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1. Introduction

Characterizing multivariate nonnegative polynomials with real coefficients is arguably the
central problem of both polynomial optimization and real algebraic geometry. A sufficient
condition for a polynomial to be nonnegative is that it can be written as a sum-of-squares
of polynomials. This sufficient condition is extremely useful because it is easily testable
(as a semidefinite programming feasibility problem) and has lead to a wealth of algorithms
and applications in both real algebraic geometry and optimization [4],[15]. Unfortunately,
it is not the case that every nonnegative polynomial can be written as a sum-of-squares
of polynomials. This is well-known since the time of Hilbert, whom in 1888 completely
characterized the cases where equality holds:

Theorem 1.1 (Hilbert). Every nonnegative form (i.e. homogeneous polynomial) of degree
2d in in n-variables is a sum-of-squares of forms of degree d if and only if either,

(1) n = 2 (bivariate forms) or
(2) d = 1 (quadratic forms) or
(3) n = 3 and d = 2 (ternary quartics).
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Since then, a significant amount of work has been devoted to trying to understand the
relationship between nonnegative polynomials and sums of squares when either nonnegativity
is only required on some subset X ⊆ Rn or when the support of the polynomials has a special
combinatorial structure. For two important results in these two directions consider:

Theorem 1.2 (S-Lemma of Yakubovich 1971 [13]). Let Q(x1, . . . , xn) be a quadric of full
rank and let X be the set of zeroes of Q in Rn. If X is nonempty then every quadratic
polynomial F which is nonnegative on X is of the form F = `21 + ⋅ ⋅ ⋅ + `

2
k + λQ for some linear

forms `i(x1, . . . , xn) and some real number λ.

Theorem 1.3 (Choi-Lam-Reznick 1980 [7]). A bi-homogeneous nonnegative polynomial of
degree (2d1,2d2) in two sets of variables of sizes n1, n2 is a sum-of-squares of bi-homogeneous
forms if and only if either (n1 ≤ 2, d2 ≤ 1) or (d1 ≤ 1, n2 ≤ 2).

In these lectures we will unify all these Theorems by characterizing the relationship between
nonnegative forms and sums-of-squares on arbitrary (totally) real projective varieties X ⊆ Pn.
This point of view will allow us to give a common geometric explanation to all known-cases of
equality between nonnegative forms and sums-of-squares. Moreover, the language of algebraic
geometry will give us a context in which this relationship can be characterized in terms that
are both simpler and more general. More concretely, the aim of these lectures is to explain,
in a self-contained manner, the following Theorem [5],

Theorem 1.4. Let X ⊂ Pn be a real, irreducible and non-degenerate projective variety such
that the set X(R) of real points is Zariski dense. Every nonnegative real quadratic form on
X is a sum-of-squares of linear forms in R[X] if and only if X is a variety of minimal degree
(i.e. one for which deg(X) = codim(X) + 1).

The lectures will be organized as follows: Lecture one will be an introduction to projective
algebraic geometry over the reals. We will introduce the basic language and the two key
concepts of dimension and degree. Lecture two will consist of a proof of Theorem 1.4 and
a discussion of the classification of varieties of minimal degree. Several exercises and useful
references are interspersed throughout the text.

2. Lecture 1: Projective geometry and sums-of-squares

2.1. Background and conventions. In this Section we establish the notation and basic
conventions about algebraic varieties used throughout these notes. After reading the section
the reader should be able to make sense of the sentence “Let X ⊂ Pn be a real and non-
degenerate projective variety such that the set X(R) of real points is Zariski dense” and
to understand the concepts of dimension and degree. Although the treatment is logically
self-contained it may be too brief to be sufficiently informative if this is your first exposure to
varieties. I have therefore included references for more complete texts. Please take a look at
these references, especially Chapter 1 and Sections 8.1 and 8.2 of [8] before the lectures. The
reader familiar with the basic language of varieties should skip ahead to Section 2.3 for some
key examples of projective varieties or to Section 2.4 where the material on sums-of-squares
on varieties begins.
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2.1.1. Projective space. For a positive integer n let Pn be the projective n-space over the
complex numbers that is, the space of lines in Cn+1. More precisely, as a set Pn is the set
of equivalence classes in Cn+1 ∖ {0} of the relation u ∼ v if and only if there exists λ ∈ C∗

such that u = λv. We will denote points in Pn as [α] for α ∈ Cn+1 ∖ {0} and write them
as n + 1-tuples [α0 ∶ ⋅ ⋅ ⋅ ∶ αn] called the homogeneous coordinates of the point. We will call
any vector u ∈ Cn+1 ∖ {0} with [u] = [α] and affine representative for [α]. Note that a given
point has several affine representatives and therefore several sets of homogeneous coordinates
whose components differ by multiplication by a common scalar. For further background on
Pn refer to [8, Chapter 8].

Let C[Pn] ∶= C[X0, . . . ,Xn] be the set of polynomials with complex coefficients in the
variables X0, . . . ,Xn. An element F ∈ C[Pn] is homogeneous of degree d (also known as a
form of degree d) if it is a sum of monomials of degree d in X0, . . . ,Xn or equivalently if the
equality F (tX0, . . . , tXn) = tdF (X0, . . . ,Xn) holds for every t ∈ C. If F is a homogeneous
polynomial and [α] = [β] in Pn then α = λβ and therefore F (α) = λdF (β). It follows that
the set V (F ) given by those [α] ∈ Pn for which F (α) = 0 is a well-defined subset of Pn.

Exercise 2.1. A line in P2 is a set of the form V (`) for some nonzero linear form `(X0,X1,X2).

(1) Find the intersection of V (X1 −X0 −X2) and V (X1 −X0) in P2.
(2) More generally prove that every two distinct lines in P2 have exactly one point in

common.

If S ⊆ C[Pn] is any subset then the algebraic set V (S) given by S is defined as

V (S) ∶= {[α] ∈ Pn ∶ F (α) = 0 for every homogeneous polynomial F in S} .

In words, the algebraic subsets of Pn are the solutions of systems of homogeneous polynomial
equations. These will be our main objects of interest so we will now briefly discuss some
fundamental properties of systems of polynomial equations (also known as ideals). An ideal
I ⊆ C[Pn] is a subset closed under addition and multiplication by elements of C[Pn]. If
g1, . . . , gm ∈ C[Pn] then the ideal generated by g1, . . . , gm (i.e. the smallest ideal containing
the gi) is given by

(g1, . . . , gm) ∶= {
m

∑
i=1
rigi ∶ ri ∈ C[Pn]} .

A fundamental result, the Hilbert basis Theorem [1, Theorem 7.5] says that every ideal
I ⊆ C[Pn] is of the form (g1, . . . , gm) for some finite set g1, . . . , gm ∈ C[Pn] of generators.
An ideal I ⊆ C[Pn] is homogeneous if it has a set of homogeneous generators. For further
background on ideals in polynomial rings see [8, Section 1.4].

Exercise 2.2. Show that every algebraic set V (S) is of the form V (g1) ∩ ⋅ ⋅ ⋅ ∩ V (gk) for
some collection of finitely many homogeneous polynomials g1, . . . , gk ∈ C[Pn] (i.e. the set of
common solutions of finitely many homogeneous polynomial equations).

The collection of all algebraic subsets of Pn is closed under arbitrary intersections and
finite unions and contains both Pn = V ({0}) and ∅ = V (1). The algebraic sets are therefore
the closed sets of a topology on Pn called the Zariski topology. Throughout these lectures we
will think of Pn as a topological space with the Zariski topology. An algebraic set Z is called
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reducible if there exists Z1, Z2 proper closed subsets of Z such that Z = Z1 ∪Z2 and is called
irreducible otherwise.

Exercise 2.3. Use the Hilbert basis Theorem to prove that every closed set Z ⊆ Pn can be
written uniquely as an irredundant union of irreducible closed sets.

Exercise 2.4. Prove that X = V (x2 − xw + y2 + yz, xy + zw) ⊆ P3 is reducible.

A subset A ⊆ Pn is Zariski-dense if A ⊆ C for an algebraic set C implies that C = Pn,
equivalently it means that a homogeneous polynomial in C[Pn] vanishing at all points of A
must be the zero polynomial.

2.1.2. Projective Varieties. A projective subvariety of Pn is an algebraic set X ⊆ Pn endowed
with the Zariski topology (as a subspace of Pn). In this section we will assign a commutative
ring to each projective subvariety X ⊆ Pn, its homogeneous coordinate ring C[X]. As you
will see in our treatment of dimension and degree the algebraic object C[X] captures many
geometric properties of the set X in a manner that makes them more accessible and often
effectively computable. The construction will require the use of quotient rings so we begin
with some preliminaries. Finally, we will discuss the (restricted) concept of morphism which
we will use during the lectures.

Quotient rings. If I ⊆ C[Pn] is an ideal then we can define a quotient ring R ∶= C[Pn]/I
as the largest ring where the elements of I become zero. More precisely R is the set of
equivalence classes of the equivalence relation ∼ in C[Pn] given by p ∼ q if and only p− q ∈ I.
We denote the equivalence class of p by p+I and define the sum and multiplication of classes
by (a+I)+(b+I) ∶= a+b+I and (a+I)(b+I) ∶= ab+I making R into a commutative ring. For
further background on quotient rings see [8, Section 5.2]. The following very useful exercise
explains how to construct ring homomorphisms from quotient rings

Exercise 2.5. Let S be any commutative ring. Prove that there is a bijective correspondence
between the ring homomorphisms φ ∶ C[Pn] → S which map the generators of I to zero and
the ring homomorphisms R → S.

If I is an ideal generated by homogeneous elements then the quotient ring R inherits the
grading from C[Pn] in the sense that:

(1) For every integer d the classes in R of homogeneous polynomials in C[Pn] of degree
d together with zero form a vector subspace Rd ⊆ R.

(2) Any two distinct subspaces Rd intersect only at zero.
(3) The decomposition is compatible with multiplication in the sense that RaRb ⊆ Ra+b

for all a, b ∈ Z.

Note that (1) and (2) imply that, as a vector space R =⊕d∈ZRd.

Exercise 2.6. Let I ⊆ C[Pn] be a homogeneous ideal. Prove properties (1), (2) and (3) and
conclude that, as vector spacees, R =⊕d∈NRd.

Homogeneous coordinate rings. The ideal of definition I(X) of a subvariety X ⊆ Pn is given by
I(X) ∶= ({F ∈ C[Pn] ∶ F homogeneous with F (α) = 0 for every [α] ∈X}) The homogeneous
coordinate ring of X is the graded ring C[X] ∶= C[Pn]/I(X).
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Regular maps between projective varieties. If X ⊆ Pn and Y ⊆ Pm are projective varieties
and F0, . . . , Fm ∈ C[X] are polynomials of the same degree with no common zero on X then
we can use them to define a function φ(α0 ∶ ⋅ ⋅ ⋅ ∶ αn) ∶= [F0(α) ∶ . . . Fm(α)] which maps X to
Pm. If φ(X) ⊆ Y then φ is a regular map between X and Y . It is known that every regular
map between projective varieties is continuous and Zariski closed (i.e. maps closed sets to
closed sets).

Example 2.7. If A ∈ C(n+1)×(n+1) is an invertible linear map and L0, . . . , Ln are the linear
forms given by the components of the product A(X0, . . . ,Xn)

t then the map φA(X0 ∶ ⋅ ⋅ ⋅ ∶

Xn) = (L0 ∶ ⋅ ⋅ ⋅ ∶ Ln) defines an automorphism of Pn. Two invertible matrices A1,A2 ∈

GL(n + 1) define the same automorphism if and only if they differ by multiplication by a
multiple of the identity. It is known that every automorphism of Pn is of this form (so
Aut(Pn) = PGL(n + 1)).

Remark 2.8. The curious reader may wonder why introducing the term projective variety
if a projective variety is just an algebraic set. The answer is that a projective variety X
is an algebraic set together with a local concept of regular functions on open sets of X (in
the same way that a differentiable manifold is a topological space together with a concept
of differentiable function on open sets). This local structure allows us to define morphisms
between varieties and therefore is very important for the development of the general theory.
In these lectures we will only use regular maps of a very special kind (those described in the
previous paragraph) and our incomplete definition of projective variety and regular map will
(mostly) suffice. The reader who wishes to understand what varieties really are is encouraged
to read Section 1 of the excellent textbook [14].

2.2. Real projective varieties. We say that a projective variety X ⊆ Pn is defined over
R or that X is a real projective variety if the ideal I(X) admits a set of generators, as an
ideal in C[Pn], which are polynomials with real coefficients. In that case we define the (real)
homogeneous coordinate ring of X as R[X] ∶= R[X0, . . . ,Xn]/(I(X) ∩R[Pn]). If X is a real
projective variety and k ∈ {R,C} we write X(k) to denote the subset of points of X which
have some affine representative with components in k. A regular map φ ∶ X → Y is defined
over R whenever it has components F0, . . . , Fm ∈ R[X].

Example 2.9. (Plane conics) If X ⊆ P2 is the quadratic hypersurface V (X2
0 +X

2
1 +X

2
2) then

X is defined over R and X(R) = ∅. If Y ⊆ P2 is given by V (Y0Y1 − Y 2
2 ) then Y is defined

over R and Y (R) is Zariski-dense in Y . The map φ ∶ P2 → P2 given by φ([X0 ∶ X1 ∶ X2]) =

[X0 + iX1 ∶ X0 − iX1 ∶ X2] is an isomorphim between X and Y defined over C. However, no
isomorphism between X and Y defined over R exists since otherwise their sets of real points
would be in bijection.

2.3. Some key examples of projective varieties. In this section we give three fami-
lies of examples of projective varieties: hypersurfaces, the Veronese embeddings and the
Segre embeddings. The aim of the Section is to give you a more concrete understanding of
what projective varieties and their coordinate rings are. We will heavily use these examples
throughout the lectures.

2.3.1. Hypersurfaces. Let X ⊆ Pn be an algebraic variety defined by a single homogeneous
polynomial F ∈ C[Pn]. If the polynomial is irreducible (i.e. if it cannot be written as F = GH
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where G,H are both non-constant) then X is irreducible. The homogeneous coordinate ring
of X is given by C[X] ∶= C[Pn]/(F ).

Example 2.10. (Hyperplanes) If X ⊆ Pn is the subvariety defined by a non-zero linear form
L(X0, . . . ,Xn) ∈ C[Pn] then X is irreducible and is called a hyperplane. Its coordinate ring is
C[X] = C[Pn]/(L). If L =Xn+∑

n−1
i=0 ciXi then C[X] ≅ C[X0, . . . ,Xn] ≅ C[Pn−1] and therefore

X ≅ Pn−1 with isomorphism given by [X0 ∶ ⋅ ⋅ ⋅ ∶Xn−1]→ [X0 ∶ ⋅ ⋅ ⋅ ∶Xn−1 ∶ −∑n−1
i=0 ciXi].

Example 2.11. (A plane conic) If X ⊆ P2 is given by V (X0X1 −X2
2) then

C[X] ∶= C[X0,X1,X2]/(X0X1 −X
2
2)

and in particular X0X1 = X2
2 in C[X] so the ring is not a unique factorization domain. It

follows that C[X] is not isomorphic to any polynomial ring. Nevertheless X is isomorphic
to P1 via the map φ ∶ P1 →X given by φ([s ∶ t]) = [s2 ∶ t2 ∶ st].

Example 2.12. (Quadric hypersurfaces) Let Q(X0, . . . ,Xn) be a non-zero quadratic form
in C[Pn]. Up to the action of Aut(Pn) such a hypersurface is completely determined by its
rank k (meaning the rank of the unique complex symmetric matrix S with x⃗tSx⃗ = Q where
x⃗ = (X0, . . . ,Xn)

t). More precisely, what this means is that Q has rank k if and only if
there exists an invertible matrix A ∈ GLC(n + 1) defining an automorphism φA of Pn (see
Example 2.7) such that φA(X) is the variety defined by X2

0 + ⋅ ⋅ ⋅ +X
2
k .

2.3.2. The Veronese embeddings of Pn. Given integers d and n let k ∶= (
n+d
d
)−1 and let E ⊆ Nn

be the set of exponent vectors of monomials of degree d in the variables X0, . . . ,Xn. For I ∈ E

we let mI ∶=∏
n
j=0X

Ij
j . Define the d-uple map νd ∶ Pn → Pk by the formula

νd(α0 ∶ ⋅ ⋅ ⋅ ∶ αn) = [mI(α)]I∈E

Note that νd is a regular map since all monomials have the same degree and have no common
zero in Pn. In particular νd maps closed sets to closed sets and the d-th Veronese embedding of
Pn is the projective variety X ∶= νd(Pn). It is known that the Veronese map is an isomorphism
between Pn and X. If we endow Pk with coordinates YI indexed by I ∈ E then ideal of
definition of X is given by

I(X) ∶= ({YIYJ − YKYL ∶ I + J =K +L})

and in particular we see that X is a real projective variety.

Remark 2.13. The veronese variety X is extremely useful since it allows us to linearize
questions about forms of degree d in Pn in the sense that νd maps the zeroes of forms of
degree d in Pn to the intersections of X and hyperplanes isomorphically.

Example 2.14. (Rational normal curves) An interesting special case is obtained when n = 1.
In this case k = d and νd(P1) is called a rational normal curve. In coordinates Y0, . . . , Yd of
Pd the ideal of definition I(X) is given by

I(X) ∶= ( 2 × 2 minors of (
Y0 Y1 . . . Yd−1
Y1 Y2 . . . Yd

))

Exercise 2.15. Let J be the ideal of minors in the previous example.
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(1) Prove that for every integer D the vector space spanned by the classes of monomials
of degree D in C[Pn]/J is generated by the nD + 1 classes of monomials of the form
Xa

0X
b
nX

c
j where 0 < j < n, c ∈ {0,1} and a + b + c =D.

(2) Conclude that the ideal of the rational normal curve is indeed equal to J (The second
part will become easier after the definition of Hilbert function).

Example 2.16. (The Veronese surface) Another important special case occurs when n = 2
and d = 2. In this case k = 5 and X = ν2(P2) is the Veronese surface in P5. In coordinates
Y0, . . . , Y5 its ideal of definition is given by

I(X) =
⎛
⎜
⎝

2 × 2 minors of
⎛
⎜
⎝

Y0 Y1 Y2
Y1 Y3 Y4
Y2 Y4 Y5

⎞
⎟
⎠

⎞
⎟
⎠
.

so X is the locus of rank one symmetric 3 × 3 matrices.

Exercise 2.17. Verify the above description of the ideal of the Veronese surface.

2.3.3. The Segre embedding of a product of projective spaces. Given integers n1, n2 let k =

(n1 + 1)(n2 + 1) − 1 and consider the map σ ∶ Pn1 × Pn2 → Pk given by

σ([α0 ∶ ⋅ ⋅ ⋅ ∶ αn1], [β0 ∶ ⋅ ⋅ ⋅ ∶ βn2]) = [αiβj]i=0,...,n1,j=0,...,n2

The map σ is bijective and defines an embedding of Pn1×Pn2 in Pk called the Segre embedding
of Pn1 × Pn2 which we denote X = σ(Pn1 × Pn2). If Pk is endowed with coordinates Yij with
i = 0, . . . , n1 and j = 0, . . . , n2 then I(X) is given by

I(X) ∶=
⎛
⎜
⎝

2 × 2 minors
⎛
⎜
⎝

Y00 Y01 . . . Y0n1

⋮ ⋮ . . . ⋮

Yn20 Yn21 . . . Yn2n1

⎞
⎟
⎠

⎞
⎟
⎠
.

so X is the locus of matrices of size (n1 + 1) × (n2 + 1) of rank one.

Remark 2.18. The Segre embedding X of Pn1 × Pn2 is important because of two reasons.
First it endows the product Pn1 × Pn2 with the structure of a projective variety and second,
because it allows us to linearize questions about homogeneous multiforms of degree (1,1) (i.e.
polynomials F (X0, . . . ,Xn1 , Z0, . . . , Zn2) which are sums of monomials of degree one in the
X ′s and in the Z ′s). The zeroes in Pn1 ×Pn2 of such a multiform are mapped isomorphically
by σ to the intersections of X and hyperplanes.

Example 2.19. (Quadric hypersurface in P3) If n1 = n2 = 1 then X ∶= σ(P1×P1) is a quadric
hypersurface in P3. It follows that every quadric hypersurface of full rank in P3 is isomorphic
to X.

2.4. Nonnegative polynomials and sums of squares on projective varieties. With
the basic language of real projective varieties at our disposal we can now introduce the two
central objects of these lectures, namely the cone of nonnegative quadratic forms and the
cone of sums-of-squares of linear forms on a variety. Let X ⊆ Pn be a projective variety
defined over R and let R[X]2 be the space of real quadratic forms in Pn restricted to X.
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Definition 2.20. The cone PX of nonnegative quadratic forms on X is given by

PX ∶= {F ∈ R[X]2 ∶ ∀[α] ∈X(R) (F (α) ≥ 0)} .

The cone ΣX of sums-of-squares of linear forms on X is given by

ΣX ∶= {F ∈ R[X]2 ∶ ∃n ∈ N, `1, . . . , `n ∈ R[X]1 with F =∑ `2i } .

Note that a homogeneous polynomial of even degree has a well defined sign (positive, nega-
tive or zero) at a point [α] ∈X(R) given by the sign of F (α) for any real affine representative
of [α] and therefore PX is well defined. It is immediate that ΣX and PX are convex cones
in the real vector space R[X]2 and that ΣX ⊆ PX . The cone PX is fundamental in optimiza-
tion (see the next Section) while the cone ΣX is semidefinitely representable and therefore
amenable to efficient optimization. The aim of these notes is to understand when does the
ideal case of equality ΣX = PX occur.

Exercise 2.21. Let X ⊆ Pn be any real projective variety. Prove that the cone ΣX is
semidefinitely representable.

Remark 2.22. At first glance it may seem as if, by restricting only to quadratic forms, we
are looking at a rather special case of the relationship between non-negative polynomials and
sums of squares. However this is not the case because forms of degree 2d in a variety Y ⊆ Pm
are in bijective correspondence with quadratic forms on the variety X ∶= νd(Y ) obtained by
re-embedding Y via the d-th Veronese map of Section 2.3.2. In particular, every form of
degree 2d in Y is a sum-of-squares of forms of degree d if and only if the analogous statement
holds for quadratic forms in X.

Remark 2.23. At this point a reader mainly interested in optimization may ask: why
considering projective varieties at all if polynomial optimization is mainly about algebraic
subsets of Rn? Our answer to this question consists of two parts: First, because we can, in
the sense that, as we show in Section 2.7 any such optimization problem can be reduced to
one about nonnegativity of quadratic forms in some projective variety. And second, because
we believe we should, in the sense that, as we we will see in the next Section and in Lecture 2,
projective geometry gives us a wealth of new tools (degrees, hyperplane sections, projections
away from points) which allow us to clarify the relationship between nonnegative polynomials
and sums of squares. We hope to convince the reader that the projective approach to sums-
of-squares is substantially simpler and well worth of the (admittedly significant) initial effort
of establishing the correct language.

2.5. The basic invariants of projective varieties. The two main numerical invariants
of a projective variety X ⊆ Pn are its dimension and its degree. Informally, a variety has
dimension at least d if the intersection of X with d random (i.e. generic) hyperplanes is
nonempty. The dimension of X is defined as the largest integer d with this property. Turns
out that the intersection of a d dimensional variety with d generic hyperplanes is a finite set
and that the cardinality of this set is independent of the chosen hyperplanes whenever these
are sufficiently generic. This cardinality is precisely the degree of X.

Example 2.24. (dimension and degree of twisted cubic) Let X ⊆ P3 be the twisted cubic
and let ν3 ∶ P1 → P3 be the Veronese map given by ν[s ∶ t] = [s3 ∶ s2t ∶ st2 ∶ t3]. If H =
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a0X0 + a1X1 + a2X2 + a3X3 then V (H)∩X has the same cardinality as the solutions in P1 to
the cubic equation a0s3 + a1s2t + a2st2 + a3t3. If a0, . . . , a3 are such that the discriminant of
the cubic does not vanish (i.e. for all a0, . . . , a3 in an open set in the projective space (P3)∗

of hyperplanes in P3) then this set has cardinality three. If follows that a second randomly
chosen hyperplane H2 will not contain any point of X ∩ V (H). We conclude that X has
dimension one and degree three.

In some cases it may be difficult to compute dimension and degree by intersecting a variety
with generic subspaces as in the previous example (due to their genericity it is difficult to
produce explicit examples of “generic” hyperplanes). Because of this reason our formal
definitions of dimension and degree will use a different, more algebraic route. We will define
dimension and degree in terms of coefficients of the Hilbert Polynomial, a key numerical
invariant of the homogeneous coordinate ring C[X] and later prove that dimension and
degree have the geometric interpretations given in the first paragraph of this section. In
particular we will clarify the meaning of the expression “sufficiently random” hyperplanes.

Remark 2.25. A numerical quantity is a numerical invariant of some category if its value
is the same on isomorphic objects of that category. For instance, if X and Y are isomorphic
varieties then their dimension is the same and thus dimension is an invariant of varieties. On
the other hand degree is not an invariant of varieties. For instance a line and the twisted
cubic are isomorphic varieties in P3 (since both are isomorphic to P1) but their degrees are
one and three respectively. When working with projective varieties embedded in a fixed
projective space Pn however, one is often interested in classifying them up to projective
equivalence, that is considering X and Y equivalent if and only there is an automorphism
φ of Pn (see Example 2.7) with φ(X) = Y . Under this notion of equivalence degree is a
numerical invariant.

2.5.1. Hilbert functions and polynomials. Any polynomial in the ring R[Pn] (or C[Pn]) can
be written uniquely (by grouping monomials of the same degree) as a sum of homogeneous
polynomials. More precisely, if R[Pn]j denotes the vector space of homogeneous polynomials
in R[Pn] of degree j together with zero then we have the following direct sum decomposition
of vector spaces

R[Pn] =⊕
j∈N

R[Pn]j.

A similar decomposition, called a grading, is possible in the homogeneous coordinate ring of
every projective variety.

Definition 2.26. A ring R containing R is positively graded if for j ∈ N there exist vector
subspaces Rj ⊆ R such that:

(1) The ring R decomposes (as an R-vector space) as R ∶=⊕j∈NRj

(2) For all s, t ∈ N the inclusion RjRt ⊆ Rj+t holds.

Example 2.27. Let I ⊆ R[Pn] be an ideal generated by homogeneous elements. For a
natural number j define Ij ∶= I ∩R[Pn]j. Let R ∶= R[Pn]/I and define Rj ∶= R[Pn]j/Ij. The
restriction of the quotient map q ∶ R[Pn]j → R induces an injection q ∶ Rj → R and, abusing
notation, we denote its image by Rj ⊆ R. This decomposition makes R into a graded ring.
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If X ⊆ Pn is a projective variety then I(X) is an ideal generated by homogeneous elements.
As in the previous example, we will henceforth think of R[X] as a positively graded ring.

Definition 2.28. If R ⊇ R is a graded ring we define its Hilbert function HFX ∶ N → N by
HFR(t) ∶= dimR (Rt). If X ⊆ Pn is a projective variety then the Hilbert function of X is the
Hilbert function of its homogeneous coordinate ring, given by HFX(t) ∶= dimR (R[X]t).

Remark 2.29. The Hilbert function is independent of the field over which we do our calcu-
lations. By this I mean that the Hilbert functions of C[X], as a graded C-vector space and
that of R[X] as graded R-vector space are equal. We have given definitions over R since real
vector spaces may be familiar to more readers.

One of Hilbert’s very significant contribution to commutative algebra is the discovery that
the values of the Hilbert function agree, for all sufficiently large t, with those of a (obviously
unique) polynomial. This is a consequence of his remarkable Syzygy theorem [9, Section
1.10].

Definition 2.30. The Hilbert Polynomial of a graded ring R ⊇ R is the unique polyno-
mial pR(t) with the property that HFR(t) = pR(t) for all sufficiently large t. The Hilbert
polynomial of a variety X ⊆ Pn is the Hilbert polynomial of R[X].

2.5.2. Dimension and degree. Since the Hilbert Polynomial of X ⊆ Pn depends only on its
homogeneous coordinate ring, the coefficients of the Hilbert function give us numerical in-
variants of projective varieties (see Remark 2.25).

Definition 2.31. Let X ⊆ Pn be a projective variety. If pX(t) = adtd + o(td−1) then we define
the dimension of X by dim(X) ∶= d and the degree of X by deg(X) ∶= d!ad.

Example 2.32. (Dimension and degree of twisted cubic via Hilbert polynomial) If X ⊆ P3 is
the twisted cubic then there is an isomorphism between R[X]t and the set of homogeneous
polynomials of degree 3t in s, t and therefore HFX(t) = 3t + 1 = pX(t). It follows that
dim(X) = 1 and deg(X) = 3.

Exercise 2.33. (Some Hilbert polynomial computations)

(1) Prove that the dimension of the space of homogeneous polynomials of degree t in n+1
variables is given by (

n+t
t
).

(2) Let F ∈ C[Pn] be a homogeneous polynomial of degree d and let X = V (F ). Compute
the leading coefficient of the Hilbert polynomial of C[X]. Conclude that X = V (F )

is a variety of dimension n − 1 and degree d.
(3) Let X ∶= νd(Pn) be the d-th Veronese embedding of Pn. Find the leading term of the

Hilbert polynomial of X and determine the degree and dimension of X.

The following Lemma describes the Hilbert function and Hilbert polynomial of a finite set
X ⊆ Pn.

Lemma 2.34. Let X ⊆ Pn be a finite set of cardinality δ. The following statements hold:

(1) The hilbert function of X satisfies HF (X,0) = 1 and is strictly increasing until it
attains the value δ, after which it becomes constant.

(2) The dimension of X is zero and the degree of X equals δ.
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Proof. Let A be the homogeneous coordinate ring of X and let ` be a linear form which does
not vanish at any point of X. If F ∈ At then `F = 0 in At+1 if and only if F vanishes at all
points of X. It follows that the multiplication by ` map m` ∶ At → At+1 is injective so the
Hilbert function is non-decreasing. Let B ∶= A/(`) and note that since A is a ring generated
in degree one, B is also a ring generated in degree one. It follows that Bs = 0 implies Bj = 0
for all j ≥ s. By definition of B and the injectivity of m` we also know that the dimensions of
Aj and Aj+1 coincide if and only if Bj+1 = 0. We conclude that the Hilbert function of A must
be strictly increasing forever or become constant after the first point when it is not strictly
increasing. For any t ≥ 0 there is an injective map At → Fun(X,C) which sends a form

F (x0, . . . , xn) to the complex-valued function F (x0,...,xn)
`(x0,...,xn)t on X. Since every complex-valued

function on X can be realized by a polynomial this map is surjective for all sufficiently large t.
We conclude that the dimension of At increases at every stage until it reaches the dimension
δ of the space of functions from X to C at which point it becomes constant. �

Exercise 2.35. Suppose X ⊆ Rn is a finite set and let g ∶ X → R be an arbitrary function.
Show that there exists a polynomial p(x1, . . . , xn) which agrees with g at all points of X.

Remark 2.36. If X is a finite set then let reg(X) ∶= t + 1 where t is the smallest integer for
which HFX(t) = δ. This is the Castelnuovo-Mumford regularity of X, a crucial measure of
the “geometric complexity” of a variety.

Exercise 2.37. Let X be the set of points [e0], [e1], . . . , [en] ∈ Pn. Prove that X has
Castelnuovo-Mumford regularity two. Conversely prove that any set of points which spans
Pn and has regularity two is projectively equivalent to X.

In the remainder of this section we will prove that dimension and degree can both be
determined from the geometry of the generic hyperplane sections of X (i.e. the intersections of
X with generic hyperplanes H), allowing us to relate their geometric and algebraic definitions.
The main idea for the proof is the Theorem, due to Bertini, that if H is a generic hyperplane
defined by a linear form h then the ideals I(X ∩H) and I(X)+ (h) agree for all high enough
degrees.

Theorem 2.38. Suppose X is a variety of dimension d and degree δ. If d = 0 then X consists
of δ (possibly complex) distinct points. If d > 0 and H is a general hyperplane then Y ∶=X∩H
is a variety of dimension d − 1 and degree δ.

Proof. If Y ⊆X then HFY (t) ≤ HFX(t) for all t and therefore pY (t) ≤ pX(t) for all sufficiently
large t. By Lemma 2.34 we know that the hilbert polynomial of a set of k distinct points is
the constant k and therefore the Hilbert polynomial of an infinite set X cannot be constant.
It follows that every variety of dimension zero is a finite set and our first claim follows from
Lemma 2.34.

Since X is a projective variety the ideal I(X) is saturated and therefore the set of forms
in R[X]1 which are not zero divisors in R[X] is a nonempty Zariski open set of P(R[X]1).
If h ∈ R[X]1 is a nonzero divisor then the sequence of vector spaces

0→ R[X][−1]→ R[X]→ R[X]/(h)→ 0

is exact and we conclude that the equality

HFX(t) −HFX(t − 1) = HFR[X]/(h)(t)
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holds. By Bertini’s Theorem we know that the ideals I(X ∩V (h)) and I(X)+(h) coincide in
all sufficiently high degrees and therefore the following equality of Hilbert polynomials holds:

pX(t) − pX(t − 1) = pX′(t)

If pX(t) = adtd + o(td−1) for some d ≥ 1 then we conclude that

pX′(t) = dadt
d−1 + o(td−2)

holds and therefore X ′ is a variety of dimension d − 1 and degree (d − 1)!dad = δ as claimed.
�

Remark 2.39. The previous Lemma proves that dimension and degree can be given the
geometric definitions from the first paragraph of Section 2.5.

More precisely, one can prove that every sufficiently transverse hyperplane of an irreducible
d-dimensional variety X ⊆ Pn is a witness for degree, that is:

Theorem 2.40 (Theorem 5.1 and ensuing comment in [17]). If X ⊆ Pn is irreducible and
d-dimensional and L ⊆ Pn is a linear subspace of dimension n − d such that:

(1) L ∩X is a finite set {x1, . . . , xk},
(2) For every i, the point xi is a smooth point of X and the tangent spaces TxiX and TxiL

intersect only at zero

then k = deg(X). Moreover a generic n − d dimensional linear subspaces satisfies the above
properties.

Remark 2.41. A deep Theorem of Harris [11] says that the points in the intersection of X
and a generic complementary subspace {x1, . . . , xk} ⊆ L ≅ Pn−d are in uniform position when
X is irreducible. This implies, for instance, that if X is not contained in any hyperplane
then {x1, . . . , xk} ⊆ L ≅ Pn−d is a set of points in linearly general position. This means that
any subset of k ≤ n − d + 1 such points span a (k − 1)-dimensional projective space.

2.5.3. Projections. In this Section we introduce a collection of maps called projections. We
will show that the behavior of our key invariants (and later also of sums-of-squares and
nonnegative polynomials) can often be controlled under projection allowing us to reduce
certain geometric questions to the (often simpler) case of hypersurfaces. As a first application
of this philosophy we will show that the degree of every irreducible variety not contained in
any hyperplane has a universal lower bound. This lower bound leads to the concept of
varieties of minimal degree.

If q ∈ Pn is a point and H ⊆ Pn is a hyperplane not containing q then the projection πq
away from q is the map πq ∶ Pn ∖ {0} → H which sends a point r ≠ q to the unique point of
intersection of the line ⟨r, q⟩ which joins r and q and the hyperplane H. In coordinates, if
q = [0 ∶ 0 ∶ ⋅ ⋅ ⋅ ∶ 0 ∶ 1] and H ≅ Pn−1 is given by H = V (Xn) then πq([α0 ∶ ⋅ ⋅ ⋅ ∶ αn]) = [α0 ∶ ⋅ ⋅ ⋅ ∶

αn−1 ∶ 0]. Often we identify H with Pn−1 implicitly and the last component of π is dropped.
Note that, up to automorphisms of the image Pn−1, the projection is completely determined
by the point q (its components are given by any basis for the linear forms vanishing at q and
any two such bases differ by a linear change of coordinates).

Exercise 2.42. Prove that if q = [0 ∶ 0 ∶ ⋅ ⋅ ⋅ ∶ 0 ∶ 1] and H = V (Xn) then πq is given by the
formula from the previous paragraph.
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If X ⊆ Pn is a variety then we define its image Y under projection away from q as the Zariski

closure Y ∶= πq(X ∖ {q}). For ease of notation we write this as Y = πq(X). As the following
exercise shows, the invariants of the projection Y can depend on the relative locations of q
and X.

Exercise 2.43. Let X be the twisted cubic in P3. (i.e. the image of the morpshim ν2([s ∶
t]) = [s3 ∶ s2t ∶ st2 ∶ t3]) and let Y ∶= πq(X). Compute the ideal of Y and prove that:

(1) If q = [1 ∶ 0 ∶ 0 ∶ 0] then q ∈X and deg(Y ) = deg(X) − 1 = 2 (inner projection).
(2) If q = [0 ∶ 0 ∶ 1 ∶ 0] then q /∈X and deg(Y ) = deg(X) = 3 (outer projection).

In general, the computation of the ideal of the image of X under πq can often be reduced
to an elimination problem, allowing us to, for instance, compute projections using Gröbner
bases. More precisely,

Lemma 2.44. If q = [1 ∶ 0 ∶ ⋅ ⋅ ⋅ ∶ 0] and X ⊆ Pn is the variety defined by the ideal I then the
following statements hold:

(1) The ideal J ∶= I ∩C[X1, . . . ,Xn] defines the variety Y ∶= πq(X) in Pn−1
(2) The pullback map π∗ ∶ C[Y ] = C[X1, . . . ,Xn]/J → C[X0, . . . ,Xn]/I = C[X] is an

injective, graded, ring homomorphism.

Proof. Since X is irreducible G(X1, . . . ,Xn) ∈ I(Y ) if and only if it vanishes at all points of
πq(X∖q) if and only if G○πq vanishes at all points of X proving that J = I(Y ). For the second
part note that the map C[X1, . . . ,Xn] → C[X0, . . . ,Xn]/I is a graded ring homomorphims
and that its kernel consists of polynomials in X1, . . . ,Xn which vanish on X and therefore
equals J proving injectivity as claimed. �

The following Theorem summarizes behavior of the basic invariants of X under inner projec-
tions (i.e. projections of X away from a point contained in X). It shows that the behavior of
part (a) of the previous exercise is typical for inner projections. Its proof is not self-contained
but it contains references to sources where the necessary Lemmas can be found. Recall that
the codimension of a variety X ⊆ Pn is defined as codim(X) ∶= n − dim(X).

Theorem 2.45. Suppose X ⊂ Pn is irreducible and not a linear subspace. If q is a generic
point of X and Y ∶= πq(X) then dim(Y ) = dim(X). If codim(X) ≥ 2 then moreover deg(Y ) =

deg(X) − 1.

Proof. Let L be a generic n − d-dimensional subspace with X ∩ L = {x1, . . . , xdeg(X)} then
let q = x1 and note that πq ∶ X → Y is generically finite (because the line ⟨q, x2⟩ intersects
X at finitely many points) so dim(X) = dim(Y ). If X has codimension at least two then
πq ∶X → Y has degree one (because the line ⟨q, x2⟩ does not intersect X at any other point of
X). By [17, Corollary 5.15] the multiplicity of X at q is one and therefore by Theorem [17,
Theorem 5.11] we know that deg(X) − 1 = deg(Y )deg(πq) = deg(Y ) as claimed. �

Applying projections iteratively we obtain the following universal lower bound for the
degree of irreducible varieties,

Theorem 2.46. If X ⊆ Pn is an irreducible variety not contained in any hyperplane then
deg(X) ≥ codim(X) + 1.
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Proof. We use induction in the codimension c of X in Pn. If c = 0 then the statement holds
trivially. If c = 1 then X must be a hypersurface of degree ≥ 2 proving the claim. If c ≥ 2 then
let q be a generic point of X and let Y ∶= πq(X) ⊆ Pn−1. By Theorem 2.45 X and Y have
the same dimension and deg(X)− 1 = deg(Y ). It follows that codim(Y ) = codim(X)− 1 and
the induction hypothesis implies that deg(Y ) ≥ codim(Y ) + 1. We conclude that deg(X) ≥

codim(Y ) + 1 + 1 = codim(X) + 1 as claimed. �

The previous Theorem motivates the following definition, which plays a fundamental role
in these lectures. We will discuss the classification of such varieties in Lecture 2. A variety
X ⊆ Pn is called non-degenerate if X is not contained in any hyperplane in Pn.

Definition 2.47. A variety X ⊆ Pn is called of minimal degree if it is irreducible and non-
degenerate and deg(X) = codim(X) + 1.

2.6. Application: On the equality between nonnegative quadrics and sums of
squares. In this Section we will use Theorem 1.4 to prove Hilbert’s characterization of
equality between nonnegative forms and sums of squares. The exercises in the Section will
ask you to prove the other characterizations appearing in the introduction as special cases of
Theorem 1.4.

Proof of Theorem 1.1 from Theorem 1.4. Let n, d be positive integers and let X ∶= νd(Pn) ⊆
Pk where k = (

n+d
d
) − 1(see Section 2.3.2 for more information on the Veronese map). Since

Pn is totally real the same is true about X and therefore it follows from Theorem 1.4 that
nonnegative quadratic forms on X agree with sums-of-squares of linear forms on X if and
only if X is a variety of minimal degree. Since νd is an isomorphism we know that dim(X) = n
and from the exercises we know that deg(X) = dn. It follows that X is of minimal degree if
and only if the following equality holds

dn = (
d + n

n
) − n.

This occurs if and only if n = 1 or d = 1 or (d = 2, n = 2) which correspond to the bivariate
case, the case of quadratic forms and the case of ternary quartics respectively. �

Exercise 2.48. Show that the only solutions to the equation dn = (
d+n
n
) − n are n = 1, d = 1

or (d = 2, n = 2).

Exercise 2.49. Prove Theorem 1.2 from Theorem 1.4.

Exercise 2.50. Prove Theorem 1.3 from Theorem 1.4.

2.7. Appendix to Lecture 1: Optimization and projective geometry. In this Section
we show that any polynomial optimization problem over an algebraic set in Rn is equivalent to
one about the cone of nonnegative quadratic forms on some real projective variety. It follows
that the projective point of view can be applied to studying any polynomial optimization
problem.

More precisely, the most common polynomial optimization problem asks for finding the
minimum value of a polynomial function f(x) ∈ R[x1, . . . , xn] over a set of the form Z(R) ∶=
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{α ∈ Rn ∶ g1(α) = ⋅ ⋅ ⋅ = gk(α) = 0} for some g1, . . . , gk ∈ R[x1, . . . , xn]. The optimal value of
this optimization problem is given by

(1) λ∗ ∶= sup{λ ∈ R ∶ f(x) − λ is a nonnegative function on Z(R)} .

In this section we reformulate this problem as one about the cone of nonnegative quadratic
forms on a projective variety. To do this we must first clarify the relationship between Cn

and Pn. Let i ∶ Cn → Pn be the map sending a point (α1, . . . , αn) to [1 ∶ α1 ∶ ⋅ ⋅ ⋅ ∶ αn]. The map
i is injective and its image consists of the open set X0 ≠ 0 in Pn. It follows that Pn = Cn∪Pn−1
where Pn−1 is the hyperplane V (X0) (called hyperplane at infinity). In words, we have shown
that projective space Pn consists of the points of Cn together with an additional Pn−1 of points
“at infinity”, one for each direction in Cn.

Having identified the points of Cn in Pn we now extend polynomials in Cn to forms in
Pn via homogenization: If h ∈ R[x1, . . . , xn] is a (not-necessarily homogeneous) polynomial of
degree d then h can be written uniquely as h = hd+hd−1+⋅ ⋅ ⋅+h0 where the hj are homogeneous
polynomials of degree j. Define the homogenization of h with respect to the variable X0 as

H ∶= hd(X1, . . . ,Xn) +X0hd−1(X1, . . . ,Xn) + ⋅ ⋅ ⋅ +X
d
0h0(X1, . . . ,Xn) ∈ C[Pn].

If t = 2s is the smallest even degree strictly larger than d define the even homogenization of
h with respect to X0 as:

Heven ∶=X t−d
0 hd(X1, . . . ,Xn) +X

t−d−1
0 hd−1(X1, . . . ,Xn) + ⋅ ⋅ ⋅ +X

t
0h0(X1, . . . ,Xn).

Note that H(i(x)) =Heven(i(x)) = h(x) for all x ∈ Cn and that Heven has even degree 2s and
is identically zero on the hyperplane at infinity V (X0).

Theorem 2.51. Let G1, . . . ,Gk be the homogenizations of g1, . . . , gk and let W ∶= V (G1, . . .GK) ⊆

Pn. Let F even be the even homogenization of f of degree t = 2s and let X ∶= νs (W ). The
number λ∗ in (1) satisfies λ∗ ∶= sup{λ ∈ R ∶ A−λY 2

I ∈ PX} where A is a quadratic form in Pk
with A ○ νs = F even and YI is a coordinate in Pk with YI ○ νs =Xs

0 .

Proof. Let λ be any real number. Since the Veronese embedding is an isomorphism defined
over R every real point of X is the image of a real point of W (R). It follows that the quadratic
form A − λY 2

I is nonnegative on X(R) if and only if the degree 2s form L = F even − λX2s
0 is

nonnegative on W (R). The real points [α] ∈W (R) ⊆ Pn either have X0 = 0 or X0 ≠ 0. In the
first case L(α) = 0 since F even is divisible by X0. In the second case [α] = [1 ∶ α1 ∶ ⋅ ⋅ ⋅ ∶ αn] for
(α1, . . . , αn) ∈ Z(R) ⊆ Rn and therefore L(α) has the same sign as f(α1, . . . , αn) − λ proving
the claim. �

Remark 2.52. The problem of determining λ∗ ∶= sup{λ ∈ R ∶ A − λY 2
I ∈ PX} is a conic

optimization problem since it is equivalent to maximizing the linear map π2 ∶ R[X]2 ×R →
R over the intersection of the convex cone C = {(Q,λ) ∶ Q ∈ PX , λ ∈ R} and the affine
subspace {(Q,λ) ∶ Q = A − λY 2

I }. In particular it is a semidefinite program whenever PX is
semidefinitely representable (this occurs, for instance when PX = ΣX).

Remark 2.53. By choosing good equations g1, . . . , gk for Z(R) one can choose an X with the
property that X(R) is Zariski dense. This happens for instance if (g1, . . . , gk) = I(Z(R)) and
W is chosen to be the projective closure of i(Z(R)). There are algorithms for constructing
such g′s (see [16] or [20]) and for computing projective closures (see [8, Section 8.4]) so this
reduction is effective.
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3. Lecture 2: Main Theorem and the classification of varieties of minimal
degree.

Directly contradicting G.C. Rota’s good advice [19] this lecture will have not one, but
two main points. The first is the proof of Theorem 1.4 and the second is the statement
(although sadly, not its proof) of the classification of varieties of minimal degree, one of the
great achievements of the italian school of algebraic geometry of the late 1800’s.

Our proof of Theorem 1.4 will consist of two parts. In Section 3.1 we will show that if
X ⊂ Pn is irreducible then ΣX = PX implies that X must be of minimal degree. The key
point of the proof of this implication is the fact that equality is preserved under projections
away from real points of X allowing us to reduce to the hypersurface case. In Section 3.3
we will prove the opposite direction, namely that if ΣX ≠ PX and X ′ ∶= X ∩H is a general
hyperplane section of X then ΣX′ ≠ PX′ . Taking successive hyperplane sections we will be
able to reduce the question to the case of points. The proofs presented in these notes have
not appeared in print before. The use of projections for the first implication is an idea due
to Greg Blekherman which greatly simplifies the arguments from the original article.

Convention. Throughout this lecture we let X ⊂ Pn be a real and non-degenerate pro-
jective variety with the property that X(R) is Zariski dense in X.

3.1. Main Theorem Part 1: If PX = ΣX then X must be of minimal degree. For
p ∈ X(R) let π be the projection away from p and let Y ⊆ Pn−1 be the variety given by
Y ∶= πp(X). Assume that PX = ΣX . Our first lemma proves that this equality is preserved
under such projections.

Lemma 3.1. If ΣX = PX then ΣY = PY .

Proof. Let π∗ ∶ R[Y ]→ R[X] be the pullback map dual to the projection from Lemma 2.44.
If Q ∈ PY then π∗(Q) is nonnegative in X and therefore π∗(Q) = ∑

t
i=1 `2i for some linear

forms `i Since π∗(Q) vanishes at p we conclude that all the `i vanish at p and therefore there
exist linear forms ηi ∈ R[Y ] such that `i = π∗ηi for i = 1, . . . , t. Since π∗ is an injective ring
homomorphism we conclude that Q = ∑ η2j so Q ∈ ΣY as claimed. �

The codimension of Y is one less than the codimension of X so applying successive pro-
jections we arrive to the case of a hypersurface. Our next Lemma shows that equality fails
for most hypersurfaces. Note that the only non-degenerate hypersurfaces of minimal degree
are those of degree two.

Lemma 3.2. If X ⊆ Pn is a real hypersurface of degree d ≥ 3 then PX ≠ ΣX .

Proof. Since X has degree at least three the ideal I(X) does not contain any quadratic
generators and two quadratic forms in Pn agree on R[X] if and only if they agree in R[Pn].
In particular ΣX = ΣPn and to prove that PX ≠ ΣX it suffices to exhibit a quadratic form
which is nonnegative on X(R) and is negative at some point of Pn. Let i ∶ Rn → Pn be the
inclusion i(α1, . . . , αn) = [1 ∶ α1 ∶ ⋅ ⋅ ⋅ ∶ αn] and let W ∶= i−1(X(R)). Let γ ∈ Rn ∖W and let
δ > 0 be a sufficiently small positive real number such that the closed euclidean ball in Rn

centered at γ of radius δ is disjoint from W . Define the quadratic polynomial

q = (x1 − γ1)
2 + ⋅ ⋅ ⋅ + (xn − γn)

2 − δ
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and let Q be its homogenization with respect to X0, that is

Q = (X1 − γ1X0)
2 + ⋅ ⋅ ⋅ + (Xn − γnX0)

2 − δX2
0 .

Note that Q is homogeneous of degree two, is nonnegative on X(R) and has negative sign
at [1 ∶ γ1 ∶ ⋅ ⋅ ⋅ ∶ γn]. We conclude that Q ∈ PX ∖ΣX proving the claim. �

Proposition 3.3. If X(R) is Zariski dense in X and ΣX = PX then X ⊂ Pn is a variety of
minimal degree.

Proof. We prove the claim by induction on c ∶= codim(X,Pn). The case c = 1 is proven in
Lemma 3.2. If X ⊆ Pn has codimension c > 1 then by density of X(R) there exists a point
p ∈X(R) such that the following statements hold:

(1) The subvariety Y ⊆ Pn−1 obtained by projecting X away from p is non-degenerate,
has the same dimension as X and satisfies deg(Y ) = deg(X) − 1.

(2) The set Y (R) is Zariski dense in Y .

Moreover, Lemma 3.1 implies that the equality ΣY = PY holds. Since codim(Y,Pn−1) =

n − 1 − dim(Y ) = c − 1 < c we conclude from the induction hypothesis that Y is a variety of
minimal degree. It follows that the equality

deg(X) = deg(Y ) + 1 = codim(Y,Pn−1) + 1 + 1 = c − 1 + 1 + 1 = c + 1

holds, proving the proposition. �

3.2. The many faces of the cone Σ∗
X dual to ΣX. Next we would like to prove that

ΣX = PX for varieties X of minimal degree. In order to do this we will study general
properties of the cone Σ∗

X ⊆ R[X]∗2 which is the convex cone dual ΣX ⊆ R[X]2.
We begin by recalling the definition of dual convex cone. If V is a real finite-dimensional

vector space and C ⊆ V is a convex cone then the dual cone to C∗ is the convex cone in the
dual vector space V ∗ given by

C∗ ∶= {φ ∈ V ∗ ∶ ∀c ∈ C (φ(c) ≥ 0)}.

The dual cone is extremely useful because its points give a description of the closure C
(in the usual euclidean topology of V ) via linear inequalities. The fundamental bi-duality
Theorem [2] of convex geometry says that if z ∈ V is any point not in C then this fact
can always be witnessed by some element C∗ in the sense that there exists φ ∈ C∗ such
that φ(z) < 0 and φ(C) ≥ 0. From this point of view it is not surprising that a good way
(strictly speaking the only way) to distinguish sums-of-squares from non-sums-of-squares is
by understanding the cone Σ∗

X .
We begin by proving the easy (but fundamental) fact that Σ∗

X is a spectrahedron and then
the deeper fact that it has many distinct facets in any euclidean neighborhood of most points
of its boundary whenever X(R) is dense in X. For such varieties, an affine slice of the cone
Σ∗
X is therefore much more like a euclidean ball than like a polytope.

Definition 3.4. the cone Σ∗
X ⊆ R[X]∗2 dual to the sums-of-squares on X is given by

Σ∗
X ∶= {` ∈ R[X]∗2 ∶ ∀q ∈ R[X]1 (`(q

2) ≥ 0)} .
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Recall that the quotient map defines a surjection r ∶ R[Pn]2 → R[X]2. Its transpose
r∗ ∶ R[X]∗2 → R[Pn]∗ is therefore an injective linear map and thus defines an isomorphism of
cones between Σ∗

X and its image r∗ (Σ∗
X). The map r∗ allows us to identify elements of Σ∗

X

with a convex set of symmetric matrices and to think in a very concrete manner about this
object. In particular, if ` ∈ Σ∗

X then we define its rank (resp. its co-rank) as the rank (resp
(n + 1)-the rank of) the symmetric matrix r∗(`).

Example 3.5. If X ⊆ P3 is the twisted cubic curve then Σ∗
X is the set of 4 × 4 symmetric

PSD matrices which annihilate the ideal

I(X) ∶= ( 2 × 2 minors of (
X0 X1 X2

X1 X2 X3
)) .

For instance annihilatingX0X2−X2
1 ∈ I(X) means that the coefficients must satisfyA02−A11 =

0. Simplifying these equations we obtain that for the twisted cubic

Σ∗
X ∶=

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎝

A B C D
B C D E
C D E F
D E F G

⎞
⎟
⎟
⎟
⎠

which are PSD and have real entries.

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭

.

Exercise 3.6. Prove that the cone Σ∗
X is a spectrahedral cone. More precisely, show that

r∗(Σ∗
X) is equal to the intersection between a linear space and the cone S+ of positive semi-

definite quadratic forms in R[Pn]2.

Exercise 3.7. Describe the spectrahedral cone Σ∗
X when:

(1) X ⊆ Pn is a rational normal curve.
(2) X ⊆ P5 is the Veronese surface.

The following Theorem summarizes several key characteristics of the convex geometry of
the cones Σ∗

X whenever X(R) is Zariski-dense in X. Note that, unlike all previous statements
in these notes, those in the following Theorem refer to the usual metric topology in the real
vector space R[X]2 and not to the Zariski topology,
Theorem 3.8. [6, Corollary 2.8] If X(R) is Zariski-dense in X then ΣX is closed and Σ∗

X

is many-faceted, meaning that it satisfies the following two properties (in the euclidean
topology of R[X]∗2):

(1) The points of co-rank one are dense in the topological boundary ∂Σ∗
X of Σ∗

X .
(2) If ` ∈ ∂Σ∗

X is a point of co-rank one then there exists a euclidean ball B centered
at ` such that B ∩ ∂Σ∗

X consists exclusively of points of co-rank one. Moreover the
image of the map T ∶ B ∩ ∂Σ∗

X → Pn(R) sending ` to its kernel is open at ` (i.e. any
neighborhood U ∋ ` is mapped to a set T (U) which contains some euclidean open set
around T (`) in Pn(R)).

3.3. Main Theorem Part 2: Equality holds for varieties of minimal degree. In this
section we will prove that PX = ΣX for varieties X of minimal degree. The key point of the
proof is showing that, whenever PX ≠ ΣX the same is true for sufficiently general hyperplane
sections Y ∶= X ∩H of X. The main tool for establishing this implication is Theorem 3.8.
Applying this reduction dim(X)-times we reach the case of points where our assumption
leads to a contraddiction as the following Lemma shows,
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Lemma 3.9. If X ⊆ Pm is a non-degenerate set of m + 1 points then PX = ΣX .

Proof. Since X consists of m + 1 points which are non-degenerate any set of affine represen-
tatives are a basis of Cm+1. In particular we can choose coordinates for which our points are
[e0], . . . , [em]. If H ∈ PX then the numbers Ai = H(ei) are nonnegative and therefore the

form Q ∶= ∑ (
√
AiXi)

2
is a sum-of-squares in R[X]. Since Q(ei) = Ai for all i the equality

Q =H holds in R[X] and therefore Q ∈ ΣX as claimed. �

Theorem 3.10. If X is a variety of minimal degree for which X(R) is Zariski-dense then
ΣX = PX .

Proof. Suppose not and let g ∈ PX ∖ ΣX be a nonnegative quadratic form which is not a
sum-of-squares in X. By Theorem 3.8 the cone ΣX is closed and therefore there exists a
strict separator ` ∈ Σ∗

X with `(ΣX) ≥ 0 and `(g) < 0. We can choose such a separator in
the boundary of Σ∗

X and by property (1) of Theorem 3.8 we can choose it to be of co-rank
one. The locus of hyperplanes H for which X ∩ H is a variety of dimension d − 1 and of
degree deg(X) (irreducible if X has dimension at least two) is Zariski open. We conclude
that there exists an `′ ∈ Σ∗

X and real linear form h such that `′(h2) = 0 and such that
Y ∶= X ∩ V (h) is a variety of dimension d − 1, of minimal degree in Pn−1 whose set of real
points is Zariski dense. Since (h)2 is annihilated by `′ the function `′ induces a linear function
`2 ∶ R[Y ] = R[X]/(h) → R with `2(ΣY ) ≥ 0 and `2(g) < 0 proving that PY ≠ ΣY . Applying
this procedure iteratively dim(X) many times we end up with a finite, non-degenerate set
of points Z of cardinality c + 1 in Pc where c = codim(X) with the property that ΣZ ≠ PZ ,
contraddicting Lemma 3.9. We conclude that ΣX = PX as claimed. �

3.4. The classification of varieties of minimal degree. So far we have shown that Theo-
rem 1.4 implies several known characterizations of equality between nonnegative polynomials
and sums-of-squares. In order to produce other characterizations we would like to understand
all varieties of minimal degree. In this Section we will describe their classification due to Del
Pezzo and Bertini [3]. For a proof (valid in all characteristics) the reader is referred to
Eisenbud and Harris [10]. We begin by stating the Theorem and then we will discuss in the
varieties appearing in the classification. A final application to sums-of-squares appears at
the end of the section.

Theorem 3.11. Let X ⊆ Pn be irreducible and not contained in any hyperplane in Pn. If X
is of minimal degree (i.e. deg(X) = codim(X) + 1) then either:

(1) X = Pn or
(2) X is a quadric hypersurface or
(3) X is a cone over the Veronese surface in P5 or
(4) X is a rational normal scroll.

To clarify the statement recall that a point q ∈ Y ⊆ Pn is a cone point of a variety Y if for
every y ∈ Y the line ⟨q, y⟩ ⊆ Y . The cone over a variety Z with apex q outside the span of Z
is the union of all lines ⟨q, z⟩ for z ∈ Z. By a cone over X we mean the result of applying any
finite number of such coning constructions. In coordinates, if q = [0 ∶ 0 ∶ ⋅ ⋅ ⋅ ∶ 0 ∶ 1] then q is a
cone point of Y if I(Y ) has a generating set consisting of polynomials which do not involve
the last variable Xn. If X ∶= Y ∩ V (Xn) then Y is a cone over X with apex q.
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Exercise 3.12. (Some properties of cones)

(1) Prove that q = [0 ∶ 0 ∶ ⋅ ⋅ ⋅ ∶ 0 ∶ 1] ∈ Y is a cone point of Y if and only if I(Y ) has a
generating set consisting of polynomials which do not involve the variable Xn.

(2) Determine the dimension and degree of a cone C ⊆ Pn+k over a variety Z ⊆ Pn in terms
of those of Z.

(3) Write the ideal of a variety Y ⊆ P6 which is a cone over the Veronese surface in P5.

Next we discuss what rational normal scrolls are. These varieties occur throughout pro-
jective algebraic geometry (and according to M. Reid ”the student will never regret the
investment of time studying them”). We will give the most concrete definition we know and
then summarize some of their basic properties. The interested reader should consult [18,
Chapter 2] for surface scrolls and [12] for further information.

Definition 3.13. Given integers 0 ≤ a1 ≤ a2 ≤ ⋅ ⋅ ⋅ ≤ am define the Lawrence prism L(a1, . . . , am)

to be the lattice polytope given by

Conv (0, e1, . . . , em−1, a1em, e1 + a2em, . . . , em−1 + amem) ⊆ Rm.

The prism L(a1, . . . , am) is the result of using the standard unit simplex Conv(0, e1, . . . , em−1)
as base and putting heights a1, . . . , am in the em direction above its vertices. The lattice
points of L are precisely those contained in each of the m vertical lines and therefore we have
N ∶= ∑

m
i=1(ai + 1) =m +∑

m
i=1 ai such points. Each such lattice point (n1, . . . , nm) corresponds

uniquely to a monomial xn1
1 x

n2
2 . . . xnm

m .

Definition 3.14. The rational normal scroll S(a1, . . . , am) is the closure of the image of
(C∗)m under the map φ ∶ (C∗)m → PN−1 which sends a point β to [m1(β) ∶ ⋅ ⋅ ⋅ ∶ mN(β)]
where the mi are an enumeration of the monomials corresponding to the lattice points of
L(a1, . . . , am). The scroll S(a1, . . . , am) ⊆ PN has dimension m and degree N −m + 1 = ∑ai.
It is known that they are always defined by quadratic equations.

Example 3.15. The Lawrence prism L(1,2) is the convex hull of (0,0), (1,0), (0,1), (1,2).
The scroll X ∶= S(1,2) is therefore the image of the map

[A ∶ B ∶ C ∶D ∶ E] = [1 ∶ y ∶ x ∶ xy ∶ xy2]

There are 12 lattice points in 2L(1,2) and therefore the ideal of X contains 15 − 12 = 3
linearly independent quadrics. By inspecting the map we see that these quadrics are AD −

BC,BD −AE,D2 −EC which must define the ideal.

Remark 3.16. When finding the equations of the image we want a subvariety of projective
space and thus are interested only in homogeneous equations (or rather in equations whose
homogeneous components belong to the ideal). In particular the equation D −BC is not in
the ideal of the image.

More geometrically, one can give a construction of the scroll S(a1, . . . , am) as follows:

(1) Choose subspaces Pa1 , . . . ,Pam ⊆ PN which are pairwise disjoint and span PN and for
i = 1, . . . ,m let Ci ⊆ Pai be a chosen rational normal curve.

(2) Fix isomorphisms φi ∶ C1 → Ci for i = 2, . . . ,m.
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(3) The rational normal scroll S(a1, . . . , am) is the variety defined as the union of the
m − 1-dimensional projective subspaces spanned by m-tuples of points identified by
the φi, that is:

S(a1, . . . , at) = ⋃
α∈C1

⟨α,φ2(α), . . . , φm(α)⟩

Remark 3.17. The previous construction when m = 2 motivates the term scroll. To see this,
think of the rational normal curves as the two ends of a roll of parchment (the scroll).

Rational normal scrolls admit determinantal equations which we now describe. Suppose

X
(i)
0 , . . . ,X

(i)
ai are coordinates for Pai ⊆ PN in the above decomposition. Then the ideal of

S(a1, . . . , am) is given by the 2 × 2 minors of the matrix

(
X

(1)
0 X

(1)
1 . . . X

(1)
a1−1 . . . X

(m)
0 X

(m)
1 . . . X

(m)
am−1

X
(1)
1 X

(1)
2 . . . X

(1)
a1 . . . X

(m)
1 X

(m)
2 . . . X

(m)
am

)

In particular we see that such rational normal scrolls X are real and since the real points are
Zariski-dense in (C∗)m we moreover conclude that X(R) is Zariski dense in X.

Exercise 3.18. Prove that:

(1) The scrolls defined from Lawrence prisms satisfy the previous geometric construction.
(2) The 2×2 minors above are contained in the ideal of rational normal scrolls as defined

by Lawrence prisms.

Exercise 3.19. Describe the spectrahedral cone Σ∗
X when X = S(a1, . . . , am). Prove that

every extreme ray of Σ∗
X has rank one.

From our description of scrolls via Lawrence prisms and Theorem 1.4 we obtain the fol-
lowing consequence,

Theorem 3.20. Suppose F (x1, . . . , xm) is a nonnegative polynomial supported in 2L for
some lawrence prism L = (a1, . . . , am) (i.e. a polynomial whose monomials correspond to
lattice points in 2L). The polynomial F is nonnegative if and only if it can be written as a
sum-of-squares of polynomials supported in L.

Exercise 3.21. Prove the previous Theorem.
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