe
that u is in Wj(l)(Q*T, w) and solves

{ uy —ai;jDyju = f in Q5

*

u = 0 on 0,07.
From the additional assumption (@3], we also have that

1 oo @z wy + 1l oo (@ ) + DUl Loy (@20
(6.10) <2 (1f Lo (g ) + Nell Lo (@ 0) + 1Dl o0y () < 2-

Now, let us fix any point £ = (y,8) = (¥, yn,s) € 9Q x [0,7]. From the
boundary regularity assumption that 9Q € CU!, there exist »r > 0 and a C1!
function p = pu(2’) : R*~! — R in a new spatial coordinate system with origin at
y, which is obtained by a translation and a rotation from the original one and will
still be defined by the x-coordinate system, such that

(6.11) QN B.(0) ={z € B.(0) : 2, > pu(z")},

(6.12) 1(0) =0, Vupu(0)=0, and ||V pu|pemn-1) < 0.

Note that (G.I1)) is also valid for all # < r as well as r, and hence we further assume
that r < min{T, R}.
In order to flatten out the boundary near the origin by changing coordinates, we
define
T : = . = i 1 ) — —_
(6.13) { T T i) Hi=1,2,...,n—1,

Ln = Tp — M('T/) =: sp”(q;)
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and write & = @(z). Setting ¢ := ¢!, we see that x = ¢(&). Then we let

A(E,1) = (@m(F, 5 +1)) = [Vo((@))] - AW(F), s + 1) - [Ve((@))]", and §(Z,1) =
p(¥(Z), s + t). Note that A is uniformly parabolic with the parabolicity constant
A. On the other hand, p satisfies that ;3 < p(-) < 72 and

BEY -BE)| < 0(d((0(@ Do+ 8 @0+ )
0 ((IVelle + 1)dy(€1,€%)) = ( L),

where ' := (§1,5"), €2 := (§%,5%) € R™*!, and 6(p) := 0 ((|[ V¢ L= + 1) p), and
hence there holds

IN

- 1 .
6(p) log (E) <M forall 0 < p< oo,

for some constant M = M (u, M) = M (p1,72, cLz) > 0.
We now choose p = p(pg,, ) > 0 so small that Qip C (2N B.(0)) x (=r2,7?)
with p < po in the (Z,)-coordinate system, where pg is given by (5.5)), and define

a(z,t) == u (Y(@),s+1) and W(Z,1):=w (Y(2),s+1t) for (i,1)€ Qj[p.

Then we deduce that @ is in W2 ! Q ,w) and solve
4p0 W

U; — @mDsz, 0 = f in Qf,
6.14 t 1 Tm 4p
( ) { = 0 on T4p,

I3}

where
F@,1) = F(&), s +1) + ai;(V(E), s + D, ($()) D, .

From the assumption 9Q € C™!', we can see that @ € Ajy with [u?]Aﬁ(_) <
c(n, 71,92 cLm, [w]a, ., ). Moreover, a direct computation yields

ALy < c([Alr + Vsl seqsrion + IVartilim (200

IN

< ¢ (5 + [ Varpl| oo (B2 (0)) + ||Vw'M||2Loo(B;.(o)))

¢ (64 71Vl sy + P2V Al 5y 0 )

IN

(5—|—7‘—|—T ),

where we used the third inequality in (612) for the last inequality.
Taking into account the conditions on f, A, and 912, it is also clear that f €
L20) (Qip, W) with the estimate

(6.15) 11100 (@) < () (IF (@), 5 + ) s ) + 1D o0 (0 .) )

where ¢(u) is a constant depending only on n, A, and u.

In turn, all the hypotheses of Theorem [BI[ii) are fulfilled with respect to the
above equation (G.I4) by taking & = d(n, A, v1,72, cLm, 0(), [w]a, ., w(Qap), 1) >
0 and 7 = r(n,A,71,72,0(:), R, T, [w]a,.,, ) > O sufficiently small, and hence,
Theorem [B.Iii) gives

||ﬂf||Lﬁ(-)(Q;;"U}) + HDQQHLﬁ(-)(Q;@) <c (”f”[,ﬁ(-)(@i‘p,@) + H’&’”L’Yl (sz,u?)) .



2296 SUN-SIG BYUN, MIKYOUNG LEE, AND JIHOON OK

In view of ([22)) and (GI3]), the change of variables from (Z,t) to (x,t) finally
yields from the previous estimate and (G.I0) that

[t o (v 0y + 1D 0l 1o (v )
< ¢ (I o ey + Il e + 1Dl oo 0 ) )
< (I fllLeor @nieyw) + 1l Lo (@ (e).w) + 1Dl o0 (@, () )
(6.16) < ¢ (11200 (3.0 + 1l 200 (23.0) + 1Dl 200025 ) <
where Ve := ¢(Bf) x (s — p?,s 4 p?) and Ug := %(B},) x (s — (4p)%, s + (4p)?).

Thanks to the compactness of Qp, we can cover it with a finite number of sets
Ver,Vez, ..., Ven for some points &7 € 992 x (0,T), j = 1,2,..., N, as above, and

V € Q% such that Qpr C VU (U;V:1 V@) On the other hand, applying a standard
covering argument, it follows from (G.1I), along with (610), that

(617) lall o vy + ID20l sy < € (112 @ + Il zoto 25,0 ) <

Consequently, by summing the estimates ([6.16)) for £ = £1,£2,..., &N, together with

[6110), we obtain (G.])).

6.3. Elimination of lower order terms. From (G6.7), we have
(6.18) ||U‘|W3£})(QT,w) <c (Hf”LP(')(QT,w) + ||UHLP(')(QT,w) + HDUHLP(')(QT,U;)) .

It only remains to drop the last two terms on the right-hand side of the previous
estimate in order to arrive at the desired estimate ([2.8]). To deal with this, we argue
by contradiction. If the estimate (28] is false, then there exist sequences {ux}7°
and {fr}72, such that uy is a solution of

(uk)t — aijDiju;C = fk in QT,
U = 0 on 8QT
satisfying
(6.19) lurllvwzs @0y > Bl oo @7 w):
for any kK =1,2,3,.... By a usual normalization argument, we may assume that
(6.20) lurllwz @7y = 1-
Then ([@I9) and (620) turn into
1

(621) ||fk‘||Lp(-)(QT’w) < E — 0 as k — oo.

Furthermore, by (3:6), (£1I) with ¢ = 40, and ([@21)), we deduce that
HukHW%l(QT) < el fellzao(ary < Cka”LP(')(QT’w) — 0 as k — oo,

which implies that there exists a subsequence of {uy}7°, still say {uy}72 ;, such that
limg o0 |ug(2)] = limg— 0o [Dug(2)| = 0 for almost every z € Q. Then Lebesgue’s
dominant convergence theorem along with (G.20]) yields that

/ |Uk\p(z)w(z)dz,/ |Dug|PPw(z)dz — 0 as k — oo,
Qr

Qr
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which means that
lukll oo (@ wys 1Dl Lo () — O as k — oo,
However, from the above result and (6.I8]), we discover that
1< ¢ (I1fklleer @pw) + 1kl o0 (g ) + DUkl Lo (0p ) = 0 as &k — o0

This contradiction establishes the desired estimates (2.8]).
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