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DIFFERENTIABLE MEASURES AND SURFACE MEASURES
IN HILBERT SPACES
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ABSTRACT. We construct surface measures in a Hilbert space endowed with
a probability measure v. The theory fits for invariant measures of some sto-
chastic partial differential equations such as Burgers and reaction—diffusion
equations. Other examples are weighted Gaussian measures and special prod-
uct measures v of non-Gaussian measures. In any case we prove integration
by parts formulae on sublevel sets of good functions (including spheres and
hyperplanes) that involve surface integrals.
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1. INTRODUCTION

Let X be a separable infinite dimensional Hilbert space with norm || || and inner

product (-, -), endowed with a nondegenerate Borel probability measure v.

In this paper we define Sobolev spaces with respect to v, we construct surface
measures naturally associated to v, and we describe their main properties. In par-
ticular, we aim at integration by parts formulae for Sobolev functions that involve
traces of Sobolev functions on regular surfaces and at an infinite dimensional (non-
Gaussian) version of the Divergence Theorem.
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The surfaces considered here are level surfaces of a Borel function g satisfying
some regularity and nondegeneracy assumptions which guarantee that such level
surfaces are smooth enough.

In the case of Gaussian measures this problem has been extensively studied
by different approaches. We quote here [Sk74.[Ug79|[AiMa88|[FePr92lMa97.Bo98|
Ug00,Hil0,[CCKOT10,AMMPI10,DaLuTul4]; for an extensive bibliography see the
review paper [Bol7].

The approach initiated by Airault and Malliavin in [AIMa88] for the Wiener
measure in the space X = {f € C([0,1];R) : f(0) = 0} is naturally extendible to
many other settings. It consists of the study of the function

Fy(r) = / o(x)v(dz), reR,
{z: g(z)<r}

which is well defined for every ¢ € L'(X,v). If F,, is differentiable at r, its derivative
F(r) is the candidate to be a surface integral,

(1.1) F;(r):/xapdof.

It turns out that F,, is differentiable for good enough functions ¢, and the second
step of the construction is to show that there exists a measure of such that (L))
holds. Then, one needs to show that for every r» € R, o is supported in g~'(r)
for a suitable version of g, and to clarify the dependence on g. The equality (L))
is also a useful tool to prove an infinite dimensional version of the Divergence
Theorem (or of integration by parts formulae). This approach was followed, e.g.,
in [Bo98l[DaluTuld] for Gaussian measures in Banach spaces and in [BoMal6] for
general differentiable measures. Notice that if ¢ = 1 and g(x) is the distance of x
from a given v-negligible hypersurface X, F(0) is just the Minkowski content of ..

A completely different approach is the one by Feyel and de La Pradelle, who
constructed an infinite dimensional Hausdorff-Gauss surface measure by approxi-
mation with finite dimensional Hausdorff-Gauss surface measures [FePr92]. It uses
in a very important way the structure of Gaussian measures and it seems to be
hardly extendible to non-Gaussian settings, especially in the case of nonproduct
measures.

A third approach comes from the general geometric measure theory and relies on
the theory of the BV functions (functions with bounded variation). BV functions for
Gaussian measures in Banach spaces were studied, e.g., in [Fu00|FuHi01/[AMMP10].
By definition, a Borel set B has finite perimeter if its characteristic function is BV;
in this case the perimeter measure is defined and its support is contained in the
boundary of B. For good enough sets B, the perimeter measure coincides with the
restriction to the boundary of B of the surface measure of Feyel and de La Pradelle;
for a proof see [CeLuld].

In our general framework we shall follow the first approach, and we are partic-
ularly interested in the case where v is the invariant measure of some nonlinear
stochastic PDE. In the case of linear equations, v is a Gaussian measure and we
refer to our paper [DaLuTul4]. In fact, if v is a nondegenerate Gaussian measure,
our construction of surface measures coincides with the one of [DaLuTuld]; see
subsection 6.1.

Let us describe our procedure. As usual, we denote by C}(X) the space of
the bounded and continuously Fréchet differentiable functions f : X — R having
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gradient with bounded norm, by V f(z) the gradient of f at x, and by 0, f(z) =
(Vf(z),z) the derivative of f at z along any z € X.
Our starting assumption is the following.

Hypothesis 1.1. There ezists a linear bounded operator R € L(X) such that RV :
dom (RV) = C}(X) — LP(X,v; X) is closable in LP(X,v), for any p € (1,+00).

Then we denote by WP (v) the domain of the closure M, of RV in L?(X,v).
W1P(v) is a Banach space with the graph norm

02 Wl = ([, f<x>|f’u<dx>)1/p+( / IIMpf(x)I”V(dw))l/p-

So, by definition an element f € LP(X,v) belongs to W1P(v) iff there exists a se-
quence of C} functions (f,,) such that lim,, fn = f in LP(X, v) and the sequence
(RV fy) converges in LP(X, v; X); the limit of the latter is just M, f.

Different choices of R give rise to different Sobolev spaces. For instance, if v is the
Gaussian measure Ny ¢ with mean 0 and covariance @, Hypothesis [Tl is satisfied
by R = Q%, for every a > 0. Taking « = 0 and R = I we obtain the Sobolev spaces
studied in [DPZ02]. Taking o = 1/2 we obtain W?(v) = DYP(X,v), the usual
Sobolev spaces of Malliavin calculus ([Bo98,[Nu9j]).

For general results ensuring that Hypothesis [Tl holds we quote [AIR090]. An
easy sufficient condition for RV to be closable in LP(X,v) is the following one.

Hypothesis 1.2. For any p > 1 and z € X there exists Cp . > 0 such that

(1.3) ’/}((RV@, z) dv

After the canonical identifications of the dual spaces (LP(X,v))’, (L?(X,v; X))’
with L' (X,v), L? (X, v; X) respectively, with p’ = p/(p — 1) (see, e.g., [DUTT]),
we denote by M* : D(M}) C L¥ (X,v; X) — LP'(X,v) the adjoint of M,. So, we
have

(1.4) /)((M,,go,F) dl/:/XgoM;(F) dv, @€ D(M,), F'e D(M,).

< Cp,z H@HLP(X,V)v p e Cbl(X)

In the case that v is the Gaussian measure Ny g, taking R = Q'/2, M, can be seen
as a Malliavin derivative and —MJ is the Gaussian divergence or Skorohod integral.
See, e.g., [Bo98,Nu95[Sa05]. In any case, the operator —M,; plays the important
role of (generalized) divergence.

Hypothesis is equivalent to the assumption that for every z € X the constant
vector field F,(x) := z belongs to D(M,;) for every p > 1. Indeed, fix any p > 1,
F. € D(My) iff the function WP (v) = R, ¢ — [ (Mpp, z)dv has a linear con-
tinuous extension to the whole L?(X,v). Since C}(X) is dense in W1P(v), this is
equivalent to the existence of C), , such that (I3]) holds, and in this case (I4)), with
F =F, and M;(Fz) =: v,, reads as

(1.5) /){(Mpga,z>d1/:/xapvzd1/, v € D(M,).

This is a natural generalization of the integration formula that holds for the Gauss-
ian measure Ny g, in which case taking R = QY2, ([I3) holds for every z € X.
Moreover v, is an element of LY(X,v) for every g € (1,+00); it coincides with
(Q71z,-) if in addition z € Q(X).
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We recall that a probability Borel measure p on a Hilbert space is called Fomin
differentiable along an element y € X if for every cylindrical smooth function
(namely, every ¢ : X — R of the type p(z) = f(<$ x1),. .., (T, 2y)) with n € N,
T1,..., 0, € X, f € C°(R™)) there exists 3, € L'(X, p) such that

/;du /wﬁydu~
X

Since (M,p(z), z) = (Vo(z), R*z) for every smooth cylindrical ¢ and for every z,
z € X, formula ([H) implies that v is Fomin differentiable along any y € R*(X).
We refer to [Bol0] for a general treatment of differentiable measures.

Under Hypothesis [[2] formula (L)) is a useful tool to prove an integration
formula,

M.
wo) [ end= [ vpds [ ol den
{g<r} {g<r} {g=r} ”Mpg”

for all z € X, p, = ||Myg|lo?, and for good enough ¢ and g. The normalized
measure p, is particularly meaningful, since it is independent of the choice of g
within a large class of functions, being a sort of perimeter measure relevant to the
set Q := g~ 1(—o0,7) (see Section 5).

We already mentioned that we need some regularity /nondegeneracy conditions
on g. Specifically, our assumption on g is

Hypothesis 1.3. g € W'P(v) and M,g|M,g| =2 belongs to the domain of the
adjoint My, for every p > 1.

So, regularity is meant as Sobolev regularity. The nondegeneracy condition is
hidden in the condition that M,g |[M,g||=2 belongs to D(M;) for every p > 1.

Indeed, if a vector field F' belongs to D(M,;), then | F[| € LY (X,v). If g satisfies

Hypothesis [3] taking F = M,g | M,g||~2, we obtain that 1/||M,g| € L* (X,v),
for every p’ > 1. This condition is a generalization of the nondegeneracy condition
of [AiMa88|. We recall that if g is smooth, its level surfaces are smooth near every
point = such that Vg(x) # 0. Here what replaces the gradient of g is M,g. M,g
is allowed to vanish at some points, but not too much; otherwise 1/||M,g|| cannot
belong to all L?' (X, v) spaces.

Let us describe the content of the paper.

In Section 2 we define Sobolev spaces and we prove their basic properties and
their properties that are useful for the construction of surface measures.

In Section 3 we construct surface measures under Hypotheses [T and [L3

In Section 4 we introduce and discuss the p-capacities that are used to obtain
further properties of the surface measures. In particular, we show that Borel sets
with null p-capacity for some p > 1 are negligible with respect to our surface
measures.

Section 5 deals with a comparison with a geometric measure theory approach and
to the proof of a variational result. Indeed, we show that for every ¢ € C}(X) with
nonnegative values, the integral of ¢ with respect to p; is equal to the maximum of

/Q M (Fo) dv,

where Q = g71(—oc0, ) and F runs among suitably smooth X-valued vector fields
such that ||F(z)| =1 for v-a.e z € X.
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Sections 6, 7, and 8 are devoted to examples. In all of them we show that
Hypothesis holds, and therefore Hypothesis [[.T] holds. Moreover, in all of them
we prove that the functions g(x) = ||z||*> and g(z) = (b, ), with any b € X \ {0},
satisfy Hypothesis [[.3l

In Section 6 we consider a nondegenerate centered Gaussian measure p and a
weighted Gaussian measure, v(dz) = w(x)p(dz). In the case of a Gaussian measure,
we make a detailed comparison with notation and results of [DaLuTul4]. In the
case of a weighted Gaussian measure, under suitable conditions on the weight w
and on g we show that for every r € (essinf g,esssupg), p, coincides with the
restriction of the weighted measure w(z)p(dx) to the surface g=1(r), where p is the
above-mentioned Gauss—Hausdorff measure of Feyel and de La Pradelle. Here we
consider precise versions of w and g that are elements of Sobolev spaces without
a continuous version in general. The results of Section 6 rely on [Felf], where
weighted Gaussian measures in Banach spaces are studied.

In Section 7 we introduce an infinite product of non-Gaussian measures on R,
which is one of the simplest generalizations of a Gaussian measure in a separable
Hilbert space. In this toy example we have explicit formulae for all the objects
involved: v, v,.

In Section 8 we consider the invariant measures of two particular stochastic
PDEs. The first one is a reaction-diffusion equation with a polynomial nonlinearity,
and the second one is a Burgers equation. In both cases a unique invariant measure
v exists, but it is not explicit in general. It is not a product measure or a Gaussian
measure with known weight (except in the case of reaction-diffusion equations, for
a particular value of a parameter). However, Hypothesis is satisfied for every
p > 1 thanks to recent results ([DaDel6[DaDel7]) that allow our machinery to
work, taking as R a suitable power of the negative Dirichlet Laplacian.

The verification of Hypothesis [[3] may be nontrivial, since v is not explicit. (In
fact, it may be nontrivial even for Gaussian measures if g is particularly nasty).
It is reduced to showing that 1/||M,g|| belongs to LP(X,v) for every p, and this
is difficult to check, except for hyperplanes, in which case g(x) = (b, z) for some
be X\ {0} and M,g is constant. We show that it holds also in the case of spherical
surfaces when g(z) = ||«||?. In this case, the problem is reduced to showing that
x — ||[RVg(x)||~! = ||2Rz||~! belongs to LP(X,v) for every p > 1. To show it
we need some technical tools; namely, we approximate |[RVg|~! by a sequence
of cylindrical functions ¢,, belonging to the domain of the infinitesimal generator
L of the transition semigroup in L?(X,v). For functions ¢ € D(L) we know that
/ Ly dv = 0, and we use this equality to estimate the LP norm of ¢,, by a constant
independent of n.

Section 9 contains some comments and bibliographical remarks.

2. NOTATION AND PRELIMINARIES, SOBOLEV SPACES

As mentioned in the introduction, we consider a separable Hilbert space X with
norm || - || and scalar product (-, -), endowed with a Borel nondegenerate probability
measure v.

We recall that for Fréchet differentiable functions ¢ : X — R we denote by
V(z) the gradient of ¢ at « and by 0,p(z) = (Ve(x), z) its derivative along z,
for every z € X.
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By Cy(X) (resp. UCy(X)) we mean the space of all real continuous (resp. uni-
formly continuous) and bounded mappings ¢ : X — R, endowed with the sup norm
| loo- Moreover, Cj(X) is the subspace of Cy(X) of all continuously Fréchet dif-
ferentiable functions, with bounded (resp. uniformly continuous and bounded)
gradient.

For p > 1 we set as usual p’ = p/(p — 1).

Throughout the paper we assume that Hypothesis[[Ilholds. The spaces W1 (v)
and the operators M, are defined in the introduction. Here we collect some of their
basic properties.

Lemma 2.1. Let 1 < p < oo.

(i) If ¢ € WHP(v), o € CH(X), then the product @i belongs to WP(v) and
M, (p1p) = Y Myp+@Myp. More generally, if o € WhP1(v), ¢ € WhP2(v),
and 1/p1+1/p2 < 1, then the product pip belongs to WP (v) and M,(¢y) =
prﬂP + @Mp2¢7 with

1 1 1
-_= — 4+ —.
p b1 D2

(ii) Let h € C}H(R) and ¢ € W'P(v). Then ho o € WP (v) and we have
(2.1) My (ho ) =h(p)Myp.

(iil) If o € WEP(v), o(z) > 0 for v-a.e. x € X, then x +— (p(x))* € WHP/5(v),
for every s € (1,p), and

(2.2) le*lwrorewy < Nellinxm) + slMpell Lo cx ) el o x0-

(iv) For 1 <p < oo, WYP(v) is reflezive.

(v) Ifp € (1,400) and f, € W'P(v), n € N, are such that f, — f in LP(X,v)
and M, f, is bounded in LP(X,v; X), then f € W1P(v).

(vi) WhP(v) ¢ Whi(v) and Myp = Myp for every o € WhP(v), for 1 < q < p.

Proof. The proof of statement (i) follows by approaching ¢y by ¢,,, for any
couple of sequences (¢,,), (¢n) C C}(X) that approach ¢, ¢ in WhPr (v), Whe2(v),
respectively. Of course if ¢ € C}(X) we take v, = 1 for every n.

Concerning statement (ii) we have just to approach h o ¢ by h o p,, for any
sequence () C CL(X) that approaches ¢ in WhP(v).

Let us prove (iii). For every sequence (¢,,) C C}(X) such that lim, o ¢, = ¢ in
WLP(v), the sequence 1, (z) := v/¢n(7)2 + 1/n has a subsequence (),,, ) such that
U, () = p(x), RV, () = Mpo(z) for v-a.e. z € X, and it is easily seen that

ne "I LIPS (X, v) and Mpy, = sy My, = (3, +1/n)* %200, Mypn,
converges to sp* ' M,p in LP/*(X,v; X). Therefore, ¢° € W'P/5(v), and the
Holder inequality yields estimate (22)).
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Let us prove statement (iv). The mapping u — Tu := (u, Myu) is an isometry
from WP (v) to the product space E := LP(X,v) x LP(X,v; X ), which implies that
the range of T is closed in E. Now, LP(X,v) and LP(X,v; X) are reflexive (for the
latter statement (see, e.g., [DUTT, Ch. IV])) so that E is reflexive, and T (W (v))
is reflexive too. Being isometric to a reflexive space, W1?(v) is reflexive.

Statement (v) is a consequence of (iv). Since (f,,) is bounded in WP (v), which
is reflexive, there exists a subsequence that weakly converges to an element of
WLP(v). Since f, — f in LP(X,v), the weak limit is f. Therefore, f € WP(v).

Statement (vi) is an immediate consequence of the definition. O

We shall use the following extension of Lemmal[2[(ii) to compositions with piece-
wise linear functions.

Lemma 2.2. Let a < f € R, and set
r 0 if r<a,
(2.3) h(r) = / liag(s)ds =< r—a if a<r<p,
— f—a if r>p.
Then hop € WYP(v) for every o € WHP(v), and we have
(2.4) Mp(h op) = ﬂ[a,ﬁ] (‘P)Mp‘)@-

Proof. We approach h by a sequence of C} functions, choosing a sequence of smooth
compactly supported functions 6,, : R +— R such that 6,,(§) — 1}4,4/(§) for every
EER,0<6,(8) <1 for every £ € R, and setting

hn(r) = /T 0, (s)ds, reR.

Since h,, € C}(R), by Lemma 2(ii), h,, 0 ¢ € W'P(v) and
My(hy 0 ) = (h, 0 ©) Mpep.

By the Dominated Convergence Theorem, h,, o ¢ converges to h o ¢ in LP(X,v).
Moreover, M, (hy,op) converges pointwise to 1, 51(¢)Mpe. Since || My (hyop)(x)]| <
10n]lco | Mpe(x)|] < || Mpe(z)||, still by the Dominated Convergence Theorem,
My (hy o ) converges to N, g(@)Mpe in LP(X,v; X), and the statement fol-
lows. |

Corollary 2.3. For every ¢ € WYP(v), the positive part o, of ¢, the negative
part ¢ of ¢, and |¢| belong to WP (v), and we have

(25) Mp(<p+) = ﬂga_l(O,-Q—oo)MpQOa Mp(wf) = _ﬂap—l(—ooﬁ)MpSOa
My(lgl) = sign o Myep.
Moreover, M,y vanishes v-a.e. in the level set p~1(c), for each c € R.

Proof. The proof of the first statement is just a minor modification of the proof of
Lemma [Z.2} it is sufficient to take a = 0, 8 = 400, and approaching functions 6,, of
I{9,4o0) that vanish on some left half-line. The other statements are consequences
of the first one. |
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We remark that taking « = 0, 8 = 1, and p = 2 in Lemmal[2.2] we obtain that for
every ¢ € Wh2(v), the function ¢4 A1 belongs to W2(v), and [[o4+ Alflwizp) <
llollwr2(). Namely, the quadratic form

E(p, 1) = /X (0 + (Map, Myt))dv, o0 € WH2(0),

is a Dirichlet form.
In the next lemma we exhibit a class of regular functions that belong to the
Sobolev spaces.

Lemma 2.4. Let ¢ € CY(X) be such that |V| is bounded in o~ (—r,r) for every
r >0, and

[ (el + 1RVl < o,
Then ¢ € WYP(v) for every p € (1,+00), and M,yp = RVp.

Proof. We approach ¢ by regularized truncations, introducing § € C}(R) such
that 6(§) = € for |§] < 1 and 6 = constant for £ > 2 and for £ < —2. The
functions ¢, (z) := nd(p(z)/n) belong to CL(X); they approach ¢ pointwise and
in LP(X,v) by the Dominated Convergence Theorem. Moreover, RV, (z) =
0'(o(x)/n)RVp(x), which coincides with RVp(z) if |p(xz)] < n and vanishes if
|o(x)] > 2n. Still by the Dominated Convergence Theorem, RV, converges to
RVyin LP(X,v; X).

Notice that the assumption that || V|| is bounded in ¢~!(—r,r) for every r > 0
guarantees that ||V, is bounded in X, so that ¢, € C}(X), for every n € N. O

Some properties of the operators M are in the next lemma.

Lemma 2.5. Let 1 < p < o0.
(i) Forany F € D(M}) and any ¢ € Cy(X), the product oF belongs to D(M})
and
(2.6) My (pF) = oM (F) — (Mypp, F).
More generally, for any F' '€ D(M}) and any ¢ € Wha(v) with q > p, the
product oF belongs to D(MY) with s = pq/(q — p) and 28] holds with s
replacing p.
(ii) For any F € D(M,),

(2.7) /X M?Fdy = 0.
(iii) D(M;) > D(M;) and MjF = MyF for every F' € D(My), for 1 < q <p.

Proof. Let ¢ € C}(X). From the identity M, (o)) = @My + 1) M,p we obtain
(2.8)

/ (M, o Fydv = / (M () — My, F)dv = / B(pM:F — (Myp, F))dv,
X X X

and the first part of statement (i) follows from the definition of M. The argument
is similar if ¢ € W9(v); in this case ¢y € Wh4(v) € WP (v) since p < ¢, and we
have M, (¢v¢) = eMpp + v Myp, while My1p = Mgip. Formula (Z8) reads as

[ ot eRar = [ voan
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where now g := My F — (Myp, F) € L* (X, v).

Since 1 € WP(v) and M,1 = 0, statement (ii) follows from the definition of
M.

P

Statement (iii) is an obvious consequence of Lemma [2.Tvi). O

We state below some consequences of Hypothesis

Lemma 2.6. Let Hypothesis hold.
(i) For every z € X the function v, in formula (LX) is independent of p and
belongs to LP(X,v) for every p € (1,400).
(ii) For every z € X and f € Wh4(v), the vector field

F(z):= f(x)z, z€X,
belongs to D(M,;) for every p > ¢', and
(2.9) My F(z) = —(Mpf(z),2) +v.(z) f(z), z€X.

Proof. Statement (i) is an immediate consequence of Lemma [2Z5(iii) and of Hy-
pothesis Concerning statement (ii), for every ¢ € C}(X) we have
(2.10)

/ (RVg, F) dv — / (Mg, ) dv
X X
- / (M, (f) — oM, . 2)) du = / (fo- — (M, f, ) d
X X

by Lemma [ZT](i) and formula (IH). Since v, € L*(X,v) for every s € (1,4+00), the
function (fv, — (M, f, z)) belongs to L*(X,v) for every s < q.

Approaching every ¢ € WP(v) by a sequence (p,,) of C} functions, the left-
hand side of (2.I0]) converges to fX<Mpcp, F)dv. Since ¢ > p', there exists s € (1, q)
such that s > p’. So, also the right-hand side converges, and we get

0t Fyar = [ (o= 1 f. 2

for every ¢ € WP(v). ([Z9) follows from the definition of M. O

3. CONSTRUCTION OF SURFACE MEASURES

We recall that Hypothesis [T holds throughout the paper. Moreover, from now
on, g : X — R is a Borel function that satisfies Hypothesis [[.3

The elements of WP(v) are equivalence classes of functions. If g is a given
function, by g € WHP(v) we mean as usual that g is a fixed version of an element
of WHP(v). The results of this section are independent of the particular chosen
version ¢g. Instead, in the next section the choice of the version will be important.

We recall that My, = My for every ¢ € WP (v) (LemmaZI(vi)), and M, F =
M F for every F' € D(My) (Lemma [2.5(iii)) if p > ¢q. To simplify notation we
shall write M instead of M, and M* instead of My on (|, , W"P(v) and on
ﬂp>1 D(M,;), respectively. Moreover we set

p>1

Mg

(3.1) = T
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We start our analysis by introducing the function
(3.2) F,(r) = / o(x)v(dr), reER, @el'(X,v).
{g<r}
We recall that the image measure (pv)o g~ ! is defined on the Borel sets B C R by
(eog B = [ plawldo).
g71(B)

So, F,(r) = (¢v) o g~ ((—o0,r]). It is easy to see that F, is continuously differen-
tiable if and only if (pv)og~! is absolutely continuous with respect to the Lebesgue
measure A, with continuous density g,. In this case we have

F (1) =qu(r), reR.

So, our next step is to show that (pv) o g=t < A, for all ¢ belonging either to
UCy(X) or to WhP(v) for some p > 1. Also, we shall show that the density

v)ogt
5.3) AT () = g,
is Holder continuous if ¢ € WP (v) for some p > 1.

It will follow easily that for any € R the mapping ¢ — Fé,(r) is a linear positive
functional on UCy(X), and by results of general measure theory it is indeed the
integral of ¢ with respect to a Borel measure. We shall see that such a measure is
concentrated on the surface {g = r} if ¢ is continuous and on the surface {g* = r}
if g is not continuous, where g* is a suitable version of g.

The next lemma is the starting point of most sublevel sets’ approach to surface
measures. Its proof is an abstract version of a well-known procedure; see, e.g.,
[Nu95l First Edition, Prop. 2.1.1].

Lemma 3.1. Assume that Hypotheses [[1l and [L3] are fulfilled. Then for anyp > 1
and ¢ € WYP(v), the measure (pv) o g=! is absolutely continuous with respect to
the Lebesgue measure \. Its density

d[(ev)o g™t
dler)og™] c)l)\ ](r) =:qy(r), reR,
is given by
Mg Mg
3.4 7“:/ <M 9y M*<7>)du,
Ga w0 =\ e M e

and it is bounded and 0-Hélder continuous in R for every § < 1—1/p. There exists
K, > 0, independent of ¢, such that

(3.5) lgp ()| < Kpllollwirw), TeER.

Proof. Fix any interval [a, 8] C R and consider the function h defined in (Z3]). By
Lemma[Z2 hog e WHP(v) for every p > 1, and

M(hog) = 1,pg(9)Mg.

Therefore,
(M(hog),Mg)

liapgog= = (M(hoyg),¥),
8] g )
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where W is defined in (B.) and belongs to D(M,;) for every p > 1 by Hypothesis
L3l Let ¢ € CL(X). Then oV € D(M,;) for every p > 1. Multiplying both sides
by ¢ and integrating yields

/ 1051 (9(2)) ol (d) = / (h o g) M (o) dv.
X

b's
On the other hand, by Lemma[2.5(i), M (p¥) = M*(¥)p—(Mpp, ¥), and therefore
39 [ Taalo@)et@pidn) = [ (hog) (O (W)= (Myp, W) do

Approaching any ¢ € WHP(v) by a sequence of C}} functions, we see that formula
([38) holds for every ¢ € W1P(v). The right-hand side may be rewritten as

[ o) a1 (7 () = My, )
X JR

so that by the Fubini Theorem,

B
(er)a<g<B) - / dr / (M (W) — (Myp, 1)) dv.
a {g>r}
Therefore (pr) o g~! has density ¢, given by
4o (r) = / (M (W) — (M, V) dv = / (Myp, ¥) — M*(¥)) d,
{g>r}

{g<r}
where the last equality follows from Lemma 25(ii). Since ¥ € L%(X,r;X) and
M*U ¢ LY(X,v) for every ¢ > 1, the function (M,p, ¥) — M*(¥)e belongs to
L*(X,v) for every s € [1,p) and there is C}, ¢ > 0 such that
[{Mpp, ¥) — M*(¥)gp|

Taking s = 1, estimate (B.3) is immediate.
Let us prove that g, is Holder continuous. For ry > and for every s € (1,p)
we have

|q@<r2>—q¢<n>=\ /{ o (e ) =M @)

Lo(xw) < Cpsllollwrow)-

ro 1/s
< My, ) — M (D)ol x) ( / q1<r>dr)

< Cp’S”SOHWl’P(V)(qu||oo(’f'2 — 711))1—1/5.

Therefore, q, is Holder continuous with any exponent less than 1 —1/p. O

Taking in particular ¢ = 1, we obtain that v(g=*(rg)) = f?:)o dv = 0 for every
ro € R. Therefore, all the level surfaces of g are v-negligible. In particular,

F@(r):/ cpduz/ odv, ¢e LYX,v).
{g<r} {g<r}

Moreover, by Lemma 2.5 for every ¢ € WP (v) the product ¢ Mg/||Mg||? belongs
to D(M}) for every s > p/, and we have

Mg
3.7 qp(r) = —/ M; (@7)dy.
( ) AP( ) {g<r} ||Mg||2
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Let us now consider bounded and uniformly continuous functions . The proof
of the next proposition is a modification of the proof of [DalLuTul4l Prop. 3.4],
which deals with Gaussian measures. We use the following disintegration theorem,
whose proof may be found, e.g., in [DaLuTul4l Theorem Al].

Theorem 3.2. Let I' : X — R be a Borel function, and set A := voT'~L. Then
there exists a family of Borel probability measures {ms : s € R} on X such that

(35) [ etamtan = [ ([ ot ) xas),

for all o : X — R bounded and Borel measurable.
Moreover the support of mg is contained in I ~1(s) for A-almost all s € R.

Proposition 3.3. For any ¢ € UCy(X), F, is continuously differentiable.

Proof. Let ¢ : X — R be bounded and Borel measurable, and let » € R. Taking
I' = g and applying formula ([B.8) to the function ¢l ,-1(_ -y We obtain

(3.9) o= [ ([ ewm.ao)) aas

since v o g~1(ds) = q1(s)ds (see Lemma [B.1)).

If o € UC,(X) there exists a sequence (¢,,) C Cf(X) convergent to ¢ in Cy(X)
(e.g., [Lali86]). By (B3] we get
(3.10) 1Fo, — FollLo@) < llon — @lloemllalliim, neN.

We recall that F, is continuously differentiable for every n € N by Lemma Bl
Still by B33, for every n, m € N and for a.e. » € R we have

Fl (r)~ F, (1) =a(r) /X (n(2) — Pm(@))m(da),

so that

1Fe, = Fo i@ < len = @lremlallem, n meN.
Therefore, (£, ) is a Cauchy sequence in Cy(R). Recalling (3.I0), the conclusion
follows. O

The main result of this section is the following.

Theorem 3.4. Let Hypotheses [Tl and [L3] hold. Then the function F, is differ-
entiable for every ¢ € Cy(X). For every r € R there exists a Borel measure of on

X such that
(3.1) FLr) = [ ole)otldn), ¢ € CuX).
p's
In particular, for ¢ = 1 we obtain 09(X) = F{(r) = q(r). Therefore, o9 is
nontrivial iff Fi{(r) > 0.

Proof. Fix r € R and ¢ € Cp(X). To show that F,, is differentiable at r, we shall
show that for every vanishing sequence (e,,) of nonzero numbers the incremental
ratio (Fy,(r+en) — F,(r))/en converges to a real limit independent of the sequence,
as n — oo.
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Consider the measures m,, defined by
1 .
— ﬂgfl(r,r%»sn)y if e, >0,

En

My =

—i ]lg—l(r—s—sn,r)y if e, <O0.
Then (m,) is a sequence of nonnegative finite Borel (and since X is separable,
Radon) measures, and we have

[ wdma = = (Folr+2) = Fol0))
X

n

In particular, if ¢ is Lipschitz continuous and bounded by Proposition B3] F, is
differentiable, and therefore

(3.12) Jim. . @dm, = F(r) = q,(r).

So, the sequence [ + ¢ dmy, converges to q,(r). By a corollary of the Prokhorov
Theorem (e.g., [Bo07, Cor. 8.6.3]), if a sequence of nonnegative Radon measures
(my,) is such that [  pdm,, converges in R for every Lipschitz continuous and
bounded ¢, there exists a limiting Borel measure such that (m,) converges weakly
to it. The weak limit is independent of the chosen vanishing sequence, because for
every Lipschitz continuous and bounded ¢ equality (3I2) holds, so that denoting
by m the weak limit obtained through a sequence (g,,) and by m the weak limit
obtained through another sequence (£,,), we have [ ypdm = /  pdm for every
Lipschitz continuous and bounded ¢, and this implies that m = m. So, there exists
a Borel measure that we denote by o9, such that for every vanishing sequence (g,)
of nonzero numbers and for every ¢ € Cy(X) we have

lim i(Fw(r—l—en)—Fw(r)) :/andaf.

n—0o0 £,

This means that for every ¢ € Cy(X) the function F, is differentiable at r, and

(3I0) holds. O

Remark 3.5. From the proof of Theorem B4l it follows easily that if g is continuous,
then ol has support in g—'(r). Indeed, for every e > 0 and ¢ € Cy(X) with
support contained in g~ (—oco,r —e)Ug~ ! (r +e,+00), the function F, is constant
in (r—e,r+e¢), and therefore F,(r) = 0. By BI1), [y ¢dof = 0. So, the support
of 09 is contained in (\.oq9 '[r—e,r+el =g ' (r).

If g is not continuous, the existence of ¢ € Cyp(X) with support contained in
g (=00, mr—e)Ug™(r+e,+00) is not guaranteed, and this argument does not work.
However, the argument in Remark 3.6 of [DaLuTuld] shows that o = q1(r)m, for
a.e. v € R such that ¢1(r) > 0, where m, are the measures used in the proof of
Proposition 3.3l Since the support of m,. is contained in g~ (r) for almost allr € R,
the support of a9 is contained in g=*(r) for almost all v € R with ¢1(r) > 0.

In the next section we will show that for every r € R the support of 09 is contained
in g*~1(r), for a suitable version g* of g (Proposition L5).

Theorem B4l asserts that of is nontrivial iff ¢; (r) > 0. So, it is important to know
whether ¢;(r) > 0. An obvious sufficient condition for ¢;(r) > 0 (in view of the
identity ¢i(r) = fg,l(r too) M* ¥ dv) is that v(g~Y(r,+o0)) > 0, and M*¥ > 0 on
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g~ (r,+00), M*¥ > 0 on a subset of g~!(r, +00) with positive measure. However,
this is not easy to check.

In the Gaussian case, under reasonable assumptions on g we have g (r) > 0 if and
only if r € (essinf g,esssup g) (J[DalLuTuld, Lemma 3.9]). The proof is not easily
extendible to our general setting, and in the next proposition we use an argument
from [Nu95l Second Edition, Prop. 2.1.8]. We need a further hypothesis,

Hypothesis 3.6. If o € WY2(v) and My = 0, then ¢ is constant v-a.e.

For Hypothesis to be satisfied, one needs that R be one to one. However,
even in the case R = I, Hypothesis is not obvious. If it holds, the Dirichlet
form &(p,v) := [ (Map, Myy) dv is called irreducible.

Of course, a sufficient condition for Hypothesis to be satisfied is that a
Poincaré inequality holds, namely, that there exists C' > 0 such that

2
(3.13) / <<p—/ (pdl/) dl/gC/ | Map||?dv, o€ WH2(v).
b's b's e

We shall use the following lemma.

Lemma 3.7. Let Hypothesis hold. If B is a Borel set such that 15 € W2(v),
then either v(B) =0 or v(B) = 1.

Proof. We follow [Nu95, Prop. 1.2.6]. Assume that 1z € W12(v) and let ¢ €
C2°(R) be such that
o(r)=7r% VYrelo1].
Then polg=1pg and ¢’ o lg =21p, since
p .
p Y1) =2 ifxze|0,1],

¢ (15(z) _{ P(0)=0 ifzgl0,1].

Now by the chain rule (Lemma 2](ii))
MQ(HB) - Mg(gﬁ o} ]13) = @/(HB)MQ(HB) = 2}13M2(]13)

so that Ms(15) = 0. By Hypothesis B.6l 15 is constant a.e., and the conclusion
follows. O

Proposition 3.8. Under Hypotheses [L1], L3, and B.6, assume in addition that
MV e WP(v) for every p > 1. Then for every r € R we have

q1(r) >0 <= r € (essinf g,esssup g).

Proof. The function Fy(r) = v{z : g(x) < r} is continuously differentiable, and
it is constant in (—oo,essinfg) and in (esssup g, +o0). Therefore, for every r €
(—o0, essinf g] U [esssup g, +00) we have F{(r) = g1 (r) = 0.

To prove the converse, let us fix rg such that g;(rg) = 0. We shall show that the
characteristic function 14,1 belongs to W2(v). We approach 14>, by the
functions ¢, defined by

0, g(x) <rg—e,
pe@)= ] 5(0@) = (o =), ro—e<gla) Sro+e,

1, g(x) > 1o +e,
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for e > 0. By Lemma 22 ¢. € WP (v) for every p, and

1
M(pe) = % L irg—e<g<rotey My

To estimate || M (¢c)|l 22 (x,v;x), we preliminarily show that ¢; is Holder continuous
and that ¢} (r9) = 0.

The Holder continuity of ¢} follows from the regularity assumption on M*W.
Indeed, by ([B4]) we have

ql(r)z—/ M*Vdy=-F, (r), reR.
{g<r}

By assumption, M*¥ € W1P(v) for every p > 1, so that by Lemma Bl ¢; is
differentiable, and

qi(r) = _qJ\/I*\I'(r)’ reR.
Still by Lemma B] ¢} is Holder continuous, with any exponent « € (0, 1).

Let us prove that ¢;(ro) = 0. Since qi(r0) = 0, of (X) = 0, and by Theorem
B4 we get g, (rg) = 0 for every ¢ € Cy(X). Approaching every ¢ € WhP(v) by a
sequence of C} functions and using estimate (), we obtain g,(rg) = 0 for every
¢ € WHP(v). In particular,

qM*\p(TO) = _qi (TO) =0.

Therefore, for every o € (0, 1) there exists C, > 0 such that |q;(€)] < Ca|E—10|* T,
for every £ € R. It follows that there exists K, > 0 such that for every ¢ > 0 we

have
ro+e
[ au

0—¢€
Now fix o € (0,1) and take p = 2+ 4/a, so that (a«+ 2)(p — 2)/p = 2. By the
Holder inequality we have

1
/X||M<Ps||2dV: W/XHMQHQH{TO%SQSTOH} dv

1 2/p ro+e (r—2)/p
ame ([ 1varar) ([ wieae)

1 2/p
< (2¢)2 (/ ”Mg”pd’/> (Ka52+a)(p_2)/p =C,
X

with C' :=272( [, | Mg|[Pdv)2/? K~/ independent of e.

So, [|¢e|lw12() is bounded by a constant independent of e. By Lemma ET(v),
L ¢g>ro} belongs to W2 (). By Lemmal[37 the measure of the set {z : g(x) > ro}
is either 0 or 1, namely rg > esssup g or ro < essinf g. ]

< Ka52+a.

IA

3.1. Integration by parts formulae. We recall that by Lemma [21Ii), the prod-
uct o1 belongs to WHP(v) provided ¢ € WPi(v), v € WhP2(v), with 1/p; +
1/p2 < 1/p. In this case, for all F' € D(M,) we may apply formula (L4) with ¢y
replacing ¢, and we obtain

(3.14) |ty vars [ (o Frod= [ pusr)a.

The following proposition is a first basic step towards an integration by parts
formula.
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Proposition 3.9. Assume that Hypotheses [L1] and [L3] are fulfilled. Let p > 1,
FeD(M}), o € WhPr(v) for some py > p, and assume that (Mg, F) ¢ belongs to
Cy(X) or to WH4(v) for some ¢ > 1. Then

G1) [ Me P di= [ oM (P4 a,.,0), TeR
{g<r} fg<r}

Proof. For any € > 0 we set

1 ifE<r—eg,
1
(3.16) 0:-(¢) = —g(f—r) ifr—e<é<r,
0 ifeE>r,
so that
0 ifé&<r—e,
/ 1.
(3.17) 0.(&) = - ifr—e<é<nm,
0 ifeg>nr

By Lemma[Z.2 (applied to —g), the composition 6. o g belongs to W2 (v) for every
p2 > 1, and

M(0: 0 g) = (07 0 g)M(g).
Since p; > p, choosing py large enough we have 1/p; +1/p2 < 1/p, and we may use
formula (BI4) with ¢ = 6. o g to obtain

(3.18) /X<M<p,F> (0.09) dv = é/{ oy }<Mg,F>gady+/)(<p(9€og)M;(F)dy.

Since (Mg, F) ¢ € Cy(X) U Wh4(v), by Lemma 3] or by Theorem 3.4l we have

1
gl_f)% € {rfsggSr}<Mg’ F)pdv= q<Mg,F>w(r)'

On the other hand, 6. o g converges a.e. to 1,<,}, and by the Dominated Conver-
gence Theorem we have

lim [ (Mp,F)(0.09)dv = / (M, F)dv,
=0 Ux {g<r}

lim [ (0 0g) M, (F)dv = / o M>(F)dv.
0x {g<r}
The conclusion follows. O

Note that by B.11)), if (Mg, F') ¢ € Cp(X), then q(arg,ry,(r) is just the integral
of (Mg, F) with respect to 0¥, and (3.I5]) may be rewritten as

(3.19) / <Mg0,F>d1/:/ @M;(F)du—l—/(Mg,F)apda?.
{g<r} {g<r} X

To improve formula 19) and extend it to a wider class of functions we have to
work a bit. To this aim, in the next section we introduce the p-capacity and then
we use it as a tool.
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4. p-CAPACITIES

Definition 4.1. Let Hypothesis L1l hold. For every open set O C X and p > 1 we
define the p-capacity of O by
Cp(O) = inf{| fllwro : F(@) = Lo v —ae., feW ()},
If B is any Borel set, we define
Cp(B) :=1inf{C,(O) : O is open, O D B}.
A function f: X — R is called Cp-quasicontinuous if for every € > 0 there is an

open set O such that Cp,(O) < € and f is continuous in X \ O.

This is just Definition 8.13.1 of [Bol0], with the choice F = WP (v). It follows
immediately from the definition that for every Borel set A, B we have

Cp(AU B) < Cp(A) + Cp(B),  Cy(B) > (v(B)'/7.
We recall some properties of the p-capacity taken from [BoI0l Sect. 8.13].

Proposition 4.2.

(i) Every element f € W'P(v) has a Cp,-quasicontinuous version f* which
satisfies

Colfs @) > 1) < 2wy, 70

(ii) Let (fn)be a sequence that converges to f in WHP(v). For every n let f; be
any Cyp-quasicontinuous version of fn. Then there is a subsequence (f;, )
that converges pointwise to f*, except at most on a set with null p-capacity.

(iii) If O is an open set, f is Cp-quasicontinuous and f(x) > 0 for v-a.e. z € O.

Then f(x) > 0 in O, except at most on a set with null p-capacity.

We are ready to exhibit a class of sets that are negligible with respect to all the
measures of constructed in Section 3.

Proposition 4.3. Under Hypotheses [l and L3, let B C X be a Borel set with
Cp(B) =0 for some p > 1. Then o%(B) =0, for every r € R.

Proof. For every € > 0 let O, D B be an open set such that C,(O.) < e. Then
there exists f. € WP (v) such that || fellwrrp) < & f- > 0 v-ae., and fo > 1
v-a.e. in O,. Let us fix an increasing sequence (,,) C Cp(X) that converges to Lo,
pointwise. For instance, we can take

0, z € X\ O,
On(z) = ¢ ndist(z, X \ O.), 0<dist(z,X \ O;) < 1/n,
1, dist(z, X \ O¢) > 1/n.

Then, lim,,_, 0p(x) = Lo, (), for every € X. Using the Dominated Convergence
Theorem and then formula [BI1), we get

(4.1) ad(0.) :/ lo,dof = lim [ 6, dol = li_>m qe, (7).
X n—oo

n—o0 X
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On the other hand, f.(z) > lo_(z) > 0,(x), for v-a.e. x € X, so that the function
Fy__p, is increasing. In particular, F; 4 (1) = qs.(r) — g, (r) > 0 for every r € R
and n € N. Therefore, [@1]) yields

07(0:) < gs.(r), reR.
On the other hand, by (X)) we have

lgr. (r)] < Kpll fellwir) < Kpe,

with K, independent of . Therefore, 07(0.) < K¢ for every ¢ > 0, which implies
cd(B) =0. O

Now we extend formula ([B.I1]) to Sobolev functions. The procedure is similar to
[CeLuld], where Gaussian measures were considered.

Theorem 4.4. Let Hypotheses LIl and L3 hold, and let o € WLP(v) for some
p > 1. Fiz any r € R. There exists a unique ¢p € L'(X,09) such that every
sequence of C} functions (py) that converges to ¢ in WHP(v) also converges in
LY(X,09) to ). Setting Ty := 1, we have

(4.2) E(r) = /XTap(a:) od(dx).
Moreover,
(i) (pn) converges to ) in LY(X,0¥), and T € L(WIP(v), LY(X,09)) for every
q € [1,p);

(ii) for every p-quasicontinuous version ©* of ¢, we have Tp(x) = ©*(x) for
od-a.e. x € X. In particular, if ¢ is continuous, then Tp(x) = ¢(z) for
od-a.e. x € X;

(ili) if o1 € WEPr (1), oo € WLP2(v), and 1/p1 + 1/pa < 1, then T(p1p2) =
T(p1)T(p2) (as elements of L' (X, 09)).

Proof. By BI1)), for every ¢ € C(X) we have

0 (1) = | lelo?(da).
X
Take ¢ = ¢, — @m. By Corollary B3| |0, — ¢um| € WEP(v), and

lim || on = om|[lwire) = 0.
n,m— oo

Using estimate [B.5]) we get

(4.3) thn_y;m\(r) = /X lon — om|of(dz) < Kpll [on — ol ”W“’(V)'

Therefore, (p,,) is a Cauchy sequence in L'(X,0¢), and it converges to a limit ¢
in L}(X,09). The limit function 1) is apparently the same for all sequences that
converge to ¢ in WHP(v). Indeed, if v, — ¢, pp, — @ in WHP(v) as n — oo, the
difference ¢, — @, vanishes in L!(X,0¢) by estimate B.5) with ¢, — ¢,, replaced
by ¢n — ¢n.

Still by estimate ([3.35)), the sequence (g, ()) converges to q,(r), and ([@2) follows.

To prove statement (i) we follow the above procedure, replacing |, — @, | with
|0 — ©m|?, which belongs to C}(X) for ¢ > 1 and vanishes in W'?/4(v) as n,
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m — +oo by [22)). By estimate (3.5]) we have

Qi —omla (r) < Kp/q” lon — m|? ||W1:l”/q(u)7

so that (¢,,) is a Cauchy sequence in L4(X,09), and its L'(X, 0¢)-limit ¢ belongs
to LI(X, 09).

Let us prove (ii). By Proposition [22(ii), a subsequence (¢, ) converges to ¢*(x)
for every & € X except at most on a set with zero p-capacity. By Proposition E.3]
such a subsequence converges cgf-a.e to ¢*. By the first part of this proposition,
(¢, ) converges to T in L' (X,09). A further subsequence of (¢,,) converges to
T, o9-a.e. Therefore, Tp = ¢*, c9-a.e.

To prove (iii) it is enough to approach ¢ and @2 by sequences (¢1,), (p2,n) of
C’bl functions in WhP1(v), WhP2(v), respectively. The product ¢1 02, converges
to @12 in WhH(v), for s = (p1 + p2)/p1p2; therefore T(¢1p2) = limy o0 P10P2.n
in L}(X,09). On the other hand, T(p1) = lim, 00 ¢1,, in LI(X,0¥) for every
g < p1, T(p2) = im0 1., In L7 (X,07) for every r < po. Choosing ¢ < p1
and r < py such that 1/¢+ 1/r = 1, we obtain T'(1)T(p2) = lim, 00 ©1,nP2,n I
L'(X,09), and the statement follows. O

The results that we have proved up to now are independent of the version of g
that we have considered. Instead, from now on we fix a p-quasicontinuous version
g* of g, for some p > 1. This is because we shall consider the v-negligible sets
(g*)71(r) for r € R.

With the aid of Theorem [£4] we can study the supports of the measures o¥.

*71(

Proposition 4.5. For every ro € R, the support of o is conlained in g 70)-

Proof. Fix ¢ > 0, and set A := g*"1(—o00,79 — ) U g*~!(rp + £,00). Our aim is to
show that

(4.4) /X 1 4do?, =0,

which implies that the support of ¢ is contained in g*~!([ro — &, 79 +€]). Since ¢
is arbitrary, the statement will follow.
We approach 1 (_ r—c)u(ro+e,+00) DY @ sequence of Lipschitz functions:

1, §<rg—e—1/n,

—n(§ —(ro—¢)), ro—e—1/n<E<rg—e,
xn(§) =19 0, ro—e <& <rote,

n(€—(ro+e)), rot+te<&<rot+e+1/n,

1, E>rg+e.

We have lim,, ;00 Xn(§) = 1(—co,ro—e)U(ro+e,+00) (§), for every & € R. Consequently,
Xn © g* converges pointwise, for every x € X, to 1 4. Since 0 < x,, 0 g* <1, by the
Dominated Convergence Theorem we get

(4.5) /X lado) = lim . Xno0g"dod .

n—oo
For every n, x, 09 € Wh?(v), by Lemma 22 By LemmaB.I] ¢, o4 is continuous,
so that the function F\ o4 (r) = fg,l(_oom) Xn © gdp, whose derivative is gy, oq, is

C'. By the definition of x,, F},,oq is constant, equal to Fy, o4(ro—¢), in the interval
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[ro —€, 70 +¢€], so that the derivative ¢y, o4 vanishes in (rq —¢,ro+¢). In particular,
it vanishes at rq.
By ([2) we have

anOQ(TO) = /X T(X" o g) dagoa

where T is the operator defined in Theorem [£4l Since g* is p-quasicontinuous and
Xn 18 continuous, Y, o g* is p-quasicontinuous. It coincides with x, o g outside a
v-negligible set; therefore it is a p-quasicontinuous version of x,, o g. By Theorem
44 T'(xn o g) coincides with x, o g*, up to o -negligible sets. Therefore, for every
n €N,

0= tos(r) = [ TCwnog)dot, = [ xwog"dot,
p's X
and (£4) follows from (). O

Proposition [£.5] justifies the following definition.

Definition 4.6. Let ¢ € WP(v) for some p > 1, and let r € R. We define the
trace of ¢ at g*~1(r) as the function T given by Theorem FEAl

Characterizing the range of the trace operator is a difficult problem that is out
of reach for the moment. In the case of Gaussian measures in Banach spaces the
range of the trace has been characterized only for g € X* ([CeLuld]). Even worse,
for very smooth functions in Hilbert spaces such as g(z) = ||2||*> we do not know
whether the traces of elements of W1?(v) belong to LP(X,0¢) with the same p.
See the discussion in [CeLuld].

Now we read again formula (315) in terms of surface integrals.

Corollary 4.7. Assume that Hypotheses [L1l and [L3 are fulfilled. Let p > 1,
F e D(M}), ¢ € WhPi(v) for some p1 > p, and assume that (Mg, F) ¢ belongs to
Cy(X) or to Wh4(v) for some ¢ > 1. Then for every r € R,

(4.6)

My, F)dv = / o M (F) dv + / T((Mg, Fg) do?
{g<r} X

{g<r}

= / © M (F) d1/+/ T((Mg, F)p)dod.
{g<r}

g*=1(r)

Proof. By formula ([£2) for every r € R we have

/ T((Mg, F)p) do? = / T((Mg, F)p) do? = gy, »,_(r).
G X

On the other hand, Proposition 3.9 yields
q(Mg,FW(r) = / <Mp1 i) F> dv — / </7M;; (F) dv,
{g<r} {g<r}
and the statement follows. O

Since the operators M;, and M, play the role of the gradient and of the negative
divergence, formula (6] is a version of the Divergence Theorem in our context.
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The similarity gets better if we assume that ||[Mg| € W14(v) for every ¢ > 1. In
this case, recalling Theorem [£A4l(iii) we may rewrite ([L0) as

(4.7)
. Mg p
(Mp, o, Fydv = eMyFdv+ | T« F)e)T([[Mg|) do?
{g<r} {g<r} X Mgl
Mg
- M Fav+ [ TP don
/{g<r} P x Mgl
where

pr(dx) = T(||Mg|)(z)o](dz),
so that Mg/||Mg|| plays the role of the exterior normal vector to the surface g*~*(r),
and the weighted measure p, plays the role of normalized surface measure. In fact
pr is a distinguished surface measure, and it will be discussed in the next section.
Let us consider now the case of constant vector fields F'. Namely, we fix z € X
and we assume that F(z) = 2 belongs to D(M,;) for some p > 1. We recall that
F. € D(M,;) iff there exists C}, . > 0 such that

< Cp.llellirx,y, ©€Ch(X)

(4.8) ‘ /X<RV30, z)dv

(see the Introduction). In this case, we set v, := M, (F.) and we rewrite ({&.0]) for
every p € WP (v) as

@) [ Mesd= [ pudvs [ T(Mg2)e) o
g~ (—o0,7) g~ (—o0,r) X
provided (Mg, z)¢ belongs to Cy,(X) or to W4(v) for some ¢ > 1.

5. DEPENDENCE ON g: COMPARISON WITH THE GEOMETRIC MEASURE
THEORY APPROACH

Even for continuous or smooth g, the measures o constructed in the previous
sections depend explicitly on the defining function g, and not only on the sets g~ (r)
or g~ (—o0,7). In particular, if we replace g by g = 6 o g with a smooth 6 : R — R
such that inf #’ > 0, it is easy to check that g satisfies Hypothesis [[L3] and using
the definition we see that for every r € R, setting ¥ := g~ (r) = g~ 1(0(r)) we have

/(pdaf = 9/(7~)/ wdag(r), v € Cp(X).
b b

So, it is desirable to modify the construction of our surface measures in order to
get rid of the dependence on g and to get a surface measure with some intrinsic
analytic or geometric properties.

In the case of Gaussian measures in Banach spaces, for suitably regular hyper-
surfaces g~1(r) the measure |Vyg|go?, where H is the Cameron-Martin space,
is independent of g, and it coincides with the restriction of the Hausdorff-Gauss
measure of Feyel and de La Pradelle ([FePr92]) to the hypersurface and with the
perimeter measure relevant to the set 2 = g~1(—o0,7) from the geometric measure
theory in abstract Wiener spaces ([Fu00,FuHiOIL[AMMP10]). See [CeLuld].

In our setting, what plays the role of |Vyg|y is |Mg||. We shall show that
|Mgl|lc¢ depends on g only through the set g~!(—oco,7), among a class of good
enough g, and it is a sort of perimeter measure.
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As a first step, we notice that if ||[Mg| € Wh4(v) for some ¢ > 1, then
Mg/||Mgl| € D(M?) for every s > q/(q— 1). This comes from Lemma 25 writing

Mg Mg
T = | Mgll,
Mgl [[Mgl]?

and recalling that Mg/||Mg||* € D(M;;) for every p > 1, by Hypothesis[[.3 Lemma
also yields

. Mg ) . Mg Mg
M\ o7 =<ngM<—>—M<ng ST )
( atgn) = AIMIIM gy ) — Malel Mol o)

for every ¢ € C}(X). Comparing with ([B4), we obtain

My
(5.1) q (r)= —/ M; (cp—) dv, reR,
|Male {o<r} [Mg]

and by Theorem [£.4]

M
62 [ er(Mglor =~ M:(w—g)du, reR
g*—1(r) {g<r} ||Mg||

The right-hand side of (5.]) and of (5.2) is the negative integral over g~ (—o0,r) of
MZ(pF), where F = Mg/|| M g|| plays the role of the exterior unit normal vector to
the level surfaces of g. It is indeed the exterior unit normal vector to d{z : g(z) <
r} if g is smooth enough and R = I.

To go on, it is convenient to introduce spaces of W1 vector fields.

Definition 5.1. For every p > 1 we denote by WHP(X,v; X) the space of vector
fields F : X — X such that for a given orthonormal basis {e; : i € N}, the functions
fi = (F,e;) € WYP(v) for every i € N, and (350, | M, fi|?)Y/? € LP(X,v).

It is easy to see that the definition does not depend on the chosen orthonormal
basis. The standard proof of the following lemma is left to the reader.

Lemma 5.2.
(i) If L e WhP (X 15 X)), Fo € WhP2 (X, v; X), with 1/p:=1/p1 +1/p2 < 1,
then x — (Fy(z), Fa()) belongs to WP (v).
(i) If F e WhP (X, 13 X), ¢ € WEP2(v), with 1/p == 1/p1 + 1/p2 < 1, then
©F belongs to WP (X, v; X).
(ili) If F € WYP(X,v; X) for some p > 1, then x — ||F(x)| belongs to WP (v).

The following theorem is the main result of this section.

Theorem 5.3. Let Hypotheses [L1l and I3l hold, and assume in addition that
Mg e WYX, v; X) for some q > 2. Then for every ¢ € C}(X) with nonnegative
values and for any t € (¢, q), s > q' we have

(5.3)

[ eriintglao?
X

= max{/ M:(pF)dv: FEWY (X, v; X)N D(M?), |F(x)| < 1a.e.}.
{g<r}

The mazimum is attained at F = —Mg/||Mgl||.
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Proof. By Lemma B2(iii), |[Mg| € Wh9(v) and therefore |[Mgll¢ € Whi(v).
Then, by formulae (51)) and (&2,

/ o T(IMgll)dot = gpargye(r)-
X

So, we have to show that q|azg|,(r) is equal to the right-hand side of (5.3). The
proof is in two steps.

In the first step we shall prove that the vector field F' = Mg/||Mg|| is one of the
admissible vector fields in the right-hand side of (E3]), namely that it belongs to
D(M}) for every s > ¢' = q/(q¢ — 1) and to WHH(X,v; X) for every t € (¢, q).

In the second step we shall prove that for every admissible vector field F' in the
right-hand side of (B.3]), the integral f{g@} M;(@F)dv is equal to qiarg,pye(r) (of
course, we need to show that (Mg, F)y belongs to WP (v) for some p). Then,
using the definition of g, it will be easy to see that qarg,ry,(7) < @arg)o(r) if @
has nonnegative values.

In view of formula (51I), the statement will follow.

Throughout the proof we denote by {e; : ¢ € N} any orthonormal basis of X.

Step 1. F may be written as the product of Mg/|[Mg||* which is in D(M) for every
p by Hypothesis [[3] and the scalar function ||[Mg|| € W14(v) by Lemma [F.2(iii).
Lemma [25(i) implies that F € D(M?) for s = pq/(q — p), for every p € (1,q).
Letting p — 1, we obtain F' € D(M7) for every s > ¢q/(¢—1) =¢'.

Let us prove that F' € WH (X, v; X), for every t < q. We have F = Mg1), with
1 =1/||Mg||. As easily seen approximating i by

n —1/2
U (2) = <Z(Mg(x),ei>2+1/n> ,
i=1

Y € WhP(v) for every p < g, and My = ||Mg|| 72> r2; My({(Mg,ex))ei. Using
Lemma [(.2(ii), we obtain F € WY (X,v; X) if 1/t = 1/p + 1/q < 1, so that
FeWh(X v; X) for t € (1,q/2). To avoid this restriction we use the definition of
the spaces W1t (X, v; X) instead of Lemmal5.2] and we take advantage of || Mg||~! €
LP(X,v) for every p which is a consequence of Hypothesis[[3] (see the Introduction).
Setting f; := (F,e;) = (Mg, e;)/||[Mg| for i € N, each f; belongs to W1?(v) for
p € (1,q) and

Mq<M9, ei>
[Mg]|

D oneq (Mg (Mg, ex)) ex
| Mgl[?

Mpfi: _<Mgaei>

so that

H q< gvei>|| ‘< gvei>| 2 1z
M, g < [MalM M S (1M, (Mg, ,

which implies that

1/2

SNV ¢ > ARSI
M, f; <2

(Zmwsr) < Mgl

i=1

Therefore, F € WHi(X, v; X), for every t < q.



5818 G. DA PRATO, A. LUNARDI, AND L. TUBARO

Step 2. Now we show that if '€ WH(X, v; X)N D(M?) for some t > ¢/, s > ¢ is
such that ||F(z)]] <1 v-a.e., then we have

(5.4) A<}mchmVSqmww»

To this aim, we prove that (Mg, F) € WP (v) for some p > 1.

Set fi(z) := (F(x),e;) for i € N, x € X. Since |(Mg, F)| < ||Mg||, (Mg, F) €
L%(X,v), and the series s, = >, fi(Mg,e;) converges to (Mg, F) in LY(X,v).
Let us prove that it converges in a Sobolev space. For every i € N, we have
(Mg, e;) € Whi(v), fi € WhHt(v), and t > ¢/, so that (Mg, e;)fi € WHP(v) with
p = qt/(q+t) by Lemma 2TI(i). Moreover,

Mpsn = Z fiMq<Mg7 ei> + Z<Mgv ei>Mtfi>
=1 =1
so that
1/2
+

n n 1/2
HMMM(ZMMW&W) (ﬁﬂmmﬁ|wm
=1

i=1

and the series (M,s,) converges in LP(X,v; X). Therefore, (Mg, F)p € WP (v)
for every ¢ € C}(X), and Proposition yields

/ M:(SDF) dv = g Fyet
{g<r}

We recall now that if 1 < ¢ a.e., then gy, (1) < gy, (r), for every r. In our case,
© has nonnegative values, so that

(Mg(z), F(z))p(z) = (Mg(z)/[|[Mg(z)|, F(z))p(@) | Mg(z)|| < o(z)||Mg(z)||
for a.e. x, and therefore q(arg ry, (1) < qarg)e(r) and (4] follows. |

Corollary 5.4. Let g1, g satisfy the hypotheses of Theorem B3], and assume that
for some r € R we have {z : g1(x) <r} ={x: ga(z) <r}. Fori=1,2, denote
by T; € L(WHP(v), LY(X, 09)) the trace operator introduced in Theorem EE4. Then
the weighted measures Th(||Mg1]|) dog* and T(||Mg2||) do2? coincide.

Proof. Set Q :={z: gi1(x) <71} ={z: g2(x) < r}. By Theorem B4 for every
p € Cy(X),

qmmW=AEMWMMW=AMMMMWﬂ i=12

If in addition ¢ has nonnegative values, by Theorem [5.3] the left-hand side depends
only on the set Q. Approximating every nonnegative ¢ € UC,(X) by a sequence of
nonnegative Cj functions, we obtain [, ¢Ti([|Mg1|)) dod* = [ ¢To(|[Mgal|) do??;
splitting every ¢ € UCy(X) as ¢ = ¢t — ¢~ we obtain [y ¢T1(||[Mg1]|) dod*
Jx ©Ta(|[Mgs||) dog>. The statement follows.

O

Fix any g satisfying the assumptions of Proposition B3] and define
(5.5) pr(dx) :=T(|Mg|)o} (dx).
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Taking in particular ¢ = 1, we get

pelg™1(r)) = sup { [ M P ew ()0 DO, [F@) < 1}
{g<r}
< 400.

We recall that a bounded Borel set 2 C R™ has finite perimeter if 1, is a function
with bounded variation, and in this case the perimeter measure m is defined as the
total variation measure of D1q. Equivalently, 2 has finite perimeter if and only if

sup { / div Fdr: F € CHQ,RY), |[F(2)|| < 1Vz € Q} < 400,
Q
and in this case for every ¢ € C}(R") with nonnegative values we have

/gpdm—sup{/div (Fo)dr : F e CHQ,RY), |F(z)|| < 1Vx€Q},
Q

to be compared to formula (5.3)). In our setting the operators —M play the role
of the divergence, the measure p, plays the role of the perimeter measure, and
pr(g71(r)) may be called the (generalized) perimeter of the set g~!(—oco,r). The
vector field Mg/||Mg| plays the role of the exterior normal vector field at g=*(r).
It would be worth it (although it is not the aim of this paper) to develop a theory
of BV functions for general differentiable measures in Hilbert or Banach spaces and
to go on in the investigation of perimeter measures.

6. GAUSSIAN AND WEIGHTED (GAUSSIAN MEASURES

6.1. Gaussian measures: Comparison with previous results. We refer to
[Bo98] for the general theory of Gaussian measures in Banach spaces. All the
results that we mention here about Sobolev spaces for general Gaussian measures
are contained in Chapter 5 of [Bo98g].

Let @ € £(X) be a self-adjoint positive trace class operator, and let u := Ny g
be the Gaussian measure in X with mean 0 and covariance Q. Choosing R = Q'/2,
the spaces WP (1) used here coincide with the spaces DV (X, i) of the standard
Gaussian measure theory. To prove this fact, we recall that the Cameron—Martin
space H is equal to Q'/2 (X), with the scalar product

(6.1) (kY = (Q™Y2h,Q7Y2k), h,k e H.

For every f € C}(X) and z € X, the H-gradient of f at z, denoted by Vg f(z),
is the unique y € H such that limy,,—o(f(z + k) — f(z) = (y,hyu)/I|hl|lz =
0. Therefore, it is given by Vg f(z) = QVf(z). The space D"P(X, ) is the
domain of the closure Vg of Vg : D(Vy) = CH(X) C LP(X,p) — LP(X, pu; H).
Namely, an element f € LP(X, i) belongs to DYP(X, 1) if and only if there exists
a sequence (f,) C C}(X) such that f, — f in LP(X, ) and (Vg f,) is a Cauchy
sequence in LP(X, u; H); in this case Vg f = lim,, o Vg f, in LP(X, u; H). Since
IV 0 — fodli = 1QY29 (fo — f)ll, £ € DUP(X, p) if and only if f € W (),
and in this case

(6.2) Myf = Q /Wy .

We recall the definition of the Gaussian divergence of H-valued vector fields. For
a given ® € LY(X, u; H), a function 8 € L'(X, i) is called Gaussian divergence of
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®, and is denoted by div,®, if

/<VH§07(I)>HdM:_/ eBdu, ¢ € CHX).
X X

Recalling that Vo = QVp for every ¢ € C}(X) and using formula (6.1]), this
means that

/ (QYV*V i, Q7Y 2®)dy = —/ @ Bdu, ¢eCH(X).
< X

So, a vector field ® € LP' (X, y; H) (namely, such that ® := Q~1/2® € L¥' (X, ji; X))
has Gaussian divergence div,® € L” (X, i) if and only if ® belongs to D(M,), and
in this case

(6.3) M:® = —div, .

In the paper [DaluTul4] surface measures have been constructed on the level
surfaces of a suitable version of a Sobolev function g € DVP(X, 1) for some p > 1,
such that the vector field Vyg/||Vig||% belongs to DVP(X, u; H) (the version is
chosen in terms of Gaussian capacities, as we did in Section 4). Since D' (X, u; H)
is contained in the domain of div, in L?(X,u) by, e.g., [Bo98, Prop. 5.8.8], the
latter condition implies that ¥ := Q~Y2Vg/|Vug|% = M,g/||M,g||* belongs to
D(My;). This is precisely the condition of Hypothesis [.3]

The construction of the surface measures of the present paper follows the proce-
dure of [DaLLuTul4]. Therefore the surface measures of the present paper coincide
with the ones of [Dal.uTul4]. In particular, as proved in [DaLuTul4l Prop. 3.15],
if the conditions

(6.4) g € D¥P(X,v), € LP(X,v)

v 2
NP

hold, all the assumptions of [DaLuTul4] and of the present paper are satisfied, and
the measures p, coincide with the restrictions to {g* = r} of the Gauss-Hausdorff
surface measure p of Feyel and de La Pradelle [FePr92]. This implies that the traces
of Sobolev functions of Definition [A.6] coincide with the traces studied in [CeLuld].
Therefore, the “divergence theorem formula” (Remark 4.9(iii) of [CeLul4]) coin-
cides with our formula (7).

Of course the proofs of [DaLuTul4] that made use of specific properties of Gauss-
ian measures could not be adapted to the present context. In particular, we gave
completely different proofs of the fact that the support of p,. is contained in {g* = r}
(that worked only for continuous g in [Dal.uTul4]), of the fact that p, is not trivial
if and only if r € (essinf g, esssup g), and of the independence of the measures p,.
on the defining function g.

Another remark about the notation in the literature is worth noting. For every
he H, h=QY?z, we have
(6.5)

/ (QY2V (), 2)uldr) = / Onp()u(d) = / p@)h(@)u(dr), € CL(X),
X X X

where h = R;lh, R, being the usual extension of Q to the closure of X * in L(X, u).

In our setting the function A is called v, (see formula (IH)); in [DP06] it is called
the “white noise function” and is denoted by W, .



SURFACE INTEGRALS FOR GENERAL MEASURES IN HILBERT SPACES 5821

Eventually, let us consider Theorem 5.3. The space Cbl(X ; H) is dense in
DY?(X,v; H) for every p. A given vector field F' : X ~ X belongs to Whi(u) N
D(M?) iff ® = Q'2F belongs to D (X, u; H) and to the domain of div, in
L* (X, ). Since CL(X; H) is dense in DY4(X, v; H) for every g > 1, it is dense in
the intersection between DV*(X, v; H) and the domain of div,, in L* (X, zz). There-
fore, the maximum in the right-hand side of ([&.3]) is equal to

sup {/ —div,(p®)dv: ® € CH(X; H), |®(z)|g <1Vz e H}.
{g<r}
In particular, taking ¢ = 1 in (B.3]) we get
pr(X) =sup {/ div,@dv: ® € Cp(X; H), |@(2)||n < 1Vx},
{g<r}

which shows that the perimeter of the set {g < r} (according to [AMMPI0]) is
equal to p.(X) = p.({g* = r}). In fact under assumption ([G4]) it was proved in
[CeLuld] that the perimeter measure relevant to the set {g < r} coincides with the
restriction of the Gauss—Hausdorff measure p to {¢g* = r}, and the latter coincides
with our p, as we already remarked.

6.2. Weighted Gaussian measures. We refer to paper [Fel6], where weighted
Gaussian measures in Banach spaces were studied. Let v(dx) = w(z)u(dx), where
= No,g is a centered nondegenerate Gaussian measure with covariance ). The
nonnegative weight w satisfies

(6.6) w, logw € W (X, ) Vs > 1.

Of course, every C! weight with positive infimum and such that w(z), |[Vw(z)|| <
Cexp(a||z||) for some C, a > 0 satisfies assumption (@.6). Examples of discontin-
uous weights that satisfy (6.6) are in [Fel6] (in the space X = ¢?) and in [DaLul4]
(in the space X = L2(0,1) with respect to the Lebesgue measure).

Since we are considering two different measures, p and v, it is convenient to
denote by M/', M, the operators obtained by our procedure using the measures p,
v, respectively. Instead, we consider only the covariance of u, and we denote it by
@ without superindex.

The Sobolev spaces considered in [Fel6] are the spaces D' (X, ;1) that coincide
with our spaces WP (u) with the choice R = Q'/2. See subsection 6.1.

It is convenient to introduce an orthonormal basis of X consisting of eigenvectors
of Q, Qe = upey, for every k € N. For every z € X, setting h = Q'/?z, formula
([65) holds, and the function h is rewritten as

(6.7) ha) =Y (e (2 en),
k=1

the series being convergent in LP(X, ) for every p > 1. Formula (@3] is readily
extended to any ¢ € W4(u), with ¢ > 1.

Now, let us consider the weighted measure v. For p € C}(X), applying (63) to
ow which belongs to W14 (u) for every q > 1, we get

/ (QV2V (), 2)w(d) = / Onip(2)0(dz) = / o(2) (h(z) — O log w(z))v(dz),
X X X
¢ € Cp(X).
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By the Hélder inequality, h — 9y logw € L1(X,v) for every ¢ > 1, and applying
once again the Holder inequality we obtain that Hypothesis is satisfied. Then,
we consider the Sobolev spaces W1 (1) defined in the Introduction, still with R =
Q'/?. They coincide with the Sobolev spaces W'?(v) of [Fel6]. We remark that the
test functions taken into consideration in [Fel6] are the smooth cylindrical functions
FC°(X), namely functions of the type ¢(z) = 0((z,v1),...,(z,v,)) with n € N,
0 € C°(R™), vy, ..., vx € X, instead of C}(X) as we did. However, in the basic
definitions and estimates nothing changes if we replace FC;°(X) by C}(X).

The hypersurfaces considered in [Fel6] are level surfaces of functions g whose
regularity and summability properties are given in terms of the Gaussian measure
p. Namely, as in [Fe0Il[CeLuld], g € D*P(X, u) for every p > 1, and there exists
§ > 0 such that 1/|Vgg|lg € LP(g(—6,0), u) for every p > 1. Here we assume
for simplicity that g satisfies (€.4)), so that 1/||M*g|| € L (X, u) for every p, which
means that 1/|Vgg|lg € LP(X,u) for every p. Now we prove that, under these
assumptions, g satisfies Hypothesis [[L3

Lemma 6.1. Let g satisfy (64]). Then g satisfies Hypothesis [L3 for both measures
woand v.

Proof. The assumption g € D?P(X, i) is equivalent to Vgg € DYP(X, u; H), for
every p > 1. It follows that Vig/|Vugl3 € D'P(X,u; H), for every p > 1.
Every vector field ® € D?(X, u; H) with p > 1 has Gaussian divergence div,® €
LP(X, u), by [Bo98l Prop. 5.8.8]. By the considerations of Subsection 6.1, ¥ =
Q™ '?Vg/|V ugl? belongs to the domain of M}, for every p > 1. On the other
hand, Q'/?Vg/|Vugl% = Mg/|Mg|/>. Then, g satisfies Hypothesis [3] for the
measure y.

Concerning the weighted measure v, again we have to compare the divergence
operator with our operators M;*. The divergence operator is defined in [Fel6] as
in the Gaussian case for vector fields ® € L*(X,v; X). A function 8 € L*(X,v) is
called divergence of ® and is denoted by div, ® if

[ vs@ @) stin) == [ s, fecix).
b'e
If ® has values in the Cameron-Martin space Q/2(X), the above formula reads as

(6.8) /X (QV2V f(x), Q" ?®(x)) / f@)B@)v(dz), [ e CL(X).

If & := Q /¢ € L¥ (X,1; X) and 8 € L' (X,v), (68) means that & € D(M~*)
and M;*é = —f. Conversely, if a vector field o belongs to D(M;’*), then ¢ :=
Q'/2® has divergence in the sense of [Fel6], given by div,® = —M;*%. Taking
this equivalence into account, we use Proposition 5.5 of [Fel6], which states that
any vector field ® € DV9(X, u; H) has divergence div,® belonging to L™ (X, v) for
every r < ¢. In our case, ® = Vyg/|Vug|% belongs to DV4(X, u; H) for every g,
so that div, ® belongs to L4(X,v) for every gq. Moreover, by the Holder inequality
& = QV/2® is in L (X,v; X) for every p/ > 1. This implies that ® belongs to
D(M,*) for every p; namely, Hypothesis [.3] holds for the measure v. a

The weighted surface measure considered in [Fel6] is w*p, where w* is any Cp-
quasicontinuous version of w, in the sense of the Gaussian capacity, and p is the
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Gauss—Hausdorff measure of Feyel and de La Pradelle. Here we identify our surface

measures p, with w*p on every surface level g*~1(r).

Proposition 6.2. Under the assumptions of Lemma [, for every r € R we have
©9) [ erarador= [ vdp= [ pwtdp pecux).
X X g*~1(r)

Proof. Since any finite Borel measure is uniquely determined by its Fourier trans-
form, it is sufficient to show that (63) holds for every ¢ € C}(X). Theorem 1.3 of
[Fel6] yields, for every ® € WhP(X, v; H),

(6.10) / div, (p®)dv = / <p<TrfI>,Tr( Vny >>Hw*dp,
{g<r) g*=1(r) \Vugla

where Tr is the trace operator considered in [Fel6]. There, traces Tr ¢ of Sobolev
functions ¢ are defined as in the present paper, with the surface measure w*p
replacing 0. Traces of vector fields ® € WP(X,v; H) are defined in a natural
way; namely, setting ¢, (z) = (®(z), hn) g, where {h,, : n € N} is any orthonormal
basis of H, then Tr ® = >~ | Tr(,)hy,.

Taking in particular ® = Vg/|Vg|n that belongs to WP (X, v; H) for every
p > 1, we have |Tr ®|%, =1 on ¢g*~(r), and the right-hand side of (6.I0) is equal

to
/ pw*dp.
g*=1(r)

Recalling that div, (p®) = —M*(eM"g/||M"gl|), the left-hand side is equal to

Mg
- M <<p—>dy,
/{g«} P \Plrvg)

which coincides with [ T'(||[M"gl|)do? by ([E2). O

Since the assumptions on g are the same as in [Celul4l[Fel@], the examples
exhibited in these papers fit here. In particular, functions such as

g(x) = arlz - zo,ex)
k=1

with oy > 0 for every k, not eventually vanishing, and Y-, agpuy < oo satisfy
the assumptions of Lemma [l Therefore, the theory may be applied to spherical
surfaces and surfaces of suitable ellipsoids. The elements of the dual space g(z) =
(z,v) obviously satisfy the assumptions of Lemma [6.1] so that the theory may be
applied to hyperplanes. The hyperplane {z : (x,v) = r}, with v € X \ {0},
may be seen as the graph of the function ¢ : span {ex : k # h} — R, ¢(T) =
(r— Zk;&h Trvg)/vn, if vy £ 0. A generalization to graphs of other functions is in
[CeLuld].

When formula (6.9) holds, Proposition [3.8lis not needed. Since p, coincides with
the restriction of w*p to g¢g*~*(r), for p, to be nontrivial it is sufficient
that w*(r) # 0 and that p(¢g*~'(r)) # 0. Under the assumptions of Lemma G.1]
the latter condition holds iff » € (essinf g,esssupg) by [DaLuTul4l, Lemma 3.9,
Prop. 3.15].
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7. A FAMILY OF NON-(GAUSSIAN PRODUCT MEASURES

For any 1 > 0, m > 1, we define the probability measure on R,

‘2771

lgl2m
(7.1) Von o (d) i= i~ 27 €7 B dE, € ER,
where a,, is a normalization constant such that v, ,(R) =1,
(2m)1_ﬁ
Ay — P =vaE Ea
21(5,-)

For every N > 0 we have

L _ lei2m m
(7.2) /IEIzNVm,u(dé’):amu zh/|§\2N€ i dE =t by v/
R R

where

x T3

D(5m)

2m

. 2m
b N = am/ |T\N/me——‘ S dr = (2m)
R

The measure v, , has mean 0 and covariance by, 1 ,u#. The following integration
by parts formula holds:

(7.3) / () Vi (dE) = / €22 0(E) v u(dE), ¢ € CL(R).

Next, we define a product measure on R, the space of all sequences of real
numbers endowed with the product topology, associated to the distance d(x,y) =
S 127z — ynl (L + |20 — yn|) . We set

)
(7.4) Vm = H Vm,un s
h=1
where the sequence of positive numbers (uy) is chosen such as
oo
(7.5) Ay = Z,u,f < 0.
h=1

As usual, we denote by ¢? the space of all sequences () of real numbers such
that 220:1 r3 < 0o, endowed with the scalar product

o0
T,y) = thyh, z,y € L.
h=1

One checks easily that £2 is a Borel set in R and that v is concentrated on £2
because, in view of (7.2),

o0 oo
1
[ lole,vtd) = 3 [ v (don) = b 3 i < o
R h=1"R k=1

So, from now on we may forget R> and consider only £2, identifying it with X
through the mapping = — (z5,), where z;, = (z,ep) and {eh h € N} is any fixed
orthonormal basis of X.
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Remark 7.1. It is possible to show v, as an invariant measure of a transition
semigroup P;, t > 0, on X. Precisely, we consider the family of ordinary stochastic
differential equations, indexed by h € N,

dXp = =5 | Xn [P 2 Xpdt + dWi (1),
(7.6)

Xh(O) =X € R,
where (W},) is a sequence of real mutually independent Brownian motions defined
in a probability space (Q2,F,P). Each equation has a unique solution Xp(t,xy).
Setting

(o]
X(t,z) = ZXh(t,xh)eh, t>0, z € X,
h=1
one can show that X(¢,x), ¢t > 0, is a stochastic process in X. Defining the
corresponding transition semigroup by

Prp(x) :==E[p(X(t,2))], ¢ € Cp(X),
it is not difficult to verify that v, is an invariant measure of P;.

One can check easily that v has mean 0 and that it possesses finite moments of
any order. The covariance @ of v is given by

(7.7) Qen =bpm1 ;" €n, heN.
Notice that if m = 1, then 1, is the Gaussian measure Ny . In this case Qep =
pn en, for all h € N, and for all p € C}(X), z € QY/?(X) the classical integration
formula (6.5) holds.

We are going to generalize formula (3] to any v, with m > 1.

Proposition 7.2. Let m > 1, p € C}(X), z € X. Then

(7.8) /X (QF V(). 2) vm(de) = / o) () v (d),

X
where

1/2 - _
(7.9) v = b"{ 1 Z ,uz'" |xh|2m 22hzn,

the series being convergent in Lp(X, Vm) for every p € (1,400). Consequently,
Hypothesis is satisfied, with R = QY% and C,, , = |[v™| 1. (X0)-

Proof. As a first step, we prove that for every ¢ € C}(X), h € N we have
9y m—
(710) / 8eh ( ) I/m(dx) M}im / |1.h|2 Qxhgo( ) . (dx)

To this aim we approach ¢ by a sequence of cylindrical functions, ¢, (z) := ¢(P,z),
where P, is the orthogonal projection

n

P,(z) = Z(m,ek>ek.

k=1
The sequence (¢,,) converges to ¢ in WhP(v,,) for every p € (1,+00). Indeed, it
converges in LP(X,v,,) by the Dominated Convergence Theorem, and moreover

Q1/2V<pn(x) = Q1/2PHVLp(Pn:C), n €N,
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so that
1Q2Vion = QYY1 (x p,0:3)

- (/X QY2 (PaVp(Pnz) — PaVeo(x))||P Vm(dx)) 1/p
1/p
: </X Q74P Velz) - Vsé’(x))Ipvm(dx))
<Y e(x) (/X IV o(Pai) — V<p(:1;)||l’> 1/p

1/p
n ||Q1/2|L(X)( [ 1Pt —w<x)|pum<dx>) ,

where both integrals in the right-hand side vanish as n — oo by the Dominated
Convergence Theorem.

So, it is enough to prove that (ZI0) holds for cylindrical functions of the type
o(z) = @(x1,...,x,) for some ¢ € C}(R™), n € N. For such functions,

&p 9P
aeh /" H 1anu'k (df),

and (ZI0) is an immediate consequence of (T3)).
Now let p € C}(X), z € X. We have

/X<Q%w(x),z>um(dx) = lim /Xzb}ﬁ 1/2m a‘p( )2 U (dz)

n— oo

= lim b/2/ Zu |xh|2m_2xhap(a:)zhum(da:).

n— oo

To conclude the proof it is enough to show that the series
ZM”“ |27 2 an 2
is convergent in L?P(X,v,,) for every p € N. Recalling that
bt = > L

l. . 11
T 1 S (k). (kp)!

for every [, n € N we get

(S14n(x) = s1(2))*

- 1 1 _q k; — ) )
= (2p)! > II (k:.)tﬂz(i? M9 0441 D (4245 )
ki, kn€40,..,2p}, S0 ky=2p =1 V77

Integrating with respect to v,, the integrals of the terms with some odd k; vanish.
What remains are the integrals of the terms where all the k; = 2h; are even, and
recalling that

2(2m—1)h, 2(2m—1)h (2—1/m)h;
/X“sz BRI R H bm, (2m—1)h; Hlﬂ
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_ (2p)! 2(2m—1)h; 2h]
B Z (th (2h,,) / H l+a +il dum
hi,e.oshn€{0,...,p}
Z?:l hj=p
(219)
hi,...;hn€{0,...,p}, Z;‘L=1 hj=p
<enp ()
where ¢, , = (max{b,, 2m—-1)n : h =0,...,p})?. So, (s,) is a Cauchy series in
L?P(X, vp,). O

Proposition yields the following corollary.

Corollary 7.3. Let m € N, and let ([TH) hold. For every ¢, € CL(X), z € X we
have

| @92 vy vmldn) =~ [ (@4 V(). 2) pla) (o)
X X
(7.11)

+ [ (@) pla) via) v ).

In particular,

] [ (@t 2)ve)

<l e v 102 1 o (x 0,0

Consequently, Hypothesis [Tl is satisfied, and all the results of Section 2 hold.

According to the notation of Section 1, we denote by M,, the closure of Qv -
CHX) — LP(X,vm; X) in LP(X, vy,) and by WP (1,,) the domain of M,,.

We shall show that our surface measures are well defined on hyperplanes and
spherical surfaces. For simplicity, we consider only balls centered at the origin.

7.0.1. Spherical surfaces. Here we take g(z) = ||z||?, z € X. Then g is smooth and
{g < r} is the open ball of center 0 and radius /7, for > 0. In this case the vector
field Mg/||Mgl||? in Hypothesis is given by

Q1/2$
2|QV/2x|2”
We have to prove that ¥ € D(M,) for every p > 1. We approach it by the

sequence of vector fields S, (z) = >, _,(¥(x), ep)e, that are sums of vector fields
of the type considered in Lemma 2.6 with

(@) = (U(x), en) = by 3y > /2| QY2 |2,

We use the following lemma.

U(z) =
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Lemma 7.4.
(1) The function x — ||Q'/%x|| =" belongs to LI(X,vy,) for every q > 1.
(ii) For every k € N, the function ¢y (z) := x1/||Q"/?x||?> belongs to Wh4(uv,)
for every ¢ > 1, and

1/m
1/2 1/2m Onk  bmapy ThTi
(7.12) ‘”’“‘Zb’"l & <||Q1/2x||2 FREZBE )eh'

Proof. The proof of statement (i) is the same as in the Gaussian case m = 1 and it
is left to the reader.
Let us prove statement (ii). We approach ¢y, by the functions

_ Tk
A PEE RS VIY

which belong to C}(X) and which are easily seen to converge to ¢y, in LY(X, vy,)
for every ¢ > 1, taking (i) into account. Moreover we have

5 b l/mx T
12y _ g2 1em ok —_mllh  ThTk heN.
(@7 Vpin(x) en) = by 1y Q222 + 1/n (|QY2z|2 + 1/n)2 )’

Denoting by F the vector field in the right-hand side of ([ZI2]) and using again (i),
we see that lim,, . |QY2Vr., —F| = 0in L9(X, ) for every ¢ > 1. Statement
(ii) follows. O

Proposition 7.5. The function g(x) = ||x||? satisfies Hypothesis [L3, and Mg €
WX, v,,; X) for every g > 1.

Proof. By Lemma [[4] and Lemma 2.6 for every k € N the vector field fi(x)eg
belongs to D(M,;) for every p > 1, and by ([2.3) we have

1 1 1 1 m
bm 1l1fk/m 1 _ 2b Mk/ml'k n bm 1 ‘Ll,k/m |(Ek‘2
2 Q22 T |Q1/2x |4 2 [|Q2x|2

M (frer) =

Therefore, the series S, (x) = Y., _; fx(x)e, converges pointwise to

1 Tr Q 2(|Q%x||? 1/m— 1 2
7.13 —| — m
(7.13) 2( 1072 T @) T 2||@1/2 H?Z“ ™

1/m—1 2m
L,

where the series >, puy converges in LY(X,v,,) for every ¢ > 1, since

(e 2P0 (d)) /7 = b S By LemmallAi), 2 > 1/|QV% | € L¥(X, )
for every s > 1. Therefore, (S,) converges to the right-hand side of (ZI3) in
LP(X, vy,) for every p > 1. So, ¥ € D(M,) and

1( Tr Q n 2(|Q%x|? ) n b1 = Hl/m 1 2m
. 2m.
2 Q2| [|QY2x|* 2]|Q2x||? ="

(7.14) MU=

Hypothesis [3 is so fulfilled. Moreover, the vector field Mg(z) = 2Q'/%z belongs
= gpl/2 1/2m

m, 1H; i
is in WhP(vy,), and Y272, | M, fi(2)||* = 4b7, 1 >0 1/11 /™ i3 a real constant by
assumption (). Therefore, the assumptions of Proposition (3] are satisfied. O

to Wh4(X,v,,; X) for every q > 1, since every component filx) =
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For every r > 0, let 09 be the measure given by Theorem B4l Setting
pr(dz) = 2(|Q"?z||o? (d),
formula (A7) reads as

Ql/QIE
My Fyv = [ obPav,+ [ T(¢<F<x>7—> pr(da),
/B(o,r) P B(0,r) P 8B(0,r) HQU%H

for every F € D(M}), ¢ € Wh(v,,) with ¢ > p. In particular, for a constant
vector field F(z) =z and ¢ € CH(X) N W4(X, v,,) for some q we get

Ql/QLE

<Q1/2V<p, 2y dvy, = / oW dvy, + / o(z, ——=—) pr(dzx).
/B(O,r) B(0,r) aB(0,r) Q12|

7.0.2. Hyperplanes. We take here g(x) = (z,a) where a € X \ {0} is fixed. Then
Vy(z)=a, z€X,

and the vector field ¥(x) = Mg(x)/||Mg(z)||* of Hypothesis [[3]is constant, equal
to

Q1/2a
- leY2al?
By Proposition [[.2, Hypothesis is satisfied, and therefore ¥ € D(M,;) for every
p € (1,400). By ([C9) it follows that

U(z) r e X.

_ VQ1/24(7) _ b1 > M71+1/m|x

IQY2al Q@ V2al? "

Therefore, g satisfies Hypothesis [[3 Since Mg is constant, it belongs to all
Wh4(v,,) spaces, and also the hypotheses of Proposition 5.3 are satisfied. The
normalized surface measure p, on the hyperplane {z : (x,a) = r} is now

(7.15) M (V) (x) pFm?

ThAp.

pr(de) = [|Q"2allo? (dw),

for every r € R, where of is the measure given by Theorem B4l Formula (4.71)
reads as

/ (Myip, F) v
z: (z,a)<r}
Q1/2a

= (pM*Fde+/ T(@(F(x),7>) pr(dx),
Am: (z,a)<r} P {z: (z,a)=r} ||Q1/2a||

for every F' € D(M}), ¢ € Wh9(vy,) with ¢ > p. In particular, for a constant
vector field F(z) = z and ¢ € C1(X) N W4(1,,) for some q we get

/ <Q1/2v307 Z> de
{z: (z,a)<r}

= W dv, + (2, 5 opr(dz).
z: (z,a)<r} : " ||Q1/2Cl|| {z: (z,a)=r} "
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8. SOME INVARIANT MEASURES OF SPDESs

Here we consider the invariant measures of a stochastic reaction—diffusion equa-
tion (section B1]) and of the stochastic Burgers equation (section B2)) in the space
X = L*(0,1). We shall show that surface integrals can be defined in both cases on
smooth surfaces such as spherical surfaces and hyperplanes of X.

Such equations look like

dX (t) = [AX () + f(X(1)]dt + (—=A)™/2aW (t),
(8.1)
X(0) = x,
with v € [0,1). In both cases, A is the realization of the second order derivative in
X = L*(0,1) with Dirichlet boundary conditions
D(A) = H*(0,1) N H}(0,1), Ax(&) = 2"(&).
W is an X-valued cylindrical Wiener process, and f is a suitable function: either
it is the composition with a polynomial, f(x)(§) = Zz:o ar(z(€)*, or f(x)(&) =
z(£)a'(€) for z € H'(0,1), £ € (0,1).
We consider the complete orthonormal system in X given by
{en (&) := V2sin(hn€), heN},
consisting of eigenfunctions of A, since
Aep, = —h271'2€h =: —apep, heN.
We recall that D((—A)?) = H?7(0,1) N H}(0,1) for all 8 € (1/2,1].
As in the previous section we set
xp = {x,ep), x€X, heN,

and for every n € N we denote by P, the orthogonal projection on the subspace
generated by eq, ..., e,, namely

(8.2) P,x:= theh.
h=1

Moreover, we consider the space € 4(X), consisting of the linear span of real and
imaginary parts of the functions x + *®¥) with y € D(A).
The following approximation lemma will be used in both examples.

Lemma 8.1. Let h € NU{0}. For every ¢ € CIR™) there exists a sequence
of trigonometric polynomials ¢y (namely, functions in the linear span of real and
imaginary parts of the functions x — exp(i(x,a)gn), with a € R™) such that for
every multi-index o with 0 < |a| < h we have

(i) limg— 0o D*pi(x) = D¥p(x), for every x € R™,

(ii) 1D%pxlloc < ClIDY@[co,

where the constant C' depends only on h and n.

Proof. The result is classical for functions that are periodic in each variable. Indeed,
if ¢ is 1-periodic in all the variables we can take the convolutions with the Fejer
kernels,

on(x) = / Kn(y)e(z —y)dy, N €N,
[—1/2,1/2)
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with

| sinm(N + 1)y, 2
K = N eN.
N () ]1:[1 N+1 ( sin y; ’ ©

Then, |Kn|z1(~1/2,1/2/») = 1 for every N, and D*Ky * p = Kx * D%p converges
uniformly to D%y, for |a] < h. In this case, the constant C' is 1. See, e.g.,
[DS58, Exercise 73] or [So84] for detailed proofs.

If ¢ is T-periodic in all variables, the convolutions over [—T'/2,T/2]™ with the
rescaled Fejer kernels Ky r(y) := Ky (y/T)/T"™ make the same job. The constant
C is still 1.

If o is not periodic, there exists a sequence () of smooth functions with com-
pact support that satisfy (i) and (ii). In its turn, the restriction of each @y to its
support may be approximated by a sequence of trigonometric polynomials (P}’f)7
considering any extension of @y supp ¢, Which is periodic in each variable and using
the first part of the proof. The diagonal sequence (P,f) is the sequence that we are
looking for. |

8.1. Reaction-Diffusion equations. Here we consider problem (81l where f(x)
is the composition of a decreasing polynomial of odd degree d greater than 1 with
z,

d
f(I)(g) = Zak(x(g))k7 z e X, 5 € (O’ 1)

k=1

It is well known that for every x € X equation (BI]) has a unique generalized
solution and that the associated transition semigroup 7'(t) defined by

(T()¢)(x) = E[p(X(t,2))l, ¢ € Cp(X), t >0,

possesses a unique invariant measure vg; see, e.g., [DP04, Ch. 4]. So, T'(¢t) may be
extended to a contraction semigroup 7),(¢) to all spaces LP(X,vg), p € [1, +00).
For v = 0 the measure vp is an explicit weighted Gaussian measure,

1
vr(dz) = E‘iQU(Z)NO,Q (dz),

where Ny ¢ is the Gaussian measure with mean 0 and covariance @ = —A~'/2, the
function U is defined by

- / fo)de, @ e L90,1),
U(z) = 0

—00, x ¢ Ld(O7 1),

and Z = [, e?VdNy . See [DaLuldl Sect. 5]. Since U, €2V € WP (X, Ny q) for
every p > 1 by [Daluldl Sect. 5], vg is one of the measures considered in Section
6.

For v > 0, v is not explicit.

The following result is proved in [DaDel7, Thm. 1.2] for 6 < 1 — ~, and in
[DaDel7, Thm. 10] for 6 =1 — .
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Theorem 8.2. Let 6 € (0,1 — 7], p € (1,00). Then there exists C, > 0 such that
for all p € CH(X) we have

< Cplloll Lo (x wr) 10l E1+547(0,1)

] [ (@ota). ) vatao
h e H™17(0,1) N HE(0,1).

(8.3)

Setting h = (—A)~(1+9+9/2k with k € X, formula (83) may be rewritten as

‘/X«—A)“*“”“Vw(w)’@’/zz(dw) < Cpllellir(xwm K, ke X.

Therefore, fixing any 3 € ((1+7)/2, 1], Hypothesis[[2is fulfilled with R = (—A4)~~.
With this choice of R, Hypothesis [Tl too is fulfilled, and we can consider the
operators M, and their adjoint operators M} described in Sections 1, 2 for p €
(1, 4+00). We do not know whether Hypothesis holds.

To define surface measures on the level sets of a function g : X — R, we need that
g satisfies Hypothesis If g: X — R is a twice Fréchet differentiable function,
the vector field ¥ in formula B1]) is given by

(—A)~#Vg(a) 1 =

= = B
= Ay PVg@F ~ T A PVg@ 2 O Ond@ens v € X

(8.4) U(z)

We present below two examples of smooth functions g that satisfy Hypothesis
L3l namely such that g € WP (vg) and ¥ € D(M;;) for every p > 1.

8.1.1. Spherical surfaces. Let g(z) := ||z||>. Theorem 4.20 of [DP04] and the Holder
inequality yield g € L4(X, vg), where d is the degree of f. The arguments of [DP04]
can be easily carried on to improve this result.

Lemma 8.3.

(i) vr(L%(0,1)) =1 for every q > 2;
(ii) = — ||z||?> € LP(X,vR) for every p > 1.

Proof. We follow the proof of Theorem 4.20 of [DP04], replacing 2d by 2m with
m € N, and obtaining

(8.5) / )17 0.1y ¥R (dz) < o0, m€N.
X

Therefore, the function x + ||z||p2m,1) has finite values vg-a.e., namely
vr(L*™(0,1)) = 1 for every m € N, which is statement (i). By the Hélder inequal-
ity, ||| x < [|#z2m(0,1) for every x € L*™(0,1), and statement (i) follows. O

Lemma [R3] yields that g € LP(X,v) for every p > 1.

As we mentioned in the Introduction, the verification of Hypothesis [[.3] will be
reduced to checking that |[Mg(-)||~! belongs to LP(X,v) for every p > 1. In this
case, |[Mg(z)||~* = (2||(=A4)~Pz||)~!, and the p-summability of this function is not
obvious.

To begin with, we prove that suitable smooth cylindrical functions belong to the
domain of the infinitesimal generator L of T5(¢). This will be used to get estimates
through the equality [, Ly dvg = 0, which holds for every ¢ € D(L).
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Lemma 8.4. For every n € N and 0 € CZ(R™) the function p(z) := 0((z,e1),...,
(x,en)) belongs to the domain of the infinitesimal generator L of Tx(t), and

Lo(w) = 5 Trl(—4) D3] + (&, AVil@) + (£(2), Vio0))

1 n
(8.6) = 5222 352 (T1,..., T Zahxh zl,..., Zn)

Z eh 8§0 (xla"'axn)'

Proof. By [DP04] Thm. 4.23], L is the closure of the operator Ly : £4(X) —
L2(X, vp) defined by Loth(x) = & Tr [(—4)~7 D26 + {z, AVe(x)) + {f(), Vib(x))
for ¢ € €4(X). To prove that ¢ € D(L) it is sufficient to approach ¢ by a sequence
(¢) of elements of € 4(X) in L?(X,vg), such that the sequence Lo, converges in
L2 (X7 VR).

By Lemma BT] there exists a sequence of trigonometric polynomials (6y) such
that 0, and its first and second order derivatives converge pointwise to 6§ and to
its first and second order derivatives, respectively, and moreover |0y c2@n) < C
independent of k. We set

(8.7) V() = 0p(z1,...,2,), keN, zeX.
Then ¢y, € £4(X) for every k € N, and it is not hard to see that the sequence
(Loty) converges to the function in the right-hand side of 8] in L?(X,vg). O
Proposition 8.5. If v < 1/2, z+ ||(=A) Pz||~! € LP(X,vR) for every p > 1.
Proof. Recalling that the sequence («,) is increasing, for every n € N we estimate
1 - 1 a2

I(=A)~Fz|]> = |[(=A) P Pu|® ~ || Poz|?’
where P, is the projection on span e1,...,e, defined in [82)). So, it is enough to
show that for every k& € N there exists n € N such that

Lo
(| Pr|?

(8.8) € LFM(X,vR).

We shall show that (B8]) holds for large enough n. To this aim we approach
1/||P,z||* by the smooth functions

1
= €eX

that belong to the domain of the infinitesimal generator L of the transition semi-
group by Lemma R4l For every h, hi, ho € X we have

2% (P,x, Puh)
(o) by = —
VoD = = e P
and
<Pnh17Pnh2>
G+ [Pl

Pox, Pohy) (Pox, Poho)
(€ + | Paz|2)k+2

D?*¢(x)(h1, he) = —2k +4k(k +1) <
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Therefore,

DY I(=4) /2P,

1
- —_A\—7D2 — ==l
2Tr [(—A) " D?p.(x)] e [P +2k(k+1) Ex P
So, (BH) yields
kY05 [(=A) /2 Pya|?
Lo, = —— =92 I 4 ok(k+1 =
(8.9) P R DA T B
8.9

2k(AP,x, ) 2k(P,x, f(x))

(€ + [1Pazl?)H1 (e + [[Paz]|?)

Since vg is invariant we have

/ Lo, (x) vg(dx) =0,
X

and therefore

n
1
k - - d
2% /H et [Py VR

j=1

|~ A)/2P, 2
=2k - d
/H (e T 1B yFet VRl

(8.10) Pz, f(x
- 2’C/H <a<+ |an|(|2§?€+1 va(dz)
(—A4)~Pya?

|
2k(k +1 d
#oklh41) [ e ve(d)
=11 + 1+ I3.

Let us estimate I;. Since (ay,) is an increasing sequence,
||(_A)1/2an||2 < anHPn37||2 San(e+ ||an||2)7
and using the Holder and Young inequalities we obtain that for any é > 0 there is

C1 (6, k,n) such that
(8.11)

k
1 1 oy
L <2%a, | — = up(de) <2%an [ | —— up(d
I < Zkar /X<e+\|an||2>k”R< @) < 2ho </X T [ty V2 “"”))

1
< — .

Let us estimate I5. Since

(P, f(@))] < [|Puf (@) | Paz]| < £ (@)]] (€ + | Paz]|?) 2,
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arguing as before and taking (8] into account, we see that for any § > 0 there is
C3(9, k) such that
(8.12)

P, f(x
] < 2’“/x<a+||||m(|| )>|f|f+1/2 va(dz)

2k+1

< 2k ( /. ||f($)|2k+21/3(dﬂc)>%1+2 ( /. W%WQW

1
< -_ .
< GOk ‘S/X T 1By VR

To estimate I3 we recall once again that () is an increasing sequence, so that
|(=A) /2P, < ;|| Pual®. Then

(8.13) 1) < REFD / : ! vr(da).

al  Jx (e+|[Px|?)kt

1
Estimates (BI1)-EI3) yield
(8.14)

kzoﬂ/ _VRUD) s )+ (6, )

(e + [ Ppl[2)E+1 —

2k(k+1) vr(dz)
" ( o] ”‘5) /X E+ [Paa] DR

A

Since v < 1/2, the series s, = Y_)_; a; " is divergent (recall that a; = 7°;j%). Now
we choose n and ¢ such that
k(k+1)

k Z a;” 41 +26

and we conclude that there exists M > 0, independent of €, such that
1

8.15 ——————vp(dx) < M.
(515) o TR ) <
Letting € — 0 concludes the proof. |

With the aid of Lemma B3] and Proposition we prove the main result of this
section.

Proposition 8.6. If 0 < v < 1/2, the function g(x) = ||z||* satisfies Hypothesis
.ol

Proof. g is smooth and it belongs to LP(X,vg) for every p > 1 by Lemma B3[ii).
Moreover, (—A) AVg(x) = 2(—A)~Pz for every 2 € X, and since ||(—A) x| <
77 28|z||, still by LemmaB3(ii) = + ||(—A) A Vg(x)| € LP(X,vg) for every p > 1.
By Lemma 24 g € WP (vg) for every p > 1.

It remains to prove that the vector field ¥ in formula (B.1]) belongs to D(M,)
for every p > 1. It is given by (see (8.4)

(A)Px U, (2),

(8.16) U(z) = A Falf — A,
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where
n

(67 Bl‘
\Ifn(l‘):};ﬁ Zd)h

Approaching every ¢, by the C}} functions ¢y, .(z) := «a, Ban/2(]|(—A)Pz|? +¢)
and using Proposition 85 one sees easily that 1, belongs to WP (vg) for every
p>1, and

(Myn (@), en) = a2 2 (= A)Pal|* — a3, P /| (= A) P>,
By Lemma 26 ¥,, belongs to D(M,) for every p > 1, and by (Z9) we get

n _2/5‘

« o, x o, ﬂﬁhve
(8.17) MU, (z) = h + h h 4y Sh ool Al
rer Z < 2||(—=A) P Z < 2||(—A) P/ Z < 2||(— ch||2

Recalling that the series ., _ a; 28 converges, that Ve I 1o’ (x,05) 18 bounded by
a constant independent of h, and using Lemma and Proposition [R5 we easily
deduce that (M;V¥,) converges in )i (X,vR), for every p > 1. Therefore, ¥ €
D(M,;) for every p > 1, and Hypothesis [.3] is satisfied. |

8.1.2. Hyperplanes. Let g(x) = (x,b), where b € X \ {0}. ¢ is smooth, it has
constant gradient, and Mg(x) = (—A)~Pb (constant). Therefore, g belongs to
all spaces W1P(vg), for p > 1, by Lemmas B3 and 24l The vector field ¥ =
Mg/||Mg|? is also constant and it is given by

(=A4)"%
U(r)=——7——, z€X.
[I(—A)=Fbl|?
Since Hypothesis is satisfied, ¥ belongs to D(M,;) for every p > 1, and we have
* V(—4)-5b
MY = —"—
"o (=A) Pl

Therefore, g satisfies Hypothesis
8.2. Burgers equation. We are concerned with the stochastic differential equa-
tion (BI]) with v = 0 and
f(z) =2x2', =€ H}(0,1),
where the prime denotes the weak derivative. It is well known that for every

x € X, equation (BJ]) has a unique mild solution and that the associated transition
semigroup P(t), defined on Cy(X) by

P(t)p(z) :==Elp(X(t,2))], t=0, z€X,

possesses a unique invariant measure vg; see, e.g., [DPZ96, Thm. 14.4.4]. So, P(t)
may be extended to a strongly continuous semigroup P,(t) in LP(X,vpg), for every
p=>1.

A result analogous to Theorem was proved in [DaDel6l Thm. 2].

Theorem 8.7. For anyp > 1, > 0, there exists C > 0 such that for all ¢ € C}(X)
and all h € H'*(0,1) N H(0,1), we have

(8.18) }/X(Dw(ﬂﬂ),m vp(dz)| < Cllellorx,vp) 1Bl m1+5(0,1)-



SURFACE INTEGRALS FOR GENERAL MEASURES IN HILBERT SPACES 5837

As in Section Bl it follows that Hypotheses [[L1] and are fulfilled with R =
A=P for all 8 € (1/2,1). Also in this case, we do not know whether Hypothesis [3]
holds. And also in this case we are going to show that our theory fits to spherical
surfaces and to hyperplanes. The proofs are similar to the proofs in Section Bl and
we only sketch them.

Let g(z) := ||=||%. Tt was proved in [DaDe07, Prop. 2.3] that

(8.19) / ol a0y vB(da) < +00, kEN, g2,
X

It follows that vg(L%(0,1)) = 1 for every ¢ > 2 and that g € LP(X,vp) for every
p > 1. To prove that g satisfies Hypothesis[[.3] we argue as in Proposition[8.6l First,
we remark that g € WP (vp) for every p > 1 by (8I9) and Lemma24l Second, the
vector field ¥ = Mg/||Mg||? is still given by formula (8I6). Proving that it belongs
to D(M) for every p > 1 amounts to showing that z — ||(—A)?z||~2 belongs to
LP(X,vp) for every p > 1. This can be proved as in the case of reaction-diffusion
equations, with the aid of the following lemma.

Lemma 8.8. For every n € N and 0 € CZ(R") the function ¢(x) := 0(x1,...,xn)
belongs to the domain of the infinitesimal generator N of Ps(t), and

Ne(x) = §Tr (D] + (2, AVi()) + (a2, (Vo (2)))
L~ 9% ¢ 20
(8.20) - 5’;@(561,...,%)—};ahxha—gh(xl,...,xn)
— - ﬁ T T 1,2 6/
P agh( Ly--->y n)< y h>'

Proof. By [DaDe07, §4.1], N is the closure of the operator Ny : €4(X) — L?(X,vR)
defined by Noy(z) = § Tr [D?*Y] + (z, AVY(2)) — (22, (Vip(z))) for ¢ € Ea(X).
In fact, Noip(z) is formally defined by

Notb(x) = 3 T [D20] + (&, AV(a)) + (200', V()

which is meaningful for z € H' (0, 1). However, we do not know whether vg(H*(0, 1))
=1 so that the scalar product (2zz’, Vi)(z)) has to be rewritten in the more con-
venient way (z2, (Vi)(x))’), obtained just integrating by parts.

As in Lemma B4 we approach ¢ by a sequence (t5) of elements of € 4(X)
in L?(X,vg), such that the sequence Loy converges in L?(X,vp). () is the
sequence defined in (87), and it converges to ¢ in L?(X,vg) by the Dominated
Convergence Theorem. Moreover,

1~ 0% = o0
N0¢k($) = 5 £ 65; (Ila ,:En) - hgl O‘hxha—f:(xla ,:E,L)
n 90
_Z—k(xlv ,J)n)<.’1§‘2,€;l>,
= 9n

which converges pointwise to the function in the right-hand side of (820). More-
over, |[Nowp(z)| < C||9HC§(R")(1—|—||:E|| +||z]|?), which is in L?(X,vp) by ®8I9), and
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again by the Dominated Convergence Theorem the sequence (Ngty) converges to
the function in the right-hand side of (820) in L?(X,vp). O

Proposition 8.9.

1
~ [CAFap € U (Xove), VEEN.

Proof. We follow the proof of Proposition For every n € N we estimate
1 - 1 - ab
I(=A)~F=||> = [[(=A)" P Ppz|® ~ || Pax|®
Then it is enough to show that for each k € N there is n € N such that
1
[ Prz|?

(8.21) € L"(X,vp),

|2(k+1)

and to this aim we approach 1/|| P, x| by the functions
1

e (x) = —(6 B2
which belong to D(N) by Lemma[88 Formula [820) (recall that now v = 0) yields
kn | Px||?

No. e ok(k4 1) —
e [ H A e Vo
(8.22)
| 2k{APyz,z) | 2k{(Paz),2?)
G+ PP T e+ [PaPyT
Since

/ Ny (z)vg(dz) =0
b's

by the invariance of vp, we find that

1 1/2P 93”2
k - 2k d
”/x<e+\|an||2>k+1 / e+\|P e+ [ Byt ()

(8:23) +2k/ N ((Pua)', %) I/B(dx)+2k(k+1)/ |Pa]

BEE A d
ot [Paa P « ¥ [PayEe VB )

=11+ 1+ Is.

Estimates of I; and I3 are identical to the corresponding ones in the proof of
Proposition with v = 0; to estimate Iy we need different arguments. We have

(22, (Po)') = / (2(6)2 3, en)e (€) de
h=1

so that
1 1/2 1, n 2\ 1/2
(a2, (Paa))| < ( / x‘*ds) ( / (f;memez@) dg)
< JalZuo)CallPazl
<

0124 0,1)Cn (e + 1 Paz]|?) /2,
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and therefore
(8.24)

|5’3H2L4(0 1)
L < 2kC, d
. e e

1 2k+1
2k+2 1 2k+2
2k+2
< 26, ([ 1ty re@) " ([, g e@)

Since [ [|z[|25%2, v5(dz) < co by (BIJ), there exists a constant C(k,n) > 0 such

L4(0,1)
that
. s
L < C(k,n (/—VBd:z:>
T VA L
1
< k,n,d)+6 | —————— d
< C(k,n,0)+ L(5+||an|2)k+l vp(dz),

for any 6 > 0 and a suitable C(k,n,d) > 0, by Young’s inequality. The conclusion
follows now as in the proof of Proposition . |

The procedure of Subsection 8.1.2 works as well in this case, without any mod-
ification. Therefore, for every b € X \ {0} the function g(z) := (z,b) satisfies
Hypothesis [3

9. FINAL REMARKS AND BIBLIOGRAPHICAL NOTES

9.1. Sobolev spaces. The theory of Sobolev spaces for differentiable measures is
well developed only in the Gaussian case. See [Bo98| for Gaussian measures in
general locally convex spaces, [DPZ02] for Gaussian measures in Hilbert spaces.
Basic results for general differentiable measures are in [Bol0l Ch. 2].

We did not consider the space W1 (v), which is a very special case (even for
Gaussian measures) and would deserve a specific treatment. Together with Wt (v),
spaces of BV functions are still to be thoroughly investigated. Some initial results
are in [RoZhZh15]. The case of weighted Gaussian measures in Hilbert spaces was
considered in [AmDaGoPal2].

Sobolev spaces of functions defined in (smooth) domains rather than in the whole
X are even more puzzling. Even in the case of Gaussian measures the theory is far
from being complete. A major difficulty comes from the lack of a bounded extension
operator from WP (€, v) to WLP(v); see [BoPiShl4] for a counterexample. If X is
a separable infinite dimensional Hilbert space and v is a nondegenerate Gaussian
measure in X, the existence of a bounded extension operator from W12(B(0,1),v)
to Wh2(v) is still an open question.

9.2. Surface measures. For a detailed account of the existing literature on surface
measures in infinite dimension, we refer to the survey paper [BolT].

Hypothesis [[.3] on the defining function g is our main assumption. It could be
replaced by Mg/||Mg||* € D(My) for some P, but this would lead to restrictions on
the validity of several results. For instance, in Lemma[BJland in all its consequences
we should take ¢ € LP(X,v) only with p > 7'.

Checking Hypothesis[[.3]in specific examples is reduced to some regularity /sum-
mability assumptions on g, plus summability of ||[Mg||~? for every p. While the



5840 G. DA PRATO, A. LUNARDI, AND L. TUBARO

regularity and summability properties of M g can be considered standard conditions
and can be checked in standard ways, to prove that || Mg||~? belongs to L'(X,v) is
much more difficult. To overcome this difficulty, we could replace the function F,
used throughout the paper by

Fo(r) = /{ _ P@IMEPy), R

and replace Hypothesis by Mg € D(M,;) for every p > 1, as suggested in
[Bol7]. Then, the procedure of Lemma Bl yields that the measure (¢||Mg||v)og™*
is absolutely continuous with respect to the Lebesgue measure, with density

Z.(r) = /{ (Mo, Mg) — oM (Mg, 7 < B

and the procedure of Theorem [B.4] gives a Borel measure ¢ such that ﬁ;(r) =
Jx e(x) ad(dx), for every ¢ € Cy(X). However, as for the measures o, these mea-
sures depend explicitly on g and have no intrinsic geometric or analytic meaning.
The geometrically meaningful measure is what we called p, (see Section 5), and to
obtain it the assumption |[Mg| =7 € L*(X,v) for some p seems to be unavoidable.
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