


Other Titles in This Series 

43 Lui s A. Caffarelli an d Xavier Cabre, Full y nonlinear elliptic equations, 199 5 
42 Victo r duillemin and Shlomo Sternberg, Variation s on a theme by Kepler, 199 0 
41 Alfre d Tarski and Steven Gtvant, A  formalization o f set theory without variables, 198 7 
40 R . H. Bing, Th e geometric topology of 3-manifolds , 198 3 
39 N . Jacobson, Structur e and representations of Jordan algebras, 1968 
38 O . Ore, Theor y of graphs, 196 2 
37 N . Jacobson, Structur e of rings, 1956 
36 W . H. Gottschalk and G. A. Hedlund, Topologica l dynamics , 195 5 
35 A , C Schaeffe r and D. C. Spencer, Coefficien t region s for Schlicht functions , 195 0 
34 J . L, Walsh, Th e location of critical points of analytic and harmonic functions, 195 0 
33 J . F. Ritt, Differentia l algebra , 1950 
32 R . L. Wilder, Topolog y of manifolds, 194 9 
31 E . Hille and R. S. Phillips, Functiona l analysis and semigroups, 195 7 
30 T . Radd, Lengt h and area, 194 8 
29 A . Weil, Foundation s of algebraic geometry, 194 6 
28 G . T. Whyburn, Analyti c topology, 194 2 
27 S . Lefschetz, Algebrai c topology, 194 2 
26 N . Levinson, Ga p and density theorems, 194 0 
25 Garret t Birkhoff, Lattic e theory, 194 0 
24 A . A. Albert, Structur e of algebras, 1939 
23 G . Szego, Orthogona l polynomials, 193 9 
22 C , N. Moore, Summabl e series and convergence factors, 193 8 
21 J . M. Thomas, Differentia l systems , 193 7 
20 J . L , Walsh, Interpolatio n and approximation b y rational function s i n the complex 

domain, 1935 
19 R . E. A. C Pale y and N. Wiener, Fourie r transforms in the complex domain, 193 4 
18 M  Morse , Th e calculus of variations in the large, 193 4 
17 J . M. Wedderburn, Lecture s on matrices, 193 4 
16 G . A. Bliss, Algebrai c functions, 193 3 
15 M . H. Stone, Linea r transformations i n Hilbert space and their applications to analysis, 

1932 
14 J . F. Ritt, Differentia l equation s from the algebraic standpoint, 193 2 
13 R . L. Moore, Foundation s of point set theory, 193 2 
12 S . Lefschetz, Topology , 193 0 
11 D . Jackson, Th e theory of approximation, 193 0 
10 A . B. Coble, Algebrai c geometry and theta functions, 192 9 
9 G . D. Birkhoff, Dynamica l systems, 192 7 
8 L . P. Eisenhart, Non-Riemannia n geometry, 192 2 
7 E . T. Bell, Algebrai c arithmetic, 192 7 
6 G , C Evans , Th e logarithmic potential, discontinuous Dirichlet and Neumann problems, 

1927 
5.1 G . C. Evans, .Functionals an d their applications; selected topics , includin g integra l 

equations, 191 8 
12 O - Veblen, Analysi s situs, 192 2 

4 L . E. Dickson, O n invariants and the theory of numbers 
W. F. Osgood, Topic s in the theory of functions o f several complex variables, 191 4 

{Continued in the back of this publication) 



This page intentionally left blank



America n Mathematica l Societ y 

Colloquiu m Publication s 
Volum e 25 

Lattic e 
Theor y 

Garret t Birkhof f 

America n Mathematica l Societ y 
Providence , Rhod e  Islan d 

http://dx.doi.org/10.1090/coll/025



1991 Mathematics  Subject  Classification.  P r imar y 06-02 . 

Library o f Congres s Car d Numbe r 66-2370 7 
International Standar d Boo k Numbe r 0-8218-1025- 1 

International Standar d Seria l Numbe r 0065-925 8 

Copying an d reprinting . Individua l reader s o f thi s publication , an d nonprofi t librarie s actin g 
for them , ar e permitte d t o mak e fai r us e o f th e material , suc h a s t o cop y a  chapte r fo r us e 
in teachin g o r research . Permissio n i s grante d t o quot e brie f passage s fro m thi s publicatio n i n 
reviews, provide d th e customar y acknowledgmen t o f th e sourc e i s given . 

Republication, systemati c copying , o r multipl e reproduction o f any materia l i n this publicatio n 
(including abstracts ) i s permitte d onl y unde r licens e fro m th e America n Mathematica l Society . 
Requests fo r suc h permissio n shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n 
Mathematical Society , P.O . Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o 
be mad e b y e-mai l t o reprint-permissionfimath.ams.org . 

© Copyrigh t 1940 , 1948 , 196 7 by th e America n Mathematica l Society . Al l right s reserved . 
Second (Revised ) Edition , 194 8 

Third Edition , sevent h printin g wit h correction s 1993 . 
Third Edition , eight h printin g wit h correction s 1995 . 

Printed i n th e Unite d State s o f America . 

The America n Mathematica l Societ y retain s al l rights 
except thos e grante d t o th e Unite d State s Government . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

12 1 1 1 6 1 5 1 4 1 3 1 2 1 1 



PREFACE T O TH E THIR D EDITIO N 

The purpos e o f thi s editio n is  threefold : t o mak e th e deepe r idea s o f lattic e 
theory accessibl e t o mathematician s generally , t o portra y it s structure , an d t o 
indicate som e o f it s mos t interestin g applications . A s i n previou s editions , a n 
attempt i s made t o includ e curren t developments , includin g variou s unpublishe d 
ideas o f m y own ; however , unlik e previou s editions , thi s editio n contain s onl y a 
very incomplete bibliography . 

I am summarizing elsewheref m y ideas about the role played by lattice theory in 
mathematics generally. I  shall therefore discuss below mainly its logical structure, 
which I  hav e attempted t o reflec t i n my table o f contents . 

The beaut y o f lattic e theor y derive s i n par t fro m th e extrem e simplicit y o f it s 
basic concepts: (partial) ordering , leas t uppe r and greates t lower bounds. I n thi s 
respect, i t closely resembles group theory. Thes e ideas are developed in Chapters 
I-V below , where i t i s shown tha t thei r apparen t simplicit y conceal s many subtl e 
variations includin g fo r example , th e propertie s o f modularity , semimodularity , 
pseudo-complements an d orthocomplements . 

At thi s level , lattice-theoreti c concept s pervad e th e whol e o f moder n algebra, 
though many textbooks on algebra fai l t o make this apparent. Thu s lattices an d 
groups provide two of the most basic tools of " universal algebra ", and in particular 
the structur e o f algebrai c system s i s usuall y mos t clearl y reveale d throug h th e 
analysis o f appropriat e lattices . Chapter s V I an d VI I tr y t o develo p thes e 
remarks, and to include enough technical applications to the theory o f groups and 
loops with operators to mak e them convincing . 

A differen t aspec t o f lattic e theor y concern s th e foundation s o f se t theor y 
(including genera l topology ) an d rea l analysis . Her e th e us e o f variou s (partial ) 
orderings t o justif y transfinit e induction s an d othe r limitin g processe s involve s 
some of the most sophisticated constructions of all mathematics, some of which are 
even questionable ! Chapter s VIII-XI I describ e thes e processe s fro m a  lattice -
theoretic standpoint . 

Finally, man y of the deepest and mos t interestin g applications o f lattice theor y 
concern (partially ) ordered mathematica l structure s having also a binary additio n 
or multiplication : lattice-ordere d groups , monoids , vector spaces , rings, and field s 
(like the real field).  Chapter s XIII-XVII describ e the properties of such systems, 

t G . Birkhoff , What  can  lattices  do  for you?,  a n articl e i n Trends  in  Lattice  Theory,  Jame s C. 
Abbot, ed. , Va n Nostrand , Princeton , N.J. , 1967 . 
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and als o thos e o f positiv e linea r operator s o n partiall y ordere d vecto r spaces . 
The theory o f such systems, indeed , constitute s th e mos t rapidl y developin g par t 
of lattice theory a t th e presen t time . 

The labor of writing this book has been enormous, even though I  hav e made no 
attempt a t completeness . I  wis h to express my deep appreciation t o those man y 
colleagues an d student s wh o hav e criticize d part s o f my  manuscrip t i n variou s 
stages o f preparation . I n particular , I  ow e a  ver y rea l deb t t o th e following : 
Kirby Baker , Orri n Frink , Georg e Gratzer , C . Grandjot , Alfre d Hales , Pau l 
Halmos, Samue l H . Holland , M . F. Janowitz, Roge r Lyndon , Donal d MacLaren , 
Richard S . Pierce, George Raney, Arlan Ramsay, Gian-Carlo Rota, Walter Taylor , 
and Ala n G. Waterman . 

My thanks are also due to the Nationa l Scienc e Foundatio n fo r partia l suppor t 
of research in this area and of the preparation of a preliminary edition of notes, and 
to th e Argonn e Nationa l Laborator y an d th e Ran d Corporatio n fo r suppor t o f 
research int o aspects of lattice theor y o f interest t o members of their staffs . 

Finally, I  wis h t o than k Laur a Schlesinge r an d Lorrain e Dohert y fo r thei r 
skillful typin g of the entir e manuscript . 
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