TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 370, Number 5, May 2018, Pages 3441-3466
http://dx.doi.org/10.1090/tran/7040

Article electronically published on December 27, 2017

SEQUENCES OF POWERS WITH SECOND DIFFERENCES
EQUAL TO TWO AND HYPERBOLICITY

NATALIA GARCIA-FRITZ

ABSTRACT. By explicitly finding the complete set of curves of genus 0 or 1 in
some surfaces of general type, we prove that under the Bombieri-Lang conjec-
ture for surfaces, there exists an absolute bound M > 0 such that there are
only finitely many sequences of length M formed by k-th rational powers with
second differences equal to 2. Moreover, we prove the unconditional analogue
of this result for function fields, with M depending only on the genus of the
function field. We also find new examples of Brody-hyperbolic surfaces arising
from the previous arithmetic problem. Finally, under the Bombieri-Lang con-
jecture and the ABC-conjecture for four terms, we prove analogous results for
sequences of integer powers with possibly different exponents, in which case
some exceptional sequences occur.

1. INTRODUCTION AND MAIN RESULTS

A sequence ay,...,a, is said to have second differences equal to 2 if for all
3 <i < none has

(ai - aifl) - (aifl - ai72) =2,
that is,
a; — 2@1‘,1 + a;j_9 = 2.

The main problem that motivates our work is

Problem 1. Let £ > 2. Does there exist a positive integer M such that there are
no sequences of length M formed by k-th integer powers having second differences
equal to 27

An example of a sequence of this type is the sequence of cubes 64, —1, —64, —125;
hence for k = 3 the bound M has to be at least 5.

Let us discuss some context for the above problem. If instead we consider integer
squares, then no such M can exist, because any sequence of the form (z + )2, with
x an integer and ¢ = 1,..., M, has second differences equal to 2, and these are
called trivial sequences. The following problem was proposed by Biichi in 1970 (see
[Lip90], [Maz94]), and it has been extensively studied due to its implications in
undecidability aspects in number theory (cf. [PPV10]).
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Problem 2 (n-Squares Problem). Does there exist a positive integer n such that
every sequence of m or more integers, whose squares have second differences equal
to 2, is necessarily a trivial sequence?

The n-Squares Problem was solved positively under the Bombieri-Lang conjec-
ture in 2000 by Vojta [Voj00a], inspired by the work of Bogomolov (cf. [Bogl0],
[DesT9]) on curves of low genus on surfaces. Vojta’s approach consists of explicitly
finding all the curves of genus 0 or 1 on certain surfaces of general type associated to
this problem. From this, and using the Bombieri-Lang conjecture, it is proved that
there are finitely many non-trivial integer sequences of length 8 formed by integer
squares having second differences equal to 2, and hence there exists an n (possibly
greater than 8) such that the only sequences of length n formed by integer squares
with second differences equal to 2 are the trivial sequences.

The purpose of this work is to investigate a higher degree version of the n-
Squares Problem, namely Problem [I which as we will see leads to the construction
of algebraic surfaces with some interesting geometric features, to new results in
arithmetic, and to some undecidability results in number theory. To some extent,
we use this arithmetic problem as an opportunity to spell out and exemplify a
method implicit in Vojta’s work [Voj00a]. This can be of independent interest.

In our work, for any £ > 3 and n > 2, we will consider the smooth surfaces
Xn,r; € P" defined by the equations

2x§ = b — 2% —|—x§

(1) Xnk .

k
n—2

2x’5 =z —2zF 42k,
Note that rational points on X, ; with z¢ # 0 correspond to sequences of length n
formed by rational k-th powers having second differences equal to 2.

As in [Voj00a], we will study the curves of genus 0 or 1 in X, s, for n large
enough. Moreover, in Section [3] below we spell out and extend the method implicit
in Vojta’s work, which can be used in further applications. Let us now state our
main results.

Theorem 3. Let k > 3, let ¢ > 1, and let n > % + 3. If C is an irreducible
curve in X, i, then the geometric genus of C satisfies g(C) > g.

Note that in the statement we do not require that the curve C' be smooth.
Also note that after fixing g, the bound for n can be made independent of k. For
example, there are no curves of geometric genus less than or equal to g on X,  when
n > § 4 3. This good dependence on k does not follow from a direct adaptation
of Vojta’s work [Voj00a], but instead, we need finer control on ramification. See
Theorem [24] and Proposition 25] in Section [3] for details.

Theorem [ specializes as follows for g = 0, 1:

Corollary 4. There are no curves of genus 0 or 1 on Xy,  if

(a) k=3 andn > 6;
(b) k=4,5 and n > 5;
(c) k>6 andn > 4.
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The case k = 2 is considered by Vojta in [Voj00a], and for every n > 2 the
surface X, > indeed has rational curves, which are associated to the trivial sequences
discussed above.

Actually, the intermediate results that we obtain in order to prove Theorem [3]
together with Proposition 3] also give the following result, which is stronger than
Corollary 4t

Theorem 5. The surface X,, i is Brody-hyperbolic if
(a) k=3 andn > 6;
(b) k=4,5 and n > 5;
(¢c) k>6 andn > 4.

Observe that Brody-hyperbolicity does not hold for the surfaces studied by Vojta
in [Voj00a], due to the presence of trivial lines.

Corollary @ gives us examples of regular surfaces (i.e., ¢ := dim H°(X, Qk/c) =
0) without rational or elliptic curves. While the approach of using symmetric dif-
ferentials to study curves in surfaces is by now classical, there is a crucial difference
between the approach of Bogomolov (and others) and the approach used in this work
(originated in [Voj00a]): Bogomolov uses a numerical condition to ensure existence
of symmetric differentials by means of the Hirzebruch-Riemann-Roch theorem to
count dimensions, while here we explicitly construct the symmetric differentials us-
ing ramified coverings. In fact, we obtain examples of surfaces which do not satisfy
Bogomolov’s condition on Chern numbers ¢f > ¢ (see [Des79], [Bog10]), but which
have no curves of geometric genus 0 or 1 and, in fact, are Brody-hyperbolic. The
following examples of numerical invariants for X,  were computed using Magma:

C% C2 C% — C2

1764 | 2088 | —324
3969 | 4263 | —294
7744 | 7808 | —64

2025 | 2187 | —162

o | | |3
w| oo| 1| o] ==

In the case that k£ = 2, Vojta notes that Bogomolov’s condition holds for n > 10,
although he is able to explicitly find all the curves of genus 0 or 1 on X, 5 for n > 8.
However, as mentioned before, in Vojta’s work trivial rational curves do exist; thus
those examples are not Brody-hyperbolic.

From Theorem [B] we obtain the following unconditional result on the arithmetic
of function fields.

Theorem 6. Let K be a function field of genus g > 0 with constant field C, let
k >3, and let n > Zmzxi_{f’l} + 3. Let f1,..., fn € K be such that the k-th powers
of this sequence have second differences equal to 2. Then the sequence (f1,..., fn)
is a sequence of complexr numbers.

Let us now discuss arithmetic applications of the previous geometric results.
A common topic in arithmetic geometry is the study of how the geometry of a
variety implies some control on its rational points. For instance, one expects that
“complicated” varieties should have a sparse set of rational points. The following
conjectures are concrete instances of this expectation. The first one is a conjecture
due to Bombieri (see [Nog81]) and Lang (see [Lan86], Corollary 5.7).
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Conjecture 7 (Bombieri-Lang). If X is a smooth projective algebraic variety of
general type defined over a number field Ky, then there exists a proper Zariski-closed
subset Z of X such that for all number fields K containing Ky, the set X (K)\Z(K)
is finite.

The second one is due to Lang; see [Lan91l VIII.1.2].

Conjecture 8 (Lang). The following conditions are equivalent for a projective
variety X, defined over a subfield of the complexr numbers finitely generated over
the rationals:

e X (C) is hyperbolic,

e X is Mordellic,

o cvery subvariety of X is pseudocanonical.

From Theorem [B] and Corollary ] these two conjectures are equivalent for the
surfaces X,, , for n > % + 3 (they are of general type for n > ﬁ + 2; see
Proposition [[7] below), so we will refer to them as the Bombieri-Lang conjecture.

In this case, we will prove

Theorem 9. Assume the Bombieri-Lang conjecture for the surfaces X, . Let L
be a number field. There are only finitely many sequences of N elements of L whose
k-th powers have second differences equal to 2, provided that

e N=6ifk=3;

e N=5ifk=4o0ork=5;

e N=4ifk>6.
Moreover, for any k > 3, there exists My 1 > 0 such that there are no sequences of
My, 1 elements of L whose k-th powers have second differences equal to 2.

We can also ask the question of finding a bound for the length of sequences
with second differences equal to 2 formed by powers of possibly different exponents.
We also obtain a result in this direction by using the 4-term ABC conjecture over
Z from [BB94], as proposed by Browkin and Brzezinski, and the Bombieri-Lang
conjecture.

Theorem 10. Assume the Bombieri-Lang conjecture for the surfaces Xy j with
n > ﬁ +3 and the 4-term ABC conjecture. There exists an M > 0 such that there
are no non-trivial sequences of length M consisting of integer powers (of possibly
different exponents greater than or equal to 2) which have constant differences equal
to 2.

To prove this result, we will (partially) reduce to the case of powers of equal
exponents by a combinatorial argument involving Szemerédi’s theorem. Theorem
was motivated by a question of M. R. Murty about the n-term ABC conjecture
in our context. I thank him for asking that question. An unconditional result for
the analogue of Theorem for powers in the ring K[z] of polynomials over any
field was studied by the author in [Garl3] by a different method.

The problem of finiteness of non-trivial sequences of length n formed by powers
with second differences equal to 2 in number fields was conditionally solved by
Pasten [Pas13] under Vojta’s general ABC conjecture for algebraic numbers of
bounded degree [Voj98]. He also gives a solution for the analogue of Problem [I] for
function fields over fields of characteristic zero using completely different methods
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(Nevanlinna theory), but his bounds on n are much weaker than ours due to the
methods that he uses.

Let us briefly compare the conjectural assumptions in our work and those in
Pasten’s work [Pasl3]. The Bombieri-Lang conjecture and the 4-term ABC conjec-
ture that we use concern a fixed number field, while Vojta’s ABC conjecture used
in [Pas13] concerns algebraic points of bounded degree in infinitely many number
fields. This is necessary even if one is only interested in @Q. On the other hand,
the Bombieri-Lang conjecture for surfaces and the 4-term ABC conjecture can be
seen as diophantine statements in dimension 2, while Vojta’s ABC conjecture is in
dimension 1.

Pasten also obtains results in logic in [Pasl3]. He proves an undecidability result
for systems of linear equations when some prescribed unknowns are required to
be powers, again under Vojta’s general ABC conjecture for algebraic numbers of
bounded degree. In our case the undecidability result for powers is obtained under
the Bombieri-Lang conjecture and the 4-term ABC conjecture and is as follows:

Theorem 11. Assume the Bombieri-Lang conjecture for surfaces and the 4-term
ABC conjecture. Then there is no algorithm to decide whether a system of lin-
ear equations with integer coefficients has an integer solution or not, with some
prescribed unknowns required to be powers.

The proof is similar to the proofs in Section 5 of [Pasi3], but in our case we
use Theorem [I{0] as our arithmetic input. Note that the analogous undecidability
result for squares (rather than powers) is established under the Bombieri-Lang
conjecture in [VojO0Oa]. In all these cases, the undecidability results are deduced
from the arithmetic results generalizing standard ideas from Biichi’s work in 1970
(see [Lip90], [Maz94]).

Finally, let us briefly mention that there is another generalization for the n-
Squares Problem in the literature, proposed by Pheidas and Vidaux [PV05], con-
sidering k-th differences of k-th powers. Although we will not consider this gener-
alization, let us briefly comment on the existing results for it. Pasten [Pasl3] also
solves this under Vojta’s general ABC conjecture for algebraic numbers and uncon-
ditionally for function fields over fields of characteristic zero. Moreover, An, Huang,
and Wang [AHW13] give an alternative solution for function fields of characteristic
zero following the methods of [PV06], [PV10]. In all the works just mentioned, the
methods are very different from the approach in [Voj00a] and in this work. Also,
let us remark that the problem of k-th differences of k-th powers does not lead
to results on Brody-hyperbolicity and non-existence of low genus curves, because
in fact the associated varieties contain “trivial lines” (corresponding to sequences
(x+0)k i=1,2,...).

2. THE GEOMETRY OF THE SURFACES X, j

Let n > 2 and k > 2. By convention, we define X5 ; := P2. Recall that for each
n, the scheme X,, j defined by equation (I is in Pg. For 3 <i <mn, let
k

i

fi=2zf —af o +22) | —u
be the generators of the ideal defining X, 1, and let
gi = (i = 1)(i = 2)ag — (i — 2)a} + (i — as — .

The equality of ideals (f5,..., fn) = (93,...,9n) in C[z1,...,2,] can be proved.
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Lemma 12. If [xg : --- : x,] is a point on X, j, then no three of xo,...,x, are
zero.

Proof. If xp = 21 = x2 = 0, then all x; are zero, because X, ; is defined by the
equations g;. From this we know that at least one of xq,x1, 22 is different from
Zero.

Now view (j —1)(j — 2)zf — (j — 2)z¥ + (j — 1)25 = 0 as an equation in j. It
can be written in the form
(2) ok % 4 (=3xf — o + 25)j + 22f + 228 — b =o0.
If ¢y # 0, then equation () has at most two solutions; hence there are at most two
values of j for which z; = 0. If zyp = 0, then equation (2]) becomes a linear equation
in j. If also both —3z5 — 2% + 25 = 0 and 22} — 25 = 0, we get vg = 2, = 29 = 0,
which is not possible. Hence equation (2)) has at most one solution in j when
o = 0. O

For each n > 3, let m, : X, — X,_1% be the restriction to X,  of the
morphism

Fp PP\{[0:---:0:1]} — P!
[o: - ixpn] — [z :@p_q]
The rational map 7, corresponds to Clxzg,...,2,—1] — Clzg,...,2,] (which re-

spects the grading) in the sense of [Har77, Ex. I1.2.14(b)], and the morphism 7,
corresponds to the induced map

(C[I'Oa oo axnfl]/(f(?n .. ',fnfl) — (C[an e 7xn]/(f3a .. '7fn)a

which exists because
(fss--sfn1) C€Clzo, ..., xn_1] N (f3,.. ., fn)-

Lemma 13. For each n > 3, the map my, : Xy 1, = Xp—11 18 finite and surjective.

Proof. Let P = [xg : -+ : Zp—1] be in X,,_1 . Then for any z, € C, the point
P ={zg:---:xy,]is apreimage of P under 7,,. We have that P lies on X, ;, if and
only if

zF = (n—1)(n—2)zk — (n—2)ah + (n - 1)ab.
Since this equation always has a solution x,, € C, we see that m, is surjective.
Moreover, we see that #(m,;1(P)) < k, so the map is quasi-finite, hence finite, by

[Har77, Ex. I11.11.2] because m, is projective. |

Since X, 1 is the intersection of n — 2 hypersurfaces in P", we have by [Har7T7,
Theorem 1.7.2] that each irreducible component of X, ;. has dimension greater than
or equal to 2. By Lemma [I3] the morphism p,, = m30---0om, : Xpp — P2
is finite and surjective; hence any irreducible component Y of X, , must satisfy
dimY < dimP?. We thus obtain

Lemma 14. Fach irreducible component of X,,  has dimension 2.
The following observation will be useful for several subsequent lemmas.
Observation 15. Let «, 5 # 1,2, with a # 8. The matrix
—(a—-2)(a—1a}" (a—2at
( ~(B-2(B -Vl (B2} )



SEQUENCES OF POWERS AND HYPERBOLICITY 3447

has determinant ¢ 'z} (a — 2)(8 — 2)(8 — a) # 0 when zoz; # 0. The matrix
~(a=2)(a—-1z5" —(a— 1)z
( ~(B-2)(B -z —(B -3 )
has determinant zf 'z~ (. — 1)(8 — 1)(a — B) # 0 when zoxy # 0. The matrix
(a—2)zh1 —(a—1)zh™!
( (B- )95]1%1 —(B- 1)1”27 )
has determinant z¥ '8! (8 — @) # 0 when 2,24 # 0.

Lemma 16. For each n > 2, the scheme X,, 1 is smooth.

Proof. Note that Xs; = P?; thus it is smooth and irreducible. Let [zg : -+ : 2]
be a point in X,  with n > 3. We need to check that the Jacobian matrix of the
homogeneous equations defining X, ;, evaluated at [xo : --- : x,] € X, has rank
n — 2, because X,  is equidimensional of dimension 2. Since the ideal (g1,...,gn)
defines X, j, we get the (n —2) x (n + 1) matrix
7218_1 :L’If_l 7295;_1 zg’_l o - 0
k —61571 2m]1” 1 —3m]2°71 0 1271 '
: : : )
—(n—2)(n—1)x’571 (n—2)ac7f71 —(n— 1):10’5 oo 0 x’:fl

We will prove by induction on i that this matrix has rank n — 2 at every point
of X,, . We know from Lemma [I2] that no three of xy, ..., z, are zero; hence

k—1 k—1 k—1 k—1
k( —2x; xy —2x5 T3 )

is not the zero vector. Let 3 < ¢ < n — 1 and suppose by the induction hypothesis
that the following (i — 2) x (¢ + 1) matrix has rank i — 2:

—230’571 ;c’f71 —2x§71 acg*l 0 0
M =k 761§71 2111671 73x§71 0 m{i*l
;=
: : : : )
—(i—-2)(i—Dazf ! ((—2)zF "t -2kt 0 . 0 2!

and consider the (i — 1) x (i 4+ 2) matrix

72x§71 r)f71 721571 zf;*l 0o - 0
MiJrl —k 769513 1 2951;_1 7315_1 0 xi_l K
: : : : S0
—(i=1) ()~ (i—1)akt m’g oo o0 oafy
If ;41 # 0, then the matrix M, 1 has maximal rank rk(M;;1) = rk(M;)+1 =i—1.
Now suppose that x;;7 = 0. If none of z3,...,x; are zero, then M;,; has
maximal rank. By Lemma[I2] at most one among zo, ..., z; can be zero. If z; = 0,

then we only have to prove that the j-th row is not a multiple of the (i + 1)-st row.
By Lemma [I2] we have that at least two of xg,x1,z2 are different from zero. Then
by Observation [[5] we obtain that the j-th row is not a multiple of the (i 4 1)-st
row, so the matrix M;y; has maximal rank. Therefore the Jacobian matrix has
rank n — 2, and thus the surface X, ;, is smooth. O
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Proposition 17. The projective surface X, is smooth and irreducible. It is a
reqular complete intersection. Its canonical sheaf is O(k(n — 2) — n — 1). The
surface X, i is of general type for n > 2}5%12 =24 ﬁ,

Proof. The surface X, j is a complete intersection because it is defined by n — 2
equations in P". Since X, j is a complete intersection, from [Har77, Ex. 11.8.4(c)],
we obtain that X, ; is connected, and since it is smooth we have that it is irre-
ducible. Since X, j is a complete intersection in P", we deduce from [Har77, Ex.
I11.5.5(c)] that dimH* (X, 5, Q| /c) = 0; that is, X, . is regular.

From [Har77, Ex.11.8.4(e)], we know that the canonical sheaf of X, is
O(k(n—2) —n—1). We have that k(n—2) —n—1> 1 when n > 2822 Thus X,, ,

is of general type when n > 2,5%12 O

3. EXPLANATION OF THE METHOD

This section is an account of the method implicit in Vojta’s work [Voj00a], in-
spired by work of Bogomolov. For analytic proofs of these facts in the case studied
by Vojta, see [Voj00a]. For the general case treated in an algebraic setting, see
Chapter 3 of [Garl5]. In particular Theorem [24] (cf. Theorem 3.87 in [Garl5]) is an
improvement of Lemma 2.10 in [Voj00a] and permits us to obtain better numeri-
cal results. We outline this method in some generality beyond what we need here
because it can be useful in other applications.

We work with the notion of w-integral curve from [Voj00a]:

Definition 18. Let X be a smooth variety over a field of characteristic zero, let £
be an invertible sheaf on X, and let w € H*(X, L ® Srﬁk/c), where r is an integer.
An irreducible curve C on X is said to be w-integral if the image of the section pgw
in H(C, ot L ® S’TQE) is zero, where ¢¢ : C'— X is the normalization of C' C X.

From this point on, we restrict to the case of surfaces. One can check if an
irreducible curve C' on X is w-integral by looking at its equations, thanks to the
following result (see Corollary 3.72 in [Garl5]):

Theorem 19. Let X be a smooth complex surface, and let w € H° (X, £®STQ§(/(C),
Let C' be an irreducible curve in X, let U = Spec(A) be an affine open set in X

such that C N U is non-empty and principal, and let Liy = Oy. Let I = (g) be an
ideal in A such that CNU is defined by I. Let wy be the image of w under the maps

HY(X,L® STQk/C) — H'(U,L® STﬁk/C) — H(U, STQ%J/C) = STQL/C.
If wg € STQA/C lies in gSr(Q}MC) + ng’”*lQ}A/C, then C' is w-integral.

From this, we can verify for any C' C X whether it is an w-integral curve.

Once we find a list of w-integral curves on X, we want to check if this list consists
of all w-integral curves of X. We can do this by defining the discriminant of w,
which permits us to locally count the number of w-integral curves passing through
a point. Fix a non-empty affine open subset V' on X such that there are regular
functions u,v € Ox (V) with the property that du,dv are a basis of Qk/C(V) as
an Ox(V)-module. Let U C V be a non-empty basic affine open set such that
Ljy = Oy. Under the isomorphism HO(U, £ ® S"™Q ) = HO(U, S"Q ) we have
that the image of wy in H(U, STQﬁ(/C) can be written as Y. A;(du)""(dv)"
with A; € OU(U)
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Definition 20. Let 0 € K := k(X) be the discriminant of the monic polynomial
S, ATt € K[T). We define the discriminant of w to be the Zariski closed set

i=0 Ay
Ay = (X/U) U VU(A()) U VU\VU(AO)(é) cX
(where Vyy (f) denotes the zero locus of f € Oy (W) on the open set W).

One can count the number of w-integral curves passing through any point P
outside Ay by the following result (see Theorem 3.76 in [Garl5]):

Theorem 21. Let w € H'(X, L ® SrQﬁf/(C), and let Ay be defined as before. For

any given point P € X\Ay there are at most r w-integral curves passing through
P. More precisely, the sum of the multiplicities up(C) for all w-integral curves C
passing through P is at most r.

Hence, if we find r w-integral curves for a point P € X\Ay we know that these
are all the w-integral curves passing through P. Verifying that we have found r
w-integral curves passing through each point of X\U and checking if the component
curves of Ay are w-integral (using Theorem [I9) leads us to know that our list of
w-integral curves of X is complete.

In applications we would like to use an w € HY(X, £ ® S’"Qk/(c), for which it is
easy to find all w-integral curves.

Once we find all w-integral curves in X, we can use a morphism 7 : X’ — X to
find all w’-integral curves on X', for w’ a suitable differential in X’ which depends
on w. Here we consider w’ = 7*w, where given any morphism f : Y — Z of
varieties, the homomorphism f* is the induced map on global sections from the
Oz-homomorphism

LO®S Ve = ff (L®S Q)
= f(fL® S )
= [ ([T L@ S f* Q)
= [(fFL®SQy0),
where the last map is induced by the morphism

Frizie s F Qe = Qe

from [EGA| TV.16.4.19.1]. (Note that translating Definition [I§ into this language,
we say that a curve C on a surface X is w-integral if and only if pgw = 0.)

The following result will allow us to find all w®w-integral curves on X’ (which
corresponds to Theorem 3.35 in [Garld]).

Theorem 22. Let 7 : X' — X be a dominant morphism of smooth surfaces. Let
C’' C X' be an irreducible curve and let C = w(C") be an irreducible curve on X.
Let L be an invertible sheaf on X and let w € H*(X, L ® Srﬁﬁ(/c). The following
are equivalent:

o the curve C is w-integral;

e the curve C' is m*w-integral.

The last step is to have a criterion to check that any irreducible curve C C X'
of genus less than or equal to g is in the list of m®w-integral curves. This is done
by showing that the degree of the sheaf pf-L ® STQlé /c (from Definition [I8) over

the normalization C of a curve of genus less than or equal to g on X' is negative,
so the section pg,(7°w) is forced to be zero.



3450 NATALIA GARCIA-FRITZ

If this degree is not negative for the sheaf £ under consideration, we can find
a “better sheaf £” when the branch curves of the morphism 7= : X’ — X are
w-integral. This requires the following definition:

Definition 23. Given a smooth irreducible surface X, an effective Cartier divisor
D of X with associated subscheme Y = Yp, a locally free sheaf F, and a section
s € H°(X,F), we say that s vanishes identically along D if the image of s under
the map H°(X, F) — H°(X, F ® iy.Oy) is zero.

In this context, one can see that if D and D’ are effective divisors with no
common component, then s vanishes along D and D’ if and only if s vanishes along
D + D' (cf. Proposition 3.79 in [Garlj]).

The following result is a generalization of Lemma 2.10 in [Voj00a] to morphisms
with higher order ramification. For a proof, note that Vojta’s argument already
covers this case using analytic methods. Alternatively, see Theorem 3.87 in [Garl5]
for a purely algebraic proof.

Theorem 24. Let X and X' be smooth integral surfaces defined over C. Let
7 : X' — X be a dominant morphism and let D C X' be a prime divisor such
that C=m(D) is a curve. Suppose that m has ramification indexr e=epc(m)>1
at D. Let L be an invertible sheaf on X, let r be a positive integer, and let w €
HO(X, £®S’TQ§(/C). If C is w-integral, then m*w € HO(X',W*E(X)STQ%(,/C) vanishes
identically along (e — 1)D.

Tensoring the exact sequence
0— Ox(—D) — OX — iD*OD —0

from [Mum66l, p. 63] by the locally free sheaf F := L ® STQk/C and then taking
global sections, we obtain the exact sequence

0— H(X,0x(-D)® F) - H*(X,F) - H*(X,ip.Op ® F),

which leads us to the following result (corresponding to Proposition 3.88 in [Garl5];
see also Corollary 2.11 in [Voj00al):

Proposition 25. Let X be a smooth integral surface and let
we H)(X, L& S c)-

Let D be an effective divisor on X. Suppose that w vanishes identically along D.

Then there is a symmetric differential w' € H°(X, O(—D) ®£®STQ§(/(C) such that

all W' -integral curves are among the w-integral curves.

This proposition combined with Theorem 24] allows us to prove that the invertible
sheaf £/ = O(—(e —1)D) ® 7*L has a section w making all &-integral curves in X’
to be m*w-integral.

4. FINDING ALL wj j-INTEGRAL CURVES IN X3 j

Let us prove the following lemma, which will be useful later.
Lemma 26. Consider the complex polynomial

P(x1,x0) := 14 22F + 228 — 22% — 225 — 22kak.
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e If k is an even integer, then P factors in irreducible factors as follows:

P=(-zf —x3 = )] a5 —1)(=2f + 25 — (@] —z5 —1).

e If k is an odd integer, then P(x1,x2) is irreducible.

Proof. That P(z1,x2) factors in that form for k even is easily checked. When k is
an odd integer, we want to prove that P(x1,z3) is irreducible. Let F : k[z1, x2] —
K[u,v] be the homomorphism of k-algebras defined by F(z1) = u?, F(xg) = v?. If
P(x1,22) = Q(z1,22) R(21, x2), then P(u?,v?) = Q(u?,v?)R(u?,v?). Note that

Pu?,0?) = (—u* —o* — 1)(u® + 08 — 1) (=u* + 0% — 1) (uF — o — 1)

by the previous assertion, and this factorization into irreducible factors is unique
(up to constants) because k[u,v] is a unique factorization domain.

Therefore (without loss of generality, because of the symmetry of @ and R) we
have, from the above factorization of P(u?,v?), that Q(u?,v?) is either irreducible
or a product of two irreducible factors.

In the first case Q(u?,v?) = equ* — 5 — 1, with ¢; € {£1}, and in the second
case we have that

Q% v?) = (au® +ev® —1)(esu® + e0® — 1)
= 6163u2k + 6164’U,k1}k — eluk + 6263’uk’l}k + 6264U2k
—Egﬂk — Eg’uk - 64’01C +1,
but neither of these two polynomials is in the image of F', because k is odd and in
both cases we obtain some exponent equal to k. Therefore P(x1,x2) is irreducible.
O

Let {U;} C P? be the usual affine open cover of P2. In U, with affine coordinates

T = %, To = §—§, consider the following symmetric differential form:

$If71$2dI1d(E1 +(1- x’f — a:g)da:ldxg + $1I§71d$2d,@2.
Proposition 27. This differential form in Uy can be extended to a global section
way € HO(P?, O(k + 3) ® 5*Qps»).

Proof. In the open set U; with affine coordinates xy = XL T2 = ¥2, this form
becomes

2, 1 1 1 zk 1 =z LT
Wa kU, = _id_d_‘F(l——k——i)d—d—z—f— Qk arz %2
Lo To To Ty  xg/ To Zo T T ®o X0
= 73 (:Cgflxzdxodxo +(1- $§+1 _ x§)dxodx2 + xoxl;*ldxgde),
Lo
Similarly on Us we have (with affine coordinates xg = §—g7 x] = %)
1 - —
Wo kU, = W(xg Yoy dzodzo + (—x’f — (I;g + 1)dzodzy + xofﬂlf 1da?1da:1),

0
]

Remark 28. Choosing this particularly convenient symmetric differential is a non-
trivial key step in the argument. In view of the method outlined in Section [3]
this wg ; must make all the irreducible components of the branch curves of the
morphisms p,,  to be w-integral. In Appendix A in [Voj00a], Vojta explains how
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he found a suitable differential by using a computer search in positive characteristic.
In this work instead, we impose the condition that branch curves of the tower of
morphisms of surfaces be wsy -integral. This is a strong constraint on which ws j
can be taken, which led to our choice of ws .

Lemma 29. For a natural number k > 1, the following irreducible curves are
wo i -integral curves on Xgj = P2:
(i) ¢y =0, z, =0, xQ—O
(i) D.:clc+1)af = cab — (c+ 1)ak, with c € C\ {-1,0}.
If k is an even natural number, the following are also wy -integral curves on X i:
(i) 28 +27 = +a5,
If k is an odd natural number, the following (irreducible) curve is also wo i-integral:
(iv) 2k + 22k + 23k — 2zkak — 22kak — 22ha2k = 0.
Proof. For curves of type (i), the curve z; = 0 satisfies dz; = 0 (writing ws ;, in
appropriate coordinates for each case). Hence by Theorem [[9 one gets that curves
of type (i) are ws p-integral.
For a curve D, of type (ii), we have c(c + 1) = cx¥ — (c + 1)2} in Uy. Taking

(&

2 2k—2 k-1
_ c+1 x c+1 [z _
(x’f Ly ( ) (—2) +(1- ac]f — mg) (—2> —I—xlmg 1) dxodzo
c X1 c T

2 2k
c+1 c+1 2c+1 c+1
:(a:g( . ) + . (—c— c Ky +e+ 1+ . x§> xi dxodxs
1

k—1
differentials we obtain dx; = (C“) (wl) dx,. Hence on that curve wy j, is

=0.
By Theorem [I9 we get that D, is ws -integral.
k k k
Let CF _ 28 +e12f = exx3 with €1, e2 € {1} be a curve of type (iii). Then we

€1, 52
have 1+61£L’1 = ezxj in Uy. Taking differentials we obtain elxlg_ld:cl = ngf_ldxg,
and doing a similar computation, we obtain that C’61 e, 1S Wo g-integral.

Now we consider the case k odd and the curve of type (iv): Note that this curve is
irreducible by Lemma[6l Taking differentials of 1+z2*+z3% —22% —225 — 2252k = 0
we obtain

(x3F=t b=t ke Bydey — (afal ™t b ab Tt — 22 day = 0.
Hence, by a similar computation, ws j restricted to the curve of type (iv) on the
open set Uz N Dy (zf — 2% — 1) has equation
:c} Feb=1(1 4 o3F 4 23k — 228 — 22k — 220 ak)
(2 — 2§ — 1)

We have that Us N D, (2% — x5 — 1) intersects the irreducible curve

drodre = 0.

1+ x%k —|—x§k — 2x’f — 2x§ — 2xlf3:]2€ =0
because z¥ — 2% — 1 is not a multiple of this curve. Therefore applying Theorem 7
to this open set, we have that the curve

1+ J;fk —I—x%k — Qx’f — 235’2“ — 290]1“3:’2“ =0

is wy p-integral when k is odd. O



SEQUENCES OF POWERS AND HYPERBOLICITY 3453

Lemma 30. If k is an odd natural number, the curves of types (i), (ii), and (iv)
are the only wa k-integral curves on Xo = P2, If k is even, the curves of types (i),
(ii), and (iii) are the only wa k-integral curves on Xo .

Proof. The restriction of wy  to Uy has equation
Wy = x’f xgdacldacl +(1- a:l — x2)da:1dx2 + xlxz Ldzodzs.
We have from Definition 20,
A= (P2\Up) U{P € Uy : Ag(P) =0 or A}(P) — 4A0(P)A>(P) =0} C P2

In our case (for P = (z1,x2))

k—1
AO = Il ZTo,
— k k
A1 — 1 _Z;ll_ .’L‘Q,
Ay = 1Ty

so the last condition becomes

A3(P) — 44,(P)A3(P) (1 - o} —a5)? — (2} o) (2125 7)

1+ a2k 4 a2k —ogk —oxh — 2ahah,
Therefore
A ={[zo: 21 : 7o) : mo122(1 + 27 + 23F — 22} — 225 — 22f2f) = 0}.

Note that by Lemma 23] when & is odd, A is the union of the curves of types (i)
and (iv), and when k is even, A is the union of the curves of types (i) and (iii).
Now we want to prove that the w; j-integral curves not contained in A are exactly
the curves of type (ii). Let P = [x1 : 22 : 23] be a point outside A. From Theorem
21 we only need to prove that there are at least two ws j-integral curves of type (ii)
passing through P. The point P lies on D, if and only if c(c+1)zk = ca} —(c+1)ak.
The discriminant of the equation cz} — (c+ 1)a5 = ¢(c+ 1) (with ¢ the variable) is

1 —I—xl + ac2 — 2901 — 23:2 23:13;2,
which is different from zero because P is outside A. Therefore there are two values
of ¢ for which D, passes through P. ]
5. PULLBACKS OF wy ;-INTEGRAL CURVES

Now that we have the complete list of wo y-integral curves of X ) = P? for any
k, we will use them to find integral curves on the other surfaces X, j.
We have an infinite chain of finite surjective morphisms:
Xop B X3, B Xy, 8800
Recall that for each n > 3 we denoted by p,, » the composition m30mgo0---0m,.

Lemma 31. The morphisms my, : X, ), = X1, are finite of degree k. Therefore
the morphisms pp i : Xnp — Xok are finite of degree kn—2,

Proof. From the proof of Lemma [I3] the preimage of a point in X,,_1  under the
finite morphism m,, generically consists of k points. Since the surfaces X, are
irreducible, we obtain that deg(m,) = k. O

Lemma 32. The pullbacks under p, i of the curves of types (i) and (ii) with
c#—1,....,n—2 of Lemma are smooth complete intersection curves.



3454 NATALIA GARCIA-FRITZ

Proof. The pullback of a curve of type (i) with ¢ # —1,...,n — 2 is given by the
equations

clc+ 1)ak —cat + (c+ 12k = o,
2.13]8 — ac]f + 2x’2‘ = x§
(n—1)(n—2)zf — (n—2)2¥ + (n — Dat = aF.

The pullback of a curve of type (i) is given by the equations

.’L‘j = 0,
233]5 — m’f + 235’2“ = ac§
(n—1)(n—2)zf — (n—2)at + (n— Dab = 2aF
with j =1,2,3.
These curves are clearly complete intersections. They are smooth by a compu-
tation similar to the proof of Lemma |

In the discussion below, we will consider the following divisor of X j:
Cj = diVXj,k (l‘j)

Lemma 33. Let n > 3. The morphism my, : X, 1 = Xp—1k is ramified only at the
components of the divisor C,,. Moreover, we have

pn,k(cn) = Dy o,
with Dy,—o a curve of type (i) as defined in Lemma 29l In addition,
p:z,an72 = kcn

Proof. From the proof of Lemma[[3] we see that #(,,}(P)) = k for all P € X,,_1 4
except when P = [z : ... : 2,_1] lies on the curve D, o = p;;_, ; (Dy—2), which is
defined on X,,_; by the equation

(n—1)zk — (n—2)zf — (n - 1)(n - 2)zk = 0.

Thus 7, is unramified at any curve C' ¢ D,,_. Moreover, since #(m;,*(P)) = 1

for each P € supp(D,_2), we see that m, is totally branched of degree k at each
component of D,,_o. Now

71':;[)”_2 = divX”,k((n - 1)3315 —(n— 2):1:’f —(n—=1)(n— 2)33]5)
= divyx, ,(zF) = kC,.

Thus, 7, is ramified precisely in the components of C,,. Finally
P:z,chn—2 = W:p:z—l,an—2 = 7"':Dn—2 = kCh.
|

Lemma 34. Let3< j <n, andlet C, ; = (mjt10---0m,)*C; in X, . The curves
Chn,j are smooth complete intersection curves. In particular, the curve C,, = Cy p
is a smooth complete intersection.
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Proof. Let Cy, j = (mjt10---0om,)*C;. It is given by the following equations:

T = 0,
20 —ab + 225 = b
(n—1)(n—2)zf — (n—2)2% + (n— Dab = 2F.
These curves are complete intersections, and they are smooth by a proof similar to
Lemma [T6 0
For k an even integer and €y,...,€, € {£1}, define the schemes Cfl,...,e" cpr
by the equations
I I E
z5 +eaxi = e
k B k
(3) (n—1z¢ +axf = ez3.
Lemma 35. For k even, the schemes thwe" are smooth irreducible curves in
Xn k-
Proof. Let CE _ be of type (iii). Squaring the first equation of C¥ _ we have
Bk I I I Bk
26128 v = —af—a¥+a%. Squaring (i—1)xf +e12f = ¢;27 and replacing 2128 7

by —af — ¥ + 2% one gets
(i —1)(i — 2)xk — (i — 2)ak + (i1 — 1)ak = 2.

Since this holds for every i > 3 we obtain that C¥  C X, .

We have m,(CF ) CCF . C X, Since for any
P = [ZL’O Dl l’n,ﬂ S Cﬁklv»wen—l - Xn,k
we have that Q = [zg : -+ : @] € CF _ with enth/? = elxlf/Q + (n— 1):1018/2
is a preimage of P, we obtain that ﬂn(th”_’en) D Cfl,...,en_l; thus Wn(Cflw_)En) =
C’fh._’enil. From this we also get that every component of C’fhmen has dimension

less than or equal to 1 since 7Tn(C€kl ) # m(Xnk) = Xn—1% and 7, is finite.
On the other hand, every component of thm,en has dimension at least 1 because
it is defined by n — 1 equations in P”, and we conclude by Theorem 1.7.2 in [Har77].

Therefore, Cfl,‘..,en has all its irreducible components of dimension exactly 1 (it is

yees€n

equidimensional).

Since Cfl,...,en is equidimensional of dimension 1 in P and is defined by n — 1
equations, it is a complete intersection. The Jacobian matrix of C’fhmen evaluated
at [xo : - xp,] is the following (n — 1) x (n + 1) matrix:

E_ E_ E_
x5 ! €z ! €273 ! 0 0
kE_q kE_q k_q
k 2z €127 0 €323
2
E_ E_ E_
(n—1)x¢ ! €127 ! 0 0 euwid |
If none of xs,...,x, are zero, then this matrix has maximal rank. If one of

To,...,T, is zero, then at least one of xg,x; is not zero; hence the matrix has
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maximal rank. If two of x,,...,z, are zero, then we have xgx; # 0. Noting that
for any 2 < ¢ # j < n, the determinant
3 E_q E_
(1 —1)ag €T]
. k_q k1
(j—1Dxg €17
is non-zero, we obtain that the (n — 1) x (n + 1) matrix has maximal rank. Since
thwe" is a smooth complete intersection, we obtain that it is irreducible. O
Lemma 36. If ¢; # €, for some 1 < i <mn, then the curves Cfl,.‘.,en and Cfﬁ>-~76;

are distinct.

Proof. Let i’ =i if i # 1, and i = 2 if i = 1. The linear projection P* --» P2
[zg -+t @p] > [zo 21 ¢ @y) maps CF and CK to two different Fermat type
curves. ]

Lemma 37. Let k be an even integer. Then

* k _ k
pn7kC€17€2 - § : Cﬁlv”wen'

€1,..6n€{E£1}

under p, 5 is Ck Now we

€1,€2°

want to prove that these irreducible curves are all the preimages of C¥ . The

restriction of the morphism P?\[0:---:0: 1] — P"~! to Cfl,--»,en gives a morphism

thwe" — C’fh_”’enfl which has degree % The composition of these restrictions

)= (%)niQ. From Lemma [36 all the

7777777

; k
Proof. For fixed €1,€ the image of any CF

sees€n

n—2
has degree (£)" ~, hence deg(pn’k‘cikl
components of the preimage of the , under p, j are distinct.

Since there are 272 distinct curves C’fhwen in the preimage of C’fhez, we get
—2
(5)""27=% = k"~2. Hence the curves C* _ are all the components of the

pullback of C* _ counting multiplicities. O

€1,€2

Lemma 38. Let k be odd. If CT(:Z) is defined as the pullback to X, , of the curve
of type (iv) of Xay, then C’r(ff,;) is reduced, irreducible, and given by the equations
x%k + x%k + x%k — 2x§x’f — 290]590]5 — Qm’fmg = 0,

2.%']8 —x’f +2:E’§ = x§

(n—1)(n —2)zf — (n—2)2¥ + (n — 1)a} _ zk

Moreover, the 2™ curves C’flk C X, 21 are isomorphic to each other and are

7677,
birational to C’Sz) .

Proof. The rule [zg : --- : x,] + [23 : -++ : 22] defines a surjective morphism
F, : Xp2r — Xnk We have the commutative diagram (as can be seen from the
equations)

F,
Xn,Qk — Xn,k

Pn,,m-i J{pn,k

X2 2k — Xok
2
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Note that C’Q(iz) = divpsz (Py) with Py = 23% +22% 422k — 22kal — 22k 2k — 22kak
which is the homogenization of the polynomial P from Lemma[26l By that lemma,
we have FQ*CSZ) = C?k

€1,€2°

By Lemma 37 we obtain p, o, > . C2F =3, O, where G = {+1}". By
definition, we have Cn,k = pn,kCz(yk), so we get

FC) = FrpiaCyy) = pranF5 05y = 3 C2F.
eeG
In particular CS;? is reduced because the curves C2* are reduced by Lemma 371
Let G = {£1}" = (Z/2Z)"™ act on P" via

T([xg : -t @y)) = [wo s Xy -0 Ty
Then 7(X,, 2k) = Xy 2k, for all 7 € G and F,,o7 = F,,. Moreover TC2k = C2?F (since
k is odd), where € = (e1,...,€,) € G, and so C2F = €C2k“_71) are all isomorphic to

each other. Thus F,,(C2F) = Fn(C(Qlk.___l)), for all € € G.
Thus, since F), is surjective, we have

O = F,F Y (CU) = Fu(| JC2F) = Fu(7C3F 1)) = Fu(CHF ).

Since C(Qlk 1) is irreducible, so is C(w) = F,(C?%). Thus C’fj’z) is a reduced and

irreducible curve, and F,(C2F) = C(W) for all €. Since deg(F,) = 2" and we have

n,k

2™ curves C’fl we have that the residue degrees f . Jotn) = 1 for all €, and
o € n,k

En?

hence F, cor : C2F — C™) is birational. O
Finally, we obtain

Lemma 39. The pullbacks under p,  of curves of type (i) and the curves of type
(ii) with ¢ # —1,...,n — 2 are smooth, irreducible, and reduced. If k is even, then
the pullbacks of the curves of type (iii) comprise the sum of the curves C¥ with
€ € G which are smooth, irreducible, and reduced. If k is odd, the pullback of the
curve of type (iv) is irreducible and reduced. The pullback of curves of type (ii)
with ¢ = 1,...,mn — 2 is p}, 1 (Dc) = kCp ci2, where Cy ; are smooth, irreducible,
and reduced.

Proof. From Lemma [38 we know that the curves of type (iv) are irreducible. The
pullbacks of the curves of types (i), (iii), and (ii) with ¢ # —1,...,n—2 are smooth
and complete intersection curves by Lemmas B2 and B7l From Lemma [34] we know
that the curves C; are smooth complete intersections. From [Har77, Ex. 11.8.4(c)]
we get that all these curves are connected, hence irreducible. The curves of type
(ii) with ¢ = 1,...,n — 2 are irreducible (but not reduced) because they are k times
a curve C)p, 12 (see Lemma [34]). O

6. wy k- INTEGRAL CURVES ON X,

Since the morphisms m, are linear projections, we have that p’;yk(’)ﬂ»g(l) =
Ox,, . (1). Thus, we can define

Wnk = p;’kwg,k c HO(Xn’k, O(k‘ + 3) & SQQﬁ(T’k)
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Proposition 40. For k > 2, the wy, i-integral curves in X,  are the following:
(a) The pullbacks under py, i of the coordinate axes of Xa . These curves are

smooth and irreducible with genus kn;z (k(n—2)—n)+ 1.
(b) Crer2 = (0}, x(Dec))rea with ¢ # {=1,0}. These curves are smooth and
irreducible. When ¢ ¢ {1,...,n — 2}, they have genus

knfl

(k(n—1)—n—1)+1,

and when ¢ € {1,...,n — 2}, they have genus kn;z (k(n—2) —n)+ 1.
Moreover, the following curves are also wy, . -integral:
(c) If k is odd, the pullback of the curve of type (iii). It is reduced, irreducible,
and has geometric genus %(k(n —1)—n-1)+1.
(d) If k is even, the 2™ curves Ce, . c,.:

E k E
ary{ = exi —x§
ar? = i —(n—1)zg.

They are smooth and irreducible of genus ()"~ 1(5(n—1)—n—1)+1.

Proof. Let C C X, ;, be an w, p-integral curve. By Theorem 22} its image D =
Pk (C) must be wy p-integral. Therefore C' is a component of py ; (D). Hence by
Lemma 29 and Lemma [39, C is a curve described in this proposition.

Now we compute the genus of these curves. Let C' be a curve of type (a). We
have from Ex. IV.3.3.2 in [Har77] that degsi*Opn(1) = deg(C), which is equal
to 1- k"2 by [EH00, Theorem I1I-71]. From Lemma [32] we know that they are a
complete intersection, so by [Har77, Ex. I1.8.4(e)] we have Ko = O(k(n — 2) — n);
hence the genus of C is de(k(n —2)—n)+1.

Let C be a curve of type (b) with ¢ ¢ {1,...,n — 2}. Then deg(C) = k"1,
and from Lemma 321 we have K¢ = O(k(n — 1) —n — 1). Hence the genus of C' is

kn;l (k(n—1) —n—1) 4+ 1. If C is a curve of type (b) with c € {1,...,n — 2}, we
have deg(C) = k"2 and K¢ = O(k(n — 2) — n) by Lemmas 34 and B% hence the
genus of C' is L272(I€(n —2)—n)+1.

Let k be even and let C' be a curve of type (d). By Lemma B7 we have
deg(C) = (%)n_l and K¢ = O((n—1)k —n—1), and we obtain that C has
genus (5" 1(&(n—1)—n—-1)+1.

Since the genus of a curve of type (d) in X, ox is 2(Z)"1(Z(n—1)—n—1)+1,
we obtain by Lemma B8] that the geometric genus of the curve of type (c) in X,

is 2 (k(n—1)—n—1)+ L O

7. CURVES OF LOW GENUS ON X, j,

Now we will show that the curves of bounded genus (for a suitable bound de-
pending on n and k) on X, j are wy, p-integral.

Lemma 41. The section wy, i defines a unique section
g € HO(Xpp, Ok +3 — (k — 1)(n — 2)) ® S2Qk ).

Moreover, every w), . -integral curve is wy, j-integral.
.



SEQUENCES OF POWERS AND HYPERBOLICITY 3459

Proof. By Lemma [39, we have that p;, (D;—2) = kCy,; for i = 3,...,n. Since the
curves D, with ¢ = 1,...,n—2 are wy y-integral, Theorem [24]shows that the section
wn, i, vanishes along (k—1) Y7 . C,, ;. Thus by Proposition 25, we get that for each
n, the section wy, x € HY( Xk, O(k + 3) @ S’QQ}(”W) determines a unique section
Wi € HO(Xp 1, O(k4+3—(k—1)(n—2))®5°Q% ) which makes the w], ,-integral
curves be wy, p-integral. Here we used O(C,, ;) :Y(’)Xn’k(l) as Cp; = divx, , (7;);
cf. the proof of Lemma 34 O

Proposition 42. Let k > 3, let g > 1, and let n > % + 3. If C is an irreducible
curve of geometric genus g(C) < g in X, , then C is w;,k-integml. In particular,
it 18 Wy, k-integral.

Proof. Recall that p¢ : C - Xnk is the normalization of C. We know from
Example 1V.3.3.2 in [Har77] that degs pO(1) = deg(C) > 1. Thus, since n >
ﬁ + 3, we have that

degs(pcO(k+3 — (K —1)(n—2)) ® SQQlé/C)
< dega(poO(k +3 — (k—1)(n—2))) +2(29 - 2)
=(k+3—-(k=1)(n—2))degsprO(1) +4g — 4

<k—(k—=1)(n—2)+49—1.
Hence HO(C, Ok +3 — (k- 1)(n — 2)) ® Sleé/C) = 0 because n > 24 + 3,
and therefore in this case the curve C' is wiu p-integral. The last statement holds by
Lemma [4T] O

8. PROOF OF THE MAIN RESULTS

Proof of Theorem Bl Let g > 1 be fixed and let n > % + 3. Recall that £ > 3.
By Proposition l0] we know the genus of all the w,, p-integral curves in X,, . We
will now show that the genus of any of these curves is strictly greater than g.

The curves of type (a) and the curves of type (b) with ¢ € {1,...,n — 2} have

genus

' - 2)—m) +1 = kn; (n(k —1) - 2k) + 1
o B sk —1) - 2k) 1

n—2

k
= 5 (g+k-3)+1>4g+2-3+1>y.

Hence curves of type (a) and curves of type (b) with ¢ € {1,...,n — 2} have genus
strictly greater than g.
Curves of type (b) with ¢ ¢ {1,...,n — 2} and curves of type (c) have genus

kn—l kn—l
5 (k(n—1)—-n—-1)41 = 5 nk—1)—k—1)+1
n—1
> (4g+3k—-1)—k—-1)+1
kn—l
= 5 (dg+2k—4)+1>49+4—-4>g.

Thus, curves of type (b) with ¢ ¢ {1,...,n — 2} and curves of type (c) have genus
strictly greater than g.
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Now suppose that k > 4 is even. Curves of type (d) have genus
Lk E 1) 1+1—1kn_1 ) SE )
2 2 2\ " “2\2 "2 2

1 /R\"! 4g k k

5(3) ((Ees) (1) -5-1)

VRN (k=2
2
><29§+4—4>+1>g.

Hence for even k > 4, curves of type (d) have genus greater than g.

From Proposition we get that all curves with geometric genus ¢g(C) < g¢
are wy, k-integral. Since for £ > 3 and n > % + 3 the w,, i-integral curves have
geometric genus strictly greater than g, we get that there are no curves of geometric
genus ¢g(C) < g in X, . a

Proof of Corollary @ If k > 3 and n > 6, then we have n > % +3. Ifk=4,5
and n > 5, then we have n > % + 3. If £k > 6 and n > 4, then we also have
n > % + 3. Therefore by Theorem [B] we get that there are no curves of genus

g(C) <1on X, in these cases. O

Proof of Theorem Gl Let K be a function field of genus g > 0, let k > 3, and let
n > % + 3. The solutions over K (up to scaling) of the system of equations
(@) are in bijection with the morphisms {f : Cx — X/C}, with Ck the curve (up
to isomorphism) with function field K. By Riemann-Hurwitz, these morphisms are
either constant or must map the curve C'x to curves in X with genus less than
or equal to g. By Theorem [Bl there are no curves of genus less than or equal to
g in X,, . Therefore there are no non-constant solutions in K of the system of
equations (IJ), so after dehomogenizing we see that there are no sequences of length

n of elements in K not all constant whose k-th powers have second differences equal
to 2. g

To prove Theorem [ we will need the following result from [VojOOb] (see also
[McQ98]). We will be using standard notation from Nevanlinna theory; cf. [Voj11].

Proposition 43. Let X be a non-singular complex projective variety, let f : C — X
be a holomorphic curve, let d be a positive integer, let L be a line sheaf on X, let
w be a global section of LY ® Sdﬂﬁ(/c, and let A be an ample line sheaf on X. If
ffw #0, then

Trf(r) <ewe 0(10g+ Ta,4(r)) + o(logr),
where the notation <... means that the inequality holds for all r > 0 outside a set
of finite Lebesgue measure.

Proof of Theorem Bl Let n > ﬁ +3andlet f: C — X, ; be a holomorphic map.
We will show that f must be constant.

Suppose that f is a non-constant map. Then we can consider the holomor-
phic symmetric differential f”‘w;),C on C, with W;L,k as in Lemma FIl Write M =
(k—1)(n—2)— (k—3) and note that M > 1 by our assumption on n, so £ := O(M)
is ample and w), ;, € H(X,, 1, LY © S*Q) ).
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If f*w, , # 0, then we can apply Proposition with A = L as it is ample.
Since f is non-constant and L is ample, there is a constant ¢ > 0 such that

(4) T p(r) > c-log(r)

for r large enough. Note that
1
T 5(r) 4+ O(log® T s (r)) > iTL,f(r) +0(1),
and from Proposition 3] we have

Tﬁ,f (T) Sexc O(IOg 7‘),

which contradicts equation (). Hence in this case f must be constant.

On the other hand, if f*w;%k = 0, then f is locally a solution to the algebraic
differential equations defined by w;%k, and the image of f is contained in an W;,k'
integral curve; hence it is contained in an algebraic curve.

Let C' C X, i be the irreducible algebraic curve containing the image of f. Then
we get a map f : C — C which lifts to amap f : C — C satisfying pcof = f, where
lol C — C'is the normalization map. The holomorphic map f is non-constant, so

by Picard’s theorem ¢g(C) < 1. By our assumption on n we can apply Corollary @l
to deduce that there is no curve of geometric genus 0 or 1 in X, ;; hence C' cannot

exist. Therefore f is constant. Hence, X,  is Brody-hyperbolic. O
Remark 44. The proof of Theorem [0 uses the fact that a sequence aq,...,a, in a

number field has second differences equal to 2 if and only if for all 1 < j < n we
have

aj == =2)ar+ (G —Dax+ (-1 -2),

which can be easily checked.

Proof of Theorem @ Let aq,...,a, be a sequence of n elements of L whose k-th
powers have second differences equal to 2. Then [1: aj : ---: a,] is an L-rational
point on X, ;, by the previous remark and because the ideal of X, i, is (g1, -.,n);
cf. Section If we have infinitely many sequences of length n satisfying these
conditions, then we obtain infinitely many L-rational points on X, ;. There are
only finitely many L-rational points on X, ; which are not in the curves of genus
0 or 1 of X,, ; by the Bombieri-Lang conjecture, since X,, j is of general type for
n > 4 by Proposition 71 By Corollary [ we get that there are finitely many
sequences of this form for n > 6 when k > 2 and for n > 4 when k£ > 6. This finite
number depends only on k and L. (Independently, X, x(L) is finite by Conjecture
Rl and Theorem [l)

Let k£ > 2, and suppose that there are N sequences of length 6 whose k-th powers
have second differences equal to 2 (for & > 6 we can replace 6 by 4 in this argument).
Let a1,...,an4+7 be a sequence of elements of L whose k-th powers have second
differences equal to 2. By a proof similar to the one of Lemma [I2] we have that no
term appears three times in the sequence. The N + 2 sequences aj, ..., a;+5 (for
1 <i < N +2) contain at least N + 1 distinct sequences of length 6 whose k-th
powers have second differences equal to 2. This contradicts the fact that there are
only N sequences satisfying this condition. |
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Now we will prove Theorem [I0l The following conjecture is due to Browkin and
Brzezinski [BB94]:

Conjecture 45 (n-term ABC conjecture). Given any integer n > 2 and any € > 0,

there ezists a constant Cy,  such that for all integers aq, ..., a, witha;+---+a, =0,
ged(aq, ..., a,) =1 and no proper zero subsum, we have
max(|ai, ..., |an|) < Cprad(ay ---a,)*" e

We will need the following very important theorem:

Theorem 46 (Szemerédi’s theorem). Let k be a positive integer and let 0 < § < 1.
There ezists a positive integer N = N (k,d) such that every subset of {1,..., N} of
size at least 6N contains an arithmetic progression of length k.

Lemma 47. For k > 2, define the sets

Sy ={n€Z:n is a k-th power} = {m" :m e Z},
and also define

Seo ={n € Z : n is a k-th power, with k > 13} = U Sk.
k>13
There exists an N such that for any sequence a1, ...,ay formed by integer powers,
there is an arithmetic progression
m,m+mn,...,m+20n

(of length 21) in {1,..., N} such that for all 0 < j < 20 we have aptjn € Sk, for
a fited k € {2,...,12,00}. Moreover, n < (N —1)/20.

Proof. Let N = N(21,1/13) be the integer obtained by Szemerédi’s theorem. There
exists k € {2,...,12,00} such that at least % of the elements of {a1,...,an} are in
Sk (since the sequence consists of integer powers with exponent at least 2). Hence
by Theorem 6] there is an arithmetic progression m, m+n, ..., m+ 20n such that
Gy« + + y Am20n consists of elements of the same Sj. O

Notation 48. If « is an algebraic number over QQ, then we denote the number field

Q(a) by L.

Lemma 49. Fix N as in the previous lemma. Assume the Bombieri-Lang conjec-
ture. Then there is a finite collection F of integer sequences of length 21, depending
only on the choice of N, with the following property:

Letay,...,an be a sequence of powers with second differences equal to 2. Suppose
that for some k € {2,3,...,12} and somen € {1, ey NQ—El} there is a subsequence
Ay -« -y Ar20n consisting of k-th powers.

(i) If k > 2, then this subsequence belongs to F.
(ii) If k = 2, then either the subsequence ay,, ..., am+20n belongs to F or the
sequence ai,...,aN 1S a trivial sequence.
Proof. Since aq,...,ay have second differences equal to 2, there exists a monic

polynomial P(z) = 2% + bx + ¢ € Q[z] such that P(i) = a; (cf. Remark [4]).
Suppose that P(m), P(m +n),..., P(m + 20n) are all k-th powers. Then the
monic polynomial

1 1 1
Q(z) = ﬁP(m +2n) =22+ g(Qm +b)z+ ﬁ(m2 +bm+c)
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(which is an element in Q[z]) satisfies that Q(0), ..., Q(20) are k-th powers in L 2.
As Q(z) is monic of degree 2, the sequence Q(0),...,Q(20) has second differences
equal to 2.

Let us prove the two items separately. For item (i), Theorem [@and the Bombieri-
Lang conjecture (for the number field L,2/x) give us that there are finitely many
sequences of length 21 formed by k-th powers (in L,2/x) whose second differences
are equal to two. Let S, be this finite set of sequences. Then a,,...,@m+20n
belongs to n2S,, ., where we multiply each term of each element of S, ; by n.
Therefore, every subsequence considered in item (i) belongs to the finite set

12 —1)/20

LJ LJ HQSﬁk.

For item (ii), note that L,2/x = Q. From Theorem 0.5 in [Voj00a], the sequence
Q(0),...,Q(20) is either trivial or it belongs to a finite set S. In the case that the
subsequence belongs to S, we conclude the proof amplifying by n? and taking the
union of these finite sets for n = 1,..., 25=. Suppose now that Q(0),...,Q(20) is
a trivial sequence. This means that Q( ) (z + h)? for some h € Q, and therefore

1
— P(m+ zn),

2 __
(Z‘+'h) - ﬂ2

from which we deduce that P(x) = (z—m-+nh)?, and we conclude that the sequence
ai,...,ay is trivial. O

The following observation will help us to prove finiteness for sequences in the
remaining cases.

Observation 50. Let G C Q be a finite set, and fix N. Let Tg nx be the set of all
sequences s = (ay,...,ay) which satisfy:

e The sequence s has second differences equal to 2.

e At least 2 terms of s belong to G.
Then 7g n is finite.

Lemma 51. Assume the 4-term ABC conjecture. There is a finite collection F' of
integer sequences of length 21, depending only on the choice of N, with the following
property:

Letn € {1, ey N2—_01} and ay,...,an be a sequence with second differences equal
to 2. If the subsequence G, . . ., Gmi20n consists of elements in S, then it belongs
to F'.

Proof. We know that there are at most 2 values of j for which a4, = 0, that
there are at most 2 values of j for which ay,yjn = 2n?, and that there are at
most 2 values of j for which a4, = —n?. Since our subsequence consists of 21
elements, there are three consecutive elements such that they all are different from
0,2n2, —n?. The elements a,;, (in our subsequence) satisfy (for 0 < j < 21) the

relation

(5) Ut (j+2)n — 20t (j+1)n + Gmejn — 207 =0,

because the sequence aq,as, ..., a, has second differences equal to 2. If a subsum
of three terms in equation (B is equal to zero, then the fourth term has to be equal
to zero, but this cannot hold since all terms are different from zero. We cannot
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have ap4jn = 2n2, At (j4+2)n = 2n?, or At (j41)n = —n?; hence no proper subsum
consisting of two terms is zero. Therefore no proper subzero sum of

2
Am+(j+2)n — 2am+(j+1)n + @mjn — 20

is zero, and Gy (j42)n = 20m+(j+1)n T Cmtjn — on?2 =0. If

ng(am+(l+2)n7 2am+(l+1)nu Am+in, 2’[’L2) 7é 1

we divide by the common factor. From Conjecture with € = %, there exists
C4,c > 0 such that

maX(‘am+(l+2)n|v |2am+(l+1)n\v |@mtinl, |2”2|)
16
< C4,era'd(am+(l+2)nam+(l+1)nam+ln) 5.
(The ged condition can be omitted because the relevant ged is at most 2n? < N2,
which can be absorbed in Cy .) Hence we have

|am+(l+2)nam+(l+1)nam+ln|1/3 S max(|am+(l+2)n|7 |2am+(l+1)n|a |am+ln|7 |27’l2|)
16
< Cyuerad(@m4 (142)nGm+(141)n0m+in) ®
< C/(|am+(l+2)vLam+(l+1)7Lam+ln|1/13)16/5
for an absolute constant C’, because Gy, (142)n, 20m(i4+1)n> Gm+in are powers of
exponent at least 13 (they are in So). As 1/3 > (1/13)(16/5) we conclude that
At (142)n> 2@m 4 (14+1)n> @m+1n are bounded by an absolute constant; hence there are
only finitely many possibilities for these three integers. Thus there are only finitely
MANY Ayt in, Gyt (i41)ns Gm-(1+2)n 11 Seo satisfying equation (B). We conclude by
Observation B0 O

Proof of Theorem [I0l The fact that the sets F and F’ from the previous lemmas are
finite, together with Observation B0l gives the result up to finitely many sequences.
We conclude by the same combinatorial argument as in the proof of Theorem[@ O
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