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ON Lp-ESTIMATES FOR ELLIPTIC AND PARABOLIC

EQUATIONS WITH Ap WEIGHTS

HONGJIE DONG AND DOYOON KIM

Abstract. We prove generalized Fefferman-Stein type theorems on sharp
functions with Ap weights in spaces of homogeneous type with either finite or
infinite underlying measure. We then apply these results to establish mixed-
norm weighted Lp-estimates for elliptic and parabolic equations/systems with
(partially) BMO coefficients in regular or irregular domains.

1. Introduction

The objective of this paper is two-fold. The first is to present a few general-
ized versions of the Fefferman-Stein theorem on sharp functions. One of our main
theorems in this direction proves

(1.1) ‖f‖Lp,q(X ,w dμ) ≤ N‖f#
dy‖Lp,q(X ,w dμ), p, q ∈ (1,∞),

where (X , μ) is a space of homogeneous type, w is a Muckenhoupt weight, f#
dy is the

sharp function of f using a dyadic filtration of partitions of X , and Lp,q(X , w dμ)
is a mixed-norm space. A space X of homogeneous type is equipped with a quasi-
distance and a doubling measure μ. A brief description of spaces of homogeneous
type is given in Section 2. For more discussions, see [11,44,45]. If X is the product
of two spaces (X1, μ1) and (X2, μ2) of homogeneous type, w = w1(x

′)w2(x
′′), and

μ(x) = μ1(x
′)μ2(x

′′), where x′ ∈ X1 and x′′ ∈ X2, then the Lp,q(X , w dμ) norm is
defined as

‖f‖Lp,q(X ,w dμ) =

(∫
X2

(∫
X1

|f |pw1(x
′)μ1(dx

′)

)q/p

w2(x
′′)μ2(dx

′′)

)1/q

.

See (2.13) for a precise definition of the mixed norm. If X is the Euclidean space
Rd, μ is the Lebesgue measure on Rd, w ≡ 1, and p = q, the inequality (1.1) is the
celebrated Fefferman-Stein theorem on sharp functions. See, for instance, [26, 49],
where the measure of the underlying space is clearly infinite. Here we deal with
both the cases of a finite measure μ(X ) < ∞ and an infinite measure μ(X ) = ∞.
We also present a different form of the Fefferman-Stein theorem. See Theorems 2.3
and 2.4 and Corollaries 2.6 and 2.7.

The second objective, which is in fact a motivation for writing this paper, is
to apply the generalized versions of the Fefferman-Stein theorem to establishing
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weighted Lp,q-estimates for elliptic and parabolic equations/systems. For instance,
for the second order non-divergence type parabolic equation

−ut + aijDiju+ biDiu+ cu = f

in Rd+1, we prove the a priori weighted Lp,q-estimate

‖u‖W 1,2
p,q,w(Rd+1) ≤ N‖f‖Lp,q,w(Rd+1), p, q ∈ (1,∞),

where

‖u‖W 1,2
p,q,w

= ‖ut‖Lp,q,w
+ ‖u‖Lp,q,w

+ ‖Du‖Lp,q,w
+ ‖D2u‖Lp,q,w

.

In this case the coefficients aij(t, x) are allowed to be very rough so that they have
no regularity assumptions in one spatial variable and have small mean oscillations in
the remaining variables. We also treat higher order non-divergence type elliptic and
parabolic systems and higher order divergence type elliptic and parabolic systems in
Reifenberg domains. See Theorems 5.2, 5.4, 5.5, 6.3, 6.4, 7.2, and the assumptions
of the theorems on coefficients. While we focus on the a priori estimates, in Section
8 we illustrate how to derive from them the corresponding existence results. We do
not employ the usual method of continuity because we were not able to find in the
literature the solvability even for simple equations in mixed-norm weighted spaces.

Regarding the Fefferman-Stein theorem on sharp functions, there has been con-
siderable study on its generalizations and applications. For instance, see [13,27,29,
47,49] and references therein. In [27], Fujii proved a Fefferman-Stein type inequal-
ity as in (1.1) when the underlying space is Rd with the Lebesgue measure and the
weighted norms on both sides of the inequality have two different weights. If two
weights are the same, they belong to the class of Muchenhoupt weights A∞. See
the definition of Ap, p ∈ (1,∞] in Section 2. In Martell’s paper [47], one can find
an analog of the classical Fefferman-Stein inequality when the underlying space is a
space of homogeneous type having either a finite or an infinite measure. The sharp
function in [47] is a generalization of the classical sharp function and is associated
with approximations of the identity. Theorem 4.2 in [47] is quite close to Theorem
2.3 in this paper in the sense that both theorems deal with spaces of homogeneous
type with a finite or infinite underlying measure. On the other hand, in [47] a
distance, instead of a quasi-distance, is assumed.

Sharp functions in this paper are based on a filtration of partitions, instead of
balls, of the underlying space and are in a convenient form to utilize Fefferman-
Stein type inequalities in the proofs of Lp or Lp,q-estimates for elliptic and parabolic
equations/systems with irregular coefficients. In the case of a finite underlying
measure, our theorems are more quantitative than Theorem 4.2 in [47] and are
stated in such a way that one can control the weighted Lp or Lp,q-norm of a function

f by that of f#
dy if the support of f is sufficiently small. Moreover, we have a different

form of the Fefferman-Stein theorem (Theorem 2.4) and the mixed-norm versions
(Corollaries 2.7 and 2.8), which are very useful for the mixed-norm case as well as
when equations/systems have very irregular coefficients. Especially, Theorem 2.4
and Corollary 2.8 generalize [43, Theorem 2.7], where the whole Euclidean space
Rd is considered with the Lebesgue measure and no weights.

By following the arguments from [42], we give detailed proofs of the Fefferman-
Stein type inequalities presented in this paper. In particular, to derive the mixed-
norm case from the unmixed version, we refine the extrapolation theorem of Rubio
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de Francia [48] to incorporate spaces of homogeneous type. In fact, such an exten-
sion is mentioned in [12] without a proof. In Appendix A, we present a proof of
our version of the theorem, the statement of which is modified from the original
extrapolation theorem in that the assumption of the theorem is required to hold
only for weights in a certain subset of the Muckenhoupt weights Ap, not all weights
in Ap. See Theorem 2.5. It turns out that such a modification, when applied to Lp

or Lp,q-estimates, gives more precise information on the parameters involved in the
estimates.

After we treat the Fefferman-Stein type inequalities in Sections 2 and 3, as exam-
ples we prove a priori weighted Lp,q-estimates for three classes of systems/equations.
In Section 5 we consider non-divergence type higher order elliptic and parabolic sys-
tems defined in the whole Euclidean space or on a half space. The coefficients of
the systems have small mean oscillations with respect to the spatial variables in
small balls or cylinders and, in the parabolic case, have no regularity assumptions
(only measurable) in the time variable. Coefficients in this class (called BMOx

coefficients) are less regular than those having vanishing mean oscillations (VMO).
See [20] and references therein for a discussion about BMO and VMO coefficients.
Here we generalize the results in [20], where no weights and unmixed-norms are
considered.

The novelty of the results in Section 5 as well as those in the later sections is
that we prove mixed-norm estimates for arbitrary p, q ∈ (1,∞). In [41] Krylov
proved mixed-norm estimates for second order parabolic equations in R

d+1 with
the same class of coefficients in Section 5. However, due to Lemma 3.3 there and
the fact that the Hardy-Littlewood maximal function theorem holds for p ∈ (1,∞],
the estimates are proved only for q > p. The mixed-norm in [41] is defined as

‖f‖q,p =

(∫
R

(∫
Rd

|f(t, x)|p dx
)q/p

dt

)1/q

, 1 < p < q < ∞.

When the coefficients are VMO in x and independent with respect to t, mixed-
norm estimates for parabolic systems in non-divergence form were established in
[31]. When the coefficients are measurable functions of only t, weighted mixed-
norm estimates for non-divergence type parabolic equations on a half space or on a
wedge were proved in [37, 38] with power type weights. Recently, in [28] Gallarati
and Veraar proved Lp,q-estimates for any p, q ∈ (1,∞) when the coefficients are
uniformly continuous in the spatial variables and measurable in time. To the best
of the authors’ knowledge, our results regarding mixed-norms are the first to deal
with not only the case for arbitrary p, q ∈ (1,∞) but also higher order (including
second order) elliptic and parabolic systems/equations with BMO coefficients. It
is unclear to us whether it is possible to prove such mixed-norm estimates without
using Ap weights.

In Section 6 we further relax the regularity assumptions on coefficients for second
order elliptic and parabolic equations in non-divergence form. The main feature of
the coefficients is that they have no regularity assumptions in one spatial variable.
Such coefficients are considered in [14–16,33–36] for equations defined in the whole
Euclidean space or on a half space with the Lebesgue measure and no weights. In a
recent paper [22], the authors investigated second order elliptic and parabolic equa-
tions in both divergence and non-divergence form with the same class of coefficients
as in Section 6 in weighted Sobolev spaces with weights being certain powers of the



5084 H. DONG AND D. KIM

distance function to the boundary. These are the same weights used by Krylov, for
instance, in [39]. Note that the powers of the distance function in [39] vary with
the order of derivatives and, depending on the power, such weights may not be in
the class of Ap weights. Thus the results in [39] cannot be directly deduced from
those in this paper. On the other hand, Theorem 6.4 generalizes the main result
in [23] on weighted Lp-estimates for the Neumann boundary value problem. See
Remark 6.6.

Finally, in Section 7 we prove a priori weighted Lp,q-estimates for higher order
(including second order) elliptic and parabolic systems in divergence form. The
coefficients are, roughly speaking, locally measurable in one direction and have small
mean oscillations with respect to the other directions in small balls or cylinders.
If no weights and unmixed norms are assumed, the results in Section 6 have been
developed in [18]. Concerning the second order equations/systems case, see, for
instance, [6, 8, 17, 19, 21] and references therein. Recently, in [4, 5] the authors
treated divergence type second order parabolic systems in Sobolev and Orlicz spaces
with Ap weights and unmixed-norms. A noteworthy difference is that in this paper
the weights are in Ap for Lp,q-estimates when p = q, whereas in [4, 5] the weights
are in Ap/2 for Lp-estimates. Due to the property of Muckenhoupt weights, the set
Ap is strictly larger than Ap/2.

Throughout Sections 5, 6, and 7, the main approach is the mean oscillation
estimates combined with Fefferman-Stein type inequalities. For this approach, see,
for instance, [20, 40, 42]. When deriving desired mean oscillation estimates, we
take full advantage of the existence and uniqueness results as well as unmixed
Lp-estimates for second and higher order elliptic and parabolic equations/systems
in Sobolev spaces without weights proved in [16, 18, 20, 36]. As to divergence type
systems in Reifenberg flat domains, here we prove a priori Lp,q-estimates using sharp
functions, whereas previously a level set type argument in the spirit of [9] is used.
To the best of the authors’ knowledge, sharp functions have not been previously
used when treating equations/systems on Reifenberg flat domains. Indeed, this
was mainly due to the lack of the corresponding Fefferman-Stein theorem. For
equations/systems in Reifenberg flat domains and the level set type argument, see,
for instance, [7, 18]. Utilizing sharp functions makes it possible to derive mixed-
norm estimates from mean oscillation estimates via the Fefferman-Stein theorem
with mixed-norms.

The paper is organized as follows. In Sections 2 and 3, we present generalized
versions of the Fefferman-Stein theorem on sharp functions and their proofs. In
Section 4, we introduce some notation and function spaces to be used in later sec-
tions. Finally, as hinted above, in Sections 5, 6, and 7, we establish a priori weighted
Lp,q-estimates for elliptic and parabolic equations/systems in either non-divergence
or divergence form. In Section 8, we explain how to derive the corresponding exis-
tence results from the a priori estimates in the previous sections. In Appendix A,
we give a detailed proof of a refined Rubio de Francia extrapolation theorem and
an auxiliary lemma, the latter of which is used in Section 7.

2. Generalized Fefferman-Stein theorem

Let X be a set. Recall that a non-negative symmetric function on X × X is
called a quasi-metric on X if there exists a constant K1 such that

(2.1) ρ(x, y) ≤ K1(ρ(x, z) + ρ(z, y))
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for any x, y, z ∈ X , and ρ(x, y) = 0 if and only if x = y. We denote balls in X by

Br(x) = {y ∈ X : ρ(x, y) < r}.
Let μ be a complete Borel measure defined on a σ-algebra on X containing all the
balls in X and satisfy the doubling property: there exists a constant K2 such that
for any x ∈ X and r > 0,

(2.2) 0 < μ(B2r(x)) ≤ K2μ(Br(x)) < ∞.

Throughout the paper, we assume that the Lebesgue differentiation theorem holds
in (X , μ). For this theorem one may assume that μ is Borel regular or the set of
continuous functions is dense in L1(X , μ). See [3, 10] and references therein. We
say that (X , ρ, μ) is a space of homogeneous type if X is a set endowed with a
quasi-metric ρ and (X , ρ, μ) satisfies the above assumptions. We also assume that
balls Br(x) are open in X .

Due to a result by Christ [11, Theorem 11], there exists a filtration of partitions
(also called dyadic decompositions) of X in the following sense.

Theorem 2.1. Let (X , ρ, μ) be a space of homogeneous type as described above.
For each n ∈ Z, there is a collection of disjoint open subsets Cn := {Qn

α : α ∈ In}
for some index set In which satisfies the following properties:

(1) for any n ∈ Z, μ(X \
⋃

α Qn
α) = 0;

(2) for each n and α ∈ In, there is a unique β ∈ In−1 such that Qn
α ⊂ Qn−1

β ;

(3) for each n and α ∈ In, diam(Qn
α) ≤ N0δ

n;
(4) each Qn

α contains some ball Bε0δn(z
n
α)

for some constants δ ∈ (0, 1), ε0 > 0, and N0 depending only on K1 and K2.

Instead of the above partitions one may use a significantly refined version of
dyadic decompositions in [32].

Denote X̃ =
⋂

n∈Z

⋃
α Qn

α. By properties (1) and (2) in Theorem 2.1, we have

μ(X \ X̃ ) = 0, X̃ = lim
n↗∞

⋃
α

Qn
α.

By properties (2), (3), and (4) in Theorem 2.1, we have

(2.3) μ(Qn−1
β ) ≤ N1μ(Q

n
α)

for any n, α ∈ In, β ∈ In−1 such that Qn
α ⊂ Qn−1

β .

We denote f ∈ Lp(X , μ) or f ∈ Lp(μ), p ∈ [1,∞), if∫
X
|f |p μ(dx) =

∫
X
|f |p dμ < ∞.

For a function f ∈ L1,loc(X , μ) and n ∈ Z, we set

f|n(x) = –

∫
Qn

α

f(y)μ(dy),

where x ∈ Qn
α ∈ Cn. For x ∈ X̃ , we define the (dyadic) maximal function and

sharp function of f by

Mdyf(x) = sup
n<∞

|f ||n(x),

f#
dy(x) = sup

n<∞
–

∫
Qn

α�x

|f(y)− f|n(x)|μ(dy).
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Since the quantities of concern are the Lp-norms and μ(X \ X̃ ) = 0, we take the

zero extension of them to X \ X̃ . We also define the maximal function and sharp
function of f over balls by

Mf(x) = sup
Br(x∗)�x

–

∫
Br(x∗)

|f(y)|μ(dy),

f#(x) = sup
Br(x∗)�x

–

∫
Br(x∗)

|f(y)− (f)Br(x∗)|μ(dy),

where the supremums are taken with respect to all balls Br(x
∗) containing x, and

(f)Br(x∗) = –

∫
Br(x∗)

f(y)μ(dy).

The advantage to working on the maximal and sharp functions defined over dyadic
decompositions is that one can neglect the geometry of the space. By properties
(2) and (3) of the filtration in Theorem 2.1 and the doubling property of μ, it is
easily seen that

(2.4) Mdyf(x) ≤ NMf(x) and f#
dy(x) ≤ Nf#(x) μ-a.e.,

where N is a constant depending only on K1 and K2.
For any p ∈ (1,∞), let Ap = Ap(μ) = Ap(X , dμ) be the set of all non-negative

functions w on (X , ρ, μ) such that

[w]Ap
:= sup

x0∈X ,r>0

(
–

∫
Br(x0)

w(x) dμ

)(
–

∫
Br(x0)

(
w(x)

)−1/(p−1)
dμ

)p−1

< ∞.

By Hölder’s inequality, we have

(2.5) Ap ⊂ Aq, 1 ≤ [w]Aq
≤ [w]Ap

, 1 < p < q < ∞.

Denote A∞ =
⋃∞

p=2 Ap. We write f ∈ Lp(X , w dμ) or f ∈ Lp(w dμ) if∫
X
|f |pwμ(dx) =

∫
X
|f |pw dμ < ∞.

We use ω(·) to denote the measure ω(dx) = wμ(dx), i.e., for A ⊂ X ,

ω(A) =

∫
A

w(x)μ(dx).

Throughout this section, we assume that (X , ρ, μ) is a space of homogeneous type
with a filtration of partitions from Theorem 2.1. The following Hardy-Littlewood
maximal function theorem with Ap weights was obtained in [1].

Theorem 2.2. Let p ∈ (1,∞), w ∈ Ap. Then for any f ∈ Lp(w dμ), we have

‖Mf‖Lp(w dμ) ≤ N‖f‖Lp(w dμ),

where N = N(K1,K2, p, [w]Ap
) > 0. If K0 ≥ 1 and [w]Ap

≤ K0, then one can
choose N depending only on K1, K2, p, and K0.

Note that in Theorem 2.2, μ(X ) can be either finite or infinite, and X is allowed
to be a bounded space with respect to ρ.

Our first result of this paper is the following generalization of the Fefferman-Stein
theorem on sharp functions with A∞ weights.
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Theorem 2.3. Let p, q ∈ (1,∞), ε > 0, K0 ≥ 1, w ∈ Aq, [w]Aq
≤ K0, and

f ∈ Lp(w dμ).

(i) When μ(X ) < ∞, we have

(2.6) ‖f‖Lp(w dμ) ≤ N‖f#
dy‖Lp(w dμ) +N(μ(X ))−1

(
ω(supp f)

) 1
p ‖f‖L1(μ).

If in addition we assume that supp f ⊂ Br0(x0) and μ(Br0(x0)) ≤ εμ(X )
for some r0 ∈ (0,∞) and x0 ∈ X , then

(2.7) ‖f‖Lp(w dμ) ≤ N‖f#
dy‖Lp(w dμ) +Nε‖f‖Lp(w dμ).

Here N = N(K1,K2, p, q,K0) > 0. In particular, when ε is sufficiently
small depending on K1, K2, p, q, K0, it holds that

(2.8) ‖f‖Lp(w dμ) ≤ N‖f#
dy‖Lp(w dμ).

(ii) When μ(X ) = ∞, (2.8) holds.

In the special case when X = Rd with the Lebesgue measure, Theorem 2.3 was
established in [27].

Our second result is a further generalization of Theorem 2.3 in the spirit of
[43, Theorem 2.7].

Theorem 2.4. Let p, q ∈ (1,∞), ε > 0, K0 ≥ 1, w ∈ Aq, and [w]Aq
≤ K0.

Suppose that

f ∈ Lp(w dμ), g ∈ Lp(w dμ), v ∈ Lp(w dμ), |f | ≤ v,

and for each n ∈ Z and Q ∈ Cn, there exists a measurable function fQ on Q such
that |f | ≤ fQ ≤ v on Q and

(2.9) –

∫
Q

|fQ(x)−
(
fQ

)
Q
|μ(dx) ≤ g(y) ∀ y ∈ Q.

(i) When μ(X ) < ∞, we have

‖f‖pLp(w dμ) ≤ N‖g‖βLp(w dμ)‖v‖
p−β
Lp(w dμ) +N(μ(X ))−pω(supp v)‖v‖pL1(μ)

.

If in addition we assume that supp v ⊂ Br0(x0) and μ(Br0(x0)) ≤ εμ(X )
for some r0 ∈ (0,∞) and x0 ∈ X , then

(2.10) ‖f‖pLp(w dμ) ≤ N‖g‖βLp(w dμ)‖v‖
p−β
Lp(w dμ) +Nεp‖v‖pLp(w dμ).

Here (β,N) = (β,N)(K1,K2, p, q,K0) > 0.
(ii) When μ(X ) = ∞, (2.10) holds with ε = 0.

In Theorem 2.4, we are mostly interested in the case when v ≤ K3|f | for some
constant K3 > 0. Then from (2.10), we obtain

‖f‖Lp(w dμ) ≤ N‖g‖Lp(w dμ)

provided that ε is sufficiently small. Note that when fQ = v = |f | and g =

2f#
dy(x), (2.9) is satisfied due to the triangle inequality and Theorem 2.4 is reduced

to Theorem 2.3.
By using the extrapolation theory of Rubio de Francia (see, for instance, [13]),

we deduce Corollaries 2.6, 2.7, and 2.8 below from Theorems 2.2, 2.3, and 2.4.
In particular, we use the following version of the extrapolation theorem, the main
feature of which is that, to prove the desired estimate (2.12) for a given p ∈ (1,∞),
the estimate (2.11) as an assumption needs to hold only for a subset of Ap0

, not for
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all weights in Ap0
. Certainly, to obtain the estimate (2.12) for all p ∈ (1,∞), we

need the estimate (2.11) for all weights in Ap0
. For a proof, one can just refer to

the proof of Theorem 1.4 in [13] with a slight clarification of the constants involved.
For the reader’s convenience, we present a proof in Appendix A.

Theorem 2.5. Let f, g : X → R be a pair of measurable functions, p0, p ∈ (1,∞),
and w ∈ Ap. Then there exists a constant Λ0 = Λ0(K1,K2, p0, p, [w]Ap

) ≥ 1 such
that if

(2.11) ‖f‖Lp0
(w̃ dμ) ≤ N0‖g‖Lp0

(w̃ dμ)

for some N0 ≥ 0 and for every w̃ ∈ Ap0
satisfying [w̃]Ap0

≤ Λ0, then we have

(2.12) ‖f‖Lp(w dμ) ≤ 4N0‖g‖Lp(w dμ).

Moreover, if [w]Ap
≤ K0, then Λ0 can be chosen so that it depends only on K1, K2,

p0, p, and K0.

In the sequel, we write x = (x′, x′′). Let (X ′, ρ1, μ1) and (X ′′, ρ2, μ2) be two
spaces of homogeneous type. Define μ to be the completion of the product measure
on X ′ ×X ′′ and let

ρ((x′, x′′), (y′, y′′)) = ρ1(x
′, y′) + ρ2(x

′′, y′′)

be a quasi-metric on X ′ × X ′′. Let X be a subset of X ′ × X ′′ which satisfies the
following conditions:

(a) (X , ρ|X×X , μ|X ) is of homogeneous type;
(b) for any p ∈ (1,∞), w1 = w1(x

′) ∈ Ap(μ1) and w2 = w2(x
′′) ∈ Ap(μ2),

w = w(x) := w1(x
′)w2(x

′′)

is an Ap weight on (X , ρ|X×X , μ|X ).

The doubling property of μ along with the condition (b) is satisfied when, for
instance, there exists a constant δ > 0 such that μ(Br(x)∩X ) ≥ δμ(Br(x)) for any
x ∈ X and r > 0 because they are satisfied by X ′ ×X ′′.

For any p, q ∈ (1,∞) and weights w1 = w1(x
′) and w2 = w2(x

′′), we define the
weighted mixed-norm on X by
(2.13)

‖f‖Lp,q(w dμ)

:= ‖f‖Lp,q(X ,w dμ) =

(∫
X ′′

( ∫
X ′

|f |pIXw1(x
′)μ1(dx

′)
)q/p

w2(x
′′)μ2(dx

′′)

)1/q

.

By applying the extrapolation theorem to Theorem 2.2, we obtain the following
corollary.

Corollary 2.6. Let p, q ∈ (1,∞), K0 ≥ 1, w1 = w1(x
′) ∈ Ap(μ1), w2 = w2(x

′′) ∈
Aq(μ2), [w1]Ap

≤ K0, [w2]Aq
≤ K0, and w = w(x) = w1(x

′)w2(x
′′). Then for any

f ∈ Lp,q(w dμ), we have

‖Mf‖Lp,q(w dμ) ≤ N‖f‖Lp,q(w dμ),

where N = N(K1,K2, p, q,K0) > 0.

Corollary 2.7. Let p, q, p′, q′ ∈ (1,∞), K0 ≥ 1, w1 = w1(x
′) ∈ Ap′(μ1), w2 =

w2(x
′′) ∈ Aq′(μ2), [w1]Ap′ ≤ K0, [w2]Aq′ ≤ K0, w = w(x) := w1(x

′)w2(x
′′),

and f ∈ Lp,q(w dμ). Suppose that either μ(X ) = ∞ or supp f ⊂ Br0(x0) and
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μ(Br0(x0)) ≤ εμ(X ) for some r0 ∈ (0,∞) and x0 ∈ X , where ε > 0 is a constant
depending on K1, K2, p, q, p

′, q′, and K0. Then we have

(2.14) ‖f‖Lp,q(w dμ) ≤ N‖f#
dy‖Lp,q(w dμ),

where N = N(K1,K2, p, q, p
′, q′,K0) > 0.

For the proof, due to (2.5) we may assume that p′q/p ≥ q′. Indeed, otherwise,
we find a large enough p′′ such that p′′q/p ≥ q′. Then w1 ∈ Ap′(μ1) ⊂ Ap′′(μ1).
For w1 ∈ Ap′(μ1), we define

ψ(x′′) = ‖IX f(·, x′′)‖p/p
′

Lp(w1 dμ1)
, φ(x′′) = ‖IX f#

dy(·, x′′)‖p/p
′

Lp(w1 dμ1)
.

It follows from Theorem 2.3 that, for any K̃0 ≥ 1 and w̃2 ∈ Ap′(μ2) satisfying

[w̃2]Ap′ ≤ K̃0 , we have

‖ψ‖Lp′ (w̃2 dμ2) = ‖f‖Lp′ (w1w̃2 dμ|X )(2.15)

≤ N‖f#
dy‖Lp′ (w1w̃2 dμ|X ) +Nε‖f‖Lp′ (w1w̃2 dμ|X ) ≤ N‖φ+ εψ‖Lp′ (w̃2 dμ2),(2.16)

where N depends on K1, K2, p, q, p′, q′, K0, and K̃0. Note that Aq′(μ2) ⊂
Ap′q/p(μ2), that is,

[w2]Ap′q/p ≤ [w2]Aq′ ≤ K0.

Setting K̃0 = Λ0 with Λ0 = Λ0(K1,K2, p
′, p′q/p,K0) from Theorem 2.5, by Theo-

rem 2.5 and the fact that the constant N in (2.15) is determined only by K1, K2,
p, q, p′, q′, K0, and Λ0, we get

‖ψ‖Lp′q/p(w2 dμ2) ≤ N‖φ+ εψ‖Lp′q/p(w2 dμ2),

where N = N(K1,K2, p, q, p
′, q′,K0). Upon taking ε sufficiently small, we reach

(2.14).

Corollary 2.8. Let p, q, p′, q′ ∈ (1,∞), K0 ≥ 1, w1 = w1(x
′) ∈ Ap′(μ1), w2 =

w2(x
′′) ∈ Aq′(μ2), [w1]Ap′ ≤ K0, [w2]Aq′ ≤ K0, w = w(x) := w1(x

′)w2(x
′′),

and f, g ∈ Lp,q(w dμ). Suppose that either μ(X ) = ∞ or supp f ⊂ Br0(x0) and
μ(Br0(x0)) ≤ εμ(X ) for some r0 ∈ (0,∞) and x0 ∈ X , where ε > 0 is a constant
depending on K1, K2, p, p

′, q, q′, and K0. Moreover, for each n ∈ Z and Q ∈ Cn,
there exists a measurable function fQ on Q such that |f | ≤ fQ ≤ K3|f | on Q for
some constant K3 > 0 and

–

∫
Q

|fQ(x)−
(
fQ

)
Q
|μ(dx) ≤ g(y) ∀ y ∈ Q.

Then we have

‖f‖Lp,q(w dμ) ≤ N‖g‖Lp,q(w dμ),

where N = N(K1,K2,K3, p, q, p
′, q′,K0) > 0.

3. Proof of Theorems 2.3 and 2.4

Let (X , ρ, μ) be a space of homogeneous type with a filtration of partitions {Cn :
n ∈ Z} introduced as in Section 2. The notation below is chosen to be compatible

with that in [42]. Let τ = τ (x) be a function on X̃ with values in {∞, 0,±1,±2, . . .}.
We call τ a stopping time relative to the filtration if for each n = 0,±1,±2, . . ., the
set {x ∈ X̃ : τ (x) = n} is either empty or the union of some sets in Cn intersected
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with X̃ . For any stopping time τ , we define f|τ (x) = f|τ(x)(x) for any x ∈ X̃ such
that τ (x) < ∞ and f|τ (x) = f(x) otherwise.

To prove Theorems 2.3 and 2.4, we estimate the measure of level sets of f by its
maximal and sharp functions, which generalizes Lemma 3.2.9 of [42], where w = 1,
X = Rd, and μ(X ) = ∞. We follow the argument there with some modifications.

Using Hölder’s inequality and the definition of Ap, one can get

Lemma 3.1. Let p ∈ (1,∞). If w ∈ Ap, then(
–

∫
B

f μ(dx)

)p

≤
[w]Ap

ω(B)

∫
B

fpw(x)μ(dx)

for all non-negative f and all balls B in X .

Lemma 3.2. Let p ∈ (1,∞), K0 ≥ 1, and w ∈ Ap(μ) with [w]Ap
≤ K0. Then we

have
ω(E)

ω(Qn
α)

≤ N

(
μ(E)

μ (Qn
α)

)β

for any E ⊂ Qn
α, where (β,N) = (β,N)(K1,K2, p,K0).

Proof. Under the assumptions, a reverse Hölder’s inequality for Ap weights in spaces
of homogeneous type was established in [46, Theorem 3.2], from which plus Hölder’s
inequality one can derive the inequality in the lemma. �

Lemma 3.3. Let Qn
αn

be open sets from Theorem 2.1 such that

Qn
αn

⊂ Qn−1
αn−1

, n ∈ Z.

Then either μ
(⋃

n Q
n
αn

)
= ∞ or there exists n0 ∈ Z such that

μ(X ) = μ
(
Qn0

αn0

)
.

Furthermore, for any w ∈ Ap(μ), 1 < p < ∞, we have

ω

(⋃
n

Qn
αn

)
= ∞ or ω(X ) = ω

(
Qn0

αn0

)
depending on whether μ

(⋃
n Q

n
αn

)
is infinite or not.

Proof. First assume that there are infinitely many n ∈ Z ∩ {n ≤ 0} such that

μ
(
Qn−1

αn−1
\Qn

αn

)
> 0.

Thanks to property (1) in Theorem 2.1, for all such n’s,

Qn−1
αn−1

\Qn
αn

�⊂
(
X \

⋃
α

Qn
α

)
.

Thus, there exist x ∈ X and Qn
α′

n
∈ Cn such that

x ∈ Qn−1
αn−1

\Qn
αn

, x ∈
⋃
α

Qn
α, and x ∈ Qn

α′
n
⊂ Qn−1

αn−1
.

Since μ
(
Qn−1

αn−1

)
≤ N1μ

(
Qn

α′
n

)
, we have μ

(
Qn

αn

)
≤ N1μ

(
Qn

α′
n

)
. This shows that

μ
(
Qn−1

αn−1

)
≥ μ

(
Qn

αn

)
+ μ

(
Qn

α′
n

)
≥

(
1 +

1

N1

)
μ
(
Qn

αn

)
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and

μ
(
Qn−1

αn−1
\Qn

αn

)
≥ 1

N1
μ
(
Qn

αn

)
.

This implies that

μ

(⋃
n

Qn
αn

)
= lim

n→−∞
μ
(
Qn

αn

)
= ∞.

Now we assume that there exists n0 ∈ Z such that

μ
(
Qn−1

αn−1
\Qn

αn

)
= 0

for all n ≤ n0. Then

μ

((⋃
n∈Z

Qn
αn

)
\Qn0

αn0

)
= 0.

In particular,

μ
(
Qn

αn
\Qn0

αn0

)
= 0

for any n ∈ Z. On the other hand, for each Qn
αn

, αn ∈ In, there exists znαn
∈ Qn

αn

such that

Bε0δn(z
n
αn

) ⊂ Qn
αn

.

We claim that

(3.1) znαn
∈ Qn0

αn0
for all n ∈ Z.

To prove this, suppose that znαn
∈ Qn

αn
\Qn0

αn0
for some n ∈ Z. Then since the set

Qn
αn

\Qn0
αn0

is open, there exists an open ball Br(z
n
αn

) such that

Br(z
n
αn

) ⊂ Qn
αn

\Qn0
αn0

.

However,

0 < μ
(
Br(z

n
αn

)
)
≤ μ

(
Qn

αn
\Qn0

αn0

)
≤ μ

(
Qn

αn
\Qn0

αn0

)
= 0,

which is a contradiction. Hence (3.1) is proved. Now for any fixed x ∈ X ,

ρ(x, znαn
) ≤ K1

(
ρ(x, zn0

αn0
) + ρ(zn0

αn0
, znαn

)
)
≤ K1

(
ρ(x, zn0

αn0
) +N0δ

n0

)
,

where the last inequality is due to property (3) in Theorem 2.1 and the fact that

znαn
∈ Qn0

αn0
. This along with property (4) in Theorem 2.1 implies that, for each

x ∈ X ,

x ∈ Bε0δn(z
n
αn

) ⊂ Qn
αn

,

provided that −n is sufficiently large. Therefore, X =
⋃

n Q
n
αn

and

μ(X ) = μ

(⋃
n

Qn
αn

)
= μ

((⋃
n∈Z

Qn
αn

)
\Qn0

αn0

)
+ μ

(
Qn0

αn0

)
= μ

(
Qn0

αn0

)
.

To prove the second statement of the lemma, from the definition of the measure

ω(·), we easily see that ω(X ) = ω
(
Qn0

αn0

)
if μ(X ) = μ

(
Qn0

αn0

)
. Otherwise, for each

n ∈ Z, find balls Bn satisfying

Qn
αn

⊂ Bn and μ(Bn) ≤ N(K1,K2)μ(Q
n
αn

).
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By taking B = Bm and f = IQm
αm

\Qn
αn

, m ≤ n, in Lemma 3.1, we obtain(
1−

μ(Qn
αn

)

μ(Qm
αm

)

)p

≤ N

(
μ(Qm

αm
)− μ(Qn

αn
)

μ(Bm)

)p

≤ N

(
1−

ω(Qn
αn

)

ω(Qm
αm

)

)
,

where N = N(K1,K2, p, [w]Ap
). This shows that ω(Qn

αn
) → ∞ if μ(Qn

αn
) → ∞ as

n → −∞. �

Lemma 3.4. Let p ∈ (1,∞) and w ∈ Ap(μ). For x ∈ X̃ and f ∈ Lp(w dμ),

(3.2) lim
n→−∞

|f ||n(x) =
{
‖f‖L1(μ) (μ(X ))

−1
if μ(X ) < ∞,

0 if μ(X ) = ∞.

This holds true as well if f ∈ L1(X , μ).

Proof. If μ(X ) < ∞, from Lemmas 3.1 and 3.3, we see that f ∈ L1(X , μ) and the
claim in the lemma holds true. When μ(X ) = ∞, by Lemma 3.1, for each n ∈ Z,
we get (

|f ||n(x)
)p ≤ N

1

ω(Qn
α)

‖f‖pLp(w dμ).

By Lemma 3.3, ω(Qn
α) → ∞ as n → −∞ when μ(X ) = ∞. Thus (3.2) follows. The

second statement is clear from Lemma 3.3. �

Lemma 3.5. Let p ∈ (1,∞), w ∈ Ap, and α = 1/(2N1), where N1 is given in
(2.3). For a non-negative f ∈ Lp(w dμ), set

(3.3) λ0 =

{
2N1‖f‖L1(μ) (μ(X ))−1 if μ(X ) < ∞,

0 if μ(X ) = ∞,

and, for λ > λ0, define

τ (x) = inf
n∈Z

{n : f|n(x) > αλ}, x ∈ X̃ .

Then τ is a stopping time. The same statement holds true if f ∈ L1(X , μ).

Proof. By Lemma 3.4, if either f ∈ Lp(w dμ) with w ∈ Ap or f ∈ L1(X , μ), for

each x ∈ X̃ ,
lim

n→−∞
f|n(x) < αλ.

This shows that τ (x) > −∞. Observe that

(3.4) f|m(x) = f|m(y) x, y ∈ Qn
α, m ≤ n.

For each n ∈ Z, since {x ∈ X̃ : τ (x) = n} ⊂
⋃

α Qn
α, one can see that

{x ∈ X̃ : τ (x) = n} =
⋃

α∈In

(
Qn

α ∩ {x ∈ X̃ : τ (x) = n}
)
⊂

⋃
α′

(
Qn

α′ ∩ X̃
)
,

where α′ is such that Qn
α′ ∩ {x ∈ X̃ : τ (x) = n} �= ∅. In this case by (3.4), for any

y ∈ Qn
α′ ∩ X̃ , we have τ (y) = τ (x). That is,

Qn
α′ ∩ X̃ ⊂ {x ∈ X̃ : τ (x) = n}.

Hence,

{x ∈ X̃ : τ (x) = n} =
⋃
α′

(
Qn

α′ ∩ X̃
)
.

Therefore, τ is a stopping time. �
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The following level set estimate is a key lemma in the proof of Theorem 2.3.

Lemma 3.6. Let p ∈ (1,∞), K0 ≥ 1, α = 1/(2N1), where N1 is defined in
(2.3), and let w ∈ Ap(μ) be a weight on X satisfying [w]Ap

≤ K0. Recall that the
ω(dx) = wμ(dx). Then for any f ∈ Lp(w dμ) and λ > λ0, where λ0 is defined in
(3.3), we have

(3.5) ω{x : |f(x)| ≥ λ} ≤ Nλ−β

∫
X
IMdyf(x)>αλ(f

#
dy(x))

β ω(dx),

where N > 0 and β ∈ (0, 1) are constants depending only on K1, K2, p, and K0.
The estimate (3.5) also holds if f ∈ L1(X , μ) and ω ∈ A∞(μ). In this case, the
constants β and N depend on K1, K2, p

′, and [w]Ap′ for some p′ ∈ (1,∞).

Proof. Throughout the proof, since μ(X \ X̃ ) = 0, whenever needed, X is to be

understood as X̃ .
First we assume that f ≥ 0 in X . Define τ (x) = inf{n : f|n(x) > αλ}. By

Lemma 3.5, τ = τ (x) is a well-defined stopping time. When τ (x) < ∞, we
have f|τ−1(x) ≤ αλ, which together with (2.3) implies that f|τ (x) ≤ λ/2. By
the Lebesgue differentiation theorem, f|n → f μ-a.e., which gives that for almost
every x satisfying f(x) ≥ λ, we have τ < ∞ and f|τ (x) ≤ λ/2. Since ω is absolutely
continuous with respect to μ, we get

ω{x : f(x) ≥ λ} = ω{x : f(x) ≥ λ, f|τ (x) ≤ λ/2}
≤ ω{x : f(x)− f|τ (x) ≥ λ/2}.(3.6)

Note that for n ∈ Z, {x : τ (x) = n} is a union of sets in Cn. Let Qn
α be one of

these sets so that τ (x) = n for any x ∈ Qn
α. Then by the Chebyshev inequality,

μ{x ∈ Qn
α : f(x)− f|τ (x) ≥ λ/2} ≤ 2λ−1

∫
Qn

α

(f(x)− f|n(x))+ μ(dx),

which implies that for any y ∈ Qn
α, we have

μ{x ∈ Qn
α : f(x)− f|τ (x) ≥ λ/2}/μ(Qn

α) ≤ 2λ−1f#
dy(y).

By Lemma 3.2, there exist N and β depending on K1, K2, p, and K0 such that

ω{x ∈ Qn
α : f(x)− f|τ (x) ≥ λ/2}

ω(Qn
α)

≤ N

(
μ{x ∈ Qn

α : f(x)− f|τ (x) ≥ λ/2}
μ(Qn

α)

)β

≤ Nλ−β(f#
dy(y))

β ,

which gives

(3.7) ω{x ∈ Qn
α : f(x)− f|τ (x) ≥ λ/2} ≤ Nλ−β

∫
Qn

α

(f#
dy(x))

β ω(dx).

Observe that
{x : τ (x) < ∞} = {x : Mdyf(x) > αλ}.

Summing (3.7) with respect to all such sets Qn
α and using (3.6), we reach (3.5).

Finally, to remove the condition that f ≥ 0, it suffices to note that by the triangle

inequality, |f |#dy ≤ 2f#
dy. The estimate (3.5) is proved.

In the case that f ∈ L1(X , μ) and ω ∈ A∞(μ), the proof is the same with a
possibly different choice of β and N in (3.7) due to w ∈ A∞; i.e., there exists
p′ ∈ (1,∞) such that w ∈ Ap′(μ). �
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We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. First we assume that q = p. In this case by Lemma 3.1
f ∈ L1(μ) if μ(X ) < ∞. As before, we denote ω(dx) = wμ(dx) and Lp(ω) :=
Lp(X , w dμ) = Lp(w dμ). Recall the elementary identity

‖f‖pLp(ω) = p

∫ ∞

0

ω{x : |f(x)| > λ}λp−1 dλ.

To estimate ω{x : |f(x)| > λ}, for λ > λ0, we use Lemma 3.6. Otherwise, we use
the simple upper bound

ω{x : |f(x)| > λ} ≤ ω(supp f).

We then get

‖f‖pLp(ω) = p

(∫ λ0

0

+

∫ ∞

λ0

)
ω{x : |f(x)| > λ}λp−1 dλ

≤ λp
0 ω(supp f) +Np

∫ ∞

λ0

(∫
X
IMdyf(x)>αλ(f

#
dy(x))

β ω(dx)

)
λp−1−β dλ.(3.8)

Clearly, the first term on the right-hand side of (3.8) vanishes; i.e., λ0 = 0 when
μ(X ) = ∞. By Fubini’s theorem and Hölder’s inequality,∫ ∞

λ0

(∫
X
IMdyf(x)>αλ(f

#
dy(x))

β ω(dx)

)
λp−1−β dλ

≤
∫
X

(∫ α−1Mdyf(x)

0

λp−1−β dλ

)
(f#

dy(x))
β ω(dx)

≤ N

∫
X
(Mdyf(x))

p−β(f#
dy(x))

β ω(dx)

≤ N‖Mdyf‖p−β
Lp(ω)‖f

#
dy‖

β
Lp(ω).(3.9)

Combining (3.8), the definition of λ0, and (3.9), we obtain

(3.10) ‖f‖pLp(ω) ≤ N‖f‖pL1(μ)
(μ(X ))

−p
ω(supp f) +N‖Mdyf‖p−β

Lp(ω)‖f
#
dy‖

β
Lp(ω),

where the first term on the right-hand side again vanishes when μ(X ) = ∞, and
N = N(K1,K2, p,K0). By Theorem 2.2, (2.4), and Young’s inequality, the second
term on the right-hand side of (3.10) is bounded as

‖Mdyf‖p−β
Lp(ω)‖f

#
dy‖

β
Lp(ω) ≤ ε1‖f‖pLp(ω) + ε

−(p−β)/β
1 N‖f#

dy‖
p
Lp(ω)

for any ε1 > 0. From this combined with (3.10), we see that (2.6) and (2.8) hold
true for μ(X ) < ∞ and μ(X ) = ∞, respectively.

If we assume that supp f ⊂ Br0(x0) and μ(Br0(x0)) ≤ εμ(X ), then by the
definition of λ0 and Lemma 3.1,

λp
0 ω(supp f) ≤ λp

0 ω(Br0(x0)) ≤ N‖f‖pL1(μ)
ω(Br0(x0))(μ(X ))−p

≤ N‖f‖pLp(ω) (μ(Br0(x0)))
p
(μ(X ))−p ≤ Nεp‖f‖pLp(ω),

which together with (3.8) and (3.9) yields

‖f‖pLp(ω) ≤ Nεp‖f‖pLp(ω) +N‖Mdyf‖p−β
Lp(ω)‖f

#
dy‖

β
Lp(ω).

Again by Theorem 2.2 and (2.4), we get (2.7).
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Next, for general q ∈ (1,∞), we only need to consider the case when q > p
because otherwise Aq ⊂ Ap and the result follows from the proof above. Note that

if q > p and μ(X ) < ∞, Lemma 3.1 only implies |f |p/q ∈ L1(μ), but still the
inequality (2.6) makes sense regardless of whether f ∈ L1(μ) or not. Observe that
by the triangle inequality and Hölder’s inequality,

–

∫
Qn

α

∣∣|f(x)|p/q − (|f |p/q)Qn
α

∣∣μ(dx)
≤ –

∫
Qn

α

–

∫
Qn

α

∣∣|f(x)|p/q − |f(y)|p/q
∣∣μ(dx)μ(dy)

≤ –

∫
Qn

α

–

∫
Qn

α

∣∣|f(x)| − |f(y)|
∣∣p/q μ(dx)μ(dy)

≤
(

–

∫
Qn

α

–

∫
Qn

α

|f(x)− f(y)|μ(dx)μ(dy)
)p/q

≤
(
2 –

∫
Qn

α

∣∣f(x)− (f)Qn
α

∣∣μ(dx))p/q

,

which implies that

(3.11) ‖(|f |p/q)#dy‖
q/p
Lq(ω) ≤ N‖f#

dy‖Lp(ω).

Using (2.6) and (2.8) with q in place of p, (3.11), and Hölder’s inequality, we get

‖f‖Lp(ω) = ‖|f |p/q‖q/pLq(ω)

≤ N
(
‖(|f |p/q)#dy‖Lq(ω) + (μ(X ))−1

(
ω(supp f)

) 1
q ‖|f |p/q‖L1(μ)

)q/p

≤ N‖(|f |p/q)#dy‖
q/p
Lq(ω) +N(μ(X ))−q/p

(
ω(supp f)

) 1
p ‖|f |p/q‖q/pL1(μ)

≤ N‖f#
dy‖Lp(ω) +N(μ(X ))−1

(
ω(supp f)

) 1
p ‖f‖L1(μ),

where, as above, the second term on the right-hand side vanishes if μ(X ) = ∞.
This gives (2.6) and (2.8) for μ(X ) < ∞ and μ(X ) = ∞, respectively. The proof of
(2.7) is similar. The theorem is proved. �

Proof of Theorem 2.4. Without loss of generality, we may assume that f ≥ 0. First
assume q = p and let λ0 be as in (3.3) using v in place of f . Similarly to the proof
of Theorem 2.3, for λ > λ0 we define a stopping time τ (x) = inf{n : v|n(x) > αλ}.
Because v ≥ f , as in (3.6), we have

ω{x : f(x) ≥ λ} = ω{x : f(x) ≥ λ, v|τ (x) ≤ λ/2}
≤ ω{x : f(x)− v|τ (x) ≥ λ/2}.(3.12)

Let Q := Qn
α ∈ Cn be such that τ (x) = n for any x ∈ Qn

α. Since f ≤ fQ ≤ v, by
the Chebyshev inequality we have

μ{x ∈ Q : f(x)− v|τ (x) ≥ λ/2} ≤ μ{x ∈ Q : fQ(x)− fQ
|τ (x) ≥ λ/2}

≤ 2λ−1

∫
Q

(fQ(x)− (fQ)Q)+ μ(dx) ≤ 2λ−1g(y)μ(Q)
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for any y ∈ Q. Then similarly to (3.7), we have

(3.13) ω{x ∈ Q : f(x)− v|τ (x) ≥ λ/2} ≤ Nλ−β

∫
Q

gβ(x)ω(dx).

Combining (3.12) and (3.13), we get

ω{x : f(x) ≥ λ} ≤ Nλ−β

∫
X
IMdyv(x)>αλg

β(x)ω(dx).

The remaining proof is the same as that of Theorem 2.3, and is thus omitted. �

4. Function spaces and notation

In this section we introduce some function spaces and notation to be used
throughout the rest of the paper.

For T ∈ (−∞,∞], we set RT = (−∞, T ), and a point in the Euclidean space
RT ×R

d is denoted by X = (t, x). The Lebesgue measure for RT ×R
d is sometimes

denoted by dX. We write x = (x1, x̂), where x̂ ∈ Rd−1, and set

R
d
+ = {x = (x1, x̂) ∈ R

d : x1 > 0, x̂ ∈ R
d−1}.

In the mixed-norm case, as before we write x = (x′, x′′), where x′ = (x1, . . . , xk)
and x′′ = (xk+1, . . . , xd) for some k = 0, 1, 2, . . . , d.

For m = 1, 2, . . . fixed depending on the order of the equations/systems under
consideration, we denote parabolic cylinders by

Qr(t, x) = (t− r2m, t)×Br(x), Q′
r(t, x̂) = (t− r2m, t)×B′

r(x̂),

where

Br(x) = {y ∈ R
d : |x− y| < r} ⊂ R

d, B′
r(x̂) = {ŷ ∈ R

d−1 : |x̂− ŷ| < r} ⊂ R
d−1.

As usual, we use, for example, Qr to indicate Qr(0, 0). The parabolic distance

betweenX = (t, x) and Y = (s, y) in Rd+1 is defined by ρ(X,Y ) = |x−y|+|t−s| 1
2m .

For a function g(t, x) defined on Rd+1, set

[g(t, ·)]Br(x)
= –

∫
Br(x)

∣∣∣∣∣g(t, y)− –

∫
Br(x)

g(t, z) dz

∣∣∣∣∣ dy,
[g(t, x1, ·)]B′

r(x̂)
= –

∫
B′

r(x̂)

∣∣∣∣∣g(t, x1, ŷ)− –

∫
B′

r(x̂)

g(t, x1, ẑ) dẑ

∣∣∣∣∣ dŷ,
[g(·, x1, ·)]Q′

r(t,x̂)
= –

∫
Q′

r(t,x̂)

∣∣∣∣∣g(t, x1, ŷ)− –

∫
Q′

r(t,x̂)

g(s, x1, ẑ) ds dẑ

∣∣∣∣∣ dt dŷ.
We define mean oscillations of g on parabolic cylinders as follows. First, we define
the mean oscillation of g in Qr(s, y) with respect to x as

osc1 (g,Qr(s, y)) =
1

r2m

∫ s

s−r2m
[g(τ, ·)]Br(y)

dτ,

and, for R ∈ (0,∞), we denote

g#,1
R = sup

(s,y)∈Rd+1

sup
r∈(0,R]

osc1 (g,Qr(s, y)) .
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Second, we define the mean oscillation of g in Qr(s, y) with respect to (t, x̂) as

osc2 (g,Qr(s, y)) =
1

2r

∫ y1+r

y1−r

[g(·, z1, ·)]Q′
r(s,ŷ)

dz1

and denote
g#,2
R = sup

(s,y)∈Rd+1

sup
r∈(0,R]

osc2 (g,Qr(s, y)) .

Third, we define the mean oscillation of g in Qr(s, y) with respect to x̂ as

osc (g,Qr(s, y)) =
1

2r2m+1

∫ s

s−r2m

∫ y1+r

y1−r

[g(τ, z1, ·)]B′
r(ŷ)

dz1 dτ

and denote
g#R = sup

(s,y)∈Rd+1

sup
r∈(0,R]

osc (g,Qr(s, y)) .

Finally, in the case when g is independent of t, i.e., if g is a function of x ∈ Rd, we
set

osc (g,Br(y)) =
1

2r

∫ y1+r

y1−r

[g(z1, ·)]B′
r(ŷ)

dz1,

g#R = sup
y∈Rd

sup
r∈(0,R]

osc (g,Br(y)) .

Next, we introduce some function spaces to be used when dealing with elliptic
and parabolic equations/systems. The domains are subsets of Rd in the elliptic
case and those of RT × Rd in the parabolic case. Since we use the results from
Section 2 in the later sections, we note that whenever a domain in R

d or in RT ×R
d

is considered, the underlying measure is the Lebesgue measure. The metric is
the usual Euclidean distance in the elliptic case and the parabolic distance in the
parabolic case.

We use the following weighted Sobolev spaces:

W k
p,w(Ω) = W k

p (Ω, w dx) = {u : u,Du, . . . , Dku ∈ Lp(Ω, w dx)}, k = 1, 2, . . . ,

where Ω ⊂ Rd and w ∈ Ap(Ω, dx). Note that because of the underlying measure
and the metric, the elements of Ap(Ω, dx) are determined by using open balls in Ω,
which are of the form Br(x) ∩ Ω, x ∈ Ω. Naturally, we denote

Lp,w(Ω) := Lp(Ω, w dx).

For parabolic systems/equations, we have

W 1,k
p,w ((S, T )× Ω) = {u : u,Du, . . . , Dku, ut ∈ Lp,w ((S, T )× Ω)}, k = 1, 2, . . . ,

where −∞ ≤ S < ∞, −∞ < T ≤ ∞, Ω ⊂ Rd, and w ∈ Ap ((S, T )× Ω, dx dt).
Also note that when determining elements of Ap ((S, T )× Ω, dx dt), we use balls in

(S, T )× Ω with respect to the parabolic distance |x− y|+ |t− s| 1
2m .

For mixed-norms, let Ω1 and Ω2 be open sets in Rd1 and Rd2 , d1 + d2 = d,
respectively, and Ω ⊂ Ω1 × Ω2. Denote X ′ = Ω1 and X ′′ = (S, T )× Ω2. Set

w(t, x′, x′′) = w1(x
′)w2(t, x

′′), x′ ∈ Ω1, x′′ ∈ Ω2,

where

(4.1) w1 ∈ Ap(Ω1, dx
′), w2 ∈ Aq ((S, T )× Ω2, dx

′′ dt) .

For k = 1, 2, . . ., we define

u ∈ W 1,k
p,q,w ((S, T )× Ω) ⇐⇒ u,Du, . . . , Dku, ut ∈ Lp,q,w ((S, T )× Ω) .
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Note that by the choices of w1 and w2 in (4.1), by f ∈ Lp,q,w ((S, T )× Ω) we mean

‖f‖Lp,q,w((S,T )×Ω) =

(∫
(S,T )×Ω2

(∫
Ω1

|f |pIΩw1(x
′) dx′

)q/p

w2(t, x
′′) dx′′ dt

)1/q

.

Certainly, one can choose w1 and w2 differently so that the integral with respect
to time is included in the inner integral. In the elliptic case, we just remove (the
integral in) the time variable, i.e.,

u ∈ W k
p,q,w(Ω) ⇐⇒ u,Du, . . . , Dku ∈ Lp,q,w(Ω),

where

w(x′, x′′) = w1(x
′)w2(x

′′), w1 ∈ Ap(Ω1, dx
′), w2 ∈ Aq(Ω2, dx

′′),

and

‖f‖Lp,q,w(Ω) =

(∫
Ω2

(∫
Ω1

|f |pIΩw1(x
′) dx′

)q/p

w2(x
′′) dx′′

)1/q

.

To deal with divergence type equations/systems, we set

Hm
p,q,w((S, T )× Ω)

= {u : ut ∈ H
−m
p,q,w((S, T )× Ω), Dαu ∈ Lp,q,w((S, T )× Ω), 0 ≤ |α| ≤ m},

‖u‖Hm
p,q,w((S,T )×Ω) = ‖ut‖H−m

p,q,w((S,T )×Ω) +
∑

|α|≤m

‖Dαu‖Lp,q,w(S,T )×Ω),

where

H
−m
p,q,w((S, T )× Ω) = {f : f =

∑
|α|≤m

Dαfα, fα ∈ Lp,q,w((S, T )× Ω)},

‖f‖
H

−m
p,q,w((S,T )×Ω) = inf{

∑
|α|≤m

‖fα‖Lp,q,w((S,T )×Ω) : f =
∑

|α|≤m

Dαfα}.

We denote by H̊m
p,q,w((S, T )×Ω) the closure of C∞

0 ([S, T ]×Ω) in Hm
p,q,w((S, T )×Ω).

5. Higher order parabolic systems in non-divergence form

with BMO coefficients: Mixed-norm

In this section, we consider higher order parabolic systems with leading coeffi-
cients merely measurable in the time variable and having small mean oscillations
in the spatial variable in small cylinders. We shall generalize some results in [20]
to the case of mixed-norm Lebesgue spaces with Ap weights.

Set

(5.1) Lu =
∑

|α|≤m,|β|≤m

AαβDαDβu,

where m is a positive integer,

Dα = Dα1
1 . . .Dαd

d , α = (α1, . . . , αd),

and, for multi-indices α and β, the coefficient Aαβ = [Aαβ
ij ]	i,j=1 is an 
× 
 complex

matrix-valued function defined on Rd+1. The involved functions are complex vector-
valued functions, that is,

u = (u1, . . . , u	)tr, f = (f1, . . . , u	)tr.
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The parabolic and elliptic systems we consider are

ut + (−1)mLu = f and Lu = f,

where, for the elliptic case, the coefficient matrices are functions independent of
t ∈ R, i.e., defined on Rd.

Throughout the section we assume that coefficients are bounded and satisfy the
Legendre-Hadamard ellipticity condition; i.e., there exist δ ∈ (0, 1) and K > 0 such
that

�

⎛⎝ ∑
|α|=|β|=m

θtrξαξβAαβ(t, x)θ̄

⎞⎠ ≥ δ|ξ|2m|θ|2,

for all ξ ∈ Rd and θ ∈ C	, and

|Aαβ | ≤
{
δ−1, |α| = |β| = m,

K, otherwise.

Note that this condition is weaker than the usual strong ellipticity condition.
We impose the following regularity condition on the leading coefficients, where

γ is a parameter to be specified.

Assumption 5.1 (γ). Let γ ∈ (0, 1). There exists R0 ∈ (0,∞) such that∑
|α|=|β|=m

(Aαβ)#,1
R0

≤ γ.

Next we state the main results of this section. Note that in the theorem below
the Euclidean space R

d+1 satisfies the conditions (a) and (b) before Corollary 2.6
as the product space of Rd1 and R×Rd2 . So does R×Rd

+ = {(t, x) : t ∈ R, x ∈ Rd
+}

in Theorem 5.4, as the product space of Rd1
+ and R× Rd2 or Rd1 and R× R

d2
+ .

Theorem 5.2 (The whole space case). Let p, q ∈ (1,∞), let K0 ≥ 1 be constant,
let w = w1(x

′)w2(t, x
′′), where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (5.1). Then there exist

γ = γ(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1),

λ0 = λ0(d,m, 
, δ, p, q, d1, d2,K0,K,R0) ≥ 1,

such that, under Assumption 5.1 (γ), for u ∈ W 1,2m
p,q,w(R

d+1) satisfying

(5.2) ut + (−1)mLu+ λu = f

in Rd+1, where f ∈ Lp,q,w(R
d+1), we have

‖ut‖Lp,q,w
+

∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

provided that λ ≥ λ0, where Lp,q,w = Lp,q,w(R
d+1) and

N = N(d,m, 
, δ, p, q, d1, d2,K0,K,R0).

Remark 5.3. By setting d1 = 0, Theorem 5.2 is reduced to the case of unmixed Lp

spaces with Ap weights. Moreover, it generalizes the main result of [42, Chap. 7]
in which m = 1 and the restriction q ≥ p is imposed.
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Theorem 5.4 (The half space case). The result in Theorem 5.2 still holds if we

replace Rd1 (or Rd2) by R
d1
+ (or Rd2

+ , respectively) and impose the Dirichlet boundary
condition

(5.3) u = Du = · · · = Dm−1u = 0

on the lateral boundary of the cylindrical domain.

Now we turn our attention to elliptic systems. A priori estimates for the elliptic
system in (5.4) defined in the whole spaces and on a half space are derived by using
the corresponding estimates in Theorems 5.2 and 5.4 for the parabolic system and
the argument, for instance, in the proof of [40, Theorem 2.6]. The key idea is
that one can view an elliptic system as a steady state parabolic system. Instead of
stating all possible results for elliptic equations/systems in this section or in later
sections, we present here only the elliptic version of Theorem 5.2. Recall that the
coefficients Aαβ are now independent of t.

Theorem 5.5. Let p, q ∈ (1,∞), K0 ≥ 1 be constant, w = w1(x
′)w2(x

′′), where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(x
′′) ∈ Aq(R

d2 , dx′′),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (5.1). Then there exist

γ = γ(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1),

λ0 = λ0(d,m, 
, δ, p, q, d1, d2,K0,K,R0) ≥ 1,

such that, under Assumption 5.1 (γ), for u ∈ W 2m
p,q,w(R

d) satisfying

(5.4) Lu+ (−1)mλu = f

in R
d, where f ∈ Lp,q,w(R

d), we have∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

provided that λ ≥ λ0, where Lp,q,w = Lp,q,w(R
d) and

N = N(d,m, 
, δ, p, q, d1, d2,K0,K,R0).

Proof. Choose ζ ∈ C∞
0 (R) and set v(t, x) = ζ(t/n)u(x), n ∈ Z, which satisfies, in

Rd+1,

vt + (−1)mLv + λv =
1

n
ζt(t/n)u(x) + (−1)mζ(t/n)f.

Upon noting that w2 ∈ Aq(R × Rd2 , dx′′dt), we apply Theorem 5.2 with w to the
above system and follow the proof of [40, Theorem 2.6] with obvious modifications.

�

5.1. Mixed-norm estimate in the whole space. This subsection is devoted to
the proof of Theorem 5.2. Throughout the paper, we use the notation

(g)D := –

∫
D
g(t, x) dx dt,

where D is a subset in Rd+1.
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We begin with the following interior estimate.

Lemma 5.6. Let λ ≥ 0, let q ∈ (1,∞), and let L be the operator in (5.1). Suppose
that the coefficients Aαβ, |α| = |β| = m, are measurable functions of only t ∈ R;
i.e., Aαβ = Aαβ(t) and the lower-order coefficients of L are all zero. Then for any
u ∈ C∞

loc(R
d+1) satisfying (5.2) in Q4 with f = 0, we have

(5.5)
∑

|α|≤2m

λ1− |α|
2m sup

Q1

(
|D(Dαu)|+ |(Dαu)t|

)
≤ N

∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lq(Q4),

where N = N(d,m, 
, δ, q).

Proof. The special case of the lemma when q = 2 was proved in [20, Lemma 3],
which was derived from Lemma 2 there. The latter still holds with q in place of
2 thanks to the W 1,2m

q estimates established in the same paper. See the proof
of Theorem 2 there. In fact, the estimate in [20, Lemma 3] only contains the
highest and lowest order terms because we collected only those terms when applying
S. Agmon’s idea. By collecting the intermediate order terms as well, we obtain
(5.5). �

Lemma 5.7. Let κ ≥ 8. Under the assumptions of Lemma 5.6, for any r ∈
(0,∞), X0 ∈ Rd+1, and u ∈ W 1,2m

q,loc (R
d+1) satisfying (5.2) in Qκr(X0), where

f ∈ Lq,loc(R
d+1), we have

(5.6)
∑

|α|≤2m

λ1− |α|
2m

(
|Dαu− (Dαu)Qr(X0)

|
)
Qr(X0)

≤ Nκ−1
∑

|α|≤2m

λ1− |α|
2m (|Dαu|q)

1
q

Qκr(X0)
+Nκ

d+2m
q (|f |q)

1
q

Qκr(X0)
,

where N = N(d,m, 
, δ, q).

Proof. Similar to [20, Corollary 2], the lemma can be derived from Lemma 5.6 and
the aforementioned W 1,2m

q estimates. In particular, we have [20, Theorem 10] with
q in place of 2. Thus, as described in the proof of [20, Theorem 2], we obtain (5.6)
by repeating the proof of [20, Corollary 2] with q in place of 2. While following the
arguments in [20], due to the standard approximation argument, we may assume
that the coefficients are infinitely differentiable. See Remark 5.8. �

Remark 5.8. When proving mean oscillation estimates as in Lemmas 5.7 and 5.9,
one can always assume that the coefficients are infinitely differentiable. For exam-
ple, for the operator in (5.1), we set

Lnu =
∑

|α|≤m,|β|≤m

Aαβ
n DαDβu,

where Aαβ
n is the mollification of Aαβ in Rd+1, and prove the mean oscillation

estimate in (5.6) with Ln in place of L. Then we let n → ∞ to obtain the desired
estimate for L with a constant N independent of the approximation. This type of
argument is used throughout the paper because in the proofs of mean oscillation
estimates, we always split u as the sum u = w + v, where v is a solution to
the given system/equation with the right-hand side being zero on a cylinder or a
cylinder intersected with a half space. Under the assumption that the coefficients
are infinitely differentiable, using the classical results, we see that v is infinitely
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differentiable inside the cylinder, so we are able to use Lipschitz estimates or Hölder
estimates as in Lemmas 5.6 and 5.12 with v in place of u.

For coefficients Aαβ(t, x) satisfying Assumption 5.1, we obtain the following
mean oscillation estimate on Qr(X0) when r is bounded above.

Lemma 5.9. Let λ ≥ 0, q ∈ (1,∞), κ ≥ 8, μ, ν ∈ (1,∞), 1/μ + 1/ν = 1,
and L be the operator in (5.1). Suppose that the lower-order coefficients of L are
all zero. Then, under Assumption 5.1 (γ), for r ∈ (0, R0/κ], X0 ∈ Rd+1, and

u ∈ W 1,2m
qμ,loc(R

d+1) satisfying (5.2) in Qκr(X0), where f ∈ Lq,loc(R
d+1), we have∑

|α|≤2m

λ1− |α|
2m

(
|Dαu− (Dαu)Qr(X0)

|
)
Qr(X0)

≤ Nκ−1
∑

|α|≤2m

λ1− |α|
2m (|Dαu|q)

1
q

Qκr(X0)
+Nκ

d+2m
q (|f |q)

1
q

Qκr(X0)

+Nκ
d+2m

q γ
1
qν

(
|D2mu|qμ

) 1
qμ

Qκr(X0)
,

where N = N(d,m, 
, δ, q, μ).

Proof. Set

L0u =
∑

|α|≤m,|β|≤m

Āαβ(t)DαDβu,

where

Āαβ(t) = –

∫
Bκr(x0)

Aαβ(t, y) dy.

Then we see that u ∈ W 1,2m
q,loc (R

d+1) satisfies

ut + (−1)mL0u+ λu = f̄

in Qκr(X0), where

f̄ := f + (−1)m(L0 − L)u ∈ Lq,loc(R
d+1).

Then by Lemma 5.7, we obtain (5.6) with f̄ in place of f . Note that

(|(L0 − L)u|q)
1
q

Qκr(X0)
≤

(
|Āαβ −Aαβ|νq

)1/(qν)
Qκr(X0)

(
|D2mu|qμ

) 1
qμ

Qκr(X0)

≤ Nγ
1
qν

(
|D2mu|qμ

) 1
qμ

Qκr(X0)
,

where N = N(δ, q, μ), the first inequality is due to Hölder’s inequality, and the
second inequality is due to the fact that κr ≤ R0, the boundedness of Aαβ , and
Assumption 5.1 (γ). This together with (5.6) with f̄ proves the desired inequality.

�

We use the following filtration of partitions:

Cn := {Qn = Qn
(i0,i1,...,id)

: (i0, i1, . . . , id) ∈ Z
d+1},

where n ∈ Z and

Qn
(i0,i1,...,id)

= [i02
−2mn, (i0 + 1)2−2mn)× [i12

−n, (i1 + 1)2−n)× · · · × [id2
−n, (id + 1)2−n).
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Let X ∈ Rd+1 and X ∈ Qn ∈ Cn. Then one can find X0 ∈ Rd+1 and the smallest
r > 0 (in fact, r = max{2−n−1

√
d, 2−n}) such that Qn ⊂ Qr(X0) and

(5.7) –

∫
Qn

|f(Y )− f|n(X)| dY ≤ N –

∫
Qr(X0)

∣∣∣f(Y )− (f)Qr(X0)

∣∣∣ dY,
where N depends only on d and m.

Lemma 5.10. Let λ ≥ 0, K0 ≥ 1, p, q ∈ (1,∞), t1 ∈ R, w = w1(x
′)w2(t, x

′′),
where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (5.1). Suppose that the lower-order coefficients of L
are all zero. Then there exist constants

γ = γ(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1),

R1 = R1(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1),

such that, under Assumption 5.1 (γ), for u ∈ W 1,2m
p,q,w(R

d+1) vanishing outside(
t1 − (R0R1)

2m, t1
)
× Rd and satisfying (5.2) in Rd+1, where f ∈ Lp,q,w(R

d+1),
we have

(5.8)
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

where Lp,q,w = Lp,q,w(R
d+1) and N = N(d,m, 
, δ, p, q, d1, d2,K0).

Proof. For the given w1 ∈ Ap(R
d1 , dx′) and w2 ∈ Aq(R × R

d2 , dx′′ dt), using the
reverse Hölder’s inequality [46, Theorem 3.2] (also see Corollary 7.2.6 and Remark
7.2.3 in [30]) we choose

σ1 = σ1(d1, p,K0), σ2 = σ2(d2, q,K0)

such that p− σ1 > 1, q − σ2 > 1, and

w1 ∈ Ap−σ1
(Rd1 , dx′), w2 ∈ Aq−σ2

(R× R
d2 , dx′′ dt).

Find q0, μ ∈ (1,∞) satisfying

(5.9) q0μ = min

{
p

p− σ1
,

q

q − σ2

}
> 1.

Note that

(5.10)
w1 ∈ Ap−σ1

⊂ Ap/(q0μ) ⊂ Ap/q0(R
d1 , dx′),

w2 ∈ Aq−σ2
⊂ Aq/(q0μ) ⊂ Aq/q0(R× R

d2 , dx′′ dt).

By Lemma 3.1, for any g ∈ Lq0μ,loc(R
d+1) and balls B1 ⊂ Rd1 and B2 ⊂ R× Rd2 ,

where B2 is a ball with respect to the parabolic distance |x′′ − y′′|+ |t− s| 1
2m ,

1

|B1||B2|

∫
B1×B2

|g|q0μ dx dt = 1

|B2|

∫
B2

1

|B1|

∫
B1

|g|q0μ dx′ dx′′ dt

≤ 1

|B2|

∫
B2

(
[w1]Ap/(q0μ)

ω1(B1)

∫
B1

|g|p w1(x
′) dx′

) q0μ
p

dx′′ dt

≤
(
[w2]Aq/(q0μ)

ω2(B2)

∫
B2

(
[w1]Ap/(q0μ)

ω1(B1)

∫
B1

|g|p w1(x
′) dx′

)q/p

w2(t, x
′′) dx′′ dt

) q0μ
q

.
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This shows that

u ∈ W 1,2m
q0μ,loc

(Rd+1), f ∈ Lq0μ,loc(R
d+1), 0 ≤ |α| ≤ 2m.

Let κ ≥ 8 be a constant to be specified below. For each X ∈ Rd+1 and Qn ∈ Cn

such that X ∈ Qn, n ∈ Z, find X0 ∈ Rd+1 and the smallest r ∈ (0,∞) so that
Qn ⊂ Qr(X0) and (5.7) is satisfied. If r > R0/κ, because u vanishes outside(
t1 − (R0R1)

2m, t1
)
× Rd, for 0 ≤ |α| ≤ 2m, we have

(5.11) –

∫
Qn

|Dαu(Y )− (Dαu)|n (X)| dY ≤ 2 –

∫
Qn

|Dαu| dY

≤ 2

(
–

∫
Qr(X0)

I(t1−(R0R1)2m,t1)(s) dY

)1− 1
q0

(
–

∫
Qr(X0)

|Dαu|q0 dY
) 1

q0

≤ N(d,m, q0)κ
2m(1− 1

q0
)R1

2m(1− 1
q0

) [M (|Dαu|q0) (X)]
1
q0 ,

where, for the last inequality, we have used the inequality

(5.12) (|Dαu|q0)
1
q0

Qκr(X0)
≤ N(d,m) [M (|Dαu|q0) (X)]

1
q0 .

If r ∈ (0, R0/κ], by Lemma 5.9 with q = q0 and inequalities as in (5.12),

(5.13)
∑

|α|≤2m

λ1− |α|
2m –

∫
Qn

|Dαu(Y )− (Dαu)|n (X)| dY

≤ Nκ−1
∑

|α|≤2m

λ1− |α|
2m [M (|Dαu|q0) (X)]

1
q0 +Nκ

d+2m
q0 [M (|f |q0) (X)]

1
q0

+Nκ
d+2m

q0 γ
1

q0ν
[
M

(
|D2mu|q0μ

)
(X)

] 1
q0μ ,

where 1/μ+ 1/ν = 1 and N = N(d,m, 
, δ, q0, μ). Note that q0 and μ depend only
on d1, d2, p, q, and K0. Thus we have

N = N(d,m, 
, δ, p, q, d1, d2,K0).

Combining (5.11) and (5.13), and taking the supremum with respect to all Qn � X,
n ∈ Z, we see that∑

|α|≤2m

λ1− |α|
2m (Dαu)

#
dy (X)

≤ N
(
κ2m(1− 1

q0
)R1

2m(1− 1
q0

) + κ−1
) ∑

|α|≤2m

λ1− |α|
2m [M (|Dαu|q0) (X)]

1
q0

+Nκ
d+2m

q0 [M (|f |q0) (X)]
1
q0 +Nκ

d+2m
q0 γ

1
q0ν

[
M

(
|D2mu|q0μ

)
(X)

] 1
q0μ

for all X ∈ Rd+1. Now we take Lp,q,w(R
d+1)-norms of both sides of the above

inequality and use Corollaries 2.6 and 2.7. In particular, due to (5.10) we are able
to use Corollary 2.6 to obtain, for instance,

‖ [M(|Dαu|q0μ)]
1

q0μ ‖Lp,q,w
= ‖M(|Dαu|q0μ)‖

1
q0μ

Lp/(q0μ),q/(q0μ),w

≤ N‖|Dαu|q0μ‖
1

q0μ

Lp/(q0μ),q/(q0μ),w
= N‖Dαu‖Lp,q,w

,
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where N = N(d, p/(q0μ), q/(q0μ),K0); hence N = N(d, p, q, d1, d2,K0). Therefore,
we get

(5.14)
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N
(
κ2m(1− 1

q0
)R1

2m(1− 1
q0

) + κ−1
) ∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

+Nκ
d+2m

q0 ‖f‖Lp,q,w
+Nκ

d+2m
q0 γ

1
q0ν ‖D2mu‖Lp,q,w

,

where N = N(d,m, 
, δ, p, q, d1, d2,K0). Fix κ ≥ 8 such that Nκ−1 ≤ 1/6. Then
choose γ ∈ (0, 1) and R1 ∈ (0, 1) so that

Nκ
d+2m

q0 γ
1

q0ν ≤ 1/6, Nκ2m(1− 1
q0

)R1
2m(1− 1

q0
) ≤ 1/6.

Then we arrive at (5.8). �

We now use the standard partition of unity argument with respect to only one
variable (the time variable).

Proposition 5.11. Let λ ≥ 0, K0 ≥ 1, p, q ∈ (1,∞), w = w1(x
′)w2(t, x

′′), where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (5.1). Then there exists

γ = γ(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1)

such that, under Assumption 5.1 (γ), for u ∈ W 1,2m
p,q,w(R

d+1) satisfying (5.2) in

R
d+1, where f ∈ Lp,q,w(R

d+1), we have

(5.15)
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N1‖f‖Lp,q,w
+N2

∑
|α|≤2m−1

‖Dαu‖Lp,q,w
,

where Lp,q,w = Lp,q,w(R
d+1),

N1 = N1(d,m, 
, δ, p, q, d1, d2,K0),

N2 = N2(d,m, 
, δ, p, q, d1, d2,K0,K,R0).

Proof. Recall that the lower-order coefficients in L are bounded by K. By moving
the terms AαβDαDβu, |α| < m or |β| < m to the right-hand side of the system,
we assume that the lower-order coefficients of L are zero. Take γ ∈ (0, 1) and
R1 ∈ (0, 1) from Lemma 5.10 and fix a non-negative infinitely differentiable function
ζ(t) defined on R such that ζ(t) vanishes outside (−(R0R1)

2m, 0) and∫
R

ζ(t)q dt = 1.

Then u(t, x)ζ(t− s) satisfies

(5.16) (u(t, x)ζ(t− s))t + (−1)mL (u(t, x)ζ(t− s)) + λu(t, x)ζ(t− s)

= ζ(t− s)f(t, x) + ζt(t− s)u(t, x)
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in Rd+1. For each s ∈ R, since u(t, x)ζ(t−s) vanishes outside (s−(R0R1)
2m, s)×Rd,

by Lemma 5.10 applied to (5.16), we get
(5.17)∑
|α|≤2m

λ1− |α|
2m ‖Dα (uζ(· − s)) ‖Lp,q,w

≤ N‖fζ(· − s)‖Lp,q,w
+N‖uζt(· − s)‖Lp,q,w

,

where Lp,q,w = Lp,q,w(R
d+1) and N = N(d,m, 
, δ, p, q, d1, d2,K0). Note that

‖Dαu(t, ·, x′′)‖q
Lp,w1

(Rd1 )
=

∫
R

‖Dαu(t, ·, x′′)‖q
Lp,w1

(Rd1 )
ζ(t− s)q ds

=

∫
R

‖Dαu(t, ·, x′′)ζ(t− s)‖q
Lp,w1

(Rd1 )
ds.

Thus, by integrating with respect to t and x′′,

‖Dαu‖qLp,q,w
=

∫
R

‖Dα (uζ(· − s)) ‖qLp,q,w
ds.

From this and (5.17) it follows that∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N1‖f‖Lp,q,w
+N2‖u‖Lp,q,w

,

where N1 = N1(d,m, 
, δ, p, q, d1, d2,K0), and N2 depends on R0R1 and the same
parameters as N1 does. The proposition is proved. �

Proof of Theorem 5.2. In Proposition 5.11 we choose λ0 ≥ 1, depending only on
N2, so that

1

2

∑
|α|≤2m−1

λ1− |α|
2m ≤

∑
|α|≤2m−1

(
λ1− |α|

2m −N2

)
for any λ ≥ λ0. Then in the right-hand side of (5.15) the terms involving Dαu,
0 ≤ |α| ≤ 2m− 1, can be absorbed into the left-hand side so that we obtain∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
.

Finally, we estimate ut using this estimate and the system ut = f − (−1)mLu−λu.
The theorem is proved. �

5.2. Mixed-norm estimate in a half space. This section is devoted to the proof
of Theorem 5.4. We only consider the case when d1 ≥ 1, and thus the cylindrical
domain under consideration is R × Rd

+ =: Rd+1
+ . That is, regarding the product

of weights and the mixed-norm, we view the domain as the product space of Rd1
+ ,

d1 ≥ 1, and R× Rd2 . The other case can be treated in a similar way.
We mainly follow the arguments in the previous subsection and Sections 7–9 of

[20]. For a function g defined on a subset D in R
d+1, we set

[g]Cν(D) = sup
(t,x),(s,y)∈D
(t,x) 
=(s,y)

|g(t, x)− g(s, y)|
|t− s| ν

2m + |x− y|ν ,

where 0 < ν ≤ 1. In what follows, we write Q+
r (X0) to denote Qr(X0) ∩ R

d+1
+ .

First we have the following boundary Hölder estimate, which corresponds to
Lemma 5.6.
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Lemma 5.12. Let λ ≥ 0, let q ∈ (1,∞), and let L be the operator in (5.1). Suppose
that the coefficients Aαβ, |α| = |β| = m, are measurable functions of only t ∈ R;
i.e., Aαβ = Aαβ(t) and the lower-order coefficients of L are all zero. Then for any

u ∈ C∞
loc(R

d+1
+ ) satisfying (5.2) in Q+

4 with f = 0 and (5.3) on Q4 ∩ {x1 = 0}, we
have ∑

|α|≤2m,α1<2m

λ1− |α|
2m [Dαu]C1/2(Q+

1 ) ≤ N
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lq(Q

+
4 ),

where N = N(d,m, 
, δ, q).

Proof. We only consider the case when λ = 0, i.e.,

(5.18) [Dx̂D
2m−1u]C1/2(Q+

1 ) ≤ N
∑

|α|=2m

‖Dαu‖Lq(Q
+
4 ).

The general case then follows by using S. Agmon’s idea.
By the W 1,2m

q estimates in the half space ([20, Theorem 4]), the Sobolev imbed-
ding theorem, and the standard bootstrap argument, we have

‖u‖W 1,2m
p (Q+

1 ) ≤ N‖u‖Lq(Q
+
4 )

for any p ∈ (1,∞), where N = N(d, 
,m, δ, p, q). By taking p > 2(2m + d) and
using the parabolic Sobolev imbedding theorem (see, for instance, [2, Sec. 18.12]),

(5.19) [D2m−1u]C1/2(Q+
1 ) ≤ N‖u‖Lq(Q

+
4 ) ≤ N‖Dm

1 u‖Lq(Q
+
4 ),

where the last inequality is due to the boundary Poincaré inequality. Let Q(x) be
a vector-valued polynomial of order at most m− 1 such that, for P (x) := xm

1 Q(x),

(5.20)
(
DkDm

1 P (x)
)
Q+

4
=

(
DkDm

1 u(t, x)
)
Q+

4
,

where 0 ≤ k ≤ m−1. Notice that P is a vector-valued polynomial of order at most
2m− 1. Let v = u−P (x), which satisfies the same system with the same Dirichlet
boundary condition on {x1 = 0} as u does. By (5.19) with v in place of u and
applying a Poincaré type inequality [25, Lemma 6.1] with q in place of 2 (the same
proof applies), we get

(5.21) [D2m−1u]C1/2(Q+
1 ) = [D2m−1v]C1/2(Q+

1 ) ≤ N‖Dm
1 v‖Lq(Q

+
4 )

≤ N‖Dm−1Dm
1 v‖Lq(Q

+
4 ) ≤ N‖Dm−1Dm

1 u‖Lq(Q
+
4 ),

where we used (5.20) with k = m− 1 in the last inequality. Since Dx̂u satisfies the
same system as u with the same boundary condition on {x1 = 0}, we finally obtain
(5.18) from (5.21). The lemma is proved. �

Similar to Lemma 5.7 and [20, Corollary 5], from Lemma 5.12 we obtain the
following boundary mean oscillation estimate for all Dαu, 0 ≤ |α| ≤ 2m, except
D2m

1 u.

Lemma 5.13. Let κ ≥ 64. Under the assumptions of Lemma 5.12, for any r ∈
(0,∞), X0 ∈ R

d+1
+ , and u ∈ W 1,2m

q,loc (R
d+1
+ ) satisfying (5.2) in Q+

κr(X0), and (5.3)



5108 H. DONG AND D. KIM

on Qκr(X0) ∩ {x1 = 0}, where f ∈ Lq,loc(R
d+1
+ ), we have∑

|α|≤2m,α1<2m

λ1− |α|
2m

(
|Dαu− (Dαu)Q+

r (X0)
|
)
Q+

r (X0)

≤ Nκ− 1
2

∑
|α|≤2m

λ1− |α|
2m (|Dαu|q)

1
q

Q+
κr(X0)

+Nκ
d+2m

q (|f |q)
1
q

Q+
κr(X0)

,

where N = N(d,m, 
, δ, q).

In order to estimate D2m
1 u, as in [20, Sec. 8], we consider the system with the

special coefficients

L0u = A(t)D2m
1 u+

d∑
j=2

D2m
j u,

where A(t) = Aα̌α̌(t), α̌ = (m, 0, . . . , 0). Note that if a sufficiently smooth u satisfies

(5.22) ut + (−1)mL0u+ λu = 0

with the Dirichlet boundary condition on {x1 = 0}, then D2m
1 u satisfies the same

system with the Dirichlet boundary condition because

D2m
1 u = (A(t))−1(−1)m+1(ut + λu)− (A(t))−1

d∑
j=2

D2m
j u.

Thus, we have boundary Hölder and mean oscillation estimates of the 2m-th order
normal derivative of u.

Lemma 5.14. Let λ ≥ 0 and q ∈ (1,∞). For any u ∈ C∞
loc(R

d+1
+ ) satisfying (5.22)

in Q+
4 and (5.3) on Q4 ∩ {x1 = 0}, we have

[D2m
1 u]C1(Q+

1 ) ≤ N
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lq(Q

+
4 ),

where N = N(d,m, 
, δ, q).

Proof. See [20, Corollary 6]. �

Lemma 5.15. Let λ ≥ 0, q ∈ (1,∞), and κ ≥ 64. For any r ∈ (0,∞), X0 ∈ R
d+1
+ ,

and u ∈ W 1,2m
q,loc (R

d+1
+ ) satisfying ut + (−1)mL0u + λu = f in Q+

κr(X0) and (5.3)

on Qκr(X0) ∩ {x1 = 0}, where f ∈ Lq,loc(R
d+1
+ ), we have(

|D2m
1 u−

(
D2m

1 u
)
Q+

r (X0)
|
)
Qr(X0)

≤ Nκ−1
∑

|α|≤2m

λ1− |α|
2m (|Dαu|q)

1
q

Q+
κr(X0)

+Nκ
d+2m

q (|f |q)
1
q

Q+
κr(X0)

,

where N = N(d,m, 
, δ, q).

Proof. Similar to Lemmas 5.7 and 5.13, the lemma is derived from Lemma 5.14
and the W 1,2m

q -estimate in the half space. �

We are now ready to give the proof of Theorem 5.4.
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Proof of Theorem 5.4. Due to the arguments in the proofs of Proposition 5.11 and
Theorem 5.2, it suffices to prove

(5.23)
∑

|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

provided that the lower order coefficients are all zero and u vanishes outside
(t1 − (R0R1)

2m, t1)× Rd
+ for some t1 ∈ R and a small

R1 = R1(d,m, 
, δ, p, q, d1, d2,K0) ∈ (0, 1).

As in the proof of Lemma 5.10, from Lemma 5.13, for any κ1 ≥ 64, we have

(5.24)
∑

|α|≤2m,α1<2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N

(
κ
2m(1− 1

q0
)

1 R
2m(1− 1

q0
)

1 + κ
− 1

2
1

) ∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

+Nκ
d+2m

q0
1 ‖f‖Lp,q,w

+Nκ
d+2m

q0
1 γ

1
q0ν ‖D2mu‖Lp,q,w

,

where Lp,q,w = Lp,q,w(R
d+1
+ ). Next we move all the spatial derivatives except

Aα̌α̌D2m
1 u to the right-hand side of the system and add (−1)m

∑d
j=2 D

2m
j u to both

sides. Similarly to (5.24), from Lemma 5.15, we derive for any κ2 ≥ 64,

(5.25)

‖D2m
1 u‖Lp,q,w

≤ N

(
κ
2m(1− 1

q0
)

2 R
2m(1− 1

q0
)

1 + κ−1
2

) ∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

+Nκ
d+2m

q0
2

(
‖f‖Lp,q,w

+
∑

|α|=2m,α1<2m

‖Dαu‖Lp,q,w
+ γ

1
q0ν ‖D2m

1 u‖Lp,q,w

)
.

Combining (5.24) and (5.25), we reach∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N

(
κ
2m(1− 1

q0
)

2 R
2m(1− 1

q0
)

1 + κ−1
2

) ∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

+Nκ
d+2m

q0
2

(
κ
2m(1− 1

q0
)

1 R
2m(1− 1

q0
)

1 + κ
− 1

2
1

) ∑
|α|≤2m

λ1− |α|
2m ‖Dαu‖Lp,q,w

+Nκ
d+2m

q0
2 (1 + κ

d+2m
q0

1 )‖f‖Lp,q,w
+Nκ

d+2m
q0

2 (1 + κ
d+2m

q0
1 )γ

1
q0ν ‖D2mu‖Lp,q,w

.(5.26)

To see (5.23), it suffices to first take κ2 sufficiently large, then κ1 sufficiently large,
and finally R1 and γ sufficiently small in (5.26), such that

N

(
κ
2m(1− 1

q 0
)

2 R
2m(1− 1

q 0
)

1 + κ−1
2

)
+Nκ

d+2m
q0

2

(
κ
2m(1− 1

q 0
)

1 R
2m(1− 1

q 0
)

1 + κ
− 1

2
1

)
+Nκ

d+2m
q0

2 (1 + κ
d+2m

q0
1 )γ

1
q0ν ≤ 1/2.

The theorem is proved. �
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6. Second order parabolic equations in non-divergence form

with measurable coefficients

In this section, we consider second order equations with partially BMO coef-
ficients. Thus, all the involved coefficients and functions are real scalar-valued
functions. Throughout the section we use the notation in Section 4 by setting
m = 1. In particular,

Qr(t, x) = (t− r2, t)×Br(x), Q′
r(t, x̂) = (t− r2, t)×B′

r(x̂).

Note that for a multi-index α = (α1, . . . , αd), if we write

Dαu, 0 ≤ |α| ≤ 2, α1 ≤ 1,

it means one of the elements or all the elements of the set

{u,D1u, . . . , Ddu,Diju : (i, j) �= (1, 1)}.
Set

(6.1) Lu =
d∑

i,j=1

aijDiju+ biDiu+ cu.

Throughout the section we impose the following assumptions on the coefficients.

(i) There exists δ ∈ (0, 1) such that

aijξiξj ≥ δ|ξ|2, |aij | ≤ δ−1

for all ξ ∈ Rd.
(ii) bi and c are measurable and bounded. In particular, there existsK ∈ (0,∞)

such that
|bi| ≤ K, |c| ≤ K.

We also assume one of the following regularity assumptions on the leading coef-
ficients aij .

Assumption 6.1 (γ). Let γ ∈ (0, 1). There exists R0 ∈ (0,∞) such that

(a11)#,1
R0

+
∑

(i,j) 
=(1,1)

(aij)#R0
≤ γ.

Assumption 6.2 (γ). Let γ ∈ (0, 1). There exists R0 ∈ (0,∞) such that

(a11)#,2
R0

+
∑

(i,j) 
=(1,1)

(aij)#R0
≤ γ.

The following theorems are the main results of this section. As in Section 5,
note that in Theorems 6.3 and 6.4 below the domains Rd+1 and R×Rd

+, as product
spaces, satisfy the conditions (a) and (b) before Corollary 2.6.

Theorem 6.3 (The whole space case). Let p, q ∈ (1,∞) and K0 ≥ 1 be constants,
let w = w1(x

′)w2(t, x
′′), where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (6.1). Then there exist

γ = γ(d, δ, p, q, d1, d2,K0) ∈ (0, 1),

λ0 = λ0(d, δ, p, q, d1, d2,K0,K,R0) ≥ 1,
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such that, under Assumption 6.1 (γ) or Assumption 6.2 (γ), the following holds
true. For u ∈ W 1,2

p,q,w(R
d+1) satisfying

(6.2) −ut + Lu− λu = f

in Rd+1, where f ∈ Lp,q,w(R
d+1), we have

‖ut‖Lp,w
+ λ‖u‖Lp,q,w

+
√
λ‖Du‖Lp,q,w

+ ‖D2u‖Lp,q,w
≤ N‖f‖Lp,q,w

,

provided that λ ≥ λ0, where Lp,w = Lp,w(R
d+1) and

N = N(d, δ, p, q, d1, d2,K0,K,R0).

Theorem 6.4 (The half space case). The result in Theorem 6.3 still holds if we

replace Rd by Rd
+ (i.e., replace Rd1 by R

d1
+ when d1 ≥ 1 or replace Rd2 by R

d2
+

when d1 = 0) and impose the Dirichlet boundary condition u = 0 or the Neumann
boundary condition D1u = 0 on the lateral boundary of the cylindrical domain.

Remark 6.5. The domain in Theorem 6.4 is fixed as R × R
d
+ = {(t, x) : x1 > 0},

whereas the domain in Theorem 5.4 can be a half space {(t, x) ∈ Rd+1 : xk > 0} for
any k = 1, . . . , d. This is because the coefficients in Theorem 5.4 have regularity in
all the spatial variables, but the coefficients aij in Theorem 6.4 are only measurable
(no regularity assumptions) with respect to x1.

Remark 6.6. It is worth noting that Theorem 6.4 generalizes a recent result in [23]
on weighted Lp-estimates for second order parabolic equations in the half space
R× Rd

+ with the Neumann boundary condition, where the leading coefficients are
assumed to satisfy the condition imposed in Section 5 (i.e., they have small mean

oscillations in all the spatial variables) and the weight w(t, x) = xθ−d
1 for some

θ ∈ (d − 1, d − 1 + p). It is easily seen that w is an Ap weight in the half space.
Therefore, one can apply Theorem 6.4 to get the same result for equations with
more general coefficients.

To prove Theorem 6.3, we start with the following mean oscillation estimate for
equations with leading coefficients depending only on x1.

Lemma 6.7. Let λ ≥ 0, q ∈ (1,∞), κ ≥ 8, and L be the operator in (6.1). Suppose
that

aij = aij(x1), bi = c = 0.

Then, for any r ∈ (0,∞), X0 ∈ Rd+1, and u ∈ W 1,2
q,loc(R

d+1) satisfying (6.2) in

Qκr(X0), where f ∈ Lq,loc(R
d+1), we have(

|ut − (ut)Qr(X0)
|
)
Qr(X0)

+
∑

|α|≤2,α1≤1

λ1− |α|
2

(
|Dαu− (Dαu)Qr(X0)

|
)
Qr(X0)

≤ Nκ−1
∑
|α|≤2

λ1− |α|
2 (|Dαu|q)

1
q

Qκr(X0)
+Nκ

d+2
q (|f |q)

1
q

Qκr(X0)
,

where N = N(d, δ, q).

Proof. As in the proof of Lemma 5.7, we only need to prove the interior Hölder
estimate

(6.3) [ut]C1(Q1) + [DDx̂u]C1(Q1) ≤ N‖D2u‖Lq(Q4)

when a sufficiently smooth u satisfies (6.2) in Q4 with λ = 0 and f = 0. To this
end, we first recall the W 1,2

q -estimates established in [16,36] for parabolic equations
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with partially BMO coefficients, which, in particular, can be applied to the equation
considered in this lemma. Using the W 1,2

q -estimates together with a localization
and bootstrap argument yields

(6.4) ‖u‖W 1,2
p (Q1)

≤ N‖u‖Lq(Q2)

for any p ∈ (1,∞). By the parabolic Sobolev imbedding theorem, by choosing a
sufficiently large p > d+ 2, we see that

(6.5) ‖u‖L∞(Q1) + ‖Du‖L∞(Q1) ≤ N‖u‖Lq(Q2).

Since ut and Dx̂u satisfy the same equation as u, by (6.5) with ut and Dx̂u in place
of u and using (6.4) with a scaling, we reach
(6.6)
‖ut‖L∞(Q1) + ‖DDx̂u‖L∞(Q1) ≤ N‖ut‖Lq(Q2) +N‖Dx̂u‖Lq(Q2) ≤ N‖u‖Lq(Q4).

It follows from the equation that a11D11u = ut −
∑

(i,j) 
=(1,1) a
ijDiju. Therefore,

from (6.6) as well as (6.5),

(6.7) ‖ut‖L∞(Q1) + ‖Du‖L∞(Q1) + ‖D2u‖L∞(Q1) ≤ N‖u‖Lq(Q4).

Again with ut and Dx̂u in place of u, it follows easily from (6.7) that

(6.8) [ut]C1(Q1) + [DDx̂u]C1(Q1) ≤ ‖u‖Lq(Q4).

To conclude (6.3), it suffices to replace u by u − (u)Q4
− xi(Diu)Q4

in (6.8) and
then apply a parabolic Poincaré type inequality [42, Lemma 4.2.2]. The lemma is
proved. �

The following assumption reads that the coefficients are merely measurable in
x1 and have small mean oscillations with respect to (t, x′) in small cylinders.

Assumption 6.8 (γ). Let γ ∈ (0, 1). There exists R0 ∈ (0,∞) such that

n∑
i,j=1

(aij)#,2
R0

≤ γ.

Lemma 6.9. Let λ ≥ 0, q ∈ (1,∞), κ ≥ 8, μ, ν ∈ (1,∞), 1/μ + 1/ν = 1, and L
be the operator in (6.1). Suppose that bi = c = 0. Then, under Assumption 6.8

(γ), for any r ∈ (0, R0/κ], X0 ∈ Rd+1, and u ∈ W 1,2
qμ,loc(R

d+1) satisfying (6.2) in

Qκr(X0), where f ∈ Lq,loc(R
d+1), we have(

|ut − (ut)Qr(X0)
|
)
Qr(X0)

+
∑

|α|≤2,α1≤1

λ1− |α|
2

(
|Dαu− (Dαu)Qr(X0)

|
)
Qr(X0)

≤ Nκ−1
∑
|α|≤2

λ1− |α|
2 (|Dαu|q)

1
q

Qκr(X0)
+Nκ

d+2
q (|f |q)

1
q

Qκr(X0)

+Nκ
d+2
q γ

1
qν

(
|D2u|qμ

) 1
qμ

Qκr(X0)
,

where N = N(d, δ, q, μ).

Proof. We use Lemma 6.7 and follow the same steps as we derive Lemma 5.9 from
Lemma 5.7. �
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Lemma 6.10. Let λ ≥ 0, K0 ≥ 1, p, q ∈ (1,∞), t1 ∈ R, w = w1(x
′)w2(t, x

′′),
where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (6.1). Suppose that bi = c = 0. Then there exist
constants

γ = γ(d, δ, p, q, d1, d2,K0) ∈ (0, 1),

R1 = R1(d, δ, p, q, d1, d2,K0) ∈ (0, 1),

such that, under Assumption 6.8 (γ), for u ∈ W 1,2
p,q,w(R

d+1) vanishing outside(
t1 − (R0R1)

2, t1
)
× Rd and satisfying (6.2) in Rd+1, where f ∈ Lp,q,w(R

d+1), we
have

(6.9)
∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

where Lp,q,w = Lp,q,w(R
d+1) and N = N(d, δ, p, q, d1, d2,K0).

Proof. Let κ ≥ 8. Choose q0, μ ∈ (1,∞) depending only on p, q, d1, d2, and K0 and
satisfying (5.9) as in the proof of Lemma 5.10. Then from Lemma 6.9, by repeating
the steps for obtaining (5.14) in the proof of Lemma 5.10, we get

(6.10) ‖ut‖Lp,q,w
+

∑
|α|≤2,α1≤1

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N

(
κ2(1− 1

q0
)R

2(1− 1
q0

)

1 + κ−1

) ∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

+Nκ
d+2
q0 ‖f‖Lp,q,w

+Nκ
d+2
q0 γ

1
q0ν ‖D2u‖Lp,q,w

,

where N = N(d, δ, p, q, d1, d2,K0) and 1/μ + 1/ν = 1. On the other hand, the
equation (6.2) along with the fact that 1/a11 ≤ δ−1 shows that

‖D2
1u‖Lp,q,w

≤ N‖ut‖Lp,q,w
+N

∑
|α|≤2,α1≤1

‖Dαu‖Lp,q,w
+N‖f‖Lp,q,w

,

where N = N(δ). Upon combining this and (6.10), we see that the left-hand side of
(6.9) is bounded by the right-hand side of (6.10). Fix κ ≥ 8 so that Nκ−1 ≤ 1/6.
Then choose γ ∈ (0, 1) and R1 ∈ (0, 1) so that

Nκ2(1− 1
q0

)R
2(1− 1

q0
)

1 ≤ 1/6, Nκ
d+2
q0 γ

1
q0ν ≤ 1/6.

Then the inequality (6.9) follows. �

Next we consider equations with leading coefficients merely measurable in (t, x1)
except for a11, which is a measurable function either in t or in x1.

Lemma 6.11. Let λ ≥ 0, q ∈ (1,∞), κ ≥ 8, and L be the operator in (6.1).
Suppose that

a11 = a11(t) or a11 = a11(x1),

aij = aij(t, x1), (i, j) �= (1, 1),
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and bi = c = 0. Then, for any r ∈ (0,∞), X0 ∈ Rd+1, and u ∈ W 1,2
q,loc(R

d+1)

satisfying (6.2) in Qκr(X0), where f ∈ Lq,loc(R
d+1), we have∑

|α|≤2,α1≤1

λ1− |α|
2

(
|Dαu− (Dαu)Qr(X0)

|
)
Qr(X0)

≤ Nκ− 1
2

∑
|α|≤2

λ1− |α|
2 (|Dαu|q)

1
q

Qκr(X0)
+Nκ

d+2
q (|f |q)

1
q

Qκr(X0)
,

where N = N(d, δ, q).

Proof. As before, it suffices to prove the interior Hölder estimate

(6.11) [DDx̂u]C1/2(Q1) ≤ N‖D2u‖Lq(Q4)

when a sufficiently smooth u satisfies (6.2) in Q4 with λ = 0 and f = 0. By (6.4)
with p = 2(d+2), which is also applicable to the equation considered in this lemma
(cf. [16]), we get

(6.12) [Du]C1/2(Q1) ≤ N‖u‖Lq(Q2).

Noting that Dx̂u satisfies the same equation as u, from (6.12) and (6.4), we have

[DDx̂u]C1/2(Q1) ≤ N‖Dx̂u‖Lq(Q2) ≤ N‖u‖Lq(Q4).

To conclude (6.11), it suffices to replace u by u− (u)Q4
−xi(Diu)Q4

as in the proof
of Lemma 6.7. �

Now we deal with the case with either Assumption 6.1 or 6.2. In doing so, we
use the results (Lemmas 5.10 and 6.10) under stronger assumptions (Assumptions
5.1 and 6.8).

Lemma 6.12. Let λ ≥ 0, K0 ≥ 1, p, q ∈ (1,∞), t1 ∈ R, w = w1(x
′)w2(t, x

′′),
where

w1(x
′) ∈ Ap(R

d1 , dx′), w2(t, x
′′) ∈ Aq(R× R

d2 , dx′′ dt),

d1 + d2 = d, [w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (6.1). Suppose that bi = c = 0. Then there exist
constants

γ = γ(d, δ, p, q, d1, d2,K0) ∈ (0, 1),

R1 = R1(d, δ, p, q, d1, d2,K0) ∈ (0, 1),

such that, under Assumption 6.1 (γ) or Assumption 6.2 (γ), for u ∈ W 1,2
p,q,w(R

d+1)

vanishing outside
(
t1 − (R0R1)

2, t1
)
× Rd and satisfying (6.2) in Rd+1, where f ∈

Lp,q,w(R
d+1), we have

(6.13)
∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w
,

where Lp,q,w = Lp,q,w(R
d+1) and N = N(d, δ, p, q, d1, d2,K0).
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Proof. Let κ ≥ 8. As in the proof of Lemma 6.10, we choose q0, μ ∈ (1,∞) and
derive from Lemma 6.11 the inequality

(6.14)
∑

|α|≤2,α1≤1

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N

(
κ2(1− 1

q0
)R

2(1− 1
q0

)

1 + κ− 1
2

) ∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

+Nκ
d+2
q0 ‖f‖Lp,q,w

+Nκ
d+2
q0 γ

1
q0ν ‖D2u‖Lp,q,w

,

where N = N(d, δ, p, q, d1, d2,K0) and 1/μ+ 1/ν = 1.
Now we write the equation (6.2) as

−ut + a11D2
1u+Δd−1u = f̄ ,

where

f̄ = f +Δd−1u−
d∑

i,j,(i,j) 
=(1,1)

aijDiju.

The coefficients of the operator a11D2
1 + Δd−1, in particular, the coefficient a11,

satisfy either Assumption 5.1 or Assumption 6.8. Then as long as γ and R1 are
smaller than those in Lemma 5.10 with m = 
 = 1 or those in Lemma 6.10, we have∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N‖f̄‖Lp,q,w
≤ N‖f‖Lp,q,w

+N
∑

|α|=2,α1≤1

‖Dαu‖Lp,q,w
,

where N = N(d, δ, p, q, d1, d2,K0). This combined with (6.14) shows that∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

≤ N‖f‖Lp,q,w

+N

(
κ2(1− 1

q0
)R

2(1− 1
q0

)

1 + κ− 1
2

) ∑
|α|≤2

λ1− |α|
2 ‖Dαu‖Lp,q,w

+Nκ
d+2
q0 ‖f‖Lp,q,w

+Nκ
d+2
q0 γ

1
q0ν ‖D2u‖Lp,q,w

,

where N = N(d, δ, p, q, d1, d2,K0). Now we fix κ ≥ 8 so that Nκ− 1
2 ≤ 1/6. Then

we choose γ and R1 so that they are less than those in Lemma 5.10 with m = 
 = 1
or in Lemma 6.10 and satisfy

Nκ2(1− 1
q0

)R
2(1− 1

q0
)

1 ≤ 1/6, Nκ
d+2
q0 γ

1
q0ν ≤ 1/6.

Then the inequality (6.13) follows. �

Now we are ready prove the main theorems of this section.

Proof of Theorem 6.3. We use the partition of unity argument in the proof of
Proposition 5.11 and proceed as in the proof of Theorem 5.2. �

Note that the extension argument in the proof below is possible because the
coefficients are allowed to have no regularity assumptions with respect to one spatial
variable. Thus the argument is not applicable if coefficients are continuous or have
vanishing (or small) mean oscillations in all the spatial variables.
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Proof of Theorem 6.4. We take the even extensions of w1 (or w2 if d1 = 0), a11,
aij , bi, c for i, j ≥ 2 with respect to x1 = 0, and the odd extensions of a1j , aj1 for
j ≥ 2 and b1 with respect to x1 = 0. It is easily seen that w1 (or w2) is an Ap

(or Aq) weight in the whole space and that aij satisfy Assumption 6.1 or 6.2 in the
whole space.

In the case of the Dirichlet boundary condition, we take the odd extensions of u
and f with respect to x1 = 0, while in the case of the Neumann boundary condition,
we take the even extensions of u and f . Then u satisfies (6.2) in Rd+1. By applying
Theorem 6.3 and noting that the norms in the half space are comparable to those
in the whole space, we immediately get Theorem 6.4. �

7. Higher order systems in divergence form in Reifenberg domains

with partially BMO coefficients

Set

(7.1) Lu =
∑

|α|≤m,|β|≤m

Dα
(
AαβDβu

)
,

where the 
 × 
 matrices Aαβ are complex valued functions on Rd+1 and u is a
complex vector-valued function. The coefficients Aαβ are bounded and satisfy the
strong ellipticity condition as follows.

(i) There exists a constant δ ∈ (0, 1) such that |Aαβ| ≤ δ−1, |α| = |β| = m,
and ∑

|α|=|β|=m

�
(
Aαβξβ, ξα

)
≥ δ|ξ|2

for any ξ = (ξα)|α|=m, ξα ∈ C	.

(ii) There exists a constant K > 0 such that |Aαβ| ≤ K if |α| < m or |β| < m.

In this section we consider a domain of the form R × Ω, where Ω ⊂ Rd is a
Reifenberg flat domain. We impose the following regularity assumption on the
coefficients Aαβ, |α| = |β| = m, and the boundary of the domain Ω.

Assumption 7.1 (γ). Let γ ∈ (0, 1/4). There exists R0 ∈ (0, 1] satisfying the
following.

(i) For any X = (t, x) ∈ R × Ω and r ∈ (0,min{R0, dist(x, ∂Ω)/2}] (so that
Br(x) ⊂ Ω), there is a spatial coordinate system depending on x and r such
that in this new coordinate system, we have

(7.2) –

∫
Qr(t,x)

∣∣∣∣∣Aαβ(s, y1, ŷ)− –

∫
Q′

r(t,x̂)

Aαβ(τ, y1, ẑ) dẑ dτ

∣∣∣∣∣ dy ds ≤ γ.

(ii) For any x ∈ ∂Ω, t ∈ R, and any r ∈ (0, R0], there is a spatial coordinate
system depending on X = (t, x) and r such that in this new coordinate
system, we have (7.2) and

{(y1, ŷ) : x1 + γr < y1} ∩Br(x) ⊂ Ω ∩Br(x) ⊂ {(y1, ŷ) : x1 − γr < y1} ∩Br(x).

For the mixed-norm case, we view a Reifenberg flat domain Ω as a subset of
Ω1 × Ω2, where Ω1 ⊂ Rd1 , Ω2 ⊂ Rd2 , and d1 + d2 = d. We assume that Ω1 and
R × Ω2 are spaces of homogeneous type with the usual Lebesgue measures. The
metrics are the Euclidean distance in Ω1 and the parabolic distance in R×Ω2; thus
the constant K1 in (2.1) is 1. For example, Ω1 can be Rd1 .
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Theorem 7.2. Let p, q ∈ (1,∞), K0 ≥ 1, Ω ⊂ Ω1 × Ω2, Ω1 ⊂ Rd1 , Ω2 ⊂ Rd2 ,
d1 + d2 = d, and R × Ω, as a subset of Ω1 × (R × Ω2), satisfy the conditions
(a) and (b) before Corollary 2.6 with a doubling constant K2 (see (2.2)). Also let
w = w1(x

′)w2(t, x
′′), where

w1(x
′) ∈ Ap(Ω1, dx

′), w2(t, x
′′) ∈ Aq(R× Ω2, dx

′′ dt),

[w1]Ap
≤ K0, [w2]Aq

≤ K0,

and let L be the operator in (7.1). Then there exist

γ = γ(d,m, 
, δ, p, q, d1, d2,K0,K2) ∈ (0, 1/4),

λ0 = λ0(d,m, 
, δ, p, q, d1, d2,K0,K2,K,R0) ≥ 1,

such that, under Assumption 7.1 (γ), for u ∈ H̊m
p,q,w(R× Ω) satisfying

(7.3) ut + (−1)mLu+ λu =
∑

|α|≤m

Dαfα

in R× Ω, where fα ∈ Lp,q,w(R× Ω), we have

(7.4)
∑

|α|≤m

λ1− |α|
2m ‖Dαu‖Lp,q,w

≤ N
∑

|α|≤m

λ
|α|
2m ‖fα‖Lp,q,w

,

provided that λ ≥ λ0, where Lp,q,w = Lp,q,w(R× Ω) and

N = N(d,m, 
, δ, p, q, d1, d2,K0, ,K2,K,R0).

Remark 7.3. One can check that the conditions (a) and (b) before Corollary 2.6
are satisfied if, for instance, Ω is a bounded Reifenberg flat domain in Rd. The
doubling constant K2 is then determined only by d, m, R0, and |Ω| as long as γ is
sufficiently small, for instance, γ ∈ (0, 1/4). Indeed, the doubling inequality (2.2)
follows from

(7.5) N1|Qr(X0)| ≤ |Br(X0)| ≤ 2|Qr(X0)|
for r/4 ∈ (0, R0], and

(7.6) N2r
2m|Ω| ≤ |Br(X0)| ≤ 2r2m|Ω|

for r/4 ∈ (R0,∞), where

X0 = (t0, x0) ∈ R× Ω, N1 = N1(d,m), N2 = N2(d,m,R0, |Ω|),
and Br(X0) is a ball in R× Ω using the parabolic distance, i.e.,

Br(X0) = {(t, x) ∈ R× Ω : |x− x0|+ |t− t0|
1

2m < r}.
To verify the above inequalities (we show only the lower bounds), note that

Qr/2(X0) ∩ (R× Ω) ⊂ Br(X0),

Qr/2(X0) ∩ (R× Ω) ⊃
{
Qr/4(X0) if dist(x0, ∂Ω) > r/4,

Qr/4(t0, x̃) ∩ (R× Ω) if dist(x0, ∂Ω) ≤ r/4,

where x̃ ∈ ∂Ω such that |x0 − x̃| = dist(x0, ∂Ω).
We assume that dist(x0, ∂Ω) ≤ r/4 as the other case is simpler. If r/4 ≤ R0,

then, since γ < 1/4, by the property of Reifenberg flat domains, we have

|Qr/4(X0)| ≥ |Qr/4(t0, x̃) ∩ (R× Ω)| ≥ N(d,m)|Qr(X0)|.
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Hence the first equality in (7.5) follows. If r/4 > R0, then again by the property
of Reifenberg flat domains,

|Qr/4(X0)| ≥ |Qr/4(t0, x̃) ∩ (R× Ω)| ≥ (r/4)2m|BR0
(x̃) ∩ Ω|

≥ N(d,m)r2m|BR0
| = N(d,m,R0, |Ω|)r2m|Ω|.

This verifies the first equality in (7.6).

For given constant λ ≥ 0 and functions u and fα, |α| ≤ m, we write

(7.7)

U =
(
λ

1
2−

|α|
2mDαu

)
|α|≤m

, U ′ =
(
λ

1
2−

|α|
2mDαu

)
|α|≤m,α1<m

,

Θ =
∑

|β|=m

Aα̌βDβu, F =
(
λ

|α|
2m− 1

2 fα
)
|α|≤m

,

where α̌ = me1 = (m, 0, . . . , 0). In what follows, we assume that fα ≡ 0 for |α| < m
whenever λ = 0. By using the strong ellipticity condition, we have

N−1|U | ≤ |U ′|+ |Θ| ≤ N |U |,

where N = N(d,m, 
, δ).
We start with the following interior and boundary Hölder estimates.

Lemma 7.4. Let λ ≥ 0, q ∈ (1,∞), and L be the operator in (7.1). Suppose that
the coefficients Aαβ, |α| = |β| = m, are measurable functions of only x1 ∈ R; i.e.,
Aαβ = Aαβ(x1) and the lower-order coefficients of L are all zero.

(i) For any u ∈ C∞
loc(R

d+1) satisfying (7.3) in Q2 with fα = 0, we have

‖U ′‖C1−1/q(Q1) + ‖Θ‖C1−1/q(Q1) ≤ N‖U‖Lq(Q2),

where N = N(d,m, 
, δ, q).

(ii) For any u ∈ C∞
loc(R

d+1
+ ) satisfying (7.3) in Q+

2 with fα = 0 and u = Dx̂u =

· · · = Dm−1
x̂ u = 0 on Q2 ∩ {x1 = 0}, we have

‖U ′‖C1−1/q(Q+
1 ) + ‖Θ‖C1−1/q(Q+

1 ) ≤ N‖U‖Lq(Q
+
2 ),

where N = N(d,m, 
, δ, q).

Proof. The proof follows those of Corollary 4.2, Lemma 4.6, Corollary 7.6, and
Lemma 7.7 of [18] by using the interior and boundary Hm

q estimates, i.e., Theorems
2.2 and 2.4 in the same paper, instead of the Hm

2 -estimates. �

Next we derive the following mean oscillation estimate. Denote

Cr(X0) = (R× Ω) ∩Qr(X0).

Lemma 7.5. Let λ ≥ 0, q ∈ (1,∞), κ ≥ 64, μ, ν ∈ (1,∞), 1/μ + 1/ν = 1,
and L be the operator in (7.1). Suppose that the lower-order coefficients of L are
all zero. Then, under Assumption 7.1 (γ) with γ < 1/(4κ), for r ∈ (0, R0/κ],

X0 = (t0, x0) ∈ Rd+1 with x0 ∈ Ω, and u ∈ H̊m
qμ,loc(R × Ω) satisfying (7.3) in

Cκr(X0), where fα ∈ Lq,loc(Cκr(X0)), there exists UC on C := Cκr(X0) such that,
on C,

N−1|U | ≤ |UC | ≤ N |U |
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and (
|UC − (UC)Cr(X0)|

)
Cr(X0)

≤ N(κ
1
q−1 + κγ) (|U |q)

1
q

Cκr(X0)

+Nκ
d+2m

q (|F |q)
1
q

Cκr(X0)
+Nκ

d+2m
q γ

1
qν (|U |qμ)

1
qμ

Cκr(X0)
,(7.8)

where N = N(d,m, 
, δ, q, μ).

Proof. We follow the lines in the proof of Proposition 7.10 in [18], where Ω = Rd
+

and q = 2. As mentioned in Remark 5.8, we assume that the coefficients are
infinitely differentiable. We further assume λ > 0. Otherwise, we add the term εu,
ε > 0, to both sides of (7.3) and obtain (7.8) for the modified system. Then we let
ε ↘ 0.

Let x̃ ∈ ∂Ω be such that |x0 − x̃| = ρ := dist(x0, ∂Ω). We consider two cases.

Case 1. ρ ≥ κr/16. In this case, we have

Cr(X0) = Qr(X0) ⊂ Qκr/16(X0) ⊂ R× Ω.

Since κ/16 ≥ 4, (7.8) follows from Lemma 7.4(i) by using a scaling and rotation of
coordinates. See, for instance, the proof of Theorem 6.1 in [18].

Case 2. ρ < κr/16. Without loss of generality, one may assume (t0, x̃) = (0, 0).
Note that

(7.9) Cr(X0) ⊂ Cκr/8 ⊂ Cκr/2 ⊂ Cκr(X0).

Denote R = κr/2(< R0). Due to Assumption 7.1, by taking an orthogonal trans-
formation if necessary, we have

{(x1, x̂) : γR < x1} ∩BR ⊂ Ω ∩BR ⊂ {(x1, x̂) : −γR < x1} ∩BR

and

(7.10) sup
|α|=|β|=m

–

∫
QR

∣∣Aαβ(t, x1, x̂)− Āαβ(x1)
∣∣ dx dt ≤ γ,

where

(7.11) Āαβ(x1) = –

∫
Q′

R

Aαβ(τ, x1, ŷ) dŷ dτ.

Take a smooth function χ on R such that

χ(x1) ≡ 0 for x1 ≤ γR, χ(x1) ≡ 1 for x1 ≥ 2γR,

|Dkχ| ≤ N(γR)−k for k = 1, 2, . . . ,m.

Let û = χu, which vanishes on QR∩{x1 ≤ γR}. As in [18, Lemma 7.11], û satisfies

in Qγ+
R := QR ∩ {x ∈ Rd : x1 > γR},

ût + (−1)mL0û+ λû = (−1)m
∑

|α|=|β|=m

Dα
(
(Āαβ −Aαβ)Dβu

)

(7.12) +
∑

|α|≤m

χDαfα + (−1)mg + (−1)mh,
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where L0 is the differential operator with the coefficients Āαβ from (7.10), and

g =
∑

|α|=|β|=m

Dα
(
ĀαβDβ((χ− 1)u)

)
,

h = (1− χ)
∑

|α|=|β|=m

Dα(AαβDβu).

Now let ŵ be the unique H̊m
q (R× {x : x1 > γR}) solution of

(7.13) ŵt + (−1)mL0ŵ + λŵ = (−1)m
∑

|α|=|β|=m

Dα
(
ϕ(Āαβ −Aαβ)Dβu

)
+

∑
|α|≤m

χDα(ϕfα) + (−1)mĝ + (−1)mĥ

in R× {x : x1 > γR}, where ϕ := IQR
and

ĝ =
∑

|α|=|β|=m

Dα
(
ĀαβϕDβ((χ− 1)u)

)
,

ĥ = (1− χ)
∑

|α|=|β|=m

Dα(AαβϕDβu).

By using Hardy’s inequality, the Hm
q -estimate, and a duality argument (see Lemma

A.1 in Appendix A for details), we have

(7.14)
m∑

k=0

λ
1
2−

k
2m (IQγ+

R
|Dkŵ|q)

1
q

CR
≤ Nγ

1
qν (|U |qμ)

1
qμ

CR
+N(|F |q)

1
q

CR
.

We extend ŵ to be zero in CR \Qγ+
R , so that ŵ ∈ Hm

2 (CR), and let w = ŵ+(1−χ)u.
Similar to (7.20) of [18], we deduce from (7.14) that

(7.15) (|W |q)
1
q

CR
≤ Nγ

1
qν (|U |qμ)

1
qμ

CR
+N(|F |q)

1
q

CR
,

where W is defined in the same way as U with w in place of u. Noting that
Cr(X0) ⊂ CR and |CR|/|Cr(X0)| ≤ N(d)κd+2m, from (7.15) we obtain

(7.16) (|W |q)
1
q

Cr(X0)
≤ Nκ

d+2m
q γ

1
qν (|U |qμ)

1
qμ

CR
+Nκ

d+2m
q (|F |q)

1
q

CR
.

Next we define v = u−w (= χu− ŵ) in CR. From (7.12) and (7.13), it is easily

seen that v = 0 in CR \Qγ+
R and v satisfies

(7.17) vt + (−1)mL0v + λv = 0

in QR/2 ∩ {x : x1 > γR} and vanishes along with its derivatives up to (m − 1)-th
order on QR ∩ {x : x1 = γR}. Note that since the coefficients of L0 are infinitely
differentiable and v satisfies (7.17) in QR/2 ∩ {x : x1 > γR} with the Dirichlet
boundary condition, by the classical results, v is infinitely differentiable in Qτ∩
{x : x1 > γR} for any τ < R/2. Denote

D1 = Cr(X0) ∩ {x1 < γR}, D2 = Cr(X0) \ D1, D3 = QR/4 ∩ {x1 > γR}.
Because of (7.9), |D1| ≤ Nκγ|Cr(X0)|. As in (7.7), we set

V ′ = (λ
1
2−

|α|
2mDαv)|α|≤m,α1<m, Θ̂ =

∑
|β|=m

Āα̌β(x1)D
βv,
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where Āα̌β(x1) are from (7.11). Then applying Lemma 7.4(ii) with a scaling argu-
ment (Q+

r , r = 1, 2, in Lemma 7.4(ii) can be replaced by Q+
r (X) if, for instance,

X = (0, x1, 0) and −1/2 < x1 < 1/2), we get(
|V ′ − (V ′)Cr(X0)|

)
Cr(X0)

+
(
|Θ̂− (Θ̂)Cr(X0)|

)
Cr(X0)

≤ Nr1−
1
q
(
[V ′]

C
1− 1

q (D2)
+ [Θ̂]

C
1− 1

q (D2)

)
+Nκγ‖V ‖L∞(D2)

≤ Nr1−
1
q
(
[V ′]

C
1− 1

q (D3)
+ [Θ̂]

C
1− 1

q (D3)

)
+Nκγ‖V ‖L∞(D3)

≤ N(κ−1+ 1
q + κγ)(|V |q)1/qCR/2

,

which together with (7.15) and (7.16) yields (7.8). Indeed, we set UC = (U ′,Θ),
where

Θ := Θ̂ +
∑

|β|=m

Āα̌β(x1)D
βw.

Then (
|UC − (UC)Cr(X0)|

)
Cr(X0)

≤ N
(
|V ′ − (V ′)Cr(X0)|

)
Cr(X0)

+N
(
|Θ̂− (Θ̂)Cr(X0)|

)
Cr(X0)

+N
(
|W |

)
Cr(X0)

.

Here the last term is estimated by (7.16), and, as shown above, the first two terms

on the right-hand side are estimated by N(κ−1+1/q +κγ)(|V |q)1/qCR/2
, which is taken

care of by (7.15) and the fact that u = v + w in CR.

This completes the proof of Lemma 7.5. �

Finally, we complete the proof of Theorem 7.2.

Proof of Theorem 7.2. With Lemma 7.5 in hand, by using Corollaries 2.6 and 2.8
we prove Theorem 7.2 in the same way as Theorems 5.2, 5.4, and 6.3 were proved.

In particular, to apply Corollaries 2.6 and 2.8, we first find a filtration of parti-
tions by using Theorem 2.1. By the properties of the partitions, for each Qn in the
partitions, there exist r ∈ (0,∞) and X0 ∈ R× Ω such that

Qn ⊂ Cr(X0), |Cr(X0)| ≤ N |Qn|,

where N depends on K2 (recall that K1 = 1). Then we use UC , C = Cκr(X0),
in place of fQ in Corollary 2.8, where κ is to be chosen appropriately. For the
right-hand side of the inequality in Corollary 2.8, we set

g(Y ) = (κ
1
q0

−1 + κγ) [M(|U |q0)(Y )]
1
q0 + κ

d+2m
q0 [M(|F |q0)(Y )]

1
q0

+κ
d+2m

q0 γ
1

q0ν [M(|U |q0μ)(Y )]
1

q0μ ,

where q0 and μ are chosen as in the proof of Lemma 5.10. The rest of the details
are omitted. �
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8. Existence of solutions

The a priori estimates proved in the previous sections can be used to derive the
existence of solutions to the corresponding equations/systems. In this section, as
an example we show the solvability of (7.3) in the mixed-norm weighted Sobolev
spaces.

Throughout this section, we assume that the conditions in Theorem 7.2 are
satisfied. Then by reverse Hölder’s inequality and the doubling property of Ap

weights, we can find a sufficiently large constant p1 and small constants ε1, ε2 ∈
(0, 1) depending only on d, p, q, K2, [w1]Ap

, and [w2]Aq
such that

1− p

p1
=

1

1 + ε1
, 1− q

p1
=

1

1 + ε2
,

and both w1+ε1
1 and w1+ε1

2 are locally integrable and satisfy the doubling property.
That is, for any r > 0, x′

0 ∈ Ω1 and (t0, x
′′
0) ∈ R× Ω2, we have∫

B2r(x′
0)∩Ω1

w1+ε1
1 dx′ ≤ N0

∫
Br(x′

0)∩Ω1

w1+ε1
1 dx′,(8.1) ∫

Q̃2r(t0,x′′
0 )∩(R×Ω2)

w1+ε2
2 dx′′ dt ≤ N0

∫
Q̃r(t0,x′′

0 )∩(R×Ω2)

w1+ε2
2 dx′′ dt,(8.2)

where N0 is independent of r, x′
0, and (t0, x

′′
0),

Q̃r(t0, x
′′
0) = (t0 − r2m, t0 + r2m)×Br(x

′′
0)

is a double parabolic cylinder in R×Rd2 , and Br(x
′
0) (and Br(x

′′
0)) is a ball in Rd1

(and Rd2 , respectively). By Hölder’s inequality, it is easily seen that any function
f ∈ Lp1

(R× Ω) is locally in Lp,q,w(R× Ω), and for any r > 0,

(8.3) ‖f‖Lp,q,w(Qr∩(R×Ω)) ≤ N‖f‖Lp1
(Qr∩(R×Ω)),

where Qr := (−r2m, r2m)×Br ⊂ R× Rd and N also depends on r.
Now let fα ∈ Lp,q,w(R × Ω) for |α| ≤ m. By the denseness of C∞

0 (R × Ω) in
Lp,q,w(R× Ω), for each multi-index α, we can find a sequence of smooth functions
{fα,k} with bounded supports such that

(8.4) fα,k → fα in Lp,q,w(R× Ω) as k → ∞.

Since for each k = 0, 1, . . . , fα,k ∈ Lp1
(R × Ω), by the solvability in unweighted

Sobolev spaces (see [18, Theorem 8.2]), there is a unique solution uk ∈ H̊m
p1
(R×Ω)

to

(uk)t + (−1)mLuk + λuk =
∑

|α|≤m

Dαfα,k

in R× Ω provided that

γ ≤ γ1(d, n,m, p1, δ) and λ ≥ λ1(d, n,m, p1, δ, R0).

We claim that if γ is taken to be smaller than γ1 as well as the constant γ in
Theorem 7.2, and λ ≥ max{λ0, λ1}, then uk ∈ H̊m

p,q,w(R × Ω). Assume for the
moment that the claim is proved. Then it follows from the a priori estimate (7.4)

and (8.4) that {uk} is a Cauchy sequence in H̊m
p,q,w(R×Ω). Let u be its limit. Then

by taking the limit of the weak formulation for the equation of uk, it is easily seen
that u is a solution to (7.3).
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It remains to prove the claim. We fix a k ∈ N and assume that fα, |α| ≤ m, are
supported in QR ∩ (R× Ω) for some R ≥ 1. By (8.3), we have

(8.5) ‖Dαuk‖Lp,q,w(Q2R∩(R×Ω)) < ∞, 0 ≤ |α| ≤ m.

For j ≥ 0, we take a sequence of smooth functions ηj such that ηj ≡ 0 in Q2jR,
ηj ≡ 1 outside Q2j+1R, and

|Dαηj | ≤ N2−j|α|, |α| ≤ m, |(ηj)t| ≤ N2−2mj .

A simple calculation reveals that ukηj ∈ H̊m
p1
(R× Ω) satisfies

(ukηj)t + (−1)mL(ukηj) + λukηj

= uk(ηj)t +
∑

|α|≤m,|β|≤m

∑
1≤|β̃|≤|β|

Dα
(
Aαβcβ,β̃D

β̃ηjD
β−β̃uk

)
,

where cβ,β̃ are combinatorial numbers. Applying the a priori estimate in [18, The-

orem 8.2] with p1 instead of p to ukηj , we get

∑
|α|≤m

λ1− |α|
2m ‖Dα(ukηj)‖Lp1

(R×Ω) ≤ N‖uk(ηj)t‖Lp1
(R×Ω)

+ N
∑

|α|≤m,|β|≤m

∑
1≤|β̃|≤|β|

λ
|α|
2m ‖Dβ̃ηjD

β−β̃uk‖Lp1
(R×Ω),

which implies that∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

(R×Ω\Q2j+1R) ≤ N2−j‖uk‖Lp1
((Q2j+1R\Q2jR)∩(R×Ω))

+ N2−j
∑

|α|≤m,|β|≤m−1

λ
|α|
2m ‖Dβuk‖Lp1

((Q2j+1R\Q2jR)∩(R×Ω)).

Thus we have ∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

((Q2j+2R\Q2j+1R)∩(R×Ω))

≤ N2−j
∑

|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

((Q2j+1R\Q2jR)∩(R×Ω)),

where we also used the fact that λ ≥ 1. By induction, we obtain for each j ≥ 1,∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

((Q2j+1R\Q2jR)∩(R×Ω))

≤ N2−
j(j−1)

2

∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

(Q2R∩(R×Ω)).(8.6)
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Finally, by Hölder’s inequality, (8.1), (8.2), and (8.6), we get for each j ≥ 1,∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp,q,w((Q2j+1R\Q2jR)∩(R×Ω))

≤ ‖w1‖
1
p

L1+ε1
(B2j+1R∩Ω1)

‖w2‖
1
q

L1+ε2
(Q̃2j+1R∩(R×Ω2))

·
∑

|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

((Q2j+1R\Q2jR)∩(R×Ω))

≤ NN
j( 1

p+
1
q )

0 2−
j(j−1)

2

∑
|α|≤m

λ1− |α|
2m ‖Dαuk‖Lp1

(Q2R∩(R×Ω)),

where B2j+1R is a ball in Rd1 as in (8.1). The above inequality together with (8.5)
implies that

(8.7) Dαuk ∈ Lp,q,w(R× Ω), 0 ≤ |α| ≤ m.

Then the claim, i.e., uk ∈ H̊m
p,q,w(R × Ω), follows from (8.7), the equation for uk,

and the fact that uk ∈ H̊m
p1
(R× Ω).

Appendix A

Proof of Theorem 2.5. We follow the proof of Theorem 1.4 in [13] in the setting of
spaces of homogeneous type.

For the given w ∈ Ap, define

Rh(x) =
∞∑
k=0

Mkh(x)

2kNk
1

, h ∈ Lp(w dμ),

where, for k ≥ 1, Mk = M◦ · · · ◦M is the k-th iteration of the maximal operator,
M0h = |h|, and N1 is the constant N from Theorem 2.2 determined by K1, K2, p,
and [w]Ap

. The operator R has the following properties:

(1) for all x ∈ X , |h(x)| ≤ Rh(x);
(2) ‖Rh‖Lp(w dμ) ≤ 2‖h‖Lp(w dμ);
(3) Rh ∈ A1; i.e., there exists a constant C such that M (Rh) (x) ≤ CRh(x)

for almost every x ∈ X . The infimum of all such C, denoted by [Rh]A1
,

satisfies
[Rh]A1

≤ 2N1.

Now we define the operator M′h = M(hw)/w. Since w1−p′ ∈ Ap′ , where

1/p+1/p′ = 1, M is bounded on Lp′(w1−p′
dμ); thus M′ is bounded on Lp′(w dμ).

Note that
[w1−p′

]Ap′ =
(
[w]Ap

)1/(p−1)
,

and, for h ∈ Lp′(w dμ),

‖M′h‖Lp′ (w dμ) = ‖M(hw)‖Lp′ (w
1−p′ dμ)

≤ N2‖hw‖Lp′ (w
1−p′ dμ) = N2‖h‖Lp′ (w dμ),

where N2 is the constant N from Theorem 2.2 determined by K1, K2, p′, and
[w1−p′

]Ap′ . Define

R′h(x) =
∞∑
k=0

(M′)kh(x)

2kNk
2

, h ∈ Lp′(w dμ),
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where, again, (M′)0h = |h|. As above, the operator R′ has the following properties:

(1) for all x ∈ X , |h(x)| ≤ R′h(x);
(2) ‖R′h‖Lp′ (w dμ) ≤ 2‖h‖Lp′ (w dμ);

(3) M′(R′h)(x) ≤ 2N2R′h(x). Thus (R′h)w ∈ A1 with [(R′h)w]A1
≤ 2N2.

Set

Λ0 = 2p0Np0−1
1 N2.

Using this Λ0 and the assumption that (2.11) holds for all w̃ ∈ Ap0
satisfying

[w̃]Ap0
≤ Λ0, we derive (2.12). Assume that ‖g‖Lp(w dμ) < ∞. Otherwise, there is

nothing to prove. Let h ∈ Lp′(w dμ). Since g ∈ Lp(w dμ) and h ∈ Lp′(w dμ), by
the properties of R and R′ above, we have

Rg ∈ A1, [Rg]A1
≤ 2N1, (R′h)w ∈ A1, [(R′h)w]A1

≤ 2N2.

Denote

w̃ = (Rg)1−p0(R′h)w.

Then, for instance, by Proposition 1.2 in [1], we have w̃ ∈ Ap0
and

[w̃]Ap0
≤ [Rg]p0−1

A1
[(R′h)w]A1

≤ 2p0Np0−1
1 N2 = Λ0.

Note that, from the properties of R and R′,∫
X
(Rg)(R′h)w dμ ≤

(∫
X
|Rg|pw dμ

)1/p (∫
X
|R′h|p′

w dμ

)1/p′

≤ 4‖g‖Lp(w dμ)‖h‖Lp′ (w dμ),(A.1)

and by (2.11)(∫
X
|f |p0(Rg)1−p0(R′h)w dμ

)1/p0

=

(∫
X
|f |p0w̃ dμ

)1/p0

≤ N0

(∫
X
|g|p0w̃ dμ

)1/p0

= N0

(∫
X
|g|p0(Rg)1−p0(R′h)w dμ

)1/p0

.

From this, the inequalities |h| ≤ R′h, |g| ≤ Rg, Hölder’s inequality, and (A.1), we
have ∫

X
|f |hw dμ ≤

∫
X
|f |(Rg)−1/p′

0(Rg)1/p
′
0(R′h)w dμ

≤
(∫

X
|f |p0(Rg)1−p0(R′h)w dμ

)1/p0
(∫

X
(Rg)(R′h)w dμ

)1/p′
0

≤ N0

(∫
X
|g|p0(Rg)1−p0(R′h)w dμ

)1/p0
(∫

X
(Rg)(R′h)w dμ

)1/p′
0

≤ N0

(∫
X
(Rg)(R′h)w dμ

)1/p0
(∫

X
(Rg)(R′h)w dμ

)1/p′
0

= N0

∫
X
(Rg)(R′h)w dμ ≤ 4N0‖g‖Lp(w dμ)‖h‖Lp′ (w dμ).

Since h ∈ Lp′(w dμ) is arbitrary and, by the definition of Ap weights, w dμ is a σ-
finite measure of X , from the above inequality we obtain ‖f‖Lp(w dμ) < ∞ and the
inequality (2.12). The second statement is clear because the constants N1 and N2

from Theorem 2.2 can be chosen depending only on the upper bound of [w]Ap
. �
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Since the proof of Lemma 6.5 follows that of [18, Proposition 7.10], the following
lemma is proved by combining Lq-versions of the claims in Lemmas 7.12 and 7.13
of [18]. However, the integration by parts argument in the proof of [18, Lemma
7.12] for q = 2 does not work for general q ∈ (1,∞), so instead we use a duality
argument (also used in [24]), the details of which are given below.

Lemma A.1. Let ŵ be the unique H̊m
q (R×{x ∈ R

d : x1 > γR}) solution of (7.13)
in R× {x : x1 > γR}. Then we have (7.14).

Proof. Set Ω̃ = {x ∈ R
d : x1 > γR} and

L1v =
∑

|α|=|β|=m

Dβ
(
ĀαβDαv

)
,

where Āαβ are from (7.11). By using the results in [18], in particular, by replacing

t by −t in Theorem 2.4(iii) there, for hα ∈ C∞
0 (R× Ω̃), 0 ≤ |α| ≤ m, find a unique

solution v ∈ H̊q′(R× Ω̃), 1/q + 1/q′ = 1, to the system

(A.2) −vt + (−1)mL1v + λv = (−1)|α|Dαhα

in R× Ω̃ satisfying

(A.3)
∑

|α|≤m

λ1− |α|
2m ‖Dαv‖Lq′ (R×Ω̃) ≤ N

∑
|α|≤m

λ
|α|
2m ‖hα‖Lq′ (R×Ω̃).

Since an approximation is available, if it is convenient, we may assume that v is
infinitely differentiable and has compact support. From (A.2) and (7.13) (apply v
as a test function to (7.13)), we see that∑

|α|≤m

∫
R×Ω̃

hαD
αŵ dx dt =

∫
R×Ω̃

(
−ŵvt + ĀαβDβŵDαv + λŵv

)
dx dt

=
∑

|α|=|β|=m

∫
R×Ω̃

ϕ(Āαβ −Aαβ)DβuDαv dx dt

+
∑

|α|≤m

(−1)|α|
∫
R×Ω̃

ϕfαD
α(χv) dx dt

+
∑

|α|=|β|=m

∫
R×Ω̃

ĀαβϕDβ ((χ− 1)u)Dαv dx dt

+
∑

|α|=|β|=m

∫
R×Ω̃

Ix1<2γRA
αβϕDβuDα ((1− χ)v) dx dt,

where in the last integral we used the fact that 1− χ = 0 if x1 ≥ 2γR. The above
equalities with Hölder’s inequality show that

(A.4)
∑

|α|≤m

∫
R×Ω̃

hαD
αŵ dx dt ≤ N‖ϕ(Āαβ −Aαβ)Dmu‖Lq

‖Dmv‖Lq′

+
∑

|α|≤m

‖ϕfα‖Lq
‖Dα(χv)‖Lq′ +N‖ϕDm ((χ− 1)u) ‖Lq

‖Dmv‖Lq′

+N‖Ix1<2γR ϕDmu‖Lq
‖Dm ((1− χ)v) ‖Lq′ ,
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where Lq = Lq(R× Ω̃) and Lq′ = Lq′(R× Ω̃). Notice that

|Dkχ| ≤ N(x1 − γR)−k

for k = 1, 2, . . . ,m. Thus by Lemma 7.9 in [18] we have

‖Dα(χv)‖Lq′ ≤ N‖Dαv‖Lq′ , |α| ≤ m.

Since hα ∈ C∞
0 (R× Ω̃) are arbitrary, this inequality together with (A.4) and (A.3)

implies that

(A.5)∑
|α|≤m

λ
1
2−

|α|
2m ‖Dαŵ‖Lq

≤ N‖ϕ(Āαβ −Aαβ)Dmu‖Lq
+N

∑
|α|≤m

λ
|α|
2m− 1

2 ‖ϕfα‖Lq

+N‖ϕDm ((χ− 1)u) ‖Lq
+N‖Ix1<2γR ϕDmu‖Lq

,

where N = N(d,m, 
, δ, q).
Now we observe that by Hölder’s inequality and Assumption 7.1 (recall that

ϕ = IQR
)

‖ϕ(Āαβ −Aαβ)Dmu‖Lq
≤

(∫
CR

|Āαβ −Aαβ |q|Dmu|q dx dt
)1/q

≤ NR
d+2m

q γ
1
qν (|U |qν)

1
qμ

CR
.

By Lemma 7.9 in [18] and Hölder’s inequality (see the proof of [18, Lemma 7.13])

‖ϕDm((χ− 1)u)‖Lq

≤
(∫

CR

I−γR<x1<2γR|Dmu|q dx dt
)1/q

≤ NR
d+2m

q γ
1
qν (|U |qμ)

1
qμ

CR
.

Upon treating the other terms in the right-hand side of (A.5) similarly and bounding
the right-hand side of (7.14) by the left-hand side of (A.5), we finally obtain (7.14).
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