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VOLUME DIFFERENCE INEQUALITIES

APOSTOLOS GIANNOPOULOS AND ALEXANDER KOLDOBSKY

ABSTRACT. We prove several inequalities estimating the distance between vol-
umes of two bodies in terms of the maximal or minimal difference between areas
of sections or projections of these bodies. We also provide extensions in which
volume is replaced by an arbitrary measure.

1. INTRODUCTION

Volume difference inequalities are designed to estimate the error in computations
of volume of a body out of the areas of its sections and projections. We start with
the case of sections. For 1 < k < n, let v, be the smallest constant v > 0
satisfying the inequality

n—k

(L1) K|

— || <4* max ([KNF|—|LNF)

- FeGr, g
for all origin-symmetric convex bodies K and L in R™ such that L C K. Here
Gr,,_ is the Grassmanian of (n — k)-dimensional subspaces of R", and |K| stands
for volume of appropriate dimension.

Question 1.1. Does there exist an absolute constant C' so that sup,, , ynr < C 7

Question [[T] is stronger than the slicing problem, a major open problem in
convex geometry [2[6L[7,[35]. In fact, putting L = SBY in (I.Il), where BY is the
unit Euclidean ball in R™ and then sending 3 to zero, one gets the slicing problem:
does there exist an absolute constant C' so that for any 1 < k < n and any origin-
symmetric convex body K in R™,

n—k

(1.2) K|+ <C* max |KNH|?
HeGr,

The best-to-date general estimate C' < O(n'/*) follows from the inequality
n—k
K| < (cLg)* KNnH
[K|™ < (cLg)"  max |KNH]|,

Tn—k
where Ly is the isotropic constant of K (see e.g. [10, Proposition 5.1]), and the
estimate Lxg = O(n'/*) of Klartag [19], who improved an earlier estimate Ly =
O(n'/*logn) of Bourgain [8]. For several special classes of bodies the isotropic
constant is uniformly bounded, and hence the answer to the slicing problem is
known to be affirmative; see [9].
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In the case where K is a generalized k-intersection body in R" (we write K €
BP}; see definition in Section Bl) and L is any origin-symmetric star body in R,
inequality (1)) was proved in [23] for k=1,and in 25] for 1 <k <n:

(1.3) K5 — L) <k, pax (JKNF|—|LNF|),

where ck k= wn /wn r and w, is the volume of the unit Euclidean ball in R"™.

One can check that ¢, 1 € (%, 1) for all n, k.

Note that in Question [[.Tlwe added an extra assumption that L C K, compared
to (L3). Without extra assumptions on K and L, inequality (I.I]) cannot hold with
any vy > 0, as follows from counterexamples to the Busemann-Petty problem. The
Busemann-Petty problem asks whether, for any origin-symmetric convex bodies
K and L, inequalities |[K N F| < |[L N F| for all F € Gr,_j necessarily imply
|K| < |L|. The answer is negative in general; see [22, Chapter 5] for details. Every
counterexample provides a pair of bodies K and L that contradict inequality (IJ).
However, if K is a generalized k-intersection body, the answer to the question of
Busemann and Petty is affirmative, as proved by Lutwak [33] for ¥ = 1 and by
Zhang [40] for k > 1. Inequality (3] is a quantified version of this fact.

Our first result extends (3] to arbitrary origin-symmetric star bodies. For a
star body K in R™ and 1 < k < n, denote by

D 1/n
(1.4) dowe (K, BPY) = inf { (%D . KcD, De BPZ}

the outer volume ratio distance from K to the class of generalized k-intersection
bodies.

Theorem 1.2. Let 1 <k < n, and let K and L be origin-symmetric star bodies in
R™ such that L C K. Then

(1.5) — L)

< cn wdr (K, BPY) ploax (|[KNF|—|LNnFl).

By John’s theorem [I8] and the fact that ellipsoids are intersection bodies, if K
is origin-symmetric and convex, then dgy, (K, BP}) < y/n. In fact the same is true
for any convex body by K. Ball’s volume ratio estimate in [4]. The outer volume

ratio distance was also estimated in [31]. If K is an origin-symmetric convex body
in R™, then

(1.6) doe (I, BPY) < e/n/k [log(en/k)] 3,

where ¢ > 0 is an absolute constant. The proof of (L6) in [31] employs the existence
of an a-regular position for any symmetric convex body, Pisier’s extension of Mil-
man’s M-position. In conjunction with Theorem [[2] the estimate (@) provides
an affirmative answer to Question [[T] for sections of proportional dimensions.

Corollary 1.3. Let 1 < k < n, let K be an origin-symmetric convex body in R™,
and let L be an origin-symmetric star body in R™ such that L C K. Then

< C* (\/n/k [1og(en/k)]%)k max ([KNF|—|LNF]),

n—k

(1.7)

— LI

where C is an absolute constant.
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It is also known that for several classes of origin-symmetric convex bodies the
distance doy, (K, BPj) is bounded by an absolute constant. These classes include
unconditional convex bodies, duals of bodies with bounded volume ratio (see [27]),
and the unit balls of normed spaces that embed in L,,, —n < p < oo (see [28,30,34]).

The inequality of Theorem can be extended to arbitrary measures in place of
volume, as follows. Let f be a bounded non-negative measurable function on R".
Let 41 be the measure with density f so that u(B) = [ p | for every Borel set B in
R™. Also, for every F' € Gr,_j we write p(BNF) = [, . f, where we integrate
the restriction of f to F' against Lebesgue measure on F.

It was proved in [27] that for any 1 < k < n, any origin-symmmetric star body
K in R™, and any measure y with even non-negative continuous density f in R",

nook L n
(18) [L(K) S n— kcn,k ‘K| dovr(K7 BPk)FeHCl}%i(_RM(KmF)

Considering measures with densities supported in K \ L in inequality (L8], we
get the following measure difference inequality.

Theorem 1.4. Let 1 < k < n, let K and L be origin-symmetric star bodies in
R™ such that L C K, and let u be a measure with even mon-negative continuous
density. Then

(1.9) u(K)=p(L) < ——ch |K|* dby, (K. BP) max (u(KNF)=p(LOF)).

FeGry, i

In Section 2] we provide an alternative proof of this result.

Moreover, using an approach recently developed in [I0], we prove a different ver-
sion of Theorem [[L4] where the symmetry and continuity assumptions are dropped,
but the body K is required to be convex.

Theorem 1.5. Let 1 <k < n, let K be a convex body with 0 € K, and let L C K
be a Borel set in R™. For any measure p with a bounded measurable non-negative

density, we have
(1.10)

p(E)"F — (L)

k(n—k) e (n—k
< (CO\/n - k:) K| Lamax (u(K N F)"F = (L Py,

eGn,nfk
where cg > 0 is an absolute constant.

A different kind of volume difference inequality was proved in [I4]. If K is any
origin-symmetric star body in R", L is an intersection body, and
min (|[KNé&H —|[Lnét|) >0,
min, (KNt = [Lned)

where ¢+ is the subspace of R” perpendicular to &, then
n—1 1
7 >c——— min (|[KN&H —|LNE),
2 o i, (K 0et - Eng)
where ¢ > 0 is an absolute constant, L = L/|L|», M(L) = Jsn-1 10l do(0), and o
is the normalized Lebesgue measure on the sphere.
As shown in [I5], there exist constants c1,ce > 0 such that for any n € N and
any origin-symmetric convex body K in R™ in the isotropic position,
1 nl/lOLK nl/lO

> ¢ >c .
M(K) — 1logz/s(e—kn) - 2logz/s(e—kn)

n

(1.11) K| —|L

(1.12)
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Also, if K is convex, has volume 1, and is in the minimal mean width position, then
we have

1 Vn
(1.13) ME) = Plogle+n)

Inserting these estimates into (LII) we obtain estimates independent from the
bodies.
For a star body K in R™ and 1 < k < n, we define

0N do (6 k
di(K,BPY}) = inf Jsrr | ”’_(k o (6) : DCK, DeBP}
Jgn—1 10 57do(6)

By John’s theorem, if K is origin-symmetric and convex, then dy (K, BP}) < y/n.
We prove the following generalization of (LIT]).

Theorem 1.6. Let 1 < k < n, and let K and L be origin-symmetric star bodies in
R™ such that L C K. Then
(1.14)

ak(L 8Py (1K1

L) ) O min (|K N F|~|LNF]),

(VaM(L))k Fec

where ¢ > 0 s an absolute constant.
We introduce another method that gives a different generalization of (LITI).

Theorem 1.7. Let 1 < k < n, and let K and L be bounded Borel sets in R™ with
L cC K. Then

(1.15) (1] - |L|) 7k>cnkFrgm (KN F|—|LnF)),
—k

n—=k
koo
where ¢y = wn" JWn k.

Note that Theorem [[.7] holds true for an arbitrary pair of bounded Borel sets
L C K and it no longer involves the distance dj, and M (L). Actually, the constant
Cn,i is sharp, as one can check from the example of the ball K = B3 and L = B3
Where B — 0. Nevertheless, it is formally not stronger than Theorem [[.6] because

|K|"+ — |L|*=" is smaller than (|K|— |L|)" "
We deduce Theorem [[7 from a more general statement for arbitrary measures.

Theorem 1.8. Let 1 < k < n, and let K and L be two bounded Borel sets in R™
such that L C K. Let i1 a measure in R™ with bounded density g. Then,

n—=k

(u(K) = (L)) ™

1

n—k
n

( | wEam - pnam) e dun,nkw)) ,

(1.16)

>c
||g||o<>
where vy, n—y, 15 the Haar probability measure on Gry,_j. In particular,

(1.17) (W(K) = u(L) "™ = ck kﬁ pain (u(KNF) = p(LOF)).
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An inequality going in the direction opposite to (ILI4]) was proved in [27]. Sup-
pose that K is an infinitely smooth origin-symmetric convex body in R", with
strictly positive curvature, that is, not an intersection body. Then there exists an
origin-symmetric convex body L in R™ such that L C K and

(1.18)

— LI

- <cn1£m1n (JKNgH —|Lnér).
es

Here we prove a similar inequality going in the direction opposite to (LH).

Theorem 1.9. Let L be an infinitely smooth origin-symmetric convex body in R™
with strictly positive curvature that is not an intersection body. Then there exists
an origin-symmetric conver body K in R™ such that L C K and

n—1
n

1
N (IKngt—|Lngr|)

where ¢ > 0 is an absolute constant.

(1.19)

Let us pass to projections. For £ € S"~! and a convex body L, we denote by
L|¢+ the orthogonal projection of L to £*. Let 3, be the smallest constant 3 > 0
satisfying

n—1 n=1 .
(1.20) BODI — 1K) = min, (1Lle*] ~ IKIe")

for all origin-symmetric convex bodies K, L in R™ whose curvature functions fx
and fr, exist and satisfy fx (&) < fr(€) for all € € S"~1. We prove

Theorem 1.10. S, ~ \/n; i.e., there exist absolute constants a,b > 0 such that
for allm € N,

av/n < B < by/n.

It was proved in [23]26] that if L is a projection body (see definition in Section
B) and K is an origin—symmetric convex body, then

(1.21) L) - K] >Cn1£€mln (1L = [KleT).

Note that we formulate (L20) with the condition fx < fr, which is not needed

r (L2I). The reason is that without an extra condition inequality (20 simply
cannot hold in general with any 8 > 0. This follows from counterexamples to the
Shephard problem asking whether, for any origin-symmetric convex bodies K and
L, inequalities |K|¢1] < |L|¢L] for all € € S™1 necessarily imply |K| < |L|. The
answer is negative in general; see [36L38] or [22 Chapter 8] for details. However,
if L is a projection body, the answer to the question of Shephard is affirmative, as
proved by Petty [36] and Schneider [38]. Inequality (L2I)) is a quantified version of
this fact.

For a convex body L in R™ denote by

|L‘ 1/n
dye(L, 1) = inf (W) . DCL Dell

the volume ratio distance from L to the class of projection bodies. We extend (L21])
to arbitrary origin-symmetric convex bodies, as follows.
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Theorem 1.11. Suppose that K and L are origin-symmetric convez bodies in R™
and their curvature functions exist and satisfy fix(€) < fr(€) for all € € S"~ 1.
Then

(1.22) due (L, IT) (|L] 7 = | K| = )ch,lgemm (ILIgH = K|

Again by Ball’s volume ratio estimate, for any convex body K in R, d, (K, II) <
v/n. In SectionBlwe show that this distance can be of the order y/n, up to an absolute
constant. The same argument is used to deduce Theorem from Theorem [LTTl

Denote by hi the support function and by

w(k) = [ hal€)dn(©
the mean width of the body K. Denote by

dy (K, T0) :inf{%:KcD, DEH}

the mean width distance from K to the class of projection bodies.

Theorem 1.12. Suppose that K and L are origin-symmetric convezr bodies in R™
and that their curvature functions exist and satisfy fx (€) < fr(€) for all € € S7~1L.
Then

w(K)
— K| < e do(K, T2 max (LIt — K€1),

(1.23) Ve (T,

where ¢ is an absolute constant.

In Section Bl we show that the distance d, can be of the order y/n, up to a
logarithmic term. Note that if K is a symmetric convex body of volume 1 in R™
and is in the minimal mean width position, then w(K) < ¢y/n(logn).

Theorems [[.11] and are complemented by the following results, going in
opposite directions, that were proved in [29]. The constant in Theorem [T4 is
written in a more general form than in [29].

Theorem 1.13. Suppose that L is an origin-symmetric convex body in R™, with
strictly positive curvature, that is not a projection body. Then there exists an origin-
symmetric conver body K in R™ so that fr(&) > fx(€) for all € € S~ and

).

Theorem 1.14. Suppose that K is an origin-symmetric convex body in R™ that is
not a projection body. Then there exists an origin-symmetric convexr body L in R™
so that f1,(£) > fx(€) for all € € S"1 and

min (|Ligt| - [Klet) = S0

geswl—l w( )

where ¢ is an absolute constant.

1 n—1 n—1
max (|LIEY] — |K[¢H]) < — (LI — |K|™=
£es Cn,1

(LI =),

In Section 2] we provide the proofs of the volume difference inequalities for sec-
tions, and in Section [B] we give the proofs of the volume difference inequalities
for projections. As we proceed, we introduce notation and the necessary back-
ground information. We refer to the books [12] and [39] for basic facts from the
Brunn-Minkowski theory and to the book [I] for basic facts from asymptotic convex
geometry.
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2. VOLUME DIFFERENCE INEQUALITIES FOR SECTIONS

We need several definitions from convex geometry. A closed bounded set K in
R™ is called a star body if every straight line passing through the origin crosses
the boundary of K at exactly two points different from the origin, the origin is an
interior point of K, and the Minkowski functional of K defined by
(2.1) lz]|lk = min{a > 0: z € aK}
is a continuous function on R".

The radial function of a star body K is defined by
(2.2) pic(@) = 2ll!, xR, 2 £0,

If z € S"1, then pg () is the radius of K in the direction of x.

We use the polar formula for the volume of a star body:

1 -n
(2.3) |m:—/ 16]15"db,
n Sn—1

where df stands for the uniform measure on the sphere with density 1.

The class BP} of generalized k-intersection bodies was introduced by Lutwak
[B3] for k = 1 and by Zhang [40] for £ > 1. For 1 < k < n — 1, the (n — k)-
dimensional spherical Radon transform R,_j : C(S" ') — C(Gr,_x) is a linear
operator defined by

(2.4) Ry_ng(E) = / g(0) d9,  E € Gro_y,
Sn—1NE

for every function g € C(S™~!). We say that an origin-symmetric star body D in
R™ is a generalized k-intersection body and write D € BP}, if there exists a finite
non-negative Borel measure pp on Gr,_j so that for every g € C(S™71),

(2.5) | @@ o= [ R st dun ().
n—1 T'm—k
The class BP7 is the original class of intersection bodies introduced by Lutwak.
Proof of Theorem [L2. For every H € Gr,,_j we have
|IKNH|—|LNH|< plmax. (IKNF|—|LNF)).

Tn—k

Writing volume in terms of the Radon transform, we get

e (Ru sl ) = R 1)) < max (1K 0 F| = LA FY).

Let D € BP;, K C D. Integrating both sides by H € Gr,,_; with the measure pp
corresponding to D by (23], we get

———/ 1615 (161" = 181"+*) de
Ferrcl;ax (IKNF|—|LNF|)pp(Grp_k).

Tn—k

(2.6)

We have ||0]|5," > [|10]x" > [|0]|;", because L € K C D. Using this, Holder’s
inequality, and the polar formula for volume, we estimate the left-hand side of

2.8) by
5 IO (1ol = 1ol

n k n—=k
K| — |K|5|LI" )
= (11— 1151
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To estimate pp(Gr,_x) from above, we combine that 1 = R,,_;1(E)/[S""*71| for
every E € Gr,,_; with (Z3) and Holder’s inequality to write

1
(2.7) MD(GI"n—k):W . Ry x1(E)dpup(E)

1
= 015" do
‘Sn,k,1| /STH1 || HD

< ; ’S"_l nviik </ ||9H7n d@)%
- ‘Sn7k71| gn-1 D
1 n—k
—_ ‘Sn,k,1| ’Sn—l n n§|D|§
These estimates show that
n k n—k
(|| — K[ |L)
1 n—1 % k k
__ "k £ _
= o chuDIE max (KNF|-|LNF).

Finally, we choose D so that |D|*/" < (1 + 6)dgy. (K, BP})|K|'/™ and then send §
to zero. g

Next, we extend Theorem to arbitrary measures in place of volume. Let f
be a bounded non-negative measurable function on R™ and let u be the measure
with density f. Writing integrals in polar coordinates, we get

(2.9) (K = /K F(@)de = [3 B ( /0 PO f(r&)dr) o,

and for H € Gr,_g,

px ()
(2.10) wKNH)= /KmH flz)dx = /SnilmH (/0 T”klf(TO)dr> de

pr (")
=R,_x (/0 r”klf(r~)d7‘> (H).

Proof of Theorem [L4. Let f be the density of the measure u. For every H € Gr,,_,
we have

wWKNH)—pw(LNH)< max (u(KNF)—u(LNF)).

FeGr,_k

Using (ZI0), we get

pr ()
Ry </p . ke f(r-)dr> (H) < max (WKNF)-uLNF).
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Let D € BP},, K C D. Integrating both sides by H € Gr,,_; with the measure up
corresponding to D by (Z3]), we get

pK(0)
b0 mELE(r6)dr | df
(2.11) /s— Pl </pL<e> e r)

< — .
< plax (u(KNF) = (LN F)) pp(Gro—r)

We have pp > px > pr, because L C K C D. Using this and (2Z9]), we estimate
the left-hand side of (211]) from below

P (0)
/ o (0) (/ r"_k_lf(TH)dr> do
Sn—t pL(0)
Pk (0)
> / ok (0) (/ r”_k_lf(rﬁ)dr> de
Sn—1 pL(0)

pK(0) - B B
> /S ( /pr) P (r0)dr | d6 = u(K) — p(L).

Now estimate pup(Gyp—r) and then choose D in the same way as in the proof of
Theorem O

Remark 2.1. Note that in the case of volume (f = 1), Theorem [[4] implies that
if K is an origin-symmetric convex body in R™ and L is an origin-symmetric star
body in R™ such that L C K, then

o e K| —|L
gt < KT e
P

(K,B’Pk)FnéaX (|[KNF|-|LNF]).

k
cp 1 d,
= n—k n,k Yovr e

This estimate differs from the one of Theorem by a factor *; however, note
that also (| K| —|L|)/|K

n—k n—k

n —|L‘ no,

W is greater than |K

To prove Theorem [[Hl we use a technique that was introduced in [I0]. It is based
on the following generalized Blaschke-Petkantschin formula (see [13]).

Lemma 2.2. Let 1 < g < s < n. There exists a constant p(n,s,q) > 0 such that,
for every non-negative bounded Borel measurable function f: (R™)? — R,
(2.12)

f(x1,. ., xg)dey - - day
R™ R™
= p(n, s,q)/ / = / f(x1,...,2q) lconv(0, 21, ..., xy)|[" " day - - - dxg dvp o (F),
Gns/F JF

where vy, s is the Haar probability measure on Grs. The exact value of the constant
p(n,s,q) is

n—s (nwn) e ((n —q+ 1)Wn7q+1)
(Sws) o ((s—q+ 1)ws—q+1) .

(2.13) p(n,s,q) = (q!)
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We will also use Grinberg’s inequality: If D is a bounded Borel set of positive
Lebesgue measure in R™, then, for any 1 <k <n—1,

~ 1 "
Rk(D) = W/G |D n F‘ dl/nﬂl,k(F)
(2.14) ' mn=k
< W/ |By N F|" dvp pn—i(F).
2 nyn—k

This fact was proved by Grinberg in [I6]. It is stated for convex bodies D, but the
proof applies to bounded Borel sets (see also [13]). For the Euclidean ball we have

D n 1 n n wﬁ*k —kn
(215) Rk(BQ) = W/ |B2 N F| an’nfk(F) = W = Cnfz s
n,n—k mn
where as before
(2.16) k= —wn® k.

For any 1 < k < n — 1 we define

p(n, s) :=p(n, s, s).
It was proved in [I0] that for every 1 < k < n — 1 we have
(2.17) e, x p(n,m — k)]m ~n—k.

Proof of Theorem [LA. Let g be the density of the measure p. Applying Lemma [Z.2]
with ¢ = s = n — k for the functions f(z1,...,2p—k) = H::lk 9(x;)1x(z;) and
W@y, @) = [1 gl 1 (2;) we get

(2.18)
n—k

u(E)" H / i~ ]I /Lu)dx

=p(n,n— / / / g(z1) - g(@n_g) lconv(0,z1,. .., ) |[Fday
Gron—r “JKNF KNF
-~dzn_k—/ / g(x1) - gz ) lconv (0, 21, . . ., 2 _p)|"day - - -
LNF LNF

dwn—k::| an,n—k(F)

p(n,n — / / 9(1) - g(n_k) [conv(0, 21, .., i) ey -
Grn—k ¥ Pn_i(K,L;F)
dwn—k: dynm—k:(F)a
where
P, 1(K,L;F)= (KN F)" k\ (LnF)"*
Note that

lconv (0, 21,...,2n_4)|* <|KNF*
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forall (z1,...,2n—k) € Pu_i(K, L; F) by the convexity of KNF and the assumption
that 0 € K. Therefore,

(2.19)
PR = (L)

§p(n,n—k)/ |KﬁF|k/ g(x1) - g(@n_p)der - - dep_k dvp pn_i(F)
P, (K,L;F)

n,n—k

=p(n,n — k) / IKNFF (KN F)"% — (LN F)" ¥ dv, 1 (F)

n,n—k

< max [WKNE)"F —w(LnF)"*-p(n,n— k:)/ |KNE* dvy 1 (F).
FeGnn—k Gnon—k

From Grinberg’s inequality (214 we have

kn k(n—k)

(2.20) /G KN F* vy n(F) < e, W K|

n,n—k

Using also (2.I7) we see that
(2.21)
()" 78 — (L)

k(n—k) o (n—k)
< (covi—F) KT max [u(K 0 F)"F (L0 Ry,

n,n—k

as claimed. 0

Remark 2.3. Theorem [[5] implies that [10, Theorem 1.1]:

(2.22) u(K) < (cm/n - k:)k | K o pmax wKNF)

n,n—=k

for every convex body K with 0 € K and any measure u. Considering measures
with densities supported in K \ L in ([Z22]), we get the following measure difference
inequality:

(2:23)  u(K)~ (L) < (covmn—F) 1K1 | max (u(K 0 )~ w(LOF))

under the assumptions of Theorem

The next inequalities estimate the distance between volumes of two bodies in
R™ in terms of the minimal difference between areas of their (n — k)-dimensional
sections.

Proof of Theorem [LLG. For every H € Gr,,_; we have

[KNH|—|LNH| > min (KNF|—|LOF]).
cGry,

—k

Writing volume in terms of the Radon transform, we get

1 —n+k _ —n+k . _
o= B H) = Rk 1277 (H)) 2 min (KN F| = |LOF]).
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Let D € BP}, D C L. Integrating both sides by H € Gr,_j with the measure pp
corresponding to D by (Z3]), we get

1 - - —
(2.24) n—k /S » H@”Dk (||9HKn+k _ ||0||Ln+k) do

> i — .
2 Join ([KNF|—|LOF]) up(Grn)

We have ||0]|5," < 10];0 < [0]l5", because D C L C K. Using this, Holder’s
inequality, and the polar formula for volume, we estimate the left-hand side of
(Z24)) from above by

n

1 —k —n+k —n+k E n—k
_ — < n n  — .
— /Sni1 el (19l 161I"*) db < — (|L| K| |L\)

To estimate pp(Gr,_1) from below, we combine that 1 = R,,_;1(E)/[S"~*~1| for
every E € Gr,,_j with (23] to write
(2.25)

1 |S™ 1 —k
Ry 1(E)dpp(E) = 76— » 101" do(6).

ﬂD(GrTL—k) = | |Sn—k:—l‘ on

Sn—k—1| Gro s

These estimates show that

n k n—k
—— (|LJ* |k — L)
s 16]5*do(8) min (KN F|—|LnF|)
- |Sn—k—1| Sn—1 D FeGr, ’

Finally, for § > 0, we choose D so that

1
0|5~ do(0) > / 0| Fdo (6
[ ko) 2 s [ bl o),

and send 0 to zero. Then use Jensen’s inequality and homogeneity to get

e ([ ||0|z’“da<t9>>'1 =(/ |o||Lda<0>)1 - it

and apply standard estimates for the I'-function. |

Next we prove Theorem [[L.8 which directly implies Theorem [[.7l For the proof
we will use some basic facts about Sylvester-type functionals. Let C' be a bounded
Borel set of positive measure in R™. For every p > 0 we consider the normalized
p-th moment of the expected volume of the random simplex conv(0,z1, ..., Zm),
the convex hull of the origin and m points from C, defined by

1 1/p
(2.27) Sp(C) = (W/C~-~/C|conv(0,z1,...,xm)|pdx1-~-d:1:m) .
It was proved by Pfiefer [37] (see also [13]) that
Sp(C) = Sp(B3").

More generally, for any Borel probability measure v on R™, for any 1 < ¢ < m,
and for every p > 0, we define

(2.28) Sp.q(v) = (/n - /n lconv (0, z1,...,2q)|Pdv(z1) - - dl/(xq)> v .
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A generalization of Pfiefer’s result appears in [11]. Let v be a measure in R™ with
a bounded non-negative measurable density g. Then

P
9+

lgll
(2.29) Spaw) = — o Sh.(my).
W gl

Proof of Theorem [L8 Let u(z) = g(z)1x(z) and v(z) = g(z)15(z). Using Lemma
with s = n — k and ¢ = 1, we start by writing

(2.30)
w(K) — u(L) = /n u(z)dr — /n v(x)dx

=p(n,n—k,1) 9(@) |lz|5dz — 9(@) [2|5dz | dvy,n—k(F)
Gnn—x ~JKNF LNF

—pnn-k1) [ [ o) el dvi 1 (F).
Gnn—k J (KNF)\(LNF)

(Note that |conv (0, z)| = ||z||2, the Euclidean norm of x.) For every F set Cp =
(KNF)\ (LNF) and consider the measure vp with density g on Cr. Applying
@29) with p =k, ¢ =1, and m = n — k we have

231 () - @) 2 plnn kD) [ Sk ve) dvn- ()

Gry,—k
lgle ™"
g\c
> pnn—kt) [ e )
Gromr wp T |lg o |12

p\n,n — k7 1 C meF
_ %35(133_,6)/ %d%n_k(m.
Wik Grn—t |lg lopllds
Note that
nwy,
nn—kl) = —"7"—
and
n—=k
Sa(tpg0) = [ lallfde =",
By~
Therefore,
p(n,n—k,1) wWn, n
— = Sl = =y
Whk Wnk

On the other hand, for any F' € Gr,_; we have
lglerll = (K NF) = u(LOF)

and
191 lloo < llgllo-
Combining the above we get

() — (L) > ehf—

n,k kk
Py
llgllde

and the result follows. O

| 0 F) = L ) (),
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Remark 2.4. Theorem [[.7]is an immediate consequence of Theorem [[L8 It corre-
sponds to the case g = 1, for which we clearly have ||g|loo = 1.

We pass to Theorem [[LOI We consider Schwartz distributions, i.e., continuous
functionals on the space S(R™) of rapidly decreasing infinitely differentiable func-
tions on R™. The Fourier transform of a distribution f is defined by (f, ¢) = (f, ¢)

for every test function ¢ € S(R™). For any even distribution f, we have (f)" =
(2m)" .

If K is an origin-symmetric convex body and 0 < p < n, then | - [|” is a lo-
cally integrable function on R™ and represents a distribution acting by integration.
Suppose that K is infinitely smooth; i.e., || - [[x € C°°(S™"™!) is an infinitely differ-
entiable function on the sphere. Then by [22, Lemma 3.16], the Fourier transform
of ||| z¥ is an extension of some function g € C*°(S™~!) to a homogeneous function

of degree —n + p on R™. When we write (|| - ||;<p)/\ (¢), we mean g(§), £ € S"L
For f € C*°(S™" 1) and 0 < p < n, we denote by

(f -7 9) (@) = f/ll=ll2) ]2
the extension of f to a homogeneous function of degree —p on R™. Again by [22]
Lemma 3.16], there exists g € C°°(S™"~!) such that

(F-r ) =g,

If K, L are infinitely smooth origin-symmetric convex bodies, the following spherical
version of Parseval’s formula can be found in [22] Lemma 3.22]: for any p € (—n, 0),

@) [ IR O © = [ el el do

It was proved in [20, Theorem 1] that an origin-symmetric convex body K in
R™ is an intersection body if and only if the function || - || represents a positive
definite distribution. In the case where K is infinitely smooth, this means that the
function (|| - ||z)” is non-negative on the sphere.

We also need a result from [2I] (see also [22] Theorem 3.8]) expressing volume
of central hyperplane sections in terms of the Fourier transform. For any origin-
symmetric star body K in R”, the distribution (||-||""")" is a continuous function
on the sphere extended to a homogeneous function of degree —1 on the whole of
R™, and for every £ € "1,

(23 KAEH = g 1) @)

In particular, if K = B, then for every £ € S~
(2.34) (- 2" ™) = n(n — 1)|B3 Y.

Note that every non-intersection body can be approximated in the radial metric
by infinitely smooth non-intersection bodies with strictly positive curvature; see
[22, Lemma 4.10]. Different examples of convex bodies that are not intersection
bodies (in dimensions five and higher, as in dimensions up to four such examples
do not exist) can be found in [22] Chapter 4]. In particular, the unit balls of the
spaces {;, ¢ > 2, n > 5, are not intersection bodies.

Proof of Theorem [L3. Since L is infinitely smooth, the Fourier transform of || -||;*
is a continuous function on the sphere S™~!. Also, L is not an intersection body,



VOLUME DIFFERENCE INEQUALITIES 4365

so (|| - ||El)/\ < 0 on an open set 2 C S" L. Let ¢ € C°°(S™" 1) be an even non-
negative, not identically zero, infinitely smooth function on S”~! with support in
QU—Q. Extend ¢ to an even homogeneous of degree —1 function ¢-r~1 on R™\ {0}.
The Fourier transform of this function in the sense of distributions is ¢ - r="+!,
where v is an infinitely smooth function on the sphere.

Let ¢ be a number such that [By~'|-[|0]|;""" > ¢ > 0 for every 6 € S"~!. Define
a star body K by

€

(2.35) 101" = 0l = 69 (0) + =7
1By~

6 e St

where > 0 is small enough so that for every 6,

€ €
I5w(9)l<min{|9||"“— 1) n—}
- 1By 1By

The latter condition implies that L. C K. Since L has strictly positive curvature,
by an argument from [22] p. 96], we can make €, smaller (if necessary) to ensure
that the body K is convex.

Now we extend the functions in (235]) from the sphere to R™\{0} as homogeneous

functions of degree —n + 1 and apply the Fourier transform. We get that for every
gesnt,

(2.36) (-1 © = (- 12" (©) = (2m)"06(€) + m(n = 1)e.

Here, we used (Z34]) to compute the last term. By (230), 233), and the fact that
the function ¢ is non-negative and is equal to zero at some points, we have

(2.37) €=, max, (K net|—|Lnegr).
es

Multiplying both sides of (Z38)) by (|| - HZI)A (€), integrating over S"~!, and using
Parseval’s formula on the sphere, we get

oy [0 ol = mmizl = a5 [ o) (1-15)" @0
rn=0z [ (112" @,

Since ¢ is a non-negative function supported in €2, where (|| . ||El)/\ is negative, the
latter equality implies that

n —1\A n — —-n
eyl +wln=1)e [ (115" @as < 2o [ 10l 1ol ap

<en ([ woiza) " ([ olzras)

" 1, n=1
= (2m)"n|L|»| K| =
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Finally, by (234]), Parseval’s formula, and Jensen’s inequality,

w1 [ 00 @ = e [ 01 @) 1) @)

n|gn—1
= CE L joigaoto)
1By~ Sn—t
@rS™Y 1
TBsT M(D)
(2m)/n|L|w
- ML)
Combining these estimates we get
\ @o"EILE _
(2m)"n|L| + ceW < (2m)"n|L|~|K| " .
The result follows after we recall ([2:37)). O

3. VOLUME DIFFERENCE INEQUALITIES FOR PROJECTIONS

The support function of a convex body K in R” is defined by
hi(x) = max{(z,y) :y € K}, x € R"™.

If K is origin-symmetric, then hg is a norm on R™.

The surface area measure S(K, -) of a convex body K in R"™ is defined as follows.
For every Borel set E C S"~1, S(K, E) is equal to Lebesgue measure of the part of
the boundary of K where normal vectors belong to E. We usually consider bodies
with absolutely continuous surface area measures. A convex body K is said to have
the curvature function

fK (8L SR
if its surface area measure S(K, -) is absolutely continuous with respect to Lebesgue
measure o,_1 on S* ! and

do—nfl
so fk is the density of S(K, ).
By the approximation argument of [39, Theorem 3.3.1], we may assume in

the formulation of Shephard’s problem that the bodies K and L are such that
their support functions hg, hy, are infinitely smooth functions on R™ \ {0}. Using

= fK € Ll(Sn_l)v

[22] Lemma 3.16] we get in this case that the Fourier transforms hy, hj are the
extensions of infinitely differentiable functions on the sphere to homogeneous dis-
tributions on R™ of degree —n — 1. Moreover, by a similar approximation argument
(see e.g. [T, Section 5]), we may assume that our bodies have absolutely contin-
uous surface area measures. Therefore, in the rest of this section, K and L are
convex symmetric bodies with infinitely smooth support functions and absolutely
continuous surface area measures.

The following version of Parseval’s formula was proved in [32] (see also [22]
Lemma 8.8]):

(3.1) | Tt de = e [ @) fu(a) de

Sn—1



VOLUME DIFFERENCE INEQUALITIES 4367

The volume of a body can be expressed in terms of its support function and
curvature function:

(3.2) K=t /S il fe(a) d.

n

If K and L are two convex bodies in R" the mized volume Vi (K, L) is equal to

1 K Ll —|K
Vi(K,L) =~ hrﬁo%'
ne—

We use the following first Minkowski inequality (see [89] or [22 p. 23]): for any
convex bodies K, L in R",

n—1 1
n n,

(3.3) Vi(K,L) > |K|"% |L

The mixed volume Vi (K, L) can also be expressed in terms of the support and
curvature functions:

(3.4) Vi(K, L) = & /S b fcla) dr

n

Let K be an origin-symmetric convex body in R™. The projection body IIK of
K is defined as an origin-symmetric convex body in R™ whose support function in
every direction is equal to the volume of the hyperplane projection of K to this
direction: for every £ € S"1,

(3.5) huk (§) = |K[¢H.

If L is the projection body of some convex body, we simply say that L is a projection
body. The Minkowski (vector) sum of projection bodies is also a projection body.
Every projection body is the limit in the Hausdorff metric of Minkowski sums of
symmetric intervals. An origin-symmetric convex body in R"™ is a projection body
if and only if its polar body is the unit ball of an n-dimensional subspace of L1; see
[121221[39] for proofs and more properties of projection bodies.

Proof of Theorem [LTIl By approximation (see [39, Theorem 3.3.1]), we can assume
that K, L are infinitely smooth. We have

(36) LI~ 1Kl = min (12l = Kl
It was proved in [32] that

(37) Kl = Fx(e),  gesm,

where fk is extended from the sphere to a homogeneous function of degree —n — 1
on the whole R™. Therefore, ([3.6]) can be written as

(38— F@+ Tx@©> min (k|- KD, cesm

neSn—l(

Let D be a projection body such that D C L; then hp < hr in every direction.
It was proved in [32] that an infinitely smooth origin-symmetric convex body D in
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R™ is a projection body if and only if hp <0 on the sphere S"~1. Integrating (B.5)
with respect to this negative density, we get

- / R (6)Fn(€) de + / I (€) T (€) de
gn—1 not

<n / hp(€)de min (|Lig*| — |K]nt)).
gn—1 nesn—1

Using Parseval’s formula [B.1I), we get
(3.9)

n [ ho(@n©) - f(e)dg =~ [ Fn(@de min (L] Ko

Sn—1
We estimate the left-hand side of (B3] from above using (32) and B4 (recall that
fr < fo):

(3.10)
(27r)"/ hp(§)(fL(§) — [k (§))dE < (27T)”/ he(§)(fL(§) — [k (§))dE
Snfl Snfl
< (2m)"n(|L| - |K ).

To estimate the right-hand side of (BI0) from below, note that, by ([B.1), the
Fourier transform of the curvature function fs of the unit Euclidean ball is equal
to

n—1
n |L

B =-nlBy,  gesm
Therefore, by B1)) and 4] (recall that fo =1),

—n / i@ d=—— [ ip©h© =2 [ hp@) fa) de
Sn-t |By | Jgn— 1By | Jgn
B (27r) (2m)™n n—1
= (g ViBE, D) 2 DI B

= (27)"n cpa|D| 7.

Now for § > 0 choose D so that (1 + ) dy:(L,II) |D|= > |L|%. Combine the
resulting inequality with (3] and (BI0) and send 6 to zero. O

Proof of Theorem [LI0. Putting K = 633 in (L20) and sending § to zero, we get

o> HllIl |L|§J‘\
£es

By a result of Ball [3], there exists an absolute constant ¢; so that for each n € N
there is an origin-symmetric convex body L,, in R" satisfying
min |L €] > erv/n| Ly .
£esn—
This shows that 8, > c¢14/n. On the other hand, since ellipsoids are projection
bodies, we have d,, (L, II) < y/n for every origin-symmetric convex body L in R". By

approximation (see [I7]), one can assume that each of the bodies L,, has a curvature
function, so we can apply Theorem [[.TT] to the bodies L,, and K = §B%, 6 — 0, to

see that 8, < (1/cp,1)v/n < Ven. O
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Remark 3.1. From Theorem [L.1T] we see that the bodies L,, defined in the proof of
Theorem satisfy

n—1 .
dyr(Ln, I | Ly | > 1 5612121 |L|§l| > e c1v/n|Ly,

n—1
no,

This shows that dy,(Ly,,II) > ¢14/n/e, and hence
Sup dVr(L) H"L) =~ \/55
L

where the supremum is over all origin-symmetric convex bodies L in R™.

Proof of Theorem [L12 Again, by approximation, we can assume that K, L are
infinitely smooth. Let D be a projection body such that K C D; then hx < hp in
every direction. Similarly to the proof of Theorem [[L11]

(3.11)

e [ o)~ filenie < - |

We estimate the left-hand side of (BII) from below using 2] and [B4) (recall
that fK S fL and hK S hD)Z

(3.12)
(27T)"/ hp(§)(fL(§) — fK(§))dE = (27T)"/ hic (E)(fL(§) — fx(§))d€
Snfl Snfl

n

hp(€)de max (|Llg*| — [ K|yt).
nesn—1

n—1

n —1 L
> (2m)" (L] | K] = |K]).

Now for § > 0 choose D so that
w(D) < (1 + 8)dy (K, M)w(K)|K|.
As in the proof of Theorem [[.1T]
~ (2m)" (2m)"S™
—r | hp() dg= =22 hp(a) de = T2 Lu(D)
/5"—1 |B3 1| Sn-t | B3 1|
< (146)(27)"c dyw (K, 1)v/n w(K)|K

We get the result combining the latter with BIIl) and BI2) and sending J to
zZero. g

ES
n

Finally, we show that the distance d,, can be of the order \/n, up to a logarith-
mic term. We will use the fact that projection bodies have positions with “small
diameter”. More precisely, we have the following statement: For every D € II there
exists T' € GL(n) such that

(3.13) R(T(D) < L T(D) 7.

In particular, this holds true if T is chosen so that T(D) in Lewis or Lowner or
minimal mean width position (see e.g. [0, Chapter 4]). Let K = B} be the cross-
polytope, and consider a projection body D such that B} C D. We may find T
so that (B.I3) is satisfied. We will use the next well-known result of Bérdny and
Fiiredi from [5]: if z4,...,2nx € RBY, then

1n < csR+/log(1 + N/n)
- n

|conv{z,...,zN}|
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Since
T(BT) = conv{tTey,...,£Te,} C R(T(D))By,
we get
T(B" 1/n<c_4TD l/n.
I T(BY)|" < \/ﬁ\ (D)|

It follows that

|By | Sj&ﬁLDP/~

From Urysohn’s inequality (see [I]) we know that w(D) > cs+/n |D|'/", and a direct
computation shows that w(B}) < cgv/nlogn|B}|*/". This shows that

w(D) > ery/n/lognw(BT).

Since D D B was arbitrary, we conclude that

(3.14) dy(BY) > ¢y/n/logn,

where ¢ > 0 is an absolute constant.

(1]

2]

(9]

[10]

11]

(12]

(13]

[14]

REFERENCES

Shiri Artstein-Avidan, Apostolos Giannopoulos, and Vitali D. Milman, Asymptotic geometric
analysis. Part I, Mathematical Surveys and Monographs, vol. 202, American Mathematical
Society, Providence, RI, 2015. MR3331351

K. M. Ball, Isometric problems in £, and sections of convez sets, Ph.D. dissertation, Trinity
College, Cambridge (1986).

Keith Ball, Shadows of convez bodies, Trans. Amer. Math. Soc. 327 (1991), no. 2, 891-901,
DOI 10.2307/2001829. MR 1035998

Keith Ball, Volume ratios and a reverse isoperimetric inequality, J. London Math. Soc. (2)
44 (1991), no. 2, 351-359, DOI 10.1112/jlms/s2-44.2.351. MR 1136445

I. Bardny and Z. Firedi, Approximation of the sphere by polytopes having few vertices, Proc.
Amer. Math. Soc. 102 (1988), no. 3, 651-659, DOI 10.2307/2047241. MR928998

J. Bourgain, On high-dimensional mazimal functions associated to convex bodies, Amer. J.
Math. 108 (1986), no. 6, 1467-1476, DOI 10.2307/2374532. MR868898

J. Bourgain, Geometry of Banach spaces and harmonic analysis, Proceedings of the Inter-
national Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986), Amer. Math. Soc.,
Providence, RI, 1987, pp. 871-878. MR934289

J. Bourgain, On the distribution of polynomials on high-dimensional convex sets, Geometric
aspects of functional analysis (1989-90), Lecture Notes in Math., vol. 1469, Springer, Berlin,
1991, pp. 127-137, DOI 10.1007/BFb0089219. MR1122617

Silouanos Brazitikos, Apostolos Giannopoulos, Petros Valettas, and Beatrice-Helen Vritsiou,
Geometry of isotropic convex bodies, Mathematical Surveys and Monographs, vol. 196, Amer-
ican Mathematical Society, Providence, RI, 2014. MR3185453

Giorgos Chasapis, Apostolos Giannopoulos, and Dimitris-Marios Liakopoulos, Estimates for
measures of lower dimensional sections of convex bodies, Adv. Math. 306 (2017), 880-904,
DOI 10.1016/j.aim.2016.10.035. MR3581320

Susanna Dann, Grigoris Paouris, and Peter Pivovarov, Bounding marginal densities
via affine isoperimetry, Proc. Lond. Math. Soc. (3) 113 (2016), no. 2, 140-162, DOI
10.1112/plms/pdw026. MR3534969

Richard J. Gardner, Geometric tomography, 2nd ed., Encyclopedia of Mathematics and its
Applications, vol. 58, Cambridge University Press, New York, 2006. MR2251886

R. J. Gardner, The dual Brunn-Minkowski theory for bounded Borel sets: dual affine
quermassintegrals and inequalities, Adv. Math. 216 (2007), no. 1, 358-386, DOI
10.1016/j.2im.2007.05.018. MR2353261

Apostolos Giannopoulos and Alexander Koldobsky, Variants of the Busemann-Petty prob-
lem and of the Shephard problem, Int. Math. Res. Not. IMRN 8 (2017), 921-943, DOI
10.1093/imrn/rnw046. MR3658155


http://www.ams.org/mathscinet-getitem?mr=3331351
http://www.ams.org/mathscinet-getitem?mr=1035998
http://www.ams.org/mathscinet-getitem?mr=1136445
http://www.ams.org/mathscinet-getitem?mr=928998
http://www.ams.org/mathscinet-getitem?mr=868898
http://www.ams.org/mathscinet-getitem?mr=934289
http://www.ams.org/mathscinet-getitem?mr=1122617
http://www.ams.org/mathscinet-getitem?mr=3185453
http://www.ams.org/mathscinet-getitem?mr=3581320
http://www.ams.org/mathscinet-getitem?mr=3534969
http://www.ams.org/mathscinet-getitem?mr=2251886
http://www.ams.org/mathscinet-getitem?mr=2353261
http://www.ams.org/mathscinet-getitem?mr=3658155

(15]

[16]
(17]

(18]

(19]
20]
(21]
(22]
(23]

24]

25]
126]
27)
28]
[29]

30]

(31]

(32]

33]
34]

35]

(36]
(37)

(38]

VOLUME DIFFERENCE INEQUALITIES 4371

Apostolos Giannopoulos and Emanuel Milman, M -estimates for isotropic convex bodies
and their Lg-centroid bodies, Geometric aspects of functional analysis, Lecture Notes in
Math., vol. 2116, Springer, Cham, 2014, pp. 159-182, DOI 10.1007/978-3-319-09477-9_13.
MR3364687

Eric L. Grinberg, Isoperimetric inequalities and identities for k-dimensional cross-sections of
convez bodies, Math. Ann. 291 (1991), no. 1, 75-86, DOI 10.1007/BF01445191. MR1125008
Eric Grinberg and Gaoyong Zhang, Convolutions, transforms, and convex bodies, Proc. Lon-
don Math. Soc. (3) 78 (1999), no. 1, 77-115, DOI 10.1112/S0024611599001653. MR1658156
Fritz John, Extremum problems with inequalities as subsidiary conditions, Studies and Essays
Presented to R. Courant on his 60th Birthday, January 8, 1948, Interscience Publishers, Inc.,
New York, N. Y., 1948, pp. 187-204. MR0030135

B. Klartag, On convex perturbations with a bounded isotropic constant, Geom. Funct. Anal.
16 (2006), no. 6, 1274-1290, DOI 10.1007/s00039-006-0588-1. MR2276540

Alexander Koldobsky, Intersection bodies, positive definite distributions, and the Busemann-
Petty problem, Amer. J. Math. 120 (1998), no. 4, 827-840. MR1637955

Alexander Koldobsky, An application of the Fourier transform to sections of star bodies,
Israel J. Math. 106 (1998), 157-164, DOI 10.1007/BF02773465. MR1656857

Alexander Koldobsky, Fourier analysis in convex geometry, Mathematical Surveys and Mono-
graphs, vol. 116, American Mathematical Society, Providence, RI, 2005. MR2132704
Alexander Koldobsky, Stability in the Busemann-Petty and Shephard problems, Adv. Math.
228 (2011), no. 4, 2145-2161, DOI 10.1016/j.2im.2011.06.031. MR2836117

Alexander Koldobsky, A hyperplane inequality for measures of conver bodies in R™, n <
4, Discrete Comput. Geom. 47 (2012), no. 3, 538-547, DOI 10.1007/s00454-011-9362-8.
MR2891246

Alexander Koldobsky and Dan Ma, Stability and slicing inequalities for intersection bodies,
Geom. Dedicata 162 (2013), 325-335, DOI 10.1007/s10711-012-9729-x. MR3009547

A. Koldobsky, Stability and separation in volume comparison problems, Math. Model. Nat.
Phenom. 8 (2013), no. 1, 156-169, DOI 10.1051/mmnp/20138111. MR3022986

Alexander Koldobsky, Slicing inequalities for measures of convex bodies, Adv. Math. 283
(2015), 473-488, DOI 10.1016/j.aim.2015.07.019. MR3383809

Alexander Koldobsky, Slicing inequalities for subspaces of Lp, Proc. Amer. Math. Soc. 144
(2016), no. 2, 787-795, DOI 10.1090,/proc12708. MR3430854

Alexander Koldobsky, Stability inequalities for projections of convex bodies, Discrete Comput.
Geom. 57 (2017), no. 1, 152-163, DOI 10.1007/s00454-016-9844-9. MR3589060

Alexander Koldobsky and Alain Pajor, A remark on measures of sections of Lp-balls, Geo-
metric aspects of functional analysis, Lecture Notes in Math., vol. 2169, Springer, Cham,
2017, pp. 213-220. MR3645124

A. Koldobsky, G. Paouris, and M. Zymonopoulou, Isomorphic properties of intersection bod-
tes, J. Funct. Anal. 261 (2011), no. 9, 2697-2716, DOI 10.1016/j.jfa.2011.07.011. MR2826412
Alexander Koldobsky, Dmitry Ryabogin, and Artem Zvavitch, Projections of convex bodies
and the Fourier transform, Israel J. Math. 139 (2004), 361-380, DOI 10.1007/BF02787557.
MR2041799

Erwin Lutwak, Intersection bodies and dual mized volumes, Adv. in Math. 71 (1988), no. 2,
232-261, DOI 10.1016,/0001-8708(88)90077-1. MR963487

Emanuel Milman, Dual mized volumes and the slicing problem, Adv. Math. 207 (2006), no. 2,
566-598, DOI 10.1016/j.aim.2005.09.008. MR2271017

V. D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of
the unit ball of a normed n-dimensional space, Geometric aspects of functional analy-
sis (1987-88), Lecture Notes in Math., vol. 1376, Springer, Berlin, 1989, pp. 64-104, DOI
10.1007/BFb0090049. MR1008717

C. M. Petty, Projection bodies, Proc. Colloquium on Convexity (Copenhagen, 1965), Koben-
havns Univ. Mat. Inst., Copenhagen, 1967, pp. 234-241. MR0216369

Richard E. Pfiefer, Maximum and minimum sets for some geometric mean values, J. Theoret.
Probab. 3 (1990), no. 2, 169-179, DOI 10.1007/BF01045156. MR 1046328

Rolf Schneider, Zur einem Problem wvon Shephard tiber die Projektionen konvexer Koérper
(German), Math. Z. 101 (1967), 71-82, DOI 10.1007/BF01135693. MR0218976


http://www.ams.org/mathscinet-getitem?mr=3364687
http://www.ams.org/mathscinet-getitem?mr=1125008
http://www.ams.org/mathscinet-getitem?mr=1658156
http://www.ams.org/mathscinet-getitem?mr=0030135
http://www.ams.org/mathscinet-getitem?mr=2276540
http://www.ams.org/mathscinet-getitem?mr=1637955
http://www.ams.org/mathscinet-getitem?mr=1656857
http://www.ams.org/mathscinet-getitem?mr=2132704
http://www.ams.org/mathscinet-getitem?mr=2836117
http://www.ams.org/mathscinet-getitem?mr=2891246
http://www.ams.org/mathscinet-getitem?mr=3009547
http://www.ams.org/mathscinet-getitem?mr=3022986
http://www.ams.org/mathscinet-getitem?mr=3383809
http://www.ams.org/mathscinet-getitem?mr=3430854
http://www.ams.org/mathscinet-getitem?mr=3589060
http://www.ams.org/mathscinet-getitem?mr=3645124
http://www.ams.org/mathscinet-getitem?mr=2826412
http://www.ams.org/mathscinet-getitem?mr=2041799
http://www.ams.org/mathscinet-getitem?mr=963487
http://www.ams.org/mathscinet-getitem?mr=2271017
http://www.ams.org/mathscinet-getitem?mr=1008717
http://www.ams.org/mathscinet-getitem?mr=0216369
http://www.ams.org/mathscinet-getitem?mr=1046328
http://www.ams.org/mathscinet-getitem?mr=0218976

4372 APOSTOLOS GIANNOPOULOS AND ALEXANDER KOLDOBSKY

[39] Rolf Schneider, Convez bodies: the Brunn-Minkowski theory, Second expanded edition, En-
cyclopedia of Mathematics and its Applications, vol. 151, Cambridge University Press, Cam-
bridge, 2014. MR3155183

[40] Gaoyong Zhang, Sections of convex bodies, Amer. J. Math. 118 (1996), no. 2, 319-340.
MR 1385280

DEPARTMENT OF MATHEMATICS, NATIONAL AND KAPODISTRIAN UNIVERSITY OF ATHENS, PANE-
PISTIMIOPOLIS 157-84, ATHENS, GREECE
Email address: apgiannop@math.uoa.gr

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MISSOURI 65211
Email address: koldobskiya@missouri.edu


http://www.ams.org/mathscinet-getitem?mr=3155183
http://www.ams.org/mathscinet-getitem?mr=1385280

	1. Introduction
	2. Volume difference inequalities for sections
	3. Volume difference inequalities for projections
	References

