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A Few Words about the Book

WHAT THIS BOOK IS ABOUT

The book represents a mixture of harmonic and complex analysis with operator
theory. The interplay between these disciplines is one of the most significant features
of the second half of T'wentieth century mathematics. It gave rise to several jewels
of analysis, such as the theory of singular integral operators, Toeplitz operators,
mathematical scattering theory, Sz.-Nagy-Foias model theory, the L. de Branges
proof of the Bieberbach conjecture, as well as solving the principal interpolation
problems in complex analysis and discovering the structural properties of function
spaces (from Besov to Bergman).

The principal ingredients of the book are clear from the Contents and Subject
Index, and indeed a simple list of key words tells more than long explanations.
Without reproducing these lists nor the introductions to the four parts A, B, C,
and D of the book, I would like give an abridged list of my favorite subjects, ordered
by their appearance in the book:

Hardy classes

The Hilbert transformation

Weighted polynomial approximation
Cyclicity phenomena

Mazimal and Littlewood-Paley functions

The Marcinkiewicz weak type interpolation
Wiener filtering theory

Riemann ¢ function

Hankel operators: spectral theory, Peller’s theory, moment problems
Reproducing kernel Hilbert spaces
Schatten-von Neumann operator ideals
Toeplitz operators

The operator corona problem

Spectral theory of normal operators
Sz.-Nagy-Foias function model

Von Neumann inequalities

Carleson and generalized free interpolations
Theory of spectral multiplicities

Elements of semigroup theory

Classical control theory of dynamical systems
Bases of exponentials on intervals of the real line
Elements of the H™ control theory
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STYLE

I have tried to follow the logic of the above subjects as I understand it. As
a consequence, this book is neither a function theory monograph, nor an opera-
tor theory manual. It is a treatise on operator-based function theory, or, if you
prefer, function-based operator theory. As in my previous book “Treatise on the
shift operator” (Springer, 1986) I have in mind a picture close to mathematical
reality, where the most interesting and important facts take part of several disci-
plines simultaneously. This is why the way in which things proceed in this book is
sometimes different from the appoved didactic style of presentation, when, first of
all, background materials should be developed (even if you will need it 300 pages
later...), then you go to the next preparatory level, and so on.

Here, new concepts and auxiliary materials appear when they are needed to
continue the main theme. This theme is developed as theory of functions on the
circle group and of operators acting on them, starting with the basic shift oper-
ator, then passing to stationary filtering, and Hankel and Toeplitz operators as
compressions of the multiplication operators. Next, we arrive at the model theory
for Hilbert space operators as (advanced) compressions of the same shift operator,
and, finally, all this machinery is brought together to control dynamical systems.
Therefore, taken as a style to telling mathematics, this is more a passion or a tale
of mental intrigue than a rationally arranged catalog of facts.

It is also worth mentioning that this book has its origins in four courses I
gave in 1992-1996 to graduate students in the University of Bordeaux, France.
Although the courses were considerably extended when preparing this book, the
text, perhaps, preserves the flavor of interaction with the audience: sometimes I
repeat some notions or ideas already stated some tens (or hundreds...) of pages
earlier to remind the reader of something what he may have forgotten from the last
course.

BACKGROUND

As it is clear from the preceding lines, the book can be read by anyone having
a standard analysis background: Lebesgue measure, LP spaces, elements of Fourier
series and Fourier transforms (the Plancherel theorem), elementary holomorphic
functions, Stone-Weierstrass theorem, Hilbert and Banach spaces, reflexivity, the
Hahn-Banach theorem, compactness, and so on.

FORMAL STRUCTURE

Parts A and B form the first volume of the book, and parts C and D form the
second. Formally speaking, parts A, B, C and D are (reasonably) independent of
each other in the sense that, for example, I may employ in part B some results of
parts A, C, or D, but in the same way that I use (rarely) results from some exterior
basic monographs.

The Parts are divided into chapters; there are 25 in the book. All chapters
but one contain two special sections: Exercises and Further Results, and Notes and
Remarks. These are important and inseparable parts of the book. To illustrate, the
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book contains 1428 propositions conventionally called theorems, lemmas, corollar-
ies, and exercises. For Fxercises and Further Results, the proofs are called “hints”,
and while they are shorter they still contain all the principal ingredients to under-
stand the proof. All exercises were tested by a team of volunteer readers whose
names are listed below (there were no casualties...). Some (rare) facts included in
exercises and not proved are marked by asterisk x.

Sections Notes and Remarks usually contain surveys of the rest of the theory
presented in the main body of the corresponding chapter.

Reference A.a.[3.y means subsection a.f.y of Part A; .3 means section 3 of
chapter a of the Part where you are; «.5.v(3) means point (3) of subsection a.8.y,
etc. Sign [ indicates the end of a proof or a reasoning.

THE READER AND THE AUTHOR

As it is clear from the subtitle of the book, I expect that some readers are
novices, graduate or undergraduate students, possessing the needed knowledge in-
dicated above. It is also supposed that some readers are experts. Well, I shall be
rewarded if there is at least one. In this case, and also anticipating the inevitable
reproaches as to why I selected such and such subjects and not others, I permit
myself to quote (in my translation from Russian) a great philologist, an expert of
texts as such.

“The answers books give us are to questions that are not exactly the same as
the author set before himself, but to those that we are able to raise ourselves... The
books encircle us like mirrors, in which we see only our own reflexion; the reason
why it is, perhaps, not everywhere the same is because all these mirrors are curved,
each in its own way.”

M.L. Gasparov
“Philology as morality”

WHAT IS MISSED

Of course, I do not intend to list here the rest of mathematics but just to men-
tion explicitly some border subjects that could have been included but were not.
These are (without any ordering) extremal problems of complex analysis (start-
ing from results of S.Ya. Khavinson and H. Shapiro in the 1960’s); the problems of
harmonic analysis-synthesis (from L. Schwartz and B. Malgrange of the 1950’s); in-
variant subspaces, from the existence problem in a Hilbert space, up to (more impor-
tant) classification problems for concrete operators (including descriptions of closed
tdeals in algebras of holomorphic functions); singular integral models for hypo-
and semi-normal operators; scattering; univalent functions via quasi-orthogonal
decompositions; realization theory; operator valued constrained interpolation, and
some other themes. I have no better way to excuse these omissions than to fol-
low E. Beckenbach and R. Bellman who quoted the following verses (for a similar
purpose):

Oh, the little more, and how much it is!
And the little less, and what worlds away!
R. Browning (Saul.st.39)
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causal, see also filter
center (of an algebra), 390
class of functions, see also Space, function
class
class of operators
Hilbert—Schmidt, see also
Hilbert—Schmidt
Schatten—Lorentz, see also
Schatten—Lorentz
Schatten—von Neumann, see also
Schatten—von Neumann
trace, see also trace
closE, 7
cluster set, 58
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Foguel
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generalized, 129
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transform, see also transform
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operator, see also operator
spectrum, 219
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free
interpolation, see also interpolation
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Theorem, see also Theorem, Lemma
function
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Hardy-Littlewood maximal, see also
Hardy-Littlewood
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Littlewood—Paley, see also
Littlewood—Paley
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quasi-continuous, see also
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singular, see also singular
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weighting, see also weighting
functional
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Gelfand
theory, 389
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Fourier series, see also Fourier series
limit, see also Banach
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334
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formula, 109, 125
function, 91
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Hardy
Hadamard, see also lacunary
test, 301
Hankel
equation, 181, 189, 196, 202, 203
matrix, 180, 192
Simon’s, 371
operator, 179, 192, 273
(S1,92), 196, 223
(X1, X2-)-, 196
and moment problems, 359
associated with measure u, 262, 309,
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big, 197, 373
big finite rank, 223
compact, S NH, 212
essential spectrum, 288
finite rank, 212, 217, 223
generalized, 205
higher order, 202
in Sy, 364
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inverse of, 231
inverse spectral problem, 296, 306, 377
little, 197, 199, 373
modulo kernel, 300
nilpotent, 293
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n-th finite section of, 371
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370, 373
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singular number, see also singular
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vector valued, 210
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Hardy-Littlewood
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maximal operator, 119
harmonic conjugate, 98, 114, 189
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Helson-Szeg6 condition (HS), 99, 103, 113,
201
hereditary, see also complete
Herglotz, see also Schwarz—Herglotz
Hermitian
modulus, 377
Hilbert
inequality, 195
matrix, 195, 283
tensor product, 321
transform, see also transform
Hilbert—Schmidt
class, 192, 360
operator, see also operator
Hilbertian tensor product, 319
H®° functional calculus
of Sz.-Nagy and Foias, 229
holomorphic, see also vector valued
homogeneous of Lebesgue type, 293
Horn conjecture, 350
(HS), see also Helson—Szegd
hypercyclic, 90

ideal
Matsaev, see also Matsaev
normed, see also normed ideal
Schatten—von Neumann, see also
Schatten—von Neumann
impedance, 155
impulse response, 155
index
of a function, see also winding number
of a subspace, 18
of an operator, 218
inequality
Hardy, see also Hardy
Hilbert, see also Hilbert
Jensen, see also Jensen
Jensen—Young, see also Jensen—Young
John—Nirenberg, see also John-Nirenberg
Lebedev—Milin, see also Lebedev—Milin
Littlewood-Paley, see also
Littlewood-Paley
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Mourre, see also Mourre
Tchebyshev, see also Tchebyshev
von Neumann, see also von Neumann
weak-type (1,1), see also Kolmogorov
Weyl, see also Weyl
initial
space, 187, 300
inner, 10, 23, 334
arithmetic, 24
co-inner, *-inner, 14
operator valued, 14
part, 43
singular, 42, 80
two-sided, 14
inner-outer factorization, see also
factorization
input
pulse, see also signal, finite energy
integrable, 47
Bochner integrable, 47
SOT, 47
weakly (Pettis), 47
WOT, 47
integral, see also integrable
interpolating, see also interpolation
Blaschke product, 61
polynomial (Lagrange), 394
interpolation, see also interpolating
asymptotic, 233
basic, 240
between LP spaces, 121
boundary, 240
Carathéodory—Fejér, 237, 323
constrained, 239
free, 241
meromorphic, 337
multiple, 233
Nevanlinna—Pick, 232, 239, 323
tangential, 329
Nudel’man, 236
of a function
with respect to ©, 233
of an operator, 233
operator valued, 240
tangential Nevanlinna—Pick, 240
Pick—Akhiezer, 348
Schur, 232, 323
Schur-Takagi, 157, 337, 348
invariant
unitary, see also unitary
invariant subspace, 7
1-(simply) invariant, 8
character, 148
translation, 148
2-(doubly) invariant, 8
character, 148
translation, 148
absolutely continuous, 11

common zeros, 168
of finite codimension, 222
problem, 18
related to the ¢-function, 169
singular, 11
strange shift-invariant operator ranges,
19
z-invariant operator ranges, 19
inverse spectral problem, see also Hankel
invertibility
left, 387
and outer functions, 387
Bochner—Phillips—Allan—Markus—
Sementsul theory,
389
in finite dimensions, 387
right, 385
in the triangular algebra, 387
involution, 285
isometry
partial, 187, 300
pure, 189

Jensen

—Young geometric mean inequality, 41,

54, 68, 108
inequality, formula, 35, 55
generalized, 36

John—Nirenberg inequality, 206
Jordan

domain, 73
Julia matrix, 186, 319

Keldysh method (extended), 89
kernel
Cauchy, see also Cauchy
Dirichlet, see also Dirichlet
Fejér, see also Fejér
generalized Toeplitz, 204
Poisson, see also Poisson
positive definite, see also positive definite
reproducing, see also reproducing kernel
Kolmogorov, see also Theorem, Lemma
inequality, 114, 137
Krein
space, see also space
structure, 204

lacunary, 82, 206

function, 220, 369

series, 191

2-lacunary, 83
Lagrange interpolating polynomial, see also

interpolating

Laplace transform, see also transform
Lat, see also lattice
lattice, Lat, 27

type holomorphic space, LTHS, 79, 322
LCM, see also least common multiple
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least common multiple, LCM, 24, 55
Lebedev—-Milin inequality, 320
Lebesgue
decomposition, 11, 39, 66
point, 39, 48, 116
Lidskii
Theorem, see also Theorem, Lemma
trace
formula, 350
lifting of the commutant, see also
Theorem, Lemma, commutant lifting
Lipschitz condition (for integral kernels),
342
Littlewood
problem, 195
subordination principle, 56
Littlewood-Paley
function, 125, 138, 191
inequality, 366
norm, 111
local distance, 254
Loewner
matrix function (monotone), 240
theorem, see also Theorem, Lemma
logarithmic residue, 70, 170
in Cy, 148
LTHS, see also lattice type holomorphic
space
Lusin
function, see also function
problem, 140
Lyapunov equations, 383

majorization
problem, 347
property, 349
for Fourier series, see also Fourier
series
matrix
completion (extension) problem, see also
AAK, 183, 205
Hankel, see also Hankel
Hilbert, see also Hilbert
Julia, see also Julia
Toeplitz, see also Toeplitz
Matsaev ideal, 62, 278, 373
maximal
function, 138
Hardy-Littlewood, see also
Hardy-Littlewood
nontangential, see also function
radial, see also radial
ideal space, 389
operator
Hardy-Littlewood, see also
Hardy-Littlewood
of the Cauchy transform, 137
radial, see also radial
transform, 138

maximum principle, see also Theorem,
Lemma, 251, 259
vector valued, see also Theorem, Lemma
measurable
SOT, 46
strongly, 46
weakly, 46
WOT, 46
measure
absolutely continuous, 11
analytic, 26
arc length, 13
Carleson, see also Carleson
Mobius invariant, 363
othogonal to polynomials, 127
singular, 11
spectral (of a process), see also process
symmetric, 199, 202
Mellin transform, 166
meromorphic, see also Nevanlinna function
minimal, see also sequence
Moébius invariant, see also measure
model
de Branges—Rovnyak, 326
operator, 228, 239, 381
space, 228
de Branges, 321, 326
de Branges—Rovnyak, 137, 240
von Neumann, 384
modulus of continuity, 80
moment
problem, 309, 324
and Hankel operators, see also Hankel
operator
Hausdorff, 325
Stieltjes, 325
trigonometric, 315
Mourre inequality, 304
Muckenhoupt condition, A2, Ap, 105, 107,
119, 130, 139, 272, 274, 275
discrete, 119
for matrices, 134
multicyclicity, 90
multiplicative integral, 63
multiplicity
function, 293, 384
of a holomorphic function, 38
global, 89
local, 89
of the spectrum, see also multicyclicity
multiplier, 79, 199, 264
Fourier, see also Fourier
Schur, see also Schur
small [P-, 264
space, Mult(X), 126

Nehari
-Hankel equation, see also Hankel
problem, 196
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Nevanlinna

characteristic, 60

class, see also Space, function class
Nevanlinna function

meromorphic, 81
Nevanlinna—Pick, see also interpolation
Newton formula, 296
nilpotent, 286

Hankel, see also Hankel operator
non-quasianalytic, see also quasi-analytic
nonharmonic exponentials, see also

exponentials

nontangential

limit, 39, 58, 145

vector valued, 50-54

maximal, see also function
norm

essential, see also essential

Garsia, see also Garsia

range, see also range

symmetric, cross, see also normed ideal
normal

operator, see also operator
normed ideal

quasi-normed, 306

symmetric (cross) norm, 344

symmetrically, 344, 347
nuclear, see also operator
Nudel’'man, see also interpolation
numerical

range, 209

operator

c-concave, see also operator, concave
Carleman integral, 303
class, see also class of operators
commuting with the shift, 154, 160, 185
compact, 378
completely polynomially bounded, 208
composition, see also composition
concave, 15

c-concave, 16
derivation, 193, 208
derivation-integration

Weyl fractional, see also Weyl
expanding, 204
finite rank, 218
Foguel, 192, 208

integral, 342

local type, 271

lower triangular, 387

maximal, see also maximal

model, see also model

normal, 89, 188

nuclear, 338, 351

polynomially bounded, 193, 207

positive, 186, 231

power bounded, 208, 373

radial maximal, see also radial maximal

Schrédinger, 304

sectorial, see also sectorial

shift, see also shift

similar, see also similar

singular Cauchy integral, 274

singular integral, see also singular
integral

square root of, see also square root

sublinear, 122

Toeplitz, see also Toeplitz

trace class, see also trace class

translation, 148

unitary, 11

partial, 300

Volterra (type), see also Volterra;
Volterra type

Volterra Hankel, 294

weak-type, 112, 114, 344, 365

Wiener-Hopf, 262, 273

Wold-Kolmogorov type, see also
Wold-Kolmogorov

Wolff’s diagonal, 14

orthogonal subspaces, 95
outer, 15, 17, 23, 43, 67, 72, 79, 201, 250,

277
at a point, 68
co-outer, x-outer, 15
exposed, rigid, 396
in Q, 73
in Cy, 147
locally, 68
part, 43

Paley-Wiener

condition, 160
theorem, see also Theorem, Lemma

Foguel-Hankel, 193, 208, 209

Fredholm, 218, 257

Hankel, see also Hankel

Hardy-Littlewood maximal, see also
Hardy-Littlewood

Hilbert—Schmidt, 117, 192, 203, 211, 338,
341

homotopic, 219

hypercyclic, see also hypercyclic

ideal, see also normed ideal; class of
operators

parametrization, 241, 348
partial

isometry, see also isometry
PDK, see also positive definite kernel
Pettis, see also integrable
phase

delay, 155

minimal, see also filter
Phragmén-Lindelof

majorant, 73

principle, 29, 91



454 SUBJECT INDEX

principle (generalized), see also
Theorem, Lemma
Pick body, 241
piecewise continuous, 262, 281
Poisson, 80
integral, formula, 39
on Cy, 147
kernel, 33
on R, 316
polar
decomposition, 187
polynomially
bounded, see also operator
convex hull, 28
polynomials
analytic, Poly, 9
trigonometric, Pol, 8
positive definite
function, 317
kernel, 317
subordinated, 317
prediction
n-step, 23, 379
one-step, 23, 88
principal value integral, 116
problem
Carathéodory—Fejér, 277
design, see also filter
filter identification, see also filter
invariant subspace, see also invariant
subspace
inverse spectral, see also Hankel
Littlewood, see also Littlewood
Lusin, see also Lusin
majorization, see also majorization
moment, see also moment
Nehari, see also Nehari
Nevanlinna—Pick, see also interpolation,
Nevanlinna—Pick
Nudel’man, see also interpolation,
Nudel’'man
Riemann—Hilbert, see also
Riemann-Hilbert
Schur, see also interpolation, Schur, 277
Schur-Takagi, see also interpolation,
Schur-Takagi
process
deterministic, 23
future of, 23, 379
non-deterministic, 23, 379
past of, 23, 379
regular, 88, 379
completely, 379
spectral measure, 23
stationary, 28, 379
gaussian, 378
stochastic, 23
projection

Bergman, 203, 362
on the n-th component of a Fourier
series, see also Fourier series
onto Hankel operators, see also Hankel
operator
onto Toeplitz operators, see also Toeplitz
operators
Riesz, 97, 99, 114, 158, 181, 200
of a measure, 137
on L%(T, E), 189
skew, 95
pseudo
-continuable, 81
pseudohyperbolic disk, 169, 198, 360
pulse input, see also signal, finite energy

QC, see also quasi-continuous
quasi
-analytic, 87
non-quasianalytic weight, 162
-continuous function, 215, 221, 252
-normed ideal, see also normed ideal

radial maximal
function, 124
operator, 119, 125
Radon-Nikodym
derivative, 11, 66
property
analytic (ARN), 62
theorem, see also Theorem, Lemma
range
essential, see also essential
norm, 318
reducing, 8, 13, 22, 188
regularizer, 219, 257, 259, 267
removable singularity property, 223
reproducing kernel, 164, 190, 216, 221, 222,
228, 317
Hilbert space, RKHS, see also Space,
functions class
normalized, 294, 381
of H%(C*), 166
thesis, RKT, 131, 204, 224, 246, 398
for Toeplitz operator, 398
residue, logarithmic, see also logarithmic
resolvent, 249
map, 237
Riemann
¢-function, 163
functional equation, 169
hypothesis, 163
Riemann—Hilbert problem, 274
Riesz
basis, 296
property, 273
projection, see also projection
RKHS, see also Space, function class,
reproducing kernel Hilbert space
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RKT, see also reproducing kernel thesis
“rolling a disk”, 146

R-subset, 29

running mean, 159

Schatten—Lorentz class G54, 372
Schatten—von Neumann
class Sp, 207, 211, 360
Schmidt
decomposition, 331
of normal operators, 349
pair, 333
vector, 333
Schur, see also interpolation
multiplier, 202, 373
procedure, 241
product (of matrices), 319
test, see also Theorem, Lemma, Schur
test, see also Vinogradov—Senichkin,
191, 192, 282, 301, 362
Schwarz—Herglotz
kernel, 41
outer, 58
in C4, 147
transform, 137
section, see also Toeplitz operator
sectorial, 248
semicommutator, 131, 253
separated, see also sparse
singularities, see also Bezout equation
separating, 48
sequence
basic, see also basic
complete, 104
A(p), 90
minimal, 93, 104, 200
stationary, 23, 28
unconditional, see also Riesz, sequence
uniformly minimal, 93
constant of uniform minimality, 139
shape of a drum, 157
shift, 5, 7, 28, 154, 180, 192, 196, 222, 228,
387
backward, 81, 90, 181, 192, 222, 228, 237
periodic, 371
simple, 197
signal, 153
finite energy, 153
input, output, 153
plus-, 153
similar, see also similarity, 193
similarity, see also similar
to a contraction, 193, 207
to a unitary, 207
singular
inner, see also inner
integral operator, 117, 131
Calderon—-Zygmund, 133
number, 211, 224, 333, 338, 351, 378

of a Hankel operator, 331
singularities, see also Bezout equation
SIO, see also singular integral operator
s-number, see also singular number
SOT, see also measurable
Space, function class

analytic functions (vector valued), 48
Banach function, 88, 196, 223
Bergman, 18, 89, 131, 197, 202, 225, 320

p-Bergman, 197

Peller’s form, 366

weighted, 16, 80, 361

Besov class, 352, 369
analytic, 354, 361
Bloch, 198, 361
Bounded Mean Oscillation, BMO, 189,
206
Bounded Mean Oscillation, analytic,
BMOA, 139, 189, 206
derivative space (H?)’, 126
Dirichlet, 131, 198, 202, 320, 361
-type, 16
disk algebra, see also disk algebra
Hardy, 9, 32

on an annulus, 18

on the right half-plane, 166

on the upper half-plane, 145

operator valued, 189

real H%{e, 190

vector valued, 46, 188

weighted, 137, 201, 274, 322

with respect to measure p, 22

H*> +C, 214
Krein, 204
LP
vector valued, 47
Nevanlinna, Nev, 54, 72
QC, see also quasi-continuous
reproducing kernel Hilbert space, RKHS,
240, 317, 362

commutant of the shift, see also

commutant

generated by K, 317

Smirnov, 72
Vanishing Mean Oscillation, VMO, 220,
225
Vanishing Mean Oscillation, analytic,
VMOA, 220
Wiener class, 155, 161
span, 8
sparse, 60, 360
spectral
measure, 384
multiplicity, see also multicyclicity
function, see also multiplicity function
radius, 187
of T,, 246
synthesis, 103
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spectrum, 27, 187, 246
amplitude, see also amplitude
continuous, 247
energy, 155
essential, see also essential, 246
left, 247
right, 247
Fredholm, see also Fredholm
left, 247
limit distribution (of finite sections), 277,
305
of an inner function, see also spectrum of
an operator-valued function
of an operator valued function, 71
point, 249
right, 247
with respect to I'n[1], 304
splitting
of cyclicity, 89
of subspaces, 27, 28
splitting (of subspaces), 27
square root of a positive operator, 186
stable, see also filter
asymptotically, 383
rank problem, 397
stationary, see also process
filter, see also filter
sequence, see also sequence
step-by-step extension, see also AAK
stochastic
matrix, 349
process, see also process
Stolz angle, 39, 127, 138, 145
strictly normed, 50
strong H2-function, 14
subordination principle, see also Littlewood
summation method, 103
Abel-Poisson, 103
s-vector, see also Schmidt vector
symbol, 269
matrix, 275
of a Hankel operator, see also Hankel
of a Toeplitz operator, see also Toeplitz
symmetric norm, see also normed ideal
symplectic matrix, 294, 371
Szegd
condition, 135
uniform, 136
infimum, 23, 28, 65
vector valued, 86

Tauberian, see also Theorem, Lemma
Tchebyshev inequality, 121
tensor product, see also Hilbert
test, see also Schur; Vinogradov—Senichkin
Theorem, Lemma

Adamyan—Arov-Krein, see also AAK,

213, 217, 333, 337
Agler, 241

All Stationary Filters, 158
Allan, 391
anonymous, 253
Arveson—Sz.-Nagy—Foias—Schubert, 385
Axler-Chang—Sarason—Volberg, 131, 254
B valued C 4 functions, 392
B valued H*° functions, 391
B.Ph.A.M.S., see also invertibility, left,
see also Theorem, Lemma, Bochner—
Phillips—Allan-Markus—Sementsul
Banach, 94, 220
Beurling, 10, 164, 216, 335, 337
Beurling-Helson, 9, 149, 161, 169, 170
Beurling-Lax (vector valued), 14, 204
Bochner, 326
Bochner—Phillips—-Allan-Markus—
Sementsul,
390
Bohr, 393
Bonsall-Power, 131
boundary uniqueness, 36, 59
on C4, 147
Bourgain, 208
Bourgain’s Lemma, 208
Bram, 75, 89
Burkholder—-Gundy-Silverstein, 138
Canonical factorization
in D, see also Theorem,
Riesz—Smirnov, 165
in Cp, 147
Carleson (corona), 388, 394
Carleson (embedding), 105, 130, 145,
151, 312
Carleson (free interpolation), 241
Causal Filters, 158
Coburn, 258, 270, 275, 293, 382
Coifman-Rochberg, 360
commutant lifting, 229, 230, 381, 386
compact operators, 378
Cotlar-Sadosky, 136
Devinatz—Widom, 250
Dijksma, 242
dominated convergence (vector valued),
47
Douglas, 185, 259
Douglas—Rudin, 44
Douglas—Sarason, 254, 255
embedding, see also Theorem, Lemma,
Carleson
Fabry gap, 90
Fatou, 39, 46, 127, 145
vector valued, 50
Fefferman—Stein, 126, 208
Fejér-Riesz, 315
Frostman, 45
Fubini (vector valued), 47
Fuglede-Putnam, 188
Gelfand—Pettis, 46
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Generalized Maximum Principle, 73
Generalized Phragmén—Lindelof
Principle, 73
Hamburger, 310
Hartman, 214, 220, 224, 253, 292, 327
Hartman—Wintner, 248
Helson, 12
Helson—Sarason, 380
Helson—-Szego, 99
Herglotz, 42
Hruschev—Peller, 381
Hunt-Muckenhoupt—Wheeden, 132
Jackson—Bernstein, 352, 374
Julia, 186
Kolmogorov, 97
Krein—Shmulyan, 49
Kronecker, 217, 225, 369, 382
Lavrentiev, 13, 75
Lax, 149
Lax—Halmos, 386
Lidskii, 349
Lindelof, 140, 285, 292
Loewner, 240, 326
Magnus, 287
Marcinkiewicz, 121, 138, 344
Matsaev, 278
Maximum Principle
generalized, 72
vector/operator valued, 50
Mean Value, 14
Megretskii—Peller—Treil, 306, 384
Montel, 183
Muirhead, 349
Naimark, 286
Natanson, 141
Nazarov—Volberg, 133
Nehari, 182, 217, 230, 327, 369
Nevanlinna, 234
Nyman, 170
operator valued H® functions, 392
Ostrovski, 340
Page, 224
Paley-Wiener, 146, 150, 262
Peller, 352, 361
Perron—Frobenius, 301
Phragmén-Lindelof (generalized),
see also Theorem, Lemma,
Generalized Phragmén—Lindelof;
and Phragmén—Lindelof principle
Pick, 233
Plessner, 58
Power, 288
Radon-Nikodym, 11
Riesz Brothers, 26, 29, 35, 75, 157
in R, 151
Riesz, M., 310
Riesz—Herglotz, 315, 316, 328
Riesz—Markov, 311

Riesz—Smirnov, 42, see also factorization,
canonical; Theorem, Lemma,
canonical factorization

Riesz—Thorin, 138

Rosenblum, 103

Rouché, 260, 295

Rudin—Carleson, 156, 161

Sarason, 229, 255

Sarason-Sz.-Nagy—Foias, 230

Schmidt, 331

Schur, 232, 234, 238

Schur test, see also Schur test, 282

Sidon, 207

Singular Inner Functions, 42

Smirnov, 23, 67

Smirnov-Kolmogorov, 100

Spectral mapping, 187

Stechkin, 264

Stone—Weierstrass, 187

Structure of Outer Functions, 43, 158

Szego—Kolmogorov, 26, 65

vector valued, 84

Tauberian, 152, 161

Treil, 378

Uniqueness theorem, see also Theorem,
Lemma, boundary uniqueness, 10,
37, 60, 159, 258

for vector valued functions, 170,
see also Theorem, Lemma -
Maximum Principle, vector/operator
valued

Vitali Covering, 124

Vitse, 392

von Neumann spectral, 123, 235, 384

Weierstrass, 214

Widom, 270, 312, 313

Wiener, see also Theorem, Lemma,
Tauberian, 8, 17, 149, 154, 155, 161,
185, 245, 264

continuous time, 159
Wold-Kolmogorov, see also
Wold-Kolmogorov, 11, 86, 189
time domain, 153
Toeplitz
algebra, 256, 301
matrix, 232, 238, 243
Simon’s, 371
operator, 221, 243, 273, 385
aggregated, 257
finite section method, see also finite
section method, invertible by, 275
in the upper half plane, 261
n-th section of, 238, 371
on IP(Z4), 264
on FIP(Z4), 264
projection onto, 268
resolvent growth, 265
symbol of, 244
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total, 95
trace, 48, 338, 355
class &1, 211, 338, 351
formula
Lidskii, see also Lidskii
Lifshic—Krein, 350
transfer function, 155
transform
Berezin, 131, 224, 246, 373
Cauchy
normalized, 136
of a measure, 316
Fourier, see also Fourier, 144, 185
Hilbert, 98, 114, 115, 189
discrete, 117, 264
two-weighted estimates, 133
weighted estimates, see also Theorem,
Lemma,
Hunt—-Muckenhoupt—Wheeden
Laplace, 262
Mellin, see also Mellin
Schwarz—Herglotz, see also
Schwarz-Herglotz
translates
completeness, 149, 152, 161
integer (Z-cyclicity), 162
translation, see also operator
triangular, see also operator, lower
triangular
type (of an entire function), 150

UMD, see also unconditional martingale
differences
unconditional
basis, see also basis
martingale differences (UMD), 134
sequence, see also Riesz, sequence
uniformly
minimal, see also sequence; basis
unimodular, 234
uniqueness, see also Theorem, Lemma,
uniqueness and boundary uniqueness
unitary
invariants, 384
operator, see also operator

variation, 26
vector valued
function
analytic, holomorphic, 48
integrable, see also integrable
measurable, see also measurable
weakly holomorphic, 48
HP-gpaces, see also Space, function class,
Hardy
Vinogradov—Senichkin test, see also Schur
test, 106, 131, 302
Vitali covering, see also Theorem, Lemma
voltage ratio, 155

von Neumann
inequality, 193
spectral theorem, see also Theorem,
Lemma

wandering subspace, 10, 189
weak-F equality, 237
weak-type, see also operator
weight
Bernstein, 87
factorable, 86, 88
summable, 134
weighted estimates, see also transform,
Hilbert
weighting function, 155
Weyl
fractional derivative, 372
fractional integration-derivation
operator, 201, 376
inequality, 339, 341, 347
white noise, 156
Wiener
algebra, 264, 367, 370, 398
B valued, 392
Wiener—-Hopf
factorization, 270
method, 270
operator, see also operator
winding number, 258
WK-type, see also Wold—Kolmogorov type
operator
Wold—Kolmogorov
-type operator, 15
decomposition, see also Theorem,
Lemma, 15
Wolff-Denjoy series, 141
WOT, see also measurable
(Wtt), see also Theorem, Lemma,
Tauberian

zero divisor, 38, 55
zero multiplicity, 38
zero, localization of, 166, 171



(L, M), 95
(z,y)°?, 319
<<, 317
A< B, 185
Al/2 186
A# 212
EL, 164
L1 M,95
[Py, f], 215
[Tf,Tg), 253
{Tf,Tg], 253
[T}, 179

[t], 167
1=, 390
Il lle,, 192
I e, 79
{I -1, 206

Il ll«vamo, 220
Il - lfvaro, 220
I - lless, 212
[leoll™, 198
S,e, 11

®, 390

|Al, 187

0*, 253
f*g, 32

A(1/w), 80
(A2),(4p), 119, 274
Ag, 354

alg(X), 254

alg Tgoosrc, 258
alg Tx, 256
algTLoo(T), 256

B, 198

BDA,, 198
by, 37

BMO, 189
BMOA, 189
B%, 361

B;, 352

BsA, 354

Bl =B}, 352

B, 352

Ca, 71,171

Symbol Index
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Cap(f), 83
C,, 143

C_, 150

C*, 163, 166
clos, 7

C,, 136, 316
Com Tx, 274
conv(A), 100
(X, 8),cH(X, ), 265
Cyc(T), 66
Cyce(X), 79

D={zeC:|z| <1}, 27

D, 72, 90
Do (C), 241
da(z), 384
DA(<)7 241
dg, 164
deg(®), 333
8, 203, 204
Ay, 352
D(f), 256
d, 167

dist, 22

dA, 363
d/\(fy g)v 254
da(f, M), 254
DP(u), 198

Ef, 8

£, 150, 235
E_E, E™, 23
£p, 165

F,F71,144
finnsfout, 23
Fu, 166

Py, 154, 159
f(Me), 229
Fred(X,Y), 218
F(X,Y), 218
Fn(H, K), 331

[T, 179
T, 169

Ty, 261
Tk, 262
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I[4], 309
Ty, 252
GCD, 24
GLIM, 268

HO, 264

Hank = H = H(H?, H?), 192

H,, 181

Hy, 261

HFp, 212
H™(X1,X24), 203
HPnr, 212

HO 0, 212
H(S1,S2—; P-), 196
H(X1,Xa_; P_), 196
H(X1,X2_), 196
H?,9

HZ2, 181

H2(E),H? (E),H*(T, E), 188

H?(u), HP (), 22, 79
H?(Ct), 166
(HP)', 126

H%, 145

HP(D), 31

HP(D, X), 50

H®>, 31

H*> +(C, 213, 214
H>(F — E), 189
H>[f], 254

H, 132

Hol(D), 31

Hol(R), 38

Hol(Q, X), 48

idl(f1,... , fn), 389
i(E), 18

Ind(y), 258

ind T, 218

Jf(z) = Zf(z), 181
Jo, 261

Ky, 208
kx, 164
Ko, 216, 228

Af(t), 114

A(p), 90

Lat, 27

LCM, 24
L*(E),L?(u, F), 13
L%(T, E), 188

L2, L2(p), 7
LP(Q, X), 47
LP(R, w), 75

L% (w), 80, 81
L>®(F — E), 189
2,9

12(Z4+,w2), 16

SYMBOL INDEX

(e, 158

A’

L, 191

LIM(A), 61

Lin, 8

(Li(X — 1)), 201

P _q
LTHS, 79, 89

M(T), 34

{Mo}', 229

ul, 26

Mult(X), 79, 126, 264
mult(X), 264

Nev, 54, 72
Nevy, 72, 90
Np(p), 198

wy(t), 80

P, 97

Pryp, 95

PC, 281

pch, 28
H((en)n20)7 276
Py, 94

Pol, 8

Polyn, 214
Poly, 9

Po, 228

QC, 215

R, 29

r(A), 187
Range(y), 247
Ry, 249

Rx, 192, 208
Re, 285

S, 7

o(T), 27

S*, 90, 181
&2, 6p, 192, 203, 207, 211
GaH™, 203
S, 211
S, 278
s(f,z), 281
o(A), 187
al(T), 247
o™ (T), 247
oo(T), 247
Oess(A), 212
ol (T), 247
o7 (T), 247
or(T), 219
op(T), 249
SM, 373
sn(A), 211
SOT, 46
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span, 8

Sym H (X1, Xo-;P_), 196
SymH = Sym H(X1, X2-), 196
Sym(T), 257

T={z€C:|z|=1},7
Ts, 148

T,, 244

Ty 261

O, 10

fg, 164

Trace, 338, 351, 355
Traj, 306

T(X), 256

Us, 143

Var, 264
VMO, 220
VMOA, 220
Vx, 192

w, 161
WOT, 46
Wy, 262

X(A), 206

¢, 163
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