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PREFACE 

In 1932 , th e autho r publishe d Differential  equations  from the  algebraic stand-
point,1 a  boo k dealin g wit h differentia l polynomial s an d algebrai c differentia l 
manifolds. I n th e sixtee n year s whic h hav e passed , th e wor k o f a  numbe r o f 
mathematicians ha s give n fres h substanc e an d ne w colo r t o th e subject . Th e 
complete editio n o f th e boo k havin g bee n exhausted , i t ha s seeme d prope r t o 
prepare a  new exposition . 

The titl e Differential  algebra  was suggeste d b y Dr . Kolchin . Th e bod y o f 
algebra deal s with th e operation s o f additio n an d multiplication . W e ar e con -
cerned her e wit h thre e operations—addition , multiplicatio n an d differentiation . 

If I  a m no t mistaken , th e genera l natur e o f th e subjec t her e treate d i s no w 
well enough known amon g mathematicians t o permi t m e to dispens e with a  de -
tailed introduction, suc h as was given in A. D. E. M y principa l task i s to sho w 
how muc h th e presen t boo k owe s t o m y associates . I  a m referrin g t o H . W . 
Raudenbush, W . C . Strodt , E . R . Kolchin , Howar d Levi , El i Gouri n an d 
Richard M . Cohn . 

Cohn's constructive proof  o f the theorem o f zeros will be found i n Chapte r V . 
The theorem o n embedded manifold s du e to Gouri n i s contained i n Chapte r I I . 
Chapter V I contain s a  discussio n o f Strodt' s wor k o n sequences o f manifolds . 

In Chapter s I , I I I an d IX , ther e ar e presente d portion s o f Levi' s wor k o n 
ideals o f differentia l polynomial s an d o n th e lo w power theorem . O f Kolchin' s 
investigation o f exponent s o f differentia l ideals , I  hav e bee n abl e t o giv e onl y a 
bare idea . Othe r wor k o f Kolchin , fo r instance , proof s fo r th e abstrac t cas e of 
results previously establishe d fo r th e analyti c case , is given in Chapte r I I . Hi s 
work o n th e Picard-Vessio t theory , whic h employ s th e method s o f differentia l 
algebra, has just appeared in the Annals of Mathematics,2 and may be permitte d 
to speak for itself . 

The contributions o f Raudenbush ca n only be described a s fundamental. Th e 
basis theore m o f Chapte r I  was , i n th e analyti c case , implicitl y containe d i n 
A. D. E. I t exist s there in two parts; the first,  the theorem o n the completenes s 
of infinit e systems ; the second , th e theore m o f zeros . Onl y casuall y ha d I  no -
ticed tha t th e tw o theorem s amounte d t o a  basi s theorem . I  wa s acquainte d 
with the fac t tha t th e theorem o n the decompositio n o f manifolds amounted , i n 
virtue of the theorem o f zeros, to a theory o f perfect an d prime ideals of differen -
tial polynomials. I n the summer o f 1933 , I suggeste d to Raudenbush the prob -
lem o f constructin g a  theor y o f perfec t ideal s whic h woul d b e vali d i n th e ab -
stract case . Thi s h e accomplished , and , i n th e cours e o f hi s work , h e brough t 
the basi s theore m t o it s presen t complet e an d abstrac t form . I n th e proof  o f 

1 These Colloquiu m publications, vol . 14 . Calle d below A . D. E . 
2 Kolchin, 14 . (Se e Bibliography , p . 180. ) 
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iv PREFACE 

the basi s theorem, th e procedur e o f taking power s i s due t o Raudenbush . Th e 
chains, characteristic set s and methods o f reduction existe d in the olde r theore m 
of completeness . 

Raudenbush introduce d generi c zero s o f prim e ideals . Her e h e adapte d a 
method o f van de r Waerden , whic h ca n be traced bac k t o Konig . Raudenbus h 
gave the first  exampl e o f a  syste m o f differentia l polynomial s with a  weak basis . 
Systems with n o strong base s were later produce d b y Kolchin . 

The problem s which thi s book treat s ar e very concret e problems . The y dea l 
with situation s o f th e classica l theor y o f differentia l equations . Seldo m woul d 
much b e lost , a s fa r a s th e result s ar e concerned , i f on e limite d onesel f t o th e 
material o f classical analysis . Th e abstrac t metho d whic h we generally emplo y 
has, however , a  definit e utility . I t serve s t o separat e algebrai c method s fro m 
analytic methods. O n the whole, it contribute s to simplicity , althoug h a t time s 
an abstrac t treatmen t i s less natural than a n analytical one . Th e form i n which 
the result s o f differentia l algebr a ar e bein g presente d ha s thu s bee n deepl y in -
fluenced b y th e teaching s o f Emmy Noether , a  prime mover o f ou r period, who , 
in continuin g Juliu s Konig' s developmen t o f Kronecker' s ideas , brought mathe -
maticians t o know algebr a a s it was never known before . 

In thi s connection , I  shoul d lik e to sa y somethin g concernin g basi s theorems . 
The basi s theorem o f Chapte r I  will  be see n t o play , i n th e presen t theory , th e 
role hel d b y Hilbert' s theore m i n th e theorie s o f polynomia l ideal s an d o f alge -
braic manifolds . Whe n I  bega n t o wor k o n algebrai c differentia l equations , 
early i n 1930 , va n de r Waerden' s excellen t Moderne  Algebra  ha d no t ye t ap -
peared. However , Emm y Noether' s wor k o f th e twentie s wa s available , an d 
there was nothing t o preven t on e from learnin g i n he r paper s th e value o f basi s 
theorems i n decompositio n problems . Actually , I  becam e acquainte d wit h th e 
basis theore m principl e i n th e writing s o f Jule s Drach 3 o n logica l integration , 
writings whic h dat e bac k t o 1898 . Ho w a  basi s theore m i s employe d b y hi m 
will now b e described . 

There ar e tw o distinc t method s fo r characterizin g a n irreducibl e algebrai c 
equation. O n th e on e hand , a n equatio n f(x)  =  0  i s irreducible i f f(z) canno t 
be factored . O n th e other , ther e i s irreducibilit y i f ever y equatio n whic h i s 
satisfied b y a  singl e solutio n o f f(x) =  0  i s satisfied b y al l suc h solutions . Th e 
first formulatio n o f irreducibilit y lead s t o th e notio n o f irreducibl e algebrai c 
manifold an d t o tha t o f irreducibl e algebrai c differentia l manifold . Th e 
second lead s t o th e concep t o f irreducibl e syste m o f algebrai c differentia l 
equations whic h wa s employe d b y Koenigsberge r an d b y Drach . A  syste m o f 
such equations , ordinar y o r partial , i s irreducibl e i f ever y differentia l equatio n 
which admits a  single solution o f the system admit s al l solutions. Drac h under -
takes to show that, give n a  system o f partial differentia l equations , the repeate d 
adjunction o f new equations will eventually produce an irreducible system. Fo r 
this he invokes a  theore m o f Tresse, 4 which state s that , i n ever y infinit e syste m 

3 Drach, 4 , pp. 292-296. 
4 Acta Mathematica, vol , 18 (1894), p. 4. 
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of partial differential equations , there is a finite subsystem from which the infinite 
system can be derived by differentiations an d eliminations. A  study of Tresse's 
paper will quickly convince one that he claims for his work a generality which it 
does not have. Th e statement of his theorem, and his argument, have a definite 
meaning only for linear systems. 

It ha s not been possible for me to present al l of the material which has been 
developed since the publication of A. D. E. Thus , I  have had to pass by most 
of Kolchin' s study o f exponents and a  good deal of Levi' s work on ideals. O f 
Strodt's paper , onl y a  sketch i s given. M y ow n work o n general solution s of 
equations of the second order in one unknown, and of equations of the first order 
in two unknowns, is also omitted. 

I hav e trie d t o give , t o th e presen t book , th e elementar y qualit y whic h i s 
possessed by A. D. E. Essentially , n o previous knowledge of abstrac t algebr a 
is necessary. A s in A. D. E., a treatment is given of Riquier's existence theorem 
for orthonomic systems of partial differential equations . 

New York, N. Y. 
January, 1948. 
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APPENDIX. QUESTION S FO R INVESTIGATIO N 

IDEALS 

1. Levi' s work shows the nonexistence o f a  theory o f ideals of d.p . possessin g 
the scop e o f th e Lasker-Noethe r theor y o f p.i . Fo r d.p. , i t wil l b e necessar y 
either t o us e specia l type s o f ideal s o r t o us e othe r combination s tha n intersec -
tions an d products . 

2. Give n a  finite  se t o f d.p. , F h •  • •  , Fry an d a  d.p . (? , is it possibl e t o deter -
mine whethe r G  i s containe d i n [Fi,  •  • •  , Fr]? Th e method s o f Chapte r V 
permit on e to decid e whethe r som e power o f G  is in [Fi,  •  •  •  , Fr], I t i s thus a 
question o f determinin g a  smalles t admissibl e exponent . 

3. Kolchin' s theor y o f exponent s shoul d admi t o f extensio n i n severa l direc -
tions. Th e chie f proble m examine d by Kolchin i s that o f the exponen t o f {  A  } 
relative t o [A],  wher e A  i s a  d.p . i n y  o f th e first  order . I n th e theorem s ob -
tained b y Kolchin , th e relativ e exponent s ar e 1 , 2 , <*> . Fo r instance , i f 
A =  y 2 +  y\ } th e exponen t i s °° . No w 

[A]= fcrt-S, 

with p  a  positiv e intege r an d 2  a n idea l whos e manifold i s the genera l solutio n 
of A.  On e may inquir e a s t o th e exponen t o f {  2 }  relative t o 2) . Tha t ex -
ponent ma y easil y b e finite.  Thi s proble m can , o f course , b e formulate d fo r 
d.p. A  admittin g man y singula r zeros . 

The proble m o f exponent s ma y b e examine d fo r d.p . o f orde r highe r tha n 
the first  an d fo r p.d.p . 

4. Fo r F  =  y p +  y\,  i n ${  y  } , wit h q  > p,  wha t i s th e smalles t intege r r 
such tha t 

y'G m  0 , [FI 

where G  does no t vanis h fo r y  =  0 ? Thi s proble m ca n b e extende d t o genera l 
classes o f d.p . 

5. Fo r p  >  0 , i  >  0 , what i s the leas t q  such tha t y\  =  0 , [y p]? Fo r i  =  1 , 
it i s not har d t o sho w tha t q  =  2p  —  1. I n $ { u,  v  } , what i s th e leas t powe r 
of UiVj  which i s containe d i n [  uv ]? 

6. Th e ideals generated b y various differentia l expression s may be examined . 
One ma y stud y th e wronskian , th e jacobian , th e expressio n EG  —  F 2 o f dif -
ferential geometry , etc . 

7. On e may stud y d.p . ove r a  field  o f characteristi c p. 

THE DECOMPOSITIO N PROBLE M 

8. Th e basic problem has been met i n Chapte r V . I t i s that o f determinin g 
the numbe r o f time s whic h th e d.p . i n a  finite  syste m $  mus t b e differentiate d 

177 



178 DIFFERENTIAL ALGEBR A 

before elimination s wil l produc e finite  system s whos e manifold s ar e th e com -
ponents o f 3>. On e would hope to secur e a bound which depends on the numbe r 
of d.p. in #, thei r order s and degrees . 

9. Attache d t o th e decompositio n proble m i s th e first  proble m o f Laplace , 
mentioned i n I I I , §37 . Le t F  an d A  b e algebraicall y irreducibl e an d le t F 
hold the genera l solution o f A,  I t i s required t o determine whethe r th e genera l 
solution o f A  i s containe d i n tha t o f F.  Th e autho r ha s show n ho w t o settl e 
this questio n fo r d.p . F  o f th e secon d order, 1 Th e method s ca n perhap s b e ex -
tended t o cove r th e cas e i n whic h F,  i n $F { y  } , i s o f orde r n , an d A  o f orde r 
n —  2 . On e migh t perhap s undertak e t o develo p a  tes t fo r th e presenc e o f 
y =  0  i n th e genera l solutio n o f a  d.p . o f th e thir d order . Othe r problem s o f 
this typ e wil l readily sugges t themselves . 

INTERSECTIONS 

10. On e can se e from Chapte r V I I tha t i f ther e i s regularity i n th e theor y o f 
intersections o f algebrai c differentia l manifolds , tha t regularit y i s no t immedi -
ately visible . I n VII , §1 , an anomal y i s found i n th e dimensio n o f th e inter -
section o f a  genera l solutio n wit h a  secon d irreducibl e manifold . On e migh t 
try t o us e complet e manifold s o f d.p . rathe r tha n genera l solutions . Thus , le t 
Fij •  • • , Fr b e d.p . i n ${y\ 7 •  •  •  , yn } . Suppos e tha t r  <n.  I s ever y com -
ponent o f th e syste m F lf •  • •  , Fr o f dimensio n a t leas t n  —  r ? Fo r r  =  1 , w e 
see from I I I , §1 , that th e answer is affirmative . 

11. On e may see k to exten d th e resul t o f VII , §6 , o n Jacobi' s boun d t o sys -
tems of n  d.p . in n  indeterminates . 

The anomal y me t i n connectio n wit h th e orde r o f a  componen t o f th e inter -
section o f tw o genera l solution s raise s th e followin g problem . Le t A  an d B  b e 
algebraically irreducibl e d.p . i n y  an d 2 . Le t 9f t b e a  componen t o f dimensio n 
zero i n th e intersectio n o f th e genera l solution s o f A  an d B.  I t i s required t o 
find a  boun d fo r th e orde r o f 9f t i n term s o f th e order s o f A  an d B  i n y  an d z. 
I t i s conceivable , o f course , tha t n o boun d exists . 

12. On e may generaliz e the problem o f I I I , §1 , as follows. Le t S  b e a  non -
trivial prim e idea l i n SF { Wi , • • •  , uq; t/i , •  • •  , yp }  wit h th e u  parametri c an d 
with 

(1) Ai,  •  • •  , A p 

a characteristi c set . Le t 2 0 b e th e prim e p.i . fo r whic h (1) , wit h th e A  con -
sidered a s polynomials , i s a  characteristi c set . Le t 2 / b e th e syste m o f d.p . 
obtained fro m S 0 whe n th e polynomial s i n 2 0 ar e regarded a s d.p . Wha t ar e 
the dimension s o f the component s o f 2' ? Doe s th e lo w power theore m hav e a 
generalization fo r thi s situation ? 

DIFFERENTIAL POWE R SERIE S 

13. Thi s subjec t ha s bee n mentione d i n I I I , §39 . Onl y on e pape r ha s bee n 
1 Ritt, 31 . I n connection with §6 5 of this paper, see the final remarks of §5 1 of Ritt, 32. 
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written o n it . Th e entir e progra m await s development , bot h fo r ordinar y dif -
ferential equation s an d fo r partial . I n th e analyti c case , th e procedur e wil l 
depend on whether one works in the neighborhood of a  point in the space of th e 
independent variables or in the neighborhood of a set of functions constituting a 
point o f a  manifold. 

BlRATIONAL TRANSFORMATION S 

14. Th e theory o f th e resolven t furnishe s a n instanc e o f the birationa l equiv -
alence o f tw o irreducibl e manifolds . Th e genera l proble m i s tha t o f finding 
conditions fo r suc h equivalence . Th e result s o f algebrai c geometr y shoul d b e 
a guide . 

In studyin g birationa l transformations , on e wil l mee t differential  Cremona 
transformations. Fo r instance , le t 

We find 

-r£(f> -«|(f)-
Is ther e a  theore m o n th e structur e o f suc h transformation s o f y  an d z  simila r 
to M . Noether' s theore m o n ordinar y Cremon a transformations ? 

The analogu e o f Luroth' s theore m presente d i n Chapte r I I ma y hav e a n ex -
tension to fields formed b y the adjunctio n o f two indeterminates . 

SINGULAR SOLUTION S O F PARTIA L DIFFERENTIA L EQUATION S 

15. Fo r simplicity , w e use tw o independen t variables , x  an d y.  Le t F  b e a n 
algebraically irreducibl e d.p . i n ${  z  } , o f orde r n  i n z.  Le t th e component s o f 
F b e 2ft , 2fti , •  • • , 2ft«, wit h 2f t th e genera l solution . Eac h 2ftt * i s th e genera l 
solution o f a d.p . F{.  Suppos e that , fo r som e i, Fi  i s of orde r n  —  1 in z. Con -
sidering Hamburger' s result s fo r ordinar y differentia l equations , on e woul d ex -
pect th e function s i n 2ft * to b e envelopes , with a  contac t o f som e natura l order , 
of function s i n 2ft . Fo r n  =  1 , thi s questio n ha s bee n studie d b y th e author. 2 

For n  >  1 , the matte r shoul d b e more difficult , sinc e there i s no theory o f char -
acteristics. 

DIFFERENCE ALGEBR A 

16. Thi s subjec t ha s bee n treate d i n paper s o f J . L . Doob , W . C . Strodt , F . 
Herzog, H . W . Raudenbush , Richar d Coh n an d th e author. 3 Th e theor y i s 
open fo r cultivation . 

2 Ritt, 41. 
3 See bibliography. 
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