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PREFACE TO THE THIRD EDITION

The purpose of this edition is threefold: to make the deeper ideas of lattice
theory accessible to mathematicians generally, to portray its structure, and to
indicate some of its most interesting applications. As in previous editions, an
attempt is made to include current developments, including various unpublished
ideas of my own; however, unlike previous editions, this edition contains only a
very incomplete bibliography.

I am summarizing elsewheret my ideas about the role played by lattice theory in
mathematics generally. 1 shall therefore discuss below mainly its logical structure,
which I have attempted to reflect in my table of contents.

The beauty of lattice theory derives in part from the extreme simplicity of its
basic concepts: (partial) ordering, least upper and greatest lower bounds. In this
respect, it closely resembles group theory. These ideas are developed in Chapters
I-V below, where it is shown that their apparent simplicity conceals many subtle
variations including for example, the properties of modularity, semimodularity,
pseudo-complements and orthocomplements.

At this level, lattice-theoretic concepts pervade the whole of modern algebra,
though many textbooks on algebra fail to make this apparent. Thus lattices and
groups provide two of the most basic tools of * universal algebra ”’, and in particular
the structure of algebraic systems is usually most clearly revealed through the
analysis of appropriate lattices. Chapters VI and VII try to develop these
remarks, and to include enough technical applications to the theory of groups and
loops with operators to make them convincing.

A different aspect of lattice theory concerns the foundations of set theory
(including general topology) and real analysis. Here the use of various (partial)
orderings to justify transfinite inductions and other limiting processes involves
some of the most sophisticated constructions of all mathematics, some of which are
even questionable! Chapters VIII-XII describe these processes from a lattice-
theoretic standpoint.

Finally, many of the deepest and most interesting applications of lattice theory
concern (partially) ordered mathematical structures having also a binary addition
or multiplication: lattice-ordered groups, monoids, vector spaces, rings, and fields
(like the real field). Chapters XIII-XVTI describe the properties of such systems,

T G. Birkhoff, What can lattices do for you?, an article in Trends in Lattice Theory, James C.
Abbot, ed., Van Nostrand, Princeton, N.J., 1967.
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vi PREFACE

and also those of positive linear operators on partially ordered vector spaces.
The theory of such systems, indeed. constitutes the most rapidly developing part
of lattice theory at the present time.

The labor of writing this book has been enormous, even though I have made no
attempt at completeness. I wish to express my deep appreciation to those many
colleagues and students who have criticized parts of my manuscript in various
stages of preparation. In particular, I owe a very real debt to the following:
Kirby Baker, Orrin Frink, George Gritzer, C. Grandjot, Alfred Hales, Paul
Halmos, Samuel H. Holland, M. F. Janowitz, Roger Lyndon, Donald MacLaren,
Richard S. Pierce, George Raney, Arlan Ramsay, Gian-Carlo Rota, Walter Taylor,
and Alan G. Waterman.

My thanks are also due to the National Science Foundation for partial support
of research in this arca and of the preparation of a preliminary edition of notes, and
to the Argonne National Laboratory and the Rand Corporation for support of
research into aspects of lattice theory of interest to members of their staffs.

Finally, I wish to thank Laura Schlesinger and Lorraine Doherty for their
skillful typing of the entire manuscript.
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—matrix, 101

Inclusion, 1

[ncomparable, 2

Endomorphism, 24, 135
Epimorphism, 24, 134
Equasigroup, 160
Equationally definable, 153
Ergodic Theorems, 392 T
Existential identity, 149
Extensive, 111

Indecomposable, 334
Family of algebras, 150 Independent, 86
Field of sets, 12 —{-ideals, 307
Filter of sets, 25 Inf. 6
Finitary closure operation, 185 Infinitary operation, 117
First category, 258 Infinite distributivity, 117, 314
Frechet L-space, 220 Injective category, 156
Free algebra, 143 Integral, 324
— Boolean algebra, 61 —po-groupoid. 324
— Borel algebra, 257 Integrally closed, 290, 356
— complemented lattice, 146 Interval, 7
~distributive lattice, 34, 59 —topology, 250
— lattice, 145 Intrinsic neighborhood topology, 241
— modular lattice, 63 ff, 147 Involution, 3
—semilattice, 30 Isomorphism, 3, 32, 134
— vector lattice, 354 T Isotone, 2,9, 24
— word algebra, 141 lterated limits, 215
f-ring, 403 Iwasawa Theorem, 317

Freely generated. 143

Frobenius {-monoid, 341

Fully characteristic, 133, 152
Funayama-Nakayama Theorem, 138
Function fattice, 351

Functor, 155

Janowitz Theorem, 268
J-closed, 56

J-normal poly nomial, 60
Join, 6
Join-inaccessible, 186
Join-irreducible. 31, 58

Galois connection, 124 Join-morphism, 24

Generators (set of ), 134 Jotn semilattice, 22

Geometric lattice, 80 Jordan decompasition, 239, 293
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Krein Representation Theorem, 358
Kuratowski Theorem, 257
Kurosh-Ore Theorem, 75, 90, 166

Lattice, 6

Lattice-ordered group, 287
—loop, 297

Latticoid, 22, 23, 32

Least, 2, 4
—upper bound, 6

Length. 5

Lexicographic order, 199

{-group, 287

l-ideal, 304, 349

l-loop, 297

{-monoid, 319

{-morphism, 304

Loomis-Sikorski Theorem, 255

Loop, 161

Lower bound, 6
—semimodular, 15

t-ring, 397

(L)-space, 373

Lu.b., 6

Malcev Theorem, 163
Maximal, 4, 329, 334
—ideal, 28
M-closed, 56
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—algebra, 260
Median (law), 32, 35
Meet, 6
Meet-continuous lattice, 187
Meet-morphism, 24
Meet-semilattice, 22
Metric lattice, 231
.Metric space, 211
Metric transitivity, 394
Minimal, 4
—Boolean polynomial, 62
Modular identity, 12
—inequality, 9
—lattice, 13, 36
— pair, 82, 95
Module, 159
Moebius function, 102
Monomorphism, 24, 134
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Moore family, 111, 133
Morphism, 24, 134
(M)-space, 376
Net, 312
Neutral element, 69, 77, 174
Newman algebra, 49
Noetherian /-monoid, 336
— poset, 180
Normal loop, 161
— space, 213
Nowhere dense set, 216
Null system, 109

Operator, 161
Order, 4
—convergence, 244, 362
Order-dense, 200
Ordered group, 209
Ordinal, 180, 202
— power, 207
--polynomial, 202
— product, 199
--sum, 198
Ore’s Theorem, 168
Oriented graph, 20
Ortholattice, 32
Orthomodular lattice, 53
Outer measure, 262

Partially ordered set, 1
Partition lattice, 15, 95
Permutable relations, 95, 161
— subgroups, 172
Perspective, 74
Perspectivity, 91, 265
Planar ternary ring, 106
Point lattice, 80
Polarity, 122
Polymorphism, 153
Polynomial (lattice), 29
po-group, 287
po-groupoid, 319
po-loop, 297
po-monoid, 319
po-ring, 397
po-semigroup, 319
Poset, 1
Positive cone, 288
—linear operator, 381 ff
Primary element, 336
Prime element, 329, 334
— ideal, 28
—interval, 235
Primitive matrix, 386
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— algebra, 260
Projective category, 156
Projective intervals, 14, 232
—geometry, 80, 92
—pseudo-metric, 382
Projectivity, 104
Pseudo-complement, 45, 125
Pseudo-metric, 231

Quasigroup, 160
Quasi-metric lattice, 231
Quasi-ordered set, 20
Quasi-ordering, 20

Radical, 336
Reflexive, 1
Regular measure, 263

~—-open set, 216

—l-ring, 402

—ring, 189

— topological space, 213
Relation algebra, 343
Relative uniform convergence, 369
Relatively complemented, 16, 70
Remak's Principle, 167
Residual, 325
Residuated, 325
Restricted direct product, 289
Reynolds’ identity, 108
Ring of sets, 12, 56

o-lattice, 254

Sasaki-Fujiwara Theorem, 94

Schwan's Lemma, 73

Sectionally complemented, 28, 70

Semi-ideal, 120

Semilattice, 9, 21

Semimodular, 15, 39

Separable, 261

Sheffer’s stroke symbol, 45

Simbireva Theorems. 303, 305

Similar algebras, 134

Simple algebra, 138

Simple lattice, 71

Skew lattice, 23

Souslin Problem, 202

Species of algebra, 141

Sperner’s Lemma, 99

Standard element, 69
—ideal, 27

Star convergence, 245

Steinitz-MacLane Lxchange Property. 197

Stone lattice, 130
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Strictly characteristic, 135
— meet-irreducible, 194
Strong unit, 300, 307, 357
Structure lattice, 138
Subalgebra, 133
Subdirect product, 140
~—decomposition theorem, 193
Subdirectly irreducible, 140
Sublattice, 7
Subnet, 214
Substitution Property, 136
Sup. 6
Symmetric partition lattice, 15, 95

Tarski Theorems, 115, 119, 345
Ty-lattice, 217

Ty-space, Ty-space, 117, 212
Topological lattice, 248
Topological spuce, 116, 212
Transfinite induction, 203
Transition operator, 390
Transitive 1, 20

Transitivity of perspectivity, 75, 269
Translation, 137
Transpose, 14
Transposition principle, 13
Tychonofl Theorem, 224

UM B-lattice, 371
Uniformly monotone norm, 371
— positive, 384
— semiprimitive, 387, 399
Unigue factorization, 68
Uniquely complemented, 121
Unity, 376
Universal algebra, 132
— bounds, 2
Upper bound, 6
— semimodular, 15

Valuation, 230
Vector lattice, 347
Von Neumann lattice, 267

Wallman Theorem, 225
Weak unit, 308
Weight, 129
Well-ordered, 180, 202
Whitman's Theorem, 171
Width, 98
Word algebra, 141

— problem, 146

Zero, 319
Zorn s Property. 191
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Since its original publication in 1940, this book has been revised and modernized several
times, most notably in 1948 (second edition) and in 1967 (third edition). The material is
organized into four main parts: general notions and concepts of lattice theory (Chapters
I-V), universal algebra (Chapters VI-VII), applications of lattice theory to various areas
of mathematics (Chapters VIII-XII), and mathematical structures that can be developed
using lattices (Chapters XIII-XVII). At the end of the book there is a list of 166 unsolved
problems in lattice theory, many of which still remain open.

It is excellent reading, and ... the best place to start when one wishes to explore some
portion of lattice theory or to appreciate the general flavor of the field.
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