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ON L,-ESTIMATES FOR ELLIPTIC AND PARABOLIC
EQUATIONS WITH A, WEIGHTS

HONGJIE DONG AND DOYOON KIM

ABSTRACT. We prove generalized Fefferman-Stein type theorems on sharp
functions with A, weights in spaces of homogeneous type with either finite or
infinite underlying measure. We then apply these results to establish mixed-
norm weighted Ljy-estimates for elliptic and parabolic equations/systems with
(partially) BMO coefficients in regular or irregular domains.

1. INTRODUCTION

The objective of this paper is two-fold. The first is to present a few general-
ized versions of the Fefferman-Stein theorem on sharp functions. One of our main
theorems in this direction proves

(11) Hf”Lp,q(X,wdu) < NHf(ﬁ;”Lp’q(X,wdu), D, q € (1,00)7

where (X, ) is a space of homogeneous type, w is a Muckenhoupt weight, fﬁ, is the
sharp function of f using a dyadic filtration of partitions of X', and Lp7q(2\f ,wdp)
is a mixed-norm space. A space X of homogeneous type is equipped with a quasi-
distance and a doubling measure p. A brief description of spaces of homogeneous
type is given in Section 2l For more discussions, see [11[441[45]. If X is the product
of two spaces (X7, p1) and (Xa, p2) of homogeneous type, w = wy (z')wa(z”), and
w(x) = pr(a)pa(z”), where 2/ € Xy and 2" € Xa, then the L, (X, w du) norm is
defined as

q/p
||fHLp,q(X,wdu): /X (/X |f|pw1($/)/ﬁ1(dl‘/)> w2(95”)ﬂ2(d$”)

See ([ZI3)) for a precise definition of the mixed norm. If X is the Euclidean space
R?, i is the Lebesgue measure on R%, w = 1, and p = ¢, the inequality (IT)) is the
celebrated Fefferman-Stein theorem on sharp functions. See, for instance, [26,[49],
where the measure of the underlying space is clearly infinite. Here we deal with
both the cases of a finite measure u(X) < co and an infinite measure p(X’) = cc.
We also present a different form of the Fefferman-Stein theorem. See Theorems [2.3]
and 24 and Corollaries and 27

The second objective, which is in fact a motivation for writing this paper, is
to apply the generalized versions of the Fefferman-Stein theorem to establishing

1/q
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weighted L), ,-estimates for elliptic and parabolic equations/systems. For instance,
for the second order non-divergence type parabolic equation

—uy +a”Diju+ b Diu+ cu= f
in R*!, we prove the a priori weighted L, ,-estimate

HU”Wl»? (Rd+1) < N”fHLp,q,w(Rdﬂ), p,q € (1,00),

p,q,w

where

lullyrz, = luelr, 0 + lullz,.,. + [Dullz,,. + DL

Pq,w Pig,w

p,q,w

In this case the coefficients a¥ (¢, z) are allowed to be very rough so that they have
no regularity assumptions in one spatial variable and have small mean oscillations in
the remaining variables. We also treat higher order non-divergence type elliptic and
parabolic systems and higher order divergence type elliptic and parabolic systems in
Reifenberg domains. See Theorems (.2 541 5.5 6.3 [6.4] [[.2] and the assumptions
of the theorems on coefficients. While we focus on the a priori estimates, in Section
[ we illustrate how to derive from them the corresponding existence results. We do
not employ the usual method of continuity because we were not able to find in the
literature the solvability even for simple equations in mixed-norm weighted spaces.

Regarding the Fefferman-Stein theorem on sharp functions, there has been con-
siderable study on its generalizations and applications. For instance, see [I327,29]
17.[49] and references therein. In [27], Fujii proved a Fefferman-Stein type inequal-
ity as in (I)) when the underlying space is R? with the Lebesgue measure and the
weighted norms on both sides of the inequality have two different weights. If two
weights are the same, they belong to the class of Muchenhoupt weights A.,. See
the definition of A, p € (1,00] in Section @l In Martell’s paper [47], one can find
an analog of the classical Fefferman-Stein inequality when the underlying space is a
space of homogeneous type having either a finite or an infinite measure. The sharp
function in [47] is a generalization of the classical sharp function and is associated
with approximations of the identity. Theorem 4.2 in [47] is quite close to Theorem
2.3l in this paper in the sense that both theorems deal with spaces of homogeneous
type with a finite or infinite underlying measure. On the other hand, in [47] a
distance, instead of a quasi-distance, is assumed.

Sharp functions in this paper are based on a filtration of partitions, instead of
balls, of the underlying space and are in a convenient form to utilize Fefferman-
Stein type inequalities in the proofs of L, or L, ,-estimates for elliptic and parabolic
equations/systems with irregular coefficients. In the case of a finite underlying
measure, our theorems are more quantitative than Theorem 4.2 in [47] and are
stated in such a way that one can control the weighted L,, or L, ;-norm of a function
f by that of f(f; if the support of f is sufficiently small. Moreover, we have a different
form of the Fefferman-Stein theorem (Theorem 2.4]) and the mixed-norm versions
(Corollaries 271 and 2.8]), which are very useful for the mixed-norm case as well as
when equations/systems have very irregular coefficients. Especially, Theorem [2.4]
and Corollary generalize [43] Theorem 2.7], where the whole Euclidean space
R? is considered with the Lebesgue measure and no weights.

By following the arguments from [42], we give detailed proofs of the Fefferman-
Stein type inequalities presented in this paper. In particular, to derive the mixed-
norm case from the unmixed version, we refine the extrapolation theorem of Rubio
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de Francia [48] to incorporate spaces of homogeneous type. In fact, such an exten-
sion is mentioned in [12] without a proof. In Appendix [Al we present a proof of
our version of the theorem, the statement of which is modified from the original
extrapolation theorem in that the assumption of the theorem is required to hold
only for weights in a certain subset of the Muckenhoupt weights A, not all weights
in A,. See Theorem It turns out that such a modification, when applied to L,
or Ly, 4-estimates, gives more precise information on the parameters involved in the
estimates.

After we treat the Fefferman-Stein type inequalities in Sections2land 3] as exam-
ples we prove a priori weighted L,, ,-estimates for three classes of systems/equations.
In SectionBlwe consider non-divergence type higher order elliptic and parabolic sys-
tems defined in the whole Euclidean space or on a half space. The coefficients of
the systems have small mean oscillations with respect to the spatial variables in
small balls or cylinders and, in the parabolic case, have no regularity assumptions
(only measurable) in the time variable. Coefficients in this class (called BMO,,
coefficients) are less regular than those having vanishing mean oscillations (VMO).
See [20] and references therein for a discussion about BMO and VMO coefficients.
Here we generalize the results in [20], where no weights and unmixed-norms are
considered.

The novelty of the results in Section B as well as those in the later sections is
that we prove mixed-norm estimates for arbitrary p,q € (1,00). In [4I] Krylov
proved mixed-norm estimates for second order parabolic equations in R?*! with
the same class of coefficients in Section However, due to Lemma 3.3 there and
the fact that the Hardy-Littlewood maximal function theorem holds for p € (1, o0},
the estimates are proved only for ¢ > p. The mixed-norm in [41] is defined as

a/p 1/a
q,p:</ (/ |f(t,:v)|pdac> dt) , l<p<g<oo.
R \JRd

When the coefficients are VMO in z and independent with respect to ¢, mixed-
norm estimates for parabolic systems in non-divergence form were established in
[31]. When the coefficients are measurable functions of only ¢, weighted mixed-
norm estimates for non-divergence type parabolic equations on a half space or on a
wedge were proved in [37,88] with power type weights. Recently, in [28] Gallarati
and Veraar proved L, ,-estimates for any p,q € (1,00) when the coefficients are
uniformly continuous in the spatial variables and measurable in time. To the best
of the authors’ knowledge, our results regarding mixed-norms are the first to deal
with not only the case for arbitrary p,q € (1,00) but also higher order (including
second order) elliptic and parabolic systems/equations with BMO coefficients. It
is unclear to us whether it is possible to prove such mixed-norm estimates without
using A, weights.

In Section [l we further relax the regularity assumptions on coefficients for second
order elliptic and parabolic equations in non-divergence form. The main feature of
the coefficients is that they have no regularity assumptions in one spatial variable.
Such coefficients are considered in [T4HI6LB3H36] for equations defined in the whole
Euclidean space or on a half space with the Lebesgue measure and no weights. In a
recent paper [22], the authors investigated second order elliptic and parabolic equa-
tions in both divergence and non-divergence form with the same class of coefficients
as in Section [l in weighted Sobolev spaces with weights being certain powers of the

/]
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distance function to the boundary. These are the same weights used by Krylov, for
instance, in [39]. Note that the powers of the distance function in [39] vary with
the order of derivatives and, depending on the power, such weights may not be in
the class of A, weights. Thus the results in [39] cannot be directly deduced from
those in this paper. On the other hand, Theorem [6.4] generalizes the main result
in [23] on weighted Lj-estimates for the Neumann boundary value problem. See
Remark

Finally, in Section [l we prove a priori weighted L, ,-estimates for higher order
(including second order) elliptic and parabolic systems in divergence form. The
coefficients are, roughly speaking, locally measurable in one direction and have small
mean oscillations with respect to the other directions in small balls or cylinders.
If no weights and unmixed norms are assumed, the results in Section [6] have been
developed in [I§]. Concerning the second order equations/systems case, see, for
instance, [6L[8,17,19,21] and references therein. Recently, in [4,[5] the authors
treated divergence type second order parabolic systems in Sobolev and Orlicz spaces
with A, weights and unmixed-norms. A noteworthy difference is that in this paper
the weights are in A, for L, ;-estimates when p = ¢, whereas in [4l[5] the weights
are in A, /5 for L,-estimates. Due to the property of Muckenhoupt weights, the set
Ay is strictly larger than A, /5.

Throughout Sections Bl B and [ the main approach is the mean oscillation
estimates combined with Fefferman-Stein type inequalities. For this approach, see,
for instance, [20,40,42]. When deriving desired mean oscillation estimates, we
take full advantage of the existence and uniqueness results as well as unmixed
L,-estimates for second and higher order elliptic and parabolic equations/systems
in Sobolev spaces without weights proved in [I6,[I8,20,86]. As to divergence type
systems in Reifenberg flat domains, here we prove a priori L, ;-estimates using sharp
functions, whereas previously a level set type argument in the spirit of [9] is used.
To the best of the authors’ knowledge, sharp functions have not been previously
used when treating equations/systems on Reifenberg flat domains. Indeed, this
was mainly due to the lack of the corresponding Fefferman-Stein theorem. For
equations/systems in Reifenberg flat domains and the level set type argument, see,
for instance, [7}[I§]. Utilizing sharp functions makes it possible to derive mixed-
norm estimates from mean oscillation estimates via the Fefferman-Stein theorem
with mixed-norms.

The paper is organized as follows. In Sections 2] and Bl we present generalized
versions of the Fefferman-Stein theorem on sharp functions and their proofs. In
Section [ we introduce some notation and function spaces to be used in later sec-
tions. Finally, as hinted above, in Sections[l Bl and[7l we establish a priori weighted
L, 4-estimates for elliptic and parabolic equations/systems in either non-divergence
or divergence form. In Section Rl we explain how to derive the corresponding exis-
tence results from the a priori estimates in the previous sections. In Appendix [A]
we give a detailed proof of a refined Rubio de Francia extrapolation theorem and
an auxiliary lemma, the latter of which is used in Section [7l

2. GENERALIZED FEFFERMAN-STEIN THEOREM

Let X be a set. Recall that a non-negative symmetric function on X x X is
called a quasi-metric on X if there exists a constant K such that

(2.1) p(r,y) < Ki(p(w,2) + p(2,y))
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for any x,y,z € X, and p(z,y) = 0 if and only if x = y. We denote balls in X by

B(x) ={y € X : p(z,y) <r}.

Let p be a complete Borel measure defined on a o-algebra on X containing all the
balls in X and satisfy the doubling property: there exists a constant Ky such that
for any z € X and r > 0,
(2.2) 0 < p(Bar(x)) < Kap(Br(x)) < oc.
Throughout the paper, we assume that the Lebesgue differentiation theorem holds
in (X, ). For this theorem one may assume that p is Borel regular or the set of
continuous functions is dense in L1(X, ). See [BL10] and references therein. We
say that (X, p,u) is a space of homogeneous type if X is a set endowed with a
quasi-metric p and (X, p, p) satisfies the above assumptions. We also assume that
balls B, (x) are open in X.

Due to a result by Christ [I1], Theorem 11], there exists a filtration of partitions
(also called dyadic decompositions) of X in the following sense.

Theorem 2.1. Let (X, p,u) be a space of homogeneous type as described above.
For each n € Z, there is a collection of disjoint open subsets C,, :={Q" : « € I,}
for some index set I, which satisfies the following properties:

(1) for anyn € Z, p(X \ U, Qq) = 0;

(2) for each n and o € I,,, there is a unique 8 € I,,_1 such that Q7 C Qg_l;
(3) for each n and « € I,, diam(Q?) < Nyd";

(4) each QF contains some ball B sn (22)

for some constants § € (0,1), eg > 0, and Ny depending only on K1 and K.

Instead of the above partitions one may use a significantly refined version of
dyadic decompositions in [32].
Denote X' =, U, @&. By properties (1) and (2) in Theorem 21l we have

X\X)=0, X = lim n
WX\ ) Jm e
By properties (2), (3), and (4) in Theorem 2.1}, we have

(2:3) p@Y) < Nip(@3)

for any n, a € I,,, B € I,,—1 such that Q”CQn_l.
We denote f € L,(X,pu) or f e Ly(p) peloo) if

v utaa) = [ 111 du < .

For a function f € Ly 10c(X, 1) and n € Z, we set
fin(@) = 1 f(y) pldy),
Qa
where z € Q" € C,. For x € X, we define the (dyadic) maximal function and
sharp function of f by

May f(x) = sup |f|(2),
n<oo

n<oo

fE (@) = sup ][Qna () — (@) ).
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Since the quantities of concern are the L,-norms and u(X \ X) = 0, we take the
zero extension of them to X \ X. We also define the maximal function and sharp
function of f over balls by

Mi@ = s f 1)l

B, (z*)2z

=m0 = D )

B, (z*)3x

where the supremums are taken with respect to all balls B,.(z*) containing z, and

oo = f, 1) uia)

The advantage to working on the maximal and sharp functions defined over dyadic
decompositions is that one can neglect the geometry of the space. By properties
(2) and (3) of the filtration in Theorem 2] and the doubling property of u, it is
easily seen that

(2.4) Mayf(z) < NMf(z) and f§ (x) < Nf#(z) pae.,

where N is a constant depending only on K; and Ks.
For any p € (1,00), let A, = Ap(n) = Ap(X,dp) be the set of all non-negative
functions w on (X, p, 1) such that

p—1
[w]a, == sup <][ w(w) d,u) <][ (w(w))_l/(p_l) du) < 0.
0 EX,r>0 By(z0) B, (x0)

By Holder’s inequality, we have
(2.5) A, C Ay 1< wla, <wla,, 1<p<g<oo.
Denote Ao = U,~y Ap. We write f € L,(X,wdp) or f € Ly(wdp) if

[ 15w utan) = [ \pwdn < oc.
X X

We use w(-) to denote the measure w(dz) = wu(dx), i.e., for A C X,

w(A) = /Aw(:b)u(da:).

Throughout this section, we assume that (X, p, 1) is a space of homogeneous type
with a filtration of partitions from Theorem 21l The following Hardy-Littlewood
maximal function theorem with A, weights was obtained in [I].

Theorem 2.2. Letp € (1,00), w € A,. Then for any f € L,(wdu), we have

HMfHLp(wd,u) < NHfHLp(wdu);

where N = N(K1,Ka,p,[w]a,) > 0. If Ko > 1 and [w]a, < Ko, then one can
choose N depending only on K1, Ko, p, and K.

Note that in Theorem [Z2] p(X) can be either finite or infinite, and X is allowed
to be a bounded space with respect to p.

Our first result of this paper is the following generalization of the Fefferman-Stein
theorem on sharp functions with A., weights.
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Theorem 2.3. Let p,q € (1,00), ¢ > 0, Ko > 1, w € Ay, [w]a, < Ko, and
f e Lp(wdp).
(i) When pu(X) < oo, we have

1
(2.6) 1112 iy < NN ay + N (X)) (@ (00D 1)) 7| 1], )
If in addition we assume that supp f C By, (zo) and u(By,(zo)) < ep(X)
for some ro € (0,00) and xg € X, then
(2.7) 1N, (wdpy < N||ff;||Lp(wdu) + Nellfllz, (wdp)-
Here N = N(Ki, Ks,p,q,Ko) > 0. In particular, when € is sufficiently
small depending on K1, Ks, p, q, Ko, it holds that
(28) ||f||L (wdp) < N”f:{t/HLp(wdu)'

(ii) When pu(X) = oo, [23) holds.

In the special case when X = R? with the Lebesgue measure, Theorem 23] was
established in [27].

Our second result is a further generalization of Theorem in the spirit of
[43, Theorem 2.7].

Theorem 2.4. Let p,q € (1,00), ¢ > 0, Ko > 1, w € Ay, and [w]a, < Kp.
Suppose that
f€Ly(wdu), g€ Ly(wdn), veLy(wdu), |f[<w,

and for each n € Z and Q € C,,, there exists a measurable function f@ on Q such
that |f| < f@ <wv on Q and

(2.9 ][ £9@) = (f9) | nlde) < gly) Yy € Q.
(i) When u(X) < oo, we have
FIZ, cawapy < DU o 1015 (o + N (X)) Po(supp o) o]}

If in addition we assume that suppv C By, (zo) and p(Byr,(z)) < ep(X)
for some rg € (0,00) and xg € X, then

(2.10) A,y S NNIIZ, o gy 101 ey + NEPIOIT, oy -

Here (ﬂ,N) = (ﬂaN)(Kl,K%pa(LKO) > 0.
(ii) When p(X) = oo, 2I0) holds with e = 0.

In Theorem 2.4, we are mostly interested in the case when v < K3|f| for some
constant K3 > 0. Then from (210), we obtain

||f||Lp(wdu) < NHgHLp(wdu)

provided that ¢ is sufficiently small. Note that when f@ = v = |f| and g =
2 fj;(ac), (Z9) is satisfied due to the triangle inequality and Theorem 2:4is reduced
to Theorem

By using the extrapolation theory of Rubio de Francia (see, for instance, [13]),
we deduce Corollaries 2.6 2.7 and Z8 below from Theorems 22 23] and 241
In particular, we use the following version of the extrapolation theorem, the main
feature of which is that, to prove the desired estimate ([212)) for a given p € (1, c0),
the estimate (ZII) as an assumption needs to hold only for a subset of A4,,, not for
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all weights in A,,. Certainly, to obtain the estimate ([ZI2) for all p € (1,00), we
need the estimate (211 for all weights in A,,. For a proof, one can just refer to
the proof of Theorem 1.4 in [I3] with a slight clarification of the constants involved.
For the reader’s convenience, we present a proof in Appendix [Al

Theorem 2.5. Let f,g: X — R be a pair of measurable functions, pg,p € (1,00),
and w € Ap. Then there exists a constant Ao = Ao(K1, Ko, po,p, [w]a,) > 1 such
that if

(2.11) 1Ny (@ dy < Nollgllz,, (i dpr)
for some No > 0 and for every W € A,, satisfying [1D]Ap0 < Ag, then we have
(2.12) 1 F Il (wdw) < 4Nollg| L, (w dpa) -

Moreover, if [w]a, < Ko, then Ay can be chosen so that it depends only on Ky, Ko,
Po, D, and KO-

In the sequel, we write = (2/,2"). Let (X', p1,u1) and (X", pa, u2) be two
spaces of homogeneous type. Define u to be the completion of the product measure
on X' x X and let

p((a, "), (v y") = pr(a’,y) + p2(2”, y")
be a quasi-metric on X’ x X”'. Let X be a subset of X’ x X" which satisfies the
following conditions:
(a) (X, plrxax,i|lx) is of homogeneous type;
(b) for any p € (1,00), w1 = wi(2) € Ap(p1) and wy = wa(z”) € Ap(p2),
w = w(z) = wy(z")wa(x")
is an A, weight on (X, plxxx, ttlx)-
The doubling property of u along with the condition (b) is satisfied when, for
instance, there exists a constant § > 0 such that u(B,(z)NX) > §u(B,(z)) for any
z € X and r > 0 because they are satisfied by X’ x X”.
For any p,q € (1,00) and weights wy = wy(z') and wy = wa(a”), we define the
weighted mixed-norm on X by
(2.13)
”fHLp,q(Wd#)

1/q
Wl man = ([ 1P Lewn @) i) un(e) ataa))

By applying the extrapolation theorem to Theorem 2.2] we obtain the following
corollary.

Corollary 2.6. Let p,q € (1,00), Ko > 1, w1 = w1(2') € Ap(p1), we = wa(z”) €
Aq(p2), [wi]a, < Ko, [wa]a, < Ko, and w = w(z) = wi(z")we(z"). Then for any
feLyq(wdy), we have
IMFl L, owdpy < NI, o0wdw)

where N = N(Ky, Ko, p,q,Kg) > 0.

Corollary 2.7. Let p,q,p',q¢ € (1,00), Ko > 1, w1 = w1(2) € Ap (1), wa =
wa(z") € Ag(p2), [wi]a, < Ko, [waa, < Ko, w = w(z) = wi(z)wa(z"),
and f € Ly, (wdu). Suppose that either u(X) = oo or supp f C By, (x0) and
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w(Br,(z0)) < en(X) for some rg € (0,00) and xg € X, where € > 0 is a constant
depending on K1, Ka, p, q, p', ¢', and Ko. Then we have
(214) Hf”Lp,q(wdu) < N“fj;“lzp,q(wdu)a
where N = N(K1, K2, p,4.9',4', Ko) > 0.

For the proof, due to ([Z5) we may assume that p'q/p > ¢’. Indeed, otherwise,
we find a large enough p” such that p”q/p > ¢'. Then wy € Ay (p1) C Apr(pr).
For wy € Ay (p1), we define

(@) = L)y gy 0@ = W T B 2,

It follows from Theorem 23] that, for any Ko > 1 and @ € Ay (p2) satisfying
[ﬁ)g]Ap, < Ky , we have

(2.15) ¥l (@2 dus) = 1 llL, (s dulx)
(216) < NHfirHLpl(wllbz dp|x) + N€||fHLp/(w1ﬁ)2 dplx) < NH(b_‘_ ngLp/(ub dpz)»

where N depends on K1, Ko, p, ¢, p', ¢, Ko, and Ky. Note that Ay (p2) C
Aprg/p(pi2), that is,

[wala,,,, < lwsla, < Ko.

p'a/p
Setting Ko = Ao with Ag = Ao(K1, K2, p',p'q/p, Ko) from Theorem 25 by Theo-
rem [Z5] and the fact that the constant N in ([2I5) is determined only by K, Ko,
D, q, p/a q/a KO) and AOa we get

¥z,
where N = N(K1, K2,p,q,p’,q, Ko). Upon taking ¢ sufficiently small, we reach

2.14).

Corollary 2.8. Let p,q,p',q¢ € (1,00), Ko > 1, w1 = wi(2’) € Ap (1), wa =
wa(2") € Ag(pa), [wila, < Ko, lwsla, < Ko, v = w(z) = wy(z')un("),
and f,g € Ly (wdp). Suppose that either u(X) = oo or supp f C By, (zo) and
1(Bry(x0)) < epu(X) for some rg € (0,00) and xg € X, where € > 0 is a constant
depending on K1, Ko, p, P, q, ¢, and K. Moreover, for eachn € Z and Q € C,,
there exists a measurable function f@ on Q such that |f| < fQ < Ks|f| on Q for
some constant K3 > 0 and

][ [f9) = (f9) | uldz) < g(y) YyeQ.

(wa dpz) < NG +eVllL,, , (ws dua)s

a/p

Then we have
||fHLp,q(wd/‘l’) S NHgHLp,q(wd/‘)7
where N = N(Ky, Ky, K3,p,q,p',q', Ko) > 0.

3. PrROOF OF THEOREMS [2.3] AND [2.4]

Let (X, p, pt) be a space of homogeneous type with a filtration of partitions {C,,
n € Z} introduced as in Section 2] The notation below is chosen to be compatible
with that in [42]. Let 7 = 7(x) be a function on X with values in {oo, 0, +1,42,...}.
We call 7 a stopping time relative to the filtration if for each n = 0, +1,£2,.. ., the
set {x € X 7(x) = n} is either empty or the union of some sets in C,, intersected
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with X. For any stopping time 7, we define Jir(x) = flr(@)(z) for any z € X such
that 7(x) < oo and fi-(z) = f(z) otherwise.

To prove Theorems 23] and 2.4] we estimate the measure of level sets of f by its
maximal and sharp functions, which generalizes Lemma 3.2.9 of [42], where w = 1,
X =R? and pu(X) = co. We follow the argument there with some modifications.

Using Holder’s inequality and the definition of A,, one can get

Lemma 3.1. Letp € (1,00). If w € A, then

(fyran) <

for all non-negative f and all balls B in X.

Lemma 3.2. Letp € (1,00), Ko > 1, and w € Ap(p) with [w]a, < Ko. Then we

have 5
w(E) ( p(E) >
w@m = @y

for any E C Q", where (8, N) = (8, N)(K1, Ka2,p, Ko).

Proof. Under the assumptions, a reverse Holder’s inequality for A, weights in spaces
of homogeneous type was established in [46, Theorem 3.2], from which plus Hélder’s
inequality one can derive the inequality in the lemma. (Il

Lemma 3.3. Let QF, be open sets from Theorem 2.1 such that

I CQ% ., nEZL.

Qn

Then either pu (U, Q% ) = oo or there ezists ng € Z such that

n(X) —u( %)-

Furthermore, for any w € Ap(p), 1 < p < oo, we have

w(U Zn>:oo or w(X)zw( Z‘:LO)

n

depending on whether (Un an) is infinite or not.

Proof. First assume that there are infinitely many n € Z N {n < 0} such that

p(Qutven) >0

Thanks to property (1) in Theorem 2.1, for all such n’s,

Qul\Qu. ¢ (X\UQZ> :

Thus, there exist x € X and @7, € C,, such that

ceQr'\Qr, xelJQu and xeQl CcQu.
Since (Qgill) < Nip (Qg, ), we have 4 (Q% ) < Nip (QZ, ) This shows that

p(Qut) = m(@n,)+n(Qz )><1+Ni1)u( ")
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and

p(@\Qn) = 3 (@5).

This implies that

p (U an) = lim_4u(Qs,) =cc.

Now we assume that there exists ng € Z such that

pleninen,) =0

() )

u(Qa, Q) =0
for any n € Z. On the other hand, for each Q7 , a,, € I,,, there exists 2[, € Qp
such that

for all n < ng. Then

In particular,

Begsn(za,) C Qa

(o7

We claim that
(3.1) Zy, € Qa,  foralln € Z.

Qip

To prove this, suppose that 2}, € Q% \ Qano for some n € Z. Then since the set
o\ Qano is open, there ex1sts an open ball B, (2} ) such that

By(z,) C Qa, \ Qay,.

However,

0<p(B(en) <@ \Q,) < p(Qn Qi) =0,

which is a contradiction. Hence [B.I)) is proved. Now for any fixed z € X,

pla, =) < K (plo 200 )+ ol 20)) < Ko (plo, 22 )+ Nod™ )

where the last inequality is due to property (3) in Theorem 2] and the fact that
2 € Qa), - This along with property (4) in Theorem 2Tl implies that, for each

(e

r e X,
T € Beysn(za,) C Qa,
provided that —n is sufficiently large. Therefore, X = J, Q% and

(UQ) ((UQ) )( w )= n(@m).

neEZ
To prove the second statement of the lemma, from the definition of the measure
w(+), we easily see that w(X) = w (QZ:O) if p(X)=pn (Qg‘jm) Otherwise, for each
n € Z, find balls B,, satisfying

Qun. C B, and pu(B,) < N(Ki, K2)u(Qy, )-

Qn
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By taking B = B,,, and f = Igm \on , m <n, in Lemma 3.1} we obtain

am an

(1= fay) = (") = (- Sy

where N = N(K1, K»,p,[w]a,). This shows that w(Q7p ) — oo if u(Qy ) — oo as
n — —00. |

Lemma 3.4. Let p € (1,00) and w € Ap(p). For x € X and f € L,(wdpu),

(3.2) ngmoolfhn(x):{lfllmm (u(X))O Z: Zg;:z

This holds true as well if f € L1(X, u).

Proof. If u(X) < oo, from Lemmas [B1] and B3] we see that f € Ly (X, u) and the
claim in the lemma holds true. When p(X') = oo, by Lemma B1], for each n € Z,
we get

(1fn(@))” < Nﬁ%ufnip(wdm.

By Lemma B3] w(Q%) — oo as n — —oo when pu(X) = co. Thus (32)) follows. The
second statement is clear from Lemma B3 O

Lemma 3.5. Let p € (1,00), w € A,, and o = 1/(2Ny), where Ny is given in
Z3). For a non-negative f € Ly(wdp), set

(53) 2o = 4 PN s ()™ () < oo,
0 if pu(X)=oo,
and, for A > Ao, define
T(x) = vlLIele{n Cfin(z) > aX}, x € X.

Then T is a stopping time. The same statement holds true if f € L1 (X, u).

Proof. By Lemma B.4] if either f € L,(wdu) with w € A, or f € Li(X,p), for
each z € X,
lim fi,(z) < a.
n——o0o

This shows that 7(x) > —oco. Observe that

(3.4) fim(@) = fim(y) 2,y €Qa, m<n.

For each n € Z, since {x € X : 7(z) =n} C U, Q", one can see that

{reX:7(x)=n}= U (QZH{:EE)E:T(:E):n}) CU( Z,ﬂ)g),

a€l, o

where o is such that Qp, N {z € X :7(x) =n} # 0. In this case by (B4), for any

y € QF NX, we have 7(y) = 7(z). That is,
"NXC{reX:r(x)=n}

Hence,

{xeé?:T(x)zn}zu(QZ,ﬂ/f).

Therefore, 7 is a stopping time. (Il
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The following level set estimate is a key lemma in the proof of Theorem [2.3]

Lemma 3.6. Let p € (1,00), Ko > 1, o = 1/(2N;y), where Ny is defined in
23), and let w € Ay(p) be a weight on X satisfying [w]a, < Ko. Recall that the
w(dz) = wp(dx). Then for any f € Ly(wdu) and X > X, where X\g is defined in

B3), we have
(35)  wlz: |f@)] > A} < NAP /X Tnta sy ()7 wi(da),

where N > 0 and § € (0,1) are constants depending only on K1, Ks, p, and Kjy.
The estimate [B3) also holds if f € L1(X,pn) and w € Ax(p). In this case, the
constants 3 and N depend on K1, Ko, p’, and [w]Ap, for some p' € (1,00).

Proof. Throughout the proof, since (X \ X) = 0, whenever needed, X is to be
understood as X.

First we assume that f > 0 in X'. Define 7(x) = inf{n : fj,(z) > aA}. By
Lemma BE 7 = 7(z) is a well-defined stopping time. When 7(z) < oo, we
have fi._i(z) < a, which together with (23] implies that fi.(z) < A/2. By
the Lebesgue differentiation theorem, f|, — f p-a.e., which gives that for almost
every x satisfying f(x) > A, we have 7 < oo and f|(x) < A/2. Since w is absolutely
continuous with respect to u, we get

w{z : flz) 2 A} =wfz : f(z) 2 A fiz(2) < A/2}
(3.6) <wle : f@) — fir@) > N2).
Note that for n € Z, {z : 7(x) = n} is a union of sets in C,,. Let Q7 be one of
these sets so that 7(x) = n for any z € Q7. Then by the Chebyshev inequality,

o € Q1+ @)~ firlw) 2 A2} <271 [ () = Sl (),
which implies that for any y € Q7, we have ’
plz € Q1 « f(z) = fir () = A/2}/u(Q1) < 227 L ().
By Lemma [3:2] there exist N and 8 depending on K;, K», p, and K such that
w{z e Qy : f(z) = fir(x) > \/2}
w(Q7)

plo € Qn: f(@) -
=N ( m(Qz)
which gives

(37)  wlweQm : f(z) — fir(x) > A2} < NATP /Q (F(2)) w(da).

n
@

B
fir(@) > Aﬂ}) < NA(fE (),

Observe that
{z : 7(z) < oo} = {z : Mayf(z) > al}.

Summing @7) with respect to all such sets Q7 and using (B.6]), we reach (B3).
Finally, to remove the condition that f > 0, it suffices to note that by the triangle
inequality, |f |fi’E , <2 fi. The estimate (3] is proved.

In the case that f € Li(X,u) and w € Ao (u), the proof is the same with a
possibly different choice of 8 and N in BX1) due to w € As; i.e., there exists
P’ € (1,00) such that w € Ay (). O
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We are now ready to prove Theorem 2.3

Proof of Theorem 2.3 First we assume that ¢ = p. In this case by Lemma [B.1]
f e Li(p) if u(X) < oco. As before, we denote w(dz) = wu(dz) and L,(w) =
L,(X,wdp) = Ly(wdp). Recall the elementary identity

191, = [ wle s @] > A0
0
To estimate w{x : [f(x)] > A}, for A > A, we use Lemma 3.0l Otherwise, we use

the simple upper bound

wiz : [f(z)] > A} < w(supp f).
We then get

Ao
I —za(/ A)w{x: f(@)] > ApAP~LdA

(3.8) < Agw(supp f)+ NPA (/X IMdyj(z)>o¢)\(f£,($))BW(dl’)) AP,

Clearly, the first term on the right-hand side of (B.8]) vanishes; i.e., A\y = 0 when
#(X) = oo. By Fubini’s theorem and Hoélder’s inequality,

/:O (/X Ity f@)>an(F1 ()7 w(da:)) AP=1-8 g\

0

OflMdvf(QJ)
. p-1-6 #(2))? w(dz
< /X ( / A dA) (12 (2))° w(da)

<N [ (Mo @)1 (@) ()
(3.9) < NIMa SILEITEIE
Combining (B.8)), the definition of Ao, and ([B.9]), we obtain
(3:10) 1115 o) < NISIE, (0 (1)) P olsupp £) + N May 1L ISR o

where the first term on the right-hand side again vanishes when p(X) = oo, and
N = N(K;, Ks,p, Ky). By Theorem 22] (24)), and Young’s inequality, the second
term on the right-hand side of ([B.I0) is bounded as

IMay FIE 2 END, oy S e lF I, oy + 0 ©PPNIFENR o

for any €1 > 0. From this combined with (B:I]II), we see that ([2.6) and (2.8]) hold
true for pu(X) < oo and p(X) = oo, respectively.

If we assume that supp f C By,(z9) and p(Br,(x0)) < eu(X), then by the
definition of Ay and Lemma [31]

Apw(supp f) < Agw(Bry(20)) < NIIFIL, (@ (Bro(20)) (1(X)) "
< NIFIE, oy (1(Bry(20)))P (1(2)) 7 < Nepllf\lp o
which together with (B.8)) and (39)) yields
I£1I7 o (W) < Ne?||f11%, S T N[ May fII7 (w)HfdyHL (w)*
Again by Theorem [Z2] and [24), we get (271).
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Next, for general ¢ € (1,00), we only need to consider the case when ¢ > p
because otherwise A; C A, and the result follows from the proof above. Note that
if ¢ > p and p(X) < oo, Lemma Bl only implies |f|P/9 € Ly(u), but still the
inequality (2.6) makes sense regardless of whether f € Li(u) or not. Observe that
by the triangle inequality and Hoélder’s inequality,

][ £@)P/ — (|7
Qs

p(dx)
= ][Qg ][Qg [1F@)P = 1 @)IP"*] p(de) u(dy)
< ][Qz ][Qz 17 @) — £ plde) p(dy)

p/q
< ( ][ Z ][ W - f(y)lu(daf)u(dy)>

r/q
< (2 ][Q |f(x) = (e u(d$)> ;

n
e

which implies that

(3.11) PN S < NIE L,

Using (2:8) and 28] with ¢ in place of p, (3I1l), and Holder’s inequality, we get
11z, = IFPNYE,

1

< N (P Ly + () stpp £)) 1171720
< NPT YT+ N ()79 (w f))%\llflp/q\lm
= dy !l Lg(w) H w{supp L1(p)

< NIFE ey + Na(X)) ™ (@ (supp £)) 1112, (0

where, as above, the second term on the right-hand side vanishes if p(X) = cc.
This gives ([236) and 28] for u(X) < oo and pu(X) = oo, respectively. The proof of
27 is similar. The theorem is proved. O

q/p

Proof of Theorem 24l Without loss of generality, we may assume that f > 0. First
assume ¢ = p and let g be as in (3] using v in place of f. Similarly to the proof
of Theorem 2.3] for A > g we define a stopping time 7(x) = inf{n : v, (z) > aA}.
Because v > f, as in ([36), we have

wlz : f(x) > A} =w{z : f(x) > N\ (z) < N/2}
(3.12) Swir s f(z) — v () > N/2}

Let Q := Q" € C,, be such that 7(z) = n for any z € Q7. Since f < f? < v, by
the Chebyshev inequality we have

Wr €Q : f(2) - va(e) 2 M2} < plr € Q : fOx) — f2() > A2}
<on! /Q (F2x) — (19)@)+ uldz) < 22 g(w)u(Q)
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for any y € @. Then similarly to ([B.7), we have
(3.13) wiz e : f(z) —v(x) > A/2} < N)\_’B/Qg'@(x)w(dx).
Combining (B12) and BI3)), we get
ol 5@ 2N SN [ Tty s (@) wlde).
The remaining proof is the same as that of Theorem 2.3l and is thus omitted. [

4. FUNCTION SPACES AND NOTATION

In this section we introduce some function spaces and notation to be used
throughout the rest of the paper.

For T € (—o0,0], we set Ry = (—00,T), and a point in the Euclidean space
Rz x R? is denoted by X = (¢,x). The Lebesgue measure for Ry x R? is sometimes
denoted by dX. We write x = (x1,3), where & € R¥~! and set

RY = {2 = (21,8) €R? : 21 > 0,3 € R}

In the mixed-norm case, as before we write = (2/,2"), where 2’ = (x1,...,2%)
and " = (Tg11,...,2q) for some k =0,1,2,...,d.
For m = 1,2, ... fixed depending on the order of the equations/systems under

consideration, we denote parabolic cylinders by
Qr(t,x) = (t —r*™ t) x B,(z), Q.(t,2) = (t —r?™,t) x B.(%),
where
B(zx)={yeR: |z —y|<r}CRY BL(&)={g e R :|i —g| <r} Cc R

As usual, we use, for example, @, to indicate Q,(0,0). The parabolic distance
between X = (¢,2) and Y = (s,) in R is defined by p(X,Y) = |z —y|+|t—s|zm.
For a function g(¢,z) defined on R4t set

9,0 = 1.

B,.()

dy,

B, (x)

[g(t,xl, ')]B;(gz») = ][ dy,

g(t,.’lfl,:l))—][ g(t,xl,é)dé
BJ.(2) B!(2)

o1y = 1 dt dj.
GO J o
We define mean oscillations of g on parabolic cylinders as follows. First, we define

the mean oscillation of g in Q,(s,y) with respect to x as

g(t,z1,79) — ][ g(s,1,2)dsdz
Qr.(t,2)

1 S
osct (9, @r(s,y)) = ~am . l9(7 )], () AT,
and, for R € (0, 00), we denote
ght= sup  sup osci(g,Qn(sy)).

(s,y)ERIT re(0,R]
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Second, we define the mean oscillation of g in Q,(s,y) with respect to (¢,Z) as

1 y1t+r
osea (0, Quls.0) = 5 [ lat 1 gy @
Yyi—r

and denote

gR’Q = sup sup osca (g, Qr(s,7)) .
(s,y)ERIHL re(0,R]

Third, we define the mean oscillation of g in Q. (s,y) with respect to & as

1 s y1+r
osc (g, Qr(s,9)) = W/ / [9(7, 21, ')]B;(y) dz dr
E y

—p2m 1=

and denote
]ﬁ = sup sup osc (g,Q-(s,y)).
(s,y)ERIH1 r€(0,R]

g

Finally, in the case when g is independent of ¢, i.e., if ¢ is a function of z € R%, we
set

1 y1+7
osc (g, B, (y)) / [9(21: )]y () d21s
Y

2r Jy —r
gﬁ = sup sup osc(g,B:(y)).
yeR4 re(0,R)

Next, we introduce some function spaces to be used when dealing with elliptic
and parabolic equations/systems. The domains are subsets of R? in the elliptic
case and those of Ry x R? in the parabolic case. Since we use the results from
Section @lin the later sections, we note that whenever a domain in R? or in Ry x R?
is considered, the underlying measure is the Lebesgue measure. The metric is
the usual Euclidean distance in the elliptic case and the parabolic distance in the
parabolic case.

We use the following weighted Sobolev spaces:

W;w(ﬂ) = W;(Q,wdx) ={u:u,Du,...,D*u e L,(Qwdx)}, k=1,2,...,
where Q C R? and w € A,(Q,dz). Note that because of the underlying measure

and the metric, the elements of A,(2, dx) are determined by using open balls in €2,
which are of the form B, (x) N, x € 2. Naturally, we denote

L, (Q) == L,(Q,wdz).
For parabolic systems/equations, we have
Wk ((S,T) x Q) = {u:u,Du,...,D*u,uy € Lo (S, T) x Q)}, k=1,2,...,
where —00 < § < 00, —00 < T < o0, @ C R, and w € A, ((S,T) x Q,dzdt).
Also note that when determining elements of A, ((S,T") x Q, dz dt), we use balls in
(S,T) x Q with respect to the parabolic distance |z — y| + [t — sz .

For mixed-norms, let €; and Q3 be open sets in R% and R%, d; 4+ dy = d,
respectively, and Q C Q; x Q5. Denote X’ = Q and X" = (S5,T) x Qs. Set

w(t,z',2") = wi (2 wa(t,2"), 2 €Qq, 2" € Qo,
where
(4.1) wy € Ap(,da’), we € Ay ((S,T) x Qq,dz” dt).
For k=1,2,..., we define
ueWhr ((S,T)x Q) <= wu,Du,...,DFu,u; € Ly 4.0 ((S,T) x Q).

p,q,w
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Note that by the choices of wi and ws in (@I), by f € Ly q.w ((S,T) x Q) we mean

q/p /4
1Nz, w(sT)x0) = (/(S e (/Q |fIP Iqw (z") d:v’) wa(t, 2") dx” dt) )
;A7) X822 1

Certainly, one can choose w; and wy differently so that the integral with respect
to time is included in the inner integral. In the elliptic case, we just remove (the
integral in) the time variable, i.e.,

wueWy. ,(Q) < u,Du,...,D"ue L, .,(Q),
where

w(z', 2") = wi (2w (z"), w1 € Ap(,da’), wa € Ay(Qa,dz"),

q/p
|f||Lp,q,wm>=( / (/ Iflplnwl(w’)dw’) w2<x">dx">

To deal with divergence type equations/systems, we set

and
1/q

Hpgw((S,T) x Q)
={u:uy € H, 7", ((S,T) x Q), D% € Ly 4.0((S,T) x 2),0 < |a| <m},
||U\|Hgfq,w((S,T)xQ) = HUtHH;;;gw((s,T)xQ) + Z D%, 4 0(5.1)%92);
lor|<m

where

H, 7y (S,T) x Q) ={f:f =Y Dfa; fa € Lpgu((S,T) x Q)},

la|<m

Hf”H;’wa((S,T)XQ) = inf{ Z ||faHLp,q,w((S,T)><Q) 5f = Z Dafa}-

laf<m lal<m

We denote by 7:[;’?q7w((S, T) x Q) the closure of C§°([S, T] x Q) in Hj', ,((S,T) x 2).
5. HIGHER ORDER PARABOLIC SYSTEMS IN NON-DIVERGENCE FORM
WwITH BMO COEFFICIENTS: MIXED-NORM

In this section, we consider higher order parabolic systems with leading coeffi-
cients merely measurable in the time variable and having small mean oscillations
in the spatial variable in small cylinders. We shall generalize some results in [20]
to the case of mixed-norm Lebesgue spaces with A, weights.

Set

(5.1) Lu= Y A*D°DPu,
|| <m, |B|<m
where m is a positive integer,

[e3 (o4
D* =D ...Dy*, a=(a,...,aq),

and, for multi-indices o and 3, the coefficient A*? = [A?jﬁ ]f j=1 is an £ x £ complex
matrix-valued function defined on R%*+!. The involved functions are complex vector-

valued functions, that is,
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The parabolic and elliptic systems we consider are
u+ (=1)"Lu=f and Lu=f,
where, for the elliptic case, the coefficient matrices are functions independent of
t € R, i.e., defined on R<.
Throughout the section we assume that coeflicients are bounded and satisfy the

Legendre-Hadamard ellipticity condition; i.e., there exist ¢ € (0,1) and K > 0 such
that

R D 07 P A (t,2)0 | > 616> 60),
|a|=|B]=m

for all ¢ € R? and 6 € C*, and

51 =8| =
|Aa5‘ < { ’ |a‘ ‘Bl m,

K, otherwise.

Note that this condition is weaker than the usual strong ellipticity condition.
We impose the following regularity condition on the leading coefficients, where
v is a parameter to be specified.

Assumption 5.1 (7). Let v € (0,1). There exists Ry € (0,00) such that
S @R <
lo|=[B]=m

Next we state the main results of this section. Note that in the theorem below
the Euclidean space R*t! satisfies the conditions (a) and (b) before Corollary
as the product space of R and R x R%. So does R x ]Ri ={(t,x):teR,z € Ri}

in Theorem [5.4] as the product space of Ril and R x R% or R% and R x Riz.

Theorem 5.2 (The whole space case). Let p,q € (1,00), let Ko > 1 be constant,
let w = wy (" )wa(t, "), where

wi (') € Ap(RY da’),  wa(t,2”) € A (R x R%® dz” dt),

di+dy=d, [wi]a, < Ko, [w2]a, < Ko,
and let L be the operator in (B1l). Then there exist

v =7(d,m,{,0,p,q,dr,da, Ko) € (0,1),

Ao = Ao(d,m, 0, 6,p,q,d1,do, Ko, K, Rog) > 1,
such that, under Assumption 511 (v), for u e W2 (REHL) satisfying
(5.2) w + (=) Lu+ M= f
in R where f € Ly 4.0 (R¥TY), we have

lllzy + 2 NTE DL, < NIy

lo|<2m
provided that X\ > o, where Ly 4w = Lp.gw(R¥TY) and
N = N(d,m,£,0,p,q,d1,ds, Ko, K, Rp).
Remark 5.3. By setting d; = 0, Theorem is reduced to the case of unmixed L,

spaces with A, weights. Moreover, it generalizes the main result of [42] Chap. 7]
in which m = 1 and the restriction ¢ > p is imposed.



5100 H. DONG AND D. KIM

Theorem 5.4 (The half space case). The result in Theorem still holds if we
replace R4 (or R%) by ]Rff_l (or Ri"‘, respectively) and impose the Dirichlet boundary
condition

(5.3) u=Du=---=D""tu=0
on the lateral boundary of the cylindrical domain.

Now we turn our attention to elliptic systems. A priori estimates for the elliptic
system in (5.4)) defined in the whole spaces and on a half space are derived by using
the corresponding estimates in Theorems and [5.4] for the parabolic system and
the argument, for instance, in the proof of [40l Theorem 2.6]. The key idea is
that one can view an elliptic system as a steady state parabolic system. Instead of
stating all possible results for elliptic equations/systems in this section or in later
sections, we present here only the elliptic version of Theorem Recall that the
coefficients A“? are now independent of ¢.

Theorem 5.5. Let p,q € (1,00), Ko > 1 be constant, w = wy (z')wa(z"), where
wy(2') € Ap(RY da'),  wa(z”) € Ay(R%, dx"),
di+dy=d, [wi]a, <Ko, [wa]a, < Ko,
and let L be the operator in ([&1l). Then there exist
Y= ’Y(d7 m, E’ 67p7 q, dla d?a KO) € (0’ 1)7
>\0 - )‘O(da m, 67 5ap7 q, dl; d2a KO) K7 RO) Z 17
such that, under Assumption Bl (), for u € W;wa(Rd) satisfying
(5.4) Lu+ (1) u=f

in R, where f € Ly 4..,(R?), we have

_lel
> ATE DL, < NIz,

|| <2m
provided that X\ > o, where Ly 4. = Lp.q.0(R?) and
N = N(dv m, Ev 5ap7Qad1;d25KOaK7 RO)

Proof. Choose ¢ € Cg°(R) and set v(t,z) = ¢(t/n)u(x), n € Z, which satisfies, in
Rd-i'l,

v+ (=)™ Lo+ v = %Ct(t/n)u(x) + (=1)™¢(t/n)f.

Upon noting that we € A, (R x R%, dz"dt), we apply Theorem with w to the
above system and follow the proof of [40, Theorem 2.6] with obvious modifications.
]

5.1. Mixed-norm estimate in the whole space. This subsection is devoted to
the proof of Theorem Throughout the paper, we use the notation

(9)p == ][D g(t,x) dx dt,

where D is a subset in R4+1,
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We begin with the following interior estimate.

Lemma 5.6. Let A > 0, let g € (1,00), and let L be the operator in (B1]). Suppose
that the coefficients AP, |a| = |3| = m, are measurable functions of only t € R;
i.e., A%P = A°P(t) and the lower-order coefficients of L are all zero. Then for any
u € C2(RI*Y) satisfying (B2) in Q4 with f =0, we have

loc

ol _lal
(5:5) Y AT Sgp(lD(DQU)HKDQU)tl)SN Yo AT DML, ),
1

|| <2m la]<2m
where N = N(d,m,¢,d,q).

Proof. The special case of the lemma when ¢ = 2 was proved in [20, Lemma 3],
which was derived from Lemma 2 there. The latter still holds with ¢ in place of
2 thanks to the qum estimates established in the same paper. See the proof
of Theorem 2 there. In fact, the estimate in [20, Lemma 3] only contains the
highest and lowest order terms because we collected only those terms when applying
S. Agmon’s idea. By collecting the intermediate order terms as well, we obtain

E.35). 0
Lemma 5.7. Let k > 8. Under the assumptions of Lemma [5.6], for any r €
(0,00), Xg € R and u € qu”liT(RdJrl) satisfying (62) in Qur(Xo), where
f € Lyioc(R*Y), we have

(5.6) > A"

jal<2m

||
2m

D% — (D*u )
(‘ (D%u)g, x| Q. (Xo)

a 1 m
SNETH ST NTE (DM, ik VR

o <2m
where N = N(d,m,¢,0,q).

Proof. Similar to [20, Corollary 2], the lemma can be derived from Lemma [5.6] and
the aforementioned qum estimates. In particular, we have [20, Theorem 10] with
q in place of 2. Thus, as described in the proof of [20, Theorem 2], we obtain (5.0])
by repeating the proof of [20, Corollary 2] with ¢ in place of 2. While following the
arguments in [20], due to the standard approximation argument, we may assume
that the coefficients are infinitely differentiable. See Remark [£.8 (]

1
(IF196,...(x0) »

Remark 5.8. When proving mean oscillation estimates as in Lemmas 5.7 and (.9,
one can always assume that the coefficients are infinitely differentiable. For exam-
ple, for the operator in (B.1]), we set

Lou= Z AP D DPy,

lo|<m,[B]<m

where A%% is the mollification of A% in R*! and prove the mean oscillation
estimate in (B.0) with L,, in place of L. Then we let n — co to obtain the desired
estimate for L with a constant N independent of the approximation. This type of
argument is used throughout the paper because in the proofs of mean oscillation
estimates, we always split u as the sum u = w + v, where v is a solution to
the given system/equation with the right-hand side being zero on a cylinder or a
cylinder intersected with a half space. Under the assumption that the coefficients
are infinitely differentiable, using the classical results, we see that v is infinitely
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differentiable inside the cylinder, so we are able to use Lipschitz estimates or Holder
estimates as in Lemmas and [5.12] with v in place of u.

For coefficients A®#(t,x) satisfying Assumption (.1, we obtain the following
mean oscillation estimate on @, (Xo) when r is bounded above.

Lemma 5.9. Let A > 0, ¢ € (1,00), kK > 8, u,v € (L,00), 1/p+ 1/v = 1,
and L be the operator in ([B1)). Suppose that the lower-order coefficients of L are
all zero. Then, under Assumption Bl (v), for r € (0, Ro/k|, Xo € R4, and
u € VV1 2 (R satisfying (5.2) in Qur(Xo), where f € Lyioc(R¥Y), we have

qu,loc
> A (17w = (D), <XwDQ4xw

|| <2m
1 1
<NRTH 3T NTE (DMING, () + NETT (1198, . x)
la|<2m
+2m 1 2
+ Nk v (|D*u |W) Qrr(Xo)
where N = N(d,m,?,,q, u).
Proof. Set
Lou= Y  A*P(t)D*DPu,
la|<m,|B|<m
where

AP (t) = ]l AP (t,y) dy.
B, (z0)

Then we see that u € qu 2 (R satisfies

g + (=)™ Lou + Mu = f
in Qxr(Xo), where
fi=f+(=1)"(Lo — L)u € Lgoc(RM1).
Then by Lemma 5.7, we obtain (5.6) with f in place of f. Note that

% 1 aBvq\ 1/ (av) m an
(1(Lo = L)ul)g, (x,) < (1A°7 = Aﬂqu%ﬂw2mwf

< N,Yq% (|D2m |qu) Lm

»(Xo)

r(Xo)

where N = N(d,q, ), the first inequality is due to Hoélder’s inequality, and the
second inequality is due to the fact that kr < Ry, the boundedness of AP and
Assumption B.1] (7). This together with (5.6) with f proves the desired inequality.

O

We use the following filtration of partitions:
(Cn = {Qn = Q?iofihm,id) N (io, il, ey ’Ld) S Zd+1},
where n € Z and

Q?ioﬂl»m,id)
= [ip272™" (ig + 1)272™") x [1127", (i1 + 1)27") x --- x [ig27™, (ig + 1)27™).
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Let X € R and X € Q" € C,,. Then one can find Xy € R and the smallest
7> 0 (in fact, r = max{2~""'v/d, 2-"}) such that Q" C Q,(X,) and
60 f @ = a0lay 8 f ) = (g, | 47,
" Qr(Xo)
where N depends only on d and m.
Lemma 5.10. Let A > 0, Ky > 1, p,q € (1,00), t1 € R, w = wy(x")wa(t,z"),
where
wi(2') € Ap(R™, dx’), wa(t,2”) € A (R x R%= dz" dt),
di+dy =d, [wi]a, <Ko, [wa]a, < Ko,
and let L be the operator in ([B.1l). Suppose that the lower-order coefficients of L
are all zero. Then there exist constants
Y= ’Y(d7 m, ga 6,]), q, dl; d2a KO) € (05 1)7
Ry = R1(d, m,{, 5,]), q,dy,ds, Ko) S (0, 1),

such that, under Assumption Bl (v), for u € Wh2m(RY) vanishing outside

(t1 — (RoR1)*™, t1) x R? and satisfying 52) in R, where f € Ly q.0(RT),
we have

Ll
(5.8) o ATE DLy, < NIy

|| <2m
where Ly g0 = Lp g.w(RY) and N = N(d,m,¢,68,p,q,d1,d2, Ko).

Proof. For the given w; € A,(R% da’) and wy € A, (R x R% dz” dt), using the
reverse Holder’s inequality [46, Theorem 3.2] (also see Corollary 7.2.6 and Remark
7.2.3 in [30]) we choose

o1 = 01(d1,p, Ko), 02 = 02(dz,q, Ko)
such that p—o1 > 1, ¢ — 09 > 1, and
w; € Ap_o,(RT da’), wo € Ay o, (R x R% da’ dt).
Find qo, 1 € (1, 00) satisfying

(5.9) qou—min{ P , d }>1.
p—01 g—02

Note that
w1 € Ap—o; C Ap/gon) C Ap/ao (R™, dx'),
wy € Ag—g, C Aq/(qou) C Aq/qo (R x Rd2, dx" dt).

By Lemma B} for any g € Ly, 10c(R4T!) and balls By C R and By C R x R%,
where Bs is a ball with respect to the parabolic distance |z” — y”| + |t — s

(5.10)

1
2m
)

1 1 1
—_— lg|9%" dx dt = —— — lg|%* dx’ dx”" dt
|B1||B2‘ B1><BQ |B2| Bz |Bl| Bl
aogm
1 ([wl]Ap/(qou) / / / ? "
< — — lg|? wy(2") dx dx" dt
|B2| Bs Wl(Bl) B;

qaH

q

[wo)a, [w1]a av
< a/(aor) r/(agn) p ! d ! t /" d " dt
( L /B( Lt [ g o) unlta)do
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This shows that

we Wh2n (R f e Ly (R, 0<]al < 2m.

qop,loc

Let k > 8 be a constant to be specified below. For each X € R*! and Q" € C,,
such that X € Q", n € Z, find Xo € R?*! and the smallest 7 € (0,00) so that
Q" C Q.(Xo) and (BT) is satisfied. If » > Rp/k, because u vanishes outside
(t1 - (RoRl)Qm,tl) x R%, for 0 < |a| < 2m, we have

(5.11) ][ DY) ~ (D), (X)]dY <2 ][Qn D dY

1
q0 a0
<2 (][ I(h*(RoRl)zm,tl)(S) dY) <][ ‘Do‘u|‘10 dY)
Q+(Xo) Qr(Xo)

< N(d,m,qo)/@zm(l_%)REm(l_%) [M (| D%ul|?) (X)]$ ;

where, for the last inequality, we have used the inequality

(5.12) (IDQUI‘”)éiT < N(d,m) [M (ID*u|*) (X)) .

(Xo)
If r € (0, Ro/k], by Lemma with ¢ = qo and inequalities as in (B.12]),

(5.13) > A- ‘z‘?i][ [Du(Y) — (D%u),,, (X)|dY
|a]<2m
< Ne Tt ST OATER M (D) (X))@ + Nk [M(|f]) (X))@
lal<2m

d+2m

+ Nk fyqov [M (|D*"u|%H) (X)}"D;“,

where 1/pu+1/v =1and N = N(d,m,¥, 6, qo, ). Note that gy and p depend only
on dy, ds, p, q, and Kg. Thus we have
N = N(d7m7£757pa Q7d17 d27K0)~

Combining (511)) and (B.I3)), and taking the supremum with respect to all Q™ > X,
n € Z, we see that

> ATE (D ()

la|<2m
< N (20T RO ) 3T N E M (D) (X))
la]<2m

+NETR M(|f]©) (X)) + Nk yir [M (| D2mufaor) (X)) @8

for all X € R4 Now we take L, 4., (R?1)-norms of both sides of the above
inequality and use Corollaries and 27 In particular, due to (BI0]) we are able
to use Corollary to obtain, for instance,

| MD o )) 37 |1, = |M(D o) [

P, w Ly /aomy.a/(aom) w
< NHID“uI‘Z””Ilq"“ = N[|D%ul|r

p/(agu) q/(gop) w p,q,w’
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where N = N(d,p/(qon), q/(qopt), Ko); hence N = N(d, p, q,dq,ds, Ko). Therefore,
we get

el
(5.14) > A7 |D%y,,,
la|<2m

1

SN (WSRO £ tt) 3T AT D,
lal<2m

d+2m d+2m 1 om
+ Ne 0 |[fllL, . +NE w0 yor D7l

p,q,w’

where N = N(d,m,?,6,p,q,d1,ds, Ko). Fix x > 8 such that Nk~! < 1/6. Then
choose v € (0,1) and Ry € (0,1) so that

a+

Nk ymr <1/6, N&2"07a0) g2 a) < 1/6.
Then we arrive at (B.8). O

We now use the standard partition of unity argument with respect to only one
variable (the time variable).

Proposition 5.11. Let A >0, Kg > 1, p,q € (1,00), w = wy(z')wa(t, z"), where
wi(2') € Ap(R™, dx’), wa(t,2”) € A (R x R%=, dx” dt),
di+dy=d, [wi]a, <Ko, [wa]a, < Ko,
and let L be the operator in (B.1]). Then there exists
v =(d,m,¢,0,p,q,d1,dz, Ko) € (0,1)
such that, under Assumption 511 (), for u € WI2m(RITY) satisfying [B2) in

Pig,w
RI*L where f € Ly g0 (R, we have

(5.15) > AE DY, , . < Nl + N Y ID%llg, .
o <2m | <2m-—1
where Ly g0 = Ly g.w(RTY),
Ny = Ni(d,m, ¢, 6,p,q,dy,ds, Kyp),
Ny = No(d,m,¢,0,p,q,dy,ds, Ko, K, Rp).

Proof. Recall that the lower-order coefficients in L are bounded by K. By moving
the terms A*?D*DPu, |a| < m or |8] < m to the right-hand side of the system,
we assume that the lower-order coefficients of L are zero. Take v € (0,1) and
R; € (0,1) from Lemma[TI0land fix a non-negative infinitely differentiable function
¢(t) defined on R such that ((t) vanishes outside (—(RoR1)?™,0) and

/ () dt = 1.
R
Then u(t, z)((t — s) satisfies

(5.16)  (u(t,z)C(t = s)), + (=1)"L (u(t, z)¢(t — 5)) + Au(t, 2)C(t — 5)
= C(t - S)f(tv :L‘) + Ct(t - s)u(t, .’L‘)
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in R4*TL. For each s € R, since u(t, z)((t—s) vanishes outside (s—(RoR1)*™, s) x R4,
by Lemma 510 applied to (516), we get
(5.17)

3 AT D (- = 9)) g < NIFCC = )2y + Vel = )|, 000

lal<2m

where Ly 40 = Lp g.w(RY) and N = N(d,m, £, 6,p,q,d1,dz2, Ko). Note that
||l)0“u,(t7 : ;p”)”%pwwl (Rd1) = /]R ||Da’u,(t, Y ;E”)H(ip’wl (]Rdl)C(t — S)q ds

= /}R ID%u(t, - a”)C(t = )T, |, (e ds:

Thus, by integrating with respect to ¢t and z”,

D7l = [ 107 (=) I
From this and (5.I7) it follows that

p,q,w

_lal
> AT DL, . < NillfllL,.,. + Nalullz,, .
lal<2m
where Ny = Ny(d,m, ¥, 6, p,q,d1,ds, Ko), and Ny depends on RyR; and the same
parameters as N7 does. The proposition is proved. O

Proof of Theorem [52. In Proposition E11] we choose \g > 1, depending only on

N, so that
1 a a
3 E )\1427,1 < E ()}*LW‘L — NQ)

a|<2m—1 |a]<2m—1

for any A > Ag. Then in the right-hand side of (5IH]) the terms involving Du,
0 <|a| <2m — 1, can be absorbed into the left-hand side so that we obtain

=
E Al 3w

jal<2m

Dullr, 4 < NIy g

Finally, we estimate u; using this estimate and the system u; = f — (—1)" Lu — Au.
The theorem is proved. ([l

5.2. Mixed-norm estimate in a half space. This section is devoted to the proof
of Theorem 5.4l We only consider the case when d; > 1, and thus the cylindrical
domain under consideration is R x Ri =: Ri"'l. That is, regarding the product
of weights and the mixed-norm, we view the domain as the product space of Ril,
dy > 1, and R x R%. The other case can be treated in a similar way.

We mainly follow the arguments in the previous subsection and Sections 7-9 of
[20]. For a function g defined on a subset D in R4t we set

lg(t,z) — g(s,y)
[g]C” D) — sup i 5
P (o smrep [t = 8|77 + oyl
(t,2)#(s,y)
where 0 < v < 1. In what follows, we write Q;" (X() to denote Q,(Xo) N Rf‘l.

First we have the following boundary Holder estimate, which corresponds to
Lemma [5.6]
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Lemma 5.12. Let A > 0, let g € (1,00), and let L be the operator in (B.1]). Suppose
that the coefficients A?, |a| = |8] = m, are measurable functions of only t € R;
i.e., A% = A°B(t) and the lower-order coefficients of L are all zero. Then for any

u € O (RTMY) satisfying (.2) in Qf with f =0 and (53) on Q4N {1 = 0}, we

have

_lel g el o
Y ATEDeiagn SN Y ATED| L, o)

|| <2m,a1 <2m la|<2m
where N = N(d,m,¥,6,q).

Proof. We only consider the case when A =0, i.e.,

(5.18) [DaD*™ uliyaor) <N Y D%l or):

|a|=2m

The general case then follows by using S. Agmon’s idea.
By the W,»*™ estimates in the half space ([20, Theorem 4]), the Sobolev imbed-
ding theorem, and the standard bootstrap argument, we have

lelly 2 gy < Nllullz, ot

for any p € (1,00), where N = N(d,¢,m,d,p,q). By taking p > 2(2m + d) and
using the parabolic Sobolev imbedding theorem (see, for instance, |2, Sec. 18.12]),

(5.19) D*™ M ulosagop) < Nllull, 1) < NIDTull,, o1,

where the last inequality is due to the boundary Poincaré inequality. Let Q(x) be
a vector-valued polynomial of order at most m — 1 such that, for P(x) := 27"Q(z),

(5.20) (D*DT'P(2)) o+ = (D*D{'u(t, z))

Qr QY

where 0 < k < m — 1. Notice that P is a vector-valued polynomial of order at most
2m — 1. Let v = u — P(z), which satisfies the same system with the same Dirichlet
boundary condition on {x; = 0} as u does. By (&I9) with v in place of u and
applying a Poincaré type inequality [25, Lemma 6.1] with ¢ in place of 2 (the same
proof applies), we get

(5.21) [DQm*lu]Cl/z(QD = [DQm*lv]Cl/z(Q;r) < NHDT”HLQ(QI)
< NID™ Dl p) < NID™ DTl o),

where we used ([.20) with £ = m — 1 in the last inequality. Since D;u satisfies the
same system as u with the same boundary condition on {z; = 0}, we finally obtain
BEIR) from ([B2I). The lemma is proved. O

Similar to Lemma .7 and [20, Corollary 5], from Lemma [5.12] we obtain the
following boundary mean oscillation estimate for all D%u, 0 < |a] < 2m, except
D3ma.

Lemma 5.13. Let k > 64. Under the assumptions of Lemma B12l, for any r €
(0,00), Xp € Ri‘“, and u € Wl’Qm(Rf'l) satisfying (52) in QL. (Xo), and (53)

q,loc
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on Qur(Xo) N{x1 =0}, where f € Lq,IOC(R‘fl), we have

||
) A <|Dau—(Dau) . |)
Q+ (Xo)
la| <2m,a1 <2m 0/ Qf (Xo)

1 1-del oy 14y L2 egya
< NiK™2 ‘ |z<; AT Em (|D%l )QL(XO) + Nk (111 )Q;tT(XO),

where N = N(d,m,?,d,q).

In order to estimate D?™u, as in [20, Sec. 8], we consider the system with the
special coefficients

d
Lou = A(t)D¥™u + Z Djz-mu7

=2
where A(t) = A% (t), @ = (m,0,...,0). Note that if a sufficiently smooth u satisfies
(5.22) ur+ (—1)"Lou+ Au=0

with the Dirichlet boundary condition on {z; = 0}, then D?™u satisfies the same
system with the Dirichlet boundary condition because

d
DE™ = (A(D) (1) (w4 M) = (A@) Y D3

Thus, we have boundary Holder and mean oscillation estimates of the 2m-th order
normal derivative of u.

Lemma 5.14. Let A > 0 and q € (1,00). For any u € C2(REM) satisfying (522)
in Qf and (B3) on Q4N {x1 = 0}, we have
m _lel o
(DY ulexgry SN D A2 D%l o),
lal<2m
where N = N(d,m,¢,0,q).
Proof. See [20] Corollary 6]. O

Lemma 5.15. Let A >0, ¢ € (1,00), and k > 64. For any r € (0,00), Xy € Riﬂ,
and u € Wl’Qm(Riﬂ) satisfying ug + (—1)™Lou + Au = f in QF.(Xo) and (E3)

q,loc

on Qur(Xo) N{x1 =0}, where f € LqJOC(Ri"’l), we have
2m 2m
(‘Dl u= (P"gr x,) ‘)QT(XD)
| d+2m

1 1
< Ng~! =50 (1 D%ul9)? < aye

where N = N(d,m,¢,d,q).

Proof. Similar to Lemmas 5.7 and 13| the lemma is derived from Lemma [5.14]
and the W;’Qm—estimate in the half space. O

We are now ready to give the proof of Theorem 5.4
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Proof of Theorem 5.4l Due to the arguments in the proofs of Proposition (.11l and
Theorem [£.2] it suffices to prove

Ll
(5.23) o ATE DL, 0 S NIy

jal<2m

provided that the lower order coefficients are all zero and w vanishes outside
(t1 — (RoR1)*™,t1) x RY for some ¢; € R and a small

Rl = Rl(d, m7£a 5,]77 q, dl, d2; KO) € (0, 1)
As in the proof of Lemma B0 from Lemma B.13] for any 1 > 64, we have

el g
(5.24) Yo AT D

|a|<2m,a1 <2m

p,q,w

2m(1—--L) 2m(1—-L1 _1 la|
v (TR ) S AR D,
|| <2m
d+2m d+2m 1 9
+ Ny ™ | f Ly + Ny © 4307 D™,

where Ly g = Lp,q,w(Rff_'H). Next we move all the spatial derivatives except
A%aD2my to the right-hand side of the system and add (—1)™ Z?:z D3™u to both
sides. Similarly to (524)), from Lemma [5.15] we derive for any ke > 64,

(5.25)
2m(1—L) 2m(1—L Lo
|D%mU|prq1w§N</£2m( qO)le( qo)+1{2—1> Z )\liﬁ DauHprqu
|a|<2m
d+2m 1 2
+ Nk, © (Hf||Lp,q,w+ Z ||Dau||Lp,q,w+7qou||D1muHLp,q,w).
|a|=2m,a1<2m
Combining (5:24) and (525), we reach
||
> AN TED .,
|| <2m
2m(l1-L) 2m(1—-L ol
§N<”“2m( o “°)+’<51) Y AT D%y,
|| <2m
d2m [ om(1-L) _2m(1-L 1 o
—l—NIiQ a0 (:‘flm( qO)le( qo)—|—l£12) Z )\17% DauHprqu

lal<2m
d+2m d+2m d+2m d+2m

_1
(5.26) + Nrg ™ (14r, ™ )”f”Lp,q,w + Nk (T45K, 0 )yor ||D2mu||L,

Pq,w’

To see (5:23), it suffices to first take ko sufficiently large, then k; sufficiently large,
and finally Ry and ~ sufficiently small in (5.26), such that

2m(1-1 2m(1—1 dt2m 2m(1—1 2m(1—1 _1
N(Hzm( qo)le( q°)+n21>+Nﬁ2q° (Hlm( qo)le( q°)+n12>

d+2m d+2m

F Nk, © (L4k,© )yior <1/2.

The theorem is proved. ([l
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6. SECOND ORDER PARABOLIC EQUATIONS IN NON-DIVERGENCE FORM
WITH MEASURABLE COEFFICIENTS

In this section, we consider second order equations with partially BMO coef-
ficients. Thus, all the involved coefficients and functions are real scalar-valued
functions. Throughout the section we use the notation in Section @l by setting
m = 1. In particular,

Q.(t,z) = (t —r*t) x By(x), QL(t,2) = (t —rt) x BL(%&).
Note that for a multi-index a = (v, . . ., ), if we write
D%, 0<]a| <2, a3 <1,
it means one of the elements or all the elements of the set
{u,D1u,...,Dqu, D;;u: (i,7) # (1,1)}.

Set
d

(6.1) Lu = Z a" Diju + b'Diu + cu.
ij=1
Throughout the section we impose the following assumptions on the coefficients.
(i) There exists § € (0, 1) such that
a"&i&; > 6l¢?, eV <671
for all ¢ € RY.
(ii) b* and c are measurable and bounded. In particular, there exists K € (0, co)
such that ‘
' < K, || < K.
We also assume one of the following regularity assumptions on the leading coef-
ficients a®.
Assumption 6.1 (). Let v € (0,1). There exists Ry € (0,00) such that
( 11)# ,1 + Z Zj # < 7.
(4,0)#(1, 1)
Assumption 6.2 (7). Let v € (0,1). There exists Ry € (0,00) such that
( 11)# 2 + Z R
(6,5)#(1,1)

The following theorems are the main results of this section. As in Section [l
note that in Theorems and below the domains R4™! and R x R, as product
spaces, satisfy the conditions (a) and (b) before Corollary

Theorem 6.3 (The whole space case). Let p,q € (1,00) and Ky > 1 be constants,
let w = wy (" )wa(t,2"), where

wy(z') € Ap(R™ da’), wa(t,2”) € Ay(R x R%, dz” dt),
di+dy=d, [wi]a, < Ko, [w2]a, <Ko,
and let L be the operator in ([GIl). Then there exist
v =(d,d,p, q,d1,d2, Ko) € (0,1),
Ao = No(d,6,p,q,d1,da, Ko, K, Rg) > 1
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such that, under Assumption (v) or Assumption (7), the following holds

true. For uw e W2, (RY) satisfying

(6.2) —u+ Lu—Au=f
in R where f € Ly .0 (R¥L), we have

ez, + Alullr, . + VI Dul,
provided that X\ > o, where Ly ., = Ly, (R and

N = N(d757paQ7d1ad27K0aK7R0)-

Theorem 6.4 (The half space case). The result in Theorem still holds if we
replace RY by Ri (i.e., replace R by R’j} when di > 1 or replace R% by R’f
when di = 0) and impose the Dirichlet boundary condition u = 0 or the Neumann

boundary condition Dyu = 0 on the lateral boundary of the cylindrical domain.

Remark 6.5. The domain in Theorem 6.4l is fixed as R x R% = {(t,z) : z;1 > 0},
whereas the domain in Theorem [5.4] can be a half space {(¢,z) € R**! : 2 > 0} for
any k= 1,...,d. This is because the coefficients in Theorem [5.4] have regularity in
all the spatial variables, but the coefficients ¢/ in Theorem are only measurable
(no regularity assumptions) with respect to x;.

+ 1Dl < NIy g

g, w qw —

Remark 6.6. It is worth noting that Theorem [6.4] generalizes a recent result in [23]
on weighted L,-estimates for second order parabolic equations in the half space
R x Ri with the Neumann boundary condition, where the leading coefficients are
assumed to satisfy the condition imposed in Section [ (i.e., they have small mean
oscillations in all the spatial variables) and the weight w(t,z) = z~% for some
0e(d—1,d—1+p). It is easily seen that w is an A, weight in the half space.
Therefore, one can apply Theorem to get the same result for equations with
more general coefficients.

To prove Theorem [6.3] we start with the following mean oscillation estimate for
equations with leading coefficients depending only on x;.

Lemma 6.7. Let A >0, g € (1,00), k > 8, and L be the operator in ([61I). Suppose
that N N .

a’ =a"”(x1), b =c=0.
Then, for any r € (0,00), Xo € R¥*! and u € W;’ic(RdH) satisfying ([62)) in
Qrr(Xo), where f € Ly 1oc(RYTY), we have

(‘“t - (ut)Qr(Xo) |)Q,,.(Xo) * Z Al_l%‘ (|D“u a (DQU)QT(XO) ‘)QT»(XD)

|a|<2,00 <1
- _lal o : dt2 3
SNTE Y NTE (DU gy + N (D, x)
la|<2

where N = N(d, 0, q).

Proof. As in the proof of Lemma .7, we only need to prove the interior Holder
estimate

(6.3) [utler(@uy + [DDatler g,y < NID?*ullz,qu)

when a sufficiently smooth u satisfies (6.2 in Q4 with A = 0 and f = 0. To this
end, we first recall the qu’z—estimates established in [I6L[36] for parabolic equations
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with partially BMO coefficients, which, in particular, can be applied to the equation
considered in this lemma. Using the qu’z—estimates together with a localization
and bootstrap argument yields

(6.4) Hu||WI}’2(Q1) < N”UHLQ(QQ)

for any p € (1,00). By the parabolic Sobolev imbedding theorem, by choosing a
sufficiently large p > d + 2, we see that

(6.5) [l Lo (@u) + 1PUll Lo (@u) < Nllullz, @)

Since u; and Djzu satisfy the same equation as u, by (635]) with u; and Dzu in place
of u and using (6.4) with a scaling, we reach
(6.6)

well e (@) + 1P DaullLo (@) < Nlluellz,@z) + NlDaullL,@q) < Nllullz,@u)-

It follows from the equation that a''Diju = u; — Z(i,j);ﬁ(l,l) aijDiju. Therefore,

from (6.8) as well as (6.3,
(6.7) uellz (@) + 1Dl (@) + D% ull L@y < Nlullr, @)
Again with u; and Dzu in place of u, it follows easily from (G.7) that

(6.8) [utler (@) + [DDsulerqy) < llullz, .-

To conclude (6.3), it suffices to replace u by u — (u)g, — :(D;u)g, in (6.8) and
then apply a parabolic Poincaré type inequality [42] Lemma 4.2.2]. The lemma is
proved. O

The following assumption reads that the coefficients are merely measurable in
x1 and have small mean oscillations with respect to (¢,2') in small cylinders.

Assumption 6.8 (7). Let v € (0,1). There exists Ry € (0,00) such that

n

N2
Z (alj)ﬁo <7

ij=1

Lemma 6.9. Let A >0, g € (1,00), K > 8, p,v € (1,00), 1/u+1/v =1, and L
be the operator in ([6.1). Suppose that b = ¢ = 0. Then, under Assumption
(7), for any r € (0, Ry/k], Xo € R and u € qujloc(Rd“) satisfying ([€2) in
Qrr(Xo), where f € Lyioc(RYTY), we have

lo]
ug — (u + AT (Dau_ D )
(\ = ( t)Qr(Xo)DQT(XO) > | D acol) g, xo)

la]<2,0: <1

_ ol gy at2 v
< Nkt Z A= (D UG, (xo) TNET (194, (x0)

lov]<2

d+2 1 1
+NH ? ’quu (|D2u|qu)é‘;T(X0),

where N = N(d, 6, q, 11).

Proof. We use Lemma and follow the same steps as we derive Lemma [5.9] from
Lemma 571 O
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Lemma 6.10. Let A > 0, Ky > 1, p,q € (1,00), t1 € R, w = wy(z")ws(t,z"),
where
wi (') € Ap(RY da'),  wa(t,z”) € A (R x R%® dz” dt),

di+dy=d, [wi]a, <Ko, [wa]a, < Ko,

and let L be the operator in 61). Suppose that b = ¢ = 0. Then there exist

constants
Y= ’Y(d7 57pa Q7d1a d27 KO) S (Oa 1)7
Rl = Rl(da 57p7 q, d17 d27 KO) € (07 1)a

such that, under Assumption (), for u € W2, (R*) wanishing outside

(t1 — (RoR1)% t1) x R? and satisfying 62) in R, where f € Ly q.0(RT), we
have

_lal
(6.9) Y AT EID Ly S NIz
ler|<2

where Ly g0 = Lp g.w(RY) and N = N(d,§,p, q,d1,da, Ko).
Proof. Let k > 8. Choose g, 1t € (1,00) depending only on p, ¢, d1, do, and Ky and

satisfying (9] as in the proof of Lemma [0l Then from Lemma [69] by repeating
the steps for obtaining (BI4]) in the proof of Lemma 10, we get

el
(6.10) uellz,,., + >, AT =Dy,

|| <201 <1
_1y . 2(1—-L o
<N(“2“ R, “’*”1) S A D,
o <2
d+2 d£2 L 9
- N | fllz . + NuGo 4@ | D2l

where N = N(d, 4, p,q,d1,d2,Kp) and 1/u+ 1/v = 1. On the other hand, the
equation (6.2) along with the fact that 1/a!! < §~! shows that

p,q,w pyq,w’?

ID%ullz,,.. < Nluwlz,,..+N > D%, +NIflz,,.,

[a]<2,01 <1

where N = N(§). Upon combining this and (6.10]), we see that the left-hand side of
(6.9) is bounded by the right-hand side of (6I0). Fix x > 8 so that Nx~! < 1/6.
Then choose v € (0,1) and Ry € (0,1) so that

1

N 52(1_5)]%?
Then the inequality (69) follows. O

_ 1
) <16, Nw'oymr < 1/6.

Next we consider equations with leading coefficients merely measurable in (¢, z1)
except for a'', which is a measurable function either in ¢ or in z;.

Lemma 6.11. Let A > 0, ¢ € (1,00), k > 8, and L be the operator in ([6.1)).
Suppose that

at =a(t) or o't =a'(zy),

a = aij(tyl'l)v (%J) # (17 1)7
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and b = ¢ = 0. Then, for any r € (0,00), Xo € R and u € qulic(Rd“)
satisfying 62) in Q. (Xo), where f € Lyioc(R¥Y), we have

> NE (107 (D)0 1),

la]<2,01<1

. 1
cNe Y A (Dol ) )+NH (e )& (Xo) ?

lo]<2
where N = N(d, 0, q).
Proof. As before, it suffices to prove the interior Holder estimate
(6.11) [DDsulerrz(q,) < NID?ullz, .

when a sufficiently smooth u satisfies (62)) in @4 with A = 0 and f = 0. By (64)
with p = 2(d+2), which is also applicable to the equation considered in this lemma

(cf. [16]), we get

(612) [Du}cuz(Ql) S N||u||Lq(Q2).

Noting that D;u satisfies the same equation as u, from ([G.12) and ([€.4]), we have
[DDzuler/2g,y < Nl[DaullL,@.) < Nllullz,@.)-

To conclude (6.11]), it suffices to replace u by v — (u)g, — ;(D;u)q, as in the proof
of Lemma O

Now we deal with the case with either Assumption or In doing so, we
use the results (Lemmas .10 and [610) under stronger assumptions (Assumptions

B and 6.8]).

Lemma 6.12. Let A > 0, Ky > 1, p,q € (1,00), t1 € R, w = wy(z")ws(t,2"),
where

wi(2') € Ap(RY, dx’), wa(t,2”) € Ay(R x R%, da” dt),

di+dy=d, [wi]a, < Ko, [w2]a, <Ko,

and let L be the operator in ([G)). Suppose that b = ¢ = 0. Then there exist
constants

Y= 7(d767p7q7d17d27K0) S (07 1)7
Rl = Rl(d7 67p7qad17d27K0) S (Ovl)a

such that, under Assumption () or Assumption (), foru e W2 (R
vanishing outside (t1 — (RoR1)?,t1) x R? and satisfying ©2) in R, where f €

Lp.q.w(R4TY), we have

el
(6.13) > ANTEID U, S NIz,

| <2

where Ly g0 = Ly q.w(RY) and N = N(d,8,p, q,d1,da, Ko).
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Proof. Let k > 8. As in the proof of Lemma [6.10] we choose qo, € (1,00) and
derive from Lemma the inequality

(614) > ANTE[De

[a]<2,01<1

2(1—L o
<N <K2(1—%)R1( qo) i H;) Z )\1—% ||Dau||Lp,q,w
la|<2

p,q,w

d+2 a2 1
+ N&w0 | fllz, g + NE20 yo0r [[D7ul L

where N = N(d,d,p,q,d1,da, Ko) and 1/p+1/v = 1.
Now we write the equation ([G.2)) as

p,q,w’

—up + aanu +Agu=f,

where
d

f=F+A0g1u— Z a" Djju.
4,4,(4,5)#(1,1)
The coefficients of the operator a''D? + A4, in particular, the coefficient a'!,
satisfy either Assumption 5.1] or Assumption [6.8 Then as long as v and R; are
smaller than those in Lemma [5. 10l with m = £ = 1 or those in Lemma [6.10] we have

el - o
doANTEID UL, 0 S NIl S NUFllpew + N D [1D%ulL, 0,
la|<2 |a]=2,a1 <1

where N = N(d,0,p,q,d1,d2, Ko). This combined with (6I4]) shows that

_laly g
YA DLy, < NIl

|| <2

2(1—L N
v (PORET ) 5 Dl
la|<2
dt2 dt2 1
+ Nk 0 ||fHprqyw + Nk 0 Ay dov ||D2UHL

where N = N(d,,p,q,d1,ds, Ko). Now we fix £ > 8 so that Nk—z < 1/6. Then
we choose v and R; so that they are less than those in Lemma B I0with m = £ =1
or in Lemma and satisfy

p,q,w’

2(1— L
N2 R < 16, Nk 4@ < 1/6.
Then the inequality (GI3) follows. O
Now we are ready prove the main theorems of this section.

Proof of Theorem [6.3. We use the partition of unity argument in the proof of
Proposition [5.11] and proceed as in the proof of Theorem a

Note that the extension argument in the proof below is possible because the
coefficients are allowed to have no regularity assumptions with respect to one spatial
variable. Thus the argument is not applicable if coefficients are continuous or have
vanishing (or small) mean oscillations in all the spatial variables.
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Proof of Theorem [6.4. We take the even extensions of w; (or ws if dy = 0), a'l,
a', b, c for 4,7 > 2 with respect to 1 = 0, and the odd extensions of a'7, a/! for
j > 2 and b' with respect to x; = 0. It is easily seen that w; (or ws) is an A,
(or A,) weight in the whole space and that a* satisfy Assumption or in the
whole space.

In the case of the Dirichlet boundary condition, we take the odd extensions of u
and f with respect to 1 = 0, while in the case of the Neumann boundary condition,
we take the even extensions of  and f. Then u satisfies (6.2]) in R%*!. By applying
Theorem and noting that the norms in the half space are comparable to those
in the whole space, we immediately get Theorem O

7. HIGHER ORDER SYSTEMS IN DIVERGENCE FORM IN REIFENBERG DOMAINS
WITH PARTIALLY BMO COEFFICIENTS

Set
(7.1) Lu= Y D*(A*Du),

lo|<m,[B]<m

where the ¢ x ¢ matrices A*? are complex valued functions on R**! and v is a
complex vector-valued function. The coefficients A% are bounded and satisfy the
strong ellipticity condition as follows.

(i) There exists a constant § € (0,1) such that |A%| < §71, |a| = |8 = m,

and
> R(Ags, ) > dl¢P
la|=[B]=m
for any € = (§a)|aj=m; §a € Ct.
(ii) There exists a constant K > 0 such that |A*?| < K if |a| < m or |8] < m.

In this section we consider a domain of the form R x , where § C R? is a
Reifenberg flat domain. We impose the following regularity assumption on the
coefficients A%?| |a| = |3| = m, and the boundary of the domain .

Assumption 7.1 (7). Let v € (0,1/4). There exists Ry € (0, 1] satisfying the

following.
(i) For any X = (t,z) € R x Q and r € (0, min{ Ry, dist(x,9)/2}] (so that
B.(z) C Q), there is a spatial coordinate system depending on x and r such

that in this new coordinate system, we have
A (s,41,9) — ][ AP (7,1, 2) d2dr| dyds < .

(7.2) ][
Qr(t,z) Qr.(¢,2)

(ii) For any x € 99, t € R, and any r € (0, Ry|, there is a spatial coordinate
system depending on X = (t,2) and r such that in this new coordinate
system, we have (T2) and

{(W1,9) s 21 +9r <y} N Br(x) C QN Br(x) C {(y1,9) : 21 —r <y1} N By ().
For the mixed-norm case, we view a Reifenberg flat domain ) as a subset of
Q1 X Qq, where Q1 C R*, Qy € R%, and di + do = d. We assume that ©; and
R x Q9 are spaces of homogeneous type with the usual Lebesgue measures. The

metrics are the Euclidean distance in £2; and the parabolic distance in R x 29; thus
the constant K in (Z1)) is 1. For example, £; can be R,
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Theorem 7.2. Let p,q € (1,00), Ko > 1, Q C Q) x s, O C RU, Qy C R,
di +de = d, and R x Q, as a subset of 1 x (R x §s), satisfy the conditions
(a) and (b) before Corollary with a doubling constant Ko (see 22)). Also let
w = w(x"wa(t,x"), where

wi(z) € Ap(,da’), wa(t,z") € Ay(R x Qo,dz” dt),
[w1]a, < Ko, [w2]a, < Ko,
and let L be the operator in (1l). Then there exist
v =(d,m,¢,6,p,q,d1,d2, Ko, K2) € (0,1/4),
Ao = Ao(d,m, £,0,p,q,d1,ds, Ko, K2, K, Ro) > 1,

such that, under Assumption [[1] (), for u € ﬁﬁq,w(R x Q) satisfying

(7.3) w+ (-)"Lu+du= Y Df,

la|<m

in R x Q, where fo € Ly q.(R x Q), we have

Ll la
(7.4) > AT D%y, <N A7 fall g

|| <m |a|<m
provided that A > Ao, where Ly ., = Ly ¢ (R X Q) and
N = N(d7 m, g» 57pa q, dla d27 KOa aK27 Ka RO)

Remark 7.3. One can check that the conditions (a) and (b) before Corollary
are satisfied if, for instance,  is a bounded Reifenberg flat domain in R%. The
doubling constant K is then determined only by d, m, Ry, and |{2| as long as - is
sufficiently small, for instance, v € (0,1/4). Indeed, the doubling inequality (2.2)
follows from

(7.5) N1|@r(Xo)| < |Br(Xo)| < 2|@Qr(Xo)]
for r/4 € (0, Ry, and
(7.6) Nor?™ Q| < |B,.(Xo)| < 2r2™ Q)

for r/4 € (Ry,o0), where
Xo = (to,z0) €ERXxQ, Ny =Ni(d,m), No= Na(d,m,Ro,|Q|),
and B,.(Xj) is a ball in R x Q using the parabolic distance, i.e.,
B (Xo) = {(t,x) e R x Q: |z — 20| + |t — to| ™ < r}.
To verify the above inequalities (we show only the lower bounds), note that
Qr/2(Xo) N (R x Q) C B, (Xo),

Qr/4(Xo) if dist(zo,0Q) > r/4,
Qr/a(to, )N (R x Q) if dist(xo, 00) < 1/4,

where & € 9 such that |zg — Z| = dist(xg, Q).
We assume that dist(zg, 02) < r/4 as the other case is simpler. If r/4 < Ry,
then, since v < 1/4, by the property of Reifenberg flat domains, we have

|Qr/a(Xo)| = |@r/alto, ) N (R x Q)| = N(d, m)|Qr(Xo)|-

Qr/2(Xo) N(RXx Q) D {
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Hence the first equality in (ZH) follows. If r/4 > Ry, then again by the property
of Reifenberg flat domains,

|Qr/a(Xo)| 2 1Qr/alto, ) N (R x Q)] > (r/4)*™|Br, (z) N Q|
> N(d,m)r*™|Bg,| = N(d,m, Ry, |)r*""|Q].
This verifies the first equality in (7.0).

For given constant A > 0 and functions u and f,, |a| < m, we write

|o

U= ()\%—zfi Deu)

U = (A3~ % D)

laj<m? lal<m o <m’
(7.7) 5 Lol 1
0= > AYD%, F= (A2 fa) <
1Bl=m
where & = me; = (m,0,...,0). In what follows, we assume that f, = 0 for |a] < m

whenever A = 0. By using the strong ellipticity condition, we have
N7HU| < |U'| + 8] < N|UJ,

where N = N(d,m,¢,9).
We start with the following interior and boundary Hélder estimates.

Lemma 7.4. Let A >0, g € (1,00), and L be the operator in (I)). Suppose that
the coefficients A*?, |a| = |B| = m, are measurable functions of only x1 € R; i.e.,
AYB = A*B(21) and the lower-order coefficients of L are all zero.

(1) For any u € C2 (R satisfying (T3) in Q2 with fo, =0, we have

U | er-1/a(@u) + 1Oller-1/4(Qu) < NIz, (@2

where N = N(d,m,?,6,q).
ii) For any u € satisfying n with fo =0 and u = Dzu =
i) £ CRe(REF) satisfyi in Q3 with fo =0 andu =D

=D 'y =0 on QN {z; =0}, we have

||U/||01*1/4(Q;r) + H(_)Hclfl/Q(Qf) < NHUHLq(Q,:;)v
where N = N(d,m,¢,6,q).

Proof. The proof follows those of Corollary 4.2, Lemma 4.6, Corollary 7.6, and
Lemma 7.7 of [I8] by using the interior and boundary H;* estimates, i.e., Theorems
2.2 and 2.4 in the same paper, instead of the H5*-estimates. O

Next we derive the following mean oscillation estimate. Denote
CT(X()) = (R X Q) n QT(X())

Lemma 7.5. Let A > 0, ¢ € (1,00), kK > 64, p,v € (1,00), 1/u+1/v = 1,
and L be the operator in ([I)). Suppose that the lower-order coefficients of L are
all zero. Then, under Assumption [LIl () with v < 1/(4k), for r € (0, Ro/x],
Xo = (to,z0) € R with z9 € Q, and u € ﬁ%710C(R x Q) satisfying (T3 in
Cir(Xo), where fo € Lyoc(Cur(Xo)), there exists U on C := Cy(Xo) such that,
on C,

NHU| < US| < N|U|
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and
1 1
(U = (U, xo)) e, xy S N1+ 57 (U1DE x,
~(Xo) (Xo)
d+2m 1 d+2m 1 ﬁ
(7.8) + Nk« (\F\q)gm(xo)—i-]\fﬁ a ryav (|U\q”)c’w(xo),

where N = N(d,m,¢,6,q, ).

Proof. We follow the lines in the proof of Proposition 7.10 in [I8], where 2 = le_
and ¢ = 2. As mentioned in Remark (.8 we assume that the coefficients are
infinitely differentiable. We further assume A > 0. Otherwise, we add the term eu,
e > 0, to both sides of (T3)) and obtain (7.8) for the modified system. Then we let

e\, 0.
Let & € 9Q be such that |zg — Z| = p := dist(zg, 92). We consider two cases.

Case 1. p > kr/16. In this case, we have
C’I"(XO) = QT(XO) - QH’I”/16(X0) CRxQ.

Since k/16 > 4, (L8) follows from Lemma [[4](i) by using a scaling and rotation of
coordinates. See, for instance, the proof of Theorem 6.1 in [18§].

Case 2. p < kr/16. Without loss of generality, one may assume (tg,Z) = (0,0).
Note that

(79) C?"(XO) - CK/I‘/S - Cl'i’!‘/2 - CKT(XO)'

Denote R = kr/2(< Rp). Due to Assumption [(T] by taking an orthogonal trans-
formation if necessary, we have

{(z1,2) :yR< 21} NBr C QN Br C {(x1,%) : —yR < xz1} N Bg

and

(7.10) sup ][ ’Ao‘ﬁ(t, x1,T) — Ao‘ﬁ(zl)’ dz dt <7,
|a|=|Bl=m R

where

(7.11) AP (x1) = AGB(T, x1,9) dgdr.

QR
Take a smooth function x on R such that

X(x1) =0 forzy <R, x(z1)=1 forz; > 2yR,

|D*y| < N(yR)™" for k=1,2,...,m.
Let 4 = yu, which vanishes on QrN{z1 < yR}. Asin [I8, Lemma 7.11], @ satisfies
in Q}; =QrN{zr eR?: 2, >R},
iy + (1) Lot + M= (-1)™ Y D*((A*? — A*%)DPu)

la|=[B]=m

(7.12) + ) XD fa+ (=1)"g + (-1)"h,

lal<m
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where L is the differential operator with the coefficients A*# from (ZI0), and
g=Y_ D*(A*DP((x - 1u)),
le|=|Bl=m
h=(1-x) Y  D*A*D’u).
le|=|Bl=m

Now let @ be the unique 7—7;”(1& x {x : x1 > yR}) solution of

(7.13) by + (1) Lo + Mib = (-1)™ Y D* (p(A* — A°F)DPu)

la|=|B|=m
+ Y xD(pfa) + (1) + (=1)"h
[a|<m

in R x {z: 21 > yR}, where ¢ := Ig, and
Y. DY(AYeDP((x — ),
lal=|B]=m

h=(1-x) Y.  D*(A*gDlu).
la|=|8]=m

g

By using Hardy’s inequality, the H;"-estimate, and a duality argument (see Lemma
[Adlin Appendix [Al for details), we have
m
(7.14) Az
k=0

k_

1 1 1
2 (Igy+ |DM0]9)E,, < “(\Ulq“)““ + N([F)¢,,-

We extend i to be zero in Cr\ Q%" , so that w € HE(Cr), and let w =+ (1 —x)u.
Similar to (7.20) of [I8], we deduce from (TI4) that

(7.15) (W9, < Ny@ (U1 &, + N(FI9)¢,,

where W is defined in the same way as U with w in place of u. Noting that
C,(Xo) C Cr and |Cg|/|Cr(X0)| < N(d)xk?*2™ from (TI5) we obtain
d+2m d+2m

1
(7.16) (Iwe )c (xg) S NE 7 w"(IUI‘”‘) + Ne o ([F|7)¢,.

Next we define v = u —w (= xu — @) in Cg. From (I12) and (I3), it is easily
seen that v = 0 in Cg \ Q)" and v satisfies

(7.17) v+ (=1)"Lov+ v =0

in Qrjo N {x : x1 > yR} and vanishes along with its derivatives up to (m — 1)-th
order on Qr N{z : z1 = yR}. Note that since the coefficients of Ly are infinitely
differentiable and v satisfies (ZIT7) in Qg N {z : x1 > yR} with the Dirichlet
boundary condition, by the classical results, v is infinitely differentiable in Q,N
{z : 21 > yR} for any 7 < R/2. Denote

D, :CT(XO)Q{Il <")/]%}7 D, :CT(Xo)\Dl, D3 :QR/4Q{I1 >’YR}.
Because of (IEI) |D1| < Nuv|Cr(Xo)|- As in ([TT), we set

1_ ol ~ <5
(/\2 zm D% )\Q\Sm,a1<mv 0= Z A ﬁ(xl)DBU
[B]|=m
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where A%5(x,) are from (ZII). Then applying Lemma [Z4(ii) with a scaling argu-
ment (QF, r = 1,2, in Lemma [Z4ii) can be replaced by Q;F (X) if, for instance,
X =(0,21,0) and —1/2 < 21 < 1/2), we get

(|V/ (V/)C (X0)|)C (Xo) + (|é - (é)c (X0)|) ~(Xo)
_1 A
SNPTH(V) ey ) O]t ) F NV o)
1-1 A
SNPTE (V] et O] ) NE VL o)
1
<N+ ) (VIS

which together with (ZI5) and (7I6) yields (Z8). Indeed, we set U¢ = (U’,0),
where

0:=06+ Z A% (1) DPuw.
|Bl=m
Then

(1U° = We,(xo) e, xp) < NIV = (V)e, xon e, xo)

+N(|@ ( )e, (Xo)|)c,,.(xo) + N(|W|)c,,.(xo)'

Here the last term is estimated by (ZI6)), and, as shown above, the first two terms
on the right-hand side are estimated by N(k~1*Y/7 4+ k) (|V]9), /q , which is taken
care of by (TI5) and the fact that u = v + w in Cg.

This completes the proof of Lemma |
Finally, we complete the proof of Theorem

Proof of Theorem [[2l With Lemma in hand, by using Corollaries and 2.8
we prove Theorem in the same way as Theorems 5.2 5.4 and were proved.

In particular, to apply Corollaries and 2.8 we first find a filtration of parti-
tions by using Theorem [ZIl By the properties of the partitions, for each Q™ in the
partitions, there exist r € (0,00) and Xy € R x Q such that

Q" C Cr(Xo), [C-(Xo)| < NIQ"],

where N depends on K, (recall that K; = 1). Then we use U®, C = C.(Xo),
in place of f% in Corollary 8, where s is to be chosen appropriately. For the
right-hand side of the inequality in Corollary 2.8 we set

g(Y) = (57 + ) MU ) (V)]0 + 570 [M(|F|%)(Y)] 70

d+2m 1 1
R (MU (V)]

where go and p are chosen as in the proof of Lemma [5.10l The rest of the details
are omitted. ]
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8. EXISTENCE OF SOLUTIONS

The a priori estimates proved in the previous sections can be used to derive the
existence of solutions to the corresponding equations/systems. In this section, as
an example we show the solvability of (Z3) in the mixed-norm weighted Sobolev
spaces.

Throughout this section, we assume that the conditions in Theorem are
satisfied. Then by reverse Holder’s inequality and the doubling property of A,
weights, we can find a sufficiently large constant p; and small constants €1,e9 €
(0,1) depending only on d, p, q, K3, [wi1]a,, and [w2]4, such that

p_ 1 e _ 1
p1 l+e’ p1 l+e

and both w%"’sl and w%+€1 are locally integrable and satisfy the doubling property.
That is, for any r > 0, z € Q1 and (tg,z(7) € R x Qq, we have

(8.1) / wi T da’ < No/ wi T da
BQT(Ia)ﬂﬂl Br(ra)mﬂl

(8.2)

U}%+E2 dJ?N dt S No/ w:2l+52 dJ?H dt,
Qr(to,zf )IN(RXN2)

/Qgr(to,zgl)ﬂ(RXSlg)
where Ny is independent of r, x{, and (o, z(),
Qr(to, zf) = (to — 7™, to +1°™) x B,(z{))

is a double parabolic cylinder in R x R%, and B,.(z}) (and B,(z{)) is a ball in R%
(and R%2, respectively). By Hélder’s inequality, it is easily seen that any function
feLy,(RxQ)islocally in L, ., (R x ), and for any r > 0,

(8.3) 1 £y 4w n@xe)) < NIfllz,, (2.n®xa)):

where Q, := (—r?™,7?™) x B, C R x R% and N also depends on r.

Now let fo € Lpgw(R x Q) for o] < m. By the denseness of C§°(R x Q) in
Ly q.0(R x Q), for each multi-index a, we can find a sequence of smooth functions
{fa.r} with bounded supports such that

(8.4) fak = fa InLpgwRXxQ) ask— oo.

Since for each k = 0,1,..., far € Ly, (R x Q), by the solvability in unweighted
Sobolev spaces (see [I8, Theorem 8.2]), there is a unique solution uy € ’H;ﬁ (RxQ)
to
(uk)t + (—1)m£uk + Aug = Z Do‘fa’]€
|| <mm

in R x Q provided that
’YS’Yl(dvnamapla(s) and )‘Z )\1(d,n,m,p1,5,Ro).

We claim that if « is taken to be smaller than 7 as well as the constant v in
Theorem [[.2] and A > max{\g, A1}, then u, € H (R x Q). Assume for the

P,q;w
moment that the claim is proved. Then it follows from the a priori estimate (74)
and (84) that {uy} is a Cauchy sequence in H,)', (R x Q). Let u be its limit. Then
by taking the limit of the weak formulation for the equation of uy, it is easily seen

that u is a solution to ([(T3]).
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It remains to prove the claim. We fix a k € N and assume that f,, |a] < m, are
supported in Qg N (R x Q) for some R > 1. By (83]), we have

(8.5) ||Dauk||Lp,q‘w(QQRm(RxQ)) <oo, 0<al <m.

For j > 0, we take a sequence of smooth functions n; such that n; = 0 in Qqig,
n; = 1 outside Qgj+1p, and

D < N2 ol <m, o |(n)e] < N27E
A simple calculation reveals that uxn; € ’H;ﬁ (R x Q) satisfies

(ugny)e + (=1)" L(ukn;) + Augn;
—wlt Y Y DA, DRy D),

lo]<m,|B]<m 1<|3|<| 8]

where ¢4 5 are combinatorial numbers. Applying the a priori estimate in [I8, The-
orem 8.2] with p; instead of p to ugn;, we get

lal<m

m ~ _~
+ N Z Z A7 || D0 D Pug| L, mxe),
la<m,|8]<m 1<|8|<|B|

|D*(uknj)llL,, ®xe) < Nlluk(n))ellz,, ®xa)

which implies that

el _
D ATE DMk, mx e\ Qg1 ) S N2k Ly, (2011 p\Qa )N(EX D))

la|<m

i Lol
+ N27J Z >\2m||D6uk||Lp1((sz+1R\Q2jR)ﬂ(RXQ))'
loe|<m, | B|<m—1

Thus we have

_ el
D AT DUk Ly, (2542 5\ Qa1 ) N(EXD))

lal<m

i _lel
SN2 N AT I DUk L, (0,541 5\ Qas )N (RXO)):

lor|<m

where we also used the fact that A > 1. By induction, we obtain for each j > 1,

_lal o
D AT DUk Ly, ((Qgyen 1\ Qo )N (B X))
la<m

iG=1

_ _lal o
(86) §N2 2 Z )\1 2m||D uk||Lp1(Q2Rm(RXQ)).

la|<m




5124 H. DONG AND D. KIM

Finally, by Holder’s inequality, (81)), (82), and (84]), we get for each j > 1,

1 lal
D AT D U L, (a1 )\ Qs )N (RX)
jal<m
1

1 1
< Jwa qu-sl (Baj+1pN01) w2 ||Zl+52 (Qaj+1 rN(RXQ2))

_lal g
Sy AT DYk L, (@41 1)\ Qo ) N(EX))

lor|<m

3(3+3) 5—1G=D _lal g
< NN, 2772 Z M7 [ D%l L, (@urn(®x2)s

o] <m

where Byjt1p is a ball in R% as in (81]). The above inequality together with (8.5
implies that

(8.7) D%y € Ly g RXxQ), 0<]a] <m.
Then the claim, i.e., ug € ’}f[;’?qﬂu (R x Q), follows from (87, the equation for wuy,

and the fact that uy € ’Hgi (R x €).

APPENDIX A

Proof of Theorem 2.5 We follow the proof of Theorem 1.4 in [13] in the setting of
spaces of homogeneous type.
For the given w € A, define

- kh(z
Rh(z) =Y /\;’f—N(f) h e Ly(wdpu),
k=0
where, for k > 1, M*¥ = Mo-..0 M is the k-th iteration of the maximal operator,
MOh = |h|, and N; is the constant N from Theorem determined by K, K, p,
and [w]4,. The operator R has the following properties:
(1) for all x € X, |h(x)| < Rh(z);
(2) IRRN L, (way < 20|PllL, (w dpys
(3) Rh € Ay; i.e., there exists a constant C' such that M (Rh) (z) < CRA(z)
for almost every z € X. The infimum of all such C, denoted by [Rh]4,,
satisfies
[Rh]a, < 2N
Now we define the operator M'h = M(hw)/w. Since w'™? € A, where
1/p+1/p' =1, M is bounded on L, (w 7" dp); thus M’ is bounded on Ly (wdp).
Note that
w1, = (fwla,)

p

and, for h € Ly (wdp),
||M/hHLp/(wdu) = ||M(hw)HLp,(w1—p' dp)
< Nollhwllp, 1 apy = NallPllL,, (wap

where Ny is the constant N from Theorem determined by K;, Ks, p/, and
[w'=P]4,. Define

R'h(z) = i M, h € Ly (wdp),
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where, again, (M’)°h = |h|. As above, the operator R’ has the following properties:

(1) for all x € X, |h(x)| < R'h(z);

(2) IRz, (wdwy < 2000z, wdpy;

(3) M'(R'h)(z) < 2NaR'h(z). Thus (R'h)w € Ay with [(R'h)w]a, < 2Na.

Set
Ao = 2P0 NPT N,

Using this Ag and the assumption that (ZII)) holds for all @ € A, satisfying
(W] a,, < Ao, we derive [212). Assume that [|g||z, (wau) < co. Otherwise, there is

nothing to prove. Let h € L, (wdu). Since g € L,(wdu) and h € Ly (wdu), by
the properties of R and R’ above, we have

Rg € A1, [Rgla, <2N1, (R'h)we Ay, [(R'h)w]a, <2Ns.
Denote
W = (Rg)' P (R h)w.
Then, for instance, by Proposition 1.2 in [I], we have w € A,,, and
[@]4,, < [Rgl?[(R'h)w]a, < 2P°NT*"'Ny = Ag.
Note that, from the properties of R and R/,

1/p , 1/p
[ Ry R Wi < ( / IRglpwdu> ( / |R’h|”wdu)
X X X

(A1) < 4||g||Lp(wdu)”h”L,,/(wdu)a
and by (2.11))

1/po 1/po
(/ f |p°(739)1"’°<73’h)wdu> :</ fl”owdu)
X X

1/po 1/po
<o ([laradn) = ([ oo R wa)
X X

From this, the inequalities |h] < R'h, |g| < Rg, Holder’s inequality, and (A.J]), we
have

[ < [ 151GRe) 54 Rg) 5 Ry
< ([ 117 Roy - Rnywan) . (/o) o
< No ( /X Iglf”(’(Rg)l]"0(72/h)wdu>l/p0 ( /X (Rg)(R’h)wdu>1/p6

<% ([ RoRMwn) o (/ <Rg><R’h>wdu>1/p6

—~ No /X (Rg)(R'B)w dia < ANollg]l 1, o IBl1 2, o -

Since h € Ly (wdp) is arbitrary and, by the definition of A, weights, wdpy is a o-
finite measure of X', from the above inequality we obtain || f||L, (wa.) < oo and the
inequality (2I2]). The second statement is clear because the constants N1 and N
from Theorem can be chosen depending only on the upper bound of [w]4,. O
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Since the proof of Lemma 6.5 follows that of [I8], Proposition 7.10], the following
lemma is proved by combining L,-versions of the claims in Lemmas 7.12 and 7.13
of [18]. However, the integration by parts argument in the proof of [I8 Lemma
7.12] for ¢ = 2 does not work for general ¢ € (1,00), so instead we use a duality
argument (also used in [24]), the details of which are given below.

Lemma A.1. Letw be the unique 7—2;”(]1% x {x € R?: 2y > yR}) solution of (T13)
in R x {x: 21 >~vR}. Then we have ((14]).

Proof. Set Q = {x € R : z; > yR} and
Liwv= > D’(A*D),
lo=[B]=m

where A%8 are from (TI). By using the results in [I8], in particular, by replacing
t by —t in Theorem 2.4(iii) there, for hy, € C§°(R x ), 0 < || < m, find a unique
solution v € Hy (R x Q), 1/¢+1/¢" =1, to the system

(A.2) —vy + (1) Liv + M = (=1)*ID%h,,
in R x Q satisfying
el Ll
(A.3) Z AT Em |D ””Lq, ®x$) < N Z Az ||ha||Lq,(Rx§z)-
loe|<m lor|<m

Since an approximation is available, if it is convenient, we may assume that v is
infinitely differentiable and has compact support. From (A2) and (ZI3)) (apply v
as a test function to (TI3)), we see that

/ ho D™ dx dt = / (—wvy + AP DPH DY + M) da dt
Rx$

jal<m fx

= Z / i ©(AY? — A*PYDPuD%y dx dt
RxQ

la=[B]=m

+ Z (_l)la‘/ pfaDY(xv) dx dt

la|<m RxQ

+ Z / ) A*PoDP ((x — 1)u) D dx dt
Rx$

la|=|Bl=m
T Z /R 5 I, <oy AP DPuD* (1 — x)v) dz dt,
la|=|8|=m "=

where in the last integral we used the fact that 1 — x = 0 if 1 > 2yR. The above
equalities with Hoélder’s inequality show that

(A4 > /R . ho D dz dt < N||p(A*® — A°P)D™ul|,, |[D™ ]|,
X

lal<m

+ Y lefall, ID*(xv)llz,, + NlleD™ ((x = D) |1z, 1 D™ 0llz,,

la|<m

+ Nz, <ayr eD™ul|z, [ D™ ((1 = X)v) |z,
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where L, = L,(R x Q) and L, = Ly (R x ). Notice that
[D*X| < N(a1 —yR)™"
for k=1,2,...,m. Thus by Lemma 7.9 in [I§] we have
1D (xv)llL, < NI[D%L,, laf <m.

Since ho, € C§°(R x Q) are arbitrary, this inequality together with (A4) and (A-3)
implies that

(A.5)
1_lal oo 1o a m Ll
Z )\é 2m||D wHLq SN”(P(A B_A 5)D U||Lq+N Z Azm ;HSDfaHLq
|a] <m. la|<m

+ NlleD™ ((x = Du) |z, + Nl Ley <2yr D™ ull L,

where N = N(d,m,?,d,q).
Now we observe that by Holder’s inequality and Assumption [Z1] (recall that
Y= IQR)

1/q
(a4 0l < ([ 14% — ae9peipmals de
C

R
d+2m

1 v\ 3
<NR « ya ([UI)én .

By Lemma 7.9 in [I§] and Hoélder’s inequality (see the proof of [I8, Lemma 7.13])
leD™((x — Du)lz,

d+2m

1/q 1
N n
< (/ I—7R<w1<2vR|Dmu|qdl‘dt) S NR -« yw (JU[™)E, -
Cr

Upon treating the other terms in the right-hand side of ([AH) similarly and bounding
the right-hand side of (Z.I4]) by the left-hand side of (A5, we finally obtain (T.14)).
([l
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