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PREFACE 

The theor y o f linea r associativ e algebra s probabl y reache d it s zenit h whe n 
the solutio n wa s foun d fo r th e proble m o f determinin g al l rationa l divisio n 
algebras. Sinc e that tim e it ha s been my hope that I  might develop a reason-
ably self-contained expositio n of that solution as well as of the theory of algebras 
upon whic h i t depend s and whic h contain s th e major portio n o f my ow n dis-
coveries. Th e first  ste p i n carryin g ou t thi s desir e wa s necessaril y tha t o f 
writing a  tex t wit h content s selecte d s o as t o provid e a  foundatio n adequat e 
for th e prospectiv e exposition . Thi s tex t ha s alread y bee n publishe d unde r 
the titl e Modern Higher Algebra. It s completio n was followed shortl y by th e 
timely invitation o f the Colloquium Committee of the American Mathematica l 
Society to me to write these LECTURE S embodying the desired exposition . 

It ha s been mos t fortunatel y possibl e a t thi s tim e to giv e a  ne w treatmen t 
of the early parts of our subject simplifying no t only, the proofs in the theory of 
normal simpl e algebra s bu t eve n th e expositio n o f th e structur e theorem s o f 
Wedderburn. Thi s does not evidence itself i n the somewhat classica l first two 
chapters. Thes e contain the preliminary discussion of linear sets , direct prod -
ucts, direc t sums , ideal s i n a n algebra , an d simila r topics , wit h th e addition s 
and modification s mad e necessar y b y th e fac t tha t w e ar e considerin g her e 
algebras over an arbitrary field and that inseparable extension fields may exist . 
But the exposition given of the usual fundamental theorem , stating that ever y 
linear associative algebra is equivalent to a first algebra of square matrices and 
reciprocal to a second such algebra, is expanded here so as to have as consequence 
a result basic in the new treatment of the Wedderburn structure theory. Whil e 
this result i s not derive d unti l it s need appear s in Chapte r II I th e proof i s so 
elementary that i t might have been placed in the first chapter without change . 

This basic theorem is that of R. Brauer on the structure of the direct product 
of a  norma l divisio n algebr a an d it s reciproca l algebra . I t i s combine d wit h 
two theorems o f J . H . M . Wedderbur n t o obtai n a s generalizations thre e too l 
theorems whic h ar e use d throughou t Chapter s II I an d IV , an d yiel d rathe r 
remarkable simplification s o f th e proofs o f numerous fundamental results . I n 
particular in Chapte r II I th e foundation o f th e proof o f the Wedderburn prin -
cipal theorem on the structure of an algebra with a radical is simplified an d th e 
theorem itsel f the n obtained . 

While th e first  thre e chapter s o f thi s expositio n d o contai n a  considerabl e 
amount o f ne w materia l thei r principa l conten t i s evidentl y a n expositio n i n 
more moder n for m o f th e Wedderbur n structur e theorem s whic h wer e first 
presented in book form in the two editions of the text o n our subject b y L. E . 
Dickson. I  ow e much to these expositions as well as to thei r author , who has 
been my teacher an d th e inspiration o f al l my research . Th e remaining eigh t 
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chapters o f th e presen t tex t ar e composed principall y o f result s derive d sinc e 
1926 when the secon d (German) edition of Dickson's text was written. Thes e 
results ar e du e principall y t o R . Brauer , H . Hasse , E . Noether , an d myself . 
Their exposition is begun in Chapter I V which contains the theory of the com-
mutator subalgebra of a simple subalgebra of a normal simple algebra, the study 
of automorphism s o f a  simpl e algebra , splittin g fields, and the index reduction 
factor theory . 

The fifth  chapte r contain s th e foundation o f th e theor y o f crosse d product s 
and o f thei r specia l case , cyclic algebras . Th e theor y o f exponents is derived 
there a s wel l a s th e consequen t factorizatio n o f norma l divisio n algebra s int o 
direct factors of prime-power degree. 

Chapter VI consists of the recent study of the abelian group of cyclic systems 
which i s applied i n Chapte r VI I t o yiel d th e theor y o f th e structur e o f direc t 
products o f cycli c algebra s an d th e consequen t propertie s o f norm s i n cycli c 
fields. Thi s chapter is closed with the recently developed theory of p-algebras. 

In Chapter VIII an exposition is given of the theory of the representations of 
algebras. Th e treatment is somewhat novel in that while the recent expositions 
have used representatio n theorem s t o obtai n a  number o f result s o n algebras , 
here the theorem s o n algebras ar e themselves used in the derivatio n o f result s 
on representations . Th e presentatio n ha s it s inspiratio n i n m y wor k o n th e 
theory o f Rieman n matrice s an d i s conclude d b y a n introductio n t o th e 
generalization (b y H . Wey l and myself ) o f tha t theory . 

In the ninth chapter the structure of rational division algebras is determined. 
The study begins with a detailed exposition of Hasse's theory of p-adic division 
algebras. Th e result s ar e the n extende d s o a s t o yiel d th e theorem s o n 
rational division algebras without recourse to the theory of ideals in the integral 
sets o f suc h algebras . Thi s i s believed t o b e th e first  tim e th e extensio n ha s 
been made in a  reall y simpl e fashion . Th e method i s a  greatl y desirabl e on e 
as the previous treatments use d the results of a very voluminous theory which 
we are able to omit. I t i s necessary, of course, to assume without proof certai n 
existence theorems from th e theory o f algebrai c numbers. Thes e presuppose d 
theorems are indicated precisely , an d I  hop e to be able to include thei r proof s 
in a  futur e tex t o n th e theor y o f algebrai c number s an d th e arithmeti c o f 
algebras. 

The theory of involutorial simple algebras arose in connection with the study 
of Rieman n matrice s bu t i s no w a  separat e branc h o f th e theor y o f simpl e 
algebras with structur e theorem s o n approximately th e same level as those on 
arbitrary simpl e algebras . Thi s theor y i s derive d i n Chapte r X  bot h fo r al -
gebras ove r genera l fields  an d ove r th e rationa l field.  Th e result s ar e als o 
applied i n th e determinatio n o f th e structur e o f th e multiplication algebra s of 
all generalized Riemann matrices, a result which is seen in Chapter XI to imply 
a complet e solution o f the principal problem on Riemann matrices. 

This final  referenc e i s bu t on e ite m i n th e las t chapte r whic h contain s a n 
exposition o f a  numbe r o f specia l results . I n particula r ther e ar e give n ne w 
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derivations o f th e structure o f al l normal division algebras of degree s three and 
four ove r an y field.  Reference s t o source s for th e whole tex t ar e given in thi s 
chapter a s well a s indications o f th e literatur e o n the subjec t an d a n extensiv e 
bibliography. 

It is my hope that the form of thi s exposition will make it useful a s a text o n 
the theor y o f linea r associativ e algebra s a s well a s for it s obviou s purpose a s a 
source book fo r youn g algebraists . Muc h o f an y succes s tha t ther e may hav e 
been in keeping th e exposition completel y correc t and clea r is du e t o th e wor k 
of Dr . Sa m Perlis who read the manuscript criticall y in each of th e stages of it s 
preparation. H e no t onl y assiste d i n keepin g th e expositio n fre e o f erro r bu t 
frequently indicate d improvements resulting in greater clarity . I  giv e him m y 
great thanks . 

I appreciate  als o th e kin d assistanc e o f Professo r Natha n Jacobso n wh o 
suggested the proofs of two of the theorems as well as that of Mr. Morris Bloom 
who assisted in the preparation of the bibliography, and give thanks to Professor 
Saunders MacLan e an d Dr . Ott o F . G . Schillin g wh o wer e a  critica l audienc e 
for ora l exposition s o f som e o f th e proofs . Fina l thank s ar e du e t o Professo r 
G. A . Blis s withou t whos e encouragemen t th e completio n o f thes e LECTURE S 
would have been greatly delayed . 

A. A . ALBER T 

THE UNIVERSIT Y O F CHICAG O 

March 5, 193 9 
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