American Mathematical Society
Colloquium Publications
Volume 57

Opera de Cribro
John Friedlander
Henryk Iwaniec

Opera de Cribro

http://dx.doi.org/10.1090/coll/057

American Mathematical Society
Colloquium Publications
Volume 57

Opera de Cribro
John Friedlander
Henryk Iwaniec

American Mathematical Society
Providence, Rhode Island

EDITORIAL COMMITTEE
Paul J. Sally, Jr., Chair
Yuri Manin
Peter Sarnak
2010 Mathematics Subject Classiﬁcation. Primary 11N35, 11N36; Secondary 11N05,
11N13, 11N32, 11N37, 11J71, 11E25.

For additional information and updates on this book, visit
www.ams.org/bookpages/coll-57

Library of Congress Cataloging-in-Publication Data
Friedlander, J. B. (John B.)
Opera de cribro / John Friedlander, Henryk Iwaniec.
p. cm. — (Colloquium publications ; v. 57)
In English.
Includes bibliographical references and index.
ISBN 978-0-8218-4970-5 (alk. paper)
1. Sieves (Mathematics) I. Iwaniec, Henryk. II. Title.
QA246.F75 2010
512.73–dc22

2009046518

Copying and reprinting. Individual readers of this publication, and nonproﬁt libraries
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.
Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for such
permission should be addressed to the Acquisitions Department, American Mathematical Society,
201 Charles Street, Providence, Rhode Island 02904-2294 USA. Requests can also be made by
e-mail to reprint-permission@ams.org.
c 2010 by the American Mathematical Society. All rights reserved.

The American Mathematical Society retains all rights
except those granted to the United States Government.
Printed in the United States of America.
∞ The paper used in this book is acid-free and falls within the guidelines


established to ensure permanence and durability.
Visit the AMS home page at http://www.ams.org/
10 9 8 7 6 5 4 3 2 1

15 14 13 12 11 10

Contents
xi

Preface
Chapter 1. Sieve Questions
1.1. Inclusion-Exclusion
1.2. Some Generality
1.3. Some Examples
1.4. A Model of a Sifting Sequence for a Given Density

1
1
3
5
9

Chapter 2. Elementary Considerations on Arithmetic Functions
2.1. Dirichlet Convolution and Switching Divisors
2.2. Tchebyshev’s Prime Sprigs

13
13
16

Chapter 3. Bombieri’s Sieve
3.1. Heuristics for Estimating Sums over Primes
3.2. Almost-Primes
3.3. Multi-dimensional von Mangoldt Functions
3.4. Asymptotic Formula for S(k) (x)
3.5. Application to Additive Convolutions

21
21
23
24
25
28

Chapter 4. Sieve of Eratosthenes-Legendre

31

Chapter 5. Sieve Principles and Terminology
5.1. Introduction
5.2. Cast of Characters
5.3. Sifting Weights
5.4. Main Terms and Remainders
5.5. The Sieve Dimension
5.6. Sums of the Local Densities
5.7. Sieve-Twisted Sums of the Density Function
5.8. Composition of Sieves
5.9. Reduced Composition of Sieve-Twisted Sums
5.10. An Example of a Reduced Composition

35
35
35
38
39
42
44
45
49
50
53

Chapter 6. Brun’s Sieve – The Big Bang
6.1. Brun’s Pure Sieve
6.2. Setting up a Sieve by Iterations
6.3. Compositions using Brun’s Sieve
6.4. Choosing the Truncation Parameters
6.5. Fundamental Lemma
6.6. Improved Bounds for the Sifting Limits
6.7. Preliminary Sieving

55
55
59
62
64
66
71
73

v

vi

CONTENTS

6.8. A Cancellation in the Sieve Weights
6.9. Applications of Brun’s Sieve
6.10. Extremely Short Intervals

75
77
80

Chapter 7. Selberg’s Sieve – Kvadrater er Positive
7.1. General Upper-Bound Results
7.2. Comments on the Λ2 -Sieve
7.3. Crossing Density Functions
7.4. Explicit Estimates for J(D, z)
7.5. From the Upper-Bound to the Lower-Bound
7.6. Selberg’s Lower-Bound Sieve Directly
7.7. Three Formulas for the Composite Sieve Λ− Λ2
7.8. Clearing the Sifting Range and a Neat Bound for J(D)
7.9. Asymptotic for J(D, z)
7.10. Explicit Estimates for the Main Term
7.11. Explicit Estimates for the Remainder
7.12. Selected Applications
7.13. Bounded Gaps Between Primes
7.14. Small Gaps Between Primes
7.15. Gaps Between Primes and Powers

89
89
93
98
103
105
107
112
115
117
118
120
121
122
133
137

Chapter 8. Sifting Many Residue Classes
8.1. Sifting Arbitrary Classes
8.2. Sieving for Squares
8.3. Ternary Quadratic Forms

139
139
141
144

Chapter 9. The Large Sieve
9.1. The Basic Inequality
9.2. The Large Sieve Inequality for Additive Characters
9.3. Equidistribution over Residue Classes
9.4. Arithmetic Large Sieve
9.5. Where Linnik meets Selberg: A Duet
9.6. The Large Sieve Inequality for Multiplicative Characters
9.7. The Larger Sieve of Gallagher
9.8. Equidistribution to Large Moduli
9.9. Limitations to Equidistribution

151
151
154
155
157
159
162
164
166
171

Chapter
10.1.
10.2.
10.3.
10.4.
10.5.

10. Molecular Structure of Sieve Weights
Introduction
What the Upper Bound Leaves Behind
Contribution of Small Prime Factors
Partial Contributions
Related Instances

173
173
173
175
179
183

Chapter
11.1.
11.2.
11.3.
11.4.
11.5.

11. The Beta-Sieve
Introduction: Buchstab Iterations
Cast of Characters
The Functions F (s), f (s)
The Functions H(s), h(s) for κ > 12
Connections with the Buchstab and Dickman Functions

185
185
188
190
195
200

CONTENTS

11.6.
11.7.
11.8.
11.9.
11.10.
11.11.
11.12.
11.13.
11.14.
11.15.
11.16.
11.17.
11.18.
11.19.
11.20.
11.21.
11.22.

The Convergence Problem for κ > 12
Estimation of fn (s) for 0 6 κ 6 21
Statement of the Main Theorems of the Beta-Sieve
The Inductive Estimate for Vn (D, z)
Direct Estimation of Vn (D, z)
Completion of the Beta-Sieve for 21 < κ 6 1
Specializing to κ 6 12
Estimation of Vn (D, z)
Completion of the Beta-Sieve for 0 6 κ 6 12
An Extension of the Sifting Range for κ < 21
Higher Dimension: Composing Beta-Sieves
Estimation of L+ (D, z)
Asymptotic Evaluation of Vn (D, z)
Estimates and Numerical Tables for the Sieve Constants
p-adic Zeros of Ternary Quadratic Forms
Representations by Norm Forms
Sums of Two Cubic Norms

vii

202
203
205
207
210
212
213
216
218
218
220
221
223
224
226
229
231

Chapter
12.1.
12.2.
12.3.
12.4.
12.5.
12.6.
12.7.

12. The Linear Sieve
A Summary of Previous Results
The True Asymptotics for Special Sifting Functions
The Optimality of the Linear Sieve
A Refinement of Estimates for the Error Terms
Bounds for the Remainder
Linear Sieve with Sharp Error Term
The Remainder in a Well-Factorable Form

235
235
237
240
240
249
251
252

Chapter
13.1.
13.2.
13.3.
13.4.
13.5.

13. Applications to Linear Sequences
Introduction
Large Moduli
Larger Moduli
Short Intervals
Large Primary Factors

259
259
261
263
267
271

Chapter
14.1.
14.2.
14.3.
14.4.
14.5.
14.6.
14.7.
14.8.

14. The Semi-Linear Sieve
Introduction
A Summary of Previous Results
First Application
Asymptotic Semi-Linear Sieve
Applications of the Asymptotic Semi-Linear Sieve
Shifted Primes as a Sum of Two Squares
Hyperbolic Prime Number Theorem
Prime Points on the Sphere – Secret Challenge

275
275
275
277
278
281
282
286
293

Chapter
15.1.
15.2.
15.3.
15.4.

15. Applications – Choice but not Prime
Squarefree Values of Quadratic Polynomials
Additive Convolution of Multiplicative Functions
Points on Elliptic Curves
Rational Points on a Cubic Surface

305
305
310
315
322

viii

CONTENTS

Chapter
16.1.
16.2.
16.3.
16.4.
16.5.

16. Asymptotic Sieve and the Parity Principle
Distribution Functions
The Basic Theorem
Proof of the Basic Theorem
The Parity Phenomenon
The Dichotomy in Action

331
331
332
333
337
338

Chapter
17.1.
17.2.
17.3.
17.4.

17. Combinatorial Identities
Introduction
Sample Combinatorial Identities
An Identity for Composite Numbers
A Further Identity

345
345
346
349
350

Chapter
18.1.
18.2.
18.3.
18.4.

18. Asymptotic Sieve for Primes
Combinatorial Transformations
Coupled Exponents of Distribution
Finessing Bombieri’s Sieve
Sifting for Primes in Lacunary Sequences

355
355
359
360
362

Chapter
19.1.
19.2.
19.3.
19.4.
19.5.

19. Equidistribution of Quadratic Roots
Equidistribution Modulo One
Equidistribution Modulo Primes
The Poincaré Series
Estimation of Linear Forms
Estimation of Bilinear Forms

373
373
374
376
380
381

Chapter
20.1.
20.2.
20.3.
20.4.

20. Marching over Gaussian Primes
Introduction
Large Sieve for Quadratic Roots
Level of Absolute Distribution
Level of Bilinear Distribution

383
383
384
386
388

Chapter
21.1.
21.2.
21.3.
21.4.
21.5.

21. Primes Represented by Polynomials
Introduction
Prime Values of Quadratic Polynomials in Two Variables
Primes Captured by X 2 + Y 4
Primes Represented by X 3 + 2Y 3
A Binary Polynomial of Higher Degree

395
395
396
397
399
402

Chapter 22. Level of Distribution of Arithmetic Sequences
22.1. Introduction
22.2. Primes in Arithmetic Progressions
22.3. Absolute Level for Additive Convolutions
22.4. Bilinear Level for Quadratic Polynomials
22.5. Truncations of Divisor Functions
22.6. Gaussian Sequences
22.7. Sum of Two Biquadrates
22.8. Binary Forms
22.9. Binary Cubic Forms with Twists
22.10. Level of Distribution Along Orbits

405
405
405
409
411
414
417
423
429
433
436

CONTENTS

22.11. Future Prospects

ix

440

Chapter
23.1.
23.2.
23.3.
23.4.
23.5.

23. Primes in Short Intervals
Introduction
The Sieve Argument
Estimates for Dirichlet Polynomials
Triple Products in Short Intervals
Level of Bilinear Distribution

441
441
443
444
450
452

Chapter
24.1.
24.2.
24.3.
24.4.
24.5.
24.6.
24.7.

24. The Least Prime in an Arithmetic Progression
Introduction
The Exceptional Case
A Parity-Preserving Sieve Inequality
Estimation of ψX (x; q, a)
Conclusion
Character Sums over Triple-Primes
Ghosts in the Sieve Opera House

453
453
454
457
459
461
461
464

Chapter
25.1.
25.2.
25.3.
25.4.
25.5.
25.6.

25. Almost-Prime Sieve
Introduction
Evaluation of the Weighted Sum
Richert’s Weights
Almost-Prime Values of Polynomials
Further Applications
Twin Almost-Primes

475
475
476
478
480
481
482

Appendix A. Mean Values of Arithmetic Functions
A.1. Simple Estimates
A.2. Asymptotic Formulas for Full Sums
A.3. Asymptotic Formulas for Restricted Sums
A.4. The Linear Case
A.5. A Main Term Computation
A.6. Evaluation of P(k) (x)
A.7. Evaluation of h(k) (x)
A.8. Congruence Sums

487
487
491
494
496
498
501
503
504

Appendix B. Differential-Difference Equations
B.1. Adjoint Equations
B.2. Zeros of the Adjoint Function
B.3. The Largest Zeros of the Adjoint Polynomial
B.4. An Example

507
507
511
513
516

Bibliography

519

Index

525

Preface
Libretto
What possesses us to write a book on sieve methods? Hopefully we have something to say that is worth listening to and, if we didn’t write it, maybe a little
something would be lost.
Many young people are drawn to mathematics and frequently what is most attractive to them are problems which are related to the most elementary objects, the
integers, the squares, and the primes. The sieve method, itself an elementary idea
two thousand years old, offers, even to the high school teenager, a natural approach
within her own compass. Many of our colleagues can relate to this experience, as
do we. Just as the student during his development acquires more sophisticated
tools and tastes, so has the subject of sieve methods itself; and, whereas it is the
elementary ideas that offer the initial attraction, it is the ability to infuse these
with the more advanced tools that brings joy in later life. One of our goals is to
transmit some of these joys to new investigators.
Eratosthenes, about 300 BC, is the first to be mentioned. His idea, illustrated
in Chapter 1, is essentially an algorithm for tabulating primes. Following a very
long gap, the subject was taken up by A. Legendre who gave a formula (Section 1.1)
for π(x). This was the beginning of the principle of inclusion-exclusion. Legendre’s
formula, however, is of very limited practical value and the ideas which were needed
to turn it into a useful instrument were initiated by V. Brun in 1915. He developed
his methods over the following decade before leaving the topic. We discuss his ideas
in Chapter 6. Such a late placement should alert the reader that we do not follow
a chronological order of sieve developments in this book.
The combinatorial complexity of Brun’s most advanced works inhibited later
researchers so that the subject did not receive the huge initial impetus that the
power of his ideas merited.
Brun’s results were improved considerably by A. Buchstab in the late 1930’s
using an iterative scheme, the basis of which has remained valuable to this day and
which is discussed in several chapters, especially Chapter 11.
A new impetus came to the subject with the ideas of A. Selberg in the late
1940’s (discussed in Chapter 7). His upper-bound sieve, which, following Selberg,
we call the Λ2 -sieve, is, in particular, very elegant in comparison with the earlier
Brun sieves. It is also considerably stronger in some respects, although subsequent
developments have shown that the strongest results are obtained by keeping both
the Λ2 -sieve and the combinatorial sieve in mind.
More recent progress has involved many new ideas and many names. Not only
has the theory of the sieve apparatus grown but it has developed enhancements
which permit the implementation of sophisticated results from harmonic analysis,
xi

xii
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from exponential sums, from arithmetic geometry, and from automorphic forms.
The reachable targets have expanded, not only from almost-primes to primes, but
also to questions of greater variety, for example to solutions of diophantine equations. We hope the contents of the book will speak for themselves.
Let’s take a quick run-through of the chapters. Although we follow roughly
the order of development of the subject there are significant detours. Thus, for
example, Bombieri who appears in Chapter 3 is thought to be somewhat younger
than Eratosthenes who appears in Chapter 4. The reader we hope has sufficient
mathematical maturity not to be troubled by this.
In Chapter 1, following the introduction to exclusion-inclusion and the formula
of Eratosthenes-Legendre, we give a number of examples of arithmetic problems
which can be attacked by the sieve. Although there are many we do not cover,
those presented here suffice to show the versatility of sieve ideas.
In Chapter 2 we present, still following the historical order, ideas (due to Dirichlet and Tchebyshev) which are of an elementary nature and which will be used in
sieve arguments. These are methods for evaluating sums of arithmetic functions of
convolution type and are based on changing the order of summation in the spirit of
the Dirichlet hyperbola method. A second purpose is the evaluation of sums and
products over prime numbers to which we shall need frequent reference. Further
results of this nature are postponed to Appendix A.
In Chapter 3 we develop Bombieri’s sieve which, despite the name, we consider
to be the transition between the preceding ideas of Tchebyshev and the sieve ideas
to follow. Consequently, although historically out of place, it seems to fit here
naturally. An understanding of these ideas should help the reader to appreciate the
magic of positivity in the sieves that are to follow. More importantly, the results
of this section offer the best way to view the parity phenomenon which lies at the
heart of the limitations of classical sieve theory.
We are now ready to start with the sieve. However, before entering the mainstream, we take the opportunity in Chapter 4, for historical reasons, to show the
extent to which the original sieve of Eratosthenes and Legendre can be developed
by today’s techniques. Surprisingly, these straightforward ideas can even lead to
asymptotic formulae under favourable conditions.
In Chapter 5 we introduce many of the basic sieve principles, terminology and
notation. To some extent, we have already out of necessity been doing this, even
in Chapter 1. However, at the risk of a little repetition, we want to gather these in
a single location for ease of reference. From the start, a serious impediment to an
understanding of the sieve has been the difficulty in coming up with a satisfactory
notation. The literature is littered with awkward choices. It is especially difficult
to be consistent throughout the presentation of a full-length book. We think the
reader is better served by the adoption of a notation which sacrifices uniqueness in
order to be more suggestive. Consequently, one finds slightly modified names for
similar objects. In such cases, the context helps to clarify the issue. The material in
the final few sections of Chapter 5 is of a more advanced nature but still deals with
general sieve principles so is appropriate to include before we get to specific sieve
procedures. Moreover, it is beneficial to see it inserted now, while the notation is
fresh, making its exposition more transparent.
In Chapter 6 we finally come to the real beginning of our story. Brun gave
up on the goal of finding asymptotic formulae and was willing to settle for upper
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and lower bounds. This allowed him, by positivity, to simply throw away many of
the pieces of the problem which he could not handle. The fact that the few pieces
remaining were enough to give useful results still today seems a miracle. Even
the simplest version of Brun’s sieve, which we present in the first section, produces
remarkable results. Although less than perfect, such results seem hopeless to derive
without the sieve by any modern means. In the following few sections we refine
the original constructions of Brun, not as he did, but following along his lines and
equipped with a good deal of hindsight. In particular, we take advantage of an
important observation due to Buchstab which, by iteration, produces a sequence of
successively stronger sieves. This idea will lead us later to the construction of sieves
which are optimal in the most important cases. Before we come to these strong but
complicated results, we give in Section 6.5 a simpler treatment, nevertheless, already
obtaining theorems of fundamental nature. The resulting upper and lower bounds
have the right order of magnitude and are sufficient for many, possibly most, of the
sieve applications in the general literature. In the final two sections we illustrate
some of these applications. In particular, the application in the last section gives a
glimpse of the techniques we shall use to go beyond the natural limitations of the
sieve. Along the lines of the earlier Section 6.8, which is needed to prepare for this,
one learns that it is useful to understand how the sieve mechanism works and not
merely the final statements of the theorems.
Returning to the theorem in Section 6.5, an important feature of the result is
the fact that the upper and lower bounds for the sifting function approach each
other, and at more than exponential speed, as the sifting range gets smaller. This
feature is of such importance throughout the subject that it merits the name by
which it has become known, “Fundamental Lemma”, a term which was coined by
Halberstam and Richert.
Chapter 7 is devoted to Selberg’s sieve. His upper-bound sieve, prompted
by his earlier work on the zeta-function, introduced ideas fundamentally different
from those of Brun. We discuss various features of the Selberg sieve at length. It
is distinguished not only by the power of the results but also by the elegance of
the arguments. The estimates are particularly strong when the sieve dimension
is large. This power is exploited brilliantly in the work of Goldston, Pintz and
Yildirim on small gaps between consecutive primes. Their argument is one case
where the Selberg sieve seems to be essential. In the final sections of the chapter
we show how these ideas work.
Given any upper-bound sieve, one can obtain a lower-bound sieve (and viceversa) by Buchstab’s recurrence formula. This possibility is particularly convenient
in the case of the Selberg upper bound which, unlike the situation with Brun, has
no natural lower bound counterpart. Ankeny and Onishi were the first to perform
this procedure. The resulting estimates, upper and lower, can be further improved
by iterations of the operation. Actually, it requires infinitely many such iterations
to obtain the best results in all ranges. We do not present these in the book beyond
the first iteration. In the case of the linear sieve, a combination of Selberg’s upperbound sieve with the construction of a combinatorial sieve of Brun’s type led Jurkat
and Richert to the essentially best possible upper and lower bounds for the sifting
function in all ranges. These are the same results as could have been obtained by
an infinite number of iterations. We shall also obtain the same results as Jurkat and
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Richert (in Chapter 11), but by a more direct construction, using the combinatorial
sieve.
An important problem in the theory of the sieve is concerned with the “sifting
limit”, that is, the maximal possible range for which one can get a positive lower
bound in a general setting. If κ denotes the dimension of the sieve problem it has
been conjectured that this sifting limit parameter should be 2κ (actually we shall
see that it is sometimes better). The results that we shall develop later show that
this indeed is true for κ = 1 and κ = 12 . For κ very large the results in this respect
were rather far from the truth until Selberg introduced a new combinatorial device
into his upper-bound sieve, giving bounds for the sifting limits which approach 2κ
as κ → ∞. We present his arguments (slightly modified) in Section 7.6.
There are interesting problems which require the removal of elements from
many residue classes per modulus. The combinatorial sieve proves to be quite
effective if the number of unwanted classes is small or at least bounded. On the
other hand, Selberg’s upper-bound sieve shows to advantage here in case the number
of classes is large or even increases with the modulus. For example, it is capable
of bounding correctly the numbers of squares by removing half of the classes for
each prime modulus. Here, the concept of sieve dimension is meaningless and the
Selberg sieve benefits from being insensitive to the sieve dimension. In Chapter 8
we give a number of applications of Selberg’s sieve in such circumstances.
There are, however, very different techniques for studying these “large sieve”
problems. In Chapter 9 we develop some of these techniques, discussing in Section 9.5 the extent to which they are related. Linnik originated the large sieve
theory. Over time, various alternative approaches and general formulations have
been developed, reaching the point that the subject is no longer recognizable as a
sieve. Nevertheless, the main statement retains the name “large sieve inequality”.
The most frequently used, among its many forms, is an inequality for trigonometrical polynomials at well-spaced points, which we establish in Theorem 9.1. The
main idea behind results of this type is the duality principle for linear operators on
a vector space.
An important example of well-spaced points is provided by the Farey fractions.
This example leads to estimates for character sums, both additive and multiplicative. The results are so strong that they compete with the consequences of the Riemann Hypothesis. Indeed, the large sieve inequalities for multiplicative characters
lead to bounds for the error term in the Prime Number Theorem in arithmetic progressions (Bombieri–Vinogradov theorem) which have served as an unconditional
substitute for the Riemann Hypothesis in many applications. This will be evident
in our frequent use of this theorem throughout. The Farey points are just the roots
of linear congruences. Another example of well-spaced points is given by the roots
of quadratic congruences and the large sieve produces powerful consequences; see
Propositions 20.5 and 20.7. A beautiful aspect of the large sieve inequality is that it
holds for character sums with general complex coefficients. This offers applications
inaccessible even to the Riemann Hypothesis. In the later sections of Chapter 9 we
derive several estimates for bilinear forms in arithmetic progressions which, due to
this generality, will be of great use to us later.
By this time, we feel it is appropriate to say a little more about the sieve weights.
Although introduced simply as tools to serve our purpose, these surrogates for the
Möbius function have an inner structure which is of interest on its own. Revealing
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such properties can also provide a greater understanding of the sieve mechanism.
In Chapter 10 we probe this “molecular” structure.
We have already seen in Chapter 6 the motivation for and construction of the
beta-sieve weights and their application to the Fundamental Lemma. Although
extremely powerful when one is not sifting very far, the results there suffer in
quality when the sifting range is large, which is the case in the most advanced
applications. This is not the fault of the choice of the weights but rather because
we used there some crude bounds which could be quickly executed and are sufficient
for the Fundamental Lemma. In Chapter 11 we reconsider the beta-sieve and work
a lot harder to determine the optimal value of β and, using that, the optimal upper
and lower bounds for the sifting function in all ranges. The analysis is very delicate.
It depends on the theory of differential-difference equations which we postpone to
Appendix B and, in particular, on a careful treatment of a sensitive convergence
question. We conclude the chapter with some applications of the results for the
fractional dimensions 0 < κ < 1. The most important cases of κ = 1 and κ = 12 are
given individual additional treatment in subsequent chapters.
In Chapters 12 and 13 we concentrate attention on the linear sieve, that is, the
sieve of dimension κ = 1. Because the upper and lower bounds are best possible
with respect to the main terms, as we illustrate in Section 12.3 using a construction
of Selberg, it makes sense to invest the effort to obtain sharpened secondary terms
which didn’t merit attention in the general development in Chapter 11. In particular, we expend considerable energy to get the best possible error term in the main
terms by using differential-difference equations especially designed for that purpose.
More importantly, we pay renewed attention to the remainder. We manage to give
the remainder in the shape of a bilinear form. This opens the possibility to apply
various techniques of harmonic analysis, such as given in Chapter 13, to obtain
estimates superior to those following from the traditional trivial treatment. Consequently, the results are stronger. The flexibility of ranges in our bilinear remainder
allows us to choose the parameters to fit the results of the harmonic analysis in the
best way. This new input from harmonic analysis to sieve theory makes the latter
less elementary but the rewards are great.
Chapter 13 is entirely devoted to the illustration of this input from harmonic
analysis for a variety of sifting sequences. First we consider the sequence of integers
in an arithmetic progression, use Fourier expansion of the remainder terms, apply
bounds for Kloosterman type sums, and conclude an upper bound for π(x; q, a)
which is quite strong, uniformly in large q. We then consider the sequence of
integers in a short interval and use similar analysis, but with exponential sums
suited to this sequence, getting similar improvements. Finally, we show how this
analysis can be combined with Tchebyshev’s method rather than the sieve to show
the existence, in the sequence, of integers having a large prime power factor. Here
we have only considered two of the simplest sequences. But harmonic analysis is
very versatile. A lot more will follow.
The beta-sieve with κ = 21 is called the semi-linear sieve and several of its
applications are featured in Chapter 14. In this case the sifting limit is β = 1 which
is the best that one could hope for in any sieve. This means that one can perform
sieving in the maximal range conceivable, right up to the level of distribution. The
lower and upper bounds given by the sifted sums are optimal. The example which
demonstrates this optimality is attractive from an arithmetic point of view. Indeed,
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we show the upper bound becomes an asymptotic for some interesting sequences,
such as the sequence of values of a binary quadratic form. The lower bound is
also very interesting, even when the exponent of distribution is as small as 12 , in
which case it just misses in general to give the desired output. Moreover, in many
cases it can, with additional arguments, be made to do so. For example, when the
sifting sequence consists of shifted primes we do have exponent of distribution 12 ,
due to the Bombieri–Vinogradov theorem, and we conclude that shifted primes are
representable, for example by sums of two squares, infinitely often.
Another interesting instance which involves a double application of the semilinear sieve arises in the study of primes represented by polynomials over varieties.
We give in Theorem 14.10 an example wherein one can derive bounds of the correct
order of magnitude provided the level of distribution is sufficiently good. The
level needed is not yet known to hold but is weaker than the Elliott–Halberstam
conjecture. In addition to its applications to prime number problems the semilinear sieve proves to be a powerful tool for the study of diophantine problems.
We show how this works for cubic surfaces. The arguments exemplify once again
that one can accomplish more with an imaginative transformation of sieve results
as compared to a direct application of the theorems.
The versatility of the sieve shows itself not only in its adaptation to different
mathematical techniques but also in its applicability to differing arithmetic goals.
In Chapter 15 we consider a few problems which at first glance may seem quite
outside the compass of the sieve.
In the next Chapter 16 we switch from practical aspects to a question of great
theoretical importance, the parity problem of the linear sieve. As mentioned earlier, this phenomenon is most clearly visible when examined in the context of the
Bombieri sieve and so we follow closely his treatment. This requires considerable
generalization of the results of Chapter 3 so as to provide a wider class of test
functions. Such general results, when confronted with Selberg-type examples, reveal that one cannot produce primes within the framework of the classical sieve.
Actually, the parity phenomenon reveals even further limitations.
Chapter 17 deals with combinatorial identities for primes and related arithmetical functions. The subject received its impetus from Vinogradov who, like Brun,
took his inspiration from the Eratosthenes sieve. Although not, strictly speaking, a
part of sieve methods the ideas are closely related and the results play an important
supporting role in modern sieve theory. The objective of these identities is to create
from sums over primes, by replacement, sums of special linear forms and bilinear
forms. These identities are truly of a combinatorial nature, as opposed to identities
such as Poisson summation, obtained by analytic transformations. It is amazing
how such simple transformations, obtained by merely adding and subtracting terms,
can be so powerful that they lead to asymptotic formulas for sums over primes in
many sequences. The point is that, by decomposing in this fashion, one may apply
different types of analytic arguments to different pieces, none of which would be
appropriate for all. It is interesting to compare at this point Brun’s decomposition
with that of Vinogradov. The latter has the advantage, when it works, of producing
asymptotic formulas. Brun’s decomposition, which is also into special linear forms
and bilinear forms, has been cleverly chosen so that all the bilinear forms appear
with the same sign. Therefore, they can be discarded by positivity and this offers
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the possibility of successful bounds (but not asymptotic formulae) even in cases
when some of the parts are inaccessible to analysis of any kind.
Brun’s decomposition could be regarded as a combinatorial identity, à la Vinogradov, were we not to discard the relevant bilinear forms. In fact, we can and
do reclaim some of these terms, getting results beyond the classical framework.
Therefore, one can consider modern sieve theory as standing between the two.
Vinogradov’s original decomposition has over the years been replaced by much
simpler variants and in this chapter we give a panorama of identities of this type.
Similar in principle, they nevertheless have different features which can make one
or the other more convenient in specific cases.
In Chapter 18 we develop some further combinatorial identities, designed for
application to specific problems in Chapters 19 and 21. These identities have the
added feature that they contain pieces which we shall be unable to properly evaluate, but which fortunately have zero measure in the decomposition so that, for
these, a crude sieve upper bound will suffice. The fact that we can put aside these
zero measure parts makes the other parts just barely fit to the analysis. Without
this feature we would fail. In fact we are, in this situation, very close to the combinatorial identity end of the spectrum but we succeed only by moving the tiniest
little bit in the direction of the sieve. We should like to point out that the Fundamental Lemma is essential in this sort of “asymptotic identity”. We state the
main results of this chapter as formulae for sums over primes in terms of special
linear forms, bilinear forms and small terms. To complete the job in any given
case one does not need to look back into the machinery but only to estimate the
forms. One may consider these identities as an axiomatization of the asymptotic
sieve for primes. The linear form part is classical, while the bilinear form part is
the new axiom by means of which one breaks the parity barrier. In Theorem 18.6
one sees clearly what is missing in the Bombieri sieve in the case k = 1, in other
words, the reason it failed for primes. The treatment of the bilinear forms in the
asymptotic sieve for primes, no matter what methods are used, ends up with sums
over primes or the Möbius function, but without restrictions, and so the theory of
L-functions applies. Therefore, the asymptotic sieve for primes produces primes in
special sequences because it reduces the question to primes in regular sequences.
In Chapter 19 we apply one of the asymptotic identities of the previous chapter
to establish the equidistribution of roots of a quadratic polynomial to prime moduli.
What still needs to be done is to verify the axioms, and that is the bulk of the
problem. To this end we apply harmonic analysis, this time the spectral theory of
automorphic forms which is stronger and more appropriate to this problem than is
classical Fourier analysis. This application shows clearly that modern sieve theory
does not live on its own. It draws strength from external sources and its ability to
adapt to do so is the essence of its current success and the key to its future growth.
In Chapter 20 we give another application of the asymptotic sieve for primes,
this time to primes p = ℓ2 + m2 with ℓ in an arbitrary but relatively dense set,
such as, for example, the primes. Along the way we need to establish a large sieve
inequality for “quadratic Farey points”. We shall need this type of inequality again.
In Chapter 21 we present some results concerning the multiplicative structure
of polynomials in two variables. These polynomial sequences are rather sparse and
sieve theory has only begun to scratch the surface. In the case of the polynomials
X 2 +Y 4 and X 3 +2Y 3 one is able to produce primes. In our third example X 2 +Y 6
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only the first difficult step has been successfully treated, namely the divisor function
τ3 . Even for these few successes, the technical details are far too lengthy to include
in this book. The sieve aspects for X 2 +Y 4 have already been treated in Chapter 18
and we briefly discuss here those for X 3 + 2Y 3 . We also point out some interesting
results established in the course of the proofs.
One may say that the theory of the sieve can be divided into two basic components. The first of these is the search for sieve weights which give results as strong
as possible for the main term without causing havoc for the remainder. The main
ideas used are partly combinatorial and partly analytic. Any set of sieve weights
reduces the problem of finding, say primes, to the problem of finding a very good
level of distribution for the congruence sums (and bilinear forms). It is in relation
to this second component that an infusion of ideas from many parts of mathematics has proved to be particularly fruitful. In Chapter 22 we demonstrate a number
of such achievements. A great challenge is provided by sparse sequences and we
concentrate on these, for example, sums of two biquadrates. The problem becomes
more acute for a general polynomial in several variables and for varieties of high
dimension. Here, it is not even obvious in which order to count the points, less so
even to guess which varieties should possess primes and, if so, how many of them.
We highlight very recent work of Bourgain, Gamburd and Sarnak which captures
much of the essence of these issues and solves some of the problems.
In Chapter 23 we apply the linear sieve to estimate from below the number of
primes in a short interval. As in many other places, we do not attempt to present
the most advanced results. The point we wish to make is that one can go further by
combining the sieve with analytic tools than did the earlier results on this problem
which applied zeta-function techniques alone. The extra advantage coming from
the sieve is the added flexibility it brings to the theory of Dirichlet polynomials.
This flexibility is sufficiently great that we could entirely dispense with the zerodensity estimates. As did Hoheisel, we still need a good zero-free region, which is
implicitly responsible for allowing us to break the parity barrier of the linear sieve.
In the ensuing Chapter 24 we address the problem of the least prime in an
arithmetic progression. This is analogous to the Hoheisel problem but, as is well
known, it is much more difficult and requires sophisticated new ideas. Our goal
is to prove Linnik’s theorem using ideas from sieve theory and as little else as we
can get away with. Especially, we succeeded in avoiding any use of the repulsion
phenomenon of Deuring-Heilbronn and the log-free zero-density theorems for Lfunctions which are centrepieces of the previous proofs. That we could do so is
largely due to combinatorial arrangements in the sieve decomposition. As in all
proofs, the arguments split into two cases. In our sieve treatment the case when
the exceptional character χ mod q exists is particularly attractive. Rather than
considering the sequence of integers in the progression a mod q we apply the sieve
to that sequence weighted by 1 ∗ χ. In this illusory circumstance our sequence is
rather lacunary. One would think that our task would be harder but in fact it is
easier. The point is that, by weighting in this fashion, we have implicitly performed
a preliminary sieve (of relatively small level) which has killed so many prime divisors
that what is left to do in the second step is sieve by a very sparse set of primes.
Hence, that becomes a problem of sieve dimension zero. So, no surprise that we
succeeded. The arguments involving the exceptional character hold within a quite
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general framework and are of a pleasing sieve-theoretic flavor so we examine them
further in the final section of the chapter.
Despite our best efforts, in the most famous problems it is still impossible to
produce primes. Right from Brun’s early work, there have been results producing
“almost-primes” and an interest in reducing as far as possible the number of prime
factors. Any lower bound for S(A, z) of the right order gives plenty of these.
However, as first noticed by Kuhn, one can do better in reducing the number of
factors by attaching to the sequence certain weights of a combinatorial nature which
are negative at unwanted elements. There has been considerable development in the
art of choosing these weights and the most powerful choices are due to G. Greaves.
We use in Chapter 25 a simpler earlier construction due to Richert, which is still
quite powerful. We strengthen it further by implementing within it the new shape of
the linear sieve having bilinear remainder. Consequently, using harmonic analysis,
we succeeded in many cases to get results which surpass not only the earlier ones
but, more importantly, even those which are conjectured to be the limit for such a
weighted sieve in the traditional setting.
The book ends with two appendices. The first one delivers standard but muchneeded asymptotics for sums of multiplicative functions and related results. In some
of these asymptotics the main terms involve functions which are most conveniently
described as continuous solutions to certain differential-difference equations. There
is a large theory concerning such equations and such equations occur in many places
in sieve theory and elsewhere. In the second appendix we present what we need.
We had a number of goals in writing this book. Foremost among them, we
would like to encourage young people to study the subject. In doing so it would be
very helpful, in case they do not already have the relevant background, to have at
hand some books on analytic number theory, such as [9], [28], [109], [129], [132].
An inexperienced reader may find it helpful to also consult some classic texts in sieve
theory, such as the first few chapters of [79] or of [76]. For experienced readers, we
also recommend the article of Selberg [145] as a companion to the more theoretical
aspects of our book.
We do intend the book also for more experienced readers, especially from other
parts of number theory and mathematics, whether to master the subject or to learn
those parts they need for application. We made an effort to make the book a handy
reference for theorems and techniques. Experience shows, however, that frequently
the theorems available are not precisely in the form that is wanted for a particular
application. So, it is important to be in command of the ideas behind the theorems
in order to perform the necessary adjustments, sometimes small and sometimes not
so small.
A word of warning. A lot of ground is covered and the shortest route is not
always chosen. The book is intentionally not written in a linear order. Some topics
require tools developed later, some topics are discussed before earlier discoveries
and some topics are more difficult than others which are treated later. Don’t get
discouraged! Although we hope that very few readers will choose to take a minimal
route, an exceedingly bare-bones introduction to the subject can be attempted by
means of Sections 1.1–1.3, Sections 5.1–5.8, Sections 6.1–6.5 and 6.9, and finally,
Sections 7.1, 7.4–7.6 and 7.8–7.12.
On the other hand, we did not intend to make the book encyclopaedic. The
subject of sieve methods has undergone tremendous growth in the past few decades,
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especially when it comes to applications, many of them highly interesting. Already
on their own, Erdös and his collaborators are responsible for dozens of these. Reluctant choices needed to be made, including omission of some personal favourites
of the authors. Inevitably, there are instruments which we do not allow to perform
in our opera. Nevertheless, we hope that there will be readers who find plenty of
interesting points and will devote their time to the further development of the subject. Not least, we hope we have succeeded in conveying to many an appreciation
of the music that is the sieve.

* *
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, Le crible d’Eratosthene et le théorème de Goldbach, Skr. Norske Vid.-Akad. Kristiana (1920), no. 3, 36.
18.
, Das Sieb des Erathosthenes, 5. Skand. Mat. Kongr., Helsingfors (1922), 197–203.
19. A. A. Buchstab, New improvements in the method of the sieve of Eratosthenes, Mat. Sbornik
4 (1938), 375–387.
20. F. Châtelet, Points rationnels sur certaines surfaces cubiques, Les Tendances Géom. en
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This is a true masterpiece that will prove to be indispensable to the serious researcher for many years to come.
—Enrico Bombieri, Institute for Advanced Study
This is a truly comprehensive account of sieves and their applications, by two of
the world’s greatest authorities. Beginners will find a thorough introduction to the
subject, with plenty of helpful motivation. The more practised reader will appreciate
the authors’ insights into some of the more mysterious parts of the theory, as well as
the wealth of new examples.
—Roger Heath-Brown, University of Oxford, Fellow of Royal Society
This is a comprehensive and up-to-date treatment of sieve methods. The theory of
the sieve is developed thoroughly with complete and accessible proofs of the basic
theorems. Included is a wide range of applications, both to traditional questions such
as those concerning primes and to areas previously unexplored by sieve methods,
such as elliptic curves, points on cubic surfaces and quantum ergodicity. New proofs
are given also of some of the central theorems of analytic number theory; these
proofs emphasize and take advantage of the applicability of sieve ideas.
The book contains numerous comments which provide the reader with insight into
the workings of the subject, both as to what the sieve can do and what it cannot do.
The authors reveal recent developments by which the parity barrier can be breached,
exposing golden nuggets of the subject, previously inaccessible. The variety in the
topics covered and in the levels of difficulty encountered makes this a work of value
to novices and experts alike, both as an educational tool and a basic reference.
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