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ABSTRACT. We show the existence of F-thresholds in full generality. In ad-
dition, we study properties of standard graded algebras over a field for which
F-pure threshold and F-threshold at the irrelevant maximal ideal agree. We
also exhibit explicit bounds for the a-invariants and Castelnuovo-Mumford
regularity of Frobenius powers of ideals in terms of F-thresholds and F-pure
thresholds, obtaining the existence of related limits in certain cases.

1. INTRODUCTION

In recent years there has been intense research in algebraic geometry and commu-
tative algebra, moving towards a better understanding of what are nowadays known
as F-singularities. Particular attention has been given to F-pure [HR76,[Fed83] and
F-regular singularities [HH90,[HH94al[HH94b,[FW89]. Attached to these singular-
ity types, there are numerical invariants that measure how good or bad a singular
point is; for instance, the F-thresholds [MTWO5,[HMTWOS], the F-pure thresholds
[TWO04], and the F-signature [SVdBI7.[HLO2lTuc12]. In this manuscript, we study
these numbers, compare them, and obtain consequences regarding the singularities
of the ring.

The F-thresholds were first introduced for regular rings by Mustata, Takagi, and
Watanabe [MTWO05] as a positive characteristic analogue of log-canonical thresh-
olds. In a subsequent joint work with Huneke [HMTWO0S|, F-thresholds were de-
fined in general rings of prime characteristic as limits of normalized Frobenius
orders, provided they exist. In the same article, the authors showed compelling
relations that F-thresholds have with the Hilbert-Samuel multiplicity, tight clo-
sure, and integral closure. However, a drawback of using these methods was that
the convergence of the sequence defining the F-thresholds had been shown only in
some partial cases [HMTWOS,[HTWTILILi13]. We settle this problem by proving
the existence of F-thresholds in full generality.

Theorem A (See Theorem[34). Let R be a Noetherian ring of prime characteristic

p. Let a,J C R be ideals such that a C v/J. If v!(p¢) := max{t € N | at ¢ JPI},
J(e

then the F-threshold ¢’ (a) = lim V“}Ef ) eists.

e— o0
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In the rest of this article, we study relations between F-thresholds and other
invariants in prime characteristic: namely, F-pure thresholds, a-invariants, and
asymptotic Castelnuovo-Mumford regularity of Frobenius powers.

The F-pure threshold of an ideal a C R, denoted fpt(a), was defined by Tak-
agi and Watanabe [TW04]. Roughly speaking, the F-pure threshold of an ideal
measures its splitting order. The general expectation is that the higher the F-
pure threshold, the better the singularities [HY03,[BFS13]. Takagi and Watanabe
[TWO04] write: “Although our first motivation was to investigate the log canonical
threshold via the F-pure threshold, we find that the F-pure threshold itself is an
interesting invariant in commutative algebra”.

If (R,m, K) is regular, either local or standard graded, then fpt(a) = ¢™(a) for
any ideal a C R. In contrast, this is often not the case for singular rings. However,
the inequality fpt(a) < ¢™(a) holds true in general. In this article, we focus on the
study of the following question, asked in different settings by several researchers.

Question 1.1 ([Hir09MOYT10,[HWY14]). What are necessary and sufficient con-
ditions for the equality fpt(m) = ¢™(m) to hold?

Our first step towards an answer to Question [l is a characterization of the
F-pure threshold as a limit of F-thresholds (see Theorem and Corollary [{71).
If we restrict ourselves to standard graded Gorenstein K-algebras, we are able
to partially answer Question [[L]] giving a necessary condition for the equality to
hold. In a sense, this result says that standard graded Gorenstein rings such that
fpt(m) = ¢™(m) have the best possible type of F-singularities.

Theorem B (See Theorem[6.I3). Let (R, m, K) be a d-dimensional standard graded
Gorenstein K-algebra that is F-finite and F-pure. If fpt(m) = ¢™(m), then R is
strongly F-regular. Furthermore,

e(R
s(R) > (d!)’

where e(R) denotes the Hilbert-Samuel multiplicity and s(R) the F-signature of R.

Using recent results of Singh, Takagi, and Varbaro [STV17], we can extend The-
orem [B] to normal standard graded Cohen-Macaulay algebras whose anti-canonical
cover is Noetherian (see Corollary [6.16). These include Q-Gorenstein algebras.

The inequality for the F-signature in the previous theorem is particularly mean-
ingful because lower bounds for this invariant are typically hard to produce. The
first two authors proved that fpt(m) < —agimr)(R) < c¢™(m) [DSNB]. To ob-
tain Theorem [B] we need to extend these relations to the Castelnuovo-Mumford
regularity and a-invariants of Frobenius powers. Recall that, for a finitely gener-
ated R-module M, the Castelnuovo-Mumford regularity of M can be defined as
reg(M) = max{a;(M) + i | i € N}, where a;(M) = sup{s € Z | [HL(M)]s # 0},
with the convention that sup(f)) = —oo. We point out that the growth of a;(R/JP)
and reg(R/JP]) are of independent interest, since they are connected to discrete-
ness of F-jumping coefficients [KZ14|[KSSZ14.[Zhal5], localization of tight clo-
sure [Kat98| [Hun00], and existence of the generalized Hilbert-Kunz multiplicity
[DS13,[Vral6]. The following theorem is the main result we prove in this direction,
and it is a key ingredient in the proof of Theorem

Theorem C (See Theorems 5.4 5.1 and B.8). Let (R, m, K) be a standard graded
K-algebra that is F-finite and F-pure. Suppose that J C R is a homogeneous ideal.
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If there exists a constant C' such that reg(R/JP*)) < Cp¢ for all e > 0, then
lim wg(Rpw exists, and it is bounded below by max;en{a;(R/J)} + fpt(m).

e— 00

Furthermore, for t = dim(R/J) and D = max{t € N | [J/mJ]|, # 0} + 1, if
HLY(R/ TP £ 0 for some e €N, then

[v°] [°]
lim LR/;] )gat(R/J)+cm(m) nd  lim @t (BTP)

e—00 P e—00 pe

< D(c!(J) +1).

In particular, the two limits exist.

As a consequence of Theorem [C] we obtain explicit formulas for the top a-
invariant of the ring modulo Frobenius powers of an ideal under the assumption
that fpt(m) = ¢™(m) (see Proposition [6.1]).

2. NOTATION AND PRELIMINARIES

Throughout this article, R denotes a Noetherian commutative ring with identity.
We write (R, m, K) to mean either a local ring or a standard graded K-algebra. A
standard graded algebra is a positively graded algebra over a field K, generated by
finitely many elements of degree one. The ideal generated by the positive degree
elements, that we denote by m, is called the irrelevant maximal ideal. We denote
by w(M) the minimal number of generators of an R-module M, homogeneous in
the graded case. We use A\(M) to denote its length as an R-module. We make the
convention that 0 € N.

When the characteristic of R is a positive prime integer p, we can consider the
Frobenius endomorphism F' : R — R, which raises any element of R to its p-th
power. In this way, R can be viewed as an R-module by restriction of scalars via
F, and we denote this module action on R by F,R. The action is explicitly given
as follows: for r € R and F,x € F,R, we have r - F,x = F.(rPz) € F,R. For an
integer e > 1, we can also reiterate the map F' and obtain a ring endomorphism
F¢: R — R which is such that F(r) = r?" for all » € R. For any R-module M, we
can consider the R-module FfM, whose action is induced by restriction of scalars
via F'¢, as illustrated above in the case e =1 and M = R. For an ideal J C R, we
denote by JP! the ideal generated by F¢(J), that is, the ideal generated by the
p°-th powers of elements in J. We note that Je = .

If R is reduced, then, for all integers e > 1, the map F'° can be identified with
the R-module inclusion R C RY?" where R'/?° denotes the ring of p°-th roots
of elements in R. This viewpoint can be helpful to keep in mind, but it is not
exploited further in this article.

Definition 2.1. The ring R is called F-finite if F, R is a finitely generated R-
module.

Equivalently, R is F-finite if FR is a finitely generated R-module for some
(equivalently, for all) integer e > 1.

Remark 2.2. If (R,m, K) is local, then R is F-finite if and only if it is excellent,
and [FL.K : K] < oo [Kun76l, Corollary 2.6]. If (R, m, K) is standard graded, then
R is F-finite if and only if [FLK : K| < oo [Fed83| Lemma 1.5].

The notion of F-purity was introduced by Hochster and Roberts [HR76]. Since
then, it has played a very crucial role in the theory of singularities of rings of
positive characteristic.
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Definition 2.3 ([HR76]). Let R be a Noetherian ring of prime characteristic, and
let F': R — R be the Frobenius endomorphism. Then R is called F-pure if F' is a
pure morphism, that is, F®1: R® M — R® M is injective for all R-modules M.
The ring R is called F-split if F is a split monomorphism.

If R is F-finite, then R is F-split if and only if R is F-pure [HR76l Corollary 5.3
and Proposition 5.5]. More explicitly, when R is F-finite, we have that R is F-pure
if and only if it is reduced, and the natural inclusion R C F¢R of R-modules splits
for some (equivalently, for all) e > 1.

We now recall the graded version of Fedder’s Criterion, which characterizes F-
pure rings that are quotients of regular rings. This result is needed to establish
some reductions for Theorem [6.13}

Theorem 2.4 ([Fed83l Theorem 1.12]). Let S = Klz1,...,zy] be a polynomial
ring over a field of prime characteristic p. Suppose that deg(z;) = 1 and n =
(1,...,2pn). Let I C n be a homogeneous ideal. Under these assumptions S/I is
F-pure if and only if (I®! 5 I) ¢ nlPl,

3. THE F-THRESHOLD OF a WITH RESPECT TO J

The F-thresholds are invariants of rings in positive characteristic obtained by
comparing powers of an ideal a with Frobenius powers of another ideal J. They
were first introduced in the regular ring setting [MTWO05|] and, later, generalized
to a wider class of rings [HMTWO0S8]. The F-thresholds were originally defined as
limits of sequences of rational numbers whenever such sequences were convergent.
However, their existence remained an open problem. In this section, we show that
F-thresholds exist in general.

Definition 3.1. Let R be a ring of prime characteristic p. For a,J two ideals of
R satisfying a C v/J and a non-negative integer e, we define
v! (p°) ;== max{t € N | a* ¢ JPI}.

The following lemma is well-known. We include the proof for the sake of com-
pleteness.
Lemma 3.2. Let R be a ring of prime characteristic p, and let a be an ideal. Then,
for every s,e € N and r > (u(a) + s — 1)p°, we have that a” = a™=P" (a[”e])s.
Proof. Let u = p(a), and let f1,..., f,, denote a minimal set of generators for I. We
proceed by induction on s. For s = 0, the statement is clear as a” %" (a[pﬁ])o =
a’R=a".

We now assume that our claim is true for s and prove it for s + 1. Suppose that
r > (u+ s)p®. Then

e e s
a’ =a""%P (I[” ]) by induction hypothesis since r > (v + s — 1)p°
e e e s
S e iy (a[p ]) by the case s = 1 because r — sp® > up®

= g~ (s+1)p° (a[PE]) ot

O

We point out that the following lemma has been previously stated, without proof,
for reduced rings [HTWTIl, Remark 1.5].
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Lemma 3.3. Let R be a ring of prime characteristic p. Let a,J C R be ideals such
that a C V. Then,

vt te) v () _ pla)
p€1+€2 - per - p&

for every ey, es € N.

Proof. Taking s = v (p°*) + 1 in Lemma yields

Joeq +1
aP 2O+ v (01) P 2 u(a)—p2 (a[pez])y“ @

J e e
C (a[pez])uc' LS = (aug.’(pel)ﬂ)[p ?]

c (J“"e”)[pez] = g

Hence, v (pe1te2) < p®2u(a) + p°2vf(p®). The result follows from dividing by

p61+82_ 0

We now show the existence of F-thresholds in full generality.

Theorem 3.4. Let R be a ring of prime characteristic p. If a,J C R are ideals
J( e
such that a C v/J, then lim % exists.

e—0o0

Proof. From Lemma [3.3] we have

vl (P71 _vg () | pla)

p61+€2 - per pet ’
Therefore,
J (e J(e1+ez J(ne1
v v v a
s A0 ) n7) | pla)
e—00 pe eg—00 p61+62 per peL
Hence,
J (e J (€1 J (e
v v a v
lim sup M < lim inf M + M = lim inf M
e—00 pe e1—00 pet peL e—00 pe
J e
We conclude that lim Lf) exists. O
e—oco P

After Theorem [3.4] we can define F-thresholds in full generality.

Definition 3.5. Let R be a ring of prime characteristic p. Let a, J be ideals of R
such that a C v/J. We define the F-threshold of a with respect to J by

J (e
() = lim )
e— 00 p8

We recall some known properties of F-thresholds that we need in what follows.

Proposition 3.6 ([MTWO05, Proposition 2.7], [HMTWO08, Proposition 2.2]). Let
R be a ring of prime characteristic p, and let a,I,J be ideals of R. Then

(a) If I 2 J and a CV/J, then c'(a) < ¢’(a).
(b) If a C VT, then ¢’ (a) = p- /().
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4. A CHARACTERIZATION OF fpt(a)

In this section, we give a characterization of the F-pure threshold of a ring as the
limit of certain F-thresholds. We start by recalling its definition and elementary
properties. Before doing this, we need some auxiliary definitions.

Let (R, m, K) be either a local ring or a standard graded K-algebra. The follow-
ing ideals, introduced by Aberbach and Enescu [AEQS)], keep track of the R-linear
homomorphisms from FfR to R that do not give splittings. For e € N, we set

I.:={f € R|Y(Fif) € m, for all R-linear maps ¢ : FfR — R}.
In particular, Iy = m.

Remark 4.1. Let (R,m, K) be a local ring. If f ¢ I, for some e, then there ex-
ists a map ¢ : FfR — R that splits the R-module inclusion F¢f - R C FSR.
When (R, m, K) is standard graded, the ideals I, are homogeneous, and the same
conclusion is true for a homogeneous element f ¢ I. and homogeneous splitting
maps.

Definition 4.2. Let (R,m, K) be either a local ring or a standard graded K-
algebra. Suppose that R is an F-pure ring. For e € N, we associate to the ideals
1. the following integers:

ba(p©) := max{t €EN|a ¢ Ie}.

Given a proper ideal a C R, homogeneous when R is graded, we define the F'-pure
threshold of a in R as

fpt(a) := lim bu(pe).

e—00 pe

When a = m, the F-pure threshold fpt(m) is often simply denoted by fpt(R).

Remark 4.3. The definition presented above is not the original given by Takagi
and Watanabe [TW04]. For a real number A > 0, we say that (R, a’) is F-pure if
for every e > 0, there exists an element f € al®*~DA such that the inclusion of
R-modules FZf - R C FZR splits. The original definition of the F-pure threshold
of ais

fpt(a) = sup {\ € Rsg | (R,a”) is F-pure} .
We refer to [DSNBI Proposition 3.10] for a proof that both definitions coincide.
Remark 4.4. If (R, m, K) is a standard graded F-pure K-algebra, then b := b'“éfe)
is the highest possible degree for a minimal generator of the free part of F¢R with
the natural plﬁN grading. In other words, if FfR = @ (R(—;)) & M, as #N—
graded modules, where M, is a graded R-module with no free summands, then
b = max{y;}. This follows from the definition of by (p°®) and by Remark [£.1]

Proposition 4.5 ([Tucl2l Lemma 4.4]). Let (R, m, K) be either a standard graded
K-algebra or a local ring. Assume that R is F-finite. If R is an F-pure ring, then

1P c I..1 for all e € N.

We now present the main result of this section. Namely, we show that the F-pure
threshold of an ideal is a limit of F-thresholds. For principal ideals, this follows
from the characterization of the digits in the base p-expansion of fpt(a) [Her12l, Key
Lemma].
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Theorem 4.6. Let (R, m, K) be either a standard graded K -algebra or a local ring.
Assume further that R is F-finite and F-pure. If a is an ideal of R, homogeneous
in case R is graded, then

fpt(a) = lim c'*(a)

e—00 pe

Proof. By Propositions L5 and B.6)(a) we have that ce+1(a) < 1 (a) for all e € N.
In addition, ¢/’ (a) = p - ¢! (a) by Proposition BB(b). Hence,

Tei1 I
0< cpe+(1a) < piu)
for all e € N, which shows the sequence {“I;§“> }een is non-increasing and bounded
below by zero. As a consequence, it does converge to a limit as e approaches infinity.
Note that, for all e € N, we have b,(p®) = max{t € N|a® I} = vle(p°). Let
s € N be an arbitrary integer. By taking e; = 0 and e; = s in Lemma [33] we
deduce that

)

Ie (.8
Y ) ) < ().
p
In addition,
Ie (.8
0< ”“p(f ) ba(v) < ),

Ie s
v . . .
because the sequence { “p(sp )} is non-decreasing, as R is F-pure. Hence
eeN

0< -8

— ba(p°) < p(a)
for all e, s € N. We take the limit as s — 0o to get

0 < c’*(a) — ba(p®) < p(a),

and dividing this expression by p¢ gives

I e
0<® (@)  Da(p©) < pla)
pe pe p©
Taking the limit over e gives the result. O

The previous result emulates a relation showed by Tucker [Tucl2] between the
Hilbert-Kunz multiplicity [Mon83] and the F-signature [SVdB97,[HL02,Tucl2):

1
s(R) = lim W.
e—00 pe
As a corollary, we obtain a characterization of rings (R, m, K) for which fpt(a) =
c¢™(a), for any ideal a C R. This gives a first answer to Question [[J We study in
more detail the condition fpt(m) = ¢™(m), for standard graded algebras, in Section
ol

Corollary 4.7. Let (R,m,K) and a C R be as in Theorem [L0. Then, fpt(a) =
c™(a) if and only if c<(a) = e ](a) for all integers e € N.
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Proof. We first assume that ¢’ (a) = et (a) for all e € N. Then, by Proposition
B.6(b), cl(a) = e ](a) = p®c™(a), from which we have

1 e m

c(a a
c ( ) li pc ( ) Cm(a).
e—oo  p¢ e—00 pe

Ie
Assume now that fpt(a) = ¢™(a). Since {CP—EC‘)} forms a non-increasing
eeN
sequence, with first term ¢™(a) and limit fpt(a), we have that the sequence is

constant. Then, % = fpt(a) = ¢™(a) for all e € N, and thus c’*(a) = p¢c™(a) =

ve]
™ (a). O
. TS OF a-INVARIANTS FOR GRADED RINGS

In this section, we investigate the growth of the a-invariants of R/JIP‘l for a
homogeneous ideal J over a standard graded algebra (R, m, K). This study is mo-
tivated by the problem of bounding the Castelnuovo-Mumford regularity of R/.JP’]
[Kat98|[KZ14] which, in turn, is related to the localization of tight closure at one el-
ement [Kat9§], the LC condition [HunOOHHO0], and the discreteness of F-jumping
numbers [KZ14].

Definition 5.1 ([GWTS]). Let (R, m, K) be a standard graded K-algebra. Let M
be a non-zero p%N—graded R-module. If H: (M) # 0, we define the i-th a-invariant
of M by
1 .
a;(M) = sup {s € EZ |[Hu(M)], # o} .
If Hi (M) =0, we set a;(M) = —oco. We define the Castelnuovo-Mumford regular-
ity of M by reg(M) = max{a;(M)+i|i € N}.

We first present lower bounds for a-invariants of F-pure rings modulo Frobenius
powers of an ideal.

Lemma 5.2. Let (R,m, K) be a standard graded K-algebra that is F-finite and
F-pure. If J C R is a homogeneous ideal and © € N, then

) [p°] e } (o]
ai(B/I7) | bu(pf) _ ai(RLIV)
ps pe+s pe+s

for alle,s € N.

Proof. For every e € N, let b, = %. By Remark 5.5, there exists a Z%N graded
R-module, M., such that F°R = R(—b.) ® M, as #N graded R-modules. Let s
be a non-negative integer. Applying the functor — Q R/J ("] to the homogeneous
split inclusion R(—b.) < FER, we obtain that %(—be) is a direct summand of
%. Consequently, an(%(—be)) splits out of H&(mﬁiﬁﬂ)
graded components, we conclude that

wi (SR 4 b)) o (CECR N a(RIET)
v\ Jlpe] pe  — "\ JWPIFeR) pe

for all e, s € N, where the last step follows from the fact that

PR e (_R
JPlFer T\ Jletel )7

Looking at
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Our claim follows after dividing by p®. |

Theorem 5.3. Let (R,m, K) be a standard graded K -algebra that is F-finite and
F-pure. Suppose that J C R is a homogeneous ideal, and let i € N. If there ezists a
constant C such that a;(R/JP) < Cp® for all e € N, then either H. (R/JP']) =0
for all s € N or

) [p°]
i R/

e— 00 p
exists. Furthermore, we have inequalities

{ai(R/J[pS]) . fpt(m) }

pS pS

) (p°]
i ST

e—00 p

a;(R/J) + fpt(m) < max

Proof. Assume that HZ (R/JP1) # 0 for some e € N. By Lemmal5.2 for any s € N

we have

, [p°) . [p°*°] , [p°]
a(R/ J ) 4 fpt(sm) < timint @ETT ) J+ ) _ timint @&/ J ).
p D e—00 p e—00 P

(1)

In particular, since there exists e € N for which a;(R/JP1) > —oo, we have that
%‘;ﬂp]) is finite. By assumption, we have that a;(R/JP!) < Cp® for all
e € N. Therefore, lim sup %;ﬂp])
e— 00

lim inf
e— 00

is also finite. Taking limsup with respect to s

in () gives

a;(R/JPT) a;(R/JPT)
S €

lim sup < liminf =
$§—300 p e— 00 p

which implies that the limit exists. The last claim now follows from the fact that

s e+s e
W(RATPY) | tlm) _ (R (R

ps pS T e—oo pets e—00 pe
for all s € N, by Lemma O

Theorem 5.4. Let (R,m, K) be a standard graded K -algebra that is F-finite and
F-pure. Suppose that J C R is a homogeneous ideal. If there exists a constant C
such that reg(R/JP 1) < Cp® for all e € N, then

[r°]
lim reg(R/eJ )

e— o0 p
exists, and it is bounded below by max{a;(R/J) | i € N} + fpt(m).

Proof. Let T = {i € N | H,(R/JPl) # 0 for some s € N}. Note that, for
all e € N, we have reg(R/JP) = max;er{a;(R/JP) +i}. In addition, since
ai(R/JP1) < reg(R/JP*)) < Cp¢ for all e > 0, by Theorem [5.3] we obtain that
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lim %)
e—00 pe

exists for all 7 € Z. We have that

max;cz{a;(R/JP) +i}

[p°]
- reg(R/eJ )

li = lim
e—00 D e—00 pe
) (p°] ;
__hnlnmx{eﬁEZZ__Lil}
e—o0 (€T pe
) (p°] ;
._me{lmleﬁEZZ__Lil}
i€l | e~ pe
) (p°]
= max{ lim M} .
i€l | e~ pe

Therefore lim,_, o w exists. The claim about the lower bound follows from

the inequality in Theorem .3 a

In Theorems 5.7 and [5.8 below, we recover linear upper bounds for a;(R/JP)
when ¢ > dim(R/J) — 1. This type of bound has already been discovered by Zhang
[Zhal5l, Corollary 1.3]. However, our proof is more direct and does not make use
of spectral sequences. In addition, we prove the existence of lim %;ﬂp]) for

e—00

i > dim(R/J) — 1, and we obtain specific lower and upper bounds for the limits.

Remark 5.5 ([DSNB, Remark 4.8]). If (R, m, K) is a standard graded F-pure K-
algebra, then % is the highest possible degree of a minimal homogeneous gen-
erator of FfR, with the natural #N grading. More specifically, we have that

v (1) 1 | FR
= € —N 05.
pe P {S v | \mFer),

Lemma 5.6. Let (R, m, K) be an F-finite standard graded K-algebra. Let J C R
be a homogeneous ideal, and let t = dim(R/J). Then,

ar(R/JW) Vin (P°)
— e SB[+ =0
for every e € N.
Proof. Let u1,...,u; be a minimal set of homogeneous generators for F¢R, with

degrees v1 < --- < 7. We note that v, = % by Remark Consider the
homogeneous surjection @ R(—7;) — F¢R obtained from this minimal generating
set. Since tensor product is right exact, we have a surjection @ R/J(—v;) —
F¢R/JFER of R/J-modules that, in turn, induces a surjective map

P HL(R/T(—v:)) — HL(FER/JFER).
We note that HY (R/J) # 0. Then,

at(R/J[Pe])_a F°R
pe ~ '\ JFeR

)S%mﬂﬂﬂm

FeER . ( R
where the first step follows from the fact that TFeR >~ F¢ (m> O
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Theorem 5.7. Let (R, m, K) be an F-finite standard graded K -algebra. Let J C R
be a homogeneous ideal, and let t = dim(R/J). Then, there exists a constant A
such that a,(R/JP) < Ap® for all e € N. In addition, if R is F-pure, the limit

[p°]
lim 7at(R/J )
e—00 pe

exists. Moreover, we have that

at(R/J[pe])

a;(R/J) + fpt(m) < lim < ai(R/J) + ™ (m).

Proof. By Lemma [5.6] for all e € N we have an inequality

w(R)IP) )
e <a(R/J) + e

Since {V:“p(f ) }een converges by Theorem [3.4] the sequence is bounded. Let A’ be

any upper bound. If we let A = A’ +a,(R/J), then a;(R/JP*l) < Ap® for all e € N,

a(R/JP

as desired. If R is assumed to be F-pure, then lim exists by Theorem

e— 00

In addition, Theorem [£.3] and Lemma yield the following inequalities:

at(R/J[pe])
pe

a;(R/J) + fpt(m) < lim < ay(R/J) + ™ (m).

]

Theorem 5.8. Let (R, m, K) be an F-finite standard graded K -algebra. Let J C R
be a homogeneous ideal, and let t = dim(R/J). Then, there exists a constant B
such that a;_1(R/JP1) < Bp® for all e € N. In addition, if R is F-pure and
HLY(R/ TP £ 0 for some e € N, then

lim 4= (BT

e—00 pe

exists. Furthermore, we have that

oua(R1T) + pt(m) < lim 22T

e—00 pe

<D (J)+1),

where D = max{t € N| [J/mJ], # 0} + 1.

Proof. Since {V'igf Y, en converges by Theorem 34} there exists an integer B’ such
that v (p®) < B'p® for all e € N, yielding inclusions J5'7 1 C Jrie+l C g,

For each e € N, the short exact sequence
0—> JW/ gB P+l s R/gBP 1 s R/ 5
induces the following exact sequence in local cohomology:
Hi (R TP ) — i (R)TPT) — 1 (T 757 41),

For ordinary powers of an ideal, an explicit linear upper bound for the Castelnuovo-
Mumford regularity in terms of the degree of minimal generators is known [TWO05,
Theorem 3.2] (see also [CHT99,[Kod00]). As a consequence of [TWO05, Theorem 3.2,
there exists a constant C' such that a, ;(R/JPP+1) < D'(B'p® + 1) + C for all
e > 0, where D' = D—1 is the maximal degree of a minimal homogeneous generator
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of J . Since B'p¢ + 1 > C for e large enough, we deduce that at,l(R/JB'peﬂ) <
D(B'p® + 1) for all e > 0. For a given e € N, if dim(JP1/JBP"t1) < ¢, then
H (JWP/ 8P +1) = 0, and we obtain

ar—1(R)JP) < a,_1(R/JEPH1) < D(B'p® +1).

On the other hand, if dim(JP1/JB'P*+1) = ¢ and e > 0, the short exact sequence
above gives

(2) ar—1(R/JP) < max{as_1(R/JB P 1), a,(JP1 ) JBP 41}
< max{D(B'p° + 1), a,(JP /B P +1)}.

We claim that the inequality a;(JIP*1/JBP"+1) < D(B'41)p¢+Dp® holds true for all

e > 0. Let f1,..., fs be minimal homogeneous generators of J, of degrees dy, . . . , ds.
Note that D = max{d; | 5 = 1,...,s} + 1. In addition, note that JP1/jB'P"+1
is an R/JB/pE+1 module generated by the residue classes of ffﬁ, .., fP°. We have

the following surjection, which is homogeneous of degree zero:

5 R . il
D 75 (—dir) = Fim
j=1

Taking local cohomology we obtain a surjection
s R Jr°l
t t
@Hm (JB’peJrl (_djpe)) Hm (JB’pEJrl) ’
=1

which, in turn, gives
(3) ar(JPT /PP < max{ay(R/JEP ) 4 djp® | 1< j < s}
< D(B'p® +1) + Dp°,

as claimed. Putting (@) and (B]) together, we conclude that there exists eg € N such
that a,_1 (R/JP)) < D(B'p® + 1) + Dp® < D(B’ + 2)p* for all e > ey. Taking

at,l(R/J[ps])

B_mau({D(B'—|—2)7 |O§s§eo}

we finally obtain that a;_1(R/JP")) < Bp® for all e € N, as desired.
Now assume that R is F-pure and H: ' (R/JP°l) # 0 for some e € N. Theorem

p]
implies that lim % exists and gives the lower bound for the limit.
e— 00

For the upper bound, note that we can set B’ = ¢’(J), because ¢/(J) > %
for all e € N for F-pure rings. With this choice of B’, combining (2] and (@), we
deduce that a;,—1(R/JPT) < D(c!(J)p® + 1) + Dp® = D(c’ (J) + 1)p® + D for all
e > 0. This gives

i @1 (B/T7) D(e’(J)+)p*+ D _

e—00 D e—00 pe

< lim

D(c?(J) +1).
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6. THE EQUALITY fpt(m) = ¢™(m) FOR STANDARD GRADED RINGS

In this section we prove that for a Gorenstein standard graded algebra (R, m, K),
the equality between fpt(m) and the so-called diagonal F-threshold ¢™(m) implies
that R is strongly F-regular. Throughout this section we assume that (R, m, K) is
a standard graded ring. We start by making some observations about a-invariants
for rings satisfying fpt(m) = ¢™(m).

Proposition 6.1. Let (R, m, K) be a standard graded d-dimensional K -algebra that
is F-finite and F-pure. Let J C R be a homogeneous ideal, and let t = dim(R/J).
If fpt(m) = ¢™(m), then for all e € N we have

R/ Jr°] R
at( /e ):at(R/J)—ad(R)+ad(e)-
p p
Proof. In our assumptions, fpt(m) = —aq(R) = ¢™(m) [DSNB| Theorem B]. From
Lemmas and [0.6], for all homogeneous ideals a C R we obtain that

i R/alP’]
- (R/a)(R/al?1)

s—00 p*

= adim(r/a)(R/a) — aq(R).

In particular, choosing a = J?! and dividing by p¢, this implies that

]y — [p(+] [p7]
at(R/J ) ad(R) — lim % = lim M = Clt(R/J)_ad(R)~
pe 5—00 P ets) §—00 p®
Hence, for every e € N, we have %;ﬂpc}) =ay(R/J) — aq(R) + adp(ﬁR)' B

Remark 6.2. Suppose that (R,m, K) is a standard graded K-algebra. If J is an
m-primary homogeneous ideal, then for all e € N,

vl (p°) = max{s € N| m® ¢ JP1} = max{s € N | m*(R/JP) £ 0} = ag(R/JP]).

The following corollary gives a formula to compute ¢’/(m) in terms of certain
a-invariants.

Corollary 6.3. Let (R,m, K) be a standard graded d-dimensional K -algebra that
is F'-finite and F-pure. Let J C R be a homogeneous m-primary ideal. If fpt(m) =
c™(m), then

o = ao(R/T) — au(R) + “dp(eR).
In particular, ¢’ (m) = ag(R/J) — aq(R).

Proof. This follows immediately from Proposition 6.1 Remark [5.2] and the fact
that dim(R/J) = 0. O

We recall the definition of compatible ideals, which play an important role in
showing that the equality fpt(m) = ¢™(m) implies that R is a domain for Gorenstein
rings.

Definition 6.4 ([Schi0]). Let (R,m,K) be a reduced F-finite standard graded
K-algebra. An ideal J C R is said to be compatible if p(F£J) C J for all integers
e > 1 and all R-homomorphisms ¢ € Hompg(F¢R, R).
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Lemma 6.5. Let (R,m,K) be a d-dimensional standard graded Gorenstein K-
algebra that is F-finite and F-pure. Let J C R be a homogeneous compatible ideal,
n = m(R/J), and t = dim(R/J). If fpt(m) = c™(m), then fpt(m) = fpt(n) =
c*(n) = c™(m). In particular, ag(R) = a:(R/J).

Proof. We note that m” C mlP’l implies that n” = m"(R/J) C mlPI(R/.J) = nlP"l.
As a consequence, we have that ¢"(n) < ¢™(m). We also know that fpt(m) < fpt(n)
[DSNB| Theorem 4.7]. Since fpt(m) = ¢™(m), we obtain fpt(m) = fpt(n) = c"(n) =
c¢™(m). The last statement follows from the fact that fpt(m) < —agq(R) < ¢™(m)
and fpt(n) < —a;(R/J) < ¢*(n) [DSNB| Theorem B]. O

The following lemma is a key ingredient in the proof of Theorem (.13

Lemma 6.6. Let (R,m, K) be a standard graded Gorenstein K -algebra that is F-
finite and F-pure. If fpt(m) = ¢™(m), then R is a domain.

Proof. We proceed by way of contradiction. Let Q1, ..., Q¢ be the minimal primes
of R. Since R is not a domain, £ > 2. We set J = Q2N --NQy, and we note that Q4
and J are compatible ideals [Sch10), Corollary 4.8 and Lemma 3.5]. Furthermore,
we have d := dim(R) = dim(R/Q1) = dim(R/J), because R is a standard graded
Cohen-Macaulay K-algebra; hence it is equidimensional. In addition, since R is
F-pure, it is reduced. There is a short exact sequence

0—>R—R/Q1®R/J—R/(Q1+J)—0,
which induces a long exact sequence on local cohomology:
co = Hy H(RY(Qu+ ) = Hip(R) = Ho(R/Qu) & Hy(R/J) = 0.
We point out that H¢(R/(Q1 + J)) = 0 because dim R/(Q; + J) < d — 1. Let
a = a4(R). Then
[HA(R)], = [Ha(R/Q)], & [Ha(R/T)],
is surjective, and thus
1 =dimg [H,‘i(R)]a because R is Gorenstein
> dimg [H(R/Q1)], + dimg [HL(R/J)],
> 2 because a = aq(R/Q1) = aq(R/J) by Lemma [65]
Hence, we get a contradiction, and R must be a domain. O

The following lemma allows us to reduce to the case of an infinite coefficient
field.

Lemma 6.7. Let (R,m,K) be a standard graded d-dimensional Gorenstein K-
algebra that is F-finite and F-pure. Let K be the algebraic closure of K and let
m be the irrelevant mazimal ideal of the ring R @ K. Then, R ®x K is also a
Gorenstein F-pure ring, fpt(m) = fpt(m), and c™(m) = c™(m).

Proof. The map R — R ®x K =: R is faithfully flat, and the irrelevant maximal
ideal m of R extends to the irrelevant maximal ideal m of R under such extension.
It follows that R is Cohen-Macaulay of dimension d and has the same type as R.
Hence R is a Gorenstein standard graded K-algebra. Moreover, we have that R is
an F-pure ring as consequence of Fedder’s Criterion, Theorem 2.4 since colon ideals

and non-containments are preserved under faithfully flat extensions. We also note
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that as(R) = aq(R®k K), because there is a graded isomorphism H¢ (R) @ K =
HL(R @ K). By these observations and the fact that R and R are Gorenstein
standard graded K-algebras, we see that fpt(m) = fpt(m), since in this case the
F-pure thresholds coincide with the respective a-invariants [DSNB| Theorem B]. In
addition, v (p®) = v2(p°) for all e € N; therefore ¢™(m) = ¢™(m). O

We now recall the definitions and concepts that are relevant towards presenting
Theorem We restrict ourselves to the standard graded setting, since this is
the level of generality in which we work for the rest of the article. We refer the
reader to [HHI0,[Hun13] for more general definitions and statements.

Definition 6.8 ([HHS89a,[AE05]). Let (R,m, K) be an F-finite standard graded
K-algebra. We say that R is strongly F-regular if, for all homogeneous elements
¢ # 0, there exists e > 0 such that ¢ ¢ I.. Equivalently, R is strongly F-regular if

MNeen Le = (0).

We point out that there are several characterizations of strong F-regularity. The
original definition given by Hochster and Huneke is in terms of existence of splitting
maps. The definition we give is equivalent in view of Remark 1l For the purposes
of this article, it is helpful to recall an equivalent formulation in terms of the (big)
test ideal 7(R). Namely, a ring R is strongly F-regular if and only if 7(R) = R
[LSO1), Theorem 7.1(5)].

Another characterization of strong F-regularity can be given in terms of the
F-signature, which we now introduce formally in the graded setup.

Definition 6.9 ([SVABI7[HL02/Tucl2]). Let (R, m, K) be a d-dimensional F-finite
standard graded K-algebra. The F-signature of R is defined by
o AR/L)
o) = Jim M
One can show that s(R) equals the F-signature s(Ry) of the local ring Rpy.
In addition, in our assumptions, s(R) also coincides with the global F-signature
of R [DSPY16a]. The F-signature is an important invariant for rings of positive
characteristic. For example, R is regular if and only if s(R) = 1 [HL02, Corollary
16], and R is strongly F-regular if and only if s(R) > 0 [ALO3| Theorem 0.2]. See
also [DSPY16Db, Theorem B] for a global version of these results.

Definition 6.10 ([Mon83]). Let (R,m,K) be a d-dimensional standard graded
K-algebra, and let J be an m-primary homogeneous ideal. The Hilbert-Kunz mul-
tiplicity of J is defined by

This invariant measures the singularities of a ring. For instance, R is regular if
and only if it is formally unmixed and egx(m) =1 [WY00]. Furthermore, smaller
values of ey (m) typically imply better properties of the ring [BE04I[AEOS].

Remark 6.11 ([HLO2, Proof of Theorem 11]). If (R, m, K) is a Gorenstein graded
algebra, J is a homogeneous system of parameters, and a = (J :gp m), we have that
S(R) = eHK(J) — eHK(a).
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Definition 6.12. Let (R, m, K) be a standard graded K-algebra of dimension d.
We denote by e(R) the Hilbert Samuel multiplicity of the irrelevant maximal ideal
m in R, that is,
. d! n
e(R) = 7}1—{[;0 ﬁ/\(R/m ).

When (R, m, K) is Cohen-Macaulay, e(R) = e(J) = A(R/J) for any homoge-
neous ideal J that is a minimal reduction of m.

We are now ready to present the main result of this section. For this, we need
the preparatory results obtained in this section and, as a crucial tool, we invoke a

characterization of tight closure and integral closure for parameter ideals in terms
of F-thresholds [HMTWO0S8| Section 3].

Theorem 6.13. Let (R, m, K) be a d-dimensional standard graded Gorenstein K -

algebra that is F-finite and F-pure. If fpt(m) = ¢™(m), then R is strongly F-regular.

In addition,

e(R)
d!

Proof. Let K be the algebraic closure of K. If R ®x K is strongly F-regular, then
so is R [AE03] Corollary 3.8]. Furthermore, since the closed fiber of the extension
R — R ®k K is regular, we have s(R) > s(R ®k K) [Yao06, Theorem 5.4]. In
light of Lemma [6.7] we can assume that X = K and, in particular, that K is
infinite. As a consequence, there exists a homogeneous ideal J, generated by a

homogeneous system of parameters, such that J = m. If we let a = J :z m, then
ap(R/a) < ag(R/J) — 1, and we have

c(J) = c*(m)
= ag(R/a) — aq(R) by Corollary [63]

s(R) =

Let T = }/2:1 We note that T is a domain because the associated graded ring
grn(T) = @,(mT)?/(mT)*! is isomorphic to R, which is a domain. In this case,
c*(J) = c*T(JT) and ¢/ (m) = ¢/T(mT), because a, J, and m are m-primary ideals.
Then, c*T(JT) = c*(J) < c/(m) =1 =c/T(mT) — 1 < d — 1 [HMTWOS, Theorem
3.3], and it follows that a7 Z (JT)* [HMTWO8, Corollary 3.2]. Since T is Goren-
stein, this means that the socle of JT does not intersect (JT)*, and we conclude
that JT = (JT)*. In addition, for a Gorenstein ring, a parameter ideal being
tightly closed is an equivalent condition to being strongly F-regular [HH89b] (see
also [Hun96]). Finally, since the test ideal commutes with localization and comple-
tion for Gorenstein rings [LS01, Theorem 7.1], we have that T = 7(T) = 7(R)T.
Because the test ideal is a homogeneous ideal [LS99, Lemma 4.2], we obtain that
7(R) = R; hence R is a strongly F-regular ring.

We now focus on proving the inequality involving the F-signature. With the
same reductions and the same notation introduced in the first part of the proof,
recall that ¢*(J) < d — 1. In addition, since R is F-pure, note that % < c*(J)
for all e € N. Then, for all non-negative integers e, we have a series of containments

JPid=1+1 c gt (N+1 ¢ grie9)+ C gl
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and therefore we get A((JP"(4=D+1 4 jlp°ly / jIp°l) < A(alP"]/JIP]). Consider the set
Ay ={(a1,...,0q) EN? | a; <p®—1foralli and aj+---+ag>pi(d—1)+1}.

Since R is Cohen-Macaulay and J is a parameter ideal, J is generated by a reg-
ular sequence f = fi,..., fs. The monomials in f with exponents in <% induce a
filtration on (JP (4=D+1 4 gl / g7l

0=NoC N1 C- C Ny, = (Jpﬁ(d—l)-i-l + J[pﬁl)/J[pC],

with the property that N;1/N; 2 R/J for all 0 < i < || — 1. As a consequence,
for all e € N we see that A((JP"(@=D+1 4 g1y / jlP")y = \(R/.J)| 2% |. We note that
the set
Be ={(Br,--,Ba) ENT | Br+ -+ fa <p° —d -1}
is in bijective correspondence with &7, via the function ¢ : o, — ., given by
oo, ...,0q)) = @ —1—aq,...,p° — 1 — ayq). Since || = |B.| = (pcd_l), we
obtain the following relations:
s(R) = ek (a) — egx(J) by Remark [611]

)\(R/a[Pe]) . )\(R/J[pe])

= lim 2

e—00 ped e—00 ped
[p°] / ylp°]
= lim A(a—éj) because J C a
e—00 pe
p®(d—1)+1 [p°] [p°]
X +70)/)
e—00 pe
g MBI
e—00 pe

AB/T) tim L)

e—00 pe

L) e T
=¢(R) lim dd because J =m
e—oc0  p€

1
a.

=e(R)
(]

Example 6.14. Let K be a perfect field of prime characteristic p, let n > 2 be
an integer, and let S = K[z;; | 1 < ¢,j < n]. Consider the ideal I(X) C X
generated by the 2 x 2 minors of the matrix X = (z;j)1<i j<n. The ring R =
S/I5(X) is Gorenstein of dimension d = 2n — 1, and the a-invariant a := aq4(R) is
equal to —n. Let m be the irrelevant maximal ideal of R. Since R is Gorenstein,
we have that fpt(m) = —a = n. The ring R can be viewed as a Segre product
K[Xy,...,Xn] # K[Y1,...,Y,], and then, by [HWY14, Example 6.2], we have that
¢™(m) = n. Since R is Gorenstein and fpt(m) = ¢™(m), Theorem shows that
R is strongly F-regular. Even though this was already known, because R is a free
summand of a polynomial ring [HH89al, Theorem 3.1 (e)], Theorem gives an
alternative proof.

Remark 6.15. We think that the inequality proved in Theorem [6.13]may not provide
very meaningful bounds for the Hilbert-Samuel multiplicity. In fact, there are
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known bounds for multiplicities for F-pure and F-rational rings [HW15], which are
better in several examples. However, Theorem [6.13]is helpful to find lower bounds
for the F-signature of rings as shown in Example [6.1§]

Using recent results of Singh, Takagi, and Varbaro [STV17], we can extend The-
orem to a more general setting. For a standard graded F-pure normal ring
(R,m,K), let X = Spec(R), and let Kx be the canonical divisor on X. The
anti-canonical cover of X is defined as # = @,,~, Ox(—nKx), and it is a very im-
portant object of study. It is known to be Noetherian in certain cases, which include
the class of Q-Gorenstein rings, semigroup rings, and determinantal rings. Moti-
vated by recent results on the minimal model program [BCHMIOHMIOIHX15], it is
expected that #Z is Noetherian when R is strongly F-regular (see also [Kol10, The-
orem 92]).

Corollary 6.16. Let (R,m,K) be a d-dimensional normal standard graded K-
algebra that is Cohen-Macaulay, F-finite, and F-pure. Assume that the anti-
canonical cover of R is Noetherian. If fpt(m) = c™(m), then R is Gorenstein
and strongly F-regular. Furthermore, s(R) > Cdlf).

Proof. The equality fpt(m) = ¢™(m) forces fpt(m) = —aq(R) [DSNB| Theorem B],
and the latter implies that R is quasi-Gorenstein [STV17, Theorem A]. Since R is
assumed to be Cohen-Macaulay, R is Gorenstein. The rest of the corollary now
follows from Theorem O

We present a class of standard graded Gorenstein rings (R, m, K') that satisfy the
equality fpt(m) = ¢™(m). In addition, we use Theorem to find a lower bound
for the F-signature. This example is possible thanks to recent computations of top
socle degrees for diagonal hypersurfaces [Vralj].

Remark 6.17. Let S = Klxi,...,2,] be a polynomial over an F-finite field of
positive characteristic. Let f = 2% +---+ %, where b € N, and set R = S/fS, with
maximal ideal m. Suppose that min{p,n} > b, and set k = L%J CIf [%] % >1,
then ¢™(m) = n — b [Vraldl Theorem 4.2].

Example 6.18. Let S = K[z1,...,z,] be a polynomial over an F-finite field of
positive characteristic, and let m = (zy,...,2,). Let f = 28 + -+ + 2%, where
be N, and let R=S/fS. Suppose that p =1 mod b, p > 2(b+ 1), and n > 4b. Let
K= L%J, and note that x = %. We have that
Pm—ﬂ Lomeond _nr-1 _np-bol_ E.(l_ b+_1)>ﬁ.i>1_
2 p - 2 p 2 p 2 pb 2 \b pb
It follows that ¢™(m) =n — b, by Remark B.I71 In addition, the top a-invariant
of Ris ap—1(R) = b —n. In order to show that fpt(m) = n — b, we only need to
prove that R is an F-pure ring [DSNBl Theorem B], because R is Gorenstein. By
Fedder’s Criterion, Theorem [Z4] it suffices to show that f?~! ¢ m[Pl. We note that
2 gbs = (2y---2,)P71 & mlPl Since nk > bk = p — 1, there exist vi,..., 7,
such that 0 < 7; < s and 1 +- - -+, = p—1. Therefore, *71 - - - 227 is a monomial
appearing with non-zero coefficient in f?~!, and it does not belong to m[?l. Hence,
R is F-pure, and fpt(m) = ¢™(m). In addition, since e(R) = b, we conclude that
ﬁ < s(R) by Theorem

We conclude this article with one question motivated by Theorem [Bl
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Question 6.19. Let (R, m, K) be a standard graded K-algebra that is F-finite and
F-pure. Does the equality fpt(m) = ¢™(m) imply that R is F-rational?
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