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Preface 

Interactions betwee n th e theor y o f partia l differentia l equation s o f ellipti c an d 
parabolic type s an d th e theor y o f stochastic processe s ar e beneficia l fo r bot h prob -
ability theor y an d analysis . A t th e beginning , mostl y analyti c result s wer e use d 
by probabilists . Mor e recently , analyst s (an d physicists ) too k inspiratio n fro m th e 
probabilistic approach . O f course , th e developmen t o f analysi s i n genera l an d o f 
theory o f partia l differentia l equation s i n particular , wa s motivate d t o a  grea t ex -
tent b y problem s i n physics . A  differenc e betwee n physic s an d probabilit y i s tha t 
the latte r provide s no t onl y a n intuitio n bu t als o rigorou s mathematica l tool s fo r 
proving theorems . 

The subjec t o f thi s boo k i s connection s betwee n linea r an d semilinea r differ -
ential equation s an d th e correspondin g Marko v processe s calle d diffusion s an d su -
perdiffusions. A  diffusio n i s a  mode l o f a  rando m motio n o f a  singl e particle . I t i s 
characterized b y a  second orde r ellipti c differentia l operato r L.  A  special case is the 
Brownian motio n correspondin g t o th e Laplacia n A . A  superdiffusio n describe s a 
random evolutio n o f a  cloud o f particles. I t i s closely relate d t o equations involvin g 
an operato r Lu  —  ip(u).  Her e I/J  belongs t o a  clas s o f function s whic h contains , 
in particular , ip(u)  —  ua wit h a  >  1 . Fundamenta l contribution s t o th e analyti c 
theory o f equation s 

(0.1) Lu  =  ^{u) 

and 

(0.2) u  + Lu =  ip(u) 

were made by Keller, Osserman , Brezi s and Strauss , Loewner an d Nirenberg , Brezi s 
and Veron , Bara s an d Pierre , Marcu s an d Veron . 

A relation between the equation (0.1 ) and superdiffusion s wa s established, first , 
by S . Watanabe . Dawso n an d Perkin s obtaine d dee p result s o n th e pat h behavio r 
of the super-Brownia n motion . Fo r applyin g a  superdiffusio n t o partia l differentia l 
equations i t i s insufficien t t o conside r th e mas s distributio n o f a  rando m clou d a t 
fixed times t.  A  model o f a  superdiffusion  a s a  system o f exi t measure s fro m time -
space ope n set s wa s develope d i n [Dyn91c] , [Dyn92] , [Dyn93] . I n particular , 
a branchin g propert y an d a  Marko v propert y o f suc h syste m wer e establishe d an d 
used to investigate boundary value problems for semilinear equations . I n the presen t 
book w e deduce th e entir e theor y o f superdiffusion fro m thes e properties . 

We use a  combination o f probabilistic an d analyti c tool s to investigat e positiv e 
solutions o f equations (0.1 ) an d (0.2) . I n particular , w e study removabl e singulari -
ties of such solutions an d a  characterization o f a solution b y it s trace on the bound -
ary. Thes e problem s wer e investigate d recentl y b y a  numbe r o f authors . Marcu s 
and Veron used purely analytic methods. L e Gall, Dynkin and Kuznetsov combine d 
probabilistic an d analyti c approach . L e Gal l invente d a  new powerfu l probabilisti c 

ix 
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tool —  a  path-value d Marko v proces s calle d th e Brownia n snake . I n hi s pioneer -
ing wor k h e use d thi s too l t o describ e al l solution s o f th e equatio n Au  =  u 2 i n a 
bounded smoot h plana r domain . 

Most o f th e boo k i s devote d t o a  systemati c presentatio n (i n a  mor e genera l 
setting, with simplified proofs ) o f the results obtained since 1988 in a series of papers 
of Dynki n an d Dynki n an d Kuznetsov . Man y result s obtaine d originall y b y usin g 
superdiffusions ar e extende d i n th e boo k t o mor e genera l equation s b y applyin g a 
combination o f diffusions wit h purely analyti c methods. Almos t al l chapters involv e 
a mixtur e o f probability an d analysis . Exception s ar e Chapter s 7  an d 9  wher e th e 
probability prevail s and Chapte r 1 3 where i t i s absent. Independentl y o f the res t of 
the book , Chapte r 7  can serve as an introduction t o the Martin boundary theor y fo r 
diffusions base d o n Hunt' s ideas . A  contribution t o the theor y o f Markov processe s 
is also a  new form o f the stron g Marko v propert y i n a  time inhomogeneou s setting . 

The theor y o f paraboli c partia l differentia l equation s ha s a  lo t o f similaritie s 
with the theory of elliptic equations. Man y results on elliptic equations can be easily 
deduced fro m th e result s o n paraboli c equations . O n th e othe r hand , th e analyti c 
technique neede d i n the paraboli c settin g i s more complicate d an d th e mos t result s 
are easie r t o describ e i n th e ellipti c case . 

We conside r a  paraboli c settin g i n Par t 1  of th e book . Thi s i s necessar y fo r 
constructing ou r principa l probabilisti c mode l —  branchin g exi t Marko v systems . 
Superprocesses (includin g superdiffusions ) ar e treated a s a  special cas e o f such sys-
tems. W e discus s connection s betwee n linea r paraboli c differentia l equation s an d 
diffusions an d betwee n semilinea r paraboli c equation s an d superdiffusions . (Diffu -
sions an d superdiffusion s i n Par t 1  are tim e inhomogeneou s processes. ) 

In Part 2  we deal with elliptic differential equation s and with time-homogeneou s 
diffusions an d superdiffusions . W e apply , whe n i t i s possible , th e result s o f Par t 
1. Th e mos t o f Par t 2  i s devote d t o th e characterizatio n o f positiv e solution s o f 
equation (0.1 ) b y thei r trace s o n th e boundar y an d t o th e stud y o f th e boundar y 
singularities o f such solution s (fro m bot h analyti c an d probabilisti c poin t o f view). 
Parabolic counterpart s o f these result s ar e les s complete . Som e reference s t o the m 
can b e foun d i n bibliographica l note s i n whic h w e describ e th e relatio n o f th e 
material presente d i n eac h chapte r t o th e literatur e o n th e subject . 

Chapter 1  is an informa l introductio n wher e we present som e of the basi c idea s 
and tool s use d i n th e res t o f th e book . W e conside r a n ellipti c settin g and , t o 
simplify th e presentation , w e restrict ourselve s to a  particular cas e of the Laplacia n 
A (fo r L)  an d t o th e Brownia n an d super-Brownia n motion s instea d o f genera l 
diffusions an d superdiffusions . 

In th e concludin g chapter , w e giv e a  brie f descriptio n o f som e result s no t in -
cluded int o th e book . I n particular , w e describ e briefl y L e Gall' s approac h t o 
superprocesses vi a rando m snake s (path-value d Marko v processes) . Fo r a  system -
atic presentatio n o f thi s approac h w e refe r t o [L e 99a] . W e d o no t touc h som e 
other importan t recen t direction s i n th e theor y o f measure-value d processes : th e 
Fleming-Viot model , interactiv e measure-value d models.. . W e refe r o n thes e sub -
jects t o Lectur e Note s o f Dawso n [Daw93 ] an d Perkin s [PerOl] . A  wide rang e o f 
topics i s covered (mostly , i n a n expositor y form ) i n "A n introductio n t o Superpro -
cesses" b y Etheridg e [EthOO] . 

Appendix A  an d Appendi x B  contai n a  surve y o f basi c fact s abou t Marko v 
processes, martingale s an d ellipti c differentia l equations . A  few ope n problem s ar e 
suggested i n th e Epilogue . 
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