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#-FREE SETS AND DYNAMICS

AURELIA DYMEK, STANISLAW KASJAN, JOANNA KULAGA-PRZYMUS,
AND MARIUSZ LEMANCZYK

ABsTrRACT. Given & C N, let 7 = ng € {0,1}” be the characteristic function
of the set Fg 1= Z\ Uy ¢ g3 VZ of B-free numbers. The B-free shift (X, S), its
hereditary closure ()?n,S), and (still larger) the #-admissible shift (Xg,.S)
are examined. Originated by Sarnak in 2010 for # being the set of square-free
numbers, the dynamics of %-free shifts was discussed by several authors for
% being Erdos; i.e., when £ is infinite, its elements are pairwise coprime, and
> pegs 1/b < oo: in the Erdés case, we have X, = Xn =Xgz.

It is proved that X, has a unique minimal subset, which turns out to be
a Toeplitz dynamical system. Furthermore, a %-free shift is proximal if and
only if # contains an infinite coprime subset. It is also shown that for %
with light tails, i.e., E(Zb>K bZ) — 0 as K — oo, proximality is the same as
heredity.

For each 4, it is shown that n is a quasi-generic point for some natural
S-invariant measure vy, on X,. A special role is played by subshifts given by
% which are taut, i.e., when §(Fz) < 6(Fz\(s}) for each b € # (8 stands for
the logarithmic density). The taut class contains the light tail case; hence all
Erdos sets and a characterization of taut sets % in terms of the support of vy,
are given. Moreover, for any 2 there exists a taut %’ with vy, = Vn g - For
taut sets B, %', it holds that Xg = X g/ if and only if Z = #'.

For each 4, it is proved that there exists a taut %’ such that ()?,7@,,5)
is a subsystem of ()?,,@,S) and Xn@/ is a quasi-attractor. In particular, all
invariant measures for ()~(7, 2,9 are supported by )~(7, - Moreover, the system
()?n, S) is shown to be intrinsically ergodic for an arbitrary 4. A description
of all probability invariant measures for ()zn,S) is given. The topological
entropies of ()?U,S) and (Xg,S) are shown to be the same and equal to
d(Fg) (d stands for the upper density).

Finally, some applications in number theory on gaps between consecutive
PB-free numbers are given, and some of these results are applied to the set of
abundant numbers.
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1. INTRODUCTION

1.1. Motivation.

Sets of multiples. For a subset  C N:={1,2,...}, we consider its set of multiples
Mg = Ube@ bZ and the associated set of HB-free numbers Fog := Z\ Mg. The
interest in sets of multiples was initiated in the 1930s by the study of the set of
abundant numbers, i.e., of n € Z for which |n| is less than or equal to the sum of its
(positive) proper divisors. In [7], Bessel-Hagen asked whether the set of abundant
numbers has asymptotic density, and the positive answer was given independently
by Davenport [12], Chowla [10] and Erdés [19]. Nowadays, abundant numbers are
still of certain interest in number theory (see, e.g., [31L32L35]).

The works of Davenport, Chowla, and Erdés led to various problems on general
sets of multiples. In particular, the natural question whether all sets of multiples
have asymptotic density was answered negatively by Besicovitch [6]. On the other
hand, Davenport and Erdés [13,[14] showed that Mg (equivalently, F5) always
has logarithmic density equal to the lower density (respectively, upper density). In
many cases, Mg has even density: it is the case for Z Erdos [22], that is, when
2 is infinite, its elements are pairwise coprime and ), /b < 00; see, e.g., [27].
Following [28], all sets # C N for which Mg has density are called Besicovitch.

An important example of an Erdés set, hence Besicovitch, is the set .7 = {p? :
p € P} of squares of primes. Then, F is called the set of square-free integers
and its density equals 6/x2; see, e.g., [29]. The characteristic function of F.& is the
square pu? of the Mobius function g extended to Z in the natural way: u(—n) =
w(n), u(0) = 0. (Recall that p(n) = (—1)* when n is a product of k > 1 distinct
primes, p(1) =1, and p(n) =0 if n € N is not square-free.)

With each set Fg of %-free numbers, we associate three subshifts X, C )~(,, -
X (by a subshift, we mean a dynamical system (X,S), where X C {0,1}Z is
closed, S-invariant and S stands for the left shift):

o HB-free subshift (X,,S), where X, is the closure of the orbit Og(n) =
{S™n:m €7} of n=nz=1r, € {0,1}%;

e the subshift ()?W,S), where X}, is defined to be the smallest hereditary
subshift containing X, (a subshift (X, S) is hereditary whenever z € X and
y < x coordinatewise, then y € X);

o PB-admissible subshift (X4,S), where X4 is the set of Z-admissible se-
quences, i.e., of x € {0,1}%, such that, for each b € %, the support
suppz = {n € Z : z(n) = 1} of = taken modulo b is a proper subset
of Z/bZ.
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Similarly to the notion of admissible sequences, we can define admissible blocks
and admissible subsets of integers. Notice that the set X4 is closed as the %-
admissibility of x is equivalent to the %-admissibility of all finite subsets of supp x.
Clearly, 7 is $-admissible. Moreover, (X g, .S) is hereditary. As above, if no confu-
sion arises, we will write 7 instead of 1. We adopt this convention also for %’ by
writing 7’ instead of 7.

Relations with number theory. Consider two more examples. Let
(1) PB.={pq:p,qe P} and X =P

Then Fg = PU(—P)U{-1,1} (cf. [42], p. 173) and F = {—1,1}. Let n:=1x,,
n = 1r,, - Clearly, X,y C X,y C X%, and it is easy to see that X & is uncountable.
Recall the following famous number-theoretical conjectures:

Prime k-Tuples Conjecture. For each k > 1 and each &2-admissible subset
{a1,...,ax} C NU{0}, there exist infinitely many n € N such that {a1 +n,...,
ap + n} Cc Z.

Note that the set {0,2} is #-admissible and the Prime k-Tuples Conjecture in
this case is the Twin Prime Conjecture. Note also that if, for some p € &, we have
{a;modp:1<i<k}=7Z/pZ and {a1 +n,...,ar +n} C &, then n = p — qa; for
some 1 < i < k, whence the set of n € N such that {a1 +n,...,ap +n} C £ is
finite.

Remark 1.1. It is not hard to see that the Prime k-Tuples Conjecture is equivalent
to X C X,,. Indeed, for the necessity, we need to show that if a block B € {0,1}*
is P-admissible, then there is a block B’ € {0, 1}* appearing in 1 such that B < B’.
The existence of such a B’ follows directly from the Prime k-Tuples Conjecture.
Conversely, let F = {ai,...,ar} be HP-admissible. Take iy > 1 large enough,
so that 2|F| < pj,+1, where p; stands for the i-th prime number. Then the sets
FU(F+kp1...py), k> 1, are also H-admissible. These sets, for each k > 1,
correspond to some blocks C} appearing in X g. By assumption, this implies the
existence of C}, in n with C < C}, k > 1. It follows that we have n,m € Z such
that FF +n,F +m C & with |n — m| arbitrarily large, and the Prime k-Tuples
Conjecture follows.

Dickson’s conjecture [15]. Let a; € Z, b; € N for 1 <i < k. If for each p € &
there exists n € N such that p { [[;<;<,(bin + a;), then there are infinitely many
n € N such that bn +a; € P for 1 <i<k.

Note that if b; = 1 for 1 < ¢ < k, the condition that for each p € & there
exists n € N such that p{[[, ., -, (bin + a;) is equivalent to the &7-admissibility of
{ala s aak}'

Remark 1.2. The following consequence of Dickson’s conjecture (more specifically,

of its special case when b; = 1 for 1 < i < k) was pointed out to us by Professor
A. Schinzel; see Cy3 in [50]:

If {a1,...,ax} € [-n,n]|NZ is P-admissible, then, for infinitely
many z € N, we have [zt —n,z+n|N P ={zx+a;:i=1,...,k}.

This can be rephrased as X C X,,.
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Dynamical approach. The above suggests that the sets of multiples and the as-
sociated subshifts are difficult to study in full generality. Sarnak, in his semi-
nal paper [49], suggested studying dynamical properties of the square-free subshift
(X2, 5). In [49], he also announced the following results:

(i) p?is generic for an ergodic S-invariant measure v,z on {0, 1} such that the
measure-theoretical dynamical system (X S) has zero Kolmogorov
entropy,

(ii) the topological entropy of (X2, S) is equal to 6/x2,

(ili) X2 =X,

(iv) (Xp2,8) is prozimal,

(v) (X2, S) has a non-trivial topological joining with a rotation on a compact
Abehan group

u2sVp2,

(we will explain the notions appearing in ({)-(@) later). Today, proofs of these
facts are available; (i)-(v) have also been studied for some natural generalizations
of (X,2,5), see [1L14L18,9)30,46,48] (cf. also [5,33,41] for the harmonic analysis
viewpoint). In particular, in [I], Abdalaoui, Lemaniczyk, and de la Rue cover the
counterparts of ([)-() from Sarnak’s list for each % which is Erdos. In this case,
by (i), we have X, = )~(7, = Xg. During the conference Ergodic Theory and
Dynamical Systems in Torun, Poland, 2014, M. Boshernitzan asked if one can
relax the assumption on 4 being Erdés and tackle similar problems to (i)-(@) for
a general B. Note that X C X4 whenever B C %' C N. In other words, any
(X, S) has subsystems of the form (X g, S) for certain sets 2’ C N whose elements
are no longer pairwise coprime. (Another way to obtain a natural subsystem of
(X%,S) is to choose i | b for each b € & and then note that X C Xg, where
B = {b :be PB}.) In particular, the square-free subshift contains X, whenever
S CABC{pg:p,qe P}

Recall also that in [36] a description of all invariant measures for (X g, S) was
given for # Erdos. Moreover, under the same assumptions, (X4, S) was proved to
be intrinsically ergodic; that is, the system has only one invariant measure v such
that the Kolmogorov entropy of (X4,v,S) is equal to the topological entropy of
(X2, 5) (the intrinsic ergodicity of (X2, S) was proved in [46]).

The present paper seems to be the first attempt to consider Sarnak’s list (1)- ()
and the problem of invariant measures for a general 4 C N. Sometimes, we put
certain restrictions on 4. In particular, we deal with £ that:

e are thin, i.e., Y 5 1/b < 00,
e have light tails, i.e., d(}",- x bZ) — 0 when K — occ.

Each thin £ has light tails, and if £ is pairwise coprime, these two notions coincide.
Moreover, light tail sets are Besicovitch. A more subtle notion, which turns out to
be crucial in our studies, is that of tautness [28]:

e A is taut when 6(Mg\ (1) < 6(Mg) for each b € %, where § stands for
the logarithmic density.

Any primitive set Z (i.e., such that, for b, b’ € 2, we have b 1b') with light tails is
taut.

The main difference between the general situation and the Erdds case is that
X, no longer has a characterization in terms of admissible sequences; i.e., it may
happen that the %-admissible subshift (X g, S) is strictly larger than the %-free
subshift (X,,S). What is more, while X4 is always hereditary, X, need not be



Z-FREE SETS AND DYNAMICS 5429

so, and as we have already seen by inspecting the case & = &, we may even have
X, € X, € Xg. On the other hand, there are many similarities or analogies
between the Erdos case and the general case.

1.2. Main results. Our main results can be divided into three groups: structural
results, results on invariant measures and entropy, and number theoretical results.

1.2.1. Structural results. This group of results contains both topological and
measure-theoretical results. Namely, we have:

Theorem A. For any # C N, the subshift (X,,S) has a unique minimal subset.
Moreover, this subset is the orbit closure of a Toeplitz sequence.

As a consequence of Theorem [Al we obtain the following results:

Corollary 1.3. For any % C N, each point v € X, is prozimal to a point in the
orbit closure of a Toeplitz sequence.

Corollary 1.4. Let 8 C N. Then (X,,S) is minimal if and only if (X,,S) is
a Toeplitz system.

We also give a simple characterization of those 8 C N for which the unique
minimal subset of (X, S) is a singleton:

Theorem B. Let # C N. The following conditions are equivalent:
(i) {...0.00...} is the unique minimal subset of (X,,S),
(i) (Xy,S) is proximal,
(ili) A contains an infinite pairwise coprime subset.

Given a topological dynamical system (X, T'), by P(X,T) we denote the set of all
probability Borel T-invariant measures on X. It turns out that measure-theoretic
properties of the subshift (X, S) strongly depend on the notion of tautness. We
have:

Theorem C. For any B C N, there exists a unique taut set %' C N such that
Fa C Fa, Xﬂ’ C XTI’ and P(Xn, S) = P(Xn’v S).

Corollary 1.5. For any A C N, there exists a unique taut set #' C N such that
Fa C Fg and any point x € X, is attracted to X,y along a sequence of integers
of density 1; i.e., there exists E, C N of zero density such that
li d(S™z, X,y) = 0.
n—)oéngeEw (8", Xoy)

A key ingredient in the proof of Theorem [(]is the description of all invariant
measures on X,. Indeed, it follows from Theorem [l below that in order to prove
Theorem [C] it suffices to construct a taut set %’ such that v,y = v,,.

If # is Erdos, then, as shown in [I], we have X, = X, = X 4. In general, this
need not be the case.

Theorem D. Let % C N have light tails and contain an infinite, pairwise coprime
subset. Then X, = X,,.

In other words, for primitive % with light tails, (X, S) is proximal if and only
if it is hereditary. Since every Z that is primitive and has light tails is taut, a
natural question arises whether the assertion of Theorem [D] remains true for all
taut B C N. We conjecture that the answer is positive.
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1.2.2. Results on invariant measures and entropy.

Proposition E. For any 8 C N, n = 1x, is a quasi-generic point for a natural
ergodic S-invariant measure v, on {0,1}%. In particular, v,(X,) = 1. Moreover,
% is Besicovitch if and only if n is generic for v,,.

Remark 1.6. Recall that n is quasi-generic for v, if, for some (Ny), we have the
weak convergence Nik an N dgny — vy. Recall also that in the Erdds case, this
convergence holds along (Ny) with Ny =k (see [1]), (i.e., n is generic in this case);
hence £ is Besicovitch.

We call v, the Mirsky measure (in the square-free case the frequencies of blocks
in n were first studied by Mirsky [431/44]).

Theorem F. Suppose that B C N is taut. Then (X,,v,,S) is isomorphic to
(G,P,T), where G is the closure of {(n mod by)k>1 € [[51Z/bkZ:n € Z} in
szl Z/byZ and Tg =g+ (1,1,...). In particular, (X,, vy, S) has zero entropy.

Theorem G. If % C N has light tails, then X, is the topological support of vy,.

Theorem H. Let Y := {z € {0,1}% : |supp y mod b| =b—1 for each b € B}. For
% C N infinite (and primitive), the following conditions are equivalent:

(a) A is taut,

(b) P(Y N Xy, 8) #0,

(c) v(Y NXy) =

Theorem 1. For any 8 C N and any v € P()Z'n, S), there exists
p € P(X, x {0,1}%,8 x S)

whose projection onto the first coordinate equals vy, and such that M, (p) = v, where
M: X, x {0,1}* — X,, stands for the coordinatewise multiplication.

Theorem J. For any # C N, the subshift ()~(,7, S) is intrinsically ergodic.

An important tool here, which can also be of independent interest, is the following
result:

Proposition K. For any & C N, we have htop(f(,,,S) = hiop(X 2, S) = 6(Fz).

The last entropy result we would like to highlight here is the following immediate
consequence of Theorem [(] and the variational principle:

Corollary 1.7. For any % C N, there exists a taut set #' C N such that Fg C Fa
and htop(Xn; S) = htop(Xn ,S)

1.2.3. Number theoretical results.
General consequences: Our first result in this section shows, in particular, that
a taut set Z is determined by the family of %-admissible subsets.

Theorem L. Suppose that B, %' C N are taut. Then the following conditions are
equivalent:

(a) B=9,

(b) Mg = Mgz,

(C) X‘gg X‘@/

(d) X
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() X, = Xy,
() vy =Wy _
(&) P(Xy,5) =P(Xy,5).

Remark 1.8. Theorem [[] extends an analogous result from [36], where it was shown
that Xz = X4 is equivalent to & = %’ for %, %' C N Erdos.

As an immediate consequence of Proposition [[] and Theorem [Gl we obtain:

Corollary 1.9. If  C N has light tails and F,M C N are finite sets such that
F C Fg, M C Mg, then the density of the set of n € N such that F +n C Fg,
M +n C Mg is positive.

Consecutive gaps between AB-free numbers: Fix 28 C N and denote by (n;);>1
the sequence of consecutive natural %-free numbers. In [3], the following was shown
when £ C N is Erdos:

Let 4,0 > 0 be such that 200 > 9 + 36066. Then, for N large
enough there exists j = j(N) > 1 such that n; € [N,N + N?]

(2) and min(nj41 —nj,n; —nj_1) > ®(N), where ®(N) is the largest
positive integer such that H?i(lN) bj < N°.

In particular,

(3) lim sup min(n;42 — 141,141 — n;) = 0.

j—o0
Proposition M. Suppose that 8 C N has light tails and contains an infinite
coprime subset. Denote by (n;) the sequence of consecutive B-free numbers. Then

limsup min (njpr41 — Njrk) =00  for any K > 1.
jomo 0Sh<K

Proof. It follows from Theorem [Dl that X, = )?,7. Moreover, by Theorem [G] X, is
the topological support of ;. Since, by Proposition [El 7 is quasi-generic for v, the
result follows. O

Even though, contrary to (2)), the result included in Proposition [M]is not quan-
titative, it seems new and it strengthens (3.

Consequences for abundant numbers: Denote by A C N the set of abundant
numbers, i.e., the set of n € N for which Zd‘n d > 2n. In Section [[Il we will show
that A is the set of multiples of a primitive set £ C N which is thin and contains
an infinite coprime set. Denote 77 = 1, .

Corollary 1.10. The subshift (X5, S) is hereditary and prozimal. Moreover,
(X7, S) is intrinsically ergodic, and we have hiop( X7, S) =1 — d(A).

Proof. Tt follows from Theorem [Dl that X7 = )Z'ﬁ. In particular, by Theorem [B]
(X7, S) is proximal. The intrinsic ergodicity of (X7, S) follows from its heredity
and Theorem [Jl Finally, the intrinsic ergodicity of (X7, S) and Proposition [Klyield
h/top(Xﬁv S) = ]. - d(A) D

Moreover, in Section [I1] an analog of Corollary for A will be obtained.
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1.3. ‘Map’ of the paper.

Result Proof Main tools
Theorem [A] Section 3.1 Corollary 217, Lemma
Corollary Section [[2.1] Theorem [A] Proposition 2.10

Corollary 4] | Section [.2.1] Theorem [Al Corollary [L3]
Theorem [B] | Section [3.2.2] Chinese Remainder Theorem

Proposition 2.28] and Proposition 2.30]

ion 0
Theorem [@ Section Theorem [£5] Theorem [[, and Theorem [[]

Corollary Section Theorem [C] Lemma
Theorem Remark (.41 Proposition
Proposition [E] | Section [4.1] Theorem [2.23]
Theorem [E] Section B3] Lemma R7] Theorem 814
Theorem Section Proposition B. 10, Proposition B.11]
Theorem [ Section [7] Theorem [Cl Proposition [E]
Theorem [II Section Theorem RB.2] Theorem [8.4]

Theorem [J] Section [0 Theorem o Theor§m m

and the variational principle
Proposition [K] | Section Lemma
Corollary [ | Section [[.2.2] | Theorem [Cland the variational principle

Theorem E.29] Proposition E31]
Theorem [Il, Proposition [Kl

Theorem [[J Section

Corollary Section [[.2.3] Proposition [E] Theorem
Proposition [Ml | Section [[L2.3] | Theorem [D] Proposition [E], Theorem
Corollary IT.3] | Section [I] Lemma [[T.T] and Corollary [L.9]
Corollary I1.4] | Section [T Corollary 1.3l

Corollary I8 | Section[II] | Proposition M| Lemma 1.1, Lemma [IT.6]

. Lemma [[T.1, Lemma [1.6] Theorem [B]
Corollary Section Theorem [D] Theorem [J Proposition [Kl

2. PRELIMINARIES

2.1. Topological dynamics: Basic notions. A topological dynamical system is
a pair (X,T), where X is a compact space endowed with a metric d and T is a
homeomorphism of X. A point x € X is called recurrent if, for any open set U 3 =,
there exists n # 0 such that T"x € U. Denote by Or(z) the orbit of x € X under
T, ie., Op(xz) ={T"x : n € Z}. We say that (X,T) is transitive if it has a dense
orbit, and each point z € X whose orbit is dense in X is called transitive.

Remark 2.1. Recall that (X, T) is transitive if and only if, for any non-empty open
sets U,V C X, there exists n € Z such that T-"U NV # (.

A dynamical system (X,T) is called topologically weakly mizing if the product
system (X x X, T x T is transitive. A minimal set M C X is a non-empty, closed,
T-invariant set that is minimal with respect to these properties. Equivalently,
M C X is minimal if for any © € M, we have Op(z) = M. If M = X, then T is
called minimal. A point z € X is called minimal if (Op(z),T) is minimal.

Let (X,T), (Z, R) be topological dynamical systems. Then (Z, R) is a factor of

(X,T) if there is a surjective 7 : X — Z which is continuous and 7 oT = R o .
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A subset C' C X is called wandering whenever the sets T"C, n € Z, are pairwise
disjoint. By P(X,T) we denote the set of all Borel probability T-invariant measures
on X and by P¢(X,T') the subset of P(X,T) of ergodic measures (cf. Definition 2.7]).
We say that (X,T) is uniquely ergodic if P(X,T) is a singleton. A point x € X
is called generic for p € P(X,T) if the ergodic theorem holds for T at z for any
continuous function f € C(X): & >, o f(T"x) — [ f dp.

Remark 2.2. In any uniquely ergodic systems all points are generic for the unique
invariant measure and the above convergence is uniform.

A topological dynamical system (X,T) is called equicontinuous (see, e.g., [25])
if the family of maps {T™ : n € Z} is equicontinuous. Every topological dynamical
system has, up to isomorphism, the largest equicontinuous factor which is called
the mazimal equicontinuous factor.

Example 2.3. Consider (G,T), where G is a compact Abelian group and Tg =
g + go for some go € G. If (G, T) is minimal, then it is uniquely ergodic and Haar
measure P is the unique member of P(G,T). In particular, all points g € G are
generic for P. All compact Abelian group rotations (G,T') are equicontinuous.

Example 2.4. Let A be a finite set and let S: A% — AZ be the left shift, i.e.,
S((xn)nez) = (Yn)nez, where y,, = 2,11 for each n € Z. Let X C A% be closed
and S-invariant. Then we say that (X, .S) is a subshift.

Definition 2.5. We say that = € {0,1}2 is a Toeplitz sequence whenever for any
n € 7Z there exists d,, € N such that (n+ k- d,,) = z(n) for any k € Z. A subshift
(Z,8), Z C {0,1}% is said to be Toeplitz if Z = Og(y) for some Toeplitz sequence
y € {0,1}Z.

Remark 2.6. Usually, one requires from a Toeplitz sequence that it not be periodic.

For convenience, periodic sequences are included in Definition We refer the
reader, e.g., to [16] for more information on Toeplitz sequences.

2.2. Measure-theoretic dynamics: Basic notions. A measure-theoretic dy-
namical system is a 4-tuple (X, B, u, T'), where (X, B, ) is a standard Borel prob-
ability space and T is an automorphism of (X, B, ). The set of all automorphisms
of (X, B, p) will be denoted by Aut(X, B, p).

Definition 2.7. We say that T' € Aut(X, B, u) is ergodic if, for A€ B, A=T"1A
(p-a.e.) implies u(A) € {0,1}.

For T € Aut(X, B, i1), we define the associated Koopman operator Ur: L*(X, B, j1)
— L?(X, B, u) by setting Ur f = foT. Wesay that A € S! is in the discrete spectrum
of T if it is an eigenvalue of Ur; i.e., for some (eigenfunction) 0 # f € L*(X, B, p),
we have Ur f = Af. We say that T has purely discrete spectrum if the eigenfunctions
of Ur are linearly dense in L?(X, B, it). Following [26], we say that T' € Aut(X, B, i)
is coalescent if each endomorphism of (X, B, 1) commuting with 7" is invertible.

Remark 2.8. All ergodic automorphisms with purely discrete spectrum are coales-
cent.

Let T € Aut(X, B, ), S € Aut(Y,C,v), and let p be a T x S-invariant measure
on X xY. We say that p is a joining of T and S if p|x = p and ply = v. In
a similar way, joinings of at most countable families are defined. Following [24], T
and S are called disjoint if product measure is the only joining of T" and S.
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Let T € Aut(X, B, ) and let C € B be such that ;(C) > 0. Then the function
ne given by no(z) = min{n > 1: T"z € C} is well-defined for u-a.e. © € C. The
map To: C — C given by Tox = T"®) g is called the induced transformation.
Then To € Aut(C, Be, o), where Be = Bl and puc(A) = % for any A € Bg.
Moreover, T¢ is ergodic whenever T is also.

2.3. Entropy: Basic notions. There are two basic notions of entropy: topolog-
ical entropy hiop(X,T) of (X,T) and measure-theoretic entropy (or Kolmogorov
entropy) h(X,u,T) of (X,B,u,T). We skip the definitions and refer the reader,
e.g., to [17].

For any topological dynamical system (X, T') the variational principle holds, that
is, hiop(X, T) = sup,ep(x,m) WX, 1, T). We say that p € P(X,T) is a measure of
mazimal entropy of (X, T) if hyp(X,T) = h(X,p,T). A measure of maximal
entropy may not exist; however, subshifts always have at least one measure of
maximal entropy. Following [52], a topological system (X, T') is intrinsically ergodic
if it has exactly one measure of maximal entropy.

2.4. Topological dynamics: More on minimal subsets. Let (X, T) be a topo-
logical dynamical system. A set S C Z is called syndetic if there exists a finite set
K such that K + 5 = Z.

We will be particularly interested in the situation when (X,7) has a unique
minimal subset. We first recall well-known results related to the proximal case.

A pair (z,y) € X x X is called prozimal if liminf,, . d(T"z, T"y) = 0. We
denote the set of proximal pairs (z,y) by Prox(T). We say that T is prozimal
if Prox(T) = X x X. A pair (z,y) € X x X is called syndetically prozimal if
{n € Z:dT"z,T"y) < €} is syndetic for any ¢ > 0. We denote the set of all
syndetically proximal pairs (z,y) by SyProx(T). We say that T is syndetically
proxzimal if SyProx(T) = X x X.

Remark 2.9. Note that if (z,Tz) € Prox(T), then clearly T has a fixed point.
Moreover, (X, T) is proximal if and only if it has a fixed point that is the unique
minimal subset of X.

Proposition 2.10 (Auslander - Ellis; see, e.g., [2]). Let (X,T) be a topological
dynamical system. Then for any x € X there exists a minimal point y € X such
that © and y are proximal.

Remark 2.11. Clearly, a subsystem of a (syndetically) proximal system remains
(syndetically) proximal. Both relations, Prox and SyProx, are reflexive and sym-
metric. Moreover, SyProx is always an equivalence relation, whereas Prox need not
be.

Remark 2.12. It is easy to see that if T is syndetically proximal, then T*™ is
syndetically proximal for each n > 1.

Proposition 2.13 ([I1,[54]; see also Theorem 19 in [45]). The following are equiv-
alent:
o Prox(T) is an equivalence relation,
e Prox(T) = SyProx(T),
e the orbit closure of any point (z,y) € X x X in the dynamical system
(X x X, T xT) contains exactly one minimal subset.
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As an immediate consequence of Remark 2.17] and Remark 2.9] we obtain:

Corollary 2.14. Suppose that Tzo = xo and SyProz(T)N ({zo} x X) = {zo} x X.
Then Prox(T) D SyProx(T) = X x X; i.e., T is syndetically prozimal and {xo} is
the unique minimal subset of X.

The following result is related to Lemma 1 in [I8].

Proposition 2.15. Let (X,T) be a topological dynamical system with a transitive
point n € X. The following are equivalent:

(a) (X,T) has a unique minimal subset M.
(b) There exists a closed, T-invariant subset M’ C X such that for any x € M’
and y € X, there exists (my)n>1 C Z such that Ty — .
(c) There exists xapr € X such that for any y € X there exists (my)n>1 C Z
such that T™"y — .
(d) There exists a closed, T-invariant subset M" C X, such that {k € Z :
T*n € U} is syndetic for any open set U intersecting M".
(e) There exists a sequence of open sets (Up)n>1 C X such that:
e diam(U,) — 0 as n — oo,
o (k€ Z:TFye€U,)} is syndetic for each n € N.
Furthermore, if any of the above hold, then M = M’ = M" and xp € M.

Proof. (a)=(b) Let M’ = M, where M is as in (a). Let y € X. The set w(y) =
{z € X : Im,, = oo with T™ny — z} is closed, non-empty, and T-invariant, so it
contains M’', which yields (b) and shows that any M’ as in (b) satisfies M’ = M.

Clearly, (b) implies (c).

(¢c)=>(d) Let zps be as in (¢). Denote by M"” the orbit closure of zp;. Let
U be an open set and let U N M"” # (. Then there exists N € N such that
xy €V =T NU). Thus N+{ke€Z:Tkn eV} C{ke€Z:TFye U}, and the
latter set is syndetic if the former is. If {k € Z : T*n € V} is not syndetic, then for
any n € N there exists k,, € Z for which T*»~"y, ... Tk*+"p € X \ V. Then the
orbit closure of any limit point of (T*77),>1 lies in X \ V and cannot contain z,
which contradicts (c).

Clearly, (d) implies (e).

(e)=(a) Assume that (e) holds and M;, My C X are minimal with min{d(x1, z2):
x; € M;,i = 1,2} =0 ¢ > 0. Let U, be as in (e) with diamU,, < &/2. We may
assume that U, N My = 0. Let V D My be open such that VNU,, = 0. Let N be
the maximal gap in {k € Z : T*n € U, }. Since M, is T-invariant, there is an open
set W with My C W such that T"W C V for j = 0,1,..., N. But the orbit of n is
dense in X; therefore there is k € Z with T*n € W, contradicting the choice of N.

The same reasoning shows that M” as in (d) must be unique and hence M = M".
To finish the proof note that we also must have )y € M = M’ = M" since zys
must be a minimal point. O

Remark 2.16. There is a well-known characterization of minimality of an orbit
closure. Let x € X. Then (Op(z),T) is minimal if and only if, for any open set
U >z, the set {n € Z : T"x € U} is syndetic. In particular, if z is transitive, then
(X,T) is minimal if and only if, for any open set U C X, the set {n € Z : T"x € U}
is syndetic.

Notice that Proposition includes this characterization of minimal orbit clo-
sures as a special case. Indeed, if (X, T') is minimal, then any open set U intersects
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M = X, whence {n € Z : T"z € U} is syndetic by (). On the other hand, if
{n €Z:T"x € U} is syndetic for any open set U, it follows that M’ := X satisfies
(d). Therefore the only minimal subset M is also equal to X; i.e., (X, T') is minimal.

Corollary 2.17. Let (X,T) be a transitive subshift. Then (X,T) has a unique
minimal subset M if and only if there exists an infinite family of pairwise distinct
blocks that appear in n with bounded gaps.

Proof. 1t follows from the equivalence of (@) and (@) in Proposition O

If (X,T) is a subshift, sometimes more can be said about the unique minimal
subset.

Lemma 2.18. Let n € {0,1}%. Suppose that there exist B,, € {0, 1}l for
n > 1, with £, N\, —00, 1, 7 00, (Mp)n>1 C Z, and (dy)n>1 C N, satisfying, for
each n > 1:

(a‘) dn, ‘ dTHrl;

(b) dn ‘ Mp4+1 — My,

(c) nmn + kdy + bn,my + kdy, + 1] = By, for each k € Z. (Note that condi-

tions @), (b)), and @) imply that By41[ln,7s] = Bn, n>1.)

Then n has a Toeplitz sequence x in its orbit closure X,. Moreover, (X,,S) has
a unique minimal subset M which is the orbit closure of x.

Proof. Fix ng € N and let n > ng. Then, by @) and (L)), we have d,, | m, — mp,.
Therefore, in view of (@), for any k € Z, we have

STy + kdpg, Tng + kdn,]
= n[mno + (kdno +mp — mno) + Enmmﬂo + (kdﬂo +my — mﬂo) + Tno] = Bno'
It follows that = := lim,_,o, S™"7n is well-defined and Toeplitz. The last assertion

follows by Corollary [Z.17] |

2.5. Asymptotic densities. For A C Z, we recall several notions of asymptotic
density (in fact, these are densities of the positive part of the set A, i.e., of ANN).
We have:

e d(A) :=liminfn_,o0 %A N [1, N]| (lower density of A),

e d(A) :=limsupy_,o = |AN[L,N]| (upper density of A).
If the lower and the upper densities of A coincide, their common value d(A) :=
d(A) = d(A) is called the density of A. We also have:

e §(A) :=liminfy_ 0o @ Y acA1<a<N L (lower logarithmic density of A),

e §(A) :=limsupy_,., @ ZaeA’lSaSN%(upper logarithmic density of A).
If the lower and the upper logarithmic densities of A coincide, we set §(A4) :=
0(A) = 6(A) and call it the logarithmic density of A. Tt is easy to see that
(4) d(A) < 8(A) <8(A) < d(A).

2.6. Sets of multiples, #-free numbers, and their density. For  C N, let
M{gg = Ube% bZ and f':@ = Z\Mgg
Definition 2.19. We say that:

o A is coprime if ged(b,b') =1 for b £ b in B,

o Ais thin if Y, 4 1/b < +00,
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e 2 has light tails if limg o0 d (Ub>K bZ) =0,
o A is taut [28] if for any b € &, we have §(Mz) > §( Mg\ (1))

Following [28], we say that £ is Besicovitch if d(Mg) exists (clearly, this is equiva-
lent to the existence of d(Fg)). A set Z C N\ {1} is called Behrend if §(Mg) = 1.

Remark 2.20 (see Chapter 0 in [28]). Let P(Z) be the intersection of all sets ' C N
such that Mgz = Mg . Then Mp(z = Mg. Moreover, P(%) is primitive (i.e.,
no element of P(#) divides any other). Therefore, throughout the paper, whenever
A is arbitrary, we will tacitly assume that it is primitive.

Since d (Uys i VZ) < > ps i Yo,
(5) if £ is thin, then % has light tails.

Recall that d(Mg) may not exist; the first counterexample was provided by
Besicovitch [6]. Recall also the result by Erdos:

Theorem 2.21 ([21]). A set B = {by : k > 1} is Besicovitch if and only if

1
Oilargohgsotip - 17% ) [0, n] VORZ N Frpy,.. iy =0
n+—¢ r<n

Corollary 2.22 (Theorem 1.6 in [28]). If & and % are Besicovitch, then o/ U R
is also Besicovitch.

On the other hand, we have the following result of Davenport and Erdos:

Theorem 2.23 ([13,[14]). For any %, the logarithmic density 6(Mg) of Mg
exists. Moreover,

(6) d(Mgz) =dMgz) = A d(Mppezp<ry)-

Remark 2.24. Formula () follows from the proof of Theorem 223] in [14] (see
also [28]). Notice that (B) implies that 2 is Besicovitch if and only if

Klgn A Mpezv>iy \ Mipeas<ry) = 0.

In particular, if Z has light tails, then % is Besicovitch (this follows also from

Theorem [2.27]).
Corollary 2.25. Let &f = a4 Ul U.... Then
(M) =dMy) = lim d(Marumsu. vo)-
Proof. Let A(o/) := limg 00 §(Mepu...uary ). Clearly, A(o/) < §(My). We will

now show that §( M) < A(«/). For K > 1, let Nk be such that {a € & : a < K}
C @4 U...UN,. Using Theorem [Z23] we obtain

6(Mer) = Jim §(Miucoracicy) < Jim (Mot vony,) = Al).
This completes the proof. O

Remark 2.26 (Cf. Remark 2.24]). Let o = & U/ U. .. and suppose additionally
that the density of @ U ... U @k exists, for each K > 1. As a consequence of
Corollary 2.25, we obtain that &7 is Besicovitch if and only if

lim d(Mgy \ M. Uer) = 0.
K—o0
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Remark 2.27. Clearly, any superset of a Behrend set that does not contain 1 re-
mains Behrend. Moreover, if % is Behrend, then £ is Besicovitch. Note also that
by Theorem 223, # C N\ {1} is Behrend if and only if d(Mz) = 1.

Proposition 2.28 ([28], Corollary 0.14). The set &/ U2 is Behrend if and only if
at least one of o/ and P is Behrend.

For #, a € N\ {1} let

b
"(a):=q ———:b .
2= ety 059
Proposition 2.29 ([28], Theorem 0.8). Leta € M. Then §(Mgy(ay) > 6(Mz)
if and only if #'(a) is not Behrend.

Proposition 2.30 (|28], Corollary 0.19). The set & is taut if and only if it is
primitive and does not contain co/ with ¢ € N and of C N\ {1} that is Behrend.

Corollary 2.31. Suppose that % is taut. If §(Mzuiay) = 6(Mgz), then a € M.

Proof. Suppose that §(Mgug.y) = 6(Mgz) and a ¢ Mg. By Proposition 229
' (a) is Behrend. Since a has finitely many divisors, it follows from Proposition 228
that at least one of the sets

b
B(a) = {E :bePB and ged(b,a) = d} ,
where d | a is Behrend. Moreover, d - #)(a) C %. Notice that 1 ¢ %/(a). Indeed,
if 1 € #(a), then d = ged(d,a) € A. In particular, d | a, i.e., a € Mg, which is
not possible by the choice of a. It follows from Proposition that £ cannot be
taut. (]

Furthermore, notice that
(7) if % has light tails (and is primitive), then 2 is taut.

Indeed, if £ is not taut, by Proposition 2230 we have that & D c& with &
Behrend. Moreover, given K > 1, there exists L = L(K, ¢) such that

c{aed a>L}C |J0Z
b>K
But, in view of Proposition 228 {a € & : a > L} is Behrend. It follows that
0(Ups i VZ) > 1/c for all K > 1, which means that % cannot have light tails. In
particular, we obtain that if & is finite, then £ is taut.

2.7. Canonical odometer associated with Z. Denote the elements of % by
bi, k > 1, and consider the compact Abelian group Gz := [, Z/biZ, with the
coordinatewise addition. The product topology on G is metrizable with a metric
d given by

0 do.o) = Y i h

9k —
k212 1+|gk gk‘

In this metric, closeness of two sequences implies that they agree on a long initial
segment of coordinates. Let Pg,, be Haar measure of G, i.e., Pg, = @ mz/,z,
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where, for ¢ € N, my, .z stands for the normalized counting measure on Z/cZ. For
n € 7Z, let

(9) ng = (nmod by,n mod ba,...) € Gg.
Denote by G the smallest closed subgroup of G that contains 14, i.e.,
(10) G:={ng:neZ} C Gy

Remark 2.32. By its definition, G C G4 contains a dense cyclic subgroup; i.e.,
G is monothetic and the homeomorphism T'g = g + 15 yields a uniquely ergodic
dynamical system (G,T) (with Haar measure P as the only invariant measure).

We will now provide another model of (G, T). First, given 1 < k < ¢, denote by
Tt Z)lem(by, ..., by, ..., b0)Z — Z/lem(by, ..., bg)Z
the natural homomorphism given, for each r € Z/lem(by, ..., bk, ...,b¢)Z, by
Te(r) = r mod lem(by, . .., by).
Note that whenever 1 < k < ¢ < m, we have 7y ¢ 0 7y, = Tgm. Also, for each
k > 1, we set mp, := T 1. This yields an inverse limit

T—1

Z/01Z 2 Z/lem(by,bo)Z 2 ... " 2/ lem(by, ... b)) Z L

and we define

(11) G :=lmZ/lem(b, ..., b)Z

=JgE€ H Z/lem(by, ..., bp)Z : Ti(gr+1) = g  foreachk >1 3,
k>1

where g = (g1,92,...). Then G’ is closed and invariant under the coordinatewise

addition. Hence, G’ is Abelian, compact, and metrizable; cf. ([8). We denote by P’
Haar measure on G’. By the above, for each n > 1, we have

(12) n := (n mod by, n mod lem(by, bs),...) € G,
in particular, 1 € G’. On @', we also define a homeomorphism T'g = g + 1.

Remark 2.33. Notice that if (g1, g2, ...) € G’, then, since g =g; mod lem(by, ..., b;)
for j=1,...,k, we have

gk = (gr mod by, gr. mod lem(by, bz),...) — (g1,92,...) when k — oco.
It follows that {n : n € Z} is dense in G’ (and hence G’ is monothetic).

Lemma 2.34. The map W: {ng : n € Z} — G’ given by W(ng) = n extends
continuously to G in a unique way. Moreover, it yields a topological isomorphism
of the dynamical systems (G, T) and (G',T").

Proof. Notice first that W is uniformly continuous (and equivariant). Indeed, for
any K > 1, if d(ng,mg) is sufficiently small, then n = m mod by, for 1 <k < K.
It follows that n = m mod lem(by,...,b;) for 1 < k < K; i.e., d(n,m) is small,
provided that K is large. Therefore, W extends to a continuous map from G to G’.
Moreover, by Remark 233, W: G — G’ is surjective.

It remains to show that W is injective. For this, it suffices to show that the map
n — ng is also uniformly continuous. Fix K > 1. If d(n,m) is sufficiently small,
then n = m mod lem(by,...,b;) for 1 < k < K. It follows that, for 1 < k < K, we
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have n = m mod by; i.e., d(ng,my) is arbitrarily small, provided that K is large.
This completes the proof. ([l

Definition 2.35. We say that (G,P,T') is the canonical odometer associated to
B.

Remark 2.36. It follows from the proof of the above lemma that for g € G, we have
(13) W(g) = (91 mod bl,gg mod bg,...).

Example 2.37. When 4 is coprime, then Z/lem(by, ..., bx)Z = Z/(by-. . .-biZ) is,
by the Chinese Remainder Theorem, canonically isomorphic to Z/byZ X ... X Z /by Z
via

Jj = (j mod by,...,7 mod by),

so 7y, corresponds to
proji: Z/0Z X ... X L)bkZ X L)bpi1Z — L/ 7 X ... X L/byZ,

i.e., the projection on the k first coordinates. The inverse limit G’ given by the sys-
tem {proj, : k > 1} is naturally identified with the direct product Gg. Moreover,
1 € G’ corresponds to 15 € Gg. It follows that G = G4, and thus the canonical
odometer associated to 2 is the same as in [I] whenever £ is coprime.

We will now show that the canonical odometer “outputs” Fg. Consider the
following sets:

(14) C:={(g1,92,...) € G: forall k > 1, gy # 0mod b},
(15) C' ={(g1,92,...) € G’ : forall k> 1, gp #Z 0 mod by}

Remark 2.38. By Remark [2.36] we have W (C) = C"’. In particular, for each n € Z,
we have ngy € C <= ne (' < n e Fgu.

Let n € {0,1}% be the sequence corresponding to 1x,. Recall that (X,,S)
denotes the %-free subshift, i.e., X, := {z € {0,1}%: each block appearing in z

appears in 7n}.
Define ¢: G — {0, 1}% by setting ¢(g)(n) := 1¢(T™g) and notice that
(16) p(g)(n) =1 < n# —g, mod by, forall k> 1.

Finally, notice that ¢ o T = S o p and n = (0,0, ...).

2.8. Admissibility. Recall that (Xg,S) denotes the %B-admissible subshift con-
sisting of € {0,1}% such that, for each b € %, we have |[{n € Z : x(n) =
1} mod b| < b; see [1L49].

Remark 2.39. Consider pg: Gg — {0,1}% given, for g € G, by the same formula
as in (I6). Arguing as in [I], we easily obtain ¢z(Gz) C Xz. In particular, since
n=¢(0,0,...), we have n € X, so X,, C X».

Definition 2.40 (Cf. [3438]). We say that X C {0,1}7 is hereditary if for x € X
and y € {0, 1}? with y < z (coordinatewise), we have y € X.

It follows directly from the definition of admissibility that Xg is hereditary.
Denote by X, the smallest hereditary subshift containing X,. It is clear that
XT, C Xn C Xa.
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Remark 2.41. Note that Xg is always uncountable. Indeed, for & infinite, it
suffices to notice that the characteristic function 14 of A := {by -...by : k > 1}
has infinite support; thus the set {z € {0,1}? : x < 14} C Xz is uncountable. If
% = {by,...,by} is finite, then consider A := {(by -... - by)*: £ > 1}.

For # Erdés, we have X, = Xg; see [I]. It is also easy to see that X, C )A(:n =
X for B # () finite and coprime. This need not always be the case:

Example 2.42 (X, C )A(:n C Xg). Let # := &. Then Fg = {£1} and & is
Behrend. It follows that

X, ={S"n:neZ}U{...0.00...},
X, ={S":neZ}yU{S"(...0.10...):neZ}U{...0.00...}.

Hence, X,, )A(:n and X}, is countable; thus Xn C X% by Remark 2401 Note also
that (X, S) fails to be transitive.

Example 2.43 ()Z'n C X ). Suppose that 4,6 € B and b > 12 for b € B\ {4,6}.
Let y € {0,1}% be such that y[1,12] = 110011100110 and y(n) = 0 for all n €

Z\{1,2,...,12}. It follows that y € X5. We claim that y ¢ X,,. Suppose that
(17) y[1,12] < nlk, k + 11] for some k € Z.
Recall that 4 € Z. Since y[1] = n[k] = y[2] = n[k + 1] = 1, it follows that 4 | k + 2
or 4 | k+3. Since y[7] = n[k + 6] = 1, we cannot have 4 | k+2. Hence 4 | k+3. On
the other hand, we have 6 € 9. Since y[i + 1] = n[k +1i] = 1 for i € {0, 1,4, 5,6}
and k 4 2 is odd, we have 6 | k + 3. It follows that 6 | & + 9, whence n[k + 9] = 0.
This, however, contradicts (IT).

One can modify % so that d(Fg) exists and is positive. Furthermore, one can
obtain both X, = X,, € Xz and X,, C X,, C X»; see Example

The subshift (X’n, S) has some natural S-invariant subsets we will be interested
in. Given a sequence (s)r>1 with 0 < s < by for k > 1, let
Yi, ss... i= {2z € {0,1}” : |supp x mod by| = by, — sy, for each k > 1},
Yo, >ss.. i={x € {0,1}” : |supp & mod by| < by, — sj, for each k > 1}.
Remark 2.44. For 0 < s < bg, k > 1, define auxiliary subsets
VE = {z € {0,1}” : |supp = mod by,| = b — s},
szsk = {z € {0,1}% : |supp = mod by| < by — 51}

k _ vk k k k
Then Y7 = Y3, \YS,, 4y and Y, YS, ., are closed. Moreover

Yoi 60, = m Ysk;;’ You >80, = ﬂ YZkSk'
E>1 E>1

In particular, Y;, 4, is Borel and Y>g, >, is closed, for any choice of 0 < 55, <
br, k > 1. Additionally, sets Yj, s, .. are pairwise disjoint for different choices of
(51, S2,.. ) and

{07 1}Z = U Y;1752,--"

0<sx<bg,k>1

We will write Y for Y; ;... Notice also that Y>g, >, .. is the smallest hereditary
subshift containing Y, s, .. ..
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Following [46], we define a map 6: Y N )Z'n — Gg by

(18) 0(y) =g < (supp y) N (xZ — gr) =0 for each k > 1.
Notice that given y € Y and kg > 1, there exists N > 1 such that
(19) |(supp y) N[=N, N] mod bg| = b, — 1 for 1 < k < k.

Remark 2.45. Notice that
(20) oYy NX,)CG.
Indeed, take y € Y N )?,,. Given kg > 1, let N > 1 be such that (I9) holds

and let M € Z be such that y[-N,N] < n[-N + M, N + M]. It follows that
O(y) = (91,92, ...), where g = —M mod by, for 1 < k < ko. This yields (20]).

Note also that 6 is continuous. Indeed, given y € Y and kg > 1, let N be such
that (9) holds. If ¢ € Y is sufficiently close to y, then (I9) holds for ¢ as well.

Therefore, if y, — y in Y, then 0(y,) — 0(y).

Remark 2.46. Note that:

e Tof =008,

o foreachy e YN )Z'n, y < p(0(y)),

e forany v € P(Y N X,,5), 0.(v) =P
(the first two properties follow by a direct calculation; the third one is a consequence
of the unique ergodicity of T).

2.9. Mirsky measure v;,.

Definition 2.47. The image v, := . (P) of P via ¢ is called the Mirsky measure
of A.

Remark 2.48 (Cf. Example[2Z37)). In the previous works [11[36], the Mirsky measure
was defined in a different way. In the new notation, the “old Mirsky measure” was
given by vg := (¢2)«(Pa,). We have
valfe € 0.1 520 =1 = T (1-5)
bERB b

(we follow word for word the proof of this formula from [I]). This implies that
vg 7 0..0.00... if and only if # is thin. An advantage of v, is that v, # 0. 0.00...
whenever # C N is not Behrend (see Remark [£2]). Moreover, we will see that v,
plays a similar role and has similar properties as the “old Mirsky measure”. This
is why we call v,, the Mirsky measure, not vg. Notice that if & is Erdds, we have

Vp =Vxp.

3. TOPOLOGICAL DYNAMICS

3.1. Unique minimal subset (proof of Theorem [A]). In the square-free case,
i.e., when # = {p? : p € P}, the subshift (X,,,S) is proximal [49]. In particular,
by Remark [0 it has a fixed point that yields the only minimal subset of X, (this
fixed point is the sequence ...0.00...). It turns out that in general there are %-
free subshifts (X, S) that are not proximal. Indeed, this happens, e.g., when # is
finite (cf. Section A.3.T]), and more examples will be seen later (we give necessary
and sufficient conditions for proximality in Section B.2:2)).
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Proof of Theorem [Al. We begin the proof by showing the validity of the second
assertion. Suppose first that n contains arbitrarily long blocks of zeros. Then the
Toeplitz sequence ...0.00... is in X,,.

Suppose now that the length of blocks of zeros that appear in 7 is bounded. We
will use Lemma [2.T8 and sequences (B, )nen, (M )nen, (dn)nen will be constructed
inductively. First, we will choose the longest block of zeros that appears in . Then
we will extend it to the right and to the left by the shortest possible blocks of
ones such that the extended block appears in 7. Next, the obtained block will be
extended to the right and then to the left by the longest possible blocks of zeros,
so that the block we obtain still appears in 7. This procedure will be repeated to
obtain longer and longer blocks.

Let By be the longest block of zeros that appears in 7. For convenience, we will
treat B; as an element of {0, 1}%I511=1 (ie. we set £; := 0, r; := |By| —1). Then,
since n = 1x,, there exists d; € N such that B; appears in 1 periodically, with
period dy; i.e., for some mq € Z, we have

nlmy + kdy + ¢1,m1 + kdy + 7] = By for each k € Z.

Suppose now that B, € {0, 1}[[”’7""]7 my € Z, and d,, € N for 1 < n < 4ng+ 1 are
chosen so that (@) and () from Lemma I8 hold for 1 < n < 4ny and (@) from
Lemma [2T8 holds for 1 < n < 4ng + 1. We will now define B,, € {0, 1}[5"’”],
My € Z, d,, € N for 4ng + 2 < n < 4ng + 5.

Let B4n0+2 S {07 1}[54"'0+2’T4“’0+2], where €4n0+2 = €4n0+1 (and Tdng+2 = £4n0+2 +
| Bang+2| — 1), be the shortest block of the form Byp,4+11...1 such that the block
Bing+11...10 appears in n and begins at position mun,+1 + lang+1 + Kodang+1 for
some kg € Z, i.e.,

NMang+2 + lang+2, Mang+2 + Tang+2) = Bang+2;

Where m4n0+2 = ’ITL4nO+1 + k0d4n0+1. Then, clearly, d4n0+1 | m4n0+2 — m4n0+1.
Moreover, by the definition of By,,12, we have

NMang+2 + lang+2 + kdang+1, Mang+2 + Tang+2 + kdang+1] = Bang+2

for each k € Z; i.e., we may set dyn,+2 := dany,+1. This way, we have extended our
block Byy,+1 to the right by a block of ones.

The block Byp,+3 is defined in a similar way as Byy,+2, but now we extend
Bin,t2 to the left. Let By, 43 € {0,1}fano+3 .m0 43l where ryn, 43 = Tang2 (and
ling+3 = Tang+3 — |Bang+3| + 1), be the shortest block of the form 1...1By,, 42
such that the block 01...1By,,+2 appears in n and ends at position map,+2 +
Tang+2 + kodany42 for some ko € Z, i.e.,

NMang+3 + Lang+3, Mang+3 + Tang+3] = Biang+3,
where Many+3 = Mangt2 + kodang+2. Then, clearly, danot+2 | Mang+3 — Mang+2-
Moreover, by the definition of Byy,,+3, we have
N[Mang+3 + Lang+3 + kdang +3, Mang 43 + Tang+3 + kdang+3] = Bang 13

for each k € Z; i.e., we may set dapn,+3 ‘= dan,+2. This way, we have extended our
block Byy,+2 to the left by a block of ones.

Let B4n0+4 € {0, ]_}[5‘1”0*4’7”4"0“1]7 where €4n0+4 = €4n0+3 (and Tong+4 = €4n0+4 +
| Bing+4| — 1), be the longest block of the form Byy,,+30...0 that appears in 7 and
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begins at position mun,+3 + lang+3 + Kodan,+3 for some kg € Z, i.e.,

NMang+a + Lang+4, Mang+4 + Tang+4] = Bang+4,

where mang4a = Mangt3 + kodane+3. Then, clearly, dany+3 | Mynog+4 — M4ng+3-
Moreover, since each zero in 7 appears with some period, there exists dy,, ., such
that the pattern of zeros from Byp, 44 repeats in n periodically, with period d,, 4.
Thus, by taking dyn,+4 := lem(d},, 4, dane+3), we obtain

N[Mang+a + lang+a + kdang+4, Mang+4 + Tanga + kdang 4] = Bang+4a

for each k € Z.

Finally, let Byp,+5 € {0, 1}[54no+5’r4"o+5}, where 745 = Tang+a (and lapy45 =
Tang+5 — | Bang+s| + 1), be the longest block of the form 0. ..0Byy,+4 that appears
in 7 and ends at position Muny44 + Tang+4 + kodan,+4 for some ky € Z, i.e.,

N[Mang+5 + Lang+5, Mang+5 + Tang+5] = Bang+5,

where Mang15 = Mangta + kodano+a. Then, clearly dangta | Mang+5 — Mang+a-
Moreover, since each zero in 7 appears with some period, there exists dﬁmo 15 such
that the pattern of zeros from Byp, 45 repeats in 7 periodically, with period d},, 5.
Thus, by taking dan,+s := lem(dl,,, 15, diny+4), We obtain

NMang+s + Lang+5 + kdang+5, Mang+5 + Tang+5 + kdang+5] = Bang+s

for each k € Z.
The first assertion follows from the first part of the proof and Lemma 218 The
proof of Theorem [Alis complete. O

By Corollary [[4], (X, S) is minimal if and only if it is Toeplitz. In fact, n may
even happen to be a Toeplitz sequence:

Example 3.1. Let % := {b;2° : i > 1}, where b; > 2 for i > 1. We will show that
7 is a Toeplitz sequence. Indeed, for each n € Z such that n(n) = 0, there is k,, > 1
such that n(n + jk,) =0 for all j € Z. Now let n € Z be such that n(n) =1, i.e.,

(21) n # 0 mod b;2" for each i > 1.
Let m be odd such that n = m2%. We claim that
(22) n(n 4 jby...0,2°TH) =1 forall j€Z.

Suppose not, so that for some ig, we have
(23) n+ joby ... 020! = KobiOQiO for some jg, Ko € Z.

Then iy < a; if not, by @23)), 2¢*! | n, which is impossible. But now, again by ([23),
bi, 2% | n, which contradicts (ZII).

Remark 3.2. Tt follows by Proposition that 7 in Example Bl is a Toeplitz
sequence that is not periodic. Consider d,, := by - ... - b,2" 1. Two cases appear:
o If s € Mg, then b;2% | s for some i > 1. If i < n, then s + d,Z C M.
Otherwise, we have 2" "1 | s.
o If s € Fp, then we let m be odd such that s = m - 2% Then, by (22)),
s+bi-...-b,2°T1Z C Fgp. If a < n, then clearly s+d,Z C Fg. Otherwise,
we have 27*! | s.
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It follows that if s € Z satisfies (s + d,Z) N Mg # 0 and (s + d,Z) N Fg # 0, then
2n+1 | 5. Tt follows that, in each integer interval of length d,,, the proportion of s
for which the sequence (1(s + jd,))jez is not constant equals 2~ "+ hence tends
to zero as n — oo. Toeplitz sequences satisfying such a property are called regular;
see, e.g., [16]. In particular, (X,,S) is minimal and uniquely ergodic.

3.2. Proximality of (X,,S). We will first show that for # pairwise coprime and
infinite, ()~(,,, S) is proximal. This implies, by Remark 2ZT1] that (X, S) is proximal
and if )N(n/ C )N(,], then ()N(n/,S) and (X,/,S) are both proximal. Our aim (see
Theorem B7) is to show that the converse is also true: if (X,/,S) and ()N(n/,S)
are proximal, then there exists 1 associated with coprime and infinite 4 such that
X, C X,

3.2.1. Coprime case.

Proposition 3.3. If Z C N is infinite and coprime, then (X',], S) is syndetically

prozimal. In particular, (X,,S) is syndetically proxzimal.

Proof. By Corollary 214, it suffices to show that for any x € X}, and € > 0 the set

(24) {n€Z:d(S"z,...0.00...) < e} is syndetic.

Fix xz € )?,,. For n € N and k£ > 1 there exists m = my, ; € Z such that
xn,...,n+by ... bp+k—=1]<nm,....m+0by-...-bpy+k—1].

By the Chinese Remainder Theorem, there exists a unique 0 <ig < by ... by —1
(1o = ig(m, n)) such that

m+ig+j=0modbjy; for0<j<k—1,

ie, z(n+io+j) <n(mpk+io+j) =0for 0 <j <k —1. This yields (24) and
completes the proof. O

As an immediate consequence of Proposition and Remark 212 we obtain
the following:

Corollary 3.4. For # C N infinite and coprime, the mazximal equicontinuous
factor of (erN, S*NY s trivial for each N > 1.

3.2.2. General case (proof of Theorem [B)).

Definition 3.5. We say that # C N satisfies condition (Au) whenever there exists
infinite pairwise coprime %’ C Z. We say that # C N satisfies condition (Tprox)

whenever for any k£ € N there exist bgk), e bék) € 2 such that gcd(bgk), b;k)) | (j—1)
forall 1 <i<j<k.

Remark 3.6. Clearly, if (Au) holds, then n <17’, whence X, C X’n/.
Theorem 3.7. Let 8 C N. The following conditions are equivalent:
(a) (X, S) is proximal,

)

(c) (X,,S) is prozimal,
(d) ...0.00...€ X,,
)

)

f) for any choice of q1,...,qm > 1, m > 1, we have B ¢ \J;~, Zq;,
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(g) B satisfies (Au),
(h) Fg does not contain an infinite arithmetic progression.

Proof. Since X,, C )A(;n C X%, by Remark 2111 we have (@) = (D) = @).

@ = (). If (X,,S) is proximal, then, by Remark 2.9} it has a fixed point, i.e.
either ...0.00... € X, or ...1.11... € X,. The latter of the two is impossible,
since each zero on 71 appears in 1 with bounded gaps, and the claim follows.

d) = @®). If...0.00... € X,,, then there are arbitrarily long blocks of consecu-
tive zeros on 7. In other words, given k > 1, there are sy, ..., s; such that we can
solve the system of congruences:

io+t—1=0mod by, 1 <i<k.

Suppose that d | ged(bs,, bs;). Then d | ig+i—1and d | ig+j—1, whence d | (j—1).

@® = (@. Suppose that (@) holds but () does not hold and let g, ..., ¢qm,
k > 1, be such that B C |J*, Zqg;. Without loss of generality, we can assume
that {q1,...,qm} is coprime (indeed, we can always find a coprime set {qi,...,q,}
such that ", ¢Z C U], ¢/Z). Let k > q1...¢m and choose bgk), .. .,b,(ck) €A
satisfying condition (Tprox). For i =1,...,m, let M; :={1 < (< k: b&k) € ¢Z}.
Then, by (Tprox), gi | (¢ —¢') for any ¢,¢ € M;, whence

(25) M; C ¢;Z +r; for some 0 <r; < g;.
For ¢ = 1,...,m, choose a natural number r, such that ¢; t (r; — ;). By the
Chinese Remainder Theorem there exists a natural number 7 < ¢1,...,q¢, < k

such that j = 7} mod ¢; for i = 1,...,m. It follows from (25)) that j ¢ M, for any
t=1,...,m. Thus b§k) ¢ 1 ZU...U@gnZ, a contradiction.

@ = (®. We will proceed inductively. Fix ¢; € Z. Suppose that for k > 1 we
have found pairwise coprime subset {c1,...,cx} C B. Let {q1,...,qm} be the set
of all prime divisors of ¢y, ..., c,. Then any cx11 € B\ (G1ZU...Ug,7Z) is coprime
with each of ¢y, ..., cg. N

(@ = @). If (g holds, then, by Remark B.6] we have X, C X,,. By Proposi-
tion 331 )~(,,/ is proximal. Hence, by Remark 210l we obtain (@).

(d) = (@) Condition (d)) implies that M4 contains intervals of integers of arbi-
trary length, whence () follows.

(b) = (@). Suppose that (@) does not hold and let g, ..., qx, k > 1, be such that
B C Ule Zq;. Let M :=¢qy - ... qx. We claim that b { ¢M + 1 for every b € A,
ie,, M+ 1€ Fg for every £ € Z. Indeed, given b € A, there exists ¢; (1 <i < k)
such that ¢; | b. If b | M + 1, then ¢; | €M + 1. This is however impossible since
@ | M. O

Proof of Theorem [Bl The assertion is an immediate consequence of Theorem [3.7]
and Remark O

Let us see some consequences of Theorem 3.7l By Remark 3.6l and Theorem 37
we have the following:

Corollary 3.8. If (X,,,S) is prozimal, then X, C )Z'n/ with %' coprime.

Remark 3.9. Recall (see [1]) that if % is Erdés, then X, = Xg. In particular, X,
is hereditary.
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If # is Behrend, then ... 0.00... € X, so by the implication (d) = (@), we obtain
that (X,,,S) is proximal; hence Fz contains an infinite subset which is pairwise
coprime. The latter can be seen directly from the implication ({) = (g).

By the implication (d) = (@) in Theorem 3.7, we obtain the following (see also
Example [£T6]):

Corollary 3.10. If X, is hereditary, then (X,,S) is proximal.

Question 3.11. Is it possible that X, C X,, = X4 with (X, S) proximal?

We will now give one more characterization of the proximality of (X,,S5), in
terms of the maximal equicontinuous factor (cf. Corollary B4):

Theorem 3.12. The system (X, S) is proximal if and only if its mazimal equicon-
tinuous factor is trivial.

For the proof, we will need the following lemma;:

Lemma 3.13. Letd > 1 and let A C {0,1,...,d—1}. Suppose that for any k > 1
there exist ng, € Z and 0 < rp, < d—1 such that

(26) A+md+ry CFg for ng <m<ng+Ek.

Then, for any 0 < r < d—1 such that there are infinitely many k > 1 with r, =,
we have

(27) A+Zd+r C Fap.

Proof. Let 0 <r < d—1 be such that there are infinitely many k > 1 satisfying (26])
with rp, = r, i.e.,

(28) A4+md+rC Fg for np<m<ng+k.

Suppose that [27) fails. Then, for some a € A and k € Z, we have a+kd+1r € M.

In other words, for some b € &, we have b | a + kd + r. It follows that for any
¢ € Z, we have b | a+ (k+ £b)d + r. This, however, contradicts (28). O

Proof of Theorem [312l Since proximality implies that the maximal equicontinu-
ous factor is trivial, we only need to show the converse implication. Suppose that
(X,, S) is not proximal. Let d > 1 be the smallest number such that Fz contains an
infinite arithmetic progression with difference d (such d exists by Theorem B.7Y0])).
Let F C {0,...,d — 1} be the maximal set such that

(29) F+7dcC Fg

(F # 0 by the definition of d). We claim that for any y € X, there exists a unique
0 < r < d such that

(30) yla+md+r)=1 forall a€ F and me€Z.

Since y € X,, it follows from (29) that such r exists and we only need to show
uniqueness. Suppose that B0) holds for r = ry, 19, where d 1 (r1 —r2); i.e., we have

yla+md)=1 forall a€ (F+r)U(F +r) and m e Z.

Since y € X, each block from y appears in 7, and it follows that the assump-
tions of Lemma BI3] hold for A := (F + r1) U (F + r9) mod d. Therefore, using
additionally (24,

[FU(F+rm+s)U(F+re+s)]+2ZdC Fg for some s.
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Note that by the minimality of d, we have F'+i # F mod d for 0 < i < d. Therefore,
FCFU(F+r+s)U(F+ry+s).

This contradicts the maximality of F' and thus indeed implies the uniqueness of r.
It follows that

d—1
X, =Jx{, x{?={ye X, : @D holds for r =i}
=0

is a decomposition of X, into d pairwise disjoint sets. Clearly, each X,(,i) is closed
and SX{ = XY where X\ = x{*™. 1t follows that (X,,S) has the
(minimal) rotation on d points as a topological factor, which completes the proof.

|

The following natural question arises:

Question 3.14. Given # C N, what is the maximal equicontinuous factor of
(XVH S)?

A partial answer to Question[3.I4lis given by the following (see also Section[£.3.7]):

Proposition 3.15. Suppose that X, = X, NY. Then (G,T) is the mazimal
equicontinuous factor of (X,,,S). In particular, if we additionally assume that %
is infinite, then the mazimal equicontinuous factor of (X,,S) is infinite.

Proof. Notice first that, by Remark 245, 0: X, — G is well-defined and continuous.
Thus, (G,T) is an equicontinuous factor of (X, .S) and we only need to show its
maximality. Notice that the (discrete) spectrum of the maximal equicontinuous
factor of (X,,,.5) is always included in the discrete part of the spectrum of (X, v, S)
for any v € P(X,,S). Therefore, to prove the maximality of (G, T), it suffices to
find v such that the discrete part of the spectrum of (X,,v,S) agrees with the
(discrete) spectrum of (G,P,T). We have

(G,P,T) % (X, v, S) & (G, P, T).

It follows from the coalescence of (G,P,T') that 6 o ¢ yields an isomorphism of
(G,P,T) with itself, whence ¢ yields an isomorphism of (G,P,T) and (X, vy, S5).
In particular, the (discrete) spectrum of (G,P,T) is the same as the (discrete)
spectrum of (X, v, S), and the claim follows. |

Example 3.16. Let % be as in Example Bl Then ) .., ﬁ < Y1 5 is thin
and it follows from (B), (@), and Corollary that n € Y. Moreover, by the
minimality of (X, S), for each 0 < s < by, k > 1, we have that either X, N
Yi, = X, or X, nY% = 0. Since n €Y, it follows that X, N Y%, = 0
whenever s, > 2. Since X, = X;, N (U <., <y, YF) for each k > 1, it follows that
X, = X, NY. By Proposition the associated canonical odometer (G,T) is
the maximal equicontinuous factor of (X, .5).
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3.3. Transitivity.

3.3.1. Transitivity of (X'n, S) and (X, S).

Proposition 3.17. For any # C N such that the support of n is infinite, the
following conditions are equivalent:

(a) ()Z'n,S) is transitive.

(b) (X,,S) does not have open wandering sets of positive diameter.

(¢c) For any block B that appears in 1 there exists a block B’ > B (coordinate-
wise) that appears in n, infinitely often.

Proof. Since the implication (@) = (D)) is obvious, it remains to show (0 = (@ =
@). We will prove first (B) = (@). Suppose that (@) does not hold. Let B be a
block in n such that all blocks B’ > B appear in 7 (at most) finitely many times.
Let

K :=min{k € Z : nlk,k + |B| — 1] > B},
L:=max{k+ |B|—1:nk,k+|B|—1] > B}

(in particular, blocks B’ > B do not appear in n outside n[K, L]). We claim that,
for any x € )?,,, the block C' := n[K, L] appears in x at most once. Suppose that,
for some z € Xm C appears in x twice. It follows that a block of the form C'DC”,
where C’,C"” > C, appears in 7, and this is impossible by the choice of C'. Thus, the
cylinder set C := {x € )~(,, : 2[K, L] = C} corresponding to C is an open wandering
set. Clearly, we have n € C. Moreover, since the support of 7 is infinite, we also
have z € C for x given by z(n) = n(n) for n € [K, L]; x(n) = 0 otherwise. It follows
that |C| > 2; i.e., the diameter of C is positive and we conclude that () fails.

We will now prove (@) = (@). By Remark 2] given blocks B’, C’ that appear in
nand B < B',C < (', it suffices to show that there exists z € )N(,, such that both
B and C appear in z. It follows from (@) that there exists B” > B’ that appears
in 7 infinitely often. Therefore for some block D, a block of the form C'DB” or
a block of the form B”DC' appears in 1. Hence, z := ...00B0”!C00... € )A(:n,
and the result follows. |

As an immediate consequence of Proposition B.17, we obtain the following:
Corollary 3.18. Let % C N be such that 1 is recurrent. Then ()N(n, S) is transitive.

In particular, by Corollary B.I8 Theorem Bl and Theorem [Gl we have the
following (cf. Example [2.42):

Corollary 3.19. The subshift ()N(n, S) is transitive whenever B has light tails.

Clearly, if X, = Xz, then (Xg, S) is transitive (recall that X, = X5 holds for
2% Erdos). We will now give an example where (X g, S) fails to be transitive.

Example 3.20. Let % be as in Example 243 ie., 4,6 € 4 and b > 12 for
be B\ {4,6}. Let

A, :=110011100110,
Ay := 011101010111 = 5[0, 11].
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Suppose that both A, Ay appear in x € {0,1}*. We will show that z ¢ Xx.
Indeed, we have

Z/AZ \ (supp A; mod 4) = {3},
Z/AZ \ (supp Az mod 4) = {0}.

Let k,¢ € Z be such that x[k,k + 11] = A; and z[(, ¢ + 11] = As. It follows that if
x is {4}-admissible, then 4 | k+ 3 — £. In a similar way, if = is {6}-admissible, then
6| k+2—£. Since one of the numbers k 4+ 3 — ¢ and k + 2 — ¢ is odd, we conclude
that x is not {4, 6}-admissible, so all the more, it is not #-admissible.

3.3.2. Topological non-disjointness of (X,,S) and (G,T).

Proposition 3.21. There exists a proper, closed, and T x S-invariant subset N C
G x X, with full projections on both coordinates. In other words, there is a non-
trivial topological joining between (G,T) and (X,,S).

Proof. Let N := Ory«s(0,7), where 0 = (0,0, ...); i.e., N is the closure of the graph
of ¢ along the orbit of 0 (indeed, we have S™n = S™p(0) = ¢(T™0)). Since the
orbit of 0 under 7' is dense in G and the orbit of 7 under S is dense in X, it follows
that N has full projection on both coordinates. Moreover, N is closed and T' x S-
invariant. It remains to show that N # G x X,,. Take ...0.00... # z € X,,. We
claim that {g € G : (g,z) € N} # G. Indeed, let kg € Z be such that z(ko) = 1 and
suppose that (T™ x S™)(0,n) — (g,z). Then S™n — x, whence, for ¢ sufficiently
large, n(ko + n;) = S™n(ky) = x(ko) = 1. It follows that n; + kg € Fg, ie.,
n; + ko # 0mod by for each £k > 1. On the other hand, we have T™(0 — g,
ie, (ni,ni...) = (g1,92,...). Thus, gr # —ko mod by for each k& > 1. Hence,
{g€G:(g,2) € N} #G for x #...0.00..., which completes the proof. O

Remark 3.22. Suppose that £ is taut and 1 ¢ B. By Corollary 32 n € Y, i.e.,
for each k£ > 1, we have Fg mod b, = (Z/b,Z)\{0}. It follows from the above proof
that {g € G: (g,n) € N} = {0}. In a similar way, if z € Y, then {g € G : (g,z) €
N} is a singleton; in particular, for each n € Z, the set {g € G : (¢,5™n) € N} is a
singleton.

We can now use the theorem about disjointness of topologically weakly mixing
systems with (minimal) equicontinuous systems (see Theorem I1.3 in [24]) to deduce
the following:

Corollary 3.23. The product system (X, x X,,S x S) is not transitive.

Remark 3.24. Tt follows that whenever (X, S) is proximal, we have:

e (X,,S) is transitive with trivial maximal equicontinuous factor,
e (X, xX,,S xS) has trivial equicontinuous factor, but it is not transitive.

It is well-known that when the product system (X x X, T x T) is transitive then
all non-zero powers T"" are transitive. Hence, Corollary [3.23] can also be deduced
from the following result.

Proposition 3.25. A %-free system (X,,,S) is not totally transitive. More pre-
cisely, if ¢ := min A, then (X, S¢) is not transitive.

Proof. Since the set {1,...,c—1} consists of %-free numbers, we have C := 1710 =
n[l,c]. Moreover, {j € Z : C = n[j,j +c— 1]} C cZ + 1 (otherwise, we obtain
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¢ consecutive integers from which none is divisible by ¢). It follows that for each
y € X, there exists 0 < s < c¢such that {j € Z : C = y[j,j+c—1] C cZ+ s,
whence S¢ cannot be transitive. (]

4. TAUTNESS
4.1. n is quasi-generic for v, (proof of Proposition [E).

Theorem 4.1. Given # C N, let (Nj) be such that
1
dMg) = lim —I|[1, Ny] N Mg|.
k—oo N

Then n is quasi-generic for v, along (Ny). In particular, if 2 is Besicovitch, then
7 is generic for vy.

Proof. If £ is finite, then the result follows from Proposition [4.25l Hence, we may
assume that Z is infinite. According to [1], by a pure measure theory argument,
we only need to prove that

1 . ~
N, Z 1,-104)(T"0) = P(p7'(A)) as k — oo,
n< N

for each A = {z € {0,1}* : z(js) =0,s =1,...,7}, where j; < ... < j, and r > 1.
Recall that

C={(g1,92,..-.) €G:gr Z0mod by for k> 1}
and, for K > 1, define

Ck :={(91,92,...) €EG:gr Z0mod by for 1<k < K}.

Then each Cf is clopen and Cx ~\, C when K — oo. We have ¢~ 1(4) =
M._y T9:C*, whence

(31) (T7:Ci co™'(A) c (T Ciul] T77:(C°\ C).

s=1 s=1 s=1
Moreover, since Inr_, r-iscg 1s continuous, by the unique ergodicity of T" in Ex-
ample 23] we have

1 . o
(32) Fk Z ]]'nz=1 T-isC5 (TnQ) _ ]P(ﬂ T ]SCK)

?’LSNk s=1

and, given € > 0, for K sufficiently large, we have

(33) P(ﬁ T79:C%) > P(ﬁ T73:C°) —e.

Notice that

T"0 e C\C <= ne Mg\ Mpu, e}
By Theorem [2Z23] if K is large enough, then
d(M{bhm,bK}) 2 C—l(MBB) —¢&.
Therefore, and by the choice of (Ny),
. 1 n
(34) lim sup A Z 1yr_ (oo\0e)(T"0) <e.
k—o0 k n<Nj

Putting together BI)), B2), (B3)), and ([B4) completes the proof. O
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Remark 4.2. Notice that by Theorem [4.1] we have
1 _
vy({z € {0,1}% : 2(0) = 1}) = lim — {1 <n < Nj, :n(n) = 1}| = d(Fa).
k—oo N
It follows immediately that % is Behrend if and only if v;, = .. 0.00...

By Theorem 1] if a block does not appear in 7, then the Mirsky measure of
the corresponding cylinder set is zero. As a consequence, we obtain the following:

Corollary 4.3. We have v,(X,) = 1.

Proof of Proposition [El The assertion follows from Theorem I and Corollary [£3]
O

Remark 4.4. As an immediate consequence of Theorem 1] we have
E(.Fgg) >0 <— Up 7é 5”_0.00”_.

In particular, if % # {1} is taut, then v,, # 0_¢.00..., as such a # is not Behrend in
view of Proposition 2.30]

4.2. Tautness and Mirsky measures (Theorem — first steps). In this
section our main goal is to prove the following:

Theorem 4.5. For each B C N, there exists a taut set ' C N such that Fg C Fa
and vy = V.

We will see later that, in fact, the equality v, = v,y determines %’; cf. Corol-
lary 36l In the course of the construction of %’ and to prove that %’ satisfies the
required properties, we will use the following general lemmas:

Lemma 4.6. Suppose that Z C N is primitive. Then A is taut if and only if there
exists a cofinite subset of B that is taut.

Proof. Let 8 C N be primitive. It suffices to show that if 2\ {b} is taut for some
b € B, then A is taut. Suppose that Z fails to be taut. By Proposition 230
there exist ¢ € N and a Behrend set 7 such that co/ C #. Then co/’ C B\ {b},
where o/’ = o/ \ {b/c} and &/’ is Behrend by Proposition Applying again
Proposition 230} we conclude that 2\ {b} also fails to be taut. O

Lemma 4.7. Suppose that 8 C N is primitive. If $ is not taut, then, for some
c € N, the set

(35) .dc::{l—):beﬁcmdcb}
c

is Behrend.

Proof. Clearly, for any ¢ € N, we have co/, C %, where 7. (possibly empty) is as
in (B3). By Proposition 230, we have

C:={ceN:cd! C A forsome Behrend set o'} # ()
and, for any ¢ € C, we have &7/ C 4/, whence 7, is Behrend. O

Lemma 4.8. Let %1, %> C N be disjoint and such that B := 9B, UPBs is primitive.
Then A is taut if and only if both 1 and By are taut.
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Proof. If %; is not taut for some ¢ € {1, 2}, then, by Proposition 230 there exist ¢ €
N and a Behrend set & such that co/ C B; C B. Applying again Proposition 230,
we deduce that A also fails to be taut. On the other hand, if £ is not taut, then,
by Proposition .30 there exist ¢ € N and a Behrend set ./ such that c&/ C A.
Let

b
%:—{—:beﬂi}, i=1,2.
c
Clearly, &/ = @4 U o,. Moreover, by Proposition 228 < is Behrend for some

i € {1,2}. We obtain ca C 9B; for this i and, by Proposition 230, we conclude
that %; fails to be taut. O

Construction. We may assume without loss of generality that & is primitive (cf.
Remark 2220]).
Step 1. If 1 € A, we set B' = {1}.
Step 2. Suppose now that 1 ¢ & and suppose that £ is not taut. Let ¢; € N be
the smallest natural number such that

b

't :—{—:be%’andcﬂb}

¢
is Behrend (such c¢; exists by Lemma 7). By the definition of &', we have
%\61&71 :93\ch. Let
(36) %1 = (%\61Z)U{Cl} = (%\clﬂl)u{cl}.

We claim that %' is primitive. Indeed, if this is not the case, then, by the primitivity
of B, for some b € B\ c1Z, we have b | ¢; or ¢; | b. The latter is impossible
for b € c1Z, whence b | ¢;. This implies b | cia; € £ for any a; € &/*. By the
primitivity of £, it follows that b = cya; for infinitely many aq, which is impossible,
and we obtain that ' is indeed primitive. If %' is taut, we stop the procedure
here and set &' := %'. Otherwise, we continue inductively.

Step n. Suppose that from the previous step we have
B =(B\ (1ZU...Ucp, 1Z))U{cr, ... cn1}
=(B\ (ad'U...Ucy 17" ) U{cr,...,cn 1}
that is primitive but not taut. Then, by Lemma 6] £\ (c;ZU...Uc,—17Z) is not
taut. Let ¢, € N be the smallest number such that

A" = {i:be%’\(clzu...Ucn_lZ) and cnb}

Cn

is Behrend (such ¢, exists by Lemma[7). Note that (by the definition of ¢y, ..., ¢p)

(37) Cn>cpo1 and ¢, €1 ZU---Ucy 17,
Moreover,

(38) B\ (1ZU...UcyZ) =B\ (' U...Uc, ™).
Let

B =B\ (1 ZU...UcyZ)U{ct,. .. cn}

(39) :%’\(01,5271U...Ucnd")U{Ch---ycn}-
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We claim that %" is primitive. Indeed, if this is not the case, then, by the primi-
tivity of "1 and (@), for some b € B\ (1ZU...Uc,Z), we have b | ¢, or ¢, | b.
The latter is impossible for b & ¢, Z, whence b | ¢,,. This implies b | ¢,a,, for any
an € /™. By the primitivity of %, it follows that b = ¢,a,, for infinitely many a,,
which is impossible, and we obtain that " is indeed primitive.

If 2™ is taut, we stop the procedure and set &’ := %".

Step oco. If $™ is not taut for all n > 1, we set

40) B = (B\ | cnZ)U{en:n =1} =(2\ | cn@™) Ufcn:n > 1},

n>1 n>1

where the above equality follows from (B8). Note that for any b,b" € %’ there
exists n > 1 with b,b’ € ™. Therefore, by the primitivity of £", n > 1, also %’
is primitive.

From now on, for the sake of readability, we will restrict ourselves to the case
when %' is defined by {@{). When £ = "™ for some n > 1, the proof goes along
the same lines, with some simplifications.

Remark 4.9. Tt follows from (B8)) that
B = (AB\ U cnZ) U U cn ™.

n>1 n>1
Therefore, Mg C Mg . Moreover, ' <n and Xn’ - )A(:n.
Lemma 4.10. The set %’ is taut.

Proof. Recall that %’ is primitive. In view of Lemma [£8] it suffices to show that
B\ U, >1 cnZ and {c, : n > 1} are taut. Suppose that B\ |J,,~; cnZ fails to be
taut. Then, by Proposition 230, for some ¢ € N and a Behrend set .27, we have
e/ C B\, 1 cnZ. Therefore, for any n > 1, we have co/ C B\ (c1ZU...Uc,Z).
By the definition of Cn+1, We obtain ¢ > ¢,41. Since n > 1 is arbitrary and the
sequence (cp)n>1 is strictly increasing, this yields a contradiction.

Suppose now that € := {¢, : n > 1} fails to be taut. Then, for some ng > 1, we
have §(M«) = §(M«\(c,,})- Note that by (B7), we have cn, & U, 4, cnZ-

Therefore, by Proposition 2:29] the set {c,/gcd(cn,cn,) : 1 # no} is Behrend.
We have

{W :n;éno} - U {dc— 10, 8ed (e en,) —dno}-

cn ) cno
dngleng

It follows from Proposition 2.28 that at least one of the sets in the union above is
Behrend. Denote this set by <7 (d,,,) and, for m > ng, define

no

Since each @, differs from @7, by at most finitely many elements, it follows from
Proposition 2.28] that «7,, is Behrend for m > ng. Let

c
= U "
n>m dno
ged(cn,ng )=dng
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Using Theorem 2.23] Corollary 225 and the fact that /™ is Behrend (the sets &/
are the same as in the construction of '), we obtain

)= sy )
m<n<K

ged(en, 1Cng ):dn0

= K]i_r)noo5<M{cin;mgngl(,gcd(cn,cno):dno}) = (5(Mg{m) =1,

ged(en,cng)

since 7, is Behrend. By the definition of <7/ and @™, n > m > ny, it follows that

dnyy, C | ) o™ C B\ | enlZ.

n>m n<m

Moreover, by the definition of ¢,,, it follows that d,,, > ¢,,, which is impossible as
m > ng is arbitrary. This completes the proof. (Il

Lemma 4.11. We have v, = v,y .
Proof. We will show first that d(M ) = d(Mg). Let

g{l = %\ U CnZ7 b(ka = Ck_léZ{kil for k Z 2,

n>1
A =B\ U cnly, ) = {cx_1} fork>2.
n>1
Then
(41) B=\] o and B =]
n>1 n>1

Since each of the sets &%, k > 1, is Behrend, we have
(42) 5(M£¢1UMUQ¢K) = 5(MVQ¢1/UMU£¢I/() for each K > 1.
It follows from (I, [@2), and by Corollary that

d(M%) = 5(M%) = Kh_rgod(Mmu..‘uﬂK)
= lim 5(Mm{u...ud,’() =0(Mgz) =dMg).

K—oo
Moreover, since Mg C Mg, it follows that whenever (IVi)g>1 satisfies
1
lim —| Mg N[1, Ni|| = d( M),
k—oo N

then
lim NLW@ AL Nl = d(Mag).

k—o0 IVf

Since n and ' differ, along (Ny)x>1, on a subset of zero density, it follows from The-
orem [LT] that n and 7' are generic along (Ny)g>1 for the same measure, i.e.,
Uy = V. ]

Theorem follows from Lemmas .10 and 111
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4.3. Different classes of #-free numbers. In Section 2.6 we defined several
classes of %B-free numbers and described some basic relations between them. In
particular, we showed that

A is thin = % has light tails

and

2 has light tails (and is primitive) = & is taut.

We will now continue this discussion. In particular, we will show that the implica-
tions converse to the above do not hold. The relations between various classes of
PB-free numbers for primitive 4 C N are summarized in this diagram (all depicted
regions are non-empty):

/ / \ Remark 424\
taut  Prop 4.17

4 Thm 4.20 N

light tails
Ex 4.13

thin
Ba

Erdos

Behrend Besicovitch
P 29

- J
- /

Remark 4.12. Let %, %' C N be such that:

e for each V/ € &’ there exists b € B such that b |V,
e for each b € A there exists b’ € #’ such that b | V.

Then, clearly, F C Fg. Suppose additionally that 2 has light tails and for each
be B theset {0 € B :b |} is finite. Then, given K > 1, there exists Nx > 1
such that

ifbe B,6' € #,b|b,and bV > N, then b > K.
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It follows that
U vzc |z
b'>Ng b>K
Therefore, if % has light tails, then also %’ has light tails. In particular, this applies
when £ is thin (see Example LT3 below).

Example 4.13 (% has light tails % & is thin). Let (g,)n>1 be a thin sequence
of primes, i.e., Y, < qi < 400. We arrange the remaining primes into countably
many finite pairwise disjoint sets of the form {py. 1,Pn2,---,Pn.k, } such that

1 1
+—
Pn,1 DPn2 Pn.k,

Let B := {qnpn,; :n € N,j=1,...,k,}. By Remark T2 2 has light tails. We
will show now that Z is not thin. Indeed,

Z%—Z< LU S >zzl—+oo.

be R n>1 qnPn,1 dnPn,2 qnPn,k,, n>1

> qp for any n.

Remark 4.14. Notice that 2 from Example is not coprime (¢npn,1 and ¢,pn 2
are clearly not coprime). This is not surprising — if % is coprime, then it has light
tails if and only if it is thin. (Indeed, in the coprime case the density of Fg exists
and it is equal to [[,~,(1 — bik); see, e.g., [28]). Note however that % above is
primitive.

Remark 4.15. Let % be as in Example It follows from Remark 4] that
vpy #9..0.00...-

Example 4.16. Let # := 222 U (% \ {2}). Then, by Corollary 2221 % is Besi-
covitch but, in view of Propositions and [2.30] it is neither taut nor Behrend.
Moreover, by Theorem B, (X, S) is proximal. We claim that it is not hereditary.

Indeed, we have n[—3,3] = 1110111 and n(2n) = 0 for each |n| # 1. Hence the
block 0110111 does not appear in 1 and the claim follows.

Proposition 4.17. There exists a taut % which is not Besicovitch.
In the proof, we will use the following lemmas:

Lemma 4.18. Let B C N and let &’ be as in the proof of Theorem 0. Then B
1s Besicovitch whenever %' is Besicovitch.

Proof. Recall that in the notation from the proof of Theorem E.5] we have
B=(B\ ] en") U o™
n>1 n>1

and
B = (B \ U en ™) U{c, :n > 1}
n>1
It follows from Theorem 2.23] by the fact that the sets .&/™ for n > 1 are Behrend,
and by Corollary that we have

d(Mgz) = lm S(Mp\U, ., cnerm)0U, < i cn i)
= lim 6(M(~@\Un21Cnd")U{C":nSK}) = d(M%’/)

K—oo
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Therefore, if %’ is Besicovitch, we obtain d(Mg) = d(Mg). On the other hand,
by Theorem L] we have Mg C Mg, and it follows that d(Mgz) < d(Mg). We
obtain d(Mg) < d(Mx) and conclude that also % must be Besicovitch. |

Proof of Proposition 117 Consider 4 that fails to be Besicovitch. By Lemma[£.I8],
the associated set %’ defined as in [{0]) also fails to be Besicovitch. Moreover, in
view of Lemma .10, 4’ is taut. |

Since, as noted in Section 2.6l each # with light tails is automatically Besicov-
itch, we have the following immediate consequence of Proposition ET7t

Corollary 4.19. There is a taut # which does not have light tails.
The rest of this section is devoted to the proof of the following more subtle result:
Theorem 4.20. There is a taut and Besicovitch # which does not have light tails.
To prove Theorem [£.20], we will need three lemmas.

Lemma 4.21. Let Z be a union of finitely many arithmetic progressions with dif-
ferences dy, ...,d,.. Then Z is a union of finitely many pairwise disjoint arithmetic
progressions with differences d' =lem(dy, ..., d;).

Proof. Let # = U;_,(diZ + a;) and {d},...,a}} = ZnN[0,d'). Clearly, Z' =
U;_,(dZ + a}) is a union of finitely many arithmetic sequences with differences d’,
and it is easy to see that Z = #’. O

Lemma 4.22. Assume that B,C C N are thin, with ged(b,c) =1 for any b € B,
ceC. Let BC:={bc:be B,ce C}. Then

(43) d(Mpc) =dMpNMc)=dMp)dMc).
Proof. Since lem(b, ¢) = be for any b € B and ¢ € C, it follows that
Mpec = MpnNMec.

It remains to show the right hand side equality in (@3], and it is enough to show
its validity for finite sets B, C' (since BC' is thin, it is Besicovitch, and we can use
Theorem to pass to a limit).

Let B = {b1,...,bn}, C = {c1,...,¢m}, and set V' := lem(by,...,b,), ¢ =
lem(ey, ..., ). Then, by Lemma .27]

Mp = U(b’Z—l—r) and Mg = U(C'Z-i-s)
r€R seS
for some finite sets R, S C N. Note that

R S
(44) d(MB) = |b—/‘ and d(./\/lc) = |—/‘
Since ged(V', ') =1, we get
for any r € R, s € S. Hence, by @) and [{4), we obtain
RxS
dMs M) =d ) ¥z4mn(@z+s) = B = aimpame),
(r,s)ERXS

and the result follows. O
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Lemma 4.23. Let P C N be pairwise coprime with ZpeP /p = +o00. For any
0 < B < 1 there exists a finite (resp. infinite and thin) set P' C P such that
B <dMp) <1
Proof. For n > 1, let P, := {p € P:p <n}. By Theorem [Z23] we have
nan;Od(Mpn) =d(Mp)=1.

Therefore, for n > 1 large enough, we have § < d(Mp,) < 1 and we can take
P’ := P, to obtain a finite set satisfying the assertion. To obtain an infinite set P’,
let the sequence (pp)m>1 C P be such that d(Mp,) + 3,51 /pm < 1 and take
P =P, U{pm:m>1}. N |

Construction. Fix 0 < v < 1 and choose a sequence (vx)r>1 C (0,1) such that
[Ty 7 = v (for instance, 4, = v'/2"). Applying Lemma 23 we construct
a collection {By, Cy : k € N} of pairwise disjoint thin sets of primes such that

(46) Y < d(Mp,) <1 fork>1

and

(47) 1- % <dMcg,) fork>1.

Let

(48) A .= BCiUB{B,Cy,U...UB;y...B,C,U....

Notice that B1C; U B1BsCy U ... U By ... B,C,, is thin for any n € N.

Proof of Theorem 20 Let 2 be defined as in [@8). We claim the following;:

(a) A is Besicovitch,
(b) % does not have light tails,
(c) A is taut.

We will first prove (@). For k > m, we have
Mg, ..B,c, CMp,..B, CMp,..B

m*

Thus,
(49) E(JMU,Q"LJrl B...B.C, \MB, B, C,) <dMsp, B, \Mp, B,c,)
By Lemma [£22 and ({7), we get

d(Msp,..B,c,,) =dMsp,. B, )dMc,) > dMsz,. B,)(1-1/m),

whence

(50) d(Ms,...B,, \MB,..B,,c,,) < (1/m)d(Mp, .5, ) < 1/m.
Using [@9) and (B0), we obtain
d(Myz, . BB, \MB,..B,.C,.) < 1/m.

In view of Remark [Z.26] this implies that £ is Besicovitch.
We will now show (B)). By Lemma 22 #8]), and [T), we have

dMB,..BCn) = V1 Ym(l—1/m) = v>0

as m — ~+oo, which yields (D).
It remains to prove (@). Suppose that Z is not taut. Since A is primitive, it
follows from Proposition 2:30] that for some ¢ € N and a Behrend set & C N\ {1},
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we have co/ C . Let m € N be such that ¢ is coprime to all elements of By,11
(such m exists since B,,, n € N, are pairwise disjoint sets of primes). Let

r@l = B1C1 U...uU B1B2 ‘e BmCm and %2 = U BlBg e BnC’n

n>m

Then clearly, & = %1 U Bs. Moreover, let
b b
m::{zzbewzfﬁﬂl} and %::{E:bECdﬁﬁg}.

Then clearly, &/ = o U o. Since % is thin, it follows from (@) and () that
%, is taut. Therefore, since coy C %, it follows from Proposition that o
is not Behrend. Since &7 is Behrend, we obtain by Proposition that % must
be Behrend. Moreover, we have cato C %Bo. Take a € /. Since c is coprime to
each element of B, 1, it follows that a € Mp,, ,,. Hence, My, C Mp,,,,, which
is impossible since d(M,) = 1, whereas d(Mp,,,,) < 1 since By,;1 is thin. We
obtain that £ is taut, which completes the proof. O

Remark 4.24. There exists a set which is not Besicovitch nor taut. In order to see
this let % be any set which is not Besicovitch [6]; that is, d(Mz) < d(Mg) and
let m € N be a number such that 1 < d(Mg) — d(Mz). Then it is not hard to
see that U mZ2 is not Besicovitch and clearly it is not taut.

4.3.1. When 2 is finite, ()?,7,5) and (X g, S) are sofic.

Proposition 4.25. Let & C N be primitive. Then A is finite if and only if n is
periodic, with the minimal period m = lem(%).

Proof. If A is finite, then n is periodic with period lem . Suppose now that 7 is
periodic and denote its period by m. Let 1 <r; <ry < ... <71y <m be such that
(supp n)N[1,m] ={1,...,m}\ {ry,...,7s}. Then

szzcﬂmz+wy
=1

be A

For 1 < £ < s, let dy := ged(m, ). By the definition of dy, we have
(51) el D ML+ 1y.

Then, ged(m, re) | dg; hence the equation ryxz = dy mod m has a solution for every £,
which implies that there exists k¢ € Z such that 7k = d¢ mod m. Since n(r;) = 0,
we have n(r¢k¢) = 0, which, by periodicity, yields n(d;) = 0. This and (&Il imply
that

(52) vz =] dz

be B (=1
Fix b € B. Tt follows from (B2) that dy | b for some 1 < ¢ < s. On the other
hand, there exists b’ € & such that ¥’ | dy. By the primitivity of £, we have ¥’ | b,
whence b =’ and dy = b. We conclude that & C {d,; : 1 < < s}; i.e., & is finite.
Moreover, since d; | m for 1 < ¢ < s, we obtain b | m for each b € . This yields
lem(4A) | m. O
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Assume now that & = {b1,...,b,}. It is folklore that both subshifts ()A(:n,S)
and (Xg,S) are sofic, but we provide a proof of these facts for completeness (the
subshifts (X, S), for any finite & C ., were shown to be sofic in [47]). Thus, for
a finite 4, the results of the paper or answers to questions stated in the paper follow
from the theory of sofic systems, see, e.g., [39153]. Recall that, by Proposition B.25]
sofic systems obtained from finite 2 are not totally transitive; cf. also Example [2.43]
to see that )N(,, can be smaller than X 4.

For any n-tuple 7 = (r1,...,7,) € Z", we say that a block z = 21 ...z, € {0,1}*
satisfies the formula ¢, if and only if

supp(z) N U(biZ + 1) = 0.

i=1

In this case, we write ¢,.(x). We say that ¢, is equivalent to ¢s provided ¢, (x) <
¢s(z) for any block z.

Remark 4.26. Clearly, the formulas ¢,, ¢, where r = (r1,...,7r,), s = (81,..., 8n)
are equivalent if r; = s; mod b; for any ¢ = 1,...,n. Thus, there are only finitely
many equivalence classes of the formulas ¢,..

Givenm € Zandr = (r1,...,r,) € Z", weset r—m := (ry—m, ..., r,—m). Let

,,,,,

denote the set of the followers of x in X4 (resp. in )an)7 that is,

oo
Fx,(x):={y € U {0,1}7 : zy appears in Xg}.
q=0

To show that (Xg,S) is sofic, following [53], we need to show that the family
{Fx,(z): 2z € Xg} is finite. Further, we denote

O(x)={reZ": ¢, (x)}, ¥(x)={reC:¢.(x)}
Lemma 4.27. We have the following:

(1) A block x appears in X g if and only if ¢.(x) for some r € 7.

(2) A block x appears in )?77 if and only if ¢.(x) for somer € C.
(3) A block y € Fx, () if and only if ¢r_||(y) for some r € ®(x).
(4) A block y € F)}n (z) if and only if ¢r_ |4 (y) for some r € ¥(x).

Proof. (1) follows by the definition of X4, whereas (2) follows by the classical
Lemma 515

Now, we show (3). Let y = y1...yx be a block. In view of (1), the following
conditions are equivalent:

e the concatenation xy = x1...xpy; ... y; appears in X g,
e ¢.(xy) for some r € Z",
n

e supp(zy) N U (b;Z + r;) = 0 for some r = (r1,...,7,) € Z™,
i=1

e supp(z) N
i
r ez,
® ¢r_|(y) and r € ®(z) for some 7 € Z".

s
HCTE

n
b,Z +r;) = 0 and supp(y) N UJ (b;Z + r; — |z|) = O for some
i=1

Thus, (3) follows, and the proof of (4) is analogous. O
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Proposition 4.28. The systems X4 and X}, are sofic.

Proof. By Lemma 27 the follower sets Fx,,(z), Fg (z) are completely deter-

mined by the sets ®(x), U(z), respectively. But there are only finitely many such
sets, since the number of equivalence classes of the formulas ¢, is finite by Remark
4.20) O

4.4. Tautness and combinatorics (Theorem [[] - first steps). Since n € X4,
a natural question arises how many residue classes are missing on supp 1 mod by,
k > 1. We will answer this question under the assumption that % is taut. Recall
first the following result:

Theorem 4.29 (Dirichlet). Let a,r € N. If ged(a,r) = 1, then aZ + r contains
infinitely many primes. Moreover, Zpe(aZ—i—ﬂﬁﬁ” 1/p = +oo0.

Since each set containing a pairwise coprime set with divergent sum of reciprocals
is automatically Behrend and Proposition 2.28 holds, we obtain the following:

Corollary 4.30. Let a,r € N. If ged(a,r) = 1, then, for each N > 1, the set
(aZ +7)N[N,00) N & is Behrend.

Proposition 4.31. Assume that  C N is taut, a e N, 1 <r <a, and N > 1. If
(53) (aZ+7)N[N,00) C | b2,

beAB
then there exists b € B such that b | ged(a,r). In particular, if a € B, then r = a.

Proof. Suppose that a € N and 1 < r < qa are such that (B3) holds. Let d :=
ged(a,r), @’ :=a/d, ' :=r/d; i.e., we have

d-(a'Z+1")N[N,00) C | ] bZ.
beA
Applying Corollary to a’ and r’, we obtain d(M 4/z4r)n[N,00)) = 1, whence
0(Mz) = 6(Mgugay). In view of Corollary 23T, d € Mg. Then there exists
b € A such that b | d, whence b | ged(a, r).

Suppose now that a € £ and (G3) holds. By the first part of the proof, we
have b | ged(a,r) for some b € A. It follows that b | a and, since a,b € A, by the
primitivity of %, we obtain a = b. Therefore, using the relation b | ged(a, ), we
obtain that b | r, and, since 1 < r < b, this yields r = b. O

Corollary 4.32. Assume that  C N is taut. Then, for each b € B and 1 <r <
b — 1, there exist infinitely many m € Fg such that m = r mod b. In particular,
ney.

Proof. Fix N > 1, b € 4, and consider bZ+r for 1 < r < b—1. By Proposition [4.31],
(bZ 4+ r)N[N,00) & Mg, ie.,

(FgN[N,00)) mod b={1,...,r —1},
and the result follows. O

Remark 4.33. Note that if n € Y, then £ is primitive. Indeed, if Z is not primitive,
then, for some b, b’ € Z, we have b | V. If |[supp n mod b'| = b’ —1, then |supp 1 mod
bl = b. The latter is impossible as n € X g, and it follows that n € Y.
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The following example shows that the converse of Corollary does not hold:

Example 4.34. Consider {(p;,r;) : ¢ > 1} = {(p,7) : p € &,0 < r < p}. Every
progression p;Z + r; contains infinitely many primes; given ¢ > 1 let, for n > 1,

q" € (piZ + ;) N 2 be such that ¢ > 2" -2
We set # := 2\ {¢ : i,n > 1}. Since >, L < o0, it follows that 4 is

,n>1 gl
Behrend, so, in particular, & is not taut.
Let b € 8 and 0 < r < b and let 4 > 1 be such that (b,r) = (p;,7;). Then, for
each n > 1, ¢/ = r mod b by the choice of ¢*. Moreover, ¢ € Fg since it is a

prime not belonging to %.

The following corollary extends an analogous result proved in [36] for Z, 2 C N
thin and coprime.

Corollary 4.35. Let 8,9’ C N and suppose that B is taut. Then the following
conditions are equivalent:

()X@CX@/

(b) for each b’ € B’ there exists b € B with b |V,
() n<n',_

(d) X CX

(e) nGXn,

(f) n€ Xz

Proof. Clearly, we have (B) = @ = (d) = @ = (@) and @) = (). Therefore, to
complete the proof it suffices to show (B) = @) and (@) = (IH)

Suppose that (B holds and let A C N be %-admissible. Take b’ € % and let
b € & be such that b | b'. Tt follows from the {b}-admissibility of A that for some
0<r<b-—1, wehave (b0Z+r)NA=0,so all the more, we have (VZ+r)NA =
i.e., Ais {b'}-admissible and (@) follows.

Suppose that (fl) holds. Then, for each b’ € %’ there exists 1 < r’ < ¥ such that
r' & Fg mod b, ie.,

VZ+1r' C )bz
bes

It follows from Proposition 3] that there exists b € Z such that b | ged (¥, 7'), so,
in particular, b | b'; i.e., (b)) holds. O

Corollary 4.36. Suppose that 8,9’ are taut. Then the following conditions are
equivalent:

€ X,y andn' € X,,
neXg andn € Xg,

)?n:X,
n

Proof We have immediately (0) = @ = () = @ = @), @) = @) = (@), and

) = (@ = (d). It remains to show (E]) = (B). By the correspondmg implication
in Corollary FE30] for any b € £ there exist V' € £’ and b’ € % such that b” | V' | b.
Since 4 is taut, it is, in particular, primitive, which yields b = b = b", i.e., B C #'.
Reversing the roles of % and %', we obtain % = %#'. O
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5. HEREDITY (PROOFS OF THEOREMS [Dl AND [G])

By Corollary B0, (X, S) is proximal whenever X, is hereditary. The converse
to that does not hold; cf. Example In this section, we will show however that
the proximality of (X, S) and the heredity of X,, are equivalent when # has light
tails.

Definition 5.1. We say that A C N is n-admissible whenever

(54) {k+1,...;k+n}NFag=A+k

for some k,n € N (in other words, supp n[k + 1,k +n] = A+ k).
Definition 5.2. We say that A C N satisfies condition (T, whenever

(Ther) there exists {ny € Z: b € %A} such that AN (bZ + np) =0 and
her ged(b,b) | ny — ny for any b,V € AB.

Our main goal in this section is to prove the following:

Theorem 5.3. Assume that 2 C N has light tails and satisfies (Au). Let n € N
and A C {1,...,n}. The following conditions are equivalent:

(a) A satisfies (Thed),
(b) A is n-admissible.
In particular, X, is hereditary, i.e., X, = )?,].
Remark 5.4 (Proof of Theorem D). Clearly, if A’ C A C N and A satisfies (Tpel),

then also A’ satisfies (The). Thus, Theorem[D] i.e., the assertion that X, is hered-
itary in Theorem [5.3] follows immediately by the equivalence of (@) and ().

As an immediate consequence of Theorems [3.7] and B.3], we have:

Corollary 5.5. Assume that 2 C N has light tails. Then X, is hereditary if and
only if (X,,S) is proximal.

Example 5.6. Let # C N be as in Example 2.43] If additionally % has light tails
and satisfies (Au), then, by Theorem B3, X, = )an. For example, one can take
B={4,6LU{p?:pe P2, p>12}.

On the other hand, if (Au) fails, then, by Theorem BT (X,,S) fails to be
proximal. Hence, by Corollary BI0], X, also fails to be hereditary. For example,
one can take & = {4,6} U{5p? :p € P, p > 12}.

We leave the following question open:

Question 5.7. Are the heredity of X, and proximality of (X, S) the same when-
ever 4 is taut?

Remark 5.8. Notice that Z from the construction on page B459 satisfies condi-
tion (Au) whenever By, C4 are infinite; i.e., (X, S) is proximal. We do not know

whether in this example X, = X,,.
For the proof of Theorem (.3 we will need several auxiliary results.

Lemma 5.9. Let n € N and suppose that A C {1,...,n} is n-admissible. Then A

satisfies (Thed)-
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Proof. Suppose that {k+1,...,k+n}NFeg = A+ k for some k. For b € £, let
np ;= —k. Since for any i € A, i+ k € Fg, we have i + k ¢ bZ for any b € . This
means that ¢ ¢ bZ — k = bZ + ny,. Clearly, ged(b,d')|(ny — ny) for b,b’ € %; hence
A satisfies (Thed)- O

Lemmal[5.9 gives the implication (b) = (a) in the assertion of Theorem[5.3l Now,
we will prove the converse implication. For n > 1, let

B = {be P :p<nforany p € Spec(b)},

where Spec(b) stands for the set of all prime divisors of b. For A C N the set
Spec(A) is defined as the union of Spec(a), a € A. Our main tools are the following
two results:

Proposition 5.10. Assume that  C N satisfies (Au) and B C o C AB.
Suppose that

(55) {k+1,...)k+n} N Mgy ={k+i,k+is,....k+1i.}

forsome 1l <iy,...,i. <n,r <n (ifr =0, we interpret the right hand side of (B3l
as the empty set). Then, for arbitrary io € {1,...,n}, there exist B™ C o' C B
and k' € Z such that

{K'+1,... K +n}n My ={K +io, k' +i1,...., K +i,}.

Proposition 5.11. Assume that 8 C N has light tails and B C o C AB.
Suppose that

(56) {k+1,...;k+n}nMgy ={k+io,k+i1,....,k+i}
for some 1 <ig,...,i. <mn, r <mn. Then the density of k' € N such that

{'+1,... K +n}n Mg ={k +io,k +i1,..., k' +i,}
18 positive.

Remark 5.12. For the purposes of this section it would be sufficient to know that
such k' exists. We will use this result in its full form later.

Before we give the proofs of Propositions [5.10] and B.T1] we will show how these
two results yield the implication (a) = (b) in Theorem 53] Notice first that iter-
ating Propositions B.10 and (E.17], we obtain immediately the following:

Corollary 5.13. Assume that % has light tails and satisfies (Au). Assume that
B C of C B. Suppose that

(57) {k+1,....k+n}nMy=k+C
for some C C {1,....,n}. Then, for arbitrary set C' such that C C C' C
{1,...,n}, the density of the set of k' € Z such that {k' +1,....,kK +n} N Mg =
k' + C' is positive.

We will now present some auxiliary results.

Lemma 5.14. Let A C N be primitive, with Spec(A) finite. Then A is also finite.

Proof. The proof will use induction on |Spec(A)|. Clearly, if |[Spec(A)| = 1, then
also |A| = 1. Suppose that the assertion holds for any set A with |Spec(A4)| < n—1.
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Now let A be primitive with |Spec(A)| = n, i.e., Spec(A) = {p1,...,pn} C . For
k>0, let

AW =fac A:k=max{¢>0:(p1-...-pn)* | a}},
B® ={a/(pr-...-pn)F:ae AP},

For 1 <i < mn, let Bi(k) :={b € B® : p; { b}. By the induction hypothesis, each
of the sets ng) is finite. Therefore B%®) is finite because B*) = |J, .., Bi(k). It
follows immediately that also A®*) is finite. Suppose that [{k > 0: A®) £ (}| = co.
Choose a = p§* -...-p%» € A. Let ko > max{a; : 1 <i < n} be such that A%o) £ ()
and take a’ € A%0), Then a | a’; however a # a/, which yields a contradiction; i.e.,
we have [{k > 0: A® £ 0} < co. Since A = J,5, AW is a finite union of finite
sets, we obtain |A| < oco. - O

Lemma 5.15 (See, e.g., [40]). Let by,...,bx € N, ny...,n, € Z. The system of
congruences

m=n; mod b;, 1 <1<k,
has a solution m € N if and only if ged(b;, b;) | (n; —ny) for anyi,j=1,... k.
Proof of Theorem B3 In view of Lemma (9] we have (b) = (a). We will now
show that (a) = (b). Assume that A C {1,...,n} satisfies condition (The]) with
{ny : b € B}. Since & is primitive, it follows from Lemma [5.14] that (™ is finite.

Therefore, by Lemma [5.15] there exists m € N such that m = —n;, mod b for each
be ™. It follows that

{m+1,....m+n}NMgpm
={1,...,n}n |J 0Z+m))+mc({1,...,n}\A)+m.
be B(n)
Applying Corollary EI3to & = ™, k=m, C = {1,...,n} NUycgm (BZ + ny),
and C' ={1,...,n}\ A, we conclude that there exists m’ such that
{m' +1,....m" +n} N Mg=({1,....,n}\ A) +m/.
Equivalently, {m’ +1,...,m' + n} N Fg = A+ m’/, which yields (a) = (b). O
What remains to be proved is Propositions and 5171
Proof of Proposition 510l For w=1,...,r, let j, be such that b;, € & and b;,
k+i,. Let B := #™ U {b;,,...,b;j.}. Then any b € %\ B has a prime divisor
p > n and, by Lemma [517] the set B is finite. Let 81 :=lem B. Using b, | k + iy
and the assumption (B5), we obtain
{it, .., iy} CHE+LL+ 1, . k+ Bil+n} N Mp) — (k+ B10)
={k+1,....k+n}nMp)—kC ({k+1,...;k+n}nMy)—k={i1,...,ir};
i.e., for any ¢ € Z we have
(58) {k+p1l+1,...;k+Lil+ntNMp)— (k+ 1) = {i1,..., 0}

Using (Au), we can find jo such that ged(bj,,81) = 1. It follows that there are
Uy € Z and s € Z such that 514y — sbj, = —ig — k. Hence, for k' := k + (14, we
have bj, | k' +do. Since b;, ¢ B, we have b, > n. It follows that

(59) bjo 1K' +iforany 1 <i#ig<n
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(indeed, if b;, | K’ + 4, then n < bj, | (i —1ip)). Let B := B1bj,. It follows from (BI)
and (B8) (with [ := Iy + mbj,) that

(K +Bm+1,... .k + Bm +n} N Mpup,,y) — (K + Bm)

= {7:0;7;17" '7i7'}

for any m € N. Hence, it suffices to take &/ = B U {b;, }. O

The proof of Proposition [5.11] will be proceeded by several lemmas.
Lemma 5.16. Let Z be the intersection of finitely many arithmetic progressions
with differences dy,...,d,.. Then either Z = 0 or X is equal to an arithmetic

progression of difference lem(dy, ..., d,).

Proof. Tt suffices to notice that if a € #, then Z = lem(dy,...,d,)Z + a. O

Lemma 5.17. Let §,7,n € N, and assume that p > n is a prime that does not
divide B. Assume that Z is a union of finitely many arithmetic progressions with
steps not divisible by p. Then

(60) d ((BZ—H") N (0 (pZ — i)) m%) - %d((ﬁZ—l—r) N %)

and

(61) <BZ+T (CJ (pZ — i) U%))z(l—%)d((ﬂZ—Hﬂ)\%),

Proof. By Lemmal4.21] in order to prove (G0), it suffices to prove it for Z = bZ+ j,
where p 1 b. Moreover, since the progressions pZ — i are pairwise disjoint for
1 < i < n, what we need to show is

(62) A(BZ + 1) (WZ — i) N (b + ) = %d((ﬂZ )0 (Z + )

for each 1 < ¢ < n. Clearly, the above equality holds if (8Z 4+ r) N (bZ + j) = 0.
Otherwise, let 8’ := lem(S3,b) and take a € (8Z~+r)N(bZ+j). Then, by Lemmal[5.10]
(BZ+r)N (BZ + j) = B'Z + a and (62)) is equivalent to

(63) d(B'Z + a) N (pZ — 7)) = %d(,@’Z +a).

Since ged(8',p) = 1, it follows that (8'Z + a) N (pZ — i) # O and (G3) is a straight-
forward consequence of Lemma
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In order to prove (61), note that

d ((/3Z+r)\ (U (pZ—i)U%))
=1

:dwz+M—dm%+www%—d<wz+mm<

(pZ—i)>>
(e ((v-0)

=d(BZ+r)—d((BL+7)NR) — %d(BZ+r)+gd((,8Z+r)ﬂ%’)

.
et

_ (1 _ g) d(FZ+ 1)\ ),

where the second equality follows from (60I). O
Lemma 5.18. Let B,r,n,c1,...,¢cyn € N. Assume that p > n is a prime, p divides
C1y...,Ck, and p does not divide cx41,...,Cmp nor B. Then

(64) <5Z+r mﬂ ]-"{cl,m,cm}—i)>
> (1 - g) d <(BZ+T) N O (]:{Ck+1 11111 [ 7’)) :

Proof. Notice first that
(65) (A—1i)°=A°—1i forany ACZ,i€ Z.
Therefore,

(66) (ﬁZJrr)ﬁﬂ(f{a, o} — 1) = (ﬂZw)\(U(M{cl ,,,,, cm}—z‘))

i=1
Since
using (66), we obtain

n

BZ+ )N ) (Flerremy — 1) D (BZAT)\ (U (PZ — ) U Mepariemy — i)) :
=1

i=1 i=1
To complete the proof, we apply Lemma B.I7 to Z = J;_; (M{c,,,,...cn} — @) and
use again (6G3). O
Remark 5.19. In Lemma B.I8 we allow & = m (then {ckt1,...,cm} =0, Fy = Z,
and My = 0).

Lemma 5.20. Let 8,r,n € N. Suppose that {c,, : m > 1} C N is Besicovitch.
Assume that p > n is a prime and p divides c¢; but does not divide . Then the
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densities of (BZ+r) N(i—y (Fiemmz1y — 1) and (BZ~+ 1) N(i_y (Fiepim>2) — i)
exist and

d ((BZ +7)N ﬂ (Fremm>1y — i))

> <1 - %) <ﬂZ+r ﬂ Flen:m>2) —i)) .

Proof. Fix M €N and assume that ¢;,, ..., ¢, are the elements of the set {c1,...,ear}
which are not divisible by p (¢ can be equal to 0; cf. Remark (I9). By Lemma
B.I] it follows that

(e )

i=1
On the other hand, Fic,, .. ¢, C ]:{Czl,u-m,,}' Thus, we obtain

(BZ-I—T )N rn] (Frer, e i))
i=1
> (1 - g) d ((ﬁz +7r)N ﬂ (Frearment} — i)) )

i=1
To finish the proof use Theorem 2.23 and let M — oo. |

Lemma 5.21. Suppose that £ has light tails. Assume that 8,r,n € N and
bkysbky, - € AB are such that each by, has a prime divisor greater than n and
not diwiding 5. Then the density of

(BZ+r)N

.

(f{bkj 21} @>

i=1

exists and is positive.

Proof. Observe that by Lemma [5.20, for any m > 1, we have

( BZ + 1) ﬁ (f{bk7nvbkm+1"“} B Z))
> (1 - g) d ((BZ +r)n ﬂ G )) ’

=1
where p > n is a prime divisor of by, ,. It follows that

( BZ +1) ﬁ (f{bk17bk2,..~} - Z))
> p(m)d <(ﬁZ +r)n ﬁ (f{bwbkmww} - Z)) ’

i=1
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where p (m) > 0 depends only on m. Since & has light tails, for m large enough so
that d (M{bkm,7bk

o | < nl—ﬁ, we have
n
( BZ4+1) 0 () (Fiveys i —z)> >0,
i=1
and the assertion follows. O

Proof of Proposition 11l For u =1,...,r, let j, be such that b;, € < and b;, |
k+i,. Without loss of generality, we may assume that &7 = {b;, : 0 <u < r}uB™
Then, by Lemma [5.14] < is finite, and we set 8 := ged(«?). It follows from (B6)
that

(67) {k+pm+1,...;k+Pm+ntNMy)— (k+Bm) = {ig,..., 0}
for any m € N. Let
B:={be #\ & : all prime divisors of b greater than n divide 3}

(B may be empty) and notice that B is finite. Indeed, if p is a prime divisor of
b € B, then either p < n or p > n and divides 5. Hence |Spec(B)| < oo and we
use Lemma 514l Since (™ C o7, we have B C £\ 4™, and it follows that any
b € B has a prime divisor p > n. Let b € B and take a prime p | b, p > n. By the
definition of B, we have p | 8, whence p | b;, for some 0 < u < r. It follows that
ifb| k+ pm+ifor some 1 <i <n, then ¢ € {ip,...,4 } (otherwise, b;, | k+ iy
would imply p | i, — ¢, which is impossible). Thus, by (61), we obtain

for any m € N. Let
(@\,Q{)\B: B/:{bkl,bk2,...};

i.e., each by, has a prime divisor greater than n, not dividing 4. By Lemma [5.21]
the density of the set

(69) (ZB + k)N ﬂ Flon, 5213 — 1)

i=1

exists and is positive. Therefore, for m € N from some positive density set, we have

pm+k+i € Fy, j>1y for any i = 1,...,n. Using (G8), we obtain that for each
Si>

such m € N, we have

{k+Pm+1,...)k+Pm+n}NMg)— (k+ Bm)
={k+Bm+1,....k+m+ntNMyus)— (k+8m) = {io,...,ir},

as required. O

Proof of Theorem [Gl The assertion is an immediate consequence of Theorem [£.1]
and of Proposition [E11] (applied to &7 := A). O
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6. ENTROPY

6.1. Entropy of )?,] and X4 (proof of Proposition [K]). In this section our
main goal is to prove Proposition [Kl To fix attention, we will restrict ourselves to
the case when 4 is infinite. The proof will be very similar to the proof of Theorem
5.3 in [I]. However, since our % are no longer Erdds, we cannot use the Chinese
Remainder Theorem directly and we will need an additional ingredient:

Lemma 6.1 (Rogers, see [27], p. 242). For any by, k > 1, any ry € Z/bxZ, and
K > 1, we have

(70) d( U (ka+m)) > d (M, bic}) -

k<K

Remark 6.2. Clearly, for any n € N,

(U oz +r)) = ﬁ‘[l,n.bl....~b;{]ﬂ( U Bz +70) .
k<K k<K

Proof of Proposition [Kl In view of Theorem 223 the result will follow once we
show that
hiop(X, S) = hiop(X ez, S) = d(Fap).
For n € N, let v(n) := [{B € {0,1}" : B is #-admissible}| and, for K > 1, let
vi(n) = |{B € {0,1}" : B is {b1,..., bk }-admissible}|.
Clearly, v(n) < ~vk(n) for any K > 1. Moreover, any {bi,...,bx }-admissible
n-by-...-bg-block B € {0, 1}[1:7b10x] can be obtained in the following way:
(a) choose (r1,...,7k) € [[<x Z/brZ and set B(j) :=0for 1 < j <n-b; -
... bg satisfying 7 = r; mod by for some 1 < k < K,

(b) complete the word by choosing arbitrarily B(j) € {0,1} for all other 1 <
(Clearly, (supp B) N (b;Z + r;) = (.) Notice that once (r1,...,rx) € [[,<x b&Z is
fixed, the freedom in step (b) gives gnebiebic (1=d(Un< s 247 ) pairwise distinct
{b1,...,bx }-admissible n - by - ... bg-blocks (cf. Remark [6.2). Moreover, in view
of Lemma [6.], this number does not exceed
(71) 2"'b1"~-'bK(1_dK)’
where dg = d(Mp, .. b)) -

We will show that hep(Xz, S) < d(Fg). Fix € > 0. In view of Theorem [2.23]

if K is large enough, then d > 1 — d(Fg) —e. Fix such K. It follows from
Lemma [6.1] Remark [6.2] and the discussion preceding ({{1]) that

Yic(n by - ebe) < 2mbrebiemdic) T gy
k<K

whenever n = n(K,¢) is sufficiently large. Thus (since the number of possible

choices in step (a) equals by - ... bg), for such n, we obtain
yr(m-by ... bg) < 2n'bl'~~'bK'(a(-F{%)+6) . H br.
k<K

Therefore, hiop(Xz,S) = lim, 00 %log v(n) <limy, oo %log v (n) < d(Faz).
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We will now show that htop()Z'n,S) > d(Fz). For n > 1, denote by p(n) the
number of n-blocks occurring on X,,. Let (Nj) be such that
o1 =
klggo E|[O7Nk] NFg| = d(Faz).
Since p(Ng) > 2l0:N:INFzl it follows that htop()?n,S) = limy_ o0 Niklogp(Nk) >
d(F#), which completes the proof. O

Remark 6.3. Recall that a hereditary system has zero entropy if and only if . g.00...
is the unique invariant measure (for the proof, see [38]). Therefore, since both )~(,,
and X g, are hereditary, it follows from Proposition [Klthat the following conditions
are equivalent:

P(Xz,S)=1{0..000.}

’P()N(,,, S) ={9..0.00..},
0(Fz) = 0; i.e. B is Behrend,
the upper Banach density

1
bd(Fz) := limsupsup —|Fg N[k, k+ N — 1]|
N—oo k>1 N

of Fg is zero.

Note that the last condition follows directly from Theorem 23 Indeed, for each
A C Z, we have bd(A) = 1 —bd(A). Moreover, for each K > 1, bd(Mpczp<iy) =
d(M{bEK@:bgK})- Since M{bEK@:bSK} N ]:@ = (Z), we have

bd(Fz) < bd(Z\ Mpesi<i}) =1 —bd(Mpezp<i}) — 0,

when K — oo, and our claim follows. o
In particular (cf. ({l)), we obtain one more proof of the fact that bd(#) = 0.

6.2. Entropy of some invariant subsets of )A(;n. In this section we will prove
the following:

Proposition 6.4. If # is taut, then
htOP(stlazs%-u N Xm S5) < htozo()?m S)
whenever s, > 1 for some k > 1.
For this, we will need some tools.

Lemma 6.5 (Cf. Lemma 1.17 in [28] and Theorem 2.23). Let # C N. For any
g€ N and 0 <r < q—1 the logarithmic density of Mg U (¢Z + r) exists and

B(MU(qZ+ 1)) = d(Mis U (qZ+ 7)) = T d(Mys, 1y U (aZ 4 1)
Proof. Since

MgU(qZ+r)=(@Z+r)U | Man(Z+s),
0<s#r<qg—1

it suffices to prove that the logarithmic density of Mg N (¢Z + s) exists and
(72) d(MznN(GZ+s) =dMzN(qZ+s)) = leII;O dM,,...y N (GZ + 5))
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for each 0 < s < ¢ — 1. Indeed, if (72)) holds, we have
I(MzpU@GZ+1))>dMzU(GZ+r))

>d(qZ+r) + U dMz N (GZ + s))
0<s#r<qg—1

=dgZ+r)+ |J Mz (Z+s)=08MzU(Z+r1)).

0<s#r<q—1
To show ([72)), notice first that, for each k > 1, we have
d(Mz N (qZ + s)) > d(Mp, .. 3 N (9Z + 3)),

whence
(73) dMz N (qZ+ s)) > kl;r{:o d(Myp, ...y N (GZ + 5)).
On the other hand, for each k > 1,

§(MzN(qZ+ s)) < d(Myp,
whence, by Theorem [Z.23]
(74) §(MzN(qZ + ) < khj& d(Myp,,...by N (GZ + 5)).

by N(GZ +8)) + 6( Mz \ My, 1,3,

,,,,,

The claim follows from ([73)) and (4). (|

Lemma 6.6. Assume that & is taut. Fiz kg > 1 and let 0 <r < bg,. Then
dMz U (b, Z +1)) > d(Msz).

Proof. By Lemma [6.5] we have

(75) dMzgU (byZ+71)) = 8(MzU (b, Z+ 1)) = §(Mz) + (b, Z + 1)\ Mx),

where

(76) O((broZ + 1)\ M) = 8((bkoZ + 1) \ Mg\ (1, 1)

since (by,Z + 1) N by, Z = 0. Moreover, since (by,Z + 1) U Mg 5, 3 is a disjoint
union of Mg\ (5,3 and (b, Z + 1) \ Mg (1,1 (and the logarithmic density of
(bioZ + 1) U M\ (b3 and Mg (, } exists by Lemma and Theorem [Z.23]
respectively), we obtain

(77)  O((broZ + 1) \ Mg\ (1, 3) = 6((broZ + 1) U Mg (1, 3) — 6(Ma (1, })-
By the tautness of B, §(My) > J(M%\{bko})~ Hence, by ([T3), (@), (D),
(78) d(Mg U (bk,Z +1))
> E(M%\{bko}) +0((broZ + 1)U M%\{bko}) - 6(M%\{bko})
= 0((bkyZ + 1) U M\ (1, })-

Moreover, applying consecutively Lemmas [6.5] and [6.]] and Theorem we obtain

O((broZ +1) U Mg\ (1,,1) = kh_glo d((broZ + 1) U My, :1<i<k,itko})

> kli_{l(f)lo d(Mp,a<i<ky) = 6(Mz) = d(Ma).

This, together with (78], completes the proof. O
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Proof of Proposition [64l Fix ko > 1 such that sp, > 1. For 0 < r < by,, let
D, :=d(MgzgU (bp,Z +1))
and D := ming<r<p,, Dr. In view of Lemma [6.6] there exist € > 0, ¢ > 0 such that
(79) D —dMg)—2e>c>0.
By Lemma [G.5] there exists K > kg such that
(80) d(Mp, . by U Ok Z + 1)) > d(Mzg U (b, Z + 1)) — €.
Finally, let Ny € N be sufficiently large, so that for N > Ny, we have

1

Z d(M{bl,‘..,bK} U (kaZ + 7“)) — €.

Fix N > Ny and take B which appears in YZSI,ZS%“HX}], with |B| = N-by-...-bk.
Then there exists k € Z such that

(82) B+k<nlkk+N-b ... -bg—1].

It follows from (82) and the choice of ko that there exists 0 < r¢ < b, such that
(83) supp n N[k, k+ N by -...-bx — 1N (br,Z + 10) = 0.

Therefore, using (83), 1), [BQ), the definition of D,, and D, and (79), we obtain

|B| — [supp B|
1B
1
>——|k,k+N-by-...-bg — 1N (Mg U (bg,Z + 10))|
N-by-...-bg
1
2 m |[k7,]€+Nb1 .t bK — 1} n (M{b17»--,bk} U (kaZ-f-TO))‘
1
= N [[0,N by ... b — 1N (M, ey U (brgZ +70))|

>dMyy,,. oy U Ok Z + 1)) —e > d(Mg U (b, Z +19)) — 2¢
=D, —2:>D—2>d(Mg)+c.

Thus

|supp B|

(84) B]

< E(.Fgg) —C.

We will now proceed as in the proof of Proposition [Kl For n € N, let
%2 (n) := |{B € {0,1}" : B appears in Y>4, >5,.... N )A(;n}|
and, for K > 1, let
vt (n) i = {B € {0,1}" : |[supp B| < by — 55, for 1 <k < K}|.

Clearly,
P2 () < A"t () for any K > 1.
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Consider the following procedure of defining a block B € {0, 1}™:
(a) Choose (r1,...,7k) € [[r<x Z/biZ, set B(j) := 0 for 1 < j < n such that
j = rp mod by, for some 1 < k < K, choose T';cO % ri, mod by, and set
B(j) :==0for 1 < j < n such that j = ry, mod by,.
(b) Complete the block by choosing arbitrarily B(j) € {0,1} for all other 1 <
Jj<n.
Notice that all B € {0,1}™ satisfying

bk—l fork;éko,

85 B) mod by| <
(85) teupp B) mo k{bk—z for k = ko

can be obtained this way. In particular, we obtain all blocks B € {0,1}™ such that
|(supp B) mod bg| < by — s for k > 1.

Notice also that once the parameters (r1,...,7x) and 7}, in step (a) are fixed,
the freedom in step (b) gives, for n = N - by ... b, in view of (84, at most
QNbibic(d(Fz)=c) N . p, ... .- bg-blocks. It follows that
~ |
hiop(Yzs1 252 N X, ) = lim —log™*2(n)
< lim —logv;t®2*K(n) < d(Fz) —c = htop()?n,S) —c,
n—oo N
which completes the proof. (Il

Corollary 6.7. Suppose that  C N is taut. Let v € 73(5(7,,5) be such that
WXy, 1, S) = hiop(Xy, S). Then v(Y N X,) = 1.

Proof. By considering the ergodic decomposition, we may restrict ourselves to
v e ’Pe(f(n,S). Fix such v and suppose that h(f(n,l/, S) = htop(f(,,,S) but
v(Y N )Z'n) = 0 (by the ergodicity of v, we have v(¥Y N )Z'n) € {0,1}). Note that,
for each k£ > 1, there exists 1 < s < by, such that V(YS’: N )?,,) = 1; i.e., we obtain
(sk)k>1 such that v(Ys, s,... N )N(n) =1, so, all the more, v(Y>s, >s,,.. N )N(n) =1.
Since v(Y N )~(,,) = 0, there exists &k > 1 such that s; > 2. But then, by Propo-
sition and the variational principle, h()?n,y, S) = h(Y>s, >s5,... N X}],u, S) <
hiop(Y>s, >s,,... N )N(n, S) < izto,,()~(7,7 S). This contradicts our assumption. |

7. TAUTNESS AND SUPPORT OF v, (PROOF OF THEOREM [HJ)
We will now use Theorem [C] and Proposition [El to prove Theorem [Hl

Proof of Theorem [Hl Note that (@) = (bl by Corollary To prove (b)) = (@),
we claim that (D) implies v, (o(8(Y N )Z’n))) = 1. Then, since by Remark
we have ¢(0(Y N )?,,)) C Y, it will follow that v,(Y) = 1. Moreover, since, by
Proposition [E] we have v,(X,,) = 1, we obtain (@). Thus, we are left to prove the

claim. Recall that by Remark 2.46] we have 0,(v) = P for any v € P(Y N X’n, S)
and, by definition, v, = ¢, (P). Therefore,

v(p(0(Y N X,))) = P~ (0(0(Y N X)) > P(O(Y N X))
=0.00(Y NX,)=vO 'O NX,))>v(YNnX,) =1,
and the claim holds.
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It remains to show that (@) implies (@). Suppose that &£ is not taut. Let B’ be
as in the proof of Theorem For simplicity, we assume that %’ is given by ({@0),
ie.,

B = (PB\ U cnZ)U{cy, in>1} = (B \ U cn?™)U{c, in > 1},
n>1 n>1
where /™, n > 1, are Behrend sets. By Theorem L5 %’ is taut and we have
vy = V. Let
Y’ :={x € {0,1}* : |supp = mod b},| = b}, — 1 for each k > 1}.

Since (@) holds for %’ and we have proved that (@) implies (@), we have
vy (Y' N X,y) = 1. We will show that v,(Y N X,) = 0. Since v, = vy, it suf-
fices to show that Y NY’ = (). Take a > 2 such that cia € £ and ¢; € B’ and
consider the natural projections

7% 7)craZ = 7)1 7,

where m1(n) = n mod cia for n € Z and m2(n) = n mod ¢; for n € Z/c1aZ. Then,
for any A C Z, we have 7, (A) C 75 ' (m2(m1(A))). Moreover, for any B C Z/c1Z,
we have |75 ' (B)| = a|B|. Therefore, for x € {0,1}%, we have

[supp = mod cya| = |1 (supp @)| < |5 (w2 (w1 (supp )))]

= a|ma(m (supp ))| = a|supp = mod ¢;].
Therefore,
Y’ C {x € {0,1}% : |supp  mod ¢;| = ¢; — 1}
C {z €{0,1}* : |supp = mod cia| < cia — a}.
On the other hand, we have
Y C {z € {0,1}*: |supp = mod cia| = c;a — 1}.
Since cia —a < cia — 1, we have Y N'Y’ = (). This completes the proof. O
Remark 7.1. If 28 C N has light tails, then v, (Y N X,) =1 can be shown directly.
Namely, fix K > 1 and let
Yy :={x €{0,1}” : |supp x mod b| =b, —1 for 1 <k < K}.

Then Yx NX,, is S-invariant and € YxNX,, (by Corollary L32)); thus Y NX,, # 0.
Furthermore, Y NX, is open in X,, (indeed, if € Yx NX,, and M € N is such that
supp « mod by, = (supp z N [0, M]) mod by, for each k > 1, then for each y € X,
with y[0, M| = z[0, M], we have y € Yx N X,)).

In view of Theorem [G] since Yx N X, is open and non-empty, we have

vy(Yx N X,) > 0. By ergodicity and S-invariance, we obtain v, (Yx N X)) = 1. It
follows that v, (Y N X)) = vy (Mg, Ye N Xy) = 1.

8. INVARIANT MEASURES (PROOF OF THEOREM [Il)

In [36], a description of P(X,),S) was given in case of % Erdés (recall that in
this case we have X,) = X,;). Theorem [l extends this result, yielding a description

of P()Z’n,S) for all # (in particular, when X, = Xm we obtain a description of
P(Xm S))
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Remark 8.1. Notice that Theorem [[lis stated in a more compact form than in [36]
(cf. Theorem 1.2 therein). What corresponds directly to [36] are Theorems
and B4l Notice that Theorem B4 is an immediate consequence of Theorem [Tl (it
suffices to take b}, = by, for all k£ > 1). The role of b}, | b, k > 1, will become more

clear later when we discuss the discrete rational part of the spectrum of ()N(n, v, S);
see Section [R:3

We will present only sketches of the proofs, referring the reader to [36] for the
remaining details (which can be repeated word by word). We will restrict ourselves
to the case when 4 is infinite (cf. Section 3T]).

8.1. Invariant measures on Y N )N(n (Theorem [I] - first steps).

Theorem 8.2. For anyv € ’Pe(Yﬂ)zn, S), there exists p € P¢(X,, x {0,1}*, 8% S)
such that plx, = v, and M,(p) = v, where M : X,, x {0,1}* — X, stands for the
coordinatewise multiplication.

Proof. Fix v € P¢(Y N Xn’ S). Note that v # d._g.00.... Note also that it suffices to
find p € P(X, x {0,1}%,S x S) such that p|lx, = v, and M,(p) = v and use the
ergodic decomposition. Let

Yoo :={y €Y : [supp y N (—00,0)| = [supp y N (0, 00)| = oo}
(notice that the definition of Y is different from the one in [36]; we have changed
the notation to simplify the proof). Since v # §.9.00..., we have v(Yy) = 1.
For 2 € {0,1}%, z € Y, let . be the sequence obtained by reading consecutive
coordinates of x which are in supp z and such that

Z,(0) = z(min{k > 0: k € supp z}).

Step 1. We define T: G x {0,1}% — G x {0,1}% by

~ ) (Tg,z)  if p(9)(0) =0,
o) = {(Tg,Sx) if p(g)(0) =1

By Remark 2.46] for y € Yoo N Xn’ we have ¢(6(y)) € Yoo. Let ©: Yo N )Z',, —
G x {0,1}* be given by O(y) = (0(y), Us(6()))- One can show that

z, itz(0)=0,
Sz, if 2(0) = 1.

(86) Sz, = {

Hence, it follows from ¢ o T = S o ¢ and Remark that ©0 S =T 00 on Ya.
Let ®: o~ 1(Yy) x {0,1}2 — X4 be the unique element in X such that

P(g,z) < p(9) and (2(g,7)),, ==
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Since I/(Yﬂj(:n) =1, by Theorem[H] we have that v, (Yﬂ)?n) =1, so, in particular,
Uy # 0..0.00.... It follows that ® is well-defined a.e. with respect to any T-invariant

measure. Moreover, using (88), one can show that So® = ® o T on ¢~ (Yao) X
{0,1}2. Therefore, the following diagram commutes:

Y NX, YNX,

lo e

Gx {0,112 — L G x {0,1}

b s

Xz Xz

In particular, ® o © is well-defined a.e. with respect to any v € P(Y N )?,,,S).
Moreover, by the choice of © and ®, we obtain

(87) ® 0 © = id a.e. with respect to any v € P¢(Y N )?,,, S).

This gives, for any v € P¢(Y N )N(W,S), the equality v = ®,0,v, with ©,v €
Pe(G x {0,1}2,T).

Step 2. Let W: ¢~ 1(Yy) x {0,1}2 = ¢ 1(Yo) x {0,1}% be given by ¥(g,z) =
(9,Ty4(g))- Note that ¥ is defined a.e. with respect to any 7' x S-invariant measure,

so that W is onto a.e. with respect to any T-invariant measure. Using again ®a),
one can show that diagram (88) commutes:

G x {0,112 X5 6 0,132
(88) J‘I’ qu
Gx {0,112 —L 0 G x (0,1}

Notice that ) # ¥U~1(g,y) C {g} x {0,1}%2. Moreover, given (g,z) € ¥~!(g,y),
all other points in W~!(g,y) are obtained by changing in an arbitrary way these
coordinates in x which are not in the support of ¢(g). In particular, each fiber
U~1(g,y) is infinite. For k; < --- < ks and (i1,...,i5) € {0,1}*, we define the
following cylinder set:
(89) C=Cpry ={re{0,1}" 1 a(k;) =i;,1<j<s}h
For each such C and for A € B(G), we put
Mg (A x C) :=14(g) - 27™, where m = [{1 < j <s:¢(g)(k;) = 0},

if ®(g,y)(k;) = i; whenever ¢(g)(k;) = 1 (otherwise we set A, (A x C) := 0).
Now, as in [36], we can prove the following:

(a) the map F': (g,y) = A(g,y) is measurable,

(b) (T X S)*A(g,y) = )\T(g,y)
Then for any p € P¢(G x {0,1}%,T), we obtain

e /A(g,y) dp(g.y) € P(T x S, G x {0,1}%) with W.j = p.
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Step 3. By the choice of ® and W, it follows that M o (¢ x idgg1y2) = ®oW. Then,
for any v € P¢(Y N X,, S),
v=0,0,v=20,V,0,v=M/(px idg1))O.v,
with ©,v € P(T x S,G x {0,1}%).
Step 4. To conclude it suffices to notice that
@ X idgy 12 G x {0,1}” = X,, x {0,1}*

induces a map from P(T x S,G x {0,1}%) to the simplex of probability S x S-
invariant measures on X, x {0, 1}% whose projection onto the first coordinate is
Uy.

O

Remark 8.3. The above proof can be summarized on the following commuting
diagram:

TxS
YnXx, —YnX, G x{0,1}2 —— G x {0,1}*

X X

8.2. Invariant measures on )A(:n (proof of Theorem [[). The main ingredient
in the proof of Theorem [[lis the following result:

Theorem 8.4. For any v € 'Pe()N(n,S) there exist b, | by, k > 1, and p €
Pe(X,y x{0,1}2,8 x S) such that plx,, = vy and M.(p) = v, where n’ corresponds
to B = {b}, : k> 1} and M: X,y x {0,1}* — )N(n, stands for the coordinatewise
multiplication.

For the proof of Theorem [B4] we will need several tools. Notice first that if
v =4, 0.00..., then the above assertion holds true since M, (3. 9.00... ® &) =0..0.00...

for any € P({0,1}%,5) and & g.00... = vy for n/ associated to 2’ = {1}. Thus,
we only need to cover the case v # 6. ¢.00...-

Recall that B B
Xy = U U Ys1,50,.. N Xy
k>10<s;,<by

is a partition of )A(:n into Borel, S-invariant sets. Proceeding in a similar way as in
Section 3.2 in [36], we will now further refine this partition.
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Fix s = (sg)g>1 with 1 < s, <br — 1, a = (af,..., ’;k)k>1 with af € Z/b,.Z for
1<i<spand [{af,...,al }| = si. Let
Yispiar,aq, =12 € {0, 1}2 : supp  mod by, = Z/byZ\ {ay,...,as,}}.
For each k > 1, any two sets of such form are either disjoint or they coincide. Since
supp Sz = supp « — 1, we have

(90) SYk sk3ak,.a 7; Yk,sk;a’ffl Lak —1

Sk

(note that subtraction is taken mod by ). Let
(91) po=min{j > 1:{af,....af} = {ai —j,....af, —j}}

and note that bj, > 2. Clearly, SV (k0 =Y

sy

a,....ak, and the sets

b, —1
Yk,sk;a’f SYk,sk;a’f,...,afgk sy S Yk,sk;a’f

k
..... af,

,...,afk )
are pairwise disjoint. Finally, we define

bl —1

}/§7Q m U 57 Yk: ,spialk,.. ,a"

k>1 j=0

(notice that if s, =1 for all k£ > 1, we have Y , =Y for any choice of a).
Fix s, a and suppose that P(Y;, N X,,S) # 0. Let

Goa={ng n €L} C Gy =[] 2Z/0,Z
k>1

where b, k > 1, are as in ([@I)); cf. (I0). Define ¢, 4: Gy — {0, 1} (cf. ([I8)) b

1 ifgr—af+n#0modby forallk>1,1<i< sy,

0 otherwise.

¢s.alg)(n) = {

We also define 0, ,: Ya o N X, — G in the following way; cf. (I8):
0s0(y) =g <= —gr +a¥ &supp(y) mod by for all 1 <i < sp.
Notice that given y € Y, , and kg > 1, there exists N > 1 such that
(92) (supp y) N [=N, N] mod b, = Z/bZ\ {—gi +a¥ : 1 <i < 53}
for 1 <k < k.
Furthermore, we claim that 6 4(Y5,a N X n) C Gsq. Indeed, take y € Y, N X
Given kg > 1, let N > 1 be such that (IEI) holds and let M € Z be such that

y[—N,N] < 77[ N + M,N + M]. Tt follows that 6(y) = (g1, 92,...), where g =
—M mod by for 1 < k < ky. This yields the claim.

Remark 8.5. Note that 05, is continuous. Indeed, given y € Y, , and kg > 1, let
N be such that (2) holds. Then, if y’ € Y;, is sufficiently close to y, ([@2) holds
for 3 as well. Therefore, if y,, = y in Y 4, then 0 o(yn) = 65.4(y)-

Denote by T 4: Gs,q = Gs,o the map given by T o9 =g+ 15 = (g1 + 1,92 +
1,...), where g = (g1,92,- .. )-
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Remark 8.6 (cf. Remark [246]). We have:
® Tsa0bs0="05a05,
o foreach y € Vs, N )~(,7, Y < 0s.a(0s.a(¥)),
o for any v € P(Yy,, N )?,7, S), (0s,0)x (V) =Ps 4.

Lemma 8.7. Suppose that P(Y; 4 N )Z’W,S) #0. Then (¢s,0)«(Psa)(Ysa) =1. In
particular, (¢s,q)«(Ps,a) # 9...0.00...-

Proof. Take v € P(Y,, N )?,7, S). It follows from Remark B8] that

2,4

(‘Pé,g)*(Pﬁﬂ)(Ysg) = (Sﬁ’gg)*(eé,g)*(y)(yég) 2 V(Yﬁ,g) =1

Since ...0.00... € Y, 4, we conclude. O
For n € N, let M ({0,1}%)*" — {0, 1}% be given by
MO (@ )iez, - (@) )iez) = (@M ien.

Moreover, we define M(>): ({0, 1}2)N — {0,1}% as
MO (@i )iz, (1 )iens ) = (@ 2 )iea.

Lemma 8.8 (Cf. Lemma 2.2.22 in [36]). We have (¢g4)«(Ps.a) = M (p), where
p is a joining of a countable number of copies of ({0,1}%, vy, S).

Proof. The proof is the same as in [36]. O
Lemma 8.9 (Lemma 2.2.23 in [36]). Let v1,...,Vn,Vny1 € P({0,1}2,S). Then

for any joinings
e pin € J(({0,1}2,11,5),...,({0,1}2, 1, 9)),
o pmmit € T({0, 1% M (p1,0), 8), ({0, 1Y%, v41, 9)
there exist
e poni1 € J(({0,1}2,19,5),...,({0,1}2, v, S), ({0, 1}2, 141, S)),
o p1ear € J(({0, 115 01, 8), ({0, 1% M (p2011), )
such that M"E2)(p(1,n)7n+l) = M>£2)(Pl,(2,n+1))-

Remark 8.10. We could write the equality MiQ)(p(17n)7n+1) = M,.E2)(p17(27n+1)) as
MO (MM (Ve V)V ing) = MP (v M (1, V . NV vy Vg i1)). However,
until we say which joining we mean by each symbol V, this expression has no
concrete meaning.

Remark 8.11. The above lemma remains true when we consider infinite joinings;
i.e., instead of v, ..., v, we have vy, va, ..., and instead of M (™) we consider M (>).

Proof of Theorem B4l Fix 6 _g.0... # Vv € ’Pe(f(,,,S) and let s,a be such that
v(Ysa N )Z'n) = 1. In view of Lemma B.8 Lemma [R9 and Remark R11] it suffices
to show that there exists p € P({0,1}% x {0,1}%, S x S) such that the projection
of p onto the first coordinate equals (g 4)«(Ps o) and M. (p) = v.

By Lemma[B.1 we have (5 4)«(Ps,a) 7# 9...0.00.... The remaining part of the proof
goes exactly along the same lines as the proof of Theorem B2l with the following
modification: we need to replace some objects related to Y by their counterparts
related to Y ,. Namely, instead of G, ©, Y, f, ®, and ¥, we use

Gsar Osar Ysa)oor Tsar Psar and Wy g,



T ) (Tsa9:7)  if 54(9)(0) =0,
Tsalg, ) = {(ng’ S) if oy a()(0) = 1

o &, ,(g,x) is the unique element in Xz such that

a
1) @5.4(9,2) < @sa(9),
(i) (<I>§&(g,x));sya(g) = x; i.e., the consecutive coordinates of z can be

)

found in @, 4(g, ) along s 4(9),
° Via(g,2) = (9,7, ,(g))- -
Lemma 8.12 (Cf. the proof of Lemma 2.2.22 in [36]). Fiz b}, | by for k > 1. Then
there exists p € J((Xy, vy, S), (Xn, vy, S),...) such that v,y = M,Em)(p).

Proof. For i > 1, let R®): G — G be given by R (g) = (g + i), )k>1. We claim
that
(M), (po RV x po R® x ...),(P) = Uy
In order to prove this, we will first show that
M o (oo RM x poR® x...)=¢ op,

where p: G — G’ is the natural projection and ¢’ is defined analogously as ¢, using
%' instead of . Indeed, we have

M) o (poRM x oo R® x ... )(g)(n) =1
— poRW(g)(n)=1 foralli>1
< g +ib, +nZ0mod b, foralli>1k>1
< gr+n#0modb) forallk>1
and, on the other hand,
¢ op(g)(n) =1 < (gr mod b},) +n # 0 mod b;, forall k>1
< gr+n#0modb) forallk>1.

This completes the proof as (¢’ op).(P) = ¢/ (p«(P)) = ¢, (P') = v,y and R (P)=P
for each ¢ > 1. O

Proof of Theorem [l The assertion is a consequence of Theorem [8.2] Theorem [R.4]
Lemma R12] Lemma R.9] and Remark 8111 |

8.3. Rational discrete spectrum (proof of Theorem [F]).

Remark 8.13. Let s,a be such that P(Y4,5) # 0 and fix v € P(Yy,4,5). Let
b, | bk, K > 1, be as in the proof of Theorem R4l Recall (from the proof of
Theorem [B4) that there is an equivariant map O 4: Ys o — Gsa % {0,132, It
follows that (Gs 4, Ps.a,Ts,q) is a factor of (Y 4,v,5). In particular, the rational
discrete spectrum of (Y 4,7, S) includes all b} -roots of unity.

Theorem 8.14. Suppose that P(Ys 4 N )A(:n,S) # 0. Then ¢4 yields an isomor-
phism of (G a,Ps.a:Tsa) and (Yo N Xsa: (0s,a)s(Ps,a):S)-
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Proof. Since, by Lemma B we have (¢g,4)«(Ps,a)(Ys,a) = 1, we obtain the follow-
ing equivariant maps:

sab,a

(G§7Q7P§,27T§’G) (Ysa mXﬂv((pS a) ( ) ) (Gs avPs a7Ts a)‘

It follows from the coalescence of (G q,Ps.a,Ts,qa) that ¢ o yields an isomorphism

2,4

of (Gs,a:Ps,a,Ts,a) and (Yea, (9s,0)+(Ps.a), ). O
Proof of Theorem [El. The assertion follows from the above and Corollary O

9. TAUTNESS REVISITED

9.1. Tautness and combinatorics revisited (proof of Theorem [L]). We will
prove an extension of Corollaries £.35] and [4.30]

Corollary 9.1. Let #,%' C N and suppose that B is taut. Conditions (@)—(f)
from Corollary are equivalent to each of the following:

(g) Vn gtP(X’r]US)lv

(h) P(Xy,S) C P(Xy,5).
Proof. Notice first that (@) from Corollary B35 implies (g). Suppose now that (g)
holds. In view of Theorem[[land Lemma[R3] this yields (). Suppose that () holds.
By the variational principle, we have hiop(X;), S) = hiop(Xy N Xy, S). Moreover,
since X, N X,y C Xz N Xp = Xguz C Xz, we have

htop(jzn N )?7]" S) S htop(X@U.%'; S) S htop(X.%a S)

By Proposition [K] it follows that htop(f(,,,S) = Nhyop(X ez, S). By the above, we
obtain

(93) htop(X.@; S) = htop(X.%UBZH S)
Moreover, since Xzuz C Xgupyy C Xg for any V' € %', ([@3) yields
hiop(X 2, S) = hiop(Xzugey,S) for any b € A’

It follows from Proposition [Kl that d(Mz) = (Mgugpyy). In view of Corol-
lary [Z3T] either b’ € Mg or % is not taut. The latter is impossible; hence b | b’
for some b € #, and we conclude that ([0 from Corollary holds. O

Corollary 9.2. Suppose that B, %’ C N are taut. Conditions @)—(g) from Corol-
lary are equivalent to each of the following:

(h) U =Vyy N

(i) v, € P(X,y,S) and vy € P(X,,5),

() P(Xy,8) =P(Xy, ).

Proof. Clearly, (@) from Corollary E36 together with Proposition [ implies ().
Moreover, () implies () and, by Corollary @I} (@) implies (). Suppose now that
(@) holds. So, (L) from Corollary @.1] also holds. Applying again Corollary [0l we
obtain (@) from Corollary L35 Moreover, (@) from Corollary still holds when
we exchange the roles of % and %’. Therefore, we conclude that Xz = X4; i.e.,
@) from Corollary holds. O

Proof of Theorem [[l. The result follows directly from Corollary (]
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9.2. Tautness and invariant measures (proof of Theorem [C)).

Proof of Theorem [Cl. The assertion is an immediate consequence of Theorem [E.5]
Theorem [[, and Theorem [[1 O

We will now prove Corollary For this, we will need the following folklore
result (cf. Theorem 2.3 in [37]):

Lemma 9.3. Let (X,T) be a topological dynamical system and let X' C X be
compact and T-invariant. Then the following are equivalent:
(a) P(X,T)=P(X',T),
(b) for each x € X, we have limy, o0 ngg, d(T"z, X') =0, where d(E,) =0,
(c) the set X \ X' is universally null; that is, (X \ X’) = 0 for each p €
PX,T).

Definition 9.4. When (b) of Lemma [@:3 holds, we say that X’ is a quasi-attractor

in (X,T). Sometimes, the smallest possible quasi-attractor is called the measure
center.

Proof of Corollary [L5l The assertion follows immediately from Theorem [C] and
Lemma [0.3] |

It can be rephrased as follows:

Corollary 9.5. For any # C N, the subshift ()?,,, S) has a quasi-attractor of the
form X,y for some taut set B’ such that Fgr C Feg. Moreover, such #' is unique.

Remark 9.6. Using Theorems [D] and [Gl we can deduce that if %’ above has light
tails and contains an infinite coprime set, then X, is the measure center of (X, S).

10. INTRINSIC ERGODICITY (PROOF OF THEOREM [))

Theorem 10.1. Let 8 C N and suppose that A is taut. Then ()Z’n, S) is intrinsi-
cally ergodic. In particular, if X, = X,,, then (X, S) is intrinsically ergodic.

The above theorem extends Theorem 1.1 from [36] for # Erdés to the case when
2 is taut. The main ideas for the proof of Theorem 0.1l come from [36]. We will
present the sketch of the proof only, referring the reader to [36] for the remaining
details.

Proof of Theorem IOl We will use the notation introduced in the proof of Theo-
rem There exists Cy C C (recall that C' was defined in ([Id])) such that every
point from Cy returns to C infinitely often under 7" and P(Cy) = P(C). It follows
that every point from Cy x {0,1}% returns to C x {0,1}” infinitely often under T
and v(Cy x {0,1}%) = v(C x {0,1}%) for every v € P(G x {0,1}%,T). Thus, the

induced transformation Ty 0,1}z is well-defined. Recall that

~ ) (Tg,z) ifggC,
Tlg:x) = {(Tg,SJ;) if g€ C.

It follows that fo {0,132 =T x S a.e. for any T-invariant measure (cf. the defini-
tions of T and C).
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We will show now that 7' has a unique measure of maximal (measure-theoretic)
entropy. In view of Abramov’s formula, for this it suffices to show that TCX{OJ} =
Tc x S has a unique measure of maximal entropy. For any T¢ x S-invariant measure
K, by the Pinsker formula, we have

h({0, 1}, Kl(0.1y2, 5) < h(C x {0,1}*,k,Tc x S)

(94) z 7
< h(Ckle, Te) + h({0,1}, k{0,132, S) = h({0,1}7, K[{0,132, S)-

Since k can be arbitrary, it follows that a measure « has the maximal entropy among
all To x S-invariant measures if and only if h(C x {0,1}2, Kk, Tc X S) = hiop(S).
Moreover, & is a measure of maximal entropy for T x S if and only if k[(g 132 is
the measure of maximal entropy for S; that is, ko132 is the Bernoulli measure
B(1/2,1/2), i.e., when & is a joining of the unique invariant measure for T and
B(1/2,1/2). Since the unique invariant measure for T¢ is of zero entropy, it follows
from the disjointness of K-automorphisms with zero entropy automorphisms [24]
that x is the product measure. In particular, s is unique.

It follows from (&) that © is 1-1. Hence, ©,: P(Yﬁ)N(n, S) — P(G x {0,1}%,T)
is also 1-1, and for any v € P(Y N )N(n, S), we have

WY N X,,v,S) = h(G x {0,1}2,0,v,T).

The result follows now from Corollary 6.1 O

Remark 10.2. Suppose that Z C Nis taut. Notice that we have ¥, (P®B(1/2,1/2))
=P® B(1/2,1/2). Moreover,

(P® B(1/2,1/2))cx 01y = Pc @ B(1/2,1/2).

Since h(C x {0,1}2,Pc ® B(1/2,1/2),Tc x S) = log2, it follows from the above
proof of Theorem [I0.1] that

O,0,(P® B(1/2,1/2)) = M.(p x id).(P® B(1/2,1/2))
= M, (v, ® B(1/2,1/2))

is the unique measure of maximal entropy for (Xna S).

Proof of Theorem [l The assertion is an immediate consequence of Theorem [Cland
Theorem [I0.11 O

11. REMARKS ON ABUNDANT NUMBERS

For n € N, consider the aliquot sum o(n) := >_;, d. Then, n € N is called
abundant if o(n) > 2n, perfect if o(n) = 2n, and deficient if o(n) < 2n. We denote
the set of abundant, perfect, and deficient numbers by A, P, and D, respectively.
Notice that A is closed under taking multiples. It follows that A = NN Mg, and
D = NN Fg, for some primitive 5 C N.

Lemma 11.1. The set $Ba is thin. In particular, Ba has light tails and is Besi-
covitch.
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Proof. Exrdos [19] showed that |Za N[0,n]| = o(n/log?n). Let j, be the n-th
PBa-free natural number. Therefore, for n sufficiently large, n < j, (log2 gn) "t It
follows that, for large n, we have nlog®n < nlog? j, < jn, whence

(95) Z 1/b = Z 1/jn < Z 1/nlog2n < 00;

beBa n>1 n>1
i.e., A is thin. But thin sets are Besicovitch. (Il

Lemma 11.2 (E.g. [23], Chapter 8.14, p. 243). We have d(P) = 0.

Corollary 11.3. Suppose that A, D C N are finite sets consisting of abundant and
deficient numbers, respectively. Then the density of the set of n € N such that A+n
and D +n consist of abundant and deficient numbers, respectively, is positive.

Proof. By Lemma [IT.T] and Corollary [, we have
df{neN:A+nCcAand F+nCD>0.

Since {1,2,3,4,5} C D, the following result immediately follows.

Corollary 11.4. The set of n € N such that the numbers n +1,n+2,....n+5
are deficient has positive density.

Remark 11.5. Notice that Corollary I1.4] yields an independent proof and strength-
ens the result from [5I] that there are infinitely many sequences of 5 consecutive
deficient numbers.

Lemma 11.6. The set Ba contains an infinite coprime subset.

Proof. Tt follows from [20] that ;o< (Mza — k) # 0 for any K > 1, ie.,
...0.00... € X,. To conclude, it suffices to use Theorem [Bl O

Remark 11.7. Another way to prove the above lemma is to use the algorithm
presented in [31], outputting the smallest element of A\ P not divisible by the first
k primes.

Corollary 11.8. Denote by (n;) the sequence of consecutive deficient numbers.
Then, for any K > 1,

li i j —Njyk) = OO.

1ﬁ8£pogggK(nJ+k+1 Mjyk) = 00

Proof. The assertion is an immediate consequence of Proposition [M] Lemma [T,
and Lemma [I1.0 |

Remark 11.9. Remembering that X, = )~(,,, we will show that X, C X, .

Let us note that 6, 12,18, 20,24, 28,30 € %4 are first seven abundant numbers.
Consider the block B = 10011111011111011111001111011111011 of length 35 (we
enumerate the entries from 0 to 34). The eight zeros are at positions: 1, 2, 8, 14, 20,
21, 26 and 32. Now, the block B is admissible since 2 is a missing residue class mod 6
(and consequently mod 12, mod 18, mod 24 and mod 30), 1 is a missing residue class
mod 20 and 8 is a missing residue class mod 28. We claim that B does not appear in
Mg, - Indeed, suppose that for some m, we have B = n[m,m + 34]. Then 6 divides
exactly one number from the set of six consecutive numbers {m,m+1,...,m+5}.
Since Mg, N{m,m+1,... . m+5} ={m+1,m+2},s06| (m+1)or6 | (m+2). If
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6|(m+1), then 6](m+7), a contradiction with B[7] = 1. Thus 6|(m+2). Similarly,
20 divides exactly one of the numbers m + 1,m + 2,m + 8, m+ 14. If 20 | (m + 2),
then 20|(m + 22), which contradicts to B[22] = 1. Similarly, if 20 | (m + 8) or
20 | (m + 14), then we obtain a contradiction with B[28] = B[34] = 1. It follows
that 20|(m + 1). But it is impossible to have simultaneously 6 | (m + 2) and
20| (m+1).
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