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CONVEX HULLS OF MULTIDIMENSIONAL RANDOM WALKS

VLADISLAV VYSOTSKY AND DMITRY ZAPOROZHETS

ABSTRACT. Let Sy be a random walk in R% such that its distribution of in-
crements does not assign mass to hyperplanes. We study the probability pn
that the convex hull conv(Si,...,Sy) of the first n steps of the walk does not
include the origin. By providing an explicit formula, we show that for planar
symmetrically distributed random walks, p, does not depend on the distribu-
tion of increments. This extends the well-known result by Sparre Andersen
(1949) that a one-dimensional random walk satisfying the above continuity
and symmetry assumptions stays positive with a distribution-free probability.
We also find the asymptotics of p, as n — oo for any planar random walk
with zero mean square-integrable increments.

We further developed our approach from the planar case to study a wide
class of geometric characteristics of convex hulls of random walks in any di-
mension d > 2. In particular, we give formulas for the expected value of the
number of faces, the volume, the surface area, and other intrinsic volumes,
including the following multidimensional generalization of the Spitzer—-Widom
formula (1961) on the perimeter of planar walks:

— E[| S|
EVi(conv(0,51,...,5:)) = » ,
k=1 k
where Vi denotes the first intrinsic volume, which is proportional to the mean
width.

These results have applications to geometry and, in particular, imply the
formula by Gao and Vitale (2001) for the intrinsic volumes of special path-
simplexes, called canonical orthoschemes, which are finite-dimensional approx-
imations of the closed convex hull of a Wiener spiral. Moreover, there is a
direct connection between spherical intrinsic volumes of these simplexes and
the probabilities pp,.

We also prove similar results for convex hulls of random walk bridges and,
more generally, for partial sums of exchangeable random vectors.

1. INTRODUCTION AND RESULTS FOR PLANAR RANDOM WALKS

1.1. Motivation. Let S,, = X;+---+X,, be a random walk in R?. This paper was
motivated by the following question: What is the probability that conv(Sy,...,S,),
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the convex hull of the first n steps of the walk, does not include the origin? This
is a natural high-dimensional generalization of the classical problem to find the
probability that a one-dimensional random walk stays positive (or negative) by time
n. In this paper we develop a combinatorial approach that answers the question
in some particular cases and, importantly, allows one to obtain further results on
expected geometric characteristics of the convex hull, including its expected number
of faces, volume, surface area, and other intrinsic volumes. Most of our main results
are presented in the form of exact non-asymptotic formulas.

Our interest in the probabilities P(0 ¢ conv(Sy,...,Sy)) emerged from two dif-
ferent topics. First, we were interested in a multidimensional version of the one-
dimensional persistence problem of finding the probability that a stochastic process
(the random walk, in our case) stays above a certain level. Over the past ten years,
such problems have drawn a lot of attention from both mathematical and theoreti-
cal physics communities; see the survey papers by Aurzada and Simon [2] and Bray
et al. [5].

Second, we were aware of the direct connection to geometry: for random walks
with Gaussian increments, 1P(0 ¢ conv(S),...,S,)) equals the d-th spherical in-
trinsic volume of a certain path-simplex in R" called the canonical orthoscheme.
This simplex is defined as the convex hull of n vectors whose Gram matrix coin-
cides with the covariance matrix of a standard Brownian motion sampled at times
1,...,n. Spherical intrinsic volumes are spherical analogues of classical Euclidean
intrinsic volumes. The details on this connection of our problem to geometry are
explained below in Section [4] where we also discuss the other geometric properties
of canonical orthoschemes.

We were also inspired by two famous results. By Sparre Andersen [27, Theo-
rem 2], for any one-dimensional random walk with continuous symmetric distribu-
tion of increments,

(2n — )N
(2n)!!

That is, the probability to stay positive does not depend on the distribution. The
other distribution-free result, which is due to Wendel [36], also concerns symmet-
ric distributions and describes convex hulls of independent identically distributed
random vectors. Let Xi,...,X, be such random vectors in R¢ that satisfy two
additional assumptions:

(1) P(Sy >0,...,8, > 0) =

(Hy) P(X;€h)=0 forany hyperplane h C R? passing through the origin,
and the distribution of Xj is centrally symmetric, i.e.,

(S) X £ X,

Then

d—1
(2) P(O¢COHV(X1’”"X”))_27I_1—12(ngl).
k=0

Wendel assumed (Hg)) to ensure that with probability one, X7i,..., X, are in
general position; that is, any d of these vectors are a.s. linearly independent. We
will need the stronger assumption

(H) P(X; € h) =0 for any affine hyperplane h C R,
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which in particular guarantees that any one-dimensional projection of X; has a
continuous distribution. We will use this assumption throughout the paper.

1.2. First results. There is a similarity between the results of Sparre Andersen
and Wendel that stems from the use of combinatorial arguments in their proofs.
This motivated our first result, a distribution-free two-dimensional version of ({I):

Theorem 1. Let d =2, and assume that ([H) and Q) hold. Then

" (2n — 2k — 1)
(3) P(0 ¢ conv(St,...,S,)) = ,; W
Let us discuss some corollaries. Here and below we consider the asymptotics as
n — oo. For two positive sequences a,, and b,,, the notation a,, ~ b,, means that
lim,, o0 @p /by, = 1.
It is not hard to obtain from (B]) (see Section [ below) that
logn
Van!
Note that this probability is of a higher order of asymptotics than its one-dimensional
counterpart (Il), where
(5) (2n — )N _ I'(n+1/2) N 1
(2n)!! r(1/2)f(n+1) +/mn
Further, since for symmetric random walks one has
P(0 ¢ conv(St,...,Sn)) =P(=S, ¢ conv(S; — S,,...,0))
=P(S,, ¢ conv(0,51,...,5.-1)),

the expected number of updates of the convex hull is distribution-free and satisfies

(4) P(0 ¢ conv(Sy,...,Sn)) ~ d=2.

- 1
ZIP’(S;C ¢ conv(0,S1,...,Sk—1)) ~ m, d=2.
po VT

The other quantity, which is closely related to the probabilities
P(0 ¢ conv(St,...,S5n)),

is the opening solid angle, denoted by €1,,, of the convex hull observed from the
origin. In the planar case we understand €,, as the arc angle, and so here 2, = 27
if 0 belongs to the interior of the convex hull and Q,, < 7 if otherwise.

It is easy to sed] that

1 Q, \*t 1 1
(6) ]E(§—W) = SP(0 ¢ conv(Sy,..., Sy)|U),
where: 27 := max(0,z) for any real x; for any direction v € S?~!, the notation

-|ut stands for the orthogonal projection onto the hyperplane u* passing through
the origin that is orthogonal to u; and U is a random vector that is uniformly

'Indeed, consider any set A C R?. If 0 ¢ Int(conv(A)), then by the definition of solid angle,
1
Q(conv(A)) := Hi,x € conv(A)H == / 1(0e conV(A)|uJ‘)U(du),
|| 2 Jgd—1

hence 1 Q(conv(A)) _ 1

3T pai T 5P(0 ¢ conv(A|UL)). If 0 € Int(conv(A)), the Lh.s. in the last equality

Q(conv(A)) )+ —

is negative (it equals —1/2) and the r.h.s. equals zero, and thus we have (% - T

%]P’(O ¢ conv(A|UL)).
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distributed over the unit sphere SY~! and independent of the random walk S,,.
Since for any direction u, Sy, := Sy, |u’,n > 1, is a (d— 1)-dimensional random walk
which satisfies assumptions (H) and (§) if the d-dimensional walk S,, does so, (@)
combined with () and (8] implies the distribution-free relations

+ o (@n-1)l B
(7) E (ﬂ' - Q'IL) = 27T(2T)”, d = 2,
and
2n — 2k — 1!
(8) E (27— Q)% =2r Z NETEESTE d=3.

Hence, under the assumptions of Theorem [I], the conditional expected discrep-
ancy between the opening angles of the conic hull of conv(Sy,...,S,) and of a full
half-plane containing the hull is also distribution-free and satisfies

21
]E(ﬂ'—Qn|O§§conv($’1,...,5n))Nlogn7 d=2.

The approach of the present paper does not allow one to generalize (@) to higher
dimensions where it gives non-sharp upper bounds; see (I8) and () in the next
section. Based on numerical simulations for dimensions d = 3 and 4, which were
further supported by () in dimension three, we suggest the following hypothesis.

Conjecture. Let d > 3, and assume that (H) and (S) hold. Then the probabilities
P(0 ¢ conv(Sh,...,Sn)) are distribution-free for any n > 1.

Since the publication on arXiv of the first version of this paper, this conjecture
has been fully resolved in our subsequent paper [12, Theorem 2.3], coauthored with
Z. Kabluchko. This new work uses an entirely different method, which, however,
applies only for perfectly symmetric distributions of increments.

1.3. Asymptotic results for general planar random walks. On the contrary,
the approach of the present paper allows us, with an additional effort, to obtain an
asymptotic version of Theorem [lfor asymmetric planar random walks. It also gives
asymptotic upper estimates of the probabilities P(0 ¢ conv(Sy,...,S,)) in higher
dimensions. Surprisingly, for symmetric walks these bounds overestimate the true
values merely by a constant factor; cf. ([I8)) and (2] below with [I2, Theorems 2.3
and 5.1].

We now present an asymptotic result for general random walks assuming that
the increments have zero mean and a finite covariance matrix ¥. This matrix must
be non-degenerate by assumption (H]). For such walks, we introduce the following
definitions. For any non-zero u € R¢, denote by T'(u) := inf{k > 1: S, ¢ H(u)}
the exit time from the half-space H(u) := {z € R : (z,u) > 0}, and let

) Rw) = T

(Xu, u)
be the expected normalized distance from H(u) to the exit point Sp(,). It is easy
to see that this function is positive and angular, that is, independent of |u|. We
will also show that R(u) is bounded. For random walks with centrally symmetric
distribution of increments satisfying (H]), we have R(u) = v/2/2. This becomes clear
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in the next paragraph if one uses that T'(u) is the exit time of the symmetrically
distributed random walk (S,,,u) from the non-negative half-line.

In dimension one, R(1) and R(—1) are the expected values of ascending and
descending, respectively, ladder heights of the random walk normalized by standard
deviation of its increments. In this case it is well known (see the proof of Lemma
in the Appendix) that R(+1) are finite and
(10) P(Slzo,...,SHZO)N@, d=1.

T
This is actually true even without (H), while under (H]), all the inequalities above
can be taken to be strict. The asymptotic order here is the same in the symmetric
case (where R(#1) = v/2/2; cf. (@) and (), but of course the probabilities are
now distribution-dependent.

Theorem 2. Let d = 2, and assume that (H) holds and that increments of the
random walk S,, have zero mean and a finite covariance matriz . Then

1
P(0 ¢ conv(Sy, ..., Sn)) ~ V2ER(S1/20) %,

where U s a random vector distributed uniformly over the unit circle S' and the

expectation above is finite and positive.

1.4. Further results and references. We give a further development to the ap-
proach used for our initial problem discussed above. This allows us to obtain new
results on a very wide class of geometric characteristics of convexr hulls of gen-
eral (not necessarily symmetric) multidimensional random walks. In particular, we
provide explicit exact formulas for expected intrinsic volumes of the convex hull.
For details we refer the reader directly to Section Bl with its main result given in
Theorem (4] and the applications presented in Section

Mean geometric characteristics of convex hulls of planar random walks, for ex-
ample, the expected number of faces and the expected perimeter, were studied in
many papers starting with Spitzer and Widom [28] and followed by a few other
works that include Baxter [4], Snyder and Steele [24], and one of the most re-
cent by Wade and Xu [35]. It seems that higher-dimensional versions were first
considered by Barndorff-Nielsen and Baxter [3], whose work was overlooked by
most of the followers, including us. To the best of our knowledge, the probabil-
ities P(0 ¢ conv(Si,...,S,)) were not considered until the very recent works by
Eldan [6] and Tikhomirov and Youssef [31], who obtain asymptotic estimates as
dimension d increases to infinity for a few special types of random walks.

The paper by Abramson et al. [I] gives an overview and the latest account on
the very fine description of the structure of the largest convex minorants of one-
dimensional random walks. There are many related papers that consider random
walks as the initial step in their studies of convex hulls of continuous time Lévy
processes, and of course there is a huge number of works on convex hulls of Brownian
motions. These topics are beyond the scope of our paper. A lot of references can
be found in Pitman and Uribe Bravo [21]. There is a survey of results on random
convex hulls by Majumdar et al. [I7].

1.5. Structure of the paper. This paper is organized as follows. In the next
section we present the main tool of our approach, a somewhat technical Proposi-
tion [Il, which immediately implies Theorem [ and its analogue for random walk
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bridges, Theorem [Bl The proposition also serves as the base for the further studies
of geometric properties of convex hulls. We also present an asymptotic version of
Proposition [ for general random walks whose increments have zero mean and finite
variance. This result is stated in Proposition [ of Section [2| and it readily implies
Theorem 2

Section [} contains Theorem [4] our general result on expected geometric charac-
teristics of convex hulls of multidimensional random walks. This theorem also holds
true for random walk bridges and more generally, for partial sums of exchangeable
random vectors. As the main application of Theorem [ we obtain explicit formulas
for expected intrinsic volumes of convex hulls of random walks. In Section [ we
consider the special case of random walks with Gaussian increments and present a
number of results that explain connections with geometry.

All the proofs are contained in the last two sections. In Section [l we present
our combinatorial results, which are used in Section [l to prove Proposition [l and
Theorem [l This last section also contains the proof of Proposition [2, which is
based on several rather technical statements concerning uniform convergence. The
proofs of these statements are moved to the Appendix since they are very different
from the purely combinatorial or semi-combinatorial arguments used throughout
the paper. However, we think that a uniform version of the Tauberian theorem
(Theorem [ of the Appendix) deserves some attention. To our surprise, we did not
find a reference to any similar statement.

2. THE MAIN TOOL FOR MULTIDIMENSIONAL RANDOM WALKS

Denote by
Cy, := conv(Sg, S1,...,Sn)

the convex hull of the first n steps including the origin Sy := 0. In the following
consideration we will always refer to C,, as the convex hull of the random walk. To
avoid trivialities, we assume that n > d; we also recall our convention that ([H]) is
always satisfied.

With probability one C}, is a convex polytope with boundary of the form

(11) C, = |J f.

fe€Fn

where F,, is the set of all (d — 1)-dimensional faces of C,,. Almost surely, each face
f is a (d — 1)-dimensional simplex of the form

(12) f = COnV(Sil(f), ey Sid(f))

for some indices 0 < i1(f) < --- < ig(f) < n. It is instructive to think that f is
obtained by shifting the simplex with vertices 0, S, r) — Si, (), -+ Siar) — Sin ()
by S;, (). We say that the ordered (d — 1)-tuple (ia(f) —i1(f),...,a(f) —i1(f)) is
the temporal structure of the face and the ordered d-tuple (i1(f),...,i4(f)) is the
full temporal structure.

We shall express the probability that JF,, contains a face of a given temporal or
full temporal structure. In order to stress the combinatorial nature of our result, we
prove it in a more general setting for the partial sums S, = X1+ -+ Xi, 1 < k < n,
of n-exchangeable increments X1, ..., X,,. Recalling the definition, this means that
for any permutation o of length n, (Xg(l), ..+, Xo(n)) has the same distribution as
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(X1,...,Xn). We will assume that
(G) P(S1,..., Sy are in general position) = 1

to ensure that the faces of (), still are simplexes with probability one. In other
words, any d vectors of S1,...,S5, are linearly independent. This is true, for ex-
ample, when the exchangeable increments X3, ..., X,, have a joint density or when
they are independent (so Sy, is a random walk) and satisfy (HI).

Our main example of partial sums with dependent n-exchangeable increments is
a random bridge of length n, where we assume by definition that the n-th partial
sum is a.s. zero. We will be interested in random walk bridges of two types. For
a random walk Sy, the difference bridge is the sequence Sy — (k/n)Sp,1 < k < n,
and the distribution of the conditional bridge is given by conditioning on S,, = 0.
We understand the latter as the well-defined limit of the corresponding conditional
distributions P - ‘|Sn| <r) as r — 0+. For example, this limit exists if the distri-
bution of increments of the walk has continuous or bounded density and the density
of the distribution of .S, is positive at 0. It is easy to see that the first n values of
a random walk bridge of length n + 1 of either type satisfy (G) if the underlying
random walk satisfies ([H]).

It turns out that the probability that the convex hull C,, contains a face of a given
full temporal structure is distribution-free for random walk bridges and for random
walks with symmetrically distributed increments. Although this probability is not
distribution-free for general walks, the probability that C, contains a face of a given
temporal structure is. More precisely, we have the following result.

Proposition 1. Foranyd>1,1let 0 < i) < --- < ig <n be any indices.
(1) If the partial sums Sy, of n-exchangeable random vectors in R? satisfy (Gl),

then
n—iq+i1
(13) Z ]P)(CODV(SZ', Si+i27i17 ey SiJrid,il) S ]:n)
i=0
_ 2
(ig —d1) .. (ig —dg_1)"
Moreover, if S1,...,5,,0 is a random bridge of length n+ 1, then
2
14 P(conv(S;,,...,S:,) € Fn) = — - - - - - .
(14) ( (S5, a) ) (ig —i1) .. (ig —tg—1)(n—ig+1i1 + 1)

(2) If Sy is a random wall in RY and () and @) hold, then

(2 — DI (20— 2ig — N 1
(;il)!! 2n — 2! I1

(15)  P(conv(Si,...,S:,) € Fn) =2
k=1

where by convention (—1)! = 1.

2 As explained in Section[8 (IF) is true for the partial sums of n-exchangeable random vectors
X1,...,Xp if (G) holds and all the 2" n-tuples (+X1,...,+X,) have the same distribution; note
that Wendel’s result (2] also holds true under these relaxed assumptions. Here is an example of
such distributions: if d = 1 so do the coordinates of any random vector X in R™ with a rotationally
invariant distribution. In this case X1,..., X, are not i.i.d. unless X is a multiple of a standard
Gaussian vector.
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The first application of this result concerns the expected number of faces of C,
that contain the origin as a vertex. Denote the set of such faces by F/ and note
that (under (G)!)

1(F, # @) % 1(0 € 0Cp) 2 1(0 ¢ conv(Sy, .. ., Sp)).-

Then (I3 immediately implies that for symmetric random walks,

d—1
2n — 2ig — NI
(16) EFl=2 3 ( n — 2iq 3
1Si2<“-<id§n (2n — 2iq) Zk+1 — i

This proves Theorem [ since for d = 2, we have

| 2, 0¢conv(Sy,...,Sh),
(17) 7l _{ 0, 0€conv(Sy,...,S,).

In higher dimensions, (@) gives only an upper bound, as follows by
(18) P(0 ¢ conv(Sy,...,S,) < E|F.|/d.

By the same reasoning, from (I4]) we obtain the following version of Theorem [II
for random walk bridges.

Theorem 3. Let Sq,...,Sn+1 be either the difference bridge or a well-defined con-
ditional bridge (both of length n + 1) of a random walk in R? that satisfies ().
Then

P(0 ¢ conv(S,...,Sn an—k—I—l)
k=1

We stress that no additional assumption other than (H)) is required.
For the asymptotics, it follows that (see Section [B]) for a random walk under ()

and (H),

(19) Erw|Fy| ~

2(logn )41

NI
while for a random walk bridge of length n + 1 (under (H)),

1 d—1
(20) Egy|FL| ~ 2d(logn)*™"
n
We conclude this section with an asymptotic version of part (2) of Proposition[Il
with 41 = 0 for general (not necessarily symmetric) random walks. Recall that the
function R(u) was defined in (@J).

Proposition 2. Let Sy be a random walk in R%, d > 2, with increments that have
zero mean, a finite covariance matriz Y, and satisfy (H). Let U be a random vector
distributed uniformly over the unit sphere S*=1. Then for any sequence h, tending
to infinity such that h, = o(n), we have

2 ER(S-Y2U) o 1
P(conv(0,S;,,...,S5:,) € Fn) = 2\/j+01 - - . .
( ( ) ) ( s ( ))22\/n—zd—|—1kl:[21k+1—zk

uniformly in 1 <iy < -+ <ig <n such that min(is, iz —is,...,0q — ig—1,n —iq) >
hy, and the o(1) term is uniformly bounded.
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Similarly to ([I3]), this gives (see Section [B]) the asymptotics

(logn)?—*

21 E |~ 2V2ER(XTY/2

Then Theorem [ readily follows by (I).

3. GEOMETRIC PROPERTIES OF CONVEX HULLS IN R¢

3.1. Expected additive functionals of faces. For a further application of Prop-
osition[Il we sum in ([I3]) over all possible indices to obtain that the expected number
of faces in the convex hull satisfies

1
(22) ]E|]:n| =2 Z T a—
Jit+e+ja—1<n Jutee-tJd-t
J1seesja—12>1

Comparing (22)) and ({4]), we see that

d—1
ED|F,| =Y ER VIF
k<n

where the upper indices show the dimension; hence by (20)),
(23) E|F,| ~ 2(logn)¢~*.

We stress that these formulas are valid under (G) only, and (S) is not required.

For d = 2, [22)) was proved by Baxter [4]. We first generalized his argument
to higher dimensions but then found a more direct and intuitive proof for part
(1) of Proposition [l presented below in Section [l Later we discovered that such a
generalization was already done by Barndorff-Nielsen and Baxter [3], who extended
the proof of [4].

We followed the steps of Baxter [4] and Snyder and Steele [24] (both papers
considered only the planar case) to obtain the following generalization of (22). Let
g : R¥*(@=1) _ R be any non-negative Borel function. As we noted above, with
probability one C,, is a convex polytope with faces of the form (I2]). Hence we can
represent nearly any geometric property of a face f of C), in terms of

9 (Sia(r) = Sin(p)r+ -+ Siatr) = Sian(p)

for some symmetric function g. This quantity has the same expectation for all
faces with the same temporal structure, and a conditional version of (I3)) (see ([@3)
below) readily yields the following result.

Theorem 4. Let Sy, be partial sums of n-exchangeable random vectors in R?, d > 1.
If (@) holds, then for

Gni="Y_ 9(Sia(r) = Sir(5)r- > Siatr) = Siar())
feFn
we have that

EG, =2 Y

1<ii < <ig—1<n

E9(5i1,5i2 - Sila ey Sid—l - Sid—Q)

i1(ia —d1) - ...+ (Gg—1 — ta—2)




7994 VLADISLAV VYSOTSKY AND DMITRY ZAPOROZHETS

Notice that if S, is a random walk that satisfies (H), then the d — 1 arguments
of g in the definition of G,, are independent. In this case EG,, can be written as

Eg (S( ) 8@ gl )
(24) EGn —9 Z J1 J2 - Jd—1 ,
Jitetja—1<n jl teeetJd—1
J1seesja—121
where 57(11), ey S,(ld_l) are independent copies of the random walk S,,.

We proved Theorem (] being unaware of the work of Barndorff-Nielsen and Bax-
ter [3], who gave no general statement of this type but did a similar consideration
and obtained many of the results discussed in the next section as applications of
Theorem [l Our proof uses both combinatorial and probabilistic reasoning and, in
our opinion, is more transparent than that of [3].

The latter proof rests on the smart combinatorial argument proposed by Bax-
ter [4]. It is based on the simple fact that none of the n! permutations of the
increments X, ..., X,, change the distribution of the partial sums. Similarly, Wen-
del’s proof of (2)) uses that all the 2" possible n-tuples (£X7,...,+X,,) have the
same distribution. If this holds true, his argument works for any random vectors
X1,...,X, in general position (so our assumption that X; are i.i.d. is actually su-
perfluous). Both proofs of Baxter and Wendel rely on the corresponding properties
of deterministic sequences. Sparre Andersen’s original proof of (Il) does not allow
such a nice description, as it combines a simple combinatorial argument with some
clever counting which rests on additivity of probability. The widely known proof
of this result given by Feller [8, Section XII.6] offers a much clearer combinatorial
approach but heavily uses the independence of increments.

3.2. Applications to intrinsic volumes of convex hulls. Let us give some
corollaries of Theorem [l In this subsection we always assume that S,, is a random
walk that satisfies (H)) and impose no other conditions. As in (24)), let S,(LD, ceey Sr(Ld)
be independent copies of the walk .S,,.

First of all, by considering g(x1,...,x4-1) = 1 in (24), we obtain the formula ([22])
for the expected number of faces of the convex hull of S,,. Less trivial applications
are as follows.

Corollary 1 (Expected surface area). We have that

Edet1/2<< 5™ g (e>>)

Jm

2 m, = 1
E Voly_1(9C,,) = ) _
— | . .
(d 1). Jjittja-1<n Jueesjam
J1seesda—121

For d = 2 this gives a formula by Spitzer and Widom [28] on the average
perimeter:

“~ E||S;
(25) E Vol (9Cy) =2 M
—~
J
The three-dimensional version of this result was first obtained by Barndorff-Nielsen
and Baxter [3].
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Proof. Applying ([24) with the Gram determinant formula
(26)

g(x1,...,x4-1) = Volg—_1(conv(0, z1, ..., 24-1)) = ( — \/det zm,xl>)ml11

with z1,...,24_1 € R%, we get

E Voly_1 (conv(O s S(d 1)))

7o Jd—1

E VOld_ 1 (8Cn) =

Jit+ja-1<n Jl."'.]dfl
Jiseeja—121
—1
) £ det!/? (s, 50))" N
B S
o —1)! i . :
(d 1) Jit+ja-1<n JieeJam
JiseesJa—121
([l
Corollary 2 (Expected volume). We have that
) E‘det{ S](d)H
(27) EVoly(Ca) = — , .
" itetda<n Juseeeda

J1,--da>1

A version of this result was first obtained by Barndorff-Nielsen and Baxter [3].

Proof. Denote by ’ : R“t1 — R the projection onto the first d coordinates. Let S,
be any (d + 1)-dimensional random walk such that 5; = 5,, and its last coordinate
is distributed continuously and independently of S,. The convex hull C, of S,
satisfies (OC,,)’ = C,,, and the pre-image under ’ of any point from Int(C,,) consists
of exactly two points. Together with (I:I:I:I) this gives

(28) 2Volg(Cp) = Y Vola(f
je]:n

where F,, denotes the set of faces of Ch. R
Each face f € F,, a.s. is a d-dimensional simplex in R?*! with vertices Sit(f)r- -

Sid+1(f)’ and so f’ a.s. is a d-dimensional simplex in R?. Its volume is given by

Vola(f') = 9(Sis() = S (s -+ Siaa(n) = Sir(p)s
where )
g(z1,...,2q) = Volg(conv(0,z7, ..., 2})) = E‘det[mll, |

is defined for z1,...,24 € R*1. The claim then follows by combining (28) with
@4) applied for S,, and the above given g. O

The following approach unifies the examples considered above. The volume and
the surface area of a convex set are the special cases of so-called intrinsic volumes
Vo, - .., Vg, which naturally arise as the coefficients in the Steiner formula: for any
convex set K C R?,

VOld K+ TBd Zﬂd ka , >0,
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where By denotes a d-dimensional unit ball and &y, := 7%/2/ P(g +1) is the volume
of By. In particular, Vo(K) = 1, V4(K) = Volyg(K), 2Vy_1(K) = Volg_1(0K), and

V1(K) equals the mean width of K divided by the constant 222;1, which is the

mean width of a unit segment in R%. The last statement readily follows from the
other definition of intrinsic volumes, which sometimes is called the Crofton formula:

(29) Vi(K) = (Z) ka:j_k /ﬁ Vol (K|L) dui(L),

where Cg is the Grassmannian of all k-dimensional linear subspaces of R? equipped
with the Haar probability measure ug, and K|L is the orthogonal projection of K
onto L.

Intuitively, the k-th intrinsic volume of K equals, up to the constant factor,
the mean k-dimensional volume of the projection of K onto a uniformly chosen
random k-dimensional linear subspace of R?. The normalization constant (g) ﬁ:
is chosen so that the intrinsic volumes of K do not depend on whether we consider
K as a subset of R? or embed it in any higher-dimensional Euclidian space. For
an extensive account on integral geometry we refer the reader to the books of
Santalé [22] and of Schneider and Weil [23].

Corollary 3 (Expected intrinsic volumes). We have

E det!/?((s" S“’>)d_1

1 e m, =1
EVA(C) == D P o k=1,....d
Ji++ik<n
J1seesde>1

In particular, the Spitzer—Widom formula 25) naturally extends to any dimension:

n
j=1
These results were already used by Molchanov and Wespi [19, Theorem 2.3]
to compute intrinsic volumes of the closed convex hull of a symmetric a-stable
Lévy process in R? with a € (1,2]. For a standard Brownian motion, the intrinsic
volumes V; and V5 were found in the earlier paper by Kampf et al. [I5].

Proof. For any L € Eg, the sequence S, := Sp|L,n >0, is a k-dimensional random
walk satisfying (HI), and its convex hull is C,, = C,,|L. Hence by Corollary 2 one
has

&(1) &(d)

. Eldet 1,507 |

EVolu(Call) = o _ :

S tik<n S
Jiseenie2>1

E Vol (conv(0, S5, 1))

7]1’

Jitetig<n Jureet Ik
Jiyensde 21
Integrate this equation over Eg with respect to pp, normalize according to the

definition of the intrinsic volume, and apply the Fubini theorem to both sides to
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get
EV} (conv (0, S(.l), ceey sk
]EVk(Cn) — Z ( ( J1 . Jk )) .

4 : g1 Jk

Jitetigs<n

Jiseje>1
The linear dimension of K = conv (O, S;ll), cee S](.f)), which is a convex hull of k£ +1
points, is k a.s.; hence Vj(K) = Vol (K), and the claim follows if we use the Gram
determinant formula (26]). O

4. APPLICATIONS OF (GAUSSIAN CONVEX HULLS TO GEOMETRY
In this section we always assume that Xi,..., X, are independent standard

Gaussian vectors in R<.

4.1. Intrinsic volumes of canonical orthoschemes. Consider the Gaussian
random d x n matrix A with the columns Xi,...,X,. Its rows Yi,...,Y; are
standard Gaussian vectors in R™”. It is known that the linear span of Yi,...,Yy
(which are in general position with probability one) is a random d-dimensional lin-
ear subspace of R" uniformly distributed on the Grassmannian £} with respect to
the Haar probability measure. Using this fact and the Crofton formula (29)), it can
be shown that for any convex body K C R",

(2m)4/2

Vd(K) - d!Hd

E Volg(conv({Az : z € K})).

This equation is a finite-dimensional version of a general result of Sudakov [30]
(for d = 1) and Tsirelson [32H34] (for general d) on Gaussian measures in infinite-
dimensional spaces.

Consider the simplex T,, C R™ with vertices

(0,0,...,0),(1,0,...,0),(1,1,0,...,0),...,(1,...,1),

which we call the Schldifli canonical orthoscheme. Such simplexes are also called
path-simplezes.
Now
conv({Az : z € T, }) = Cp,

which implies that

2 d/2
(30) Va(Ty) = (2m) E Voly(Cy,).
d!Hd
Combining this equality with (27]), we obtain
(27r)d/2 E ‘det [Sj(ll), ey Sj(j)} ‘
V) = (@, juda
' Jittia<n o
Jiy-nja>1
where S§1), e Sc(ld) are independent standard Gaussian random walks in R%. Let

M be a d x d matrix with independent standard normal entries. Then E|det M| =
Ey/det(MMT), where MM " is a Wishart matrix whose determinant has a well-
known distribution and moments. Hence (see for example Kabluchko and Za-
porozhets [13])
) ()
Eldet [S{),...,8

905y

o d!lid 3 )
”_W Jr----Jds
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which implies that

1 1
(31) VaT) =+ Y L

Ji,--ja>1

This result was first obtained by Gao and Vitale [I0], who considered a direct
geometric approach using a formula for intrinsic volumes of convex polytopes. The
simplex T),/v/n € R™ is a finite-dimensional approximation of the closed convex
hull T of a Wiener spimlﬁ in a Hilbert space, which was introduced by Kolmogorov
in 1940; [10] calls T the Brownian motion body. Note that T is isometric to the
subset of non-increasing functions of Ly[0, 1] that take values in [0,1]. Gao and
Vitale [10] used @I to prove that

K
Va(T) = d—f!’.
Due to Tsirelson [32H34], the normalized d-th intrinsic volume of T is equal to
the expected volume of the convex hull of a d-dimensional Brownian motion; see
Kabluchko and Zaporozhets [14] for details. The latter quantity was calculated by
Eldan [7] using direct methods.

4.2. Spherical intrinsic volumes of canonical orthoschemes. Let us consider
the unit sphere S” in R"*!. By saying that K C S™ is convex we mean that the conic
hull of K in R"*! is convex and line-free. Following Santalé (see [22, Section IV.4]),
for a convex body K in S™ we can use a spherical counterpart of the Crofton
formula ([29)) to define

U(K) = 5/5 L kns#o} Wn—k(S),
n—k
where S} denotes the space of k-dimensional great subspheres of S equipped with
the rotationally invariant probability measure v4. The functionals Uy can be consid-
ered as spherical counterparts of Euclidean intrinsic volumes Vj,. However, there are
other possible definitions of spherical intrinsic volumes. For basic facts from spher-
ical integral geometry we refer the reader to Gao et al. [9], McCoy and Tropp [I8],
and Schneider and Weil |23, Section 6.5].
Similarly to [30), it can be shown (see Gotze et al. [I1] for details) that

- 1
Ua(Ty) = 51[”(0 € Cy),

where T,, denotes the intersection of the conic hull of T}, with S”~!. To eliminate any
misunderstanding, by the spherical intrinsic volumes of the canonical orthoscheme

T,, mentioned in the abstract and in Section [l we mean exactly Uy(T,). It follows
from (I) and Theorem [ that

1 (2n—1)! 1 <

U(T) = SRR T TS Us(Ty) = 5 kz_:l

(2n — 2k — 1)l
2% - (2n — 2k)!I”

As we explained in the introduction, the exact values of the other spherical intrinsic
volumes of T,, are not accessible by the method of this paper. They are available

3This is the deterministic curve {W(¢),t € [0,1]}, where W is a standard Wiener process, in
the Hilbert space of square-integrable zero mean random variables.
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in our most recent work [12], coauthored with Z. Kabluchko, where Uy, are referred
to as half-tail functionals.

5. COMBINATORIAL ARGUMENTS
For any z1,...,x, € R? denote by
so:=0, 8 =21+ -+x, k=1,...,n,
the sequence of partial sums. For any permutation o = (o(1),...,0(n)), denote
50(0) :=0,8%(0) == To1y + -+ To), k=1,...,n.

We first proved a simple combinatorial statement which generalizes two-dimen-
sional Lemma 1 from Baxter [4] to higher dimensions. Later we found this result
in the paper by Barndorff-Nielsen and Baxter [3]. The one-dimensional version is
known as the “cycle lemma”; for example, see Steele [29, Section 4] and references
therein for further combinatorial applications. For the reader’s convenience we
present the proof here.

Lemma 1. Let zg,21,...,2, € R, and let H be a closed half-space such that
xo, 0+ 8, €OH and xo+s;—s;, ¢0H, 0<i<j<n-—1
There exists exactly one cyclic permutation o = (k+1,...,n,1,...,k) such that
xo, o + $1(0), ..., 20+ sp(o) € H.
Proof. By the assumption, there exists exactly one point zg + s among
{wo + si}iZg N (Int(H))*

that is at the maximum distance (possibly zero) from OH. Then o := (k +
1,...,n,1,...,k) is a required permutation, and it is unique by the uniqueness
of k. O

Our next goal is to obtain stochastic versions of this result. For any points
x1,...,2q € R, define

Hi(zy,...,zq) = {z € R : £det[ry — z1,...,24 — 21,2 — x1] > 0}.

If there is a unique hyperplane through these points, then this definition gives a
rule to distinguish between the two half-spaces H; and H_ lying on different sides
of the hyperplane. If such a hyperplane is not unique, then Hy = R?.

Lemma 2. Assume that the partial sums Sy of n-exchangeable random wvectors
Xi,..., X, inR% d > 2, satisfy (Q). For any indices 1 < iy < -+ <ig_a <n—1,
we have

1

il(ig —il) ta.t (’I’L —id,Q)

]P(Sl,...,Sn € Hi(O;Sila-”aSid,zySn» =

and, moreover,

]P’(Sl,...,Sn S H:I:(O,Si1;~~~aSid,zasn)|Si17~~~,Sid,2;5n)

1
= — - - a.s.
i1(la —d1) - ... - (n—ig—2)
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This is a little generalization of the well-known fact that the trajectory of any
continuously distributed one-dimensional random walk S,, lies above the line joining
(0,0) and (n,S,) with probability 1/n; see Feller [8, Section XII.9]. The fact
follows from Lemma B if we consider the two-dimensional walk S,, := (n, S,,) with
deterministic first component.

Proof. With probability one, there exists a unique half-plane through 0,S;,,...,
Siy_ssOn (otherwise we could add any other point Sy, and arrive at a contradiction
with (G)).) Hence almost surely,

Hi(S) = Hi((), Si17~ cey Sidiz, Sn)

are half-spaces.

For any permutation o = (o(1),...,0(n)), introduce the partial sums
50(0) =0, Sk(()’) = Xa(1)+"'+Xa(k)v k=1,...,n.
Put ig := 0,441 := n, and denote by S the set of (i1 —ig) ... (ig—1 —i4—2) permu-

tations of length n that are products over j from 1 to d — 1 of cyclic permutations
of the form

(32) (kj+ 1, i 051+ 1, k),

where 7;_1 +1 < k; < i;. Note that any 0 € S does not change Hy, i.e.,
Hy(S) = Hy(S(0)), since for every k € {i1,...,iq—2,n} one has Sy = Si(0),
and the sequences of partial sums S and S(o) have the same distribution by the
exchangeability of the increments.

For any 0 < j < d — 2, the random vectors S;;, X;,4+1,...,X;,, and the half-
space Hy(0,S5;,,...,5:,_,,Sn) satisfy the assumption of Lemma [Tl with probability
one. Indeed, if for some i; <m < £ <'ij,1, one has S;; + Sy — Sy, € OHL(S) with
positive probability, then among the partial sums Sy (o) with

o=01,...,45,m+1,...6i;+1,i;+ml+1,...,n)

there are d points S;, (0),...,Si,_,(0),Si,+¢—m(0) that belong to the hyperplane

OH . passing through 0, which contradicts (K—}]) by the exchangeability of increments.
By Lemma [I] there exists an a.s. unique random permutation oy = o4 (S) € S

such that S1(o4),...,Sn(0x) € Hi(S(01)) = Hi(S). Hence the sum in the r.h.s.

of the equality

(33)

P(S, ..., S0 €He(Siy, Sirse oy Siu 1)) = %E[Z H(Sl(o),...,Sn(a)eHi(S))}
S

equals one a.s. This proves the first assertion of the lemma. Similarly, for any
non-negative Borel function ¢ : R¥*(4=1) — R, we have

E[g(sil,...,siH,sn)n(sl,...,sn e Hi(SiO,Sil,...,Sidfl))]

B %E {g(sil’ o "Sidfwsn) Z I (51(0)7 SRR Sn(a) € Hi(S))}
o€S
1

= EEQ(SZ'U"'vSidfzvSn)’

and the second claim of the lemma follows by the definition of conditional expec-
tation. ]
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We conclude this section with a result on random bridges.
Lemma 3. Let S, be a random bridge of length n + 1 in R* d > 2, such that
Si,..., Sy satisfy Q). For any indices 0 < i1 < -+ < ig_1 < n, we have
1
il(ig—il) LR (n—id_1—|—1)'
The above also holds true if Sy is either the difference bridge or a well-defined
conditional bridge of a random walk in R¢ that satisfies ().

IP’(Sl,...,Sn (S H:I:(O7Si17-"75id_1)) =

This is a multidimensional counterpart of the fact that in dimension one, a
bridge of length n of a continuously distributed random walk stays positive with
probability 1/n.

Proof. As we already mentioned in Section[2] by our understanding of the condition-
ing it is clear that a conditional random walk bridge satisfies (GJ) if the increments
of the underlying random walk satisfy (HI). It is also easy to see that the difference
bridge of such a random walk satisfies (G]). Thus the latter assumptions hold true
in all cases.

By repeating the argument used in the proof of Lemma [2 we see that (B3]
holds for 79 = 0 and S defined to be the set of permutations of length n + 1 that
are products of d cyclic permutations of the form ([B2]), where 0 < j < d —1 and
tg=mn-+1. |

6. PROOFS
Proof of Proposition [l Recall that 0 <4y < -+ <ig <n. By () and ({2,

(34) P(conv(S; ,Siy) € Fn) =P(0,51,...,8, € Hy (Si,,...,5:,))

+P(O,S1,...,Sn S H_(Sil,...,Sid)).

19 -

Denote
Hy :=H:(0,8, — Si,....Si, — Si,).

Then by S;, — S;;, € 0Hy, we have
(35) H+(Si1a-~-7Sid):Hi+Si1:Hi"‘sid-
Proof of (I4). Here Sk, 1 < k < n+ 1, with S,4; := 0, is a random bridge
of length n + 1. Let us consider the transformation that translates the whole
trajectory of the bridge by moving the origin to S;,. The transformed trajectory
corresponds to the random bridge of partial sums Sk(c), 1 < k < n + 1, with
o=(i1+1,...,n+1,1,...,41). By the first equality in (35, we have
{O,Sl, o, S, € Hi(Sil, .. '7Sid)}
{Sn+1 — Si175n+1 — Si1 + Sl, .. .,O,Si1+1 — Sil,. . .,Sn — Sil € Hi}
{Sn+1—i1 (O’), Sn+2—i1 (O’), ce ,O7 Sl(O'), cey Sn—il (0’)

S H:t(o, Si27i1 (J), ey Sid*il (O’))},

hence
P(O,Sl, ey Sn S Hi(Si17~ cy Sid)) = P(Sl, . 7Sn € Hi(O, Siz—ip . 7Sid—i1))’
and then (I4) follows by ([B4)) and Lemma Bl
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Proof of [IT). Let us split the trajectory of S,, into three parts: by ([B3]), we have
(36) {O,Sl,...,Sn EHi(Sil,...,Sid)} = {O,Sl,...,Sil € Hi“‘Sil;
Si1+1,...,Sid EHi—I—Sil ; Sid+17---7Sn € Hi+Sid}~

Since S, is a random walk, by conditioning on X;, 41,...,X;,, which define Hy,
and using the independence of increments, we obtain that

(37) P(O,Sl,...,snEHi(Sil,...,Sid))

:P(—Sll»l,— ;1_1, ...,0€e Hi)P(Sil—i-l — Si17 .. .,Sid — Si1 S Hi)
X ]P)(Si7. . '7S;l—id E Hi)
=P(S1,...,5;, € Hy)P(S51,...,S,_;, € Hy)

X P(Sl, .. "Sid*il c Hi(O,SiQ,il,. . Sid*il))’

where S/ is an independent copy of the random walk S,,. Let us stress that we
obtained (B7) assuming that S, is a random walk satisfying (H) but not (Sl). Then
(I3) holds by (34), Lemma 2] and the following simple result.

Lemma 4. Let S, be a random walk in R, and let H be a half-space such that
0 € 0H. Assume that (H) and (Q) hold. Then
(2n — )N
(2n)!!
Proof. Denote by u = ugy the unit vector that is orthogonal to H and belongs

to H. The distribution of increments of the one-dimensional random walk .S ,iu) =
(Sk,u), k > 1, is continuous and symmetric; hence the result follows by () and

P(Sy1,...,8, € H) =P(S™ >0,...,50 > 0). O

P(Sl,...7SnEH):

Proof of [3). If i; # 0, we transform the trajectory by interchanging its part from
1 to ¢; with the part from i; + 1 to i4; this does not change the part from i4; + 1
to n. See Figure [Il where the parts are denoted by Ty, T2, and Ts, respectively.
The key observation is that for the transformed trajectory, S;, becomes the most
distant point from Hy = H(0,S;, — Si,,...,Si, —Si, ). Let us prove this formally.

If i1 # 0, we rewrite the event {0, S1,...,S5, € Hy(S;,,...,S;,)} in terms of the
partial sums S (0),1 < k < n, with

o=(i1+1,...,8q,1,...,i1,ia+ 1,...,n).
For parts T and T3 of the trajectory, we use ([B5) to obtain
{O,Sl,...,Sil,SidH,...,Sn € Hi(Smu-,Sid)}
={0,81,...,5, €EHy +8i,; 0,Si,41,..., S € Hr + S, }
:{Sid -8, 8, —Si, +51,...,5i,,0,8i,41,...,5, € Hy +S’id}
={0,S;,-i141(0), ..., Sn(0) € H1(0,8;,—4, (), ..., Siy—ir (o)) + Si (o) }.

Note that the event in the second line differs from the corresponding part of (3]
since we added 0 to the second group of variables. For part Ty,

{Si1+17-~-7sid € Hi(Sil,...,Sid)}
= {51(0'), . '7Sid7i1(0) S Hi(O,Siz,il(a), .. .,Sid,il(d))}.
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FIGURE 1. ’I/‘he path transform for d = 2.

Combining the above gives
(38)
P(0,51, . Sn € HalSiy, o 8:,)) =P(S1,. 0, Sigmin € Hal0,Siymins s Siymiy);

0, Sid,ilJrl, ey Sn S Hi(O,Sh,il, .. .7Sid72‘1) + Sid)~

By projecting on the orthogonal compliment, we see that .S;, is a most distant point
from Hy(...) among 0,5;,—i,+1,--.,Sn. Such a point is a.s. unique by assumption
(@). Note that (B3) is also valid for i; = 0 since in this case Hy + S;, = H.
Therefore, (B8) can be written for all 0 < iy < iy as

(39)
PO, S1, S € Ha(Sirs s 8i2)) = P(S1,00 s Sty € Hao(0, Syt i)
argmin det[Siril, ey Sid*il s Sid,ilJrk] = {Zl}>,
nggn—(zd—zl)

For a fixed temporal structure, i.e., the tuple (ig —i1,...,9q—¢1), it remains to sum
in (39) over 41 from 0 to n — (ig — 41). The argmin disappears, and ([I3]) follows by
B4)) and Lemma[2l Proposition [Ilis now proved.

O

Remark on footnote 2 Note that under assumptions made, (1) does hold true
in the one-dimensional case; see Sparre Andersen [25, Theorem 1] or |26l Theo-
rem 4]. Strictly speaking, both theorems are stated under slightly stronger as-
sumptions which actually can be weakened to fit our requirements. The latter
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theorem yields (I3 when applied for the partial sums of (n —i4 + i1 )-exchangeable
one-dimensional increments X}, = +det[S;,—;,,..., 5% ,—i,, Xiy—is+k] (where 1 <
k <n—ig+i1) with n — 44 + i1 substituted for n and the first event in the r.h.s.
of B9) substituted for the C,, of [26] Theorem 4].

Proof of Proposition 2. The main ingredient is the following asymptotic version of
Lemmafl Recall that for any half-space H of R%, by uy we denote the unit vector
that is orthogonal to 9H and belongs to H and, conversely, for any non-zero u € R,
we put H(u) = {z € R?: (z,u) > 0}.

Lemma 5. Let S), be a random walk in R%, d > 1, with increments that have zero
mean, a finite covariance matriz Y., and satisfy (H). Then

(40) lim AP(Sy,...,S, € H) = \@R(UH)

n— oo

uniformly over all half-spaces H of R? such that 0 € OH. The limit function R(u)
is continuous and positive on ST,

We will see that the pointwise convergence in ([#0) holds by a simple reduction
to the well-known one-dimensional result of fluctuation theory. The difficulty is in
showing that the convergence is uniform. Since this is quite a technical statement
and the main message of our paper is in combinatorial methods, we postpone the
proof of Lemma [0l until the Appendix.

Let us conclude the proof of Proposition[2l We first recall that the cross product
of £1,...,04-1 € R is given by 21 X --+ X £4_1 = Ezzl det[z1,...,x4-1, €xlex,
where e, ..., eq is the standard basis of R?. Now consider (B87) with i; = 0. The
first probability in the last equation in (B7) does not appear. Conditioning on
Sigs Sigs - -5 Si,, which determine

ug = £S5, X oo xSy,

and thus fix H(uy) = H+(0,.5;
bility in (37), we get

P(O,Sl,...,Sn S Hi(o, iza'”vSid))

in(iz —ig) - .. - (iq — ig—1)

= :l:(SZ’z =5 ) XX (Sid - Sid—l)
.., S4,), and using Lemma [2 for the third proba-

27"

=E[P(S],.... 5 _;, € H(us)|us)].
The r.h.s. is O(ﬁ) by Lemma [l implying the required uniform bound-
edness of the o(1) term in Proposition Pl Applying Lemma [B] one more time gives
that
(41)
]P(O,Sl,...,snEHi(O,SiQ,...,Si )) ( 2+ (1))]ER(:|:S,L-2><~~.><Sid,id71)
- - - - = —TO0 -
io(iz —i2) + ...+ (ig — ig—1) Vn —ig
uniformly in 1 < iy < i3 < -+ < ig < n — hy,, since by its definition, R(u) is an
angular function and u4 is a.s. non-zero by assumption (HJ). Then

s

RORECN =1
ER(+S;, x---xS;. _; =ER( +22 X&x...wa)’
where recall that S,(Cl), ceey S,gd_l) are independent copies of the random walk Sj.
Let Ni,...,Ng—1 be independent standard Gaussian random vectors in

R<. Since R(u) is a continuous bounded function on R%\ {0} and the cross product



CONVEX HULLS OF MULTIDIMENSIONAL RANDOM WALKS 8005

Ty X -+ X Zq_1 is continuous on R4¥(@=1) the central limit theorem combined with

the continuous mapping theorem and the fact that Ny 4 —N; implies that
(42) lim ER(£S;, x -+ x Si,—i, ;) = ER(SY2Ny x -+ x SY2N,_y)

n—oo

uniformly in 1 < is < i3 < -+ < ig < nsuch that min(is, iz —is,...,iq—i4—1) > hn.
Finally, for any non-degenerate d x d matrix A one has

d
ANy X -+ X ANg_1 = Z det[ANl, ..., ANg_1, 6k]€k
k=1

d
= Zdet(A . [Nl, R Nd_l,Aflek])ek =detA- (Ail)T(Nl X oee X Nd_1).
k=1

In particular, this shows that the distribution of Ny X --- X Ny_1 is invariant under
orthogonal transformations since the standard Gaussian distribution is so. Hence
the angular component of this distribution is uniform on S%~! by the uniqueness of
Haar measure (on the special orthogonal group SO(n)). Then, since the covariance
matrix ¥ is symmetric and R is an angular function, we have

R(SY2Ny x - x SY2N, 1) = R(STV2(Ny x -+ x Ng_1)) £ R(E™V20).

Combining this fact with [B4), (@), and ([@2]) yields the main assertion of Proposi-
tion 21

Proof of Theorem [ A straightforward extension of the path-transform argument
in the proof of ([I3) in Proposition [ gives a little strengthening of ([B3)): for any
non-negative Borel function g : R¥*(¢=1) 5 R,

]E{g(Sl- —Siyyey 8y = Siy )1(0,S1,..., 8, € Hi(Sil,...,Sid))]
=K {9(5@—11,513—11 = Siz—irs ooy Sig—iy = Sig_1—ir)

X (81, Siyiy € He(0, S5, 10, Siyir)

x 1( argmin  det[Si, iy, Siy ir Siyirik] = {il})].

OSkSn—(id—il)

For any fixed tuple (io — i1,...,%q — 1) =: (¢}, ...,%;_;), we sum over 4; =: ¢ from
0 to n —i/,_, to obtain a conditional version of (I3)):

n_iii—l
Z E(conv(Si, Sitir,- -, Sitir_,) € Fo|Sivir — Si, Siviy, = Sivirs
i=0
s Sigir = Siqir )
2
(43) = , , a.s.
ity —dh) - (i = ,)

Theorem (] then follows immediately by summation over all temporal structures
(A, i)
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Computation of the asymptotics. (1) We claim that for any sequence a,, such
that a,, ~ (log n)®n~'/2 for some a > 0, it holds that
(44) y et (o8 e
k=1 v
In particular, by (@) this implies () if we take a = 0.
Let us check that the main contribution to the asymptotics in (@) comes from
the terms k = o(n). Since the sum of a, diverges, for any ¢ € (0, 1),

(1—e)n

- 1 logk)*  2(logn)®
> Lol Y erf (Aot

k=en k=1

The last expression is of a smaller order of asymptotics than

Z ik Z (log(n — k))°
Pl o kVi(n—k)
since

aanl en—1

(logn)att _ (log( 1 —&)n 1 (log(n —
3 "L Ty

(logn) "1 (logn)att

Wk‘m

These inequalities clearly imply (44).
(2) We prove (@) by induction in d. The base d = 2 holds by (@), which we
proved above. Since

(2n—2@d—1
Z - (2n — 2ig)!! H

1§i2<"'<idSn

Zk+1 — i

n_i:m ) > (2(n —ig) — 2, , — 1N E2 1
e 1< <o <ily_; <n—ig - (2n —iz) = 20y N 5 dy — G |
(@@ (or (IH)) implies that
(45) Efew| 7| Z B,
where the upper indices show dimension and by definition, E(d) wlFnl =0 for n <

d — 1. Tt remains to use ([44) to obtain ([IJ]).

(3) Arguing as above and using (I4) instead of (IH), one can easily show that
A also holds for a random walk bridge of length n + 1. For any sequence b,, such
that b,, ~ (logn)®n~! for some b > 0, one has

bt (b+2)(logn)bt?
=k b+ 1)n

The difference with ([@4]) is due to the fact that the main contribution to the asymp-
totics comes from the indices k that are either k = o(n) or k = n — o(n). The

n

(46)
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asymptotics for the base d = 2 is then different, namely,

(2) a 410gn
Eprl Pl Zk k+1 n

but the rest is analogous and (20) follows easily.

(4) The assertion (21I) immediately follows from (I3) once we check that in both
summations resulting in these asymptotics, for any slowly varying sequence c,
tending to infinity, the contributions of the indices 1 < iy < i3 < --- < ig < n with
min(ig, i3 — @9, ...,9q — ig—1,n — iq) < ¢y are of a smaller order of asymptotics.

We already saw that the main contribution to the asymptotics of the sum in ([44)
comes from the indices k = o(n). Consequently, the indices with n — ig < ¢, do
not contribute to the asymptotics in ([I9) and (ZI). On the other hand,

L an kSN (og(n— ) g2 (logn)®  ((ogn)+'y .
> T v/ —k Zk n n *0< NG )

k=1 k=1

hence the indices k < ¢, do not contribute as well to the sum in ([@]). Consequently,
neither do any of the indices satisfying min(is, i3 — i2,...,iq — t4g—1) < Cp. a

APPENDIX

Proof of Lemma Bl For any direction u € S*~!, the one-dimensional random walk
S,iu) := (Sk,u),k > 1, has increments (X}, u) with zero mean and strictly positive
variance (Xu, u); recall that 3 is non-degenerate as follows by assumption (H]). The
random variable T'(u), which is the exit time of the random walk Sj, from the half-

space H(u), coincides with the exit time of the walk S,gu) from the non-negative
half-line. Then

(u)
E(Srqy,u) ST(u)

VEuu)  /Var((Xy,u)

The last expression admits (Feller [8, Section XVIIL5]) representation in terms of
the so-called Spitzer series:

R(u) = —

1 — 1
(47) R(u) = — exp(kz_:1 ~[B(S$ > 0) 1 /2]).

The series is known to converge under the zero mean and finite variance assumption
on the increments so R(u) is positive and finite on S?~1.

The convergence in ([@0) holds pointwise (cf. [@7) and Feller [8, Section XII.8])
for every fixed H = H(uy). We will show that the standard proof of this statement
can be strengthened to obtain the required uniform version. Let us recall this proof.

For a fixed direction v € S¥~!, we are interested in the asymptotics of the tail
probabilities

P(Sy,.... S8 € H(u) =P(S" > 0,...,8M > 0) = P(T(u) > n).
The moment-generating function of T'(u) is given by the Spitzer identity

> n
1—EsT® = exp(z ps > 0)), 0<s<l,
n

n=1
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which is valid for any random walk. Since the Spitzer series converges under the
zero mean and finite variance assumption on the increments of S,(cu), we have

1—EsTW = 1= sexp(z % [P(S’fl“) >0)— 1/2]).
n=1

Then

o0 n

Z P(T(u) > n)s" = \/11Ts exp(z % [IP’(S,(ZU) >0)— 1/2])7
n=0

which can be verified by summation by parts in the Lh.s.
Since the Spitzer series converges, by Abel’s theorem and [{7)) we have

n=1

(48) lim exp(i % [P > 0) — 1/2}) = V2R(u).

s—1—
n=1

Hence

(49) TiP(T(u) >n)s" ~ @, s—1-,

and the pointwise version of ([@0) follows by a Tauberian theorem for power series
of sequences with monotone differences. In fact, U(n) := >, _P(T'(u) > k) has
monotone differences U(n) — U(n + 1) = P(T'(u) > n).

Now we explain how to modify the above argument to obtain the uniform asymp-
totics. The key ingredient is that the Spitzer series converges absolutely@ uniformly
in u € S~1. This is true by Lemma 6 below applied to the family of random vari-

ables — X1
Var((X1,u))

2
v;ffﬁ—% < 07| X1]13, where o denotes the smallest eigenvalue of X.

Since the Spitzer series converges absolutely uniformly in » and it dominates
termwise the absolute values of the series in (48], the convergence in (8] is uniform.
Then the equivalence in (#3) is also uniform in u € S¥~!, and by the second assertion
of the uniform Tauberian Theorem [l below, this implies ([@0).

Finally, note that each term of the Spitzer series, namely n =" [IP’(S,(L“) >0)—1/ 2] ,
depends continuously on u € S!. This is readily seen from the continuity of
probability measures and the fact that the distribution of S,, does not put mass on
hyperplanes due to assumption ([[]). Then R(u) is continuous on S?~! as a uniform
limit of continuous functions. O

,u € ST71 which is uniformly square integrable by the inequality

Uniform absolute convergence of the Spitzer series. We present a statement
stronger than needed for use in the current paper.

Lemma 6. Let {Y,}aer, where I is some index set, be random variables with
zero mean and unit variance. Let Sy(la),n > 1, be a random walk with increments

4For our proof, it actually suffices to use uniform convergence rather than the uniform absolute
convergence. Indeed, it can be shown using Abel’s uniform convergence test that the convergence
in (@8) is uniform as required.
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distributed as Yo, € 1. If the family {Yy}aer is uniformly square integrable, then
the series

n

il S > 0) —1/2

converges uniformly in o € I.

This statement fully rests on the series remainder estimate by Nagaev [20].

Proof. As in [20], for any o € I denote ny(a) = min(k > 1: EY21y2py > 3/4)
and ng(«) = max(8,n;(a)). Putting together equations (6), (9), and (10) from [20]
that estimate the terms of the main bound equation (2) gives that for any k > ng(«),

o0

19 2
> }]P’ (S >0)—1/2| < 3 gy? Livesky + —=E[Y, 1

= ol T{Yal<VE}
=" \/— V2 vk

+AE|Yal Ly 5 viy-

The only difference with Nagaev’s estimates is that this inequality is obtained by
summation in (2) over n > k rather than n > ng(«) as in [20]. We also introduced
a minor correction to (9).

Since ng := sup, no(«) is finite by the uniform square-integrability, the remain-
der estimate applies to all « € I if k is large enough. The first term vanishes as
k — o0, and by the uniform square-integrability, so does the second one uniformly
in @ € I. For the fourth term, use the Cauchy—Bunyakovsky—Schwarz inequality.
For the remaining third term, for any € > 0, we have

1
TREYeP Ly cvmy < EBYS Ly, jcoviy T BV vicv vy
S e+ EYO?H{E\/Eﬁ\YaH’

where the last term again vanishes uniformly. O

A uniform Tauberian theorem. Although Tauberian theory is a very well stud-
ied subject and there are many results on the remainder terms in asymptotics, to
our surprise we did not find any reference on uniform convergence. The next result
is presented in greater generality than needed for use in the current paper.

Theorem 5 (Uniform Tauberian theorem). Let {Uy}acr, where I is some index
set, be non-decreasing right-continuous functions on R with U,(0—) = 0 for every
a €1, and let {Ly}aer be slowly varying functions. Assume that for some p >0,

Ua(s) := / e dUq(x) ~ s PLo(1/s), s— 04+ uniformly in o € I.
0

Then
2P Lo () . .
Uy(x) ~ ————=, x — o0 uniformly in o € I.
If, in addition, U, is absolutely continuous with a monotone density uq and Lo (z) =
Co 1S @ positive constant for every o € I and p > 0, then

2P L, (x)

(50) uale) ~ T 5

x — 0o uniformly in o € I.



8010 VLADISLAV VYSOTSKY AND DMITRY ZAPOROZHETS

Remark. Tt is possible to show that (B0) holds under the less strenuous (than
L, (x) = ¢,) assumption of uniform slow variation for {Lg }aer:
L,(sz)
lim su ‘
1—>°°1g522 L, (zx)

— 1’ =0 uniformly in a € I.

Our proof fully follows the one of Korevaar [16, Theorem 1.15.3], which is based
on explicit estimates of U, (z) as opposed to more elegant standard proofs (as in
Feller [8, Theorem XIIIL.5.2]) relying on the continuity theorem for Laplace trans-
form.

Proof. For any positive integer m,

(51) Uga(ks) ~ k™ PsPL4(1/s), s— 0+ uniformlyinacl ke{l,...,m}.

Then, since for any positive integer k, one has
o0
/ R () = KP(1 + p),
0
we see from (BII) that for any polynomial P(z) = >, axz®,

(52)
= —Ssx SipLOé(]'/S) = —x P : :
/0 P(e™*")dUq(z) ~ W/o P(e™*)d(z”), s— 0+ uniformly in a€l.

As in [16, Theorem 1.15.3], denote g(z) := 1.1 ,11(2) and, for any £ > 0, consider
a polynomial P.(z) approximating the indicator function g(z) on [0, 1] such that

P.(z) > g(2), z€[0,1], and /0 (P.(2) — g(2))p(=log 2)P~ 'z dz < e.

The latter condition ensures that

/ooo Fe(e™)d(=") < /OOO gle™")d(z”) + e = /01 d(af) +e=1+e.

Finally, since by the choice of P.,

| Pt dva) = [ gt )ava@) = vai/s)
0 0
from (B2]) we see that there exists an s. > 0 such that

5P Lo(1/s)
L'(l+p) ’

Similarly, we obtain an analogous lower bound. Both inequalities imply the first
assertion of the theorem.

The second assertion (B0) that the uniformity is preserved under “differentiation”
of the asymptotics can be checked by repeating the elementary proof of Lemma 17.1
n [I6]. We omit the details. The assertion of the remark follows along the same
lines. |

Ua(1/s) < (1+¢) a€el,se(0,se).
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