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THE SHAPE OF THE LEVEL SETS OF THE FIRST
EIGENFUNCTION OF A CLASS OF TWO-DIMENSIONAL
SCHRODINGER OPERATORS

THOMAS BECK

ABSTRACT. We study the first Dirichlet eigenfunction of a class of Schrédinger
operators with a convex, non-negative, potential V' on a convex, planar domain
Q. In the case where the diameter of Q2 is large and the potential V' varies
on different length scales in orthogonal directions, we find two length scales
L; and Lo and an orientation of the domain Q which determine the shape of
the level sets of the eigenfunction. As an intermediate step, we also establish
bounds on the first eigenvalue in terms of the first eigenvalue of an associated
ordinary differential operator.

1. INTRODUCTION

We are interested in studying a class of Schrodinger operators
L=-Ay+V(z,y).

This operator acts on functions defined on the bounded, convex domain € C R?,
and V(z,y) is a convex potential.
The operator £ has an increasing sequence of Dirichlet eigenvalues

AL <A <o <Ay oo,
with corresponding eigenfunctions u;(z,y) satisfying

(—Azy +V(z,y))uj(z,y) = Nu;(z,y) in Q,
uj(z,y) = 0 on 0.

Our main focus will be to study the first eigenvalue A = \; and eigenfunction
u(z,y) = ui(x,y). The first eigenfunction u(z,y) does not change sign inside 2,
and so we normalise u(x,y) so that it is positive inside £ and attains a maximum
of 1. In Definitions [[.T] and [[.3] below, we will define the class of convex domains 2
and potentials V' (z,y) that we are interested in. Our results will become non-trivial
in the case that the diameter of 2 is large and the potential V' (z,y) varies on very
different length-scales in directions along and perpendicular to a diameter. We will
see that one consequence of the assumptions on  and V(x,y) is that it ensures
that the superlevel sets of u(x,y),

We=A{(z,y) € Q:u(z,y) = c},

are convex subsets of € for all 0 < ¢ < 1.
A theorem of John, [I8], therefore implies that for each ¢ we can find an ellipse E,
contained within this superlevel set W, such that a dilate of F., with scaling factor
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bounded by an absolute constant contains W,.. We are interested in determining
the shape of the level sets of u(x,y), and to do this we will study the lengths and
orientation of the axes of the ellipse F.. One of the main steps in establishing the
shape of the level sets of u(x,y) will be to prove sufficiently precise bounds on the
first eigenvalue .

We know that the level set {(x,y) € Q : u(z,y) = 0} is equal to the boundary,
012, and so in particular the shape of this level set is determined solely by the
geometry of 2. However, we will see that, in general, for the intermediate level
sets, for example {(z,y) € Q : u(z,y) = %}, it is not solely the shape of 9Q that
governs its shape, but instead the two length scales Ly and Ly. These length scales
Ly and Lo will be given in Definitions and [[8, but the key feature of their
definitions is the following: The length scale L will be defined purely in terms of
the geometry of €2 and properties of the potential V(z,y), but the length scale Lo
will also depend on a family of associated one-dimensional Schrodinger operators.
Moreover, the definition of Lo will also describe the orientation of these level sets
of u(z,y).

Our motivation for studying this problem is as follows: First, A and ¥(¢,z,y) =
e~ Mu(x,y) are the lowest energy and ground state eigenfunction of the quantum
system governed by the Schrodinger operator

10U (t,x,y) + LY(t, z,y) = 0.

The main motivation comes from the series of papers [17], [I5], [16]. There, the
authors study the first two Dirichlet eigenfunctions on two-dimensional convex do-
mains §2, normalised so that the inner radius is comparable to 1 and the diameter
is equal to the large parameter N. We will describe their results and techniques in
more detail below, but for now we will briefly describe one of the techniques used
that is most relevant for us: Using their normalisation of the domain 2, they write
it as

Q=A{(z,y): filz) <y < fo(z),a <z < b},

for functions fi(z) and fo(z), which are convex and concave respectively, and they
consider the concave height function h(z),

hz) = faz) = fr(2),
with maxgefq5 h(x) = 1. This allows us to define a large parameter L, purely

in terms of the function h(z) (and hence just depending on the geometry of the
domain). This number L is the largest value such that

(1.1) h(z) >1— L2

on an interval I of length at least L. Rather than the length of the diameter N,
this parameter L is the relevant length scale to study the low energy eigenfunctions.
Since the inner radius of their domain is comparable to 1, while the projection of
the domain onto the z-axis is large compared to 1, it is natural to study the two-
dimensional problem via an approximate separation of variables. For each fixed =z,
the domain Q consists of the interval [fi(x), f2(x)] of length h(x), which has first
eigenvalue 72h(z)~2. Thus, the ordinary differential operator on the interval [a, b],
which is naturally associated with this separation of variables, is
d2 7T2

(1.2) —ﬁﬂ-w,
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with zero boundary conditions. In [I7] the eigenvalues and eigenfunctions of this
operator are used to generate appropriate test functions to provide bounds on the
first eigenvalue in terms of L and to estimate the location and width of the nodal line
of the second eigenfunction. In [I5], they give a sharper estimate on the nodal line,
and in [I6] they study the location of the maximum of the first eigenfunction of
and its behaviour near this maximum, where they use this approximate separation
of variables to relate it to the first eigenfunction of the one-dimensional operator. As
a straightforward consequence of their work, it is this length scale L and orientation
of the domain Q given above which determine the shape of the level sets of the
eigenfunction u(z,y) in this special case.

The papers [17], [15], [16] also provide more motivation for studying the operators
L. In the same way that the one-dimensional Schrédinger operator in (2] is used
in a crucial way to study the eigenfunctions of two-dimensional convex domains,
it will be important to understand the properties of the eigenfunctions of £ when
considering the eigenfunctions of three- (and higher-)dimensional convex domains.

Before stating our results, let us define precisely the class of domains € and
potentials V (x,y) that we will be considering here.

Definition 1.1 (The domain 2). The domain Q is a bounded, convex two-
dimensional domain with inner radius N; and diameter No. We assume that the di-
ameter is large compared to an absolute constant, while the inner radius is bounded
below by an absolute constant.

Remark 1.2. Throughout, the constants that appear will depend on these absolute
constants, but the dependence of any bounds on the diameter and inner radius
themselves (and the other parameters introduced below) will be explicitly stated.

We now state the class of potentials of interest.

Definition 1.3 (The potential V(z,y)). The potential V(x,y) on the domain
satisfies
1

h(z,y)?’
where h(z,y) is a concave function with 0 < h(z,y) < 1 and maxg h(z,y) = 1. In
other words, V'(z,y)~'/? is concave on € and

V(Ivy) =

inV =1
min V(z, y)
In particular, this also ensures that V(z,y) is convex.

We see that this ensures that the first derivatives of V' are bounded almost
everywhere and that the second derivatives of V' are positive measures. However,
we do not impose any further regularity assumptions on the potential. Before
continuing, let us briefly discuss the motivation behind Definition [[.3l

(1) One allowed potential is the constant potential V(z,y) = 1. In this case,
our operator is analogous to the purely two-dimensional operator studied
n [I7]. In particular, we can renormalise our domain {2 to ensure that the
inner radius is comparable to 1. Note in general, our potential V(z,y) is
not scale invariant, and so this is not as useful a normalisation for us.

(2) The assumption that V(x,y)~'/? is concave is a natural one when we recall
the motivation for studying this class of Schréodinger operators. In the same
way that the operator in ([.2)) has been used to study the eigenfunctions
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of two-dimensional domains, the potential V' (z,y) that we are considering
is naturally related to the three-dimensional domain with height function
proportional to h(x,y). This assumption that V(z, y)_l/ 2 is concave also
appears in the work of Borell, [4], [5], when studying the concavity proper-
ties of the Green’s functions associated to these Schrodinger operators.

(3) We do not claim that this is the only class of potentials for which the results
below will be valid. In fact, many of the results can be restated to hold
for a more general class of convex potentials (including those related to the
harmonic oscillator). However, at times we will see that it is convenient to
restrict to those potentials given in Definition [[33] and so we will only state
the results for this class of potentials.

Remark 1.4. The potential V(x,y) may be unbounded, but can only tend to co as
(z,y) approaches the boundary of 2. This means that our operator £ can be written
as a self-adjoint operator, with domain D, containing all functions in C§°(€2). The
domain D, is then equal to

{weL%Q);/Q(cf).wz/gquw,fecgom), some by € L2(Q)}.

In particular, this allows us to consider the variational formulation of the first
eigenvalue

_ Jo IVOI* + V2
YECE ()10 Jo®
We can now introduce the crucial parameters L; and Lo that will appear as

important length scales in our study of the first eigenfunction u(z,y). For each
¢ > 0, let us define the sublevel sets of V(z,y) by

Qe ={(z,y) € Q:V(z,y) <1+c}.
Since V(z,y) is convex, these sublevel sets ). are convex subsets of (2.

Definition 1.5 (The parameter Li). Let L; be the largest value such that the
sublevel set Q L has inner radius at least equal to L;.

Remark 1.6. This definition is analogous to the definition of the parameter L from
[T7] described above and roughly speaking is equal to the largest length scale L,
on which the potential increases by at most LIQ from its minimum.

With L, fixed, we let L, be the diameter of the set QL;"" If L; and L, are
comparable in size, then we define Lo to be equal to Ly, but if

le > L17
then we now describe how to find L.

Remark 1.7. Throughout, the notation A > B denotes A > CB, for some large
fixed absolute constant C' > 0, and if this and the converse B > A do not hold,
then we say that A and B are comparable. In particular, we are not interested in
the exact values of Ly and Lo, but instead are interested in knowing whether any
length scale is, or is not, comparable to L; and L. We will use the notation C'
to represent an absolute constant that is small compared to C, which may change
from line to line.
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To obtain a value for Lo, we first rotate our domain €2, so that the projection of
Q Ly onto the y-axis is of the smallest length amongst the projections onto any line.
In particular, this means that the projection of L onto the z-axis is comparable

to Ly, while the projection of Qsz onto the y-axis is comparable to L;. This also
fixes the orientation of (2.

For each fixed z, let the interval Q(z) be the cross-section of 2 at x, and consider
the ordinary differential operator

d2
(1.3) L(x) = T + V(z,y),

with zero boundary conditions on (z). We let u(x) be the first eigenvalue of L(x)
and define the minimum of these eigenvalues,

p* = min p(x).
x
We can now define the parameter Ls.

Definition 1.8 (The parameter Ls). We define Ly to be the largest value such
that

pt < pe) < pf 4+ Ly 2
for all x in an interval I of length at least L.

Remark 1.9. Note that in this definition of Lo, we have used the orientation of
Q Ly fixed above. Therefore, from now on, whenever we consider any property of
the eigenvalue or eigenfunction that depends on the value of Lo, we will have to
use this orientation of Qsz- In contrast, the definition of L; does not depend on
the orientation of Qsz.

Our main aim in the study of the first eigenfunction is to give precise information
about the shape of the level sets {(z,y) € Q : u(x,y) = ¢} which are near the
point where u(x,y) attains its maximum of 1. Since the potential V(z,y) is a
convex function and  is a convex set, Theorem 6.1 in [8] tells us that u(z,y)
is log concave. Alternative proofs of this result have also been given in [9], [19],
[20). In particular, this tells us that the superlevel sets are all convex. Since
{(z,y) € Q:u(z,y) > 0} = Q, one way of viewing this result is that

{(z,y) € Q:u(x,y) > 0} convex = {(z,y) € Q:u(x,y) > ¢} convex

forall0 <e< 1.
We will use the convexity of the superlevel sets of u(x,y) in a crucial way to
describe their shape near its maximum.

Theorem 1.10. Let Q and V(x,y) be a domain and potential from Definitions LTI
and L3l Fiz a small absolute constant c; > 0, and let L1 and Lo be as in Definitions
and [L8. In particular, this means that we have fized the orientation of the set
QLI—Q. Then, for any fized absolute constant c, with ¢1 < ¢ < 1 — ¢1, the level
set {(z,y) € Q : u(z,y) = ¢} has the following shape: There exists an ellipse E
with minor axis in the y-direction of length comparable to L1 and major axis in the
x-direction of length comparable to Lo, such that E is contained inside this level set
and a dilate of E, with a scaling factor bounded by an absolute constant, contains
this level set.
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Remark 1.11. The level set {(z,y) € Q : u(x,y) = 0} is equal to I, the boundary
of Q. We will see that in general the parameters L; and Lo are not comparable
to the inner radius and diameter of the original domain . Thus, the result of
Theorem does not remain valid when ¢ becomes close to 0.

Corollary 1.12. For a convex set W, we define the eccentricity of W, ecc(W), in
the usual way:

diam (W)
inradius(W)’
For ¢ = 0, the eccentricity of the superlevel set {(z,y) € Q : u(z,y) > ¢} is equal
to the eccentricity of 2, but as ¢ increases (while bounded above by 1 — ¢1), the
eccentricity of the superlevel set becomes comparable to Lo /L.

ecc(W) =

The log concavity of the eigenfunction and resulting convexity of its superlevel
sets have been used previously in various situations. For example, in [2] moduli of
convexity and concavity are introduced. Under certain conditions on the potential
V', it is then possible to strengthen the log concavity of the first eigenfunction by
finding an appropriate modulus of concavity. This allows the spectral gap for a
class of Schrédinger operators to be compared to the case where the potential is
identically zero and allows them to prove the Fundamental Gap Conjecture. In [14]
the convexity of the superlevel sets of the Green’s function are used in a crucial
way to prove third derivative estimates on the eigenfunction which are valid up to
the boundary of the convex domain.

As well as the convexity of the superlevel sets of u(x,y), a very important part of
the proof of Theorem will be to obtain sufficiently precise eigenvalue bounds
for the first eigenvalue A. For u(x) equal to the first eigenvalue of the operator
L(x), we consider the ordinary differential operator

2

(1.4) A= —% + p(x)

and let p be the first eigenvalue of this operator. Our eigenvalue bounds relate the
value of A to this eigenvalue u.

Theorem 1.13. Let Q and V(x,y) be a domain and potential from Definitions [[.1]
and [L3l If Lo is defined as in Definition [LY and u is the first eigenvalue of the
operator A in ([[L4)), then the first eigenvalue X of the operator L satisfies

p<A<p+CLy?,
for an absolute constant C.

Remark 1.14. Theorems [L.I0 and [L.13] are valid for all domains and potentials
satisfying the assumptions of Definitions [T and [[L3] and the bounds are uniform
for domains €2 and potentials V' leading to the same values for L; and Ls.

While it is much more straightforward to locate the eigenvalue A\ to an interval
of length comparable to Lf2, we will see that the more precise bound obtained in
Theorem [[T3] is necessary to obtain sharp information about the length scale on
which the eigenfunction u(z,y) decays in the a-direction and hence prove Theorem
[LI0

Theorem [[.T13] locates the first eigenvalue A to an interval of length comparable
to Ly 2 provided we know the value of p. However, p is also an eigenvalue of
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a differential operator, and so it may seem like we have only been able to locate
the unknown A in terms of another unknown p. Another reason why this theorem
still has value is that whereas A is the first eigenvalue of a two-dimensional partial
differential operator (with a potential), u is the first eigenvalue of an ordinary
differential operator A. Thus, from a computational standpoint, it is much easier
to accurately approximate the value of u compared to A. Also, we notice that the
parameter Lo depends on the geometric properties of the domain Q and potential
V(z,y), together with the eigenvalues of the differential operator £(z) given in ([I3)).
In other words, L also only depends on knowledge of ordinary differential operators.
Thus, the bound given in Theorem [[LT3 gives information about the eigenvalue of a
two-dimensional partial differential operator purely in terms of ordinary differential
operators.

The idea of relating the eigenfunctions and eigenvalues of a two-dimensional
problem to an associated ordinary differential operator has also been used exten-
sively by Friedlander and Solomyak in [11], [I2], [I3]. In these papers, they use this
approximate separation of variables to obtain asymptotics for the eigenvalues and
the resolvent of the Dirichlet Laplacian. They use a semiclassical method by send-
ing a small parameter € to 0 in order to give a one-parameter of ‘narrow’ domains,
and then write asymptotics in terms of this small parameter. In Borisov-Freitas [6],
they use similar techniques to study the asymptotics of eigenfunctions and eigen-
values for a class of planar, not necessarily convex, domains in the singular limit
around a line segment. In Freitas and Krejcitik [I0] they also relate the study of
eigenfunctions and eigenvalues of a class of ‘thin’ two-dimensional (not necessarily
convex) domains to an associated ordinary differential operator, and in particular
use this to deduce properties of the nodal line of the second eigenfunction.

Let us now describe how we will proceed in the sections below.

In Section 2 we study the parameters L; and Ly from Definitions and [[§]
in more detail. In particular, we will obtain bounds on L; and Ls in terms of the
diameter and inner radius of the domain and the potential and construct domains
2 and potentials V(x,y) to show to what extent these estimates are sharp. We
will also give a straightforward bound on X in terms of Ly by using the variational
formulation for the first eigenvalue.

In Section [} we will prove the eigenvalue bounds in Theorem [[.T3l For each fixed
x, u(z,y) is an admissible test function for the operator £(x) from (L3]), and the
lower bound on A will follow straightforwardly from this. The proof of the upper
bound on A in Theorem [[LI3] is more involved. The starting point of the proof is
to use the first eigenfunction, ¥(*)(y), of the operator £(x) to construct a suitable
test function in the variational formulation for the first eigenvalue. To obtain the
required upper bound on X it will be necessary to study the first variation of ¢(*) (y)
in the cross-sectional variable x. To do this, we will derive the ordinary differential
equation that this first variation satisfies for each fixed z. The bounds then follow
from using the method of variation of parameters. It will be particularly important
to have estimates on the relative size of the first derivative of the potential V (z,y)
and the size of 1(®)(y).

Once we have established the bounds on A in Theorem [[.13], in Section (] we use
them to study the first eigenfunction u(z,y) itself. Our first aim is to prove an
L?(2)-bound on u(z, y) which is consistent with the shape of the level sets required
in Theorem [LTOL We begin by using Theorem [[I3] to prove a Carleman-type
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estimate to show how the L?(Q(x))-norm of the cross-sections of u(x,y),
fﬂx)::/ u(w, y)* dy,
Q(x)

decays from its maximum exponentially on a length scale comparable to Ls. To
find the required bound on the L?(Q)-norm of u(z,y), we then need to estimate
the size of the maximum of H(x). We will do this by proving L?(Q)-bounds on
the first derivatives of u(z,y), which are again consistent with Theorem [[L.TOl We
finish Section M by proving an Agmon-type estimate to give an indication of the
behaviour of u(z,y) at points at a large distance from its maximum.

In Section Bl we study the shape of the level sets of u(z, y) and complete the proof
of Theorem [LTOl To do this we will use the results of Section @ on the L?()-norms
of u(x,y) itself, and also its first derivatives. We will also use the log-concavity of
the eigenfunction u(z,y) in a crucial way, since it is this that ensures that the
superlevel sets are convex.

Theorem [[I0] gives information about the level sets {(z,y) € Q : u(x,y) = ¢}
whenever c¢ is bounded away from 0 and 1. In Section [6] we briefly discuss what
is known and what is conjectured about the behaviour of the eigenfunction u(z,y)
near its maximum. Studying this in more detail will be a subject of future work.

2. THE PARAMETERS L; AND Lo

Before proving Theorems [[LI3] and [[L.TI0, we first give some more properties of
the parameters L and Lo defined in Definitions and [I.8

We first want to give upper and lower bounds for L, where we recall that L,
is the largest value for which the sublevel set {(z,y) € Q: V(2,y) <1+ L7 ?} has
inner radius at least L;. We can think of this as being analogous to the parameter
L from [I7], which we described earlier in (ILI)). In [I7], it was shown that this
parameter L satisfies

N3 <L <N,

where NV is the diameter of the two-dimensional domain. The upper bound on L is
attained by an exactly rectangular domain, [0, N] x [0,1], and the lower bound is
attained by a right triangle of height 1 and length N. Moreover, any intermediate
value for L can be attained by interpolating between these two extreme cases and
forming the appropriate trapezoidal shape.

We now give an analogous description for the possible values of L;. Rather than
the potential V (z,y), it will be more convenient to work with the height function

(2.1) h(z,y) = V(e,y) 2,

which, by the assumptions on the potential, is a concave function, satisfying
0 <h(z,y) <1

and attaining its maximum of 1 at the minimum of V (x,y).

Proposition 2.1. Recalling that Ny is the inner radius of the domain §2, we have
the bounds

eNy/® < Ly < Ny,

for some absolute constant ¢ > 0.
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Remark 2.2. We will see in the proof of the proposition that we are using the
stronger assumption that h(z,y) = V(z,y)~/? is concave, instead of just the con-
vexity of V(z,y).

Proof of Proposition 21l The proposition follows easily when the inner radius Ny
is comparable to a constant, and so throughout we will assume that Ny > 1.

The upper bound follows trivially from the definition of L, and is attained, for
example, when V(z,y) (and hence h(z,y)) is identically equal to 1.

Before proving the lower bound, we recall the following theorem of John, [I§]:

Theorem 2.3. Let K C R™ be a convex domain. Then, there exists an ellipsoid
FE such that if ¢ € R™ is the centre of E, then we have

ECcKcCc+m(E—-c).

That is, the ellipsoid E is contained within the convex set K, but if it is dilated by
a constant depending only on the dimension, then it contains K.

We will also need the following simple property of concave functions:

Lemma 2.4. Suppose g(x) is a concave function on an interval of length M, with
0<g(x) <1, and g(0) =1. Let 0 < B < 1 and suppose that g(z) =1 — [ at some
point z € (0, M). Then, we have the bound

M < B_lz.

Proof of Lemma 2.4l By the assumptions on the function g(z), it decreases by at
most 1 over an interval of length M. Thus, since it is a concave function, it must
satisfy

T
>1——.
9(z) 21—+
Since g(z) =1 — B, this gives
1-8>1- %, or equivalently M < B 1z,

as required. 0

FIGURE 1. The domain 2 and other sets appearing in the proof
of Proposition 211

We can now prove Proposition 2.1l Let E be the ellipse coming from Theorem
23 for our two-dimensional domain , and let (z*,y*) be a point where h(z,y)
attains its maximum of 1. Consider the ray J which is the intersection of our
domain 2, and the line containing the point (z*,y*) and the centre of the ellipse
E (see Figure[T).
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Since  has inner radius equal to Ny, by the properties of the ellipse E, we know
that the ray J has length M with

(22) M Z ClNl,

for some small absolute constant ¢; > 0. Now consider the intersection of J with
the interior of the sublevel set

Qe ={(x,y) €Q: V(a,y) <1+ L%

Let J; be this interval. If V(x,y) = 14 L7 ?, then 1 — h(z,y) = 1 — V(z,y) 2 will
be comparable to sz, and so applying Lemma 2.4l with 8 = LIQ, we see that Jy
will be of length A, where

(2.3) M < CI7A,

for a large absolute constant Cj.
Combining ([22) and ([23)) gives us

(24) ClNl é M S ClL%A
Thus, the lower bound of the proposition is established unless
(2.5) A>CoL3,

for a large constant Cy > 0.

Therefore, we will assume that (Z3]) holds, and so in particular, A is large
compared to Ly. Let F L2 be the ellipse from Theorem for the set L% and
rotate so that the minor axis of £ L2 lies in the y-direction. Then, by the definition
of Ly, the minor axis of I/, -2 has length comparable to L;.

This means that the ray of length A must approximately lie in the z-direction.
2 is a convex set with inner radius Nj, and the original ray, J, through Q is of
length M. Therefore, if we pick a point (z1,y1) in the interval J;, which is at a
distance of at least A/4 from the ends of Ji, then the height of 2 in the y-direction
at £ = x1 must be at least

(2.6) s ANy /M,

for a constant co > 0. In contrast, the height of Qsz at x = x1 must be bounded
above by CsL1, since the minor axis of £ L2 lies in the y-direction and has length
comparable to L.

Moreover, the concave function h(z,y) varies from 1 to 1 — LIQ in the interval
J1 of length A. Thus, using Lemma [2.4] again, we have

(2.7) h(z1,y1) > 1— a2
at this point on the ray.

Thus, combining ([Z6) and (Z7), we see that, for x = x; fixed, h(z1,y) is a
concave function of y, which decreases by at most 1 on an interval of length com-
parable to ANy /M and decreases by %Ll_2 on an interval of length comparable to
Ly. Thus, using Lemma [Z.4] one more time, we see that

AN,

(2.8) < C4LiLy = CyLi,
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for a constant Cy. Combining (2.4 and (2.8) we see that

M M
M < C1L3A < CLiC, L} — = Cs L5 —,
Ny Ny
for a constant C5 > 0. Rearranging this inequality gives the desired lower bound
on L. U

We noted in the proof of Proposition 2] that it is straightforward to give an
example showing that the upper bound on L; is sharp. We now want to construct
an example showing that the lower bound on L, is also optimal.

Lemma 2.5. We can find a domain Q2 and potential V (x,y) satisfying the assump-
tions of Definitions [l and such that

Ly < &N/,

for some absolute constant ¢ > 0.

Ny

Nz h(z,y)=0

FIGURE 2. The domain in Lemma [2.5]

Proof of Lemma [Z3l We first construct the domain 2. We have remarked earlier
that for the two-dimensional domain case in [I7], a right triangle gives the smallest
possible value for L. Motivated by this, we let Q2 be a right triangle of side lengths
N in the y-direction and side length N5 in the z-direction (see Figure [2]). We note
that while the inner radius of this domain is not identical to Ny, it is comparable
to Ny (independently of the size of N3), and this is all we need.

We now define the potential V(z,vy), via the function h(z,y) = V(z,y) 2. We
let h(z,y) = 1 at the point where the hypotenuse joins the side of length N», and
set h(x,y) = 0 at the midpoint of the side of length N;. We then require h(z,y) to
decay linearly on the interval connecting these two points. Finally, h(x,y) decays
linearly to O in the y-direction as we move away from this interval. This defines
h(z,y) everywhere on  and also ensures that h(z,y) is a concave function. Thus
the potential V' (z,y) satisfies the required properties.

We define L; as usual from Definition [T 5 for this domain Q and potential V' (z,y).
Consider the line segment J joining the vertex where h(x,y) = 1 to the midpoint
of the opposite side, and let M be the length of the line segment J; C J on which
h(x,y) > 1—Ly2 Then, since h(z,y) decays linearly and the whole of .J has length
comparable to N, it is easy to see that

(2.9) M = 1Ly No,
for a constant ¢; > 0.

By the definition of Ly, the set {(x,y) € Q: h(z,y) = 1 — L7 ?} has inner radius
comparable to L;. Thus, at the point (z1,y1) on the line segment J with

(2.10) h(z1,y1) =1- $L7°,
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this set has height comparable to L; in the y-direction for z = x; fixed. Moreover,
the point (x1,y1) is at a distance comparable to M from the vertex where h(z,y) =
1, and so the height of £ at this point is equal to

(2.11) oML

for co > 0. Thus, for x = x; fixed, h(x1,y) decays linearly to 0 on an interval of
length comparable to L1 No/Ny, and by (ZI0) decreases linearly by %Ll_2 on an
interval of length comparable to L;. This tells us that

N
(2.12) L3 = CgMFl.

2
Combining [29) and [ZI2)) gives
N
L? = CgClL;2N2—1 = C301LI2N1,
No
and rearranging gives the desired estimate for L. O

Remark 2.6. By combining the two examples which show that the upper and lower
bounds on L; from Proposition 2.I]are sharp, it is easy to construct examples where
L, attains any intermediate length scale.

We now want to consider the parameter Lo introduced in Definition [ Before
describing the bounds that Lo must satisfy, we first give a simple bound on the
eigenvalue \.

Proposition 2.7. The first eigenvalue \ satisfies
1<A<1+C1LTE

for an absolute constant Cy > 0.

Remark 2.8. The proof of this proposition will in fact establish the lower bound
A > 1+ A(R2), where A() is the first Dirichlet eigenvalue of (2.

Proof of Proposition 27 We will establish these bounds by using the variational
formulation of the first eigenvalue, A. That is,

(2.13)
N { Jo IVib(a.y)* + V (@, y)(z,y)* de dy

Jo¥(z,y)?dzdy

Since V (z,y) > 1 for all (z,y) € Q, the lower bound, A > 1, follows immediately.
To prove the upper bound, we need to construct a suitable test function ¥ (z,y)
to use in (ZI3]). By the definition of L1, we know that the sublevel set

Qe ={(a,y) : V(z,y) <1+ LT%}

has inner radius equal to L;. Thus, we can choose a point (xg,yo) and a constant
¢ > 0 such that the set

R={(z,y) : |z —zo| < cLy, |y —yol < cLi}

’l/) € WLQ(Q)aQMQQ = va 7_é O} .

is contained in the interior of Qsz. We then define 9 (z,y) as
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inside the square R, and set ¢ (z,y) = 0 for all other (z,y) € Q. It is then clear
that

Jo VY (2,y))* dady
Jo¥(z,y)?dzdy

and since V(z,y) < 1+ Ly? on the support of the test function ¥ (x,y), we also
have

S C2L1_27

fQ V(z,y)(x,y)? de dy
Jo (x,y)? dzdy

Using these inequalities in ([2I3)) gives the desired upper bound on . O

<1+ C3L7 %

We now consider the parameter Lo from Definition L3 We recall that the
sublevel set () L2 has inner radius L; and diameter L and that we set Lo to be

equal to L; unless Ly > L;. The upper and lower bounds for Lo from Definition
that we want to establish are the following.

Proposition 2.9. The parameter Ly satisfies
- . 1 -
Ll < Ly < — L,
C1

for some absolute constant ¢; > 0.

Remark 2.10. In particular, the lower bound shows us that if we have Ly > Ly,
then also Lo > L.

Proof of Proposition 29l The value of Lo depends on the function p(x), where p(z)
is the first eigenvalue of the operator L£(x) in (I3]). Lo is the largest value such
that u(z) increases by Ly 2 from its minimum value, x*, on an interval of length at
least Lo. Therefore, before proving the bounds on Ly, we first want to study the
properties of the function p(zx).

We have rotated €2 so that the projection of the set QL;?, onto the y-axis is of the
smallest length amongst the projections onto any line. One immediate consequence
of this is that if we set J to be the interval which is the projection of Qsz onto

the z-axis, then the length of J is comparable to Ly, the diameter of Q L2
We now give a bound on the eigenvalues u(x) for z € J.

Lemma 2.11. For x in the middle half of the interval J, there exists an absolute
constant C7 > 0 such that
O

1 .
L3

+ ! <plz) <1+
— x

ClL% =H -
Proof of Lemma [ZT1l Since p(x) is the first eigenvalue in the ordinary differential
operator in ([IL3]), we want to apply Lemma 2.4(a) in [I7]. This lemma implies that

1 &
2.14 1+ —- < <l4+—
where L(x) is the length scale associated to V(z,y). In other words, for each fixed
x, L(x) is the largest value such that V (z, y) varies from its minimum by L(x)~2 on
an interval of length at least L(z). Thus, to prove the lemma it is enough to show
that L(x) is comparable to L; whenever x is in the middle half of the interval .J.
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The projections of Q L onto the z- and y-axes have lengths comparable to L,
and L, respectively. It follows from Theorem 2.3 that, for those x in the middle
half of J, the height of QL;"’ in the y-direction is comparable to Ly. Since the
potential V' (z,y) is convex, attains its minimum of 1, and is equal to 1 + L1_2 on
the boundary of L% We know that for all = in the middle half of J, we must have
Viz,y) <1+ %Lf2 for some y.

As a result, for all z fixed in the middle half of J, the potential V(x,y) varies
by an amount comparable to sz for y in an interval of length comparable to L.

Therefore, for each z fixed the length scale L(z) is comparable to Li, and hence
using (ZI4) we have the required bound. O

Remark 2.12. Since Lemma 2.4(a) in [17] played a key role in the above, let us say
a few words about its proof. The upper bound in (214 follows easily by choosing
the appropriate test function, just as in the proof of Proposition 27l The proof of
the lower bound is slightly more complicated and makes use of the convexity of the
potential to ensure that it grows at a sufficiently fast rate once we move away from
its minimum.

Before completing the proof of Proposition 2.9] we need one more property of
the function u(z).

Lemma 2.13. The first eigenvalue pu(x) is a convex function of x.

Proof of Lemma [Z13l This convexity property follows from Corollary 1.15 in [7].
The convexity of the eigenvalue is deduced from the log concavity of the fundamen-
tal solution of the associated diffusion operator. O

Remark 2.14. Although in the assumptions of Corollary 1.15 in [7], the potential
does not depend on the xz-variable, the proof of the log concavity of the fundamental
solution (and hence the convexity of the first eigenvalue) follows in the same way
if V(x,y) is allowed to depend on z, provided it remains a convex function.

We can now combine Lemmas2.TT]and .13 to complete the proof of Proposition
Since the interval J is of length comparable to L, Lemma 2.IT] tells us that
p(z) varies by an amount at most comparable to Ly ? for z in an interval of length
comparable to L;. Thus, since u(x) is a convex function, applying the same logic
as in Lemma [2.4] we immediately obtain the lower bound

=1/3 12/3
(2.15) Ly > o L1133,
By the convexity of V(z,y), given Cy > 0, we can find C3 > 0 to ensure that
V(e,y) > 14 CoLy?

whenever the point (z,%) is at least C3L; from Q2 —>. This means that p(x) cer-

tainly must increase by an amount comparable to Lf2 when z is a distance com-
parable to Ly from J, and this gives us the upper bound

1 ~
(2.16) Ly < —L;.
C1

Combining the inequalities in (2.13]) and (Z18) completes the proof of the proposi-
tion. ]
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3. THE BOUND ON THE FIRST EIGENVALUE A\

We recall from Proposition 2.7 that the first eigenvalue A satisfies
1<A<1+CLT2

In this section we will assume that we have Ly > L, (and hence Lo > L also),
and then prove the improved upper and lower bounds on the eigenvalue A\ from
Theorem [LI3l That is, we will show that )\ satisfies

(3.1) p< A< p+CLy?,

where p is the first eigenvalue of the ordinary differential operator A in (I4]). The
lower bound in B is more straightforward, and so we establish this bound first.

Proposition 3.1 (Lower bound on \). The first eigenvalue \ satisfies
A > p.

Proof of Proposition Bl As before, for each x fixed, let () be the cross-section of
Q at 2. Then, the first Dirichlet eigenfunction u(x,y) satisfies u(x,y) = 0 whenever
y is at the endpoints of the interval Q(x). In particular, for each fixed z, the
function wu(z, -) is an admissible test function for the variational formulation of the
first eigenvalue of the operator £(z). Thus,

| @) +Viepute iy > uo) [ ey
Q(x) Q(z)
Integrating this over x and using

{ (—Aay + V(z,y))u(z,y) Au(z,y) in €,
u(z,y) = 0 on 01,

we see that

A / u(z,y)? de dy = / (Opu(z,9))® + Byulz,9))® + V(z, y)ulz,y)? dedy
Q Q
> [ (@) + nle)ue.g)? dody
Q

> u/ u(z,y)? dz dy.
Q

To get the final inequality, we have defined u(z,y) = 0 outside Q, used Fubini to
calculate the interval in z first, and then used the variational formulation for the
first eigenvalue p of the operator A in (I4). This gives us the bound A > p, as
required. O

We now turn to the upper bound and prove the following.

Proposition 3.2 (Upper bound on ). We have an upper bound on the first eigen-
value A of the form
A< p+CLy?,

for an absolute constant C' > 0.

Remark 3.3. From Lemma 4.2(e) in [I7], the operator A has spectral gap bounded
from below by a multiple of L5 2. Therefore, obtaining bounds on A up to a precision
of CLy % is important if we want this separation of variables in the x and y variables
to be of use to us.
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Proof of Proposition 3.2l As in the proof of the simple bound on A in Proposition
270 we will again make use of the variational formulation for A given in (ZI3]). To
do this we need to construct an appropriate test function, and our motivation will
come from performing an approximate change of variables in the z- and y-directions.
Before stating our test function, we need some definitions.

Definition 3.4. For each fixed z, we define 1/)§z) (y) to be the L?-normalised first

eigenfunction of the ordinary differential operator L£(x). That is, wﬁz) (y) is L?-
normalised on the cross-section Q(z) and satisfies

{( V)W) = w0,
vy = 0 on 90 (x).

Definition 3.5. Let I be the interval of length Lo from Definition We de-
fine the cut-off function x(z) to be a positive function which is comparable to its
maximum in the middle half of the interval I and is supported in the middle three
quarters of I, such that it decays smoothly to zero from its maximum. We also
require that x(x) be L?>-normalised on the interval I. In particular, this allows us
to ensure that

X' ()] < CiLy ™2,
for some absolute constant C7.

We will use the test function f(x,y) = X(x)z/)?)(y) in (ZI3) to prove the follow-
ing intermediate step.

Proposition 3.6. We have an upper bound for A of the form

A<t / (@) (00 (9))? d dy + C1 L3,
Q

for a constant C.

Proof of Proposition [3.6. To obtain an upper bound on the first eigenvalue A, we
will calculate the quotient from (ZI3) with ¥ (z,y) = f(x,y) as above. Since 1@ ()
is L?(Q(z))-normalised in y for any fixed z, and x(z) is L?(I)-normalised in x, first
computing the integral in y and then the integral in x, we see that the denominator
in [ZI3) is equal to 1. Thus, we have the bound

32 A< [ 9o (M@0 0) Plody+ [ Viepatarel ) deay.
For each z, the function (*)(y) satisfies
(3:3) / v (y)*dy = 1,

Q(z)

and it is equal to 0 at the endpoints of the interval Q(x). Therefore, differentiating
B3) with respect to x, we obtain the orthogonality relation

/ 0.9 ()™ () dy = 0.
Q(x)
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Thus, calculating the derivatives in the first integral in ([B.2]) and using this
orthogonality relation, we see that (3.2]) becomes

A< [N @ W) dedy + [ (@000 ) dedy
+ [ 3RO dedy+ [ Vie @i w2 dedy.
The eigenfunction W) (y) of L(x) has eigenvalue p(z), and so we have the inequality

A< / ¥(2)?dz + / X (@) (0,0 ())? dar dy + / x(@)2 () da.

I
From Definition [[.8] we know that

() — pl < Ly>.

Therefore, combining this with the bound on x’(z) given in Definition B35 we obtain
the desired upper bound on . O

As a result of Proposition [B.6] to obtain an upper bound on A, we need to

consider the derivative with respect to x of the eigenfunction wYc) (y). We will
prove the following proposition:

Proposition 3.7. Let x be fized in the support of the cut-off function x(x). Then,
/ (005" ()2 dy < C1 L3,
Q(z)

with the constant Cy independent of x.

Remark 3.8. Combining Proposition with Proposition 3.7 establishes
A<pu+CiLy 2

and finishes the proof of Proposition

Proof of Proposition 3.1 Throughout the proof of this proposition, x € I will be
fixed in the support of the cut-off function x, and all bounds that appear will be
uniform in z. We will also suppress the dependence of certain functions on z where
this simplifies the notation.

Since

(—j—yg V(a, y>) $9(y) = @ (y),

differentiating with respect to x we find that for y € Q(z), we have

2
(3.4) (—% +V(a,y) - u(l’)> 0un” (y) = 1 (@)1 (y) = 0.V (. 90" (v).
where the notation ' denotes differentiation with respect to x. Although, for each
fixed x, w%m)(y) is equal to zero at the endpoints on Q(z), the function &Cwlx) (y)
will not in general be zero here.

Therefore, we will also need to take into account its boundary values. For those
x in the support of the cut-off function x(x), we can write the two parts of 9
below and above in the y-direction as {y = g1(z)} and {y = ¢g2(z)}, where g;(x)
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and g2(x) are convex and concave functions respectively. We set ov = 8961/)§z)(g2 (x))
and define

(3.5) 9(y) = 2,0\ (y) — .

Our aim is to find an expression for the function g(y) using B4). To do this
we need to make the following definitions (again suppressing the dependence on z
throughout).

Definition 3.9. We define the function F(y) by
Fly) =V(z,y) = p(x).

We know that p(x) < 1+ C;L;? and that min, V(z,y) < u(z) for all z in the
support of x(z). This allows us to define the three points y1, y2 and ys.

z=V(z,y)

minV(z,y) + CL
v

V(a,y) — p(x)

min V(z,y
v

U1 Y2u3 Y

FIGURE 3. The points y;, y2 and ys from Definition BI0l

Definition 3.10. We fix an absolute constant C. We define y; to be the mid-
dle point of the ‘centre’; where the centre is the interval on which V(z,y) <
min, V(z,y) + CL1_2. We then choose y» > y; to be the largest value such that
[y1,y2] is contained in the middle half of the centre. Finally, we define y3 > ys to
be the value of y for which F(ys) = V(z,ys) — pu(z) = 0. (See Figure Bl)

Definition 3.11. We set ¢(y) to be the first eigenfunction of £(z), but this time
normalised to be positive with a maximum of 1. Note that this function is equal

to a multiple of ng)(y) (where the multiple depends on the fixed value of z).
For y > y1, we define the function ¢(y) by

) = o) [ o).

Y1

We can now write an expression for the function g(y).
Lemma 3.12. Let co(x) be the value such that

a(y) — o)y (y) = 0
at y = y1. Then, fory > y1, the function g(y) satisfies

y ~ g2 ()
(3.6) g(y) — co@V(y) = d(y) | )G (z,t)dt + b(y) / $(t)G(, 1) dt,

Y1
where G(x,y) is equal to

37)  Gzy) = 1@ (y) — 8V (2, 9)\ () + (V(w,y) — ulz))a.
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Proof of Lemma BI2l We see from the definition of g(y) from (B3] and the equa-
tion that 0, gx)(y) satisfies in (4] that we have

(—d—2 V() - u(w)> 9() = 1 (@ (9) = 0.V (2, )P ()

dy?
+ (V(z,y) — p@))a.
The right-hand side of the above equation is equal to G(z,y), so that
(3.8) (L(x) — u(2))(9(y) — co(@)¢(y)) = G(,y).

Since L(x) is a second order ordinary differential operator, to find an expression for

g(y) we will apply the method of variation of parameters to ([B.8)). From Definition
B.I7] we know that

(L(x) = p(z))o(y) =0,

with ¢(ga(z)) = 0. Tt is straightforward to check that the function ¢(y) from
Definition BIT] also satisfies

(L(z) — p(x))o(y) = 0,
for y > y1, and is equal to 0 at y = y;. Thus, since the function g(y) — co(x)@(y)
is equal to 0 at y = y; and y = g2(z), using ([B.8)) and variation of parameters, we
have the desired expression. ([l

Looking at this expression for g(y), we see that we will need to study how
the magnitude of the functions ¢(y) and ¢(y) depends on the size of the poten-
tial V(z,y) and its derivative with respect to x, 9,V (z,y). Also, since g(y) =
awwl“’) (y) — v, where o = &;ng) (92(x)), we will also need to estimate the size of
Oy Yc) (y) at the endpoints of the interval Q(x).

3.1. Properties of ¢(y). We first study the function ¢(y). For z fixed in the
support of I, let us set L(z) to be the largest value such that V(x,y) varies from
its minimum value by L(z)~2 on an interval in y of length at least L(z). Then,
as we remarked in the proof of Lemma 2Tl L(z) is comparable to L;. Thus,
from Lemma 2.4(b), (d) in [I7], we immediately get the following estimates on ¢(y)
(uniformly in ).

Lemma 3.13. There exists an absolute constant Cy such that the eigenfunction
d(y) (which we recall will depend on x) satisfies

|9 (y)| < C1/Ly for all y € Q(x)
and
d(y) < Cre~clv—wnl/lr
where 1 is the point in the ‘centre’ given in Definition |

This second inequality gives an L exponential decay estimate for ¢(y) as we
move away from the minimum of V(z,y) on a length scale comparable to L;.
In particular, this means that the L?(Q(z)) norm of ¢(y) is bounded above by a
multiple of L}/z. (In fact, it follows from Lemma 2.4 in [17] that the L?((z))-norm
also has a lower bound that is comparable to L}/ 2.)

We now want to sharpen this L> exponential decay estimate for ¢(y) as V (z,y)

increases from its minimum.
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Proposition 3.14. Define the interval Ji by
(3.9) Ji = [t tera] = {t > ys : O,V (z,t) € 277,271
Then, for all t;, <t < go(x),
6(t) < o(tk) exp(—(t — tx)2~*/?/10),
for all ys <t <tpyq,
H(tr1) < o(t) exp(—(te1 — 1)27/%/10),
and, for allt € Jy,
o(t) < |/ ()12,
For the interval J;, defined by
(3.10)  Jy = [trsbpgr] = {t > y3 : V(z,t) — mtin Vi(x,t) e [272k/3 97 2(=1)/3y

we have the analogous bounds on ¢(t).

Remark 3.15. We have the analogous decay estimates for ¢(y) as we move away
from the region where V (z,y) < min, V(z,y) + L7 in the other direction.

Remark 3.16. We recall that y = y3 is the point where V(z,y) — u(x) = 0. Since
min, V(x,y) —pu(zr) < —cL7?, by convexity, Jj, and J; are only non-empty for those
k satisfying 2% < C'L3, for some absolute constant C' > 0.

Proof of Proposition B.14l The proposition follows from the key inequality given in
the proof of Theorem A in [I7],

[(log 6(1))'| = |¢'(1)| /(1) = 27%/3 /10 for all t € Jj.

Integrating this inequality from both ¢t = ¢, and t = tyy1 gives all of the desired
estimates involving the intervals Jg.

By the definition of the intervals J;, we have V (z,t) — pu(z) > 272%/3 for t € Jj.
Therefore, it is straightforward to obtain the same bounds for (log ¢(t))’, and hence
o(t) itself on Jy, as for the intervals Jj. O

We now show to what extent ¢'(y) inherits this exponential decay as we move
away from the centre.

Proposition 3.17. Let the intervals Jy, be defined as in Proposition 314l Then,
for all t > ty,

|6/ (1)] < CI¢ (tx) | exp(—clt — tx[274/%),
for some absolute constants ¢ and C > 0.
Proof of Proposition BT The function ¢(t) satisfies the equation
¢"(t) = F(t)o(t),
with the function F(t) = V(z,t) — u(x) as before. On the intervals Ji, we know
that ¢ > y3, and so certainly F(¢) > 0. Also, ¢'(t) < 0, and so this means that
|¢'(t)| is decreasing. Thus, for t > tj, we have

|6/ (0)] < 16 (tx)]-
If |t — t| < 2%/3, then this is enough to establish the required bound.
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Now suppose that |t — ti| € [N2F/3 (N 4 1)2%/3] for some N > 1. Then, by
Proposition B4, we know that ¢(t) satisfies

6(t) < O2°3|¢/ (ty)] exp(—cN2 7).

In particular, ¢(t) changes by at most C2*/3|¢/(t)| exp(—cN27%/3), as t ranges
over this interval of length 2¥/3. Since ¢’ (t) is negative here, this gives us a bound
on the integral of |¢'(¢)| over this interval.

Moreover, as we noted above, by convexity, |¢'(t)| decreases as ¢ increases. In
particular, since the interval [N2*/3, (N 4 1)2%/%] has length 2¥/3, this means that

@ ()] < C2°21¢! (tr)] exp(—eN27H/2).277/% = C|¢/ (1) | exp(—eN27H/?),
for ¢ at the right endpoint of the interval. This concludes the proof of the proposi-
tion. (Il

It will often be important to measure the distance of a point (x,y) from the level
sets {(x,y) € Q: V(z,y) =1+ L%}

Definition 3.18. Fix a large absolute constant C*. Then, suppressing the depen-
dence on x, let y* > y; be the first point where V(z,y) > 1+ C*L;2.

We can now write an immediate corollary of Proposition B.171

Corollary 3.19. For any t > t, we have the first derivative estimate
|6/ (t)] < CLy " exp(—clt — t,|27"%) exp(—c|ty, — y*|/L1).

Proof of Corollary BI7. We can apply Proposition BI7 with ¢ replaced by t; and
tr replaced by y* to obtain a bound on |¢/(¢x)| of the form

¢/ (t)| < CLy " exp(—clty, — y*|/L1).

We then use this bound in the right-hand side of the estimate for |¢’'(¢)| in Propo-
sition B.I7 to get the desired result. O

3.2. Properties of ¢~)(y) From Lemma B12] we see that as well as ¢(y), it will
also be important to study the properties of é(y) from Definition .11l We recall
from Definition that yo > w1 is the largest value of yo such that [y1,ys] is
contained in the middle half of the ‘centre’, where V(z,y) < min, V(2,t) + CL; >
and that y3 > ys is the value of y for which F'(y3) = V(z,y3) — u(z) = 0. We now
prove:

Lemma 3.20. The function ¢(y) satisfies

(y) < C1Ly,
foryy <y <wys, and

é(y) < C1Ly + Ch|¢' (y)| 7,
forys <y < gao(x).

Proof of Lemma B20. We first consider the interval [y;,y2]. By the definition of
the point y2, Lemma 2.4 in [I7] implies that we have an absolute lower bound on
¢(t) for t € [y1,y2], and we know that this interval is of length comparable to L.
Thus, for y € [y1,y=2], we have

P(y) < C1L1d(y).
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Before considering y € [y2, y3], we first assume that y > ys5. Here F(y) > 0, and so
|¢'(y)] is decreasing (¢'(y) is becoming less negative). Therefore, for ¢ € [ys, y], we
have the lower bound

o(t) = o(y) + &' (W) (y —1).
This gives us the bound

(3.11) / "oty dt < Cro() 16 ()|

Y3
We now want to bound

/y3 ()2 dt.

Y2

Since ¢"(y) = F(y)¢(y), we have
S = [ Foewa

where ¢(y) attains its maximum of 1 at y = §. For ¢t € [yo,ys], F(t) < 0, and
so |¢'(t)] is increasing from 0, ¢(t) is decreasing from 1, and |y3 — y2| < C1L;.
Therefore, either ¢(t) is bounded below by an absolute constant or else |¢'(y)| >
C1Ly*. This gives us the bound

(3.12) " p(t)"2dt < C1 L.

Y2

Combining the bounds in (BI1)) and [BI2]) shows that

¢(y) S Cth
for y € [y2, 3], and

dy) < C1Li +Cl¢' (y)| ",
for y > y3, as required. |

3.3. An estimate for axqplm) (y) at the boundary. We can now bound &Cwlx) (v)

at the endpoints of the interval (z). For each fixed z, gx) (y) has zero boundary
conditions on Q(z). However, since the interval Q(z) will in general depend on z,

Oy %m) (y) will not necessarily be zero when y is at the endpoints of (x).

We recall from Definition B8] that y* > y; is the first point where V(x,y) >
1+ C*LIQ, for a fixed large constant C*. The upper endpoint of the interval Q(z)
is equal to go(x), and we set
(3.13) M = ga(z) =y,
which is the distance between the endpoint of Q(z) and the region where the po-
tential V(z,%) is less than 14+ C*L; 2. We can prove a bound on &l;ng) (92(x)) in
terms of M.

Proposition 3.21. Fory = go(x) equal to the upper endpoint of the interval Q(x),
we have the bound

laf = 0,9 (g2(x))| < L7 LT*/*(Ly + M) exp(—eMLTY).

We also have an analogous bound for y equal to the lower endpoint of Q(z).
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Proof of Proposition B.21l. We can view ¢§x) (y) as a function of two variables on

the domain 2, with w%m)(y) identically equal to 0 on 9f2. In particular, for those z
in the support of the cut-off function y(z), we have written the upper boundary of
) as the graph of the function y = g2(z), and so 1/)5;8)(92 (x)) is identically zero as

a function of x. Differentiating this with respect to = gives
(3.14) 0:01” (92(2)) = ~g5(2)9, 01" (ga(a)-

Thus, to obtain a bound on 8”%””)(92(3:)), it is enough to consider awa’“’) (y) and
the slope of 90 at (x, g2(x)).
We remarked in the definition of ¢(y) in Definition BI1] that the eigenfunction
gx)(y) is equal to a multiple of ¢(y). Since ¢(y) has L?(Q(z))-norm comparable to
L}/2, whereas wgz) (y) is L?(92(z))-normalised, this multiple is comparable to Lfl/2.
Thus, by the bound on ¢'(y) from Proposition B.I7, with 2¥ comparable to L?, we
have the bound

angm)(QQ(x)) < C'L;?’/2 exp (—cMLl_l) .

Therefore, by [314), to conclude the proof of the proposition it is enough to show
that

(3.15) lga(2)] < C(Ly + M)Ly ",
for an absolute constant C' > 0. Recall the set QLI—Q = {(z,y) € Q: V(z,y) <

1+ LIQ}. This is a convex subset of €2 with height comparable to L, in the y-
direction and length comparable to L; in the z-direction. Moreover, for z fixed in
the support of x(z), we are at a distance at least comparable to Lo from the left
and right ends of Q L2 Therefore, if we write the upper boundary of Q Ly of this

set as the graph of a function y = v(z), then certainly we have the derivative bound
|/ (x)| < CLyLy "

In particular, if the distance M is bounded above by a multiple of L, then by
convexity, the part of 9Q for x contained in the support of x(z) has slope bounded
by a multiple of LiL;*. This gives the desired bound for g(x) in (BI5),

lg5(x)| < CL Ly

If the distance M is large compared to L, then the domain € is convex and
contains an ellipse of height comparable to M in the y-direction and length compa-
rable to Lo in the z-direction. Thus, the part of 9Q with x in the support of x(z)
has slope bounded by a multiple of ML, '. Again we get a bound for gh(z),

lg(x)| < CMLy*,

which implies the bound in (&I3)).
This establishes the estimate in (315) in all cases and completes the proof of the
proposition. |

We have now established the properties of the functions ¢(y) and ¢Z(y) together
with the bound required on o = 6x’¢£z)(gg(l’)). Thus, we return to the expression
for g(y) = 8951/1593) (y) —a that we derived in Lemma[3I2 to obtain the desired bound

on 0,9\ (y).
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Proposition 3.22. We have the pointwise bound

8™ (y) — co@)” ()| < Fily) + Fa(y)

for all y € Q(x) with y > y1. Here Fi(y) is a positive function on Q(z), with
a mazimum comparable to L;lLfl/2 and decaying exponentially from this maxi-
mum on a length scale comparable to L1 as y moves away from the interval where
V(x,y) < 1+ L% The function Fy(y) is also a positive function on Q(z), with
a mazimum comparable to LQILII/Q, but it decays exponentially from this maxi-
mum within each interval Ji, from B3) on a length scale comparable to 2k/3 . We
also have the analogous exponential decay estimate on the corresponding intervals
as we move away from the ‘centre’ region where V(x,y) <1+ L1_2 in the opposite

direction with y < y;.
Before we prove this proposition, let us show how it implies the L?(Q(x))-bound

on 81¢§x) (y) given in Proposition Bt Since wlx) (y) is L?(92(x))-normalised, the
orthogonality of w%x)(y) and its derivative in z implies

ofe) = [ ()l w) - 0087 )) v w) .
Q(x)
Using the bound on co(a?)wgm) (y) — amng) (y) in Proposition we obtain
(3.16) o)) < itz i [ uway < g,
Q(x

where the final inequality holds since 1\*)(y) has L2(Q(z))-norm equal to 1, and
decays exponentially away from its maximum on a length scale comparable to L.
Combining this bound on ¢o(z) in BI6) with Proposition B.22] we see that

8m¢§m) (y) can be bounded by functions Fi(y) + F>(y) with the same properties as

in the statement of Proposition 8222 This gives us an L?(€(z))-bound on 8,1 ()
of the form

2
[ () a<ar®s ¥ 2Pt can?,
Q(x) 2k <COL3

This completes the proof of Proposition B.71 |

Since Proposition B.7] implies the desired upper bound on the eigenvalue X in
Proposition B2l we just need to prove Proposition [3.22]

Proof of Proposition 322l From Proposition 3.21] we know that
0:04” () = 9(9)| = 10:01" (92()| = la| < OLy Ly**(Ly + M) exp (=eM Ly ),

and this bound has the same properties as the function Fi(y) in the statement of
the proposition. Therefore, to prove Proposition B.22] it is enough to show that

9(y) = co(@)v1” (v)
has the desired bounds.
To do this, we want to bound the right-hand side of (BE), which contains the

functions ¢(y), ¢(y) together with G(z,y). The two remaining functions which
we have not discussed above are the functions p/(z) and 9,V (x,y) appearing in
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G(z,y). Therefore, let us prove two simple lemmas concerning these functions, and
then we will be in a position to bound (B:6).

Lemma 3.23. Let x be in the support of the cut-off function x(x). Then, we have
the bound

' (z)] < C1L3 72,
for an absolute constant Cy > 0.

Proof of Lemma 823l We recall from Lemma [2.T3] that the function u(x) is a con-
vex function of . Moreover, by the definition of the parameter Lo, we know that
w(x) varies by Ly 2 for x in an interval of length at least Lo. Since the support of
X () is contained within the middle half of this interval, we immediately obtain the
required bound by convexity. |

Lemma 3.24. Let x be in the support of x(x), and as in Definition BI8 let y = y*
be the first point where V(x,y) > 14+ C*Ly2. Then, for y > y*,

0.V (z,9)| < Cr(ly — y*| + L1) L3 [0,V (x, y),
and fory; <y < y*,
0.V (2,y)| < C1Li 2Lyt + CiLi Ly 18,V (2, y)]-

Proof of Lemma B24l Given ¢, let y = f(z) be a parameterisation of the upper
part of the level set {(z,y) € Q: V(z,y) = c}. Differentiating this with respect to
r, we see that

(3.17) 0uV(x, f(2)) = = f'(2)0,V (2, f ().

Assume first that y = f(z) > y*. The sublevel set {(z,y) € Q : V(z,y) < 1+
C*Ly?} is convex with height comparable to L; in the y-direction and length
comparable to L, in the z-direction, and z is at distance comparable to Lo from
the ends of this set. Thus, by the convexity of the sublevel sets, we certainly have
a bound on the slope of

@) < Cally — v + L) L3

Using this bound in the right-hand side of [BI1) gives the desired bound for y > y*.
We now suppose that y1 < y = f(z) < y*. If y is in the middle half of the
interval {t: V(z,t) < 14 Ly ?}, then we certainly have the bound

0,V (2, f(x))] < C1LT L3,

by the convexity of the potential V(z,y). For the remaining points (z, f(z)) of
interest, we can again use the shape of the level set to obtain the desired bound

02V (2, ()] < C1LT* Ly + C1Ly Ly 1[0,V (=, f(2))]-

This is because for these points we can find a direction e such that the directional
derivative of V at (x, f(x)) is bounded by Ly?L;", and this direction makes an
angle comparable to Ly Ly ! with the z-axis. ([l
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Combining Lemmas B.23] and B:24], we see from ([B.7) that
Gla, )] < CLLTLy 07 (0) + Cu(ft = 7| + Lo) Ly 100V (e, )™ (0)
+|V(z,t) — p(x)|a
(3.18) < LT PLy () + Ol — 7| + L) Ly 2Ly 0V (e, Dl (1)
+|V(z,t) — p(z)a.
The final inequality comes from
W) < CLT (1),

which holds since %x) (t) is L?(Q(x))-normalised, whereas ¢(t) has L?(£2(x))-norm

comparable to L}/z.

Everything is now set up to show that the two integrals in (B.6) have the bounds
required in the statement of Proposition [3.22]

3.4. A bound on ¢(y) f;l o(t)G(x,t) dt. We start by considering the first integral
in (B6). Using (BI8), it is enough to bound

Yo
o(y) / o(t) (01L15/2L21¢<t> + O (|t —y*| + L)L P L Y0V (2, 1) | 6(t)
Y1

(3.19) + |V(x,t) — u(x)|a> dt.

We now bound the three terms in equation ([B19)).
Lemma 3.25. We have a bound on the first term in (319),

Yy .
o) [ SWL Ly o) dt < Ly Ly
Y1
Remark 3.26. We will see in the proof of the lemma that the function decays
exponentially from its maximum away from the region where V(z,y) <1+ L;? on
a length scale comparable to L1. Therefore we can include this term in the function
Fi(y) in the statement of Proposition B.22]

Proof of Lemma 325l By Lemma [B:220] we can bound the left-hand side by

Y3 Yy
o(y) [ CiLiLT* Ly o(t) dt + ¢(y) / (C1Ly + C1¢' (1)) ") Ly 2Ly o (t) dt.

Y1 Y3

Using Proposition .14 we have the bound ¢(t) < 2F/3|¢/(t)| < CyLy|¢'(t)| for
t € Ji, and so these integrals can be bounded by

Y
(3.20) Cr(y) / Ly'L32 At
Y1

The eigenfunction ¢(y) has a maximum of 1 and decays exponentially away from
this maximum on a length scale comparable to L. Thus, we can bound (B.20)

by ClLl_l/ QLE ! as required, and it also has the decay properties of the function
Fi(y). U

Lemma 3.27. We have a bound on the second term in ([B19),

Yy _
o) / SOt — | + L)Ly L0V (@, 1) é(t) dt < oLy V2L
Y1
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Remark 3.28. We will again see in the proof of the lemma that the function de-
cays exponentially from its maximum on a length scale comparable to 2¥/3 within
each interval Ji. Therefore we can include this term in the function F»(y) in the
statement of Proposition

Proof of Lemma B2Z1l We first consider the part of this integral over [y1, y3]. Here,

¢(t) < C1Ly, and by the convexity of the potential

Y3
/ |0,V (x,t)| dt < 2C, Ly
Y1

Therefore, we immediately obtain a bound of CyL; 1/2L2_1¢(y). This is certainly

at most Cy Lf1/2L;1, and by the properties of ¢(y) it also has the decay properties
of the function Fy(y).

We now consider the part of the integral over [ys,y]. Let y be in the interval
Ji= for some k*, where as usual the intervals Ji are as in (30). We decompose
the integral between ys and y as an integral over the relevant intervals J; where
k> k*.

By Proposition [3.14],

o(t) < |4/ (£)|2+73,

and so using the bound on ¢(t) from Lemma 320, to estimate the contribution to
the integral from J, we have to bound

(3.21)  o(y) /J S() (L1 + |6/ ()71 (|t — y*| + Ly)Ly 2Ly 0,V (2, 1) dt
< Cré(y) /J 2F/3|6/ (1) (L + ' ()|~ 1) (1t — y*| + La) Ly VL3 27 e

< C12*2’€/3¢(y)/ (It —y*| + L)Ly YLyt dt.
Ji

Using Proposition B.14] again, we find that for any k > k*,
$(y) < P(te) exp(—(y — t=)27F /2 /10) < 2% /3|¢/ (1)) | exp(—(y — tx=)27* /3 /10).
By Corollary B19, we can bound the factor of |¢' (¢~ )
¢ (tr)| < CLT  exp(—cl|t — t1,|/2%/3) exp(—c|ty — y*|/L1).

Inserting these estimates into the integral in ([B.21]) and integrating over the interval
Ji, we have the bound

Cexp(—(y _ tk*)2_k*/3/10)2k*/32_k/3L;1/2L51-

as

Summing over k > k* gives a bound for the integral over y3 < ¢ < y of the form
CL L0y exp(—(y — te-)27%/3/10).

Note that this quantity is bounded by a multiple of Lfl/ 2L2_ ! and has the required
decay properties that we can include it in the function Fs(y). O

Lemma 3.29. We have a bound on the final term in (B19),

(3.22) 3(y) / "SIV (1) - pa)lloldt < I L5
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Remark 3.30. We will see that the function decays exponentially from its maximum
away from the region where V(z,y) < 1+ sz on a length scale comparable to
L;. Therefore we can include this term in the function F)(y) in the statement of
Proposition

Proof of Lemma B29. For the part of the integral in [B.22]) over [y1,ys], we know
that |V (x,t) — p(x)| < CLLT2, lys — 1| < C1Ly and ¢(t) < C1L;. Combining this
with the bound on « from Proposition [3.2]] immediately gives us the desired bound
of Lz_lLfl/2 exp(—cM L") for this part of the integral in ([322).

For t > y3, we decompose [ys,y] into the intervals Jj, given in BI0). Since
() > min, V(x,t) on J;, we know that

|V (2,t) = p(w)] < 27242,

So, for the part of the integral in (3.22)) over Jj, combining this with the bound on
« and the usual bound on ¢(t) from Lemma [B.20] we have

o) | o) |V (@,t) — p(@)||al dt
(3.23) < CiLy'L*4(y) / (L1 + |9/ (8)|7)272*/3(Ly + M) exp(—cM Ly ") dt.
Jk

Similarly to the proof of Lemma B27 let us assume that y € Ji- for some k*.
Then, using Proposition B.14] and then Proposition B.17] twice, we obtain

Bly) < 12 I ()] < Cr2F ) (b ) e (—ely — e [27772)
< C1 2% 3¢/ (8)| exp (—c|y — g 2_"*/3> exp (—c\tk* - t\2_k/3) .

Inserting this bound for ¢(y) into the right-hand side of ([8:23)) and integrating over
Ji gives us the bound for the part of the integral over Ji of

C'12k*/327k/3L2_1L;1/2 exp(—cMLy1/2).

We finally sum over those k& with k > k* to get the desired bound on the part of
the integral (B:22) with y3 <t <. |

Combining Lemmas[B.25 B.2Tand B.29] we see that the part of g(y)—co(x) gx) (y)
coming from the first term in (6] has the bounds required in Proposition

Therefore to finish the proof of Proposition we need to establish the analo-
gous estimates for the second integral in (B.0]).

3.5. A bound on gi) fg2 (@) @(t)G(z,t) dt. The estimates for the various parts of
this integral will be sumlar to the estimates we used above. However, there will be
places where we have to use different methods to obtain the desired bounds. We
again use ([BI8]) to bound the integral by

- g2(x)
o(y) / ¢><>(01L‘5/2 Lo(t) + Cr(Jt — y*| + L)Ly 2Ly Y0,V (2, 6)|6(8)

(3.24) +|V(z,t) — u(x)|oz> dt,

and we split this into three terms that we need to estimate.
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Lemma 3.31. We have a bound on the first term in (3.24)),
- 92(x) 5/2, 1 —1/2, 1
60) [ L Ly e d < LT Ly
y

Remark 3.32. The function also decays exponentially from its maximum away from
the region where V(z,y) <1+ Ly ? on a length scale comparable to L;. Therefore
we can include this term in the function Fi (y) in the statement of Proposition 322

Proof of Lemma 331l We know that &(y) < gg(t) and ¢(t) decays exponentially on
a length scale comparable to L; as we move away from y*. Therefore, this bound
follows in a very straightforward manner. O

Before bounding the second term in ([B:24]), we first want to establish the following
lemma.

Lemma 3.33. For any y > ys, we have the bound

[%(m B(£)20,V (1) dt < (¢'(7)) /2.

Proof of Lemma [3:33] To prove this lemma, we will consider the ‘energy’
(3.25) E(t) = (¢ (1)) = Fla, )o(t)*.
Differentiating £(t) we find that
E'(t) = 2¢/(t)(¢"(t) — Fla,t)p(t)) — O F (x,1)6(t)* = 0 F(, £)¢(t),
where the final equality holds because ¢ (t) = F(z,t)¢(t). Since F(x,t) = V(x,t)—
w(x), we have
OcF (x,t) = 0,V (x,1),

and so

g2(z) g2(z)
[ avenera—- [T =) - £,
Since F(z,t) > 0 for t > y3, we know that
E@) = (¢'(9)* = F(z,5)9(5)* < (¢'(§))*.

Thus, to finish the proof of the lemma we need to show that £(ga(x)) > 0. We
know that

E(ga(x)) = —F(x, ga(x))p(g2())”
and that ¢(g2(z)) = 0. However, we are not assuming that the potential V' (z,y)
remains bounded as y approaches g2(x), and so we cannot immediately deduce that

F(z,g2(x))¢(g2(x))* = 0.

Instead we argue as follows. The function ¢'(t) is in L°°(Q2(z)), and this has
two consequences. First, the eigenfunction ¢(y) decays at least linearly to 0 at
y = go(x). It also means that ¢”(y) is in L'(2(z)), and hence F(z,y)é(y) is in
LY(2(z)). This means that F(x,y)¢(y) cannot grow as fast as (y — g2(x)) ! as we
approach the boundary and so

lim inf ¢(y) F(z,y)d(y) = 0.

y—g2(x)
This implies that £(g2(z)) > 0 and concludes the proof of the lemma. O
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Remark 3.34. This energy £(t) has also been used in [16] in their proof of Theorem
2.1(B). There they obtain a pointwise estimate comparing the first eigenfunction of
the two-dimensional domain with the first eigenfunction of the associated ordinary
differential operator.

We can now bound the contribution from the second term in G(z,t).

Lemma 3.35. We have a bound on the second term in ([B.24]),

92(2) 2 * -1/2 7 -1 —1/27-1
() / S(02(t — | + L)Ly 2Ly 0V (e, 1) de < €y LT 2L
Yy

Remark 3.36. We will see in the proof that the function also decays exponentially
from its maximum away from the region where V(z,y) <1+ sz on a length scale
comparable to Li. Therefore we can include this term in the function Fi(y) in the
statement of Proposition

Proof of Lemma B33 If y < y3, we first consider the part of the integral where
t lies in the interval [y, ys] of length at most C1L;. In this case, we know that

#(y) < C1 Ly, and the estimates follow easily.
For t > y3, we first consider the integral between y and y + L1, where g is some
point with § > y3 and § > y. Since 9;V (x,t) > 0 here, we have

~ y+L1
3(w) / S02(t — | + L)Ly Y0V (. 6) Ly V2
Y

~ B . 1-1)2 g2(x) 9
(3.26) < C1a) (7 — v | + L)Ly 'L / O(0)20,V (x 1) dt.
Yy

Applying Lemma B:33] we can bound the right-hand side of (8:28) by
Cré@) (17— y*| + L)Ly Ly (6 (@)

Lemma shows that

o' (@) < Cu,
and using Proposition B.I7 with 2* comparable to L?, we have the derivative bound

|#'(@)] < C1Ly " exp (—clg = y7| /L)
Thus the right-hand side of ([8:226) has the bound
CrLy "Ly exp (=l — 7|/ L)

Summing over § between y and go(x) at intervals of length comparable to Ly then
gives the desired bound. O

We finally have to bound the contribution from the third term in G(z,t).
Lemma 3.37. We have a bound on the third term in (3.24]),

2 ()
(3.27) i) [ SOV @ t) - p@)lla] dt < CLLT VL
Yy

Remark 3.38. As for the previous two lemmas, we will see in the proof that the
function also decays exponentially from its maximum away from the region where
Viz,y) <14 LfQ on a length scale comparable to L;. Therefore we can include
this term in the function Fj(y) in the statement of Proposition
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Proof of Lemma [B37. From PropositionB.2I] we have the estimate on « of the form
(3.28) ol = (0957 (g2(2)| < CLy 'Ly (L1 + M) exp(—eM L ™).

For the part of the integral in ([3.19) for ¢ between y and y3, we know that [V (z,?) —
p(z)| is at most C1L;? and ¢(y) < CyL;. Thus, we immediately get a bound of

C1 L0y exp(—eMLTY)

for this part.
For t > y3, we know that F(x,t) = V(x,t) — p(z) > 0. Thus, we can bound this
part of the integral in (B.I9) by

(3.29)
- 92(1)
Crd(y)Ly L2 (Lo + M) exp(—e ML) / OV )
max y3,y
Since

¢"(t) = (V(x,t) — p(x))e(t)
and |¢/(t)| is decreasing for ¢ > y3, we find that [329) can be bounded by
Cro(y) Ly 'Ly ™ (La + M) exp(—eM L )|o/ ()] < CrLy Lyt exp(~eM L' /2),

where the last inequality comes from Lemma [B.20] as usual. This concludes the
proof of the lemma. O

By the bounds on the right-hand side in Lemmas 325 B27] and Lemmas
331 B:35] B:37 we have shown that

(3.30) 9(y) — co@)\ (y)| < Fily) + Fa(y).

Here the functions F(y) and F5(y) have the desired properties from the statement
of Proposition As we remarked at the beginning of the proof, by the bound
on « that we obtained in Proposition B21] the estimate in [B30) is sufficient to
conclude the proof of Proposition O

After the statement of Proposition [3:22] we showed that this implied Proposition
B and the bound

2
[ (ofw) <y,
Combining this with the estimate on the first eigenvalue A from Proposition [3.6]

A<t /Q x(@)? (8301/}5”(11))2 dzdy +C1Ly7,
gives
A< p+CLy2.
This completes the proof of the upper bound on A in Proposition O
By Propositions B.1] and [3:2] we see that the first eigenvalue \ satisfies
p<A< p+ CLy?,
and so we have established Theorem [[.T3
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4. L?(Q) BOUNDS FOR THE FIRST EIGENFUNCTION u(x,¥)

Now that we have established the improved eigenvalue bound on A in Theorem
[LTI3] we want to use it to study the corresponding eigenfunction u(z,y). We recall
that u(x,y) is normalised to be positive inside © with a maximum of 1. Our main
aim is to prove Theorem [[.I0] and show that the level sets {(z,y) € Q : u(x,y) = ¢}
have lengths comparable to Ly and L; in the z- and y-directions, respectively,
whenever c is bounded away from 0 and 1.

Before we prove this theorem, in this section we will first establish an L?(Q)-
bound for u(z,y). More precisely, we will prove the following proposition.

Proposition 4.1. There ezists an absolute constant C' > 0 such that
/ u(z,y)?dedy < CLiLs.
Q

Remark 4.2. Note that this L2(£2) bound is consistent with the shape of the level
sets described in Theorem [LT0] We will use the eigenvalue bound on A\ from
Theorem in a critical way in the proof.

Proof of Proposition 41l The function H(zx) is given by H(z) = fQ(z) u(z,y)? dy.
We first study the rate at which the function H(z) decays from its maximum, and
we will then prove an estimate for the maximum of H(z).

To study the decay of H(x), we prove a Carleman-type inequality. For the convex
function p(x) let 2* be a point where it achieves its minimum of p*. We now prove:

Proposition 4.3. For any x we have the differential inequality
H"(2) > 2(u(x) — N H(x).

In particular, for |x — x*| > CLsy, with C' a sufficiently large absolute constant, we
have

H'(z) > L—H(x)

Remark 4.4. This type of Carleman inequality has been used frequently in the
study of the ground state Dirichlet eigenfunction of Schrodinger operators. For
example, in Lemma 3.9 [I6] it has been used to establish the exponential decay
of the first Fourier mode of the ground state eigenfunction of the two-dimensional
convex domain. This first Fourier mode comes from a Fourier decomposition of the
cross-section of the domain at each fixed x. A similar argument has also been used
in Section 3 of [11] to study the decay of the L?-norm of the cross-section at x of
the eigenfunction for a two-dimensional domain which is periodic in the z-direction
and with height in the y-direction depending on a small parameter € > 0.

Proof of Proposition 3l The eigenfunction u(z,y) is equal to 0 when y is at the
endpoints of the interval Q(z). This allows us to differentiate H(z) twice and pass
the derivative inside the integral to obtain

H(z) = 2 / u(r,y)02u(,y) + (Dpu(z,y))? dy
Q(z)

=2 [ (Vo) = Nule.p)? - e 9)Fulz,y) + @.u(z, )" d
Q(x)
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Integrating by parts one time in y in the term containing a factor of 8§u(:c, y), we
can rewrite this as

H(2) = 2 /Q L (VG0) = Aute ) + @yua,)? + Goo ) dy
(4.1) > /Q L VEa0) = M) + @yt )y

Since p(z) is the first eigenvalue of the operator L£(x) = —% +V(z,y) and u(z,-)
vanishes at the endpoints of Q(z), [@I) gives us the lower bound

(42)  H'(@) = 2(u(@) - N /Q ) dy = 20u(e) = N H ()

Since p(x*) = p* is the minimum value of the function u(x), by the definition of
the length scale Ly, we know that |u(z*) — u| < C1Ly 2. Thus, applying Theorem
[LI3] we have the bound

(4.3) A= p(z)] < CLLy >

The function u(x) increases from its minimum by L3 % as x varies in an interval of
length comparable to Lo from z*. Moreover, p(z) is a convex function. Therefore,
provided we choose C > 0 sufficiently large, we have

(4.4) @) = u(z*) > (Cr+ 1)Ly

whenever x satisfies |z — 2*| > C'Ly. Combining the inequalities in (3] and (@)
shows that p(z) — A > Ly 2, and using this bound in (&2) gives H" (z) > 2L, *H(x)
as required. 0

Before giving a corollary of this proposition, we recall the generalised maximum
principle.

Proposition 4.5. Suppose that the functions v1 and vy satisfy
Avy + ¢(x)vy =0, Avg + ¢(x)ve <0

in a bounded domain D, where c(x) is a continuous function. If in addition vy and
vg are continuous in D, v1 > 0 in D and vo > 0 in D, then

mngl/vg < H(%%X’Ul/’UQ.
This is proven in [21], Theorem 10, page 73, and follows from applying the usual

maximum principle to the function vy /vy. We now prove a corollary of Proposition
4.0l

Corollary 4.6. Let A = max, H(x). Then, the function H(x) satisfies the upper
bound

H(z) < C1Aexp(—clz —z*|/Ls).

Proof of Corollary 4.8, With C' > 0 as in the statement of Proposition 3] let
x1 = 2* + C'Ly. We also define the function R(z) for z > x1 by

R(z) = Ae~@=w1)/ L2,
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Then, R(x) satisfies R”(z) = Ly *R(x), and H(x;) < A = R(x;). By Proposition
we know that

H'"(z) > Ly*H(x)

for all © > x;. Therefore, setting D to be the interval {z > x;}, the conditions of
the generalised maximum principle are satisfied and hence

H(z) < R(x)

for all z > z1. There is also an analogous bound for x < x* — C'Ly, and this
completes the proof. O

Remark 4.7. In fact, we see from the proof that we can replace A by H(z1) and
conclude that for any x; > z* + C' Ly we have the bound

(4.5) H(z) < H(zy)e (@21)/L2
for all x > x7.

In particular, as a result of this corollary, we see that H(z) decays exponentially
from its value at x = x* at least at a length scale comparable to L.
Our next aim is to obtain an upper bound for

(4.6) A=max H(x) = max/ u(z,y)? dy.
T T Q(x)

If we can show that A satisfies A < CL4, then by Proposition we have
H(x) < CyLye cle=a" /L2,

and so integrating over x gives

/u(x,y)2dxdy:/H(x) dz < CL;Ls.
Q

Therefore to complete the proof of Proposition Bl it is sufficient to prove this
upper bound on A. To do this we first define a cut-off function y;(x) as follows.

Definition 4.8. We define x1(z) to be a smooth cut-off function which satisfies
0<xi(z)<1

and is equal to 1 on the interval [x* — 2C Lo, 2* + 2C Lo] of length 4C Ly, with C' as
in the statement of Proposition 3l Moreover, the function xi(x) is supported on
the interval [x* — 3C' Lo, 2* + 3CLs] and has the derivative estimate

10" x1 ()] < (CL2)7F,
for k=1,2.
We now prove the following.

Proposition 4.9. Let x1(x) be the cut-off function above in Definition 8. Then,

/ xi(@)u(z,y)? dzdy < CyLy Lo,
Q

for an absolute constant C; > 0. Note that this is consistent with u(x,y) decaying
on a length scale comparable to L1 in the y-direction.
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Proof of Proposition 4.9 Integrating the eigenfunction equation against the func-
tion 1 (x)u(z,y) we obtain

/Q —x1(@)u(z, y) Az yu(z,y) + x1(z)(V(z,y) — Nu(z, y)?dzdy =0,

and integrating by parts one time in z and y gives
[ @ty + [ @0t yyute.g) deay
Q Q

(@) + [ @)V ) - Nule, )P dedy =0,
Q
In the second integral in (7)) we can write

X4 (@)0zu(z, y)u(z,y) = 5x)(2)ds (u(z,y)?)
and integrate by parts in x again to rewrite this integral as

1

—5/ X! (2)u(z,y)? dz dy.
Q

Thus, from (A7) we have

[ a@IVeyute )P dedy+ [ xa@)(V @) - V(e ) dedy
Q Q

1

ws) = / o @)l y)? de dy + / 31 (@) (V () — N, y)? dz dy,

where we have decomposed V(x,y) — A into its positive and negative parts via
Vizg,y) = A= (V(z,y) = Ay = (V(z,9) = A) -
By the simple eigenvalue bound for A from Proposition 2.7, we know that
(V(z,y) = N)- < CLT*

This also means that for any fixed z, we can only have V(z,y) — A < 0 for y
in an interval of length at most comparable to L;. Since the eigenfunction is
normalised to have a maximum of 1, and x;(z) is only non-zero in an interval of
length comparable to Lo, this gives us a bound on the final term in the right-hand

side of (L8] of
(4.9) / @) Vi, y) — N (e, y)?dedy < CLL 21 Ly = C1 L7 Lo,
Q

We now turn to the second integral on the left-hand side of (3],

/Q @)V (@.y) — Ny ulz,y)? de dy.

Fix a large constant Cy > 0. For each fixed z, V(x,y) — A is only bounded above by
CQLfQ on an interval in y of length comparable to L;. Therefore, again combining
this with the bound u(z,y) < 1, we can write

(4.10)
C2L;2/ x1(x)u(z,y)? dedy — C1LT Ly < / x1(2)(V(2,y) — N)pu(z,y)* de dy.
Q Q
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Inserting the estimates in ([d.9) and ([@I0) back into ([A8]) we see that

[ @IVt dedy+ CoLi? [ ale)ute.o)? dody
Q Q
1
(4.11) < 5/ x4 (x)u(z,y)? de dy + O L Lo.
Q
The first integral in (@II]) is positive, and so we can drop it from the estimate.
Therefore, dividing by C’ng_2 gives us

1
(4.12) / Xl(az)u(aj,y)z drdy < 56’2_1[1%/ X'l/(x)u(x,y)2 dedy + C1L1Ls.
Q Q

To conclude the proof of the proposition, we will use Corollary and the remark
following it. By (@), for any 1 > a* + CLy and any x > x1, we have

/ u(z,y)*dy < ef(rm/h/ u(z1,y)? dy.

Therefore, we certainly have the estimate

w*+3CL2 $*+2CL2
(4.13) / / u(z,y)? dedy < / / u(z,y)? dz dy,
z*4+2CLy JQ(x) z*+C Lo Q(z)

and an analogous estimate for 71 < 2* — CLs and = < x;. By the definition of
the cut-off function x1(z), the second derivative x/ (z) is supported on the intervals
[2* —3C Ly, 2* — 2CLy) and [z* +2C Ly, z* +3CLy] and is of order L, ? here. Also,
x1(z) is equal to 1 on the intervals [2* —2C Lo, 2* — CLs] and [2* +C Lo, 2*+2C Lo].
Therefore, using the estimate in (£I3)) the integral on the right-hand side of ({£I12)
is certainly at most % the size of the integral on the left-hand side. This means that
in ({I2) we can bring over the integral to the left-hand side and get the bound

/ x1(z)u(z,y)* dedy < C1Ly Lo,
Q
as required. O

Corollary 4.10. We have the derivative bound
[ @IVt dedy < G117 L
Q

Proof of Corollary BEI0L In the proof of Proposition L9 in [@II]) we established
the estimate
[ 0@yt dedy + G [ ale)ute) dedy
Q Q

1
(4.14) < 5/ Xy (2)u(z,y)* dedy + C1 Ly Lo.
Q

We also showed that
LY /Q X (@)u(z,y)? dz dy

is bounded by [, x1(2)u(x,y)* dz dy, and hence by Proposition 9 is bounded by
Oy L7 Ly. Using this estimate in (@I4) gives the desired result. O
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The derivative bound
/ Xl(a:)|VLyu(x,y)|2 dedy < ClLfng
Q

is of order L;? smaller than the bound we obtained for the eigenfunction u(z,v)
itself in Proposition B9 For the y-derivative dyu(z,y), this bound is consistent
with our eventual aim to show that u(x,y) decays away from its maximum on a
length scale comparable to L;. However, in the z-direction, our aim is to show
that u(z,y) decays away from its maximum on a length scale comparable to Ls.
Therefore, we want to improve the bound on d,u(x,y) given in Corollary E.T0

Proposition 4.11. Let x1(x) be as in Definition 8. Then, there exists an absolute
constant C7 > 0 such that

/ x1(2) (Opu(z,y))? dedy < CL Ly .
Q

Note that for Lo > Ly this is an improvement on the bound in Corollary EI0OL
Proof of Proposition 11l We begin by proceeding as in the proof of Proposition
to obtain the equality in ([@L8]):
[ @ Veyue)P dedy+ [ a@(Viey) - Vuoy)? dedy
Q Q

1

(4.15) -3 /Q X1 (z)u(z,y)* de dy = 0.

We know that the integral of yi(z)u(x,y)? is at most Cy1L;Ly. Since |x7(z)] <
C’1L2_2 this means that

1

3 | W@l dedy < CiLaLz,

and so from (£IH]) we have

/ 31 (@) (Ol y))? da dy + / x1(@) (Byu(z, ))? da dy
Q Q

(4.16) + /Q x1(2)(V(z,y) — Nu(z,y)?dedy < C L Lyt

For each fixed x, the eigenfunction u(z,y) is an admissible test function for our
usual ordinary differential operator £(z). Since this operator has first eigenvalue
equal to pu(z), we obtain the lower bound

@1 [ @) (V) Nt oy = (@) =) [ ate
Multiplying the inequality in ([@IT) by x1(z) and integrating over x, [£I6]) becomes
(4.18)

/ 31 (@) (Ou(z, y))? dar dy + / (@) () — Nulz, y)? dedy < € Ly Ly
Q Q
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By the definition of Ly, we have pu(z) —p > —C4 ng, and by the eigenvalue bounds
in Theorem LT3} we know that u — A > —C; Ly 2. Therefore, (@I8) tells us that

| @@ ) dedy < 125 [ oy dody+ GLLy '
Q Q
Applying Proposition then gives the desired bound. O

Now that we have established L2-bounds for the first derivative V, ,u(z,y) in
Propositions and [£17], we can return to establishing the required upper bound
for

A=max H(x) = max/ u(z,y)? dy.
z Q(x)

xT
Proposition 4.12. A is bounded by L, multiplied by an absolute constant.
Proof of Proposition [412. Suppose that we have

(4.19) max H(z) = H(z") = / u(z*,y)*dy > C* Ly,
x Q(x*)

where C* > 0 is a large absolute constant that we will specify later. Then, for any

(x,y), extending u(z,y) to be 0 outside 2, we can write

w(z,y) = u(z*,y) + / drult,y) dt,
and so
(4.20) u(z,y)? > tu(a®,y)? - Cile — o) / (Grult,y))? dt,

for a fixed constant Cy. Integrating the inequality in ([20) over y we find that
1) 2 ) - Gl -l [ [ @it avar,
a JOt
and so by the assumption on H(z*) in (£I9), this gives
(4.21) H(z) > 1C*Ly — Cy|z — 2™ /w /Q(t)((p)‘tu(t,y))2 dy dt.

Let us restrict to those values of x with |z — 2*| < ¢; Ly for a small constant ¢; > 0.
Then by the derivative bound on dyu(t,y) in Proposition 11 we can ensure that
the second term in (£21]) is small compared to iC*Ll. Moreover, this constant ¢;
can be chosen to be independent of C*. Therefore, this tells us that for all z in an
interval of length 2¢y Lo, we have the lower bound H(z) > iC’*Ll. In particular,
this shows that

x*+c1 Lo

/ x1(z)u(z,y)? dedy > / H(z)dz > 1¢;C*Ly L.

Q x*—c1 Lo

Since c; is independent of C*, we can contradict the L?(£2)-bound from Proposition
by choosing C* sufficiently large. O

By the discussion after the proof of Corollary .6l this upper bound on A from
Proposition implies the L?(Q)-bound fQ u(x,y)?drdy < CLyLy. This com-
pletes the proof of Proposition {11 O
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In Proposition B we derived an L?(2)-bound for the first eigenfunction u(z,y).
For our purposes of studying the shape of the level sets of u(z,y) near its maximum
this will be sufficient. However, another interesting question is to study the rate
at which u(z,y) decays from its maximum. Therefore, before continuing with our
study of the level sets, let us give some indication about the decay of u(x,y) as we
move away from its maximum.

We will do this by using an Agmon-type estimate, but first we need some defi-
nitions.

Definition 4.13. Fix a large absolute constant C' > 0, and let 2; be the subset of
Q given by
O = {(z,y) €Q:V(z,y) > 1+ CL?}.

Note that the boundary of €5 consists of parts of the two convex curves coming
from 9 and the level set {(x,y) € Q: V(z,y) =1+ CL;?}.

Definition 4.14. With ; C Q as above, we also define the distance function
h*: Q — [0, OO)

as follows. We first define the function v*(x,y) to be equal to V(x,y) — A. For
(z,y) in €1 we then define h*(z,y) by

1
W) =int 5 [ v G0) 0]

where the infimum is taken over all paths « : [0, 1] — 1 between the inner boundary
of ; and (z,y).

We are now in a position to state our Agmon-type estimate.

Proposition 4.15. For Qy and h*(z,y) defined as above, we have
/ u(x,y)ze%*(w’y) dxdy < CyLy Lo,
971

for some absolute constant Cy > 0.

Remark 4.16. Since we certainly have the lower bound V(z,y) — A > C1L;? on
1, roughly speaking this proposition shows that, in an L?(Q)-sense, the function
u(z,y) decays at least on a length scale comparable to L; as we move away from
the region where V(z,y) < 1+ CL; 2. However, as V(z,y) — A grows, this rate of
exponential decay also increases.

Proof of Proposition 415 This proposition will follow from a classical Agmon esti-
mate in [I]. Let us restate Theorem 1.5 from [I] (using slightly different notation).

Theorem 4.17 (Theorem 1.5 in [I]). Let D be a bounded connected open set in
R2. Let q(x,y) be a real valued function on D, and suppose that v(z,y) is a positive
continuous function on D such that

(4.22) /DIVx,yz/J(%y)\z+Q(:v7y)w(:v,y)2dxdy2/ v(z,y)¢(z,y)* dzdy

D
for all € C§° (D).
Fiz a point (x9,y0) € D, and define the distance p,(z,y) by

1
(4.23) ) =inf [ o) P 0] at
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where the infimum is taken over all continuous paths v : [0,1] — D in D between
(20,90) and (x,y). We also define p,((z,y),{o0}) to be the distance from the point
(x,y) to OD under the distance function p,(x,y) and define Ds by

Ds ={(z,y) € D: p,((z,y),{o0}) > s}.
Finally, suppose that
—Day Wz, y) + gz, y)W(z,y) =0
and that the function g(x,y) satisfies
(4.24) Vayg(z,y)|* < v(z,y)

in D. Then, we have the estimate

/ W, 1)2 (0, y) — |V, 9)]2)e20@) dady
DS

2(1+ 2s)

< o W (2, y)?v(x, y)e ") da dy.

(4.25) <

We will now apply this theorem with W(z,y) = u(z,y) and g(z,y) = V(z,y) — .
We will choose the set D as follows: We recall that ; consists of those points (z, y)
with V(z,y) — A > 1+ CL;?. We then define D to be all points in R? outside the
inner boundary of ;.

Since u(x,y) = 0 on 9N, we can extend u(x,y) to D by setting it to be 0 for
D\Qy, and we extend the potential V(z,y) to D arbitrarily.

We clearly have the estimate

/ Vo t(@, )] + (V(z,y) = No(e,y)* dedy > / (V(@,y) = Ni(e,y)* dz dy
D D

for all ¢» € C3°(D). Also, V(z,y) — A > C1Ly? for (z,y) € D. As a result of this,
from (L22) we see that we can set v*(x,y) to be equal to the function described in
the definition of h*(z,y) in Definition d.141

In Theorem .17 we are free to choose the value for s, and we will choose s = 1.
Then, we see that

D\Dy = {(z,y) € D: py((x,y),{o0}) < 1}

consists of the region near the inner boundary of D with width comparable to at
most L;. This is because we have ensured that v(x,y) > cL;? when the point
(x,y) is within a distance L; of the boundary of D.

We finally need to choose g(z,y) to ensure that ([@.24]) holds, and so we need

‘vr,yg(xayﬂz < I/*(.’[,y) = V(.’b,y) - A

We can achieve this by setting g(z,y) to be equal to the function h*(z,y) as in
Definition T4l This certainly satisfies the required derivative bound.
Thus, we can apply Theorem [£.17 to get

/ (@, 9)2 (@, y) — Vo h (2, y)2)eh @9 dz dy
Dy

(4.26) < 6/ u(x,y) vz, y)e2 @Y) da dy.
D\D;
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On D\D;, we know that v(z,y) < Ly?, and h*(z,y) < 1. Therefore, by the L?
bound on u(z,y) from Proposition [41] the right-hand side of ([#28]) is bounded by

C1L7?L1Ly = O Ly L.

Since for (z,y) € D, we have v(z,y) — |V, h*(z,y)[> > c1L7?, we can therefore
conclude from ([@26) that

/ u(z, y)Qezh*(‘r’y) dedy < CyL1Ls
Qo
as required. O

5. THE SHAPE OF THE LEVEL SETS OF u(z,y)

We now return to the problem of studying the shape of the level sets of the
first eigenfunction u(x,y). As we mentioned earlier, since the potential V(x,y) is
convex, a theorem of Brascamp and Lieb [§] tells us that u(z,y) is log concave. In
particular, this means that the superlevel sets of u(x,y) are convex subsets of .

We will use the results of the previous section to estimate the lengths of the
projections of these level sets onto the x- and y-axis. In particular, in this section
we will establish Theorem [T about the shape of the level sets. Throughout this
section we let ¢; > 0 be a small absolute constant as in the statement of Theorem
[[TOl The constant ¢ > 0 which appears in the propositions below is bounded away
from 0 and 1 by satisfying

g <c<1l-—ec,

and all other constants will depend on the choice of ¢;.
We first use the bound on A from Proposition 12 to find an upper bound on
the behaviour of the level sets of u(x,y) in the y-direction.

Proposition 5.1. Let 0 < ¢ < 1 be a fixed absolute constant. Then, for any fixed
x, the cross-section of the superlevel set {(z,y) € Q: u(x,y) > c} at x consists of
an interval of length at most L1 multiplied by an absolute constant.

Proof of Proposition [i1l By Proposition 12] we know that A = max, H(z) <
C1Ly. If u(z,y) > ¢ for y in an interval of length C'L; for C sufficiently large, this
immediately gives a contradiction. O

We can also prove an upper bound on the length of the projection of the level
sets of u(x,y) in the y-direction.

Proposition 5.2. For sufficiently small § > 0 fized, there exists ann > 0 such that
if the point (x,y) is within a distance nLq of the level set {(z,y) € Q: V(z,y) =
1+n" L%, then

u(z,y) < 0.
In particular, the level sets {(x,y) € Q: u(x,y) = ¢} are at a distance comparable

to Ly away from the level set {(z,y) € Q: V(x,y) = 1+ CL?}, for some absolute
constant C' > 0.

Remark 5.3. The proof of this proposition follows closely the proof of Lemma 3.17
in [16], where an analogous property has been established for the first eigenfunction
of a two-dimensional convex domain.
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Before proving this proposition, let us show the following corollary.

Corollary 5.4. Let 0 < ¢ < 1 be a fized absolute constant. Then, the projection
of the level set {(z,y) € Q : u(z,y) = ¢} onto the y-azis has length bounded from
above by an absolute constant multiplied by L, .

Proof of Corollary 54l By the definition of the length scale L; and the orientation
of the level set Q> = {(z,y) € Q: V(x,y) = 1+ L%} we used when defining
Lo, we know that the projection of the level set €2 > onto the y-axis has length
comparable to Ly. Moreover, by the convexity of the potential V' (z,y), this is true
for any level set

{(z,y) e Q:V(z,y) =1+ CLIQ},

for any absolute constant C' > 0. Therefore, the upper bound on the length of the
projection of the level sets {(x,y) € Q : u(z,y) = ¢} onto the y-axis follows from
Proposition a

Proof of Proposition 5.2 Let (x',3’) be a point which is within a distance nL; of
the level set {(z,y) € Q: V(x,y) = 1+77 L%}, After a rotation, we may assume
that the nearest point of {(z,y) € Q: V(z,y) = 1 +n L%} to («/,y') is equal to
(z',y1), with y1 <y’ and 3’ —y1 < L.

We will need to use two properties of the potential V' (z,y). Firstly, by the simple
eigenvalue bounds on A in Proposition [277] we have seen before that

CQ
(5.1) Az yulz,y) = (V(z,y) — Nu(z,y) = —L—éu(ﬂﬁ,y)
1
for all values of (z,y), for some absolute constant Cy. Moreover, V (z, y) has convex
sublevel sets, and by the rotation we made above we have V(z,y;1) = 1 +n 1Ly %
Therefore,

(5.2) Azyu(z,y) = (V(z,y) = Nulz,y) 2 5—u(z,y)
nLy
whenever y <y’ —nL; < yi.
We define the comparison function v (z,y) by
_ . (Cily—y)  Cin

(5.3) vi(x,y) = sin ( oL + 5 + Cho
for y >y’ — nLy, and by

. J -y
(5.4) vi(z,y) = (sin(C16)) exp (5 + (2125[/31 ))

for y <y —nL;. We make the choice n = §2, and this ensures that vi(x,y) is
continuous at y =y’ — nL; for all values of x.

For 6 >0 sufficiently small, using sin(C18) > C16 cos(C16), we find that 82v, (z,y)
has a negative delta function along y = 3’ — nL;. Everywhere else, calculating
Ag yvi(z,y) from its definition in (B3] and (54) and using the inequalities for

Ag yu(z,y) in (1) and (B2), we see that
Az,yvl(xay) < Am,yu($>y).
Ul(xa y) N U(J?,y)
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Moreover, for those (z,y) € 0, with y <y’ + (Cll —n - 25) L;, we have
vl(x,y) >0= u(xay”aﬂa

and for (z,y) € Q with y =y’ + (Cll —n— 26) L, we have

v (z,y + (7/CrL—n—28)L1) =1 > u(x,y + (7/C1—n—20)L1).
Thus, applying the generalised maximum principle in Proposition .5 to those (z,y)
in Q with y <y’ + (Cll —n— 25) Ly, vi(x,y) is a positive supersolution, and in
particular

uw(@',y') <wvi(2’,y') = sin (% + Cl5> < (0.

Thus, repeating the argument with a suitable multiple of ¢ gives the desired result.
|

We now want to obtain a lower bound on the height of the level sets in the
y-direction.

Proposition 5.5. Let 0 < ¢ < 1 be a fized absolute constant. Then, the superlevel
set {(z,y) € Q: u(x,y) > ¢} has inner radius bounded below by an absolute constant
multiplied by Ly. In particular, the projection of the level set {(x,y) € Q : u(z,y) =
c} onto the y-axis has length bounded from below by an absolute constant multiplied

by Ll.

Remark 5.6. The proof of this proposition only considers the parameter L; and
does not use any properties of the eigenvalue or eigenfunction that depend on L.
In particular, this means that we do not need to fix the orientation of the level set

Q2= {(ey) € Q: Viay) =1+ L),
and we are free to rotate €2 in the course of the proof.
Proof of Proposition [0l Let us consider the case ¢ = 1/4 and study the level set
{(z,y) € Qru(z,y) = 7}

Suppose that the shortest projection of the set onto any direction is of length a.

By the convexity of the superlevel sets of u(z,y), after a rotation and a translation,

we may then assume that this level set lies between the two lines y = 0 and y = o
We will use the comparison function

1. (nm 27
Wi(z,y) = 5 sin (E + 3—ay> .
This function is equal to 1/4 when y = 0 or y = « and satisfies
2w
Ko}

Since V' (z,y) > 1, by the straightforward eigenvalue bound on A from Proposition
27 we have

2
(5:5) (Duy — V(wy) + NW(a,y) = —( ) W(ary) + (A — V)W ().

A= V(z,y) <C°L7?,



3240 THOMAS BECK

for an absolute constant C' > 0. Therefore, from (5.3 we obtain

(56 (Buy = Viay) + W (ay) < (— (5) +02L12) W(a,y).

Let us assume that

27TL1
5.7 et
(5.7) a<—5

Then, from (G.6]) we see that
(Am,y - V(ﬂ?,y) + )\)W(.’L’, y) <0,

while (Ag, — V(z,y) + Nu(z,y) =0 in Q. Also, for all points (z,y) with y=0,«a
we have u(z,y) < W(z,y) = i, and u(z,y) = 0 < W(z,y) for (z,y) € 09, with
0 < y < a. Therefore, by the generalised maximum principle in Proposition 5] we
find that

u(z,y) < W(z,y) for (z,y) € D with 0 <y < o

However, W (x,y) < %, while u(z,y) attains its maximum of 1 at some point (x,y)
with 0 < y < . This gives a contradiction, and so from (&) we must have

27TL1

3C
Therefore the projection of the superlevel set {(z,y) € Q : u(z,y) > 1} onto any
direction has length at least comparable to L1, and this gives us the required lower
bound on the inner radius of this superlevel set. We can also repeat the argument
above for the superlevel set {(x,y) € Q : u(z,y) > ¢} for any fixed absolute constant
c with ¢; < ¢ <1 — ¢ to obtain the same result. O

o >

Corollary 5.7. As an immediate consequence of Proposition B3], we see that

A= max/ u(z,y)?dy > éLy,
Q(x)

xT
for an absolute constant ¢ > 0.

Combining Propositions B5.1] and [5.5], the height of the level set {(x,y) € Q :
u(z,y) = ¢} in the y-direction is comparable to L;. We now turn to studying the
length of the level sets of u(x,y) in the z-direction. We first use Corollary to
obtain an upper bound on the length of the level sets.

Proposition 5.8. Let 0 < ¢ < 1 be a fized absolute constant. Then, the projection
of the level set {(x,y) € Q: u(z,y) = ¢} onto the x-axis has length bounded by an
absolute constant multiplied by Lo.

Proof of Proposition 5.8 Suppose that the length of the projection of {(z,y) € Q :
u(z,y) = c} onto the z-axis is bounded below by 2C Ly, where C' > 0 is a large
absolute constant that we will specify later in the proof. For each fixed x, the cross-
section of the superlevel set {(z,y) € Q : u(z,y) > ¢} at x consists of an interval.
Since the superlevel set is convex, the length of this interval is greater than half of
its maximum length for x lying in an interval of length C'L,.

By Proposition .5 this maximum length is bounded below by 2C;L; for an
absolute constant Cq7 > 0. In other words, u(z,y) > ¢ for all (z,y) in a rectangle
of height C1 L, and width C'Ls.
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As a result of this, we have
(5.8) H(z)= / u(z,y)*dy > 0 Ly,
Q)

for all z in an interval of length C'L,. By Proposition 112, A is bounded by an
absolute constant multiplied by L;, and by Corollary we have the bound
(5.9) H(z) < Ae~clz=271/L2

Therefore, combining (5.8) and (5.9), we obtain a contradiction if we choose C' to
be sufficiently large. This completes the proof of the proposition. |

To complete the proof of Theorem [[.I0] we finally want to obtain a comparable
lower bound on the length of the level set of u(z,y) in the z-direction. To do this
we will use the L?-bound on the first derivative d,u(z,y) from Proposition 11l

Proposition 5.9. Let 0 < ¢ <1 be a fized absolute constant. Then, the projection
of the level set {(z,y) € Q : u(z,y) = ¢} onto the x-axis has length bounded from
below by an absolute constant multiplied by Lo.

Proof of Proposition 5.9, We first prove the proposition for ¢ = 1/4. By applying
Proposition with ¢ = %, there exists a point = xy and an interval J of length
equal to 2¢* Ly for a constant ¢* > 0, such that u(zg,y) > % for all y in J. Therefore,

(5.10) /Ju(xo,y)2 dy > 1c*Ly.

Extending u(z,y) to be zero outside 2, for any other z, we can write

x
u(z,y) ZU(wo,y)Jr/ Oru(t,y) dt,
zo
and so

a(z,y)? > 2ulzo,y)? - Cila — a0l / @t yar,
I(x

where I(x) consists of those points between zy and z. Integrating this over y € J,
we find that

(5.11) /u(m,y)zdyz %/u(mo,y)Qdy—Cﬂx—xd// )(atu(t,y))2dtdy.
J J JJI(z

By (BI0), the first term on the right-hand side of (G.I1]) is bounded from below
by %C*Ll. Provided |z — xo| < 3Ly for ca > 0 sufficiently small, we can use
Proposition [1T] to show that the second term on the right-hand side of (&ITl) is
bounded above by

Cl|$ — J)o‘LlL;l,

for an absolute constant C; > 0. Thus, if |z — zo| < ¢3Lo for ¢3 > 0 sufficiently
small, we can ensure that

/u(x,y)2 dy > 13—60*L1 - 11—60*.[/1 = %C*Ll.
J



3242 THOMAS BECK

Since the interval J has length equal to ¢*Lj, this means that for each x with
|z — 0| < c3L2, u(z,y) must be at least 1 at some point y € J. In particular, the
level set

{(z,y) € Q:ufz,y) = 1/4}
must have length in the z-direction of at least c3 Lo as required. A lower bound on

the length in the z-direction of the other level sets of u(z, y) follows in an analogous
way. ([l

Combining Corollary 5.4l and Proposition concerning the height of the level
sets in the y-direction with Propositions B.8 and concerning the length of the
level sets in the x-direction we have established the following: For any ¢ with
c1 < ¢ <1— ¢, the projections of the level sets {(x,y) € Q: u(z,y) = ¢} onto the
y- and z-axes are of lengths comparable to Li and Ly, respectively, and, moreover,
the inner radius of the corresponding superlevel set is comparable to L; while the
diameter is comparable to Ly. This implies that the level sets have the desired
shape and completes the proof of Theorem .10l

6. THE BEHAVIOUR OF u(x,y) NEAR ITS MAXIMUM

In Theorem [[.T0l we described the shape of the level sets {(z,y) € Q : u(z,y) =
¢}, where ¢ is bounded away from 0 and 1 by ¢; < ¢ < 1 — ¢;. In Proposition 15|
we gave an indication of the behaviour of u(x,y) as ¢ becomes small. It is natural
to ask what happens when ¢ becomes close to 1 and we approach the maximum of
the eigenfunction. Two interesting questions that one can ask in this case are the
following:

Where is the maximum of u(z,y) located relative
to the minimum of the potential V' (z,y)?
What happens to the shape of the level sets of u(x,y) as ¢ approaches 17

In the author’s thesis [3], the first question has been partially studied, and this
proposition has been established.

Proposition 6.1. Suppose that the eigenfunction u(x,y) attains its mazimum at
the point (x*,y*). Then, there exists an absolute constant ¢* > 0 such that

V(z*,y*) =A< —c L%
Regarding the second question, there is the following conjecture.

Conjecture 6.2. For ¢ = 1 —¢, with 0 < € < 1, the level set {(z,y) € Q :
u(z,y) = ¢} has the following shape: There exists an ellipse E with minor axis
in the y-direction of length comparable to \/eL, and major azis in the z-direction
of length comparable to \/eéLs, such that E is contained inside this level set and
a dilate of E, with a scaling factor bounded by an absolute constant, contains this

level set. Here all constants are independent of €.

A way of viewing this conjecture is that near the maximum of u(z,y) at (0,0),
say, the eigenfunction resembles the polynomial
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in a suitable sense. This conjecture holds for all cases where the eigenfunction is
explicitly known, but is still open even for the case of the Dirichlet Laplacian on a
two-dimensional convex domain with constant potential V. In the author’s thesis
[B], a first step towards this conjecture is established by showing that the inner
radius of the level sets is indeed comparable to /eL;. Studying the behaviour of
the eigenfunction near its maximum in more detail is a subject of future work.
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