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1. INTRODUCTION

The main goal of this paper is to study the Chern numbers of a smooth projective
threefold, especially in relation with divisorial contractions. To this aim we will
investigate the interplay between topological properties and birational properties
of threefolds.

The starting point of our research is the following question of Hirzebruch [Hir54]:
Which linear combinations of Chern numbers on a smooth complex projective va-
riety are topologically invariant?

Hirzebruch’s question has been answered by Kotschick [Kot08|Kot12], who
showed that a rational linear combination of Chern numbers is a homeomorphism
invariant of smooth complex projective varieties if and only if it is a multiple of the
Euler characteristic. In particular, Kotschick shows the existence of a sequence of
infinitely many pairs of smooth projective threefolds X;,Y;, with ¢ € N, such that
X, and Y; are diffeomorphic and

ciea(Xi) #erea(V;)  and  }(X5) # (Vi)

for each 7 € N.

In view of this, it is natural to ask if the Chern numbers of an n-dimensional
smooth projective variety can only assume finitely many values after we fix the
underlying manifold. In general, ¢, is a topological invariant, as it coincides with
the Euler characteristic, and therefore if n = 1, then the problem is easily settled.
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On the other hand, if X and Y are homeomorphic complex surfaces, then either
A(X)=c2(Y) or 3(X) =4ca(Y) — c3(Y), depending on whether the homeomor-
phism between X and Y is orientation preserving or not (cf. [Kot08]). Nevertheless,
if X and Y are diffeomorphic surfaces, then ¢;(X)? = ¢1(Y)?.

In dimension 3, the relevant Chern numbers are cjco and 3. If X is Kihler,
then by the Hirzebruch-Riemann-Roch theorem we have

[57e1e2(0)] = [X(Ox)] = [1 = B0 4+ %0 — 3% < 14 by + by + b,

where h*0 = hi(X, Ox) and by, be, and bs denote the topological Betti numbers of
X. Thus, ¢1c2(X) is bounded by a linear combination of the Betti numbers of X.
On the other hand, LeBrun [LeB99] shows that the same result does not hold if we
drop the assumption of being Kéhler, answering a question raised by Okonek and
Van de Ven [OVdV95]. In particular, he shows that if M denotes the 4-manifold
underlying a K3 surface and S2 is the two-dimensional sphere, then there exist
infinitely many complex structures J,, on M x S? such that cicy = 48m, with
m € N.

More generally, in dimension n, Libgober and Wood [LW90] showed that ¢1¢,—1
can be expressed in terms of Hodge numbers and, in particular, it is bounded by
a constant that depends only on the Betti numbers of the underlying topological
space. Recently, Schreieder and Tasin [ST16] studied the problem in dimension at
least 4, proving that in complex dimension n > 4, the Chern numbers ¢, ¢i¢,—1,
and c2 (n = 4) are the only Chern numbers that take on only finitely many values
on the complex projective structures with the same underlying smooth 2n-manifold.

Thus, the motivating question of this paper is the following.

Question 1.1 ([Kot08, Problem 1]). Does ¢§ = — K% take only finitely many values
on the projective algebraic structures X with the same underlying 6-manifold?

Our aim is to study this problem from a birational point of view.

Let X be a smooth threefold. We first consider Question [[LT] in three extreme
cases which arise as building blocks in birational geometry: Fano manifolds, Calabi—
Yau and canonically polarized varieties. In the first case, it is known that X belongs
to a bounded family and, in particular, K% is bounded [Kol93a]. If X is Calabi-
Yau, then by definition Kx = 0 and therefore K% = 0. Finally, if X is canonically
polarized (i.e., Kx is ample), then the Bogomolov—Miyaoka—Yau inequality implies
that 0 < K% < 8/3c1ca(X). Thus, the arguments above imply that K% is bounded
by the Betti numbers of X.

We now consider the general case of a smooth projective threefold X. Thanks
to Mori’s program [KM98], we can run a Minimal Model Program (MMP, in short)
on X and obtain a birational map ¢: X --» Y into a threefold Y such that either
X is not uniruled and Y is minimal (i.e., the canonical divisor Ky is nef) or X is
uniruled and Y admits a Mori fibre space structure (i.e., a morphism Y — Z with
connected fibres with relative Picard number equal to one and whose general fibre
is a nontrivial Fano variety). Thus, our strategy consists in two steps: we first want
to bound K3 and then bound K% — K.

One of the difficulties of the first step is due to the fact that in general Y is
not smooth, but it admits some mild singularities, called terminal. On the other
hand, by [CZ14], we can bound the singularities of Y, and in particular the index
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of each singularity, by a bound which depends only on the topology of X (see
Proposition 23]).

Recall that a variety of dimension n is said to be uniruled if there exists a variety
Y of dimension n — 1 and a dominant rational map Y x P! --» X. In particular if
X is uniruled, then it is covered by rational curves, i.e., for each x € X there exists
a nontrivial morphism f: P! — X such that z € f(P!).

Note that if X is not uniruled then Y is minimal and K3 coincides with the
volume of X (cf. Definition [ZT]), which is a birational invariant of the variety X.

Our first result, based on the Bogomolov—Miyaoka—Yau inequality for terminal
threefolds, is the following.

Theorem 1.2. Let X be a smooth complex projective threefold which is not unir-
uled. Then

VOl(X, Kx) < 6b2(X) + 36b3(X)

An interesting consequence is that the volume only takes finitely many values
on the family of smooth projective varieties of general type with fixed underlying
6-manifold (see Corollary ELT]). A second consequence (which follows immediately
applying [HMO0G]) is that the family of all smooth complex projective threefolds of
general type with bounded Betti numbers is birationally bounded (see Corollary
[£2)). Such questions remain open in higher dimensions. In a forthcoming paper, we
plan to study the Chern numbers of a variety Y which admits a Mori fibre space
structure.

We now describe the second part of our program: we want to determine how the
Chern number ¢ varies under the MMP. Recall that if X is a smooth projective
threefold and we run an MMP on X, then we obtain a birational map X --+ Y as
a composition of elementary transformations, given by divisorial contractions and
flips:

X=Xp-->+X1-->--—2X,=Y.

We plan to bound Kg’(k - K;’(kil at each step, in terms of the topology of the
manifold underlying X.

In this paper we consider the case of divisorial contractions. Recall that a di-
visorial contraction X;_1 — X} is a birational morphism which contracts a prime
divisor F into either a point or a curve. The first case can be easily handled thanks
to Kawakita’s classification [Kaw05]. In particular, we can show that

0< K%, , — K%, <23,

where by = by(X) is the second Betti number of X (see Proposition [£.4]).

The case of divisorial contractions to curves is much harder. In general, in
this case, the difference between the Chern numbers may not be bounded by a
combination of Betti numbers (e.g., consider a blowup of a rational curve of degree
din P?). To deal with this situation, we study the integral cubic form F, associated
to the cup product on H?(X;,Z). The cubic form Fx is one of the most important
topological invariants of a smooth threefold X and much topological information of
X is encoded in the cubic form Fx (e.g., see [OVdV95]). In the case of a blowdown
to a smooth curve f: W — Z, the cubic form Fy assumes a special form

n
Fw(xo,...,1,) = axd + 31:(2)(2 bizi) + Fz(x1,...,Tn),
i=1
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which we call reduced form. The goal of section [3l is to prove a finiteness result
on the number of possible reduced forms in the case of cubic forms with nonzero
discriminant (see Theorem B]).

In particular, we can associate to any projective threefold X a topological in-
variant Sx which is an integer number depending only on the cubic form Fx of X
(see Definition [2.12)).

Our main result is Theorem [[3 It is obtained by combining methods in bira-
tional geometry, topology, and arithmetic geometry.

Theorem 1.3. Let Y be a terminal Q-factorial threefold with associate cubic form
Fy, and let f 1Y — X be a divisorial contraction to a point or to a smooth curve
contained in the smooth locus of X (in this last case assume also that Ap, # 0).
(1) If f contracts a divisor to a point, then |Ky — K%| < 20(Y)2. If f
contracts a divisor to a curve, then

|K§ — K| < 28w +6(bs(Y) + 1),

where Sy is as in Definition 212 Moreover, the same inequality is true
after replacing b3(Y) by Ibs(Y) = dim TH?(Y, Q).

(2) The cubic form Fx is determined up to finite ambiguity by the cubic form
Fy.

We believe that the methods used to prove Theorem will have interesting
applications to questions concerning the topology and the geography of threefolds
(see, for example, [BCT16] and [ST17)).

Let X be a smooth threefold, and let f : X --+ Y be a minimal model of X. It is
very natural to ask which topological invariants of Y are determined by those of X.
It is known that the Betti numbers of Y are determined up to finite ambiguity by
the Betti numbers of X (the case of b3 has been treated very recently in [Chel6]).

The same question for the ring structure of the cohomology is very delicate. The
following immediate consequence of Theorem goes in the positive direction.

Corollary 1.4. Let X be a smooth complex projective threefold. Let f : X --+Y
be a minimal model program for X.

If f is composed only by divisorial contractions to points, then Fy is determined
up to finite ambiguity by Fx.

If Ap, # 0 and f is a composition of divisorial contractions to points and
blowdowns to smooth curves in smooth loci, then Fy is determined up to finite
ambiguity by Fx.

Finally, we can combine the above results to obtain the following corollary.

Corollary 1.5. Let X be a smooth complex projective threefold which is not unir-
uled, and let Fx be its associated cubic form. Assume that Ap, # 0 and that
there exists a birational morphism f: X — 'Y onto a minimal projective threefold
Y, which is obtained as a composition of divisorial contractions to points and blow-
downs to smooth curves in smooth loci. Then there exists a constant D depending
only on the topology of the 6-manifold underlying X such that

|K%| < D.

It remains to study divisorial contractions to singular curves and flips. On the
other hand, the MMP of any smooth projective threefold may be also factored into
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a sequence of flops, blowups along smooth curves, and divisorial contractions to
points (see [CHI1L/Chel5]). Recall that if W --» Z is a flop, then Kjj, = K3; thus,
it is crucial to study how the cubic form F' varies under flops. We will study this
problem in a forthcoming paper.

2. PRELIMINARY RESULTS

2.1. Notations. We work over the field of complex numbers. We refer to [KM9§]
for the classical notions in birational geometry. In particular, if X is a normal
projective variety, we denote by Kyx the canonical divisor of X. We also denote
by p(X) the Picard number of X, by N*(X) the group of Cartier divisors modulo
numerical equivalence, and by H?(X,Z) the ith singular cohomology group of X
modulo its torsion subgroup. In particular, b;(X) = rk H*(X,Z) = dim H*(X, Q)
is the ith Betti number of X. We say that X is Q-factorial if every Weil divisor D
on X is Q-Cartier, i.e., there exists a positive integer m such that mD is Cartier.
If f: Y — X is a birational morphism between normal projective varieties and K x
is Q-Cartier, then we may write

k
Ky = [*Kx + Y aE;,
i=1
where the sum is over all the exceptional divisors F1, ..., Fx of f. The number qa; is

the discrepancy of f along F; and it is denoted by a(E;, X). In particular, X is said
to be terminal if for any birational morphism f: Y — X and for any exceptional
divisor E, we have a(F, X) > 0. Recall that terminal singularities are rational; i.e.,
if f: Y — X is a resolution, then R'f,Oy = 0 for all i > 0. A terminal variety X
is said to be minimal if it is Q-factorial and K x is nef.

A contraction f: Y — X is a proper birational morphism between normal projec-
tive varieties. The contraction f: Y — X is said to be divisorial if the exceptional
locus of f is an irreducible divisor. It is said to be elementary, if p(Y) = p(X) + 1.
Finally, an elementary contraction f: Y — X is said to be Ky-negative, if —Ky is
f-ample, i.e., the exceptional locus of f is covered by curves £ such that Ky -£ < 0.
Note that if Y is Q-factorial and f: Y — X is an elementary divisorial contraction,
then X is also Q-factorial. Moreover, if YV is terminal and f is Ky-negative, then
X is also terminal.

Definition 2.1. Let X be a projective variety with terminal singularities. Then
the volume of X is given by

I RO(X, mK
vol(X) = lim sup w7
m—0o mn

where n is the dimension of X.

In particular, the volume is a birational invariant, and if X is a minimal variety
of dimension n, then

vol(X) = K%

(see [Laz04] Section 2.2.C] for more details).
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2.2. Terminal singularities on threefolds. We now recall a few known facts
about terminal singularities in dimension 3. Let (X,p) be the germ of a three-
dimensional terminal singularity. The index of p is the smallest positive integer r
such that r Kx is Cartier. In addition, it follows from the classification of terminal
singularities [Mor85], that there exists a deformation of (X, p) into a variety with
h > 1 terminal singularities p1, .. ., p, which are isolated cyclic quotient singularities
of index 7(p;). The set {p1,...,pn} is called the basket B(X,p) of singularities of
X at p [Rei87]. As in [CHII], we define

h

=(X.p) = 3 r(p).

Thus, if X is a projective variety of dimension 3 with terminal singularities and
Sing X denotes the finite set of singular points of X, we may define

EX)= ) EX.p)

pESing X

Lemma 2.2. Let (X,p) be the germ of a three-dimensional terminal singularity,
and let B(X,p) be the basket at p. Then, for each q € B(X,p), the index r(q) of q
divides 4 - E(X, p).

Proof. Tt follows from the classification of terminal singularities, that the points of
the basket B(X,p) either have all the same index r or their index divides 4 when
r(p) = 4 and p € X is of type cAxz/4 (e.g., see [CHII, Remark 2.1]). Thus the
claim follows. O

By [CZ14l Proposition 3.3], we have the following.

Proposition 2.3. Let X be a smooth projective threefold, and assume that
X:XO ——-)...__-)Xk:Y

is a sequence of steps for the Kx MMP of X.
Then
E(Y) < 2b5(X).
In particular, the inequality holds if Y is the minimal model of X.

In the proof of our main results, we will use the Bogomolov—Miyaoka—Yau in-
equality and the Riemann—Roch formula for terminal threefolds. Recall that, on
any terminal threefold X, we may define ¢;(X) as the anticanonical divisor —Kx
and, for any Q-Cartier divisor D on X, we define the number D.cy(X) as f*D.ca(Y)
where f: Y — X is any resolution of X. It is easy to check that the definition does
not depend on the resolution.

Theorem 2.4. Let Y be a minimal three-dimensional projective variety with ter-
minal singularities. Then
(3co — cf).cl <0.

Proof. Tt follows from [Miy87, Theorem 1.1]. O

Theorem 2.5. Let Y be a three-dimensional projective variety with terminal sin-
gularities. Then the holomorphic Euler characteristic of Y is given by

x(Y,0y) = %(—Ky oY) +e),
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where
1
e= 7(Pa) = — |,
2 (e 53)
and the sum runs over all the points of all the baskets of Y.
Proof. See [Kaw86,[Rei87]. O

2.3. Cubic forms. For any polynomial P € C[zg,...,z,], we denote by 9;P(x)
the partial derivative of P with respect to z; at the point € C"*!. For any

ring R C C and for any positive integer d, we denote by R[zg,...,%s]q the set of
homogeneous polynomials of degree d with coefficients in R.

Given a cubic form F' € Clzg,...,z,] (i.e., an homogeneous polynomial of de-
gree 3), let

Hr(x) = (0,0, F(x))i,
be the Hessian of F at the point z € C"*!. Note that, for any 2 € C**! and for any
A # 0, the rank of Hp at the point Az is constant with respect to A and therefore
we will denote, by abuse of notation, rk Hg(p) to be the rank of Hp at any point
in the class of p € P”. We say that F' is nondegenerate if rk Hp is maximal at the
general point of P”, i.e., if det Hp is not identically zero.

Let F(zo,...,zn) = Y. ;ciz’ € Clzg,...,zn]a. Then the discriminant Ap of
F is the unique (up to sign) polynomial with integral coefficients in the variables
cr such that Ap is irreducible over Z and Ar = 0 if and only if the hypersurface
{F =0} C P¢ is singular (see [GKZ94, p. 433] for more details). In particular, the
discriminant is an invariant under the natural SL(n + 1, C)-action.

If F € Clz,y, 2] is a ternary cubic form, then we denote by Sr and Tr the two
SL(3, C)-invariants of F as defined in [Stu93, 4.4.7 and 4.5.3]. Then the discriminant
of F' satisfies

Ap = TE — 64S3..

Lemma 2.6. Let F € Zxo, ..., 2|3 be an integral cubic form, and assume that

F(xo,...,7,) = axd —|—x3(z bizi) + G(x1,...,20)

i=1
for some G € Z[z1,...,x,]3. Then Ag divides Ap.

Proof. If P is a polynomial with integral coefficients, we denote by ct(P) the content
of P, that is the gcd of the coefficients of P. As in the case of one variable, it is
easy to see that the content is multiplicative.

Let A, {B;}i=1,..n, and {C;} be variables, and consider the cubic form

f=Axd+ x%(z Bixi) + g(x1,...,x4),
i=1
where g = Y, Cyz/. Then Ay and A, are polynomial in Z[A, B;, C;]. We want
to show that A, divides Ay.

Let R = C[A, B;,Cy], and let Z(f), Z(g) € PY¥ = Proj R be the closed subsets
defined by Ay = 0 and A, = 0, respectively. Note that Z(g) C Z(f) because if
{g = 0} has a singular point z = [z1,..., z,], then [0, 21, ..., 2,] is a singular point
of {f =0}. Since A, is irreducible over Q by definition, and hence Z(g) is reduced
over C, we deduce that Ay = A, - H where H € R.
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We need to show that H € Z[A, B;, Cy]. We proceed as in the proof of the Gauss
lemma. We start assuming by contradiction that H ¢ Q[A, B;, C;]. Fix an order
on R, and consider the maximal monomial m in H such that its coefficient is not
rational. Consider now the product between m and the highest monomial in A4 to
get a contradiction. Hence H € Q[A, B;, C].

The claim follows from the fact that the content of A, is 1 and that the content
is multiplicative. O

We have the following.

Lemma 2.7. Let F € Clxy,...,z,] be a cubic form such that there exists a point
p € P for which tkHpr(p) = 0, i.e., Hp(p) is the trivial matriz. Then after
a suitable coordinate change, F depends on at most n variables. In particular,
det Hp vanishes identically on P™.

Proof. Euler’s formula for homogeneous polynomials implies that
F(p)=0;F(p)=0 foralli=0,...,n.
After a suitable coordinate change, we may assume that p = (1,0,...,0). Let

flyis.ooyyn) = F(L,y1,...,yn). By Taylor’s formula, f is a homogeneous polyno-
mial of degree 3. Thus, F(xg,...,z,) = f(z1,...,2,), and the claim follows. O

As mentioned in the introduction, arithmetic geometry will play an important
role for the proof of our main theorem. In particular, we need the following.

Theorem 2.8 (Siegel theorem). Let R be a ring finitely generated over Z. Let C
be an affine smooth curve defined over R and of genus g > 1. Then there are only
finitely many R-integral points on C.

Proof. See [Lan83, Ch. 8, Theorem 2.4]. O

2.4. Reduced triples. Given a ring A, we denote by M(n, A) the set of all ma-
trixes with coefficients in A, by GL(n, A) the subgroup of invertible matrixes, and
by SL(n, A) the subgroup of matrixes with determinant 1.

Given a cubic form F € Clzy,...,x,] and a matrix T € GL(n + 1,C), we will
denote by T' - F' the cubic form given by

T -F(x)=F(T-x).

We define
Wr={peP"|rtkHpr(p) <1}
and
Ve = {p e Pp” | rk?—lp(p) < 2}.
Definition 2.9. Let F' € Rlxg,...,2,] be a nondegenerate cubic form where R

is a commutative ring. We say that (a, B, G) is a reduced triple associated to F' if
there exists an element 7' € SL(n + 1, R) such that

n
(1) T-F:ax%—l—x%-Zbixi—i—G(ajl,...,mn),

i=1
where a € R, B = (b1,...,b,) € R" and G € R[z1,...,%,] is a nondegenerate
cubic form. For simplicity, we will denote (1) as

T-F=(a,B,G).
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In this case we also say that T - F' is in reduced form (a, B, Q).

We say that two reduced triples (a, B,G) and (o', B',G’), are equivalent over
R if a = o' and there is an element M € SL(n, R) such that B’ = M - B and
G' =M-G.

The motivation for studying the loci Wy and Vg and reduced forms comes from
Propositions 4.7 and 4.8 More precisely, it is easy to see that if F' € Clxzo, ..., z,]
is a cubic form in reduced form and p = [1,0,...,0], then p € V@ (see for example
[BCTT6, Lemma 2.1]).

In what follows we will use the following result.

Theorem 2.10 (Jordan’s theorem). Let F' € Z[xo,...,xy]3 be a cubic form with
nonzero discriminant Ar, and consider the set

Ap ={T -F|T €SL(n+1,C)} C Clzg,...,Tnls

Then the quotient
(Ar NZ[zo, ... ,zn]3)/ SL(n + 1,Z)

s finite.
Proof. Tt follows from [OVdV95] Corollary 4 and 5]. |

2.5. Cubic forms on threefolds. Let X be a terminal Q-factorial projective
threefold. Let h = (hy,...,h,) be a basis of H?(X,Z). The intersection cup

product induces a symmetric trilinear form

éx : H*(X,2) @ H*(X,7)® H*(X,Z) — H%(X,Z) = Z.

Thus, we may define a cubic homogeneous polynomial Fx € Z[z1,...,z,] as
3
Fx(@)= > ( I) ox (k)2
I=(i1,...,in):
it tin=3

We call Fx the cubic form associated to X.
As in the smooth case, we have the following.

Lemma 2.11. The cubic form Fx is nondegenerate, that is det Hp, is not iden-
tically zero.

Proof. Let ¥ C X be the singular locus of X. Since X is terminal, 3 is a finite set,
and there exists a resolution 7 : ¥ — X with divisorial exceptional locus E such
that Y \ E is isomorphic to X \ X.

Let {70,...,7} be a basis of H?(X,Q), and let B = {3; = f*v;}. After com-
pleting B to a basis of H%(Y,Q), we may write

Fy(xo,...,2n) = Fx(xo, ..., xp) + F(Tpg1, -+, Tn)s

where we are considering the cubic forms over Q.
The paper [OVdV95| Proposition 16] implies that det H p,. is not identically zero.
Since det Hp, = det Hp, - det Hp, the claim follows. [l

Definition 2.12. Let X be a terminal Q-factorial projective threefold, and let
Fx € Z[z1,...,x,)3 be the cubic form associated to X. We define

Sx = sup{|a| € Z | there exists T € SL(n + 1,Z) such that T'- Fx = (a, B, G)},

where we set Sx = 0 if there are no reduced triples associated to F'x.
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Note that Sx is a topological invariant of X since Fx is a topological invariant
(modulo the action of SL(n + 1,Z)).

2.6. Topology of threefolds. We now study how the Betti numbers behave under
a birational morphism (see [Cai05] for some related results). Note that the singular-
ities of a Q-factorial terminal threefold X are in general not analytically Q-factorial.
In particular, X is in general not a Q-homology manifold (see [Kol89, Lemma 4.2]),
and the singular cohomology may differ from the intersection cohomology.

In dimension 3, all the Betti numbers behave well under birational transforma-
tions except for b3 (see Lemma 2T6]). The behaviour of the third Betti number is
more subtle and depends on the singularities of X and Y as the following example
shows.

Example 2.13. Let X C P* be a quartic threefold with just one node (rational
double point) p € X. It is known that X is Q-factorial (e.g., see [Che06]). Locally,
the germ (X, p) may be written as

{zy —wz =0} C C*,
which is not analytically Q-factorial. Let f: Y — X be the blowup of the singular-
ity, and let E =2 P! x P! be the exceptional divisor. It follows that

bs(Y) = b3(X) — 1.

In particular, the third Betti number may increase under some of the steps of the
MMP. For this reason, it will often be useful to look at the intersection cohomology
instead.

Given a projective variety X, we denote by IH*(X,Q) the middle-perversity
intersection cohomology group of dimension i, and by Ib;, its dimension. Note
that if X is smooth, then TH!(X,Q) coincides with H*(X,Q) and in particular

We will use the following consequence of the decomposition theorem for inter-
section cohomology (see [BBDS82]).

Theorem 2.14. Let f: Y — X be a proper birational morphism between algebraic
varieties. Assume that' Y is smooth. Then the cohomology H*(Y,Q) = TH*(Y,Q)
of Y contains the intersection cohomology IH*(X,Q) of X as a direct summand.

We now restrict our study to the case of threefolds.

Lemma 2.15. Let f: Y — X be a birational morphism between projective three-
folds with terminal singularities. Let E be an exceptional divisor of f, and let
W = f(E). Assume that f induces an isomorphism Y \ E — X \ W. Then

0— H(X,Q) — H(Y,Q) & H'(W,Q) — H(E,Q) — 0
is exact for any i > 4, and
0— IH(X,Q) — IH(Y,Q) & IH'(W,Q) — IH'(E,Q) - 0
is exact for any i > 1.

Proof. From the exact sequence of the pairs we get a long exact sequence in coho-
mology

- = H'(X,Q) - H'(Y,Q) @ H'(W,Q) - H'(E,Q) - H"'(X,Q) = ---,
which by [Del74, Prop. 8.3.9] is an exact sequence of mixed Hodge structure.
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Since X, Y have isolated singularities, for i > 4 the Hodge structure on H*(X, Q)
is pure of weight i (see [Ste83]). On the other hand, since E is projective, H*(E, Q)
has weight at most k for any k ([Del74) Thm. 8.2.4]). Thus, the maps

H'(E,Q) - H'(X,Q)

are zero for i > 3.
The same argument applies for intersection cohomology with the advantage that
the Hodge structure on ITH*(X, Q) is pure of weight i for any i by [Sai8§]. a

Lemma 2.16. Let f: Y — X be an elementary divisorial contraction between
Q-factorial projective threefolds with terminal singularities. Then

(1) bo(Y) =b6(Y) = bo(X) =bg(Y) = 1,
(2) bi(Y) = b1 (X),

(3) ba(Y) = bo(X) +1,

(4) ba(Y) =by(X) + 1, and

(5) b5(Y) = b5(X).

Proof. (1) is clear. Lemma 28 implies (4) and (5).
We now want to show that R!'f,Z = 0; it is enough to show it locally around
any point x € X. We consider the exact sequence

— RYf.Z — R'f,0Oy.

The exponential map is surjective locally around =z € X. Since X and Y have
rational singularities, it follows that R'f,Oy = 0. Thus, R'f.Z = 0, as claimed.
The Leray spectral sequence implies that H'(X,Z) — H'(Y,Z) is an isomorphism,
and, in particular, (2) follows.

Let Ho(Y/X,C) C Hy(Y,C) be the subspace generated by all the images of
Hy(F,C), where F runs through all the fibres of f. The paper [KM92, Theorem
12.1.3] implies that H(Y/X,C) is generated by algebraic cycles and that there
exists an exact sequence,

0 — Hy(Y/X,C) = Ho(Y,C) = Ho(X,C) — 0.

Since f is an elementary divisorial contraction, it follows that all the nontrivial
algebraic cycles contained in the fibre of f are numerically proportional to each
other, and, in particular,

dim H»(Y/X,C) = 1.
Thus, (3) follows. O

3. CUBIC FORMS IN REDUCED FORM
The aim of this section is to prove the following.

Theorem 3.1. Let F € Z[xy,...,x,] be a nondegenerate cubic form cf. §23| with
nonzero discriminant Ag. Then there are finitely many triples

(ai,Bi,Gi)EZXZ”XZ[Il,...,l‘n]g i=1,...,k
such that any reduced triple associated to F is equivalent to (a;, By, G;) over Z for

some i € {1,...,k} cf. Definition 29 In addition, we have that Ag, # 0 for all
i=1,... k.
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Before we proceed with the proof of Theorem Bl we first sketch some of its main
ideas. Note that if F' is in reduced form (a, B, G), then the point p = (1,0,...,0) is
contained in the set Vi, defined in §2.4]. Thus, our first goal is to show that the set
of points p € V such that F(p) # 0 is contained in a finite union of points, lines,
and plane cubics (cf. Theorem B6l). Assuming furthermore that the discriminant
Ap of F is not zero, we characterise the cubic forms F which contain a line (cf.
Corollary B.9) or plane curves (cf. Corollary B.I0]) inside V.

The next step is to restrict the cubic form to one of the lines or plane curves
contained in Vp. To deal with this situation, we study binary (cf. Proposition [313))
and ternary cubic forms (cf. Proposition [BI0) with nonzero discriminant. The main
tool used in the proof of these results is Siegel’s theorem on the finiteness of integral
points in a curve of positive genus. Finally, we conclude the proof of Theorem [3.]

in §33

3.1. Points of low rank for a cubic form. In this subsection, we study the sets
W and Vr associated to a cubic form F € C[xg,...,x,] (cf. §24). Many of the
results below depend on some simple calculations on cubics forms. To illustrate
some of the methods presented below, we begin with a basic result.

Lemma 3.2. Let
F:xg—i—on—i—REC[xo,...,xn];;

be a cubic form, where Q, R € Clz1,...,x,] are homogeneous polynomials of degree
2 and 3, respectively. Let A be the n x n symmetric matriz associated to Q). Let
p=1[1,0,...,0]. ThenrkHp(p) =1k A+ 1.

Proof. The claim is a simple computation. (I

We now proceed by studying the set W (cf. §2.4)) associated to a nondegenerate
cubic form F.

Proposition 3.3. Let F € Clxq, ..., x,]| be a nondegenerate cubic form. Then Wg
is a finite set.

Proof. Let W, = Wp N {F = 0}. We first show that W}, is a finite set. Assume
by contradiction that there exists an irreducible curve C' inside W, and let p € C.
We say that a hyperplane H C P" is associated to p if:

et Hr vanishes alon ;

(1) detH ish long H

(2) p € H; and

(3) if G = Fg, then Hg(p) is trivial.

Lemma [Z7] implies that rk Hr(p) = 1. After taking a suitable coordinate change,
we may assume that p = [1,0,...,0]. In particular

F(20,.. Tn) =28 - L1 +20- Q1 + Ry

for some homogeneous polynomials L1, Q1, Ry € C[zy,...,x,] of degrees 1,2, and 3,
respectively. Since p € Wg, it follows that L; = 0. By assumption, Q)7 is not zero.
Using again the fact that p € Wg, similarly to Lemma [3.2] it follows that, after
taking a suitable coordinate change in z1,...,7,, we may assume that Q; = x2.

We may write
Rl(atl,...,xn):x%-L—i—xl-Q+R
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for some homogeneous polynomials L € C[zy,...,z,] and Q,R € Clxa,...,x,] of
degrees 1,2, and 3, respectively. After replacing xo by g+ L, we may assume that
L = 0. Thus, we have

F(xg,...,0,) =% 27 +21-Q+ R.

Let H, = {z1 = 0}. An easy computation shows that H,, is a hyperplane associated
to p. We now show that such a hyperplane is unique. Assume that H' C P" is also
a hyperplane associated to p. Since p € H', we have H' = {{ = 0} for some linear
function ¢ € Clzy,...,z,]. If H # H,, after a suitable change of coordinates in
To,...,Ty, We may assume that

{ =z, —axr
for some a € C. Thus if G' = F|g/, we may write
2
G (w0, ... pn_1) = wox] + 11Q(x2, ..., Tpn_1,a21) + R(T2, ..., Tpn_1,021),

and it follows that
0101G"(p) # 0,

which contradicts (3). Thus, H' = H,,, and the claim follows.

Now let ¢ € C be a point such that H, = H,. We want to show that ¢ = p. If
R =0, then it follows easily that W = {p}. Thus, by Lemma [27] after a suitable
change in coordinates in zs,...,z,, we may assume that R = R(zp_g,...,Zp)
for some k£ > 0 and that there is no point z € P* such that Hg(z) is trivial. If
q = [Yo,---,Yn], it follows by (3) that

Yn—k = =Yn =0.

Since tkHp(q) = 1, it follows the that the minor spanned by the ith and
(n—1)th rows and columns of H r(p) must have trivial determinant for any i = 0, .. .,
n — 2 and in particular, since y; = 0 and Hg(ys, ..., ys) is trivial, it follows that
0:Q (Yo, - -, yn) = 0. It is easy to show that this implies that if ¢ # p, then det Hp
vanishes identically, a contradiction.

Since by assumption det Hp is a nontrivial function, there exist only finitely
many hyperplanes on which det %y vanishes and (1) implies that H, = H, for
infinitely many pairs of points p,q € C, a contradiction. Thus, W, is a finite set.

Now let p € Wg be a point such that F(p) # 0. After a suitable change of
coordinates, we may assume that p = [1,0,...,0] and that

F(xo,...,%n) =2p+a22-L+x0-Q+R

for some homogeneous polynomials L, Q, R € Clxy,...,x,] of degrees 1, 2, and 3,
respectively. After replacing xg by zg + %L, we may assume that L = 0. Since
p € Wg, Lemma implies that Q@ = 0. Let ¢ = [z0,...,2n] € Wr. Then either
qg=porzg =0 and [21,...,2,] € Wr. Thus, the result follows by induction
on n. O

Remark 3.4. Note that the same result does not hold if we replace the assumption
that F' is nondegenerate by the weaker assumption that rk H g (p) > 1 for any p € P»
(see Lemma [Z7)). For example, consider

2 2
F(zg,...,x4) = 425 + T3x120 + T227.

Then it is easy to check that Wy is not finite.
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We now proceed by studying the set Vp (cf. §2.4) associated to a nondegenerate
cubic form F' € Clzy, ..., z,]. More specifically, if Vr contains a curve C' on which
F is not identically zero, then we may write F' in a normalised form as in Theorem
The result will be crucial in our proof of Theorem below. In order to
obtain a normalisation as in Theorem [3.5] we proceed similarly as in the proof of
Proposition B3l Indeed, by Lemma[3.2 to any point p € C such that F'(p) # 0, we
may associate a hyperplane in P"™ which contains p. The normalisation of F' will
then depend on whether the curve C' is contained in this hyperplane or not.

Fix a positive integer n, and let £ and k& be nonnegative integers such that
n > ¢+ 2k + 1. We will denote:

Lp={(+2i+1|i=0,...,k}U{f+2k+2,...,n}.
Given a finite subset I C N, we will also denote by C[xz;] the algebra of polynomials
in z; with 7 € I.

Theorem 3.5. Let F' € Clxy, ..., x,] be a nondegerate cubic form. Let C C Vi be
a curve such that F(p) # 0 at the general point of C. Then, there exist nonnegative
integers £,k such that, after a suitable change of coordinates, we may write

¢ k

F= Z Gi + Z(I?"‘Qi*‘l + Mz) “Tpyo; t R€+k+1a
i=0 i=1
where
(1) G; € Clzy, wiy1] is a cubic form for any i =0,..., L with
Go = x3 + zoz?;
(2) M; = (51-90%“ foranyi=1,... k with §; € C;
(3) Reyrya € Clag,, ] is a cubic form;
(4) C C ﬂielg,kﬂ{xi =0}.
Moreover, if C € {x;or4+2 = 0}, we may write

Rypiy1r = Myq1 - Tpporyo + Rijito,
where

(5) Revwt2 € Clay, ] is a cubic form and My11 € Claetr, Teys, - . ., Teyort1]
is a quadric.

Proof. We divide the proof into four steps:

Step 1. By Proposition B3 there exists p € C such that F(p) # 0 and
tkHp(p) = 2. Since F(p) # 0, after a suitable change of coordinates, we may
assume that p = [1,0,...,0] and

F=a}+2lL+20Q+R
for some homogeneous polynomials L, Q, R € Clxy, ..., x,] of degrees 1, 2, and 3,
respectively. After replacing xg by zg — %L, we may assume that L = 0. Since

rk'Hp(p) = 2, by Lemma B2 after a suitable change of coordinates in x1, ..., Z,,
we may assume that @@ = 27. Thus, we have

F=Gy+ Ry,
where Gy = 23 + 792? and Ry = R € C[zy,...,2,]. We distinguish two cases. If

C' is contained in the hyperplane {z; = 0}, then we set k¥ = ¢ = 0 and continue to
Step 3; otherwise, we set £ = 1 and proceed to Step 2.
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Step 2. We are assuming that

-1
F=> Gi+R,
i=0
where G; € Clx;, z;41] and Ry € Clzy, ..., z,] are cubic forms, and C' is not con-

tained in the hyperplane {z, = 0}. We claim that after a suitable change of
coordinates in xy,...,T,, we may write

Ry =Gy~ Ryy1,

where Gy € Clzy, zo41] and Ryqq € Clzp41,. .., 2, are cubic forms. Assuming the
claim, if C' is contained in the hyperplane {1 = 0}, we set k = 0 and proceed to
Step 3; otherwise, we replace ¢ by ¢ + 1 and repeat Step 2.

We now prove the claim. By assumption, there exists ¢ € C such that ¢ ¢
{zy = 0}. After a suitable change of coordinates in zy, ..., z,, we may assume that

q= [ZO,...,Z[_1,1,07...,0]
for some zy,...,z,—1 € C. We may write
Ry = Ozgfﬂ:z + LZZE? + Qexe + Ryyq,

for some homogeneous polynomials Ly, Qg, Ry € Clxpiq, ..., x,] of degrees 1, 2, and
3, respectively. Since rk Hp(q) < 2, after a suitable change of coordinates, we may
write Ly = Bexeq1 and Qp = ’ygxfﬂ for some By, v, € C. We may define

Gy = apx} + Bea] - Teyr + Yewe - 1741,
and the claim follows.

Step 3. We are assuming that
¢ k

F = Z G+ Z(w?wiﬂ + M;) - xoy2i + Royryt,
i=0 i=1

where G;, M;, and Ryyp41 satisfy (), @), and @) and
C CH{zpp1 = 2043 =+ = Tpjo41 = 0.

If we also have that

C CH{wpgor42 = =z, = 0},
then we are done. In particular, if n < ¢ + 2k + 2, then we are done. Otherwise,
after a suitable change of coordinates in xy ok, ..., T,, we may assume that there
exists

q=120,.-.,20) €C
such that zypyok42 # 0 and 2p49543 = -+ = 2z, = 0. Since
det(0;0;F'(p))i,j=0,1 # 0,

we may assume that the same inequality holds for g. We may write

3 2
Roykt1 = Qoprt1% 0642 + Togonto * Lokt1 + Tepont2 - Quynt1 + Royiso,

where agipt1 € C, and Lyypi1, Qeprt1, Reyiy2 € Clry,,.,] are homogeneous
polynomials of degrees 1, 2, and 3, respectively.
We first assume that ayix1 # 0. After replacing x4 ox42 by

1

7 Letk+r,
30tk

Le4+2k+2 —
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we may assume that Lyy,11 = 0. Since ¢ € Vg, we get a contradiction by consid-
ering the minor
(0i9;F(q))i,j=0,1,6+2k+2-

We now assume that ayyr41 = 0. Since zpyop42 # 0 and ¢ € Vp, it follows that
Loyr+1 = 0 and, after a suitable change of coordinates,

Qerrr1 € Clogy1, Toys, .., Togopys)-
We may write
Qeiki1 = Brlonys + Tovanis - b+ My,
where 8 € C and ¢, My, € Clxpi1,Ze43,---,Toep2k+1] are homogeneous polyno-
mials of degrees 1 and 2, respectively. If i # 0, then after a suitable change of
coordinates we may assume [ = 1 and ¢ = 0. By considering the minor
(0:0;F(q))i.j=0.6+2k+2.04+2k+3;

it follows that C' C {zsyor+3 = 0}. Thus, we may proceed to Step 4.
If B = 0, then since g € Vg it follows that ¢, = 0. In case C is contained in

{zp42k4+3 =+ =z, = 0} we are done, so we may assume that there exists a point
q =[zp,...,20] €CN n{xz =0}
i€

such that zj # 0 and zj, 5,5 7 0, where, J = Iy 1\ {£ + 2k + 3}. Proceeding as
above, we may write

Roipyo = Togont3 - Qrirye + Rogrys,

where Qryry2 € Clapyr, Tog3, .-, Togokt1, Torok+a) and Ryypys € Clxs] are ho-
mogeneous polynomials of degrees 2 and 3, respectively. We may write

Qerktz = Bri1%7 ok sa + Tepania - Lepr + My,
where B11 € C and fpy1, Mpy1 € Clxps1, Togs, ..., Tor2p+1] are homogeneous
polynomials of degrees 1 and 2, respectively.

If Bx+1 = 0, then f;11 = 0 because ¢’ € Vp. Denoting by H% the ith column
of Hp, it follows that the vectors 7—[?2,7{?4, e ,H?%H and H?Qkﬁ are lin-
early dependent. Thus, Hr does not have maximal rank, which contradicts the
assumptions.

Hence, we have f;+1 # 0. After a suitable change of coordinates, we may assume
that Bx11 =1 and £ = 0. By considering the minor

/
(8i6jF(q ))i7j:O,€+2lc+37€+2k+4a
it follows that C C {xgs2k+4 = 0}. Thus, we first exchange xyyop+3 and zoiok14,
then we exchange 1012 and zpyox14. SO We may write
2
Reprs1 = Tovakto - (Tpponys + Mit1) + Regpos
where My1 € Clrgi1,2oys,. .., Tepors1] is a quadric, Reypq2 € Clog,, ., ] is a
cubic form and C' C {xy4aor+3}. We also may write
Rotryo = Togorsa - Miro + Reqpes,

where Mo € Clooy1, Teq3,. .., Toepont1], Reyrqs € Clzy,,,,] are homogeneous
polynomials of degrees 2 and 3, respectively. Moreover, we have a point

/

q =1[2p,---,2,] €CN ﬂ{xizo}
ieJ
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such that zj5 # 0 and 2zj, 9,5 # 0, where J = Iy 1 \ {£ + 2k + 4}. Replacing

!
z n .
Tpyokta DY Totpopta + 2212212 Ze42k+2, We get a point
q=1[20,-.-,2n] €CN n {z; =0}
1€l k41

such that zg # 0, zp42k+2 # 0, and we may proceed to Step 4.
Step 4. We are assuming that

¢ k
F = Z G; + Z(m§+2i+1 + M) - 2oy + Reyrqt,
i=0 i=1
where G;, M;, and Ryyp41 satisfy (), @), and @) and
C C {$(+1 =Tp43 = 0 = Tp42k+1 = O}'

By Step 3 we also have that

Rogpir = Tepakr2 - (274043 + Mit1) + Regroa,
where My+1 € Clroy1,®oss, ..., Toropr1] is homogeneous of degree 2 and C' C
{zp42k+3 = 0}. Moreover, there is a point ¢ = [zo,...,2,] such that zy # 0,
Zeyokt2 7 0 and
1€l py1
We show that we may assume

2
M1 = Opr1774 1,

where ¢, € C. Since ¢ € C and zpior42 # 0, we have det(9;0,F(q))i j=0,1 = O.
Considering the minors _ [

(003 (a))i =0 isnss
forh,m=1,...,n, (h,m) # ({+2k+ 3,0+ 2k + 3), we deduce that 9;,0,,F(q) =0,
and so, since by induction M; = §;x¢41 for i = 1,...k, we have

k .
My = Z”Yixi-s-zjﬂa
§=0

where vi € C. Since M; = 0jxp41 for j = 1,...k, to conclude it is enough to
replace xp42; with xp40; — ’yi.’l;z+2k+2 for j =1,...,k. In this way we get

2
M1 = 017441,

where §j 1 =9 — S0 7o
After replacing k by k + 1, we may repeat Step 3. O

Theorem 3.6. Let F € Clxo, ..., z,] be a nondegenerate cubic form. Then the set
of points p € Vi such that F(p) # 0 is a finite union of points, lines, plane conics,
and plane cubics.

Proof. We may assume that there is an irreducible component C' C V such that
dimC > 1 and F(p) # 0 at the general point p of C; otherwise, we are done. By
Theorem we may write
¢ k
F= Z Gi+ Z(I?-i-%-&-l + M) - 2oy + Reyrqt,

1=0 =1
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where G;, M;, and Ry;j41 are as in Theorem and

C C{zgs1 = o433 = = Typop41 = 0},

By the proof of Theorem [3.5] we may also assume that for any : = 1,..., k, thereis a
point ¢; € C such that ¢; ¢ {xg =0}, ¢; ¢ {xp40; =0}, and ¢; € ﬂ?:ziﬂ{xt’ﬂ =0}.
We distinguish two cases: C' C {x1; =0} and C Z {z; = 0}.
If C C {x; =0}, then £ =0. Let z = [2g,...,2,] € C be a general point in C.
If C C {x2p4+2 = 0}, then considering

j=0,1,2k+1
(aiajF(Z))g:O,L%Hv

we immediately get a contradiction because det(0;0;F(2)); j=0,1 # 0 and zo, # 0.
So let C' Z {xa4+2 = 0}. Then we may write

Royrt1 = Myy1 - Toqony2 + Rigrqo
as in (B of Theorem Assume that & > 2. Then we have
§=0,3,2k+1
det(aiajF)i:0,1,2k+l
= 620 - (271,3T2kT2k42 + 71,372k+1,2k+1$§k+2 - 71,2k+1'73,2k+1x§k+2 +Q),

where Q € Clzy,...,2,] is a quadratic form such that C C {Q = 0} (because
C C ﬂieh’kﬂ{xi = 0}) and where ~; ; is the coefficient of zg,12 in 9;0;F. Note
that v1.3 # 0 (because 0303 F () # 0, being this last inequality true for g2). Since
z0 # 0 and zgyok # 0, we conclude that

Cc {271733321@ + (’71,372/c+172k+1 - 71,2k+173,2k+1)962k+2 = 0},

which contradicts the fact that ¢ € C. Hence we conclude that £ < 2. Now it is
easy to see that C is a line or a plane conic.

Assume now that C' € {x; = 0}. Then ¢ > 1. Note that for j = 3,...,n, we
have 010;F = 0, hence for a general point z = [29,...,2,] € C, for h = 2,...,n,
and for m = 3,...,n, we may consider

(0:0;F(2))1Zgn
to conclude that 0,0,,F(z) = 0 (because det(9;0,F (2))i j=01 # 0). This implies
easily that we may assume k = 0. By Step 2 of the proof of Theorem for any
i =1,...,¢, there is a point p; € C such that p; ¢ {xo = 0}, p; ¢ {z; = 0}, and
pi € ﬂ?:z‘ﬂ{xj = 0}.
Assume first that C' C {xy;2 = 0}. So we may write

4

F= Z G; + Ryya,
i=0

where G; € Clz;,x;41] and Ryp1 € Clzgyr,...,2,] are cubic forms and C C
Nizer1{zi = 0}

Suppose that ¢ > 2. Since 9303F(p2) = 0, 0203F(p2) = 0, and 9303 F(p3) = 0,
we see that the monomials zo23, 7373, and 23 do not appear in F. The same holds
for x32% and z3x4, which gives a contradiction. Hence ¢ < 2, and it is easy to
conclude.
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If C Z {x¢42 = 0}, then we may write

¢
F= Z Gi+xfyy  woro+ Rega,
i=0
where G; € Clz, 2541] and Ryyy € Clzy, ]
Suppose ¢ > 2. Since 9p110p+1F (pe) = 0, we see that acgﬂmg does not appear in
F', and this implies, considering 9p4+10,4+1F(z), that also $%+1xz+2 does not appear
in F', which is a contradiction. Thus ¢ < 2, and we are done. |

Remark 3.7. Note that in general Vp might contain surfaces, e.g., if

n

3 2 2

F(zg,...,xn) =2+ Tor] + 1 g x5,
=2

then dim Vg =n — 2.

Our goal is now to improve Theorems and and characterise those cubic
forms F' such that Vp contains a curve C such that C ¢ {F = 0}. To this end we
restrict to the case of cubic forms with nonzero discriminant.

Corollary 3.8. Let F € Clxg,...,x,]| be a nondegenerate cubic form such that
F = az} +brdz) + G(xy, ..., 2,).

Let C C Vg be positive-dimensional irreducible variety such that p = [1,0,...,0] €
C, and assume that at least one of the following properties holds:

(1) € c{a =0},

(2) C C{F=0}.
Then Ap = 0.

Proof. We first assume that C' C {z; = 0}. By the proof of Theorem [3.6] we may
write
F =3 +2ox] + (235 4+ 6127) 20 + R(21, 23, T4, - - ., Tp)

for some §; € C and R € Clxy,x3,24,...,2,|3. It follows that the hypersurface
{F =0} C P" is singular at the point [0,0,1,0,...,0] and in particular Ar = 0, as
claimed.

We now suppose that C C {F = 0} and C Z {z; = 0}. Since [1,0,...,0] € C,
we may write

F = bxlz, + 123 + Lo? + Qxy + R,

where b,¢; € Cand L, Q, R € Clzs, . . ., x,] are homogeneous polynomials of degrees
1, 2, and 3, respectively. Since F' is nondegenerate, we have that b # 0.

After a change of coordinates in (z1, z9, . .., z,), we may assume that there exists
a point ¢ = [go,41,0,...,0] € C such that go,q1 # 0 and that L = cozy for some
co € C. Note that since C C {F = 0}, it follows that C is not a line. Furthermore,
since g € Vi, we may assume that Q = czz3 for some c3 € C, and we may write

2 3 2 2 3
F = bxyxy + cizy + caxiwe + c3xi125 + caxs + Ry,

where ¢y € C and Ry € Clxg,...,7,]3 is such that the monomial z3 does not
appear in R;. It is easy to see that 0,0;F(z) =0fori=2,...,n, j =2,...,n,
with (i,7) # (2,2) and z € C. If C C {zg = 0}, then, after a change of coordinates
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in (x3,...,2,), we may assume that there is a point r = [rg,71,0,73,0,...,0] € C
such that r3 £ 0. It follows that

Ri = azirs + Ro(xo, 74, ..., 2y)
for some a« € C and Ry € Clay,...,z,]3. In particular, [0,0,0,1,0...,0] is a

singular point of {F = 0} C P™. Thus, Ar = 0, as claimed.

Thus, we may assume that C' € {x2 = 0} and that there is a point s =
(S0, 51, 52,0,...,0] such that s; # 0. Since 9;,0;F(s) = 0 for i = 2,...,n, j =
2,...,n, with (¢,7) # (2,2), it follows that R; does not depend on z5. Thus,
0,0;F(z) = 0 for any 4,j > 3 and z € C. Lemma [27] implies that C' is contained

in the plane IT = {z3 = --- = x,, = 0}. Let Fy be the restriction of F' to II. Since
C C {F = 0}, it follows that if [zq, 21, 22,0, ...,0] € C, then F;(xo, z1,22) = 0 and
Hp, (xg,21,22) = 0. Thus C is a line, which gives a contradiction. a

Corollary 3.9. Let
F(xo,...,7,) = axy + 22(bxy + cxo) + Gz, ..., 2,)

be a nondegenerate cubic form with integral coefficients such that b # 0. Assume
that the line C = {xo = x3 = -+- = x, = 0} is contained inside Vp. Then there
exists T = (tij)i,j=0,...n € SL(n +1,Q) such that

T-F =axd+brizy + c123 + R(xo, ..., 1),
where ¢y € Z and R € Q[za, ..., x,] is a cubic form. Moreover, we may choose T

such that too =t11 =1, tgs =tio =0 fori=1,...,n,t;; =0 fori =2,...,n, and
j=1.
Proof. After replacing x1 by x1 — cx2 /b, we may write
F = az} + badz + 12’ + La? + Qxy + R,

where ¢; € Z and L,Q, R € Q[za, ..., z,] are homogeneous polynomials of degrees
1, 2, and 3, respectively. After a change of coordinates in (zs, ..., x,), we may also
assume that L = coxo for some ¢o € Q. Let ¢ = [0,1,0...,0] € C. We distinguish
two cases: ¢1 # 0 and ¢; = 0.

If ¢; # 0 then, since b # 0 and tk Hr(q) < 2, we see that Q = c323 for some
c3 € Q and

[(0:0;F(q))i=1,2] = 0.

It follows that |(9;0;F(%))i=12| = 0 for any z € C. Since

[(0:0;F(2))ij=01,2] =0,

we have that co = ¢3 = 0. Thus, L = @ = 0, and the claim follows.

If ¢; = 0, then since b # 0 and tkHp(q) < 2, it follows that ¢ = 0. Since
tkHp(z) < 2 for any z € C, we have Q = 0 and, again, the claim follows. Note
that in this case, we have Ap = 0. a

Corollary 3.10. Let
F(xo,...,%,) = axy + x2(bxy + cx3) + Gz, ..., 2,)

be a mnondegenerate cubic form with integral coefficients with b,c € Z and
G € Zlxy,...,xp,] such that b # 0 and Ap # 0. Let C C Vg be a positive-
dimensional irreducible variety such that C € {F = 0} and p = [1,0,...,0] € C.
Assume that C contains infinitely many rational points. Assume moreover that
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CCIl ={xs =+ =z, =0} and C is not a line. Then there exists T =
(tij)ij=0,...n € SL(n+1,Q), R € Z[z1,22]3, and S € Q[zs,...,zy]3 such that:
(1) t()():l, tiOZtOi :OfOTi: 1,...,71, tij :Ofori:3,...,n, andj: 1,2,
(tij)i,j:O,l,Z S SL(3,Z), and
(2) T-F = az} +bxdz; + R(w1,22) + S(23,. .., 20).

Proof. We may assume that there is a point ¢ = [20,1,0,...,0] € C such that
29 # 0. Indeed, since C is not a line, there exists m € Z such that {max;+xz5 = 0}NII
intersect C' in a point [zg,1,—m,0,...,0] with zg # 0. After replacing x5 with
To + mxy, we may assume that m = 0.

In addition, after replacing x; with x1 —¢/bxs, we may assume that ¢ = 0. Thus,
we may write

3 2 3 2 2 3 2
F = axy + bxjzr + c12] + coxixs + csxixy + caxy + i L+ 21Q + S,

where ¢; € Z and L € Q[zs,...,z,], and Q,S € Q|xa,...,x,] are homogeneous
polynomials of degrees 1, 2, and 3, respectively, such that the coefficient of 23 in Q
and the coefficient of x3 in S are zero.

If ¢ # 0, then, after replacing zo with xy — L/ce, we may assume L = 0.
Since b # 0 and ¢ € Vg, it follows that Q = 0. Now considering a general point
ze€CC{xs=---=uz, =0}, we see that 0;0;5(1,0,...,0) = 0 for all 4,5 > 2.
As in the proof of Lemma 2.7] it follows that S does not depend on z5. Thus, (2)
holds.

Assume now that ¢ = 0 and L = 0. Then the Hessian of the quadric c323 + Q
has rank not greater than 1, which means that

63903 +Q =cs(z2 + L1)2

for some Ly € Q[zs,...,x,] of degree 1. Hence, replacing xs with x5 — L1, we may
assume that @ = 0. As in the previous case, it follows that S does depend on x».
Thus, (2) holds.

Finally, assume that ¢co = 0 and L # 0. Acting on (3, ...,x,) with SL(n—2,Q),
we may write L = axg, where o # 0. In particular, 930, F(q) # 0. Tt follows that
the first two columns H%(¢g) and Hk(g) of Hr(q) are linearly independent, which

implies that ¢3 = 0. Considering now a general point in C C {z3 = --- = z,, = 0},
we see that ¢4 = 0, and that the only monomial which appears in z1Q + S with
nonzero coefficient and which contains z9 is zo23. Since [0,0, 1,0, ..., 0] is a singular

point of the hypersurface { FF = 0} C P", it follows that Ar = 0, a contradiction. O

3.2. Binary and ternary cubic forms. We now study the possible reduced forms
of a nondegenerate binary or ternary cubic form. We show that if Fis a binary cubic
form, it admits only finitely many nonequivalent reduced forms (cf. Proposition
BI3). On the other hand, if F' is a ternary cubic form, then the same result holds
with the extra assumption that the discriminant Apg is nonzero (cf. Proposition
[BI6). Example B.I7 shows that this assumption is necessary.

We first recall the following known result.

Proposition 3.11. Let A # 0 be an integer. Then there exist
Fi, ... Fy € Zlzg,x1,22]3  (resp. Zlzo,z1]3)

such that if F' € Z[xo, x1,x2]3 (resp. Z[zo,x1]3) is such that Ap = A, then there
exists i =1,...,k and T € SL(3,Z) (resp. SL(2,Z)) such that F =T - F;.
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Proof. See [OVdV95, Proposition 7]. O

Lemma 3.12. Let
F(z,y) = az’ + ba’y + ¢y’ € Lz, y]
be a binary cubic form with integral coefficients and such that ¢ # 0. Then there
are finitely many pairs
(ai,bi)€Z2, 1=1,...,k,

such that if (a/,b',cy®) is a reduced triple associated to F (cf. Definition B9), then
a =a; and b =b; for somei € {1,...,k}.
Proof. Assume that T' = (¢; j)ij=0,1 € SL(2,Z) is such that T'- F' is in reduced form
(a', V', cy?) for some o', b’ € Z.

Note that F(to1,t11) = ¢, and, since ¢ # 0, the equation F(x,y) = ¢ defines a
smooth affine plane curve of genus 1. Thus, by Siegel’s Theorem [Z.8 it only admits
finitely many solutions. Thus, we may assume that tg; and t1; are fixed. Since

detT = 1 and since the coefficient of zy? is zero, we get the linear system in tog
and tloi

0= (3atd; + 2btoiti1)too + (b3, + 3ctd;)tio.

Note that the determinant of the system is equal to 3F (tg1,t11) = 3¢ # 0. Thus,
the system admits exactly one solution, and the claim follows. O

{1 = t11too — to1tio,

Proposition 3.13. Let
F(x,y) = ax® + ba’y + cy® € Z[w, y]
be a binary integral cubic form with ¢ # 0. Then there are finitely many triples
(ai, bi,ci) € 73, i=1,...,k,

such that c; # 0, and if (a’, b, c'y?) is a reduced triple associated to F (cf. Definition
23), then o’ = a;, ¥ =b;, and ¢ = ¢; for some i € {1,...,k}.

Proof. By Lemma [B.I2] it is enough to show that there are only finitely many
C1,y... ¢ € Z such that if T € SL(3,Z) is such that T - F' is in reduced form
(a', V', c'y3) with ¢’ # 0, then ¢’ = ¢; for some i € {1,...,k}.

If the discriminant Ar = 4b3c + 27a%¢? of F is not zero, then ¢/|Afp, and the
claim follows.

Thus, we may assume that Ar = 0. We may also assume that a,b, and ¢ do
not have a common factor; otherwise, we just consider the cubic form obtained by
dividing by the common factor. Suppose that 7' = (#;;); j=0,1. Then,

(2) a=dadthy + Vit + 't
(3) b= 3d't5otor + b'tdot1n + 2b'tootortio + 3¢ ot 1,
(4) 0 = 3atootd, + b't2 tio + 20 tootort11 + 3¢ tiotsy,
(5) c=atd + V2t + I,

and GCD(d', b, ) = 1.

Let p be a prime factor of ¢’ such that p # 2,3, and let a be a positive integer
such that p®|¢’. Then, since A = 0, it follows that p'*/?" divides '. By (@) and
since ged(too,to1) = 1, we have that either pro‘/3j divides tgg or pro‘/6j divides tg7.
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In the first case, (2) implies that p* divides a, and in the second case (B) implies that
p /2" divides ¢ . Since a,c # 0 are fixed, it follows that p® is bounded. A similar
argument holds for the powers of 2 and 3. Hence ¢’ is bounded, as claimed. O

We now consider ternary cubic forms.

Proposition 3.14. Let R be a ring which is finitely generated over Z, and let
F € R[z,y, 2] be a cubic form with nonzero discriminant Ar. Let G(y, 2) = dy3+23
for some nonzero d € R, and assume that F is in reduced form (a, (b, c), G) for some
pair (a, (b,c)) € R x R%. Then there are finitely many pairs

(ai, (bs,c;i)) € R x R, i=1,...k

such that if (a’,(V/,c),G) is a reduced triple associated to F (cf. Definition 2.9),
then o' = a;,b' =b;, and ¢ = ¢; for somei € {1,...,k}.

Proof. Assume that T' € SL(3, R) is such that T F is in reduced form (da/, (¥, '), G).
The invariants Sp and TF (cf. subsection 23] and [Stu93, 4.4.7 and 4.5.3]) have
the form
Sp=dbc and Tp=27a%d> + 4b3d + 43 d>.

We first assume that Sp # 0, and we consider the curve C' C P? given by the

ideal
I = (Spai — doyxy, Tpay — 27d%akes — 4da? — 4d*a3).

We claim that the points [a/, V', ¢, 1] € C, with ’, b, ¢’ € R are in finite number,
and hence the claim follows.

Note that the first equation defines a cone over a conic with vertex the point
q =[1,0,0,0] € C. If we blow up the point g, then it is easy to check the strict
transform C of the curve C is a connected smooth curve of genus 3. Thus, the
claim follows by Siegel’s Theorem 2.8

We now assume that Sp = 0. Then, b’ = 0 or ¢/ = 0. Assume that ¢/ = 0. Then
the pair (a’,b’) corresponds to an R-integral point in the affine plane curve, defined
by the equation

27x2d? + dad — Tp = 0.

Since, by assumption Ap # 0, we have that Tr # 0. Thus, Siegel’s Theorem [2.§]
implies the claim. The case b’ = 0 is similar. ([l

Remark 3.15. Note that if F' € Rx,y,z] is a cubic form such that Ap = 0 and
Sr = 0, and C is the curve defined in the proof of Proposition B.14] then C is a
rational curve.

As a consequence of the previous result we obtain the following.
Proposition 3.16. Let F' € Z[x,y, z] be a cubic form with nonzero discriminant
Ap. Then there are finitely many triples
(ai,Bi,Gi)€Z><Z2><Z[y,z]3, i:]-,“-;k,
such that any reduced triple associated to F' is equivalent to (a;, B;, G;) over Z, for
some i € {1,...,k} (¢f. Definition 2.9I).

Proof. Let T € SL(3, Z) such that T- F is in reduced form (a, B, G) for some a € Z,
B € 72, and G € Z[y, 2] a cubic form. Lemma implies that Ag divides Ap.
Thus, Ag # 0, we may assume that its value is fixed, and, by Proposition BI1] we
may assume that G is also fixed, up to the action of SL(2,Z).
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27
generated ring R over Z, we may assume, up to a SL(2, R)-action, that

Gly,z) = dy’ + 2°.
Thus, the claim follows from Proposition B.141 O

Let d = (/32E. After possibly replacing the ring of integers Z by a finitely

Note that Proposition [3.14] does not hold if the discriminant of F' is zero, as the
following example shows.

Example 3.17. Let
F = az® + bay + 222 — 3y°2,

where a,b € Z. Note that Ap = 0, since [0,0,1] is a singular point for {F' = 0}.
Consider Pell’s equation

(6) s —3t2 = 1.
For any solution («, ) € Z? of (@), we define the matrix

«@ 36 0
M=\ p a 0],

mgr mgz 1

where m3; = 3(3b3% +9aa S+ 2ba?) and mss = 33%(3a+ba). Then M € SL(3,Z)
and

M- F(X,Y,X)=AX?+ BX?Y + X*Z - 3Y?Z,
where

A =3b0”B+ 3083 + aa® + 9aaf? and B = 9aB> + 9baf? + 9ac’ B + bad.

Since (@) has infinitely many integral solutions, it follows that there are infinitely
many ways to write F' in reduced form.

In the example above, {F = 0} defines an irreducible cubic with a node. Note
that such cubics can be realised as the cubic form associated to a smooth threefold
(the existence of such a threefold was queried in [OVdV95] Proposition 21]):

Example 3.18. Let W = P2, let h be the hyperplane class, and let C' be a line.
Note that deg No/w = 2. Let m: X — W be the blowup of W along C, and define
H = 7*h. Let {L1, Ly} be the basis of H?(X,Z) given by

L1:H and LQZH—E7
where F is the exceptional divisor of 7. The intersection cubic form on H?(X,Z) is
G(y,2) = (yL1 + 2L2)* = y* + 3y°=.

Let ¢’ C IP3 be a line which meets C transversally in one point, and let D be
the strict transform of C’ in X. Then D = H? — H - E and blowing up X along D,
we get a threefold Y with associated cubic form

F(x,y,2) = 2° = 3(y + 2)x* + > + 3y°2.

Note that {F = 0} C P? defines an irreducible cubic with a node and in particular
Ap =0.
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3.3. General cubic forms. We now combine the previous results to give a proof
of Theorem Bl We begin with the following.

Lemma 3.19. Let F € Z[xy, ..., x,] be a nondegenerate cubic form, and let p € Vi
such that F(p) # 0. Then there are finitely many triples

(ai,Bi,Gi)EZXZnXZ[Il,...7l‘n]37 i=1,...,k,

such that, for all T € SL(n+1,Z) such that T-p = [1,0,...,0] and T-F is in reduced
form, we have that T - F is equivalent to (a;, B;, G;) over Z for somei € {1,...,k}
(¢f. Definition 29)).

Proof. We may assume that p = [1,0,...,0] and that F' = (a,b, @) is in reduced

form, for some a € Z, B € Z" and G € Z[x1,...,x,]s. We consider all the matrices
T € SL(n+1,Z), such that T-p = p, and T - F = (a7, br, Gr) is in reduced form,
for some ar € Z, Br € Z™ and Gr € Z[x1,. .., Ty].

If we write T' = (ti;)i j=o0,... n With t;; € Z, then, since T - p = p, we have t;o =0
for 1 <i <n. Thus, tgo = +1 and in particular ar = +a.

By considering the action of SL(n,Z) over (z1,...,z,), we may assume that
B = (b1,0,...,0) and that, for each T, By = (b1 ,0,...,0), with by,b] € Z. Note
that, by the assumption on F', we have that a and b; cannot be both zero.

By looking at the coefficients of z3x; and xoz?, we obtain the equations

3atg; + bit1; =0 fori=2,...,n and

(7)

3atd; + 2bitoit1; =0  fori=1,...,n.

We now consider three cases.

If by = 0, then a # 0 and (@) implies that tp; = 0 for i = 1,...,n. In particular,
T - F'is equivalent to F'.

If a = 0, then b; # 0 and (@) implies that ¢t1; =0 for ¢ = 2,...,n. In particular,
t;1 = £1. By looking at the coefficients of xgxix; for i = 1,...,n, we get the
equations

Thus tg; = 0 for ¢ = 1,...,n and, as in the previous case, we obtain that T - F' is
equivalent to F'.

Finally, if a,b # 0, then (@) implies that to; = ¢1; = 0 for i = 2,...,n. In
particular, t;; = +1. By (@), it follows that to; can only acquire finitely many
values. Thus, under these assumptions on T, it follows that there are only finitely
many nonequivalent reduced forms 7" - F' over Z, as claimed. |

In the next lemma we show that under the action of the transformations given
by Corollaries 3.9 and 310, we may control the last part of a reduced form.

Lemma 3.20. Let s € {1,2}, and let F, Fy € Q[xo, ..., x,] be nondegenerate cubic
forms such that

F= afcg + bx%xl + R(z1,zs) + H(Ts41,---,2Tn)
and
By = a13y + bizday + Ri(21,35) + Hi(Tos1, ..., T),

where b,by # 0 and R, Ry, H, Hy, are cubic forms.
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Assume that there exists T = (tng)nk=0,....n € SL(n+1,Q) such thatT-F = F},
thk =0 forh=s4+1,...,nand k=0,...,s and det(tpi)n k=0, s = 1, i.e.,

S x
=)
with det S = 1. Then there exists P € SL(n — s,Q) such that P- H = H;.

Proof. We prove the case s = 2; the case s = 1 is similar and easier.

We will show that ¢ty = 0 for h = 0,1,2 and k& = 3,...,n, which implies the
claim.

Let S = (tnr)n,k=0,1,2, and define T = (Tpx)n k—o0,...n € SL(n +1,Q) as

— (5 o0
(0 ah)

where I,,_» € SL(n — 2,Q) is the identity matrix. o
If M = (mij)iﬁjzow,n =T-T and Fy = M - F, then F} is in reduced form with
associated triple (a, (b,0), R+ Hy). In addition

(Mpk)hk=01,2 =I3 and

k=0,1,2
(mhk)h::a n = 0.

We want to show that mp, = 0 for h = 0,1,2 and & = 3,...,n. Since S is
invertible, it follows that ¢y, =0 for h =0,1,2 and k = 3,...,n, as claimed.

We assume first that a # 0. Recall that, by assumption, we have b # 0. For any
k=3,...,n, looking at the coefficients of the monomials xoxi and a?g:vk in I, we
obtain the equations

,,,,,

3amor +bmip =0 and  3am?; + 2bmopmyy = 0,

which imply that mgx = mqx =0 for any k= 3,... n.
We may write

3 2 2 3

R(z1,x2) = 127 + cox T2 + c3x1T5 + 425
for some ¢y, S04 € Q. Looking at the coefficients of the monomials 22z, 3:11:%,
and x%xk in F] we see that

comoy, = 0, 03m§k =0, and cqymor =0.

Since F' is a nondegenerate cubic form, it follows that meo, = 0 for k£ = 3,...,n.
Thus, the claim follows.
Assume now that a = 0. Then, looking at the coefficients of xox% and zoz12k,

we obtain mqr = mq = 0 for £ = 3,...,n. Thus, as in the previous case, the claim
follows. [l
Proposition 3.21. Let F € Z[xy, ..., xz,] be a nondegenerate cubic form in reduced
form,

F(xo,...,7,) = ax +bxdzy + G(21,...,20),

where G € Z[xy,...,x,)3. Assume that Ap # 0. Let C C Vg be an irreducible
component of positive dimension such that

p=1.,0,...,00e C, CZ{F=0} and C¢{x1 =0}
Then there are finitely many triples
(ai,bi,Gi)EZXZXZ[$1,...7$n]3, i=1,...,k,
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such that for all T € SL(n + 1,Z) such that [1,0,...,0] € T(C) and T - F is in
reduced form, we have that T - F 1is equivalent to (a;, (b;,0),G;) over Z for some
i€{1,...,k} (¢f. Definition 29I).

Proof. Suppose not. Then there exist an infinite sequence T; € SL(n + 1,Z) with
i=1,2,... such that [1,0,...,0] € T3(C), T; - F is in reduced form, and T; - F' and
T; - F are not equivalent over Z for any 7 # j.

Lemma 319 implies that the set {7, *([1,0,...,0])} is infinite. In particular, C
admits infinitely many rational points. By Proposition we have that b # 0, as
otherwise p € Wp.

We first assume that C' is a line. After acting on (x1,...,x,) with SL(n,Z), we
may assume that C = {2 = 23 = x4 = -+- = x,, = 0}, and we may write

F = azd + (bxy + cxo)ad + G(21,. .., Tn),

where b,c € Z, b £ 0, and G € Z[xy,...,x,] is a cubic form. Since reduced forms
are considered modulo the action of SL(n,Z) on (z1,...,%,), we may assume that
for any i = 1,2, ..., the cubic form F; = T; - F satisfies the same property, that is

Fi = (17;258 =+ (ble =+ CixQ).T(Z) + Gi(xl, e ,:cn),
where b;, ¢; € Z are such that b; # 0, G; € Z[x1, ..., 2,]3, and T;(C) = {ze = 23 =
x4 =+-+=uz, =0}

Fix 4, and let T; = (tpx)h k=0, n. Since {2 =3 =24 = --- =z, = 0} is fixed
by T;, we have tp, = 0 for h = 2,...,n and k = 0,1. Since detT; = 1, we may
assume det(tp, k)n k=01 = 1.

We may find M, M; € SL(n,Q) as in Corollary B.9] such that

F=M-F =ax}+bade, +dad + H(za, ..., z0)
and
where d,d; € Z and H, H; € Q[xo, ..., z,] are cubic forms.
In addition, if 7 = (fpx)n.k=0,...n = M;-T;- M~1, we have that T} - F' = F}. Let
Ui = (thi)nk=0.1-

Note that, by Corollary B9 it follows that t,, = 0 for h=2,...,n and k=0, 1

and U; € SL(2,Z). Let

F' = Fo = axd +badey +do?  and  F = Fjo = aad + baday + diaf.
Then F', F] € Z[zg, 1] are binary cubic forms such that U; - F' = F. In particular
Ap = Ap; # 0, as otherwise the hypersurface {F = 0} C P" would be singular

and Ap = Ag = 0, which contradicts the assumption on F. Thus, by Proposition
[B.13 we may assume that

a; = a, bz:b, and dz:d for 121,2,

On the other hand, by Lemma B.20, for each i = 1,2,... there exists P; €
SL(n — 1,Q) such that H; = P, - H. Since the hyperplane {z, = 0} is invari-
ant with respect to M;, there exist M, M! € SL(m, Q) such that if

H'(x1,...,2,) = dad + H(zy, ..., x,)

and
Hi(x1,...,2,) = dad + Hi(xa,. .., 2,),
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then M'-G = H' and M/-G = H] for i =1,2,.... Thus, there exist P/ € SL(n,Q)
such that G; = P{-G for alli =1,2,.... By Jordan’s Theorem 210 it follows that,
after possibly taking a subsequence, the reduced forms Fi, Fs,... are equivalent
over Z. Thus, we obtain a contradiction.

Assume now that C' is not a line. Theorem implies that C' spans a plane II.
After acting on (x4, ...,z,) with SL(n,Z), we may assume Il = {3 =24 =--- =
x, = 0}, and we may write

F = azx} + 23 (bxy + cx3) + G(21,. .., ),

where b,c € Z, b # 0, and G € Z[z1,...,x,] is a cubic form.

Since reduced forms are considered modulo the action of SL(n, Z) on (21, . .., z,),
we may assume that this holds for any ¢« = 1,2,..., the cubic form F; = T; - F
satisfies the same property, that is

F; = a;ay + 23 (biwy + ciws) + Gy(aq, ..., 20),
where b;, ¢; € Z are such that b; # 0, G; € Z[zx1,...,z,]s, and T;(C) CII = {a3 =
x4 =+-+=z, =0}

Fix i =1,2,..., and let T; = (tni)nk=o0,...n- Since I = {zg =--- =2, =0} is
fixed by T;, we have tp, =0 for h=3,...,nand k = 0,1,2. Since detT; = 1, we
may assume det(tp x)n k=012 = L.

By Corollary B0, we may find M, M; € SL(n,Q) such that

F=M-F =ax}+bxke, + R(xy,20) + H(xs, ..., x,)
and
F,=M,; F;, = aixg =+ bix%xl =+ Ri(ﬂﬁl,a?g) + Hi(l‘g, .. ,J?n),
where R, R; € Z[z1,22] and H, H; € Q[xs,...,xz,] are cubic forms. In addition, if
T, = (Ehk)h,k:O,..‘,n =M,;-T,- ]\4_17 we have that T; - F = F;. Let
Ui := (thi)h k=012
Note that, by Corollary BI0, it follows that £, = 0 for h =3,...,n, and k = 0,1,2
and U; € SL(3,Z). Let
F' = FIH = a:rg + bx%xl + R(xy,72) and F} = Fz‘\n = aixg + bm%xl + Ri(x1,x2).
Then F',F; € Z|xg,x1,x2] are ternary cubic forms such that U; - F/ = F/. In
particular Ap = Ap; # 0, as otherwise the hypersurface {F =0} C P" would
be singular and Ap = Az = 0, which contradicts the assumption on F. Thus, by
Proposition we may assume that a;, b;, and R; do not depend on i =1,2,....

As in the previous case we obtain that, after possibly taking a subsequence,
Fi, Fs, ... are equivalent over Z, a contradiction. O

We are now ready to prove Theorem Bl

Proof of Theorem 3.1l We may assume that F is in reduced form,
F = ax} + brdx, + G,
where a,b € Z and G € Z[xy,...,Zy]3.

We assume that there exist T; € SL(n + 1,Z), with ¢ = 1,2,... such that
F;, = T, - F is in reduced form (a;, B;,G;) for some a; € Z, B; € Z™, and G; €
Zlx1,...,x,)s and F; and F; are not equivalent over Z for any i # j. Acting on
(21,...,zy) with SL(n,Z), we may assume that B; = (b;,0,...,0), for some b; € Z.
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Let p = [1,0,...,0], and let C4,...,Cx C Vg be all the irreducible components.
Then, after possibly replacing p by T} (p) for some j, we may assume that p, T;(p) €
C = (4 for all i (possibly passing to an infinite subsequence). Lemma [319 implies
that C' is of positive dimension.

Since by assumption Ag # 0, Corollary B8 implies that

C¢{ry =0} and CZ{F =0}
Thus, Proposition [3.21] implies a contradiction. O

We conclude the section proving a finiteness result on a special class of reduced
forms. The result will be used in §4.2

Proposition 3.22. Let F € Z|xo, ..., Z,] be a nondegenerate cubic form such that
Ap # 0. Fiz an integer r # 0. Then there are finitely many pairs

(ai,Gi)EZXZ[l‘l,...,l‘n]g, i=1,...,k,

such that for all T € GL(n+ 1,Z) such that det T = r and T - F is in reduced form,
we have that T - F is equivalent to (a;,0,G;) over Z for some i € {1,...,k} (cf.
Definition 29). Moreover, Ag, #0 for alli=1,... k.

Proof. Suppose not. Then there exist infinitely many T7,7s,... € GL(n + 1,2)
such that detT; = r, T; - F = (a;,0,G;) is in reduced form for each i, and T;
and Tj are not equivalent over Z for each i # j. We denote S; ; = T;lTj. Note
that T;([1,0,...,0]) € Wg for all <. Thus, by Proposition B3] we may assume that
[1,0,...,0] is fixed by S; ; for each i, j. It follows easily that if S; ; = (sp), then
Spo = Sop = 0 for any h,k=1,... n.

Since detT; = r, it follows that the denominators of the coefficients of \S; ; are
bounded, and since det.S; ; = 1, it follows that s¢ o is bounded and in particular
there exist ¢ # j such that T; - F' is equivalent to Tj - I over Z.

Finally, Lemma [2:6] implies that, for each i we have Ag, # 0. O

4. PROOF OF THE MAIN RESULTS

4.1. Proof of Theorem Let X be a smooth projective threefold of general
type. In this section we prove Theorem [[2] i.e., we show that the volume of X
(cf. Definition 1)) is bounded by a constant which depends only on the topological
Betti numbers of X.

Proof of Theorem [L2l We may assume that X is of general type, as otherwise
vol(X) = 0. Let X --» Y be a minimal model of X. Then Y has only terminal
singularities, and in particular it is smooth outside a finite number of points. In
addition,

vol(X, Kx) = vol(Y, Ky) = K.
Theorem implies that

x(Y,0y) = %(—Ky oY) +e),

where
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and the sum runs over all the baskets B(Y,p) of singularities of Y. Note that
e < E(Y). Thus,
vol(X,Kx) = Ky < 3Ky - c3(Y)
=3(—24x(Y, Oy) +¢)
= 3(24(—h"°(X) + h"°(X) = B*°(X) + h*°(X)) + €)
< 3(12b5(X) +E(Y)),
where the first inequality follows from Theorem [Z4land the second inequality follows
from the fact that h'%(X) < h*'(X) by Hard Lefschetz and h?1(X) + h3°(X) <

b3(X)/2 by Hodge decomposition.
Thus, Proposition 23] implies the claim. O

Two immediate applications of Theorem are the following corollaries.

Corollary 4.1. The volume only takes finitely many values on the set of three-
dimensional projective varieties with a fized underlying 6-manifold.

Proof. Let X be a smooth projective threefold. The volume vol(X, Kx) is a rational
number whose denominator is bounded by the cube of the index of a minimal model
of X. By Lemma [2.2], the index of any minimal model of X is less than or equal to
4-Z(X). The claim follows now from Proposition 2:3 and Theorem O

Corollary 4.2. The family of all smooth projective threefolds of general type with
bounded Betti numbers is birationally bounded.

Proof. By [HMO06], Cor. 1.2] we know that the family all smooth projective three-
folds of general type with bounded volume is birationally bounded. The result then
follows from Theorem O

4.2. Divisorial contractions. Let Y be a Q-factorial projective threefold, and let
f:Y — X be an elementary Ky-negative birational contraction. By Lemma [2.16]
we have that bo(Y) — ba(X) = 1. Let {y1,..., v} be a basis of H?(X,Z), and let
Bi = [*i-

If f is a divisorial contraction, then we have a natural choice for a class a €
H?(Y,Z) such that {a,B1,..., B} is a basis of H?(Y,Q) . Indeed, we can choose
a = ¢1(rE), where E is the exceptional divisor and r is the smallest positive integer
such that rE is Cartier.

If f is a contraction to a point, by the projection formula we get

a-fi-B;=0
and
ao? - Bi=0
foranyi,j = 1,...,b. On the other hand, in general, we do not have an isomorphism

H*(X,Z) = Z{o, Bu, ..., By),
as the following example shows.
Example 4.3. Let Z = P2, and consider the P'-bundle
Y =P(0z ® 0z(2))

over Z with induced morphism 7: Y — Z. Then there exists a birational morphism
f:Y — X which contracts a section E of 7 into a point. In particular, X is the
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cone over P? associated to Oz(2). Note that X is terminal and Q-factorial, and
Ky = f*Kx +1/2E. Let £ be aline in Z, and let F = 7*{. Then {F, F'} is a basis
of H2(Y,Z). On the other hand, I’ = f.F is not Cartier, and therefore it is not
an element of H2(X,Z), while 2F" is a generator of H2(X,Z).

Given a divisorial contraction to a point f: Y — X between terminal threefolds,
our goal is to first bound the difference K3 — K% and then compute the cubic form
Fx associated to X from the cubic form Fy associated to Y. We begin with the
following.

Proposition 4.4. Let Xy be a smooth projective threefold, and let
Xo--+X1 - - Xpq - X,
be a sequence of steps of the minimal model program for Xy. Assume that
f[Y=X 1> X=X}
is a divisorial contraction to a point p € X. Then
0< Ky — K% <2'%2,
where by = ba(Xo) is the second Betti number of Xg.

Proof. Let E be the exceptional divisor of f, and let a = a(E, X) be the discrepancy
of f along E. Since X is terminal, we have that a > 0. Since K3 — K% = a3E3, it
is enough to bound a®E3. The possible values of aE? are listed in [Kaw05] Tables
1 and 2. In particular, we have

0<aE?<A4.

Let B(X,p) = {p1,...,pr} be the basket of X at p with indices 1 = r(p1),...,
rr = r(pg) (cf. §22), and let R be the least common multiple of rq,...,rg. Then,
[Kaw05, Lemma 2.3], implies that E3 > 1/R. Thus,

3 64
0< (aE)” < (B2
Let £ = E(X,p) < Z(X). Then Lemma 22 implies that

R<4-E,

< 64R2.

and Proposition implies
(aB)* < 21932,
Thus, the claim follows. |

We now study the behaviour of the cubic form associated to a terminal threefold
under a divisorial contraction to a point. We begin with the following elementary
fact.

Lemma 4.5. Let A be a mazimal rank submodule of Z™, and let v be a positive
integer. Assume that for any b € 2™, we have that r-b € A. Let T € M(m,Z) be
a matriz whose columns form a basis of A. Then 0 < |detT| < r™.

Proof. By assumption, there exists X € M(m,Z) such that T - X = rl,,, where
I, € SL(m,Z) is the identity matrix. Thus, detT divides ™, and the claim
follows. |
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Lemma 4.6. Let X and Y be Q-factorial projective threefolds with terminal sin-
gularities, and let f:Y — X be a divisorial contraction onto a point x € X with
exceptional divisor E. Then w1 (E) = 1 and, in particular, H*>(E,Z) is torsion free.

Proof. Let U be an analytic neighborhood of = such that U retracts to x, and
consider the morphism fi;: V = f~1(U) — U. Then [Kol93D, Theorem 7.8] implies
that m (V) = m1(U) = 1. Since V retracts to E, it follows that m (E) = 1.

The universal coefficient theorem implies that H?(E,Z) is torsion free. (]

Thus, we have the following.

Proposition 4.7. Let X and Y be Q-factorial projective threefolds with terminal
singularities, and let f: Y — X be a divisorial contraction onto a point with excep-
tional divisor E. Let a € H*(Y,Z) be a generator of the ray R-o[E] in N1 (Y)®R.
Let n = by(Y), and let o, g, .., be a basis of H*(Y,Z). Let r = |a®|. Then
there exists T € M(n,Z) such that 0 < |detT| <", and o, T(av2), ..., T(ay) is a
basis of the submodule of H?(Y,Z) spanned by f*H?*(X,7) and o. In particular, it
follows that
T-Fy =axd + Fx(21,...,2Tn),

where a = a3.

Proof. Fix an isomorphism H?(Y,Z) ~ Z", and consider the submodule A of Z"
spanned by f*H?(X,Z) and «. Let 8 € H*(Y,Z). Then there exist integers c,b
with [b] < 7 such that
(ca +bB).a? = 0.
Set v = car+ bB. As in the proof of Lemma 16}, it follows that R'f,Z = 0 and,
in particular, H'(FE,Z) = 0. Thus, as in Lemma EI5, we get the exact sequence

0— f*H*(X,Z) — H*(Y,Z) & H*(E,Z).

Possibly passing to a desingularization, we can apply [KM92, Proposition 12.1.6]
to obtain that p(E) is a multiple of p(vy) in H?(E,Q). Since v.a? = 0, it follows
that p(y) is a torsion element of H?(E,Z), which implies that p(y) = 0 by Lemma
A6l and so v € f*H?(X,Z). Thus, b3 € A and Lemma [ implies the claim. [

We now consider divisorial contraction to a smooth curve. We begin with the
following well-known result (e.g., see [OVAV95, Prop. 14]).

Proposition 4.8. Let X be a Q-factorial projective threefold, and let C' be a smooth
curve of genus g contained in the smooth locus of X. Let f: Y — X be the blowup
of X along C, and let o = c¢1(E). Then H*(Y,Z) = Z[a]) ® H*(X,Z) and

Ky — Ky = —2Kx -C+2—2g=—2E*+6 — 6g.

In particular, if B1,. .., By is a basis of H*(X,Z), then o, f*B1,..., f*Bn is a basis
of H?(Y,Z), and with respect to these bases we have

n

Fy(xo,...,7,) = axd + ng(z bizi) + Fx(z1,...,2p),
i=1

where a = o® and b; = —p; - C.
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4.3. Proof of Theorem [I.3l We can finally prove our main result.

Proof of Theorem [L3l If f is a divisorial contraction to a point, then (1) is the
content of Proposition .4l Assume hance that f contracts a divisor F to a smooth
curve C. Then E is a P'-bundle over C, and, in particular, if ¢ is the genus of C,
then b3(E) = 2g. Thus, by Lemma and Lemma and since E and C are
smooth, we have that

b3(Y) — b3(X) = Ib3(Y) — Ib3(X) = 2g.

Moreover, considering the cubic form Fy associated to Y and applying Proposition
L8] we have that |E3| < Sy. Hence

|Ky — K| = | —2E° + 6 — 6y
<28y + 6(bs(Y) + 1).

This finishes the proof of (1).

We now prove (2).

Let us first assume that f is a divisorial contraction to a point with exceptional
divisor E. Let a € H?(Y,Z) be a generator of the ray R~ ([E]. By Propostion &7 «
is a point of rank 1 for the Hessian of the cubic form Fy. Then, by Proposition B.3]
a is determined up to finite ambiguity by Fy and so it is r = . By Proposition
B22] there are finitely many pairs

(ai7Gi)€ZXZ[l‘1,...,In]3, izl,...,k,

such that for all T'€ M(n+1,Z) such that 0 < |det T| <™ and T'- F is in reduced
form, we have that T - F is equivalent to (a;,0,G;) over Z for some i € {1,...,k}.
By Proposition B there exists T € M(n + 1,Z) such that 0 < |detT| < r™ and
T - F is in reduced form (a, 0, Fy), where a = 3. Thus, there exists M € SL(n,Z)
such that Fy = M - G; for some i € {1,...,k}.

Let us assume now that f is a divisorial contraction to a smooth curve. By
Theorem [B.1] there exist finitely many triples

(ai,Bi,Gi)EZXZ"XZ[mO,...7xn]3, 1=1,...,k,

such that any reduced triple associated to F is equivalent to (a;, B;, G;) over Z for
some i € {1,...,k}. By Proposition .8 there exist a € Z and B € Z™ such that
(a, B, Fy) is a reduced triple associated to F. Thus, there exists M € SL(n,Z)
such that Fy = M - G, for some i € {1,...,k} O

Proof of Corollary [L4l This is a simple iteration of point (2) of Theorem [[L3] keep-
ing in mind that if g : W — Z is a step of an MMP as in the statement and A g, # 0,
then also A, # 0 (this follows by combining Proposition FL§ and Proposition [L.1]
with Lemma [226)). |

Proof of Corollary [LEl. Let
XZXO—)X1—>—>X]C

be an MMP for X such that each f;: X; — X411 is a divisorial contraction to a
point or to a smooth curve contained in the smooth locus of X, .

Denote by F; the cubic form associated to X;, and let S; = Sx, (cf. Definition
[212). Theorem Bl implies that Sx, < +oo.
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We proceed by induction on i = 0, ..., k. Proceeding as in the proof of Theorem
3 by combining Proposition [£.8] Proposition [£7, Proposition [3.22] and Theorem
BT it follows that, for any 7 =0,...,k,

Ap, #0 and S; < +o0.

Moreover, each S; depends only on F'x and, therefore, only on the topology of the
manifold underlying X.
We define
Dy, = 6by(X) + 36b3(X),

and for any i < k, let
D; = D1 + max{2'%,(X)?,25; + 6(Ibs(X;) + 1)}

We claim that
K%, | < D;
forany i =0,...,k.

The proof is by descending induction on ¢ = k,...,0. If ¢ = k, the result is
exactly Theorem Assume now that ¢ < k and \K§i+1| < D;y1. Then the claim
follows by combining Proposition 4] and Theorem [[L3l In particular, we have that
|K%| < Do.

Finally, we need to show that for any ¢ = 1,...,k, we have that Ib3(X;) <
Ibg(X;-1). If fi—1: X;—1 — X, is a divisorial contraction to a point, then the claim
follows immediately from Lemma 2.5l On the other hand, if f;_1: X; 1 — X, isa
divisorial contraction to a smooth curve C; C X; with exceptional divisor Ez, then
E; is a P-bundle over C; and if g(C;) is the genus of C;, then Lemma 215 implies

Ib3(Xi—1) — Ib3(X;) = Ib3(E;) = b3(E;) = 29(C;) > 0,

as claimed. Thus, Ibs(X;) < Ib3(X) = b3(X) for any ¢ = 1,..., k, and the theorem
follows. .
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