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This volume is dedicated to John H. Conway
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Preface

The Classification of Finite Simple Groups, one of the most monumental ac-
complishments of modern mathematics, was announced in 1983. The proof was
finally completed in 2004 with the publication of the Aschbacher-Smith two vol-
ume set “The classification of quasithin groups”. Since then, it has opened up a
new and powerful strategy to approach and resolve many, previously inaccessible
problems in group theory, number theory, combinatorics, coding theory, algebraic
geometry, and other areas of mathematics. This strategy crucially utilizes various
information about finite simple groups, part of which is catalogued in the “Atlas of
Finite Groups” (John H. Conway et al.), and in “An Atlas of Brauer Characters”
(Christoph Jansen et al.). It is impossible to overestimate the roles of the Atlases
and the related computer algebra systems in the every day life of researchers in
many areas of contemporary mathematics. The main objective of the conference
“Finite Simple Groups: Thirty Years of the Atlas and Beyond” was to discuss
numerous applications of the Atlases and to explore recent developments and fu-
ture directions of research, with focus on the interaction between computation and
theory and applications to number theory and algebraic geometry. The first day
of the conference was dedicated to John H. Conway and to celebrate many of his
fundamental contributions to the area.

The conference was held at Princeton University, November 2–5, 2015, and
brought together most of the leading researchers working in the theory of finite
(simple) groups, their representations and maximal subgroups, as well as in their
applications to other areas of mathematics. The talks presented a comprehensive
survey on current research in all of these fields. We are very pleased that most
of the invited speakers agreed to contribute a survey article or a short research
article to this volume, which, as a result, demonstrates the great variety of topics
presented at the meeting.

The papers are grouped together according to topics. Our collection begins with
three articles related to one of the most fascinating objects in finite group theory, the
Monster group. The first paper, by He and McKay, puts forward another numerical
coincidence along the lines of the famous Moonshine Conjectures prompted by an
observation of McKay. The second paper by Norton describes various intriguing
properties of the Monster that have not appeared in print before. The third, by
Ivanov, sets out a set of axioms that are satisfied by the Monster algebra constructed
by Griess, and proposes the classifications of such algebras.

The next group of three articles is concerned with character tables of finite sim-
ple groups. In a Harvard lecture delivered in April 2015, Jean-Pierre Serre brought
up the issue of missing proofs for the information contained in the Atlas, in partic-
ular with respect to the character tables, thus raising the question of the reliability
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of the Atlas. Serre summarized his concerns in a letter to Donna Testerman, which
is reprinted in this proceedings. Serre’s criticism has been addressed by Breuer,
Malle and O’Brien, and the outcome of their verification program is documented in
their article. In fact, these authors recomputed all but six of the character tables
of bicyclic extensions of simple groups contained in the Atlas and found them to
be correct. On the other hand, the computation of a character table not printed
in the Atlas, namely that of the universal covering group of the twisted group
2E6(2), is described in Lübeck’s article, which also discusses some applications to
the computation of the Brauer trees for this group.

One other main body of information contained in the Atlas is the description
of maximal subgroups of the listed groups. In this collection there are five articles
related to the subgroup structure of finite simple groups. The survey article by
Wilson summarizes the state of the art with respect to the classification of the
maximal subgroups of the sporadic groups. The contribution by Curtis reports
on a systematic way to construct a series of subgroups of Conway’s largest group.
The article by Gill et al. explores and extends ideas of Conway to describe certain
configurations arising in sporadic groups by combinatorial puzzles. There are two
survey articles on the maximal subgroups project for all finite almost simple groups.
The first one, by Aschbacher, sets out the principal strategy. The second one, by
Magaard, discusses in great detail the remaining subtle questions that have to be
solved in pursuing Aschbacher’s approach.

Two contributions by Carlson and Navarro report on influential current lines of
research in representation theory of general finite groups, and show in particular the
relevance of the representation theory of the finite simple groups to these questions.

Of fundamental nature is the paper by Geck, who describes his recent discovery
of a simple, uniform construction of the Chevalley groups, based on Lusztig’s theory
of canonical bases. More on the general side of group theory is the article by Nebe
et al., who report on a new method to construct finite permutation representations
of finitely presented groups. The power of the new methods is demonstrated by
some worked out impressive examples.

The remaining articles report on the numerous ways the classification of the
finite simple groups and their representations and subgroups are used in various
investigations in and outside group theory. The contribution by Liebeck is a survey
on character ratios of finite simple groups and applications to random walks, cov-
ering numbers, mixing time and representation varieties. Similarly, Shalev’s article
reports on recent progress in the understanding of conjugacy class growth in finite
simple groups and applications to a conjecture by Thompson, once more to ran-
dom walks, and to communication complexity. The last article of this collection,
by Waldecker, provides a survey on the classification of finite permutation groups
in which the non-trivial elements have at most four fixed points. This project is
motivated by the investigation of automorphism groups of Riemann surfaces.

We expect that this volume will be of interest to all mathematicians, including
advanced graduate students, who work in algebra, group theory, representation
theory, as well as in adjacent areas of combinatorics, coding theory, number theory,
and algebraic geometry.
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