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ABSTRACT. We prove scaling invariant Gagliardo—Nirenberg type inequalities
of the form

g [ @l le@)] i
lellzacany < el g ([, HIE ar gy )

involving fractional Sobolev norms with s > 0 and Coulomb type energies
with 0 < o < d and ¢ > 1. We establish optimal ranges of parameters for
the validity of such inequalities and discuss the existence of the optimizers. In
the special case p = dz—‘és our results include a new refinement of the frac-
tional Sobolev inequality by a Coulomb term. We also prove that if the radial
symmetry is taken into account, then the ranges of validity of the inequalities
could be extended and such a radial improvement is possible if and only if
a>1.
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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. Given d € N, s > 0, a € (0,d), and g € [1,00), we define the
fractional Coulomb—Sobolev space by

“Je(y)|
£50.4 Rd Rd R - [/ |§0 | dzd
(R = {@ - mixga |7 —y[T vy =

and [ [I62()" ¢ < oo}.

Since for every measurable function ¢ : R? — R,

q d—a le(@)]? |e(y)|?
(1.1) (/BR( 0| dx) <CR //Rdxw oy drdy

the boundedness of the double integral on the right-hand side of (II]) ensures
that ¢ is a tempered distribution and that its Fourier transform ¢ is a well-
defined tempered distribution. In particular |£]°@ is a well-defined distribution on
R4\ {0}. The integrability condition in the definition of £5%4(R?) means that this
distribution can be represented by an L?—function.

In the sequel we define the fractional Laplacian (—A)

(=A)39)(€) = (27le*)* &(8).
Recall that the homogeneous Sobolev space Hs (R?) is the space of tempered distri-
butions ¢ over R%, the Fourier transform of which belongs to L}, (R?) and satisfies
ol s ray = H 290||L2(]Rd) < +o00; see [ Definition 1.31]. The space H*(R%)

Wl

¢ by

is a Hilbert space if and only if s < % [T, Proposition 1.34].
We endow the space £*9(R%) with the norm

1\ 2
2 le(@)|? le(y)|* g
g (Rd) = dzd .
D (H wHLz(Rd <//]Rd><]Rd o — gl Y

In particular, when s < %,
¢ € H*(RY) and

NE q
// 7‘('0 | |L’Z( a)| dzdy < 0.
Rixrd |T — Y|

Following the arguments in [28, Section 2], the space £**4(R%) is a Banach space
(see Proposition [Z1] below).
The space £5*9(R9) is the natural domain for the fractional Coulomb-Dirichlet

type energy | | | ( )|
o(x)]9 e (y)|9
S +// dz dy,
|| HL2 (R%) RA X RA |.’II y|d a

which appears in models of mathematical physics related to multi-particle systems.
Typically, the Coulomb term with ¢ = 2 represents the electrostatic repulsion be-
tween the particles. Relevant models include Thomas—Fermi-Dirac—von Weizsacker
(TFDW) models of density functional theory [B19,21] or Schréodinger—Poisson—
Slater approximation to Hartree-Fock theory [9]. Nonquadratic (¢ # 2) Coulombic
energies appear in a possible zero mass limit of the relativistic Thomas—Fermi-
von Weizsacker (TFW) energy; see [7L8], where d = 3, s = 1, a = 2, ¢ = 3, or
[0, Section 2], where d = 2, s = 1, « = 1, ¢ = 4. The fractional case s = 1/2

=

el

a function ¢ is in the space £5*9(R%) if and only if
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occurs in the ultra-relativistic models; cf. [22/23]. In particular, d = 2, s = 1/2,
and o = 1 appear in the recent TFDW theory of charge screening in graphene [26],
where relevant powers are ¢ = 2 or ¢ = 1. Interpolation inequalities (3] associ-
ated with the space £%2%2(R%) are in some cases equivalent to the Lieb-Thirring
type inequalities [27, Theorem 3], which are fundamental in the study of stability
of nonrelativistic (s = 1) and ultra-relativistic (s = 1/2) matter [23].

Mathematically, the space £1'22(R3) has been introduced and studied by
P.-L.Lions [24] Lemma 4], [25, (55)] and in D.Ruiz [3I], Section 2]. In particu-
lar, Lions established a Coulomb—Sobolev interpolation inequality

2 2 1/6
o(x
(1.2) ||so||L3<Rs>gc||W|2é§R3( / le@)Tle W) dxdy) ,
R3 xR3

e

which holds for all ¢ € £1:22(R3). Lions’ proof relies on the quadratic structure of
the nonlocal term (¢ = 2) and the special relation o = 2s and cannot be extended
beyond these restrictions. Coulomb—Sobolev inequalities in the fractional space
£%2(R%) had been studied in [2,4] using methods of fractional calculus, while the
nonquadratic case £1:*7(R%) had been introduced and studied in [28] using Morrey
type estimates.

We emphasize that unlike the classical Hardy—Littlewood—Sobolev inequality,
Coulomb—Sobolev inequality is a lower bound on the nonlocal Coulomb energy. In
particular, (L2)) ensures the continuous embedding £1:22(R3) C L3(R3) N LS(R?).
D.Ruiz in [31, Theorem 1.2] observed that if the radial symmetry is taken into
account, then the ranges of validity of the Coulomb—Sobolev inequalities could be
extended. As a consequence, he established an improved embedding Erlai 2(].R:‘)
LP(R3) N L5(R3), for any p > 18/7. In [28] the radial improvement was extended
to EL5Y(R?) with any o > 1. It was also shown that no radial improvement
occurs when o < 1. In [3], the radial improvement was obtained in €537 (R?) for
1/2 < s < 3/2. The result however did not include the physically important ultra-
relativistic case s = 1/2. Technically, this was related to the failure of pointwise
Strauss type estimates on the radial functions in fractional Sobolev spaces of order
s<1/2.

The aim of the present paper is threefold:

e We extend Coulomb-Sobolev inequalities associated to the space £%%4(R%)
to arbitrary s > 0 and ¢ > 1, thus completing the studies in [2] (¢ = 2)
and [28] (s = 1). Our proof is different from the proofs in [2Z28]. It is
based only on the standard fractional Gagliardo—Nirenberg inequality and
a fractional chain rule.

e We analyze a family of refined Sobolev inequalities, which appear as a
special endpoint case of the interpolation inequalities in £ s.0 g (R%). For
some values of parameters we establish the existence of optimizers to the
refined Sobolev inequalities. The existence of the optimizers is new even in
the previously studied case s = 1.

e We obtain a radial improvement of Coulomb-Sobolev inequalities in the
space £791(RY) of radially symmetric functions for the complete range
s >0,q>1, a > 1. This includes, in particular, the previously open case
s < 1/2. We also show that a radial improvement is possible if and only
if @ > 1, so a = 1 is a universal critical constant which does not depend
on any other parameter. In addition, we observe that ¢ = (1 28) plays
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a special role as the only value of ¢ where the radial embedding interval is
closed.

All of our results are essentially sharp, which is demonstrated by a range of coun-
terexamples confirming optimality.

1.2. Coulomb—Sobolev inequalities. Our first main result in this paper is the
continuous embedding
2(2gs+a)
gs,a,q(Rd) T Feta (Rd)
More specifically, we establish a family of scaling-invariant interpolation inequalities
for the space £%*P(RY).

Theorem 1.1 (Coulomb—Sobolev inequalities). Let d € N, s > 0, 0 < a < d,
q,p € [1,00), and q(d—2s) # d+«. There exists a constant C = C(d, s, a, q,p) > 0
such that the scaling-invariant inequality

2d—p(d—2s)
_ p(d+a)—2dq | |q‘<p( )‘q 2p(d+a—q(d—2s))
1.3 <C p(dta—q(d—2s)) // gO dxd
(13) llells < Cllel o I o=t L

holds for every function ¢ € £5%4(RY) if and only if

2(2gs + ) . d
14 > —-—" > —
(14) = 2%5+ta Fs=23
2(2¢gs+a) 2d . d 1 _ d—2s
1. - d -
(1.5) 6[ 25+« ’d—25] zfs<2 an g d+a’
2d  2(2¢s + a) _ d 1 d-—2s
1.6 — d - .
(1.6) P [d—2s7 25 + ] zfs<2 an q< d+«

Moreover, if p is not an endpoint of the intervals (LA) (LA, i.e., p # Q(E;Jf;a) nd
pF# d 28, then the best constant for ([L3) is achieved.

In the case s = 1 inequality (IL3) was known for d = 3, @« = 2, and ¢ = 2
[25, (55)], [31, Theorem 1.5], and for d € N, o € (0,d), and ¢ > 1 [28, Theorem
1]. The fractional inequality (L3]) first appeared for d = 3, s = 1/2, @ = 2, and
¢ = 2 in [4, Proposition 2.1], and for d € N, s > 0, « € (0,d), and ¢ = 2 in
[2, Proposition 2.1].

1.3. Refined Sobolev inequalities. The special case ¢(d — 2s) = d 4+ «, which
corresponds to p = ;%5 and q = ;jzo‘s , is not covered by the previous theorem and
the exponents in (EI:{I) are meaningless. In this special case we obtain a refinement
of the Sobolev embedding, extending the one observed for s = 1 [28] (1.7)] and for

q = 2 |2, Proposition 2.1].

Theorem 1.2 (Endpoint refined Sobolev inequality). Let d € N, 0 < s < %,
0 < a < d. Then there exists C = C(d, s, ) > 0 such that the inequality

s(d—2s)

1.7 <C flt((2d ﬁf; d 25‘()0( )‘d'*'% d d(2sFa)
(1.7) b ey < Clloll g // » ‘x_md NP

holds for all ¢ € 5570"%(Rd).
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Remark 1.1. It is interesting to compare our refinement for Sobolev embedding
with two other improvements. The Gérard—Meyer—Oru improvement [I, Theorem

1.43], [20] states that if 0 < s < % and 6 € S(R?) is such that 6 has compact

support, has value 1 near the origin, and satisfies 0 < 0 <1, then
(1.8)

2s

d

< Ol Dol oy (50N 10O el ) ¥ € HO(R
>

2d
LT=25 (Rd)

The Palatucci-Pisante improvement [29, Theorem 1.1] (see also [34], (4.2)]) states
that if 0 < s < %, then

(1.9) < C(d, 9)|ll Vo € H*(RY).

d
(Rd Hs(Rd)H@H 1, %,5

In the last 1nequahty7 the Morrey norm is defined as

1
ol = sup BI(f o)
R>0,zcR4 Br(z)

one proof of ([L3) relies on (L)) and on the observation that
da
M) x plloe < Ol -

In our case we have by Holder’s inequality and monotonicity of the integral

i
(e f )T enw e
1
dfo 2
d 2§ d—2s
<C // i(y” dx dy
R4 x R4 |$_ |4-

so that it is clear that Coulomb norm controls the Morrey norm M*2-%. On the

other hand, the exponent % = (1 25) T +25 T53s57a for H*-norm in our improvement

is always less than the exponent 1—2¢ for H*-norm in (L) and (IJ). This suggests
that the inequality (7)) cannot be derived directly from the already known ones.

Remark 1.2. The refinement of the Sobolev inequality in Theorem is sharp.
Indeed, by scaling it can be proved that if a scaling-invariant inequality of the form
(1.10)

d4a Y
8 )| o (y)| 5
lll, 24 oy < Cld s, @l g (ﬂ;md Pr=r—

holds, then the exponents v and 8 are related by the equation

d—2s d
5 (§—S)B+(d+a)7.
On the other hand, estimates (B)—(B.3)) in the proof of Theorem [Tl below imply

that

d—2s
2d 217
We conclude that 5 > 5 25) s necessary for (II0) to hold.

+ )

Interpolating between the refined and classical Sobolev inequalities, we obtain a
new family of interpolation inequalities, for which the best constant is achieved.
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Theorem 1.3 (Nonendpoint refined Sobolev inequalities). Let d € N, 0 < s < %,
0<a<d and0<e< ;Eg;fz)) Then there exists C = C(d, s, a,€) > 0 such that
the inequality

(1.11)

s(d—2s)

dta A2ty €
a(d—2s) 2(a+d) d gq d—2s
||¢H 2d < CH@H zsd+ad +e // @(y” dax dy
R xRd |$_ |4

holds for all p € Es’a’%(Rd). Moreover, the best constant for (LII)) is achieved.

When ¢ = ;gg +2 S)) the inequality (ILIT)) is the classical Sobolev inequality.
The existence of optimizers for the nonendpoint inequality (7)) provides a par-
tial answer towards the question raised in the case s = 1 in [28] Section 1.5.5]. The

existence of optimizers for the endpoint inequality (7)) remains open.

1.4. Radial improvements. We now consider the question of embeddings for
radial functions. Since the symmetric decreasing rearrangement increases the non-
linear nonlocal Coulomb energy term, the situation might be more favorable for
radial functions. Our next result shows that for the subspace of radially symmetric
functions in the Coulomb-Sobolev space £7:5'%(R?) the intervals (L)—(L0) of the
validity of the Coulomb—Sobolev inequality ([3]) can be extended provided that
a>1.

Theorem 1.4 (Sharp improvement in the radial case for a > 1). Let d > 2, s > 0,
l<a<d, ¢gpell,o), g(d—2s) #d+ «, and

(2s—1)g+2)(d — o)
2s(d+a—2)+d—a’

There exists a constant Craq = Craa(d, s, a, q,p) > 0 such that the scaling-invariant
inequality
(1.12)

2d—p(d—2s

)
_ p(dta)—2dq ‘ ‘q |()0( )|q 2p(d+a—q(d—2s))
<C pldta—q(d—2s)) // P dx d
”‘pHLP(]Rd) = rad”SDHH s (R4) R xR ‘CE _ y|d a ray

holds for all radially symmetric functions ¢ € 574 (RY) if and only if

Prad ‘= ¢q +

rad
. d
(113) p > Prad ’LfS 2 57
2d . d 1 d—2s
(114) p e (prad7 m} ’LfS < 5 and a > d—|—0¢7
2d d 1 d—2s 1 1—2s
1.1 [— ra) fs<s and - , = :
(1.15) peE T g5 Prad zfs<2an q<d—|—a q;é 5
2d 1 1 1—2s
L (2] ga<laa il
(1.16) pE 7954 zfs<2 an . 5

If 0 < o < 1, then inequality (LI2) holds on 5,5 (R?) if and only if (L3) holds
on £544(RY).

In the important special case s = 1/2 we have the simplified expression p,,q =
g+ 4 51 while for s = 0 we formally obtain py,q = 2.
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In the special case d = 3, s = 1, « = 2, and ¢ = 2 the improved radial inequality
([LI12) was first established in [31, Theorem 1.2]. For d € N, s =1, a € (0,d), and
g > 1 the improved radial inequalities ([L3]) were studied in [28] Theorem 4]. The
fractional case d = 3, 1/2 < s < 3/2, @ = 2, ¢ = 2 was considered in [3].

We shall emphasize that the radial improvement is possible for any s > 0 but if
and only if @ > 1. The universality of the threshold & = 1 which does not depend
on any other parameter in the problem is quite interesting.

Another new and purely fractional phenomenon is the special role of the exponent
q= ﬁ in the case s < 1/2. Observe that for s > 1/2 we always have pyaq > g,

while praq < ¢ if s < 1/2 and ¢ > ﬁ; the latter requires g > C‘l’lf;s. If s <1/2and

q = —1,225, then pyaqa = ¢, and this is the only case when the endpoint embedding
5s,a,q(Rd) sy [ Prad (Rd) is valid.

rad

Finally, we prove that the embedding £;5%(R?) — LP(R?) is compact provided
that p is not an endpoint of the embedding intervals.

Theorem 1.5 (Compact embeddings for radial functions). Let d > 2, s > 0, and
q € [1,00). Moreover we assume that p is away from the endpoints of the intervals

in (CA)-8) when 0 < o <1 and in (LI3)-CI6) when 1 < a < d. Then, the

embedding £77(RY) — LP(R?) is compact.

Compactness of the radial embedding implies in a standard way the existence of
radial optimizers associated to the inequalities (II2); cf. [28] Section 7], where the
case s = 1 was considered.

1.5. Open questions. Here we list some of the open problems related to the results
in the present work.

1.5.1. Radial symmetry breaking. It is an open question whether the optimal con-
stants C' and Claq in ([3)) and (LI2) share the same value for p in the intervals
([CA)-(@6), where both constants are well-defined. A result by Ruiz [31, Theo-

rem 1.7] gives an indirect indication that C' < Cy,q might be possible, at least for
the values of p close to 2(33_1260. However the problem remains open even in the

well-studied case s =1, a =2, ¢ = 2.

1.5.2. Radial compactness in the borderline case o = 1 and p = 2(337‘:;0‘). Compact-
2(2gs+1)

ness of the borderline embedding £%1%(R?) < L™ 2+1 (R?) is open. This includes
g 2’1’2(R2) — L3(R?), which appears in the ultra-relativistic TFDW model for

rad

graphene studied in [20].

1.5.3. Other symmetries. We believe that the critical threshold a = 1 for the radial
improvement is related to the essential uni-dimensionality of radial functions. It
seems plausible that the Coulomb—Sobolev embeddings can be improved for other
types of symmetries. A natural conjecture would be that the relevant value of the
critical constant « is the number of variables on which the symmetric functions
depend. For example, for axisymmetric functions in R3, we would expect a critical
value o = 2.
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1.6. Outline. The rest of the paper is organized as follows. Section [2] contains a
short proof of the completeness of the Coulomb—Sobolev spaces. In Section [3] we
discuss the spaces £5*9(R?) in the nonradial context and show that interpolation
inequalities of Theorems [[.T] and can be deduced from the standard fractional
Gagliardo—Nirenberg inequality ([3.3]) using a fractional chain rule. We also discuss
the existence of the optimizers and prove Theorem [[L3 In Section [] we derive
the radial improvement of Theorem [[.4] as a consequence of Ruiz’s inequality for
Coulomb energy (see Theorem ) and de Napoli’s interpolation inequality (see
Theorem [2)), which is a fractional extension of the classical pointwise Strauss
type bounds valid only for s > 1/2. In case s < 1/2 we replace de Napoli’s
pointwise bounds by Rubin’s inequality (Theorem [3]), which is a refinement for
radial functions of the classical Stein—Weiss inequality. In Section [§] we construct
special families of functions which are used to prove the optimality of the radial
embeddings, while in Section [6]l we prove the compactness of the radial embedding.

1.7. Asymptotic notation. For real-valued functions f(t), g(t) > 0, we write:
f(t) S g(t) if there exists C' > 0 independent of ¢ such that f(t) < Cg(t);

f(t) ~g(@t) if f(t) < g(t) and g(t) S f(1).

As usual, C, ¢, ¢, etc., denote generic positive constants independent of ¢.

2. COMPLETENESS OF THE FRACTIONAL COULOMB—SOBOLEV SPACE

As in [28, Section 2], it is not difficult to see that the space £*(R?) is a normed
space.

Proposition 2.1. For everyd €N, s >0, 0< a <d, and q € [1,00), the normed
space £%1(R?) is complete.

Proof. If (un)nen is a Cauchy sequence in £5%9(R%), then ((—A)2up)ney is a
Cauchy sequence in L?(R?) and thus there exists f € L?(R?) such that the sequence
((=A)3uy, )nen converges strongly to f in L2(R4). On the other hand, by (L) we
have for every R > 0,
lim ‘U,n — Um 9 —
m,n— oo Br(0)
There thus exists a measurable function » : R — R such that (Un)nen converges

tou in L (RY). By Fatou’s lemma, we have

_ q q
lim // |u, (z u(z)| ‘udn( y) — un(y)| dz dy
n—o0 JJRd xRd |z —y[d—e

— q — q
< i i [ Lole) = 0a0) )
R4 xRd

n—00 M-—00 |$ _ y‘d—a

It remains now to prove that (—A)2u = f. We observe that by (L)),

1
lim sup —— / |un, —ul|? = 0.
"= R>0 R™2  JBR(0)

Therefore (u,)nen converges to u as tempered distributions on R, and thus the
sequence (T, )nen converges to 4 as tempered distributions on RY. It follows that
((27)%/2|€|*TUn )nen converges to 275/2|¢|°|€|°TU as distributions on R?. Since on the
other hand, ((27)*/2|€|*Ty)nen converges to f, it follows that (—A)5u = f. O
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3. GAGLIARDO—NIRENBERG INEQUALITIES: PROOF OF THEOREMS [[], [[L2,

AND [[3]
We first establish the endpoint inequality.

Theorem 3.1. Letd €N, s >0, 0 < a <d, and q € [1,00). Then the following
inequality holds:

NE q Tas T
ta < 2gs+a |L)0 | |<IO( )| d d
H‘PHﬁ(ggﬁ )(Rd) = H( ‘PHL’Z R) (//Rded |z — y|de Y
Vo € £544(RY).

e d 2(2gsta) d .
In particular, £5*9(R*) — L™ 2s%a (R%) continuously.

The above inequality in the particular case ¢ = 1 implies that £ (R?) embeds
continuously into H*(R?).

Proof of Theorem Bl Recall that for all ¢ € Li _(R?) such that

loc

(z)8(y)
3.1 —2—2 dzd
31) //Rded o — gld— Y =
it holds that
a P(x)p(y)
3.2 —A)"1 2 = —— dzdy.
(3:2) H( ) ¢||L2(1Rd) c//Rded |z — yld—o T dy

Moreover we recall the endpoint Gagliardo—Nirenberg inequality (see for example
[1, Theorem 2.44])

(3.3) 1=2)5 0] ey < ClII Gy | (— ) E 20 55,

where
1_1( 2s )+1( « )
p 2\a+2s r\a+2s/’

When ¢ =1 by (&I) and (B2)) it holds that
(3.4)

@) [l
— R d dy < dz dy.
8 %ol = [, oo tray<e [ O aray

Setting ¢ = (—A)~ T p and p = r = 2, ([33) together with ([3.4)) yields the inequality
for ¢ = 1.
Let ¢ > 1. Setting ¢ = (—=A)~ %[ in (B3], we get

o 2s _ o
1l o gy < CUN=2)"F Lol | E Ry | (= 2) ool £ -
which implies that
(35) el dume < Cl=A) ||, (- ) | T el 5 i,

by the fractional chain rule where 1 = 1 + 1 [17, Corollary of Theorem 5]. Now
choosing [ such that (¢ — 1)I = gp, i.e., such that

1 q-1
Loagp
we conclude that p = 3&:_1‘5 By 3 and setting ¢ = |¢|? in [32), this concludes

the proof. O
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Proof of Theorems [L1l and [L2l. The exponents for the refined Sobolev inequality
given by Theorem are derived directly from the endpoint Gagliardo—Nirenberg
inequality of Theorem 3.1

The scaling-invariant inequalities of Theorem [[T] follow from the fact that by
interpolation between Theorem B.Iland the classical fractional Sobolev embedding,
E9%4(R%) — LP(R?) continuously for

c (2(2qs+a) 2d } d+a

if 1 _—
2s+a d-—2s ! <q<d—2s7

c 2d  2(2gqs + ) . d+a
PEld=2s 2s+a R
Indeed, let us consider the scaling uy(z) = )\%u(/\x) such that [lux|[zrge) =

|[u]| p ey From the embedding we get

1
2 Sunll? ua ()] Jux(y)|* “
||U/\||Lp(Rd) 5 ||(_A)2U>‘||L2(]Rd <//Rd><Rd de dy y

which gives by scaling

i [CANELN (e

1
e et <// [ux ()] [ux(y)|? ded >q
Rd x R4 |$_y‘d ¢

+a

—>- and p = Ts we obtain as expected E —d+2s=0,

Hu”LP(Rd) S A
(3.6)

Notice that when ¢ =

E (d';a) 0. Mlnlmlzmg the right-hand side of [B.6]) with respect to A we get
the scaling-invariant inequality given by Theorem [[LJ1 The same computation of
course works in the radial case.

Optimality of the embedding intervals. Given a nonnegative function n € C°(R%)\
{0} and a vector a € R?\ {0}, for k € N set

Ug k(z) = n(x + ka).
Following [31} Section 5], we define the functions v, , € C(RY) by

m
Vam — E Uq,k-
k=1

Then for |a] — oo we obtain

(37) Hva,m”ip(]Rd) =m,

(38) ||v¢l m”iﬁ (R4) 5 m,

(3 9) // |Ua m | ‘Ua m(y)|q dl‘dy < m
. R4 xR4 |z — y|d-e ~o

To deduce B8], choose k € N such that & > s. Interpolating between homogeneous
L? and H* norms (cf. [I, Proposition 1.32]), for |a| — co we conclude that

(

s 3 1
o 2 gy < B ey [ i) 5 (il ) * (il )

<m.

-2
k
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Using the diagonal argument, from (L.3) we deduce that for all sufficiently large
m € N it must hold that

p(d+a)—2dg 2d—p(d—2s)
m < m 2(d+a—a(d=2s)) mq 2(d+a—q(d=29))

which implies the optimality of the embedding intervals (4)—(T6).

3.0.1. Ezistence of the optimizers. The existence of optimizers follows almost iden-
tically to the proof of [2, Theorem 2.2]; see also [3] proof of Corollary 0.1]. We only
sketch the argument.

Fix p inside one of the intervals (L4)—(L6l). By homogeneity and scaling we can
assume that an optimizing sequence (¢, )nen in £5%9(R?) satisfies

q q
lonlluey = [[,  LEnEIRIE gy, -,
Rixza [T — gl

and [ o ey = O(d 5,0) + o(1)

Since p is not an endpoint of the intervals (L4)—(L6), we can use interpolation
inequality (L3) to find a uniform upper bound on ||y, || Lr1 (rey and ||@n || ez re), for
some p; < p < pa. Therefore, via the pgr-lemma [16, Lemma 2.1, p. 258] and Lieb’s
compactness lemma in H*(R%) [2, Lemma 2.1], we conclude that ¢, — @ # 0 in
H*(R%). Finally, using the nonlocal Brezis-Lieb splitting lemma for the Coulomb
term [28, Proposition 4.8], the existence of a maximizer could be proved similarly
to the arguments in [2, pp. 661-662] (see also the proof of Theorem below for
similar estimates). O

Proof of Theorem [[3 Inequality (.II) is obtained directly by interpolation be-
tween the classical Sobolev inequality and endpoint refined Sobolev inequality (L.7]).

To prove that the best constant C(d, s, o, €) in (ILTT]) is achieved, we will use the
following result.

Theorem 3.2 (Gerard-Meyer—Oru). Let 0 < s < d/2 and let § € S(R?) be such
that 0 has compact support, has value 1 near the origin, and satisfies 0 < 6 < 1.
Then there is a constant C' = Cy 4(0) such that for all u € H*(R?),

2

d

d—2s
Jull e, <l (sup 4725 6(4) )
s A>0

Consider a maximizing sequence (¢;)nen for (LII) such that |l¢,lg. gy = 1

and
s(d—2s)

[|onl] 24 = (C(d, s, c,€) + 0(1)) (D(ipn)) 75~

where for brevity, we denote

d 2 ( )|:L2(y
// PN dz dy.
Rd xRY |9U— yli—e

Using the endpoint refined Sobolev inequality we infer that

s(d—2s)

s(d=2s)
(D(<,0n)) d(2sta) 5 ||90n‘|d37‘125 5 (D(sOn)) d(2sta)
This implies that
15 D(en)

and hence
(3.10) 1S ol 2 -
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Let @ denote the weak limit of (¢,,) in H*(R%). Recall that our inequality (LI is
critical; i.e., it is both scaling and translation invariant. From Theorem [3.2] together
with ([BI0) there exist sequences (z,)nen in R? of translations and (A, )ney in RT
of dilations such that

d4g
it 437 [ 0040~ y)eni)dy >0,
n R
This fact implies by the change of variable that

—d T —x _
Ay, son( An") — ¢ #0.

The fact that ¢ is an optimizer is now standard. By the Brezis—Lieb type splitting
properties [10] of the three terms in (LII) (for the splitting of the nonlocal term
D see [28, Proposition 4.7]), we obtain

C(d, s, 0,¢) 7% <||so|“s+||son “S+o<1>)

2d(a+d)

_ _ T T a5y
> (121 oy + lon = Pl gy + 0(1) e
2ds —EA
x (D((Z‘J) + D((Pn _ ¢)) d(2s+a) d—zs7
since
( do +52d(a+d)> ( 2ds . 2d )71 52d(a+23) 51
d(2s + ) (d — 2s)? d2s+a) ~d-—2s/ (d — 2s)2 '

As a consequence of the discrete Holder inequality we have

te 4d(a+d) te 4d(a+d) 2ds 2d
d(2<+a) (d—2s)2 Cd(2s+a) d 2& _|_bd(2<+a) (d—28)2 ed(2s+a)7€d72s
2d(atd) 2ds 2d
T2sta) T (a—2s)2 (c+e)—d(2s+a)_€—d—2s

S (a 4 b2) d(25+a

for all a,b,c,e > 0. Hence

O(d,s,0,¢) 7% (||so|“ Fllon - Al +o<1>>

4d(atd)
e 2d 2d
” —Hd<2*+a) (d—2s)2 D(@)d(Tia)*Em
- Hs(R4)
2da te 4d(a+d)
d(2s+a) 2

2ds 7€A
+ Hipn _ SZHHb»(Rd) (d—2s) D( 50) d@2s+a) ~ “d-2s 4 0(1)'

Therefore we can conclude that

4d(a+d)

T D) T T (1),

TGy te

24
C(d,s,a,e)” a2 o (R4)

solld =2 lel

which implies that ¢ is an optimizer. O

4. SHARP IMPROVEMENT IN THE RADIAL CASE

In order to establish the radial inequality ([I2)) we will use a version of the
weighted estimate involving the Coulomb term which was originally established by

Ruiz [31].
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Theorem 4.1 (Ruiz [31, Theorem 1.1]; see also [28, Proposition 3.8]). Let d € N,
0 < a<d, g€ [l,00). Then for every e > 0 and R > 0 there exists C =

C(d,a,q,e) > 0 such that for all p € L%(Rd),

1

q q q 2

(41) / @l 4, < <// |o(2)] Isi( y)l dxdy> 7
RI\BR(0) |2| 7 +€ RE Rixpd T — Y|P

1
q NE a 3
Br(0) |3:\ e R xR |95 - | -

We will also employ two different estimates on the functions in H?, (R?). In the
case s > 1/2 our proof of (I.I2)) relies on the following interpolatlon result.
Theorem 4.2 (De Népoli [I2, Theorem 3.1]). Letd >2, s > 1, r > 1, and
(4.3) —(d-1)<a<d(r-1).

Then
(4.4)

(@) < C(d,s,7,0)|2| 7 (= A) 2 @l|Go oy 19l 7 oy Vo0 € Haa(RT) N Ly (RY),

2s(d—1)+(2s—1)a f = 2
(2s—1)r+2 — (2s—1)r+2°

space with the norm
1
lullzzien = [l lutor az)
R4

Remark 4.1. The inequality (£4) has important special cases:

where o = and L"(R?) is the weighted Lebesgue

(i) When r = 5242 and a = 0 we obtain Cho-Ozawa’s inequality [11]:

(4.5) sup |p(x)| S |2| ==
|z|>0

V(P € rad (Rd)

(ii) When r = 2 and a = 0 we obtain Ni type inequality

sup ()| S |o| =7

|2[>0 Hs(Rd)H@HL? ]Rd) V(P € rad(Rd)
x|>

In the case s < 1/2 pointwise estimates on functions in H? ;(R%) are no longer
available. Instead, our proof of (ILI2) relies on the radial version of the classical
Stein—Weiss estimate [32].

Theorem 4.3 (Rubin [13], [14, Theorem 1.2], [30]). Let d > 2 and 0 < s < d/2.
Then

@) ([ Je@rlelrae) < Cldsrd)lolimn Vo€ )

where r > 2 and

1 1 d
) -@-1(z-7)<s<T
1 1 pB-s
(4.8) ;—54‘ d
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Remark 4.2. The difference from the classical (nonradial) Stein-Weiss estimate
[32] is only in the extended range (7)) for 5 (in the nonradial case we must have
0 < B < £). Note special cases of ([@8):

(i) When f=s and s < % we obtain r = 2, which gives the Hardy inequality:

1
2 )
([ el )" S lollinen Vo € Hiu®)
(i) When 8 = 0 and s < 2 we obtain r = 524, which gives the Sobolev
estimate:

g \EE e
Rdl@ld—% Slellgeme Vo € Hipa(RY).

(iii) When 8= —(d—1)(3 — %) and s < 3 we see from () that r = ;25 and
hence = —(d — 1)s, so we obtain a “limiting” inequality

/ o
]Rd

A corollary of Rubin’s inequality is an integral replacement of the Cho—Ozawa

bound (@3H).

sy |\ I s (d
:E| 1-2s dx ,S ||90||H5(Rd) VQO € PImd(]R )

Lemma 4.1 (Weak Ni’s inequality). Letd > 2,0 < s <1/2, and 53—s < % <i-s.
Then for R > 0,
(4.9) / ol < C(d, s, p)RTPE gl 0 Vo € Hiy(RY),
R4\ B (0) raa K
2d—p(d—2s)

Proof. Follows from Rubin’s inequality (£8]) by setting » = p and 8 = 5

Using (@), @4), and (£0) in the exterior and the classical Sobolev inequality
in the interior of a ball we deduce the following.

Proposition 4.1. Letd >2,5s>0,1 < a <d, and (d*25)+ < % < 1. Then the

d+a

space €91 (R) is continuously embedded into LP(R?) for
2d d
(410) pE (prad; m} and s < 5,
d
(4.11) P> praa and S > 3

Proof. Tt is sufficient to establish continuous embedding £75/(R?) — LP(R?) only
for p in a small right neighborhood of p,,q. The remaining values of p are then
covered by interpolation via Theorem Bl Given R > 0, we shall estimate the LP—
norm of a function ¢ € €25 (R?) separately in the interior and exterior of the ball
Bp(0). Since p < 724, in the interior of the ball Br(0) we estimate by Sobolev
inequality:

p < OR'VP(53-9) || p|P _
IRt T

The estimate in the exterior of the ball Bg(0) will be split into the cases s > 1/2

and s < 1/2. Observe that p > paq > ¢, since g < jf;‘s. For a small € > 0, denote

d—
2

v = +e€.
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Case (s > 1/2). Using successively the inequalities [@.4]), (£I]), and [@.3)), we esti-
mate that

4 \P—4 p(x)]d
) [ < s (letllel)" [ ER
R4\ Br(0) |z|>R R4\ B (0) |z

(A—-6)(p—gq

Sl ([ B ) | [
) \Jra |z|7 R\Br(0) |T|7

- (@)l e ()7 A

< ]2 Rd)<R2€ I dy)

Jo(@)]7 | (y)? :
+||50|H(Rd)<R2€// |$_ |d . dl‘dy
X (/ |z
Br(0)

The application of ([@4) requires that

A-0)(p=q)
q

where 6 = m

o U*QS(d_l_’YH_V
p—q (2s—1)g+2

which is fulfilled for a sufficiently small € > 0 if p > praq. The last integral in @I2)
is finite when

(4.13)

d—2s
2

(4.14) - q—7 < —d;

d+o
d—2s"

this is the case for a sufficiently small € > 0 when ¢ <

C’ase (s < 1/2). Let r > p > ¢ and 6 € [0,1] be such that Q + 120 = 1,

T p?
¢ = 17=L. By the Holder inequality together with (4.I)) and (IEI) we estimate
(4.15)
. = q =
Lo < (L e ([ M)
R\ B (0) R4\ By (0) Ri\Br(0) |27
pP—q 1r—p
- r—q <P ‘1 %) q 27r—q
s(/ el ) (g [ HOIEDE oy )
R4\ B (0) R RV T — Y
1r—p
lo(2)|? |o(y)|® P
Hs(Rd) <R2€ // eyl dz dy )
where in view of ([AJ]) we must express r and 3 as
__20p—dlp—4q) _ 19(2d —p(d - 25))
2y —(d—2s)(p—q)’ 2 yp—dlp—q)
Note that 8 < 0 for sufficiently small £ > 0, since ¢ < d+a and p < 7=5;. Hence

[#Z0) requires that
d—17(p—2)—2s(p—q)

A vp—d(p — q)
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The latter is satisfied provided that

gs(d—1) +~
25(d —1) + (1 —2s)’

(4.16) D> pe =2

where p. \, prad as € — 0. In addition, observe that r 1_21 as p = p. and
e — 0, which in particular ensures that we can choose r > p and r > 2 in (L4). We
conclude that (I5) holds for p > pyaq, provided that € > 0 is sufficiently small. O

Proposition 4.2. Letd>2,0< s < d , 1 <a<d, and d+a < q < 00. Then the
space E271(RY) is continuously embedded into LP(R9) for

2d 1 1
4.1 _ - —
( 7) pe |:d_ 2s;prad) and q 7é 2 S,
2d 1 1
4.1 —_— Dy — = — —s.
(4.18) pE [d_ 2s,pmd} and ;2 ¢

Proof. Note that for l #* % — s it is sufficient to establish continuous embedding
ESTURY) — LP(RY) only for p in a small left neighborhood of p;,q. The remaining

rad
values of p are then covered by interpolation via Theorem [B.1]
Given R > 0, we shall estimate the LP-norm of a function ¢ € £5%(R?)

separately in the interior and exterior of the ball Br(0). The proof will be split
into a number of separate cases, which we outline in Table [l

TABLE 1. Different cases in the proof of Proposition

S q BR(O) Rd\BR(O)
s>1/2 q> jf;; De Napoli Sobolev
+ Ruiz as in @I2) + Cho-Ozawa (1)
dte < g < 2- Rubin Weak Ni (Z9)
s<1/2 + Ruiz as in (£15)
1= 15 L-estimate (L)) Weak Ni (4.9)
q> 2 Li-estimate (LI)  Rubin

+ Ruiz as in (£15)

Case (s > 1/2). In the exterior of the ball Br(0), for any p > -5 we can estimate

(4.19) P < CR&PGES) g2
R\ B (0) "R

using the classical Sobolev inequality and Cho—-Ozawa’s inequality (£I]). To obtain
an estimate in the interior of the ball Br(0), we observe that for s > 1/2 we

have ¢ < praq and hence we can assume that ¢ < p < praq. For a small € > 0, set

7 := 952 —¢. Then the estimate on fBR(O) |o[? is identical to the argument in (12,

but carried out in the interior of the ball Br(0), which reverses the inequalities in

EI3) and @.14).
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Case (s < 1/2 and 42 < ¢ < —2-). In the exterior of the ball Br(0) the estimate
(@19) follows dlrectly from the weak Ni’s inequality (IZ:QI) To obtain an estimate
in the interior of the ball Br(0), observe that for ¢ < we have q < Praq and
hence we can assume that ¢ < p < p;aq. For a small € > O set v 1= T —¢e. Then
the estimate on | Br(0) |p|P is identical to the argument in (IH), but carried out
in the interior of the ball Bg(0) with ¢ < p < r. The only difference is that for
q> d*“ the inequality in (LI6]) reverses and p. * praq as € — 0, since ’y < dza
Note that for0 <s<1/2andgq >

estimate of type ([@IH) on fBR 0 \¢|P is no longer p0551ble.

2s

Case (s < 1/2 and ¢ = 1%). Observe that in this case we have p;q = ¢. In the
exterior of the ball Br(0) the estimate

4.20 / ol < CR(E=9)||g|2
(4.20) Rd\BR(O)I | el g

. To

follows directly from the weak Ni’s inequality ([@3]), which is valid for ¢ =

1-2s
estimate fBR(O) |o|?, we can use the Li—estimate (L), i.e.,

(4.21) / ¢ < R (// (@ \qlﬁ( Yl dxdy>§-
Br(0) RixRrd [T —y|IT*

Combining (E20) and (@21)) we conclude that £:9'7(R?) — L4(R?). The remaining
range of p follows by interpolation.

Case (s <1/2 and g > ﬁ) Observe that in this case p < praq < g. To estimate
fBR(O) |p|P, we use the Li—estimate (LI to obtain

/ o < R0 (// |o(@)|* ey )quxdy)?
Br(0) Rixgd |7 — Y|P

To obtain an estimate in the exteriour of the ball Br(0), we will use Hélder’s,
Rubin’s, and Ruiz’s inequalities similarly to ([{.150]), with v = d_TO‘ +eandr <p<gq,
which could be carried out for p < praq provided that € > 0 is sufficiently small,

because praq > 155 25 O

Proof of Theorem [[.4l The scaling invariant inequalities of Theorem[L4lfollow from
Propositions [£.1] and by the same scaling consideration as in the proof of The-
orem [T11 O

The estimates of Propositions Bl and improve upon the estimate of The-
orem B only when o > 1. In the next section we show that the intervals of
Propositions 41l and are optimal and that for a < 1 there is no improvement
for the radial embedding.

5. OPTIMALITY OF THE RADIAL EMBEDDINGS

The optimality of the intervals in Theorems[[.Iland [[.4lfor s < 1 is a consequence
of the following.

Theorem 5.1. Letd >2, 1 <a<d, 0<s<1/2, and ¢ = ﬁﬁ
ESCU(RY) is not continuously embedded in LP(R?) for p > q = prad-

rad

. Then the space



8302 J. BELLAZZINI ET AL.

Theorem 5.2. Letd > 2, 1 <a<d,0<s <1, and p,q € [1,400). Then the
space €91 (RY) is not continuously embedded in LP(R?) for

d—2s
(5.1) P < Praa and —> TTa’
1 d—2s 1 1-—2s
5.2 > py d - < , — .
(5.2) PZpra and o< oo q# 5

Theorem 5.3. Letd > 2, 0 < a<1,0<s <1, and p,q € [1,40). Then the
space E271(RY) is not continuously embedded in LP(R?) for

2(2 1 d-2
(5.3) L2t gL A28
25 + « q d+ «
2(2¢s + ) 1 d-—2s
5.4 —— d - .
(54) p> 25 + « a q<d+a

The proof of Theorems and [5.3]is obtained by constructing counterexamples,
i.e., a family of functions u such that for a suitable p it holds that

ol gy = 1,

q q
J L.
RixRd [T — Yl

HUHLP(Rd) —r +-00.

Given a nonnegative function n € C*(R) \ {0} such that suppn C [-1,1], we
consider the family of functions

(5.5) uxr,s(z) :)\77(|I|;R),

where R > S > 0 and A > 0 will be specified in the sequel.
By elementary computation we obtain

(5.6) [ux,r,s||E ~ NWPRS.

‘We also claim that

(5.7) lux,m,511% . oy = AZRITTST2
and
| 2| ()] A24 Rdt+a—2g2 ifl <a<d,
// wns@I rsWI g, q, < ) yeagi-152105(R/S) o= 1,
Rt [z =l A20 Rd—1g1+a if0<a<l.

The estimate (5.8)) is proved in Appendix [A] below.
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To prove (B.71), for any s > 0 choose k € N such that 2k > s. Taking into account
that S < R, by the change of variables and scaling we compute

(5.9)
o0 2
sl (B30
MRS e (ray = R /o a2 e \R.S
e} 8219 ai 82]{271 a 8k 2 -
:/0 ‘{ar% + S Or2k—1 tot r_k%}uA,R,S(T) r¢ldr

oo 2 0o 5
< \d (/ ’77(%) (%) ri=tdr + |a1|/ 77(2’@*1)’(%) r
0 0
o° 2
et [0 (e58)
0

< )2 (Slf4de71 4 gl2@k-—1)pd=3 4 S172de717k)
< \2gl—4k pd—1

ri=1ldr

a=3 gy

Interpolating between the L? and H?* norm of uy rs (cf. [I, Proposition 1.32]),
we conclude from (B.6) and (59) that

El 2— £ _ _
x50 gy < lun 2.5 o oy lUn RS | 2 Gy S A RTTHSTT22,

Proof of Theorem 5.1l Let ug := uy g,g be the function in (5.5)), where we fix R > 0
and for S < R set

A=S51.
Then, since by our assumption 1 < o < d,
(5‘10) ||usl|f{[s(Rd) S Rd_17
NE q
(511) // |uS | |uS( )| dx dy S Rd+a72,
Rixpd Tyl
5.12 us|[?  ipay = APSRITL o \PTURITL o G174 RAL
LP(R )
Since R is fixed, we conclude that ||us||» @) — oo for p > ¢ when S — 0. O

Proof of Theorem 52l Let ug :=» gr,s be the function in (G.5]), where we set

A=R’ and §=(NRICHFT =R,

with
(513) p= 2d-Di@ta-2@s-1)  _gd-1D-(d+a-2)
' 29(2s — 1) +4 ’ 125 —1) 12

Then we compute
(5.14) ||uR||i~,s(Rd) <1

q
(5.15) // @ lur@)? 4 g, <4,

Rd xRd |:E — ‘d @

(516) ||uR||Lp(Rd) ~ \WPRITIS ~ Rﬂ(piprad%

provided that R > S, that is, either R > 1 and vy < 1 or R < 1 and v > 1. To
complete the proof of Theorem for p # praq we select R according to Table 2
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TABLE 2. Choice of R which ensures R > S and HUR”]Zp(Rd) — 00

for ao > 1.
q 15} y Choice of R Conclusion
> B<0 0<y<l R—=oo |urly,gs
— 00 for p < Prad
Le((352),,55) 8<0 9>1  Ro0  |ual,
— 00 for p > Praq
5 <1/2and i g < 28>0 4<0 R — ||uR||’£p(Rd)

— o0 for p > prad

Next we prove that £299(RY) ¢ LPra(R?) when % # 1228 Similarly to [28,
Lemma 6.4], we consider the “multi-bump” sequence

m
= Z URk
k=1
284+d—1

where the functions uge are as in (55) with R = RF, A= R* § = RF"==7" and
where f is given in (513). Note that for R # 1 and sufficiently large quotient R/S

the functions ugr (k =1,...,m) have mutually disjoint supports.

If % > ‘i;fds or s <1/2 and % < 1525 then we let R — co. We obtain
(517) ||UR,WLH;ZP(R(1) =m,
(5.18) HvaH%S (®Y) S <m,

. R xRd |~T—y|d “ ~o

For the derivation of (EI9) see [28, proof of Lemma 6.4]. To obtain (GBI, we
observe that

m

(5.20) loram |3 gay = D NurslFraay +2 D (unisurs) gogay-

t,j=1,1>j
If s is an integer the second term vanishes or if s < 1, then the second term is
negative. Otherwise, s = £ + o, with £ € N and o € (0,1). Thus by the Gagliardo
seminorm characterization of H*(R%), if up: and ug,; have disjoint supports, then

(5.21)

(Viup: (x) = Viugi(y) - (Viups (2) — Viugi (y))

RY xRd |95 - y|d+20 .

Similarly to (5.9), we deduce that || D*ux g,s|/r1®e) S ART1ST™¢ and hence

(5.22) | D uge || 1 (gay S RFPTA=IH1E=0),
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If% > ‘ijfds, then 3 <0and 0 <y < 1. For i > j and if R® > R’ we estimate

B.21) as

||DE’U,R1'

L1 @)D upi || L1 (ra
(R’L . Rj)d+20
< Rid+20) pliA5) (B +d=147(1-0))

(URM uRf)Hs(]Rd) ~

(5.23)
< p—id+20) pi(2(vs—F)+207) < R—i(%(l—w)),

since we note that 2(ys — /3) < d, provided that ¢ < jf;“s. Then in (B20) for all
sufficiently large R we have

m
(5.24) Poran ey Sm+ > RO <o,
ij=1,i>j
The case % € ((%)Jr7 if;) is similar, but letting R — 0 and observing that
v < 0.
Now, set

_ .0 L
wrm(T) =m UR,m(ﬁ)~

Then by the standard scaling we have

(5.25) ||wR7m||1£p(Rd) ~ POFod+l
(5.26) l|wg.m |§;5(Rd) < p20+o(d-29)+1
(5.27) // [wrm ()| |1;’i%,m(y)|q dedy < m2a0+o(d+a)+1
Rd xRY |z — y|d—e
If we set
qg—1 25+ «
g _

g 07—
d+a—q(d—2s)’ 2(d+ a — q(d — 2s))’
then for R — oo and m — oo we obtain

(5'28) ||wR7m||i[s(Rd) 5 L,
q q
R xRd |z — yld—e
2s(a—1)
(5.30) e m o gay = mP* 7 o mEETIE 5 o,
since a > 1 and d > 2.
The case € ((1_225)+, ‘f;fds) is similar by letting R — 0. O

Proof of Theorem 5.3l The strategy in the case 0 < a < 1 and % % is the
same as in the first part of the proof of Theorem Let ur := uy grs be the

function in (B3] and choose
A=R’,  §=(MR"1)FT =R,
where

(d—1)(2s+ a) (d-1)(¢g-1)

62_2(q(2s—1)+1+a)’ W_q(Qs—l)—l-l—I—a'
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Then (514) and (5.I5) hold, and
lurly, gay = AWRT'S = RP®

2(2qs+a))

provided that R > S. Then to construct the required counterexamples, we select
R according to Table Bl

TABLE 3. Choice of R which ensures R > S and HuRHiP(Rd) — 00
for o < 1.
q B 0% Choice of R Conclusion
% > if; <0 0<y<l R—00 ||uR||]£p(Rﬁ(l)—>o)o
2(2qs+
for p < =557
Le((52),.5%) A<0 9>1  R—=0  urll,ge = oo
2(2gs+a)
for p > =50
s<1/2and ; <iZ& B>0 <0 R — o0 ||UR||1£p(Rﬁ(¢)—>o)o
2(2qs+
for p > =50
Inthecase 0 <a<1,5<1/2,and ¢ = 7 1+O‘ we note that %7 =5 > 4

Similarly to the proof of Theorem [5.] for ug := uy g s with a fixed R > 0 and for
S < R we set

2s—1

= 52(q1)—52

Then
(531) HUS“i]s(Rd) =~ Rdil,
NE q
Ty — ld—a ~
R4 xRd |9U— yl
5.33 us|[? ey = PSR~ P EET RAD o G i
LP(R4)

zince R is fixed, we conclude that [|ug||» ey — oo for p > 2(3‘87120‘) = 125 when

— 0.

The case o = 1 is similar but takes into account the logarithmic correction in
(E8). We omit the details. O

6. RADIAL COMPACTNESS: PROOF OF THEOREM
We need the following preliminary local compactness result.

Lemma 6.1 (Local compactness). Let d € N, s > 0, o € (0,d), and q € [1,00).
Then the embedding £5*4(R?) — Ll (R%) is compact.

loc

Proof. Multiplication by § € S(R?) is a continuous mapping £*4(R%) — H*(R%).
Indeed by the fractional Leibniz rule (see e.g. [I8, Theorem 1.4]), we obtain

1(=A)20ul| L2 ray S (=) 2ul| L2 ray 0] oo (ray + ||(_A)%0”LT(R“1)HU||L2<§+:LM(Rd)a
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with 7 such that Q(ngfa) —1—% = % For ¢ = 1, we set r = co. Hence by Theorem B.1],

10wl 7 may < C(O)||ullgs.0a(may-

For every p > 0, we choose 6 € C°°(R?) such that § = 1 on B, and § = 0 in R?\ B,
Let (un)nen be a bounded sequence in £59(R%). Setting v,, = fu,,, Theorem [B.1]
implies that (v, )nen is also bounded in H*(R?). We can assume that v,, converges
weakly to some v in L?(R%). By testing against suitable test functions, it follows
that v is also supported in Bs, and thus ¢ € L>°(R?). By Plancharel’s identity we
have

lon = vl132 gy :/ Wn(ﬁ)—?(ﬁ)IQdﬁﬂL/ [0(€) — D) dé.
[€I<R [€EI>R
By showing that the right-hand side goes to zero we will infer by Holder’s in-
equality that [u, — v|[z1(z,) — 0. We have

~ ~ 2 1 2 Si)\ —i)\ 2 C
/M ) ~ (P € < / L+ IEP) .06 = 9O d < =

Since e®¢ € L2(Bsy,), by weak convergence in L?(Ba,) we have 9,(§) — 9(€)
almost everywhere. To conclude it suffices to show that

?, — (&2 =o(1).
(6.1) /ESan(f) ()2 de = o(1)

. ~ 1 1
Notice that [l < [[vn]l23s,) < 1(Bag) ¥ vl 12y ) < 1(Bay) ¥ o 1oty am
hence [0,(€) — (€)|? is estimated by a uniform constant so that by Lebesgue’s
dominated convergence theorem (6.1)) holds. This concludes the proof. O

Proof of Theorem [[LH. We sketch the proof only in the most interesting case a > 1,
$<1/2, and ¢ > 1%23, namely when p,.q < ¢. Notice that for all R > 0, by (LI
and Lemma [6.1] interpolation between g and p’ = 1 yields the compact embedding
EXTURY) — LP (R?) for all 1 < p < g. Thus it suffices to show that for any

rad loc

bounded sequence (uy)nen in 257 (RY) it holds that

rad

sup/ |unP =0, R— 0.
neN JRI\Br(0)

When p < we use Lemma [£1] which yields

Lol < o) un ey
RN\ Br(0)

12’

R — oc.

When p > ﬁ the same conclusion holds by arguing as in the proof of (£I0) and
using the strict inequality P < praq- This is enough to prove the theorem for a > 1,
5<1/2,and ¢ > 175.

The other cases are similar, estimating the various integrals as in Proposition [£.]]

for ¢ < d+°; and according to Table [ for g > d+°‘ . This concludes the proof. [

APPENDIX A. PROOF OF CcLAIM (58]

Proof of (.8). We use an estimate for radial functions from [28]. Similar estimates
were previously obtained in [I5,[30,33].
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Lemma A.1 ([28, Lemma 6. 3}) Let d > 2 and o € (0,d). Then for every mea-
surable function f :[0,00) — [0,

L. Lﬁ' T aray = / / FOVKE () (5)r™ s dr ds,

where the kernel Ka’d : [0,00) x [0,00) = oo is defined for r,s € [0,00) x [0,00) by

d—3

1 d—3 - da—3
de(T,S) _ Cd/ z72 (1 Z) pl _ ds.
' 0o ((s+7r)2—4srz) =z

Moreover, there exists M > 0 such that

d—1

(%)TW ZfOé < 1,
(A1) Kolid(r, s) <M (TLS)* In 2|\TT+SS|I ifa=1,
(L)% if o> 1.

Case (o > 1). From (AJ]) we obtain for radially symmetric functions that

q q 00 q qpd—1gd—1
J <C// o)1 (o) | drds,
RixRd |T — Y| rs) T

and hence that

NE q oo 2
I, ey <o ([ |<p<r>%%+%‘1dr) .
RixRrd T — Y 0

Let u = uy g,s be defined in (G.5). Then

2
// |'U: |q |U'( )| d d <CA2q /R+S ’r_R| 7‘% %_1d7‘ .
RixRd |7 —y\d R-S S

S—|r—R
Using the trivial estimate —\;—[ < 1 it follows that

NE q e a2
// [ul@) @) 4, 4, < cx20 ((R+9)#+5 — (R-s)8+%)",
Rixre T —ylime

and we get the desired estimate.

Case (a« = 1). From (A we obtain for radially symmetric functions that

q q ey q d—1.d—1 2
// |o(2)] Ii( DN 4o dy <C/ / |o(r) ||s0 \Tl T ATt sl s
Rixgd T —y|Tm® )z =

and hence that

K K 2
// o) |fl(a| dxdy<c/ / |7 p(s) 978555 In "+ 5l 4y as.
RixRrd |T =Yl | — s]

Let w = uy g g be defined in (5.3). Using the estimates H%R[ <landr < R+S,
s < R+ S we have

)| R+S R+s 2
//Rd Rdih‘ MW 4, 4y < ox20(R + 5)+ 1/ / L A
X

|z =yl =l

and we can conclude that

ﬂ |U |q|u( )|qd d <C>\2qu 1/R+S/R+S 2|7’—|—$‘ drds
Rixrd [T =yl r— s




i.e.,
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q q
// |“| Dl uy)] dzdy < CXN*'RI'S?*(InR —InS + 1) = O(A\*R* 110 8?),
R x R4

T — ‘d a
Case (0 < a < 1). This case is similar to o = 1, so we omit the details. O
REFERENCES
[1] H. Bahouri, J.-Y. Chemin, and R. Danchin, Fourier analysis and nonlinear partial differen-

2]

(3]

[10]

(11]
(12]

13]

14]

[15]

[16]

(17]

(18]

tial equations, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], vol. 343, Springer, Heidelberg, 2011. MR2768550

J. Bellazzini, R. L. Frank, and N. Visciglia, Mazimizers for Gagliardo-Nirenberg inequal-
ities and related mon-local problems, Math. Ann. 360 (2014), no. 3-4, 653-673, DOI
10.1007/s00208-014-1046-2. MR3273640

J. Bellazzini, M. Ghimenti, and T. Ozawa, Sharp lower bounds for Coulomb energy, Math.
Res. Lett. 23 (2016), no. 3, 621-632, DOI 10.4310/MRL.2016.v23.n3.a2. MR3533187

J. Bellazzini, T. Ozawa, and N. Visciglia, Ground states for semi-relativistic Schrédinger-
Poisson-Slater energy, Funkcial. Ekvac. 60 (2017), no. 3, 353-369. MR3701265

R. Benguria, H. Brézis, and E. H. Lieb, The Thomas-Fermi-von Weizsdcker theory of atoms
and molecules, Comm. Math. Phys. 79 (1981), no. 2, 167-180. MR612246

R. D. Benguria, P. Gallegos, and M. Tusek, A new estimate on the two-dimensional indirect
Coulomb energy, Ann. Henri Poincaré 13 (2012), no. 8, 1733-1744, DOI 10.1007/s00023-012-
0176-x. MR2994758

R. D. Benguria, M. Loss, and H. Siedentop, Stability of atoms and molecules in an ultrarel-
ativistic Thomas-Fermi- Weizsacker model, J. Math. Phys. 49 (2008), no. 1, 012302, 7, DOI
10.1063/1.2832620. MR2385256

R. D. Benguria and S. Pérez-Oyarzan, The ultrarelativistic Thomas-Fermi-von Weizsdcker
model, J. Phys. A 35 (2002), no. 15, 3409-3414, DOI 10.1088/0305-4470/35/15/304.
MR1907369

I. Catto, J. Dolbeault, O. Sanchez, and J. Soler, FEuxistence of steady states for the
Mazwell-Schrédinger-Poisson  system: exploring the applicability of the concentration-
compactness principle, Math. Models Methods Appl. Sci. 23 (2013), no. 10, 1915-1938, DOI
10.1142/50218202513500541. MR3078678

H. Brézis and E. Lieb, A relation between pointwise convergence of functions and convergence
of functionals, Proc. Amer. Math. Soc. 88 (1983), no. 3, 486-490, DOI 10.2307/2044999.
MR699419

Y. Cho and T. Ozawa, Sobolev inequalities with symmetry, Commun. Contemp. Math. 11
(2009), no. 3, 355-365, DOI 10.1142/50219199709003399. MR2538202

P. L. De Napoli, Symmetry breaking for an elliptic equation involving the fractional Laplacian,
Differential Integral Equations 31 (2018), no. 1-2, 75-94. MR3717735

P. L. De Népoli, Irene Drelichman, Elementary proofs of embedding theorems for potential
spaces of radial functions. (English summary) Methods of Fourier analysis and approxima-
tion theory, 115-138, Appl. Numer. Harmon. Anal., Birkhauser/Springer, [Cham]| (2016).
MR3497702

P. L. De Népoli, I. Drelichman, and R. G. Durdn, On weighted inequalities for fractional
integrals of radial functions, Illinois J. Math. 55 (2011), no. 2, 575-587 (2012). MR3020697
J. Duoandikoetxea, Fractional integrals on radial functions with applications to weighted
inequalities, Ann. Mat. Pura Appl. (4) 192 (2013), no. 4, 553-568, DOI 10.1007/s10231-011-
0237-7. MR3081635

J. Frohlich, E. H. Lieb, and M. Loss, Stability of Coulomb systems with magnetic fields. I
The one-electron atom, Comm. Math. Phys. 104 (1986), no. 2, 251-270. MR836003

A. E. Gatto, Product rule and chain rule estimates for fractional derivatives on spaces
that satisfy the doubling condition, J. Funct. Anal. 188 (2002), no. 1, 27-37, DOI
10.1006/jfan.2001.3836. MR1878630

A. Gulisashvili and M. A. Kon, Ezact smoothing properties of Schrédinger semigroups, Amer.
J. Math. 118 (1996), no. 6, 1215-1248. MR1420922


https://www.ams.org/mathscinet-getitem?mr=2768550
https://www.ams.org/mathscinet-getitem?mr=3273640
https://www.ams.org/mathscinet-getitem?mr=3533187
https://www.ams.org/mathscinet-getitem?mr=3701265
https://www.ams.org/mathscinet-getitem?mr=612246
https://www.ams.org/mathscinet-getitem?mr=2994758
https://www.ams.org/mathscinet-getitem?mr=2385256
https://www.ams.org/mathscinet-getitem?mr=1907369
https://www.ams.org/mathscinet-getitem?mr=3078678
https://www.ams.org/mathscinet-getitem?mr=699419
https://www.ams.org/mathscinet-getitem?mr=2538202
https://www.ams.org/mathscinet-getitem?mr=3717735
https://www.ams.org/mathscinet-getitem?mr=3497702
https://www.ams.org/mathscinet-getitem?mr=3020697
https://www.ams.org/mathscinet-getitem?mr=3081635
https://www.ams.org/mathscinet-getitem?mr=836003
https://www.ams.org/mathscinet-getitem?mr=1878630
https://www.ams.org/mathscinet-getitem?mr=1420922

8310 J. BELLAZZINI ET AL.

[19] C. Le Bris and P.-L. Lions, From atoms to crystals: a mathematical journey, Bull.
Amer. Math. Soc. (N.S.) 42 (2005), no. 3, 291-363, DOI 10.1090/S0273-0979-05-01059-1.
MR2149087

[20] M. Ledoux, On improved Sobolev embedding theorems, Math. Res. Lett. 10 (2003), no. 5-6,
659-669, DOI 10.4310/MRL.2003.v10.n5.a9. MR2024723

[21] E. H. Lieb, Thomas-Fermi and related theories of atoms and molecules, Rev. Modern Phys.
53 (1981), no. 4, 603-641, DOI 10.1103/RevModPhys.53.603. MR629207

[22] E. H. Lieb and H.-T. Yau, The stability and instability of relativistic matter, Comm. Math.
Phys. 118 (1988), no. 2, 177-213. MR956165

[23] E. H. Lieb and R. Seiringer, The stability of matter in quantum mechanics, Cambridge Uni-
versity Press, Cambridge, 2010. MR2583992

[24] P.-L. Lions, Some remarks on Hartree equation, Nonlinear Anal. 5 (1981), no. 11, 1245-1256,
DOI 10.1016/0362-546X(81)90016-X. MR636734

[25] P.-L. Lions, Solutions of Hartree-Fock equations for Coulomb systems, Comm. Math. Phys.
109 (1987), no. 1, 33-97. MR&79032

[26] J. Lu, V. Moroz, and C. B. Muratov, Orbital-free density functional theory of out-of-
plane charge screening in graphene, J. Nonlinear Sci. 25 (2015), no. 6, 1391-1430, DOI
10.1007/s00332-015-9259-4. MR3415051

[27] D. Lundholm, P. T. Nam, and F. Portmann, Fractional Hardy-Lieb-Thirring and related
inequalities for interacting systems, Arch. Ration. Mech. Anal. 219 (2016), no. 3, 1343-1382,
DOI 10.1007/s00205-015-0923-5. MR3448930

[28] C. Mercuri, V. Moroz, and J. Van Schaftingen, Groundstates and radial solutions to nonlinear
Schrodinger-Poisson-Slater equations at the critical frequency, Calc. Var. Partial Differential
Equations 55 (2016), no. 6, Art. 146, 58, DOI 10.1007/s00526-016-1079-3. MR3568051

[29] G. Palatucci and A. Pisante, Improved Sobolev embeddings, profile decomposition, and
concentration-compactness for fractional Sobolev spaces, Calc. Var. Partial Differential Equa-
tions 50 (2014), no. 3-4, 799-829, DOI 10.1007/s00526-013-0656-y. MR3216834

[30] B. S. Rubin, One-dimensional representation, inversion and certain properties of Riesz po-
tentials of radial functions (Russian), Mat. Zametki 34 (1983), no. 4, 521-533. MR722223

[31] D. Ruiz, On the Schrédinger-Poisson-Slater system: behavior of minimizers, radial and non-
radial cases, Arch. Ration. Mech. Anal. 198 (2010), no. 1, 349-368, DOI 10.1007/s00205-010-
0299-5. MR2679375

[32] E. M. Stein and G. Weiss, Fractional integrals on n-dimensional Euclidean space, J. Math.
Mech. 7 (1958), 503-514. MR0098285

[33] J. Thim, Asymptotics and inversion of Riesz potentials through decomposition in radial and
spherical parts, Ann. Mat. Pura Appl. (4) 195 (2016), no. 2, 323-341, DOI 10.1007/s10231-
014-0465-8. MR3476676

[34] J. Van Schaftingen, Interpolation inequalities between Sobolev and Morrey-Campanato spaces:
a common gateway to concentration-compactness and Gagliardo-Nirenberg interpolation in-
equalities, Port. Math. 71 (2014), no. 3-4, 159-175, DOI 10.4171/PM/1947. MR3298459

UNIVERSITA DI SASSARI, VIA PIANDANNA 4, 07100 SASSARI, ITALY
Email address: jbellazzini@uniss.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI P1sA, LARGO B. PONTECORVO 5, 56100 Pisa,
ItALy
Email address: marco.ghimenti@dma.unipi.it

DEPARTMENT OF MATHEMATICS, SWANSEA UNIVERSITY, SINGLETON PARK, SWANSEA, SA2 8PP,
WALES, UNITED KINGDOM
Email address: C.Mercuri@swansea.ac.uk

DEPARTMENT OF MATHEMATICS, SWANSEA UNIVERSITY, SINGLETON PARK, SWANSEA, SA2 8PP,
WALES, UNITED KINGDOM
Email address: V.Moroz@swansea.ac.uk

UNIVERSITE CATHOLIQUE DE LOUVAIN, INSTITUT DE RECHERCHE EN MATHEMATIQUE ET PHY-
SIQUE, CHEMIN DU CYCLOTRON 2 BTE L7.01.01, 1348 LOUVAIN-LA-NEUVE, BELGIUM
Email address: jean.vanschaftingenQuclouvain.be


https://www.ams.org/mathscinet-getitem?mr=2149087
https://www.ams.org/mathscinet-getitem?mr=2024723
https://www.ams.org/mathscinet-getitem?mr=629207
https://www.ams.org/mathscinet-getitem?mr=956165
https://www.ams.org/mathscinet-getitem?mr=2583992
https://www.ams.org/mathscinet-getitem?mr=636734
https://www.ams.org/mathscinet-getitem?mr=879032
https://www.ams.org/mathscinet-getitem?mr=3415051
https://www.ams.org/mathscinet-getitem?mr=3448930
https://www.ams.org/mathscinet-getitem?mr=3568051
https://www.ams.org/mathscinet-getitem?mr=3216834
https://www.ams.org/mathscinet-getitem?mr=722223
https://www.ams.org/mathscinet-getitem?mr=2679375
https://www.ams.org/mathscinet-getitem?mr=0098285
https://www.ams.org/mathscinet-getitem?mr=3476676
https://www.ams.org/mathscinet-getitem?mr=3298459

	1. Introduction and statement of results
	2. Completeness of the fractional Coulomb–Sobolev space
	3. Gagliardo–Nirenberg inequalities: Proof of Theorems 1.1, 1.2, and 1.3
	4. Sharp improvement in the radial case
	5. Optimality of the radial embeddings
	6. Radial compactness: Proof of Theorem 1.5
	Appendix A. Proof of claim (5.8)
	References

