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The mile high magic pyramid∗
A. Anastasiou, L. Borsten, M. J. Duﬀ, A. Marrani, S. Nagy, and M. Zoccali
Abstract. Using a uniﬁed formulation of N = 1, 2, 4, 8, super Yang-Mills
theories in D = 3 spacetime dimensions with ﬁelds valued respectively in
R, C, H, O, it was shown that tensoring left and right multiplets yields a
Freudenthal magic square of D = 3 supergravities. When tied in with the
more familiar R, C, H, O description of super Yang-Mills in D = 3, 4, 6, 10 this
results in a magic pyramid of supergravities: the known 4 × 4 magic square at
the base in D = 3, a 3 × 3 square in D = 4, a 2 × 2 square in D = 6 and Type
II supergravity at the apex in D = 10.

1. Introduction
In this contribution we describe two very diﬀerent “products”, deﬁned on two
ostensibly unrelated classes of objects, which live in two seemingly disconnected
worlds. Nonetheless, they will be shown to meet in an unexpected display of unity.
The ﬁrst is the idea that gravity is, in certain regards, the product of two YangMills gauge theories: “Gravity=Gauge×Gauge”. This is clearly a radical proposal,
yet there is growing body of supportive evidence in a range of contexts, from scattering amplitudes [17, 18, 24] to black hole solutions [35, 80]. While the ultimate
signiﬁcance of this program remains to be seen, the proliferation of surprising and
illuminating insights uncovered thus far, such as unanticipated cancellations in perturbative quantum gravity [20], compels further serious consideration.
One such surprise brings us to our second incarnation of “product”, this time
arising in a purely mathematical context. The three associative normed division
algebras, R, C, H, provide a concise uniﬁed geometric picture of the classical simple
Lie algebras, so(N ), su(N ), usp(2N ), as the isometry algebras of real, complex and
quaternionic projective spaces. The ﬁnal, non-associative, normed division algebra,
O, does the same for the exceptional Lie algebra f4 ; it constitutes the isometry
algebra of the octonionic projective plane. To proceed further we are required
to consider the tensor product of pairs of normed division algebras, A ⊗ Ã, for
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A, Ã = R, C, H, O. By doing so we arrive at the Freudenthal-Rosenfeld-Tits magic
square [47, 48, 84, 89, 90], a symmetric 4 × 4 array M(A, Ã) of semi-simple Lie
algebras, with the exceptional algebras f4 , e6 , e7 , e8 given by the four octonionic
entries, A ⊗ O and O ⊗ Ã.
Through the relationship between supersymmetry and normed division algebras, we shall see that this mathematical magic square is reproduced precisely by
the square of supergravity theories generated by the product of N = 1, 2, 4, 8 super
Yang-Mills theories in D = 3 spacetime dimensions [29]. Our physical and mathematical magic squares are one and the same! Through the relationship between
spacetime symmetries and normed division algebras, this is seen to be but the base
of a magic pyramid of Lie algebras and, equivalently, supergravity theories [1].
2. Physics background
We begin by introducing the physics background necessary to understand the
subsequent material. The purpose is to present the basic principles of supersymmetry and use them to sketch the classiﬁcation of super Yang-Mills and supergravity
multiplets with particular emphasis on their global internal symmetries. Then, we
introduce the idea of formulating supergravity theories as products of (possibly
distinct) pairs of super Yang-Mills theories. We use an explicit example to demonstrate how the symmetries of the factors combine to form those of the corresponding
supergravity. As a motivation for the next section, we close with an observation
relating gravity as the square of Yang-Mills to the mathematical magic square.
2.1. Supersymmetry. Supersymmetry [51,82,93,95] exchanges bosons and
fermions and, consequently, supersymmetric theories have an equal number of
bosonic and fermionic degrees of freedom. In particular, minimal super Yang-Mills
theory (sYM) has supersymmetry transformations given schematically by,
(2.1)

δA ∼ ¯ψ,

δψ ∼ F/ ,

/ = γ μ1 ···μp Xμ1 ···μp and
where A is the local gauge potential, F = dA + A ∧ A, X
ψ is the fermionic superpartner to A, typically referred to as a gluino. Note, the
fermionic supersymmetry transformation parameter, , is global for sYM, whereas
for supergravity it is local,
(2.2)

δgμν ∼ ¯(x)γ(μ Ψν) ,

δΨμ ∼ ∂μ (x) + · · · .

Here, gμν is the graviton (metric) and Ψμ its fermionic superpartner, the gravitino.
For a textbook introduction to supersymmetry and supergravity see [94]. For a
more mathematical treatment see [91].
The supersymmetry transformations are induced by fermionic generators, Q,
which obey (anti)-commutation relations and enhance the spacetime Poincaré algebra as summarised in 1. The number of independent supersymmetry generators is
indicated by the index I = 1, . . . , N parametrising the deﬁning representation of the
derivations of the supersymmetry algebra, referred to as R-symmetry, commuting
with the Poincaré algebra.
It is possible to classify these algebras according to the spacetime dimension
D; to do so, one has to study the associated Cliﬀord algebras and ﬁnd the set of
Lorentz invariant constraints that can be simultaneously imposed on the spinors.
The results follow the well known Bott periodic pattern and are summarised in 2.
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Table 1. The super-Poincaré Lie algebra.

Poincaré

Supersymmetry

R-symmetry

[M[μν] , M[ρσ] ]

{QαI , QM
β }

[T (R) , QIα ]

= ηνρ M[μσ] − ημρ M[νσ] − ρ ↔ σ

= − 21 δIM (γμ )αβ P μ + (. . . )

[Pμ , M[νρ] ] = Pρ ημν − Pν ηρμ

[M[μν] , QIα ] =

[Pμ , Pν ] = 0

[Pμ , QIα ] = 0

1
(γ ) β QIβ
2 μν α

= −(R)I M QM
α
[T (R) , M[μν] ] = 0
[T (R) , Pν ] = 0

Table 2. Minimal spinors and R-symmetry algebras. The total
number of d.o.f. carried by the supersymmetry generators is called
the number of supercharges. It is indicated by Q and it is the
product of N and the real d.o.f. (cf. 4th column) carried by a
single minimal spinor (cf. 3rd column). Note, we associate to each
dimension a (direct sum of) division algebra(s) denoted D.

D

Minimal spinor

Reality
property D

Real
d.o.f.

so(D − 2)

Representation

R-symmetry

11

Majorana (odd)

R

32

so(9)

16

so(N )

10

Majorana Weyl

R⊕R

16

so(8)

8s and 8c

so(N ) ⊕ so(Ñ )

9

Majorana (odd)

R

16

so(7)

8

so(N )

8

Majorana (even)

C

16

su(4)

4⊕4

u(N )

7

Symplectic

H

16

usp(4)

4

usp(2N )

6

Symplectic Weyl

H⊕H

8

2usp(2)

(2, 1) and (1, 2)

usp(2N )⊕usp(2Ñ )

5

Symplectic

H

8

usp(2)

2

usp(2N )

4

Majorana (even)

C

4

u(1)

(+1/2)⊕(−1/2)

u(N )

3

Majorana (odd)

R

2

1

1

so(N )

With these tools in hand we can sketch how one can classify all possible pure
super Yang-Mills multiplets. For a detailed account of this procedure for all supermultiplets in spacetime dimensions D ≤ 11 see [86]. For example, in D = 4, the supercharges are used to construct creation/annihilation operators, which raise/lower
the helicity of the state they act on. One can build the full spectrum of a super
Yang-Mills multiplet by starting with the (−1) helicity vector and acting repeatedly with a supersymmetry raising operator. The anti-commutation nature of the
supersymmetry algebra restricts the number of times one can act with the operators to N . If the highest state of helicity (+1) is not reached then the multiplet is
not CPT complete (for a reference, see [87]), and the CPT conjugate states must
be added in. Note, however, that since we have an upper bound of helicity (+1)
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Table 3. The super-Yang-Mills theories in 3 ≤ D ≤ 10. We use
the notation VN to denote a vector multiplet with N supersymmetries. The theories are labelled by their content as well as by
their global internal symmetry algebra int. Theories belonging to
the same vertical line can be obtained by toroidal compactiﬁcation.

D

Q = 16

Q=8

Q=4

10

1
V(1,0)

9

1
V1

8

u(1)
V1

7

usp(2)
V1

6

2usp(2) or usp(4)
V(1,1) or T(2,0)

usp(2)
V(1,0) or T(1,0)

5

usp(4)
V2

usp(2)
V1

4

su(4)
V4

u(2)
V2

u(1)
V1

3

so(8)
V8

3so(3)
V4

2so(2)
V2

Q=2

1
V1

this leads to an upper bound on N giving N = 4 as the maximal super Yang-Mills
theory in D = 4. With the D = 4 classiﬁcation in hand one can use dimensional
reduction/oxidation to classify all super Yang-Mills theories in 3 ≤ D ≤ 10 as
summarised in 3.
Note that the Yang-Mills action functional is invariant under an internal1 symmetry algebra int, which is identical to the R-symmetry algebra, except in the
following cases:
• In D = 4 the maximal theory is CPT self-conjugate because the raising
procedure builds the full multiplet without the need of adding the CPT
conjugate states. A consequence of this is that the u(1) part of the Rsymmetry cannot be supported.
• Since we are working with massless on-shell states, vectors dualise to
scalars in D = 3. As a result, in the N = 2, 4 there is an enhancement of
R to the full int as indicated in the last row of 3.
One can follow the same raising procedure for a lowest helicity state (−2) corresponding to that of a graviton and obtain the spectrum of a supergravity multiplet.
1 In
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It is simple to see that the maximal multiplet (in the sense that we restrict to helicity ≤ 2) corresponds to Q = 32. For example, this leads to N = 8 supergravity in
D = 4 and the unique N = 1 supergravity in D = 11. For N > half-maximal there
is a unique supergravity, but in general the classiﬁcation of supergravity theories is
rather involved and the details of this are well beyond the scope of this article; for
a comprehensive account see [85]. What we are interested in here are the symmetries of the supergravity theories and this is what we will brieﬂy discuss now. The
scalars of a supergravity theory parametrise a target space called the scalar manifold, which in all cases of interest here will be a Riemannian symmetric space G/H,
for G a non-compact semi-simple Lie group and H its maximal compact subgroup.
In the context of supergravity, G corresponds to the global internal symmetry group
of the theory, also referred to in the physics literature as the U-duality group due
to its relation to the U-dualities of M-theory, while H corresponds to its maximal
compact subgroup. Alternatively, H can be thought of as the largest subgroup of G
linearly realised on all ﬁelds of the supergravity theory. For a review on symmetric
scalar manifolds in this framework, see [46].
2.2. Gravity as the square of Yang-Mills. The idea that gravity, in certain
respects, can be re-conceived as the product of two Yang-Mills gauge theories has
undergone a renaissance over the last decade, initiated by the remarkable BernCarrasco-Johansson double-copy amplitude construction [16–25]. There is now an
extensive array of gravitational theories and phenomena admitting a Yang-Mills
squared origin. See for example [4, 6, 7, 12, 13, 28, 34–42, 44, 49, 50, 61, 66, 67,
73–76, 78–81, 97] and the references therein.
The basic intuition is conveyed by the illustrative “product”:
(2.3)

Aμ (x) “⊗” Ãν (x) = gμν (x) + · · ·

Here, Aμ and Ãν are the gauge potentials of two distinct Yang-Mills theories,
which we will refer to as Left and Right, respectively. From now on, all ﬁelds in
the Right theory will be denoted with a tilde to distinguish them from those in
the Left theory. In fact, the product “⊗” appearing in (2.3) can be made precise
for arbitrary spacetime ﬁelds, belonging to a very general class of gauge theories,
to linear approximation [4]. However, here it will suﬃce to conﬁne our attention
to the conventional tensor product of the corresponding on-shell massless states,
which carry representations of the Lie algebra so(D − 2) of the spacetime little
group, as well as the internal global symmetry algebra int and the internal local
gauge algebra.
Upon squaring, the Left and Right spacetime little group algebras are identiﬁed,
while the internal algebras remain independent. Hence, the product states are
˜
(so(D − 2) ⊕ int ⊕ int)-modules.
In particular, the on-shell metric corresponds to a
rank-2 symmetric traceless tensor of so(D − 2) originating from the tensor product
of two so(D − 2) vectors, which correspond to the on-shell states of the Left and
˜
Right gauge potentials (which are always singlets under int and int).
It follows
˜ constitutes a sub-algebra of h, where h is the Lie algebra of H. As
that int ⊕ int
˜ gets enhanced to the full h, where the extra generators
explained in [1, 6, 7], int⊕ int
are schematically given by the tensor product of the Left and Right supersymmetry
generators, Q ⊗ Q̃.
Of course, the resulting gravitational states must be scalars under the gauge
groups G× G̃. In order to enforce this, we conjecture [29] that the product involves,
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apart from the Left and Right super-Yang-Mills, another ﬁeld which we call the biadjoint spectator scalar, Φ. Note, the spectator ﬁeld has proven crucial in a number
of related, yet distinct, realisations of the “gravity = gauge × gauge” paradigm
[33, 60, 74, 79]. In this context, Φ allows for arbitrary and independent G and G̃ at
the level of spacetime ﬁelds. Moreover, it turns out to be essential for reproducing
the local symmetries of (super)gravity from those of the two (super) Yang-Mills
factors to linear order [4–6, 28] as well as ensuring that the functional degrees of
freedom can be correctly matched.
Let us put these ideas into practice through the canonical D = 4 example
of N = 8 supergravity as the product of two N = 4 super Yang-Mills theories.
The states of the Left (Right) multiplet are labelled by their helicity charges q
(q̃) under so(2) ∼
= su(4)
= u(1)st and their representation under the internal int ∼
˜ ∼
(int
su(4)).
According
to
the
discussion
above,
the
resulting
gravity
ﬁelds
should
=
carry representations under:
u(1)st ⊕ su(4) ⊕ su(4) ⊕ u(1)d , where qst = q + q̃ and qd = q − q̃.

(2.4)

The u(1)d factor above, which is special to the case of D = 4, is observed to be
a required symmetry of the gravitational theory in the case of symmetric scalar
manifolds [1, 6, 41].
Using these rules we perform the squaring calculation2 as in 4. By collecting
Table 4. Squaring table for V4 ⊗ Ṽ4 in D = 4. The pairs (x, x̃)
˜ ∼
denote the int ⊕ int
= su(4) ⊕ su(4) representations carried by
the supergravity states. The subscripts (superscripts) denote the
u(1)st (u(1)d ) charge, qst (qd ), carried by the states.

V4 \Ṽ4

1−2 + 12

4−1 + 41

60

1−2 + 12

(1, 1)04 + (1, 1)0−4 +
(1, 1)40 + (1, 1)−4
0

(1, 4)31 + (1, 4)−3
−1 +
(1, 4)−1
+
(1,
4)13
−3

(1, 6)22 + (1, 6)−2
−2

4−1 + 41

3
(4, 1)−3
1 + (4, 1)−1 +
(4, 1)1−3 + (4, 1)−1
3

(4, 4)0−2 + (4, 4)02 +
2
(4, 4)−2
0 + (4, 4)0

1
(4, 6)−1
−1 + (4, 6)1

60

2
(6, 1)−2
2 + (6, 1)−2

(6, 4)1−1 + (6, 4)−1
1

(6, 6)00

states of a given helicity we see that there is an obvious enhancement of su(4) ⊕
su(4) ⊕ u(1)d ⊃ su(8) such that each helicity state carries the correct N = 8
supergravity representation:
(2.5)

Graviton:

(1, 1)0

→

1

(2.6)

Gravitini:

(4, 1)1 + (1, 4)−1

→

8

(2.7)

1-form:

(6, 1)2 + (1, 6)−2 + (4, 4)0

→

28

(2.8)

Spinors:

(4̄, 1)3 + (1, 4̄)−3 + (6, 4)1 + (4, 6)−1

→

56

(2.9)

Scalars:

(1, 1)4 + (1, 1)−4 + (4̄, 4)2 + (4, 4̄)−2 + (6, 6)0

→

70

2 Here

Licensed to AMS.

and henceforth we double the u(1)st charge, for notational convenience.

THE MILE HIGH MAGIC PYRAMID

7

Since the scalars transform irreducibly under su(8), the scalar manifold is necessarily locally homogeneous [8, 41]. Moreover, as explained above, the presence
of the global u(1)d implies that the coset is symmetric. The unique non-compact
candidate for g is then e7(7) , the global symmetry algebra of N = 8 supergravity.
At this point one could repeat this exercise for every possible pair (N , Ñ ) in
each dimension D and build the scalar coset of the associated supergravity. Here,
we instead seek a single formula that takes (D, Q, Q̃) as input and gives the resulting
g as output.
A case-by-case study of all the possible super Yang-Mills products in D = 3
results in the supergravity theories given in 5. This corresponds precisely to the
Table 5. The magic square of supergravities in D = 3. The rows
and columns determine a pair of sYM theories while the table
entries correspond to the algebras of G resp. H of the (symmetric)
scalar coset G/H of the resulting supergravity theory.
N \Ñ

8

4

2

1

8

g=e8(8)
h=so(16)

g=e7(−5)
h=so(12)⊕so(3)

g=e6(−14)
h=so(10)⊕so(2)

g=f4(−20)
h=so(9)

4

g=e7(−5)
h=so(12)⊕so(3)

g=so(8, 4)
h=so(8)⊕2so(3)

g=su(4, 2)
h=so(6)⊕so(3)⊕so(2)

g=usp(4, 2)
h=so(5)⊕so(3)

2

g=e6(−14)
h=so(10)⊕so(2)

g=su(4, 2)
h=so(6)⊕so(3)⊕so(2)

g=2su(2, 1)
h=so(4)⊕2so(2)

g=su(2, 1)
h=so(3)⊕so(2)

1

g=f4(−20)
h=so(9)

g=usp(4, 2)
h=so(5) ⊕ so(3)

g=su(2, 1)
h=so(3) ⊕ so(2)

g=so(2, 1)
h=so(2)

Lorentzian Freudenthal-Rosenﬁeld-Tits magic square [47, 84, 89] (see also [14, 32,
90, 92]): a 4 × 4 symmetric array of Lie algebras given in 6, whose entries are
determined by a pair of normed division algebras (NDAs) (or more generally a pair
of composition algebras) by the formula [1, 29],
(2.10)

M(A, Ã) := tri(A) ⊕ tri(Ã) + 3(A ⊗ Ã).

This particular realisation of the magic square formula is adapted from the BartonSudbery triality construction [14]. The notation used here will be made clear in
3.
Remarkably, the entries of the magic square match exactly those of g in the
D = 3 squaring table. This is the ﬁrst instance of the complete magic square with
these real forms appearing in supergravity. The goal of the next section is to study
the NDAs and their relation to sYM theories. Then, in the ﬁnal section we will give
a physical interpretation to the magic square formula and generalise it to higher
dimensions.
3. The normed division algebras
3.1. General remarks. As promised we will now go through a lightning introduction to the NDAs and their basic properties. See [9] for an excellent review.
An algebra A is a (for us real) vector space equipped with a bilinear multiplication
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Table 6. The Lorentzian FRT magic square of Lie algebras [1,
32, 45]. See also section 12 of [65].

O

H

C

R

O

e8(8)

e7(−5)

e6(−14)

f4(−20)

H

e7(−5)

so(8, 4)

su(4, 2)

usp(4, 2)

C

e6(−14)

su(4, 2)

2su(2, 1)

su(2, 1)

R

f4(−20)

usp(4, 2)

su(2, 1)

so(2, 1)

A \ Ã

rule and a unit element. We say A is a division algebra if, given x, y ∈ A with
xy = 0, then either x = 0 or y = 0. A normed division algebra is an algebra A
equipped with a positive-deﬁnite norm satisfying the condition
(3.1)

||xy|| = ||x|| ||y||,

which also implies A is a division algebra. From now on it shall be understood
that the term ‘division algebra’ is short for ‘normed division algebra’, since we
shall have no cause to use division algebras that are not normed. A remarkable
theorem due to Hurwitz [64] states that there are precisely four normed division
algebras: the real numbers R, the complex numbers C, the quaternions H and
the octonions O. The algebras have dimensions n = 1, 2, 4 and 8, respectively.
They can be constructed, one-by-one, using the Cayley-Dickson doubling method,
starting with R; the complex numbers are pairs of real numbers equipped with a
particular multiplication rule, a quaternion is a pair of complex numbers and an
octonion is a pair of quaternions. At the level of vector spaces:

(3.2)

C∼
= R2 ,
H∼
= C2 ∼
= R4 ,
O∼
= C4 ∼
= R8 .
= H2 ∼

The real numbers are ordered, commutative and associative, but with each doubling
one such property is lost: C is commutative and associative, H is associative, O
is non-associative: The Cayley-Dickson procedure yields an inﬁnite sequence of
algebras, but in doubling the octonions to obtain the 16-dimensional ‘sedenions’ S
the division algebra property is lost, as realised by the discoverer of the octonions,
John T. Graves [9].
On occasion it will be useful to denote the division algebra of dimension n by
An . A division algebra element x ∈ A is written as the linear combination of n
basis elements with real coeﬃcients: x = xa ea , with xa ∈ R and a = 0, · · · , (n − 1).
The ﬁrst basis element e0 = 1 is real, while the other (n − 1) bases ei are imaginary:
(3.3)
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Table 7. Properties of the NDAs.

Property

R

C

H

O

Ordered



×

×

×

Commutative





×

×

Associative







×

Division









where i = 1, · · · , (n − 1). In analogy with the complex case, we deﬁne a conjugation
operation indicated by *, which changes the sign of the imaginary basis elements:
e0 ∗ = e0 , ei ∗ = −ei .

(3.4)

It is natural then to deﬁne the real and imaginary parts of x ∈ A by
1
1
(x + x∗ ) = x0 , Im(x) := (x − x∗ ) = xi ei .
2
2
Note that this diﬀers slightly with the convention typically used for the complex
numbers (since Im(x0 + x1 e1 ) = x1 e1 rather than x1 ). The multiplication rule for
the basis elements of a general division algebra is given by:
(3.5)

Re(x) :=

(3.6)

ea eb = Γcab ec = (+δa0 δbc + δb0 δac − δc0 δab + Cabc )ec

(3.7)

e∗a eb = Γ̄cab ec = (+δa0 δbc − δb0 δac + δc0 δab − Cabc )ec

⇒

Γabc = Γ̄acb

The tensor Cabc is totally antisymmetric with C0ab = 0, implying it is identically
zero for A = R, C. For the quaternions Cijk is simply the permutation symbol εijk ,
while for the octonions the non-zero Cijk are speciﬁed by the set L of oriented lines
of the Fano plane, which can be used as a mnemonic for octonionic multiplication
- see Fig. 1:
⎧
⎪
for A = R, C
⎨0
Cijk (A) = 1 if ijk = 123 for A = H
⎪
(3.8)
⎩
1 if ijk ∈ L
for A = O,
where L = {124, 235, 346, 457, 561, 672, 713}.
It is useful to remember that adding 1 (modulo 7) to each of the digits labelling a
line in L produces the next line. For example, 124 → 235.
Restricting to any single line of the Fano plane restricts the octonions to a quaternionic subalgebra so that Cijk reduces to the permutation symbol εijk . For example, the subalgebra spanned by {e0 , e4 , e5 , e7 } is isomorphic to the quaternions.
The complement of a line is called a quadrangle Q and all seven of them appear
through the tensor Qabcd which is totally antisymmetric with Q0abc = 0, and the
non-zero Qijkl are given by:
(3.9)
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Figure 1. The Fano plane. Each oriented line corresponds to a
quaternionic subalgebra.

Since a quadrangle is the complement of a line in the Fano plane, by deﬁnition, the
tensors Qijkl and Cijk are dual to one another:
(3.10)

Qijkl = −

1
εijklmnp Cmnp .
3!

Although octonions are non-associative, they enjoy the weaker property of alternativity. An algebra A is alternative if and only if for all x, y ∈ A we have:
(3.11)

(xx)y = x(xy), (xy)x = x(yx), (yx)x = y(xx)

This property is trivially satisﬁed by the three associative division algebras R, C
and H, and so we conclude that the division algebras are alternative. The three
conditions (3.11) can be neatly summed up if we deﬁne a trilinear map called the
associator given by:
(3.12)

[x, y, z] = (xy)z − x(yz), x, y, z ∈ A,

which measures the failure of associativity. An algebra A is then alternative if and
only if the associator is an antisymmetric function of its three arguments. Using
(3.7) and (3.10) we have
(3.13)

[ea , eb , ec ] = 2Qabcd ed .

3.2. Relation to Lie algebras. The division algebras are closely related to
Lie algebras in various guises, with exceptional algebras related to the exceptional
status of the octonions as the only non-associative division algebra. We will show
how the division algebras introduce a natural action of the algebras so(n) ⊃ so(n −
1) ⊃ aut(An ) where the latter corresponds to the algebra of derivations of the
division algebra An . Once these relations are established we will introduce the
so-called triality algebra tri(An ). Then, we will show how the well known relation
between the classical algebras and R, C, H can be extended to include the octonions.
Finally, we will show how all these relations can be brought together to form even
larger algebras leading to the magic square construction.
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3.2.1. so(n), n = 1, 2, 4, 8. These Lie algebras have the remarkable property
of having vector, spinor and conjugate spinor representations of the same (real)
dimensions, a property best known as triality. For example, in the case of so(8) the
vector, spinor and conjugate spinor representations, 8v , 8s , 8c , can all be realised
as O and the action of so(8) will take a multiplicative form, diﬀerent in each case.
By determining the correct action of so(8) on O, we obtain all cases when suitably
interpreted.
The 8v , 8s , 8c of so(8) transform as:
1
(Mv[ab] )c d = 2δc[a δ b]d ,
δVc = − θab (Mv[ab] )c d Vd ,
2
1
1
δψα = − θab (Mv[ab] )α β ψβ ,
(3.15)
(Mv[ab] )α β = (Γ[a Γ̄b] )α β ,
2
2
1
1
[ab] β̇
[ab] β̇
δχα̇ = − θab (Mv )α̇ χβ̇ ,
(3.16)
(Mv )α̇ = (Γ̄[a Γb] )α̇ β̇ ,
2
2
respectively. One can check that in all three cases the indices a, α, α̇ = 0, . . . 7
can be raised/lowered by a δ matrix and that, in all three cases, the generators
can be chosen to be real antisymmetric matrices. These are consequences of the
so-called so(8) triality, which implies that we can simply use a single index a for
all three representations, which will be distinguished only by the symbols V, ψ, χ.
Furthermore, since the gamma matrices appearing in the octonionic multiplication
(3.6) and (3.7) satisfy the properties in (3.15) and (3.16), we can parametrise V =
Va ea , ψ = ψa ea , χ = χa ea with transformations:

1 
(3.17)
δV = − θab (ea e∗b )V − V (e∗a eb ) + [ea , eb , V ] := θV + V θ̄ + âV
4

1 
(3.18)
δψ = − θab (e∗a eb )ψ + [ea , eb , ψ] := −θ̄ψ + âψ
4

1 
δχ = − θab (ea e∗b )χ + [ea , eb , χ] := θχ + âχ
(3.19)
4
At ﬁrst sight this form might not seem very illuminating, but the standard transformations follow straightforwardly for all so(n) by simply changing the algebra An
as in 8.
(3.14)

Table 8. Vector, spinor and conjugate spinor representations of so(n).

A

so(n)

V

ψ

χ

Parameters

O

so(8)

8v

8s

8c

â = 0, θ = θ̄

H

2su(2)

(2, 2)

2 × (2, 1)

2 × (1, 2)

â = 0, θ = θ̄

C

u(1)

(+2)

(−1)

(+1)

â = 0, θ = θ̄

3.2.2. so(n − 1). Using the result of the previous section the vector, spinor and
conjugate spinor representations of so(n − 1) follow. Once again we start with the
octonionic case, derive the transformations and simply generalise them to all n by
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changing their interpretation. Since under so(8) ⊂ so(7),
(3.20)

8v → 1 + 7

(3.21)

8s → 8

(3.22)

8c → 8

it is natural to identify the vector representation with the imaginary subspace ImO,
V = Vi ei , and set θ0i = 0, yielding,

1 
δV = − θij − (ei ej )V + V (ei ej ) + [ei , ej , V ] := ϑV − V ϑ + âV
(3.23)
4

1 
δψ = − θij − (ei ej )ψ + [ei , ej , ψ] := ϑψ + âψ
(3.24)
4

1 
(3.25)
δχ = − θij − (ei ej )χ + [ei , ej , χ] := ϑχ + âχ
4
As before, the transformations for all so(n) follow by simply changing the NDA
used as given in 9.
Table 9. Vector, spinor and conjugate spinor representations of
so(n − 1).
A

so(n − 1)

V

ψ

χ

Parameters

O

so(7)

7

8

8

â = 0

H

su(2)

3

2

2

â = 0

3.2.3. aut(A). Using the transformations (3.23), (3.24) and (3.25), it is straightforward to recover the standard action of g2 on the octonions via the algebra of
derivations. The algebra of derivations aut(A) of an algebra A is the algebra of
linear transformations that preserve multiplication in A. The derivations preserve
the norm and leave the real subspace of the division algebra invariant and thus
aut(A) must be a sub-algebra of so(n − 1) acting non-trivially only on the imaginary subspace. More speciﬁcally, it is the sub-algebra of so(n − 1) which leaves the
structure constants invariant:
(3.26)

δCijk = θil Cljk + θjl Cilk + θkl Cijl = 0 ⇒ Qijkl θkl = −2θij .

Since for R, C the structure constants are zero and since for H the Levi-Civita
symbol is indeed invariant under so(3), it is obvious that the algebra of derivations
is aut(A) ∼
= ∅, ∅, so(3) for A = R, C, H respectively. However, condition (3.26)
is not trivially satisﬁed when A = O, introducing seven constraints, one for each
quadrangle in (3.26), on the 21 parameters of so(7) leading to the 14-dimensional
algebra g2 . An equivalent way of thinking about the g2 transformation is the
following: We are interested in the deﬁning representation 7 of g2 so it is most
convenient to start with the vector of so(7) which is already a 7. This means that
one should start with the so(7) transformation and project out the constraints on

Licensed to AMS.

THE MILE HIGH MAGIC PYRAMID

13

the parameters. This can be implemented by introducing a real parameter x and
writing:

1 
(3.27)
δV = − θij − x(ei ej )V + xV (ei ej ) + [ei , ej , V ]
4
Clearly this expression gives the desired δVi = −θij Vj when x = 1. Now we
demand that we still get δVi = −θij Vj for x = 1 and we arrive at the condition
Qijkl θkl = −2θij . This is true for any x, but it is common to use x = 2/3 reﬂecting
the fact that 1/3 of the independent parameters was projected out:
 2
2
2
1  2
ˆ
(3.28) δV = − θij − (ei ej )V + V (ei ej )+[ei , ej , V ] = ϑV − V ϑ+âV := dV,
4
3
3
3
3
where the ﬁnal notation is to reﬂects the fact that g2 corresponds to the algebra of
derivations of the octonions. Since all vector, spinor and conjugate spinors of so(8)
decompose to the 7 of g2 we can substitute â back into our so(8) transformations
and express them in a derivations manifest form which will be useful when we come
to study tri(A) next:
1
1
ˆ
(3.29)
δV = αV + V β + dV,
α := θ0i ei + θij (ei ej )
2
12
1
1
ˆ ∗,
δψ ∗ = (β − α)ψ ∗ + ψ ∗ β + dψ
(3.30)
β := θ0i ei − θij (ei ej )
2
12
ˆ
(3.31)
δχ = αχ + χ(α − β) + dχ
This form reﬂects the fact that the transformation of any of the three eightdimensional representations of so(8) can be expressed in the form multiplication
from the left + multiplication from the right + derivation, with triality relating
them.
3.2.4. tri(A). The triality algebra [83] can be thought of as the largest Lie
algebra acting on A while preserving the relation V = χψ ∗ . It is deﬁned as:
(3.32)

tri(A) := {(Â, B̂, Ĉ) ∈ 3so(n) | Â(xy) = x(B̂y) + (Ĉx)y, x, y ∈ An }.

A priori one must treat all (xy, x, y) as vectors, perform three independent so(n)
transformations and identify constraints imposed by the deﬁning property. Comparing with the known transformations studied in the previous sections we ﬁnd that
(xy, x, y) can be identiﬁed with (V, χ, ψ ∗ ). The results are summarised in 10.
3.2.5. sa(N ; A). The goal of this subsection is to show how R, C, H allow for
a single deﬁnition to cover all compact classical Lie algebras and how the natural
extensions of the deﬁnition to include O will yield the exceptional Lie algebra
f4 . The use of anti-Hermitian generators for the orthogonal and unitary groups is
extended naturally to the symplectic ones using the quaternions:
⎧
⎪
for n = 1
⎨so(N )
(3.33)
a(N ; A) := {T ∈ A[N ] | T † = −T } = u(N )
for n = 2
⎪
⎩
usp(2N )
for n = 4
One might wonder whether it is possible to ﬁnd a similar deﬁnition for the special
unitary algebras, instead of the unitary algebras. Simply using traceless generators
does the trick for su(N ) but truncates too many generators for usp(2N ), so we need
to compensate accordingly. It turns out that the correct deﬁnition indeed uses the
traceless anti-hermitian matrices:
(3.34)
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Table 10. Vector, spinor and conjugate spinor representations of tri(A).

T ri(A)

δV

δψ ∗

δχ

dˆA = dˆB = dˆC := dˆ
αC = αA := α
βB = βA := β
αB = β − α
βC = α − β

so(8)

αV + V β
ˆ
+dV

(β − α)ψ ∗
ˆ ∗
+ψ ∗ β + dψ

αχ + χ(α − β)
ˆ
+dχ

H

θC = θA := θ
θ̄B = θ̄A := θ̄
θ̄C = −θB := −Θ

3su(2)

θV + V θ

Θψ ∗ + ψ ∗ θ̄

θχ − χΘ

C

θB := 12 (θ + θ  )
θC := 12 (θ − θ  )
θA = θB + θC = θ

2u(1)

2θV

(θ + θ  )ψ ∗

(θ − θ  )χ

A

Conditions

O

so that
(3.35)

dim a (N ; A) =

N (N − 1) (n − 1)N (N + 1)
+
− (n − 1).
2
2

The (n − 1)(n − 2)/2 = 3 missing generators in quaternionic case are compensated
by including the algebra of derivations,
(3.36)
⎧
⎪so(N )
for n = 1
⎨
sa(N ; A) := a (N ; A) + aut(A) ∼
for n = 2
= a (N ; A) + so(n − 1) = su(N )
⎪
⎩
usp(2N )
for n = 4
However, it is not obvious which of the two deﬁnitions is appropriate in the octonionic case since aut(A) = g2  so(7) and thus the possible compensating terms
are inequivalent. Luckily there is a better deﬁnition for sa(N ; An ) which can unambiguously be extended to include the octonions [88].
Firstly, we need to introduce the Jordan algebras [68]. A Jordan algebra J is a
commutative but not necessarily associative algebra equipped with a product rule
∗ satisfying the Jordan identity:
(3.37)

(X ∗ Y ) ∗ X 2 = X ∗ (Y ∗ X 2 ),

X, Y ∈ J .

The set hN (A) of N × N Hermitian matrices over A forms a Jordan algebra under
the the product rule
(3.38)

H ∗ K :=

1
(HK + KH),
2

H, K ∈ hN (A),

given n = 1, 2, 4. In the octonionic case, the product deﬁnition will still satisfy
the Jordan identity for N ≤ 3. It turns out that the algebra of derivations of
these matrices is isomorphic to the classical Lie algebras and can be taken as their
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deﬁnition:
(3.39)

⎧
⎪
so(N )∼
=a (N ; R)
⎪
⎪
⎪
⎪
∼ 
⎪
⎨su(N )=a (N ; C)
sa(N ; A):=aut(hN (A))∼
= usp(2N )∼
=a (N ; H)+usp(2)
⎪
⎪
⎪
so(9)∼
=a (2; O)+so(7)
⎪
⎪
⎪
⎩f
∼ 
4(−52) =a (3; O)+g2

for
for
for
for
for

n=1
n=2
n=4
n=8
n=8

and
and
and
and
and

general N
general N
general N
N =2
N =3

Notice the accidental isomorphism a (2; O) + so(7) ∼
= a (9; R).
3.2.6. sl(N ; A). The above deﬁnition can be further extended to the special
linear algebra [88]. The classical Lie algebras so(N ), su(N ), usp(2N ) can be thought
as compact subalgebras of the Lie algebras sl(N ; A) for n = 1, 2, 4, respectively, such
that the non-compact generators are given by N × N Hermitian traceless matrices
over A denoted as hN (A). Now we can use our general deﬁnition of sa(N ; A) and
deﬁne [14]:
⎧
⎪
sl(N ; R)
for n = 1 and general N
⎪
⎪
⎪
⎪
⎪
sl(N
;
C)
for n = 2 and general N
⎨

∗
∼
(3.40) sl(N ; A) := sa(N ; A) + hN (A) = su (2N )
for n = 4 and general N
⎪
⎪
⎪
so(1,
9)
for n = 8 and N = 2
⎪
⎪
⎪
⎩e
for n = 8 and N = 3
6(−26)
In fact, relation (3.40) leads to the accidental isomorphism sl(2; An ) ∼
= so(1, n + 1)
explaining why it so natural to study oﬀ-shell sYM theories in D = n + 2.
3.2.7. sp(2N ; A). For the sake of completeness we present how the extension
of a (N ; A) to sa(N ; R) can be applied to extend the standard deﬁnition of the
symplectic algebra [14]. The standard deﬁnition covering R and C involves the
generators:
(3.41)

sp (2N ; A) := {T ∈ A[2N ] | T Ω + ΩT † = 0, TrT = 0},

where
2N (N + 1) 2(n − 1)N (N − 1)
+
+ nN 2 − (n − 1).
2
2
Adding the missing generators, aut(An ), as above we arrive at the desired result
for all A:
(3.43)
⎧
⎪
sp(2N ; R) ∼
for n = 1 and general N
= sp (2N ; R)
⎪
⎪
⎪

⎪
∼
⎪su(N, N ) = sp (2N ; C)
for n = 2 and general N
⎨
sp(2N ; A) ∼
for n = 4 and general N
= so∗ (4N ) ∼
= sp (2N ; H) + usp(2)
⎪
⎪
⎪
so(2, 10) ∼
for n = 8 and N = 2
= sp (2N ; O) + so(7)
⎪
⎪
⎪
⎩e

∼
for n = 8 and N = 3
7(−25) = sp (2N ; O) + g2
(3.42)

dim sp (2N ; A) =

3.2.8. The magic square. The magic square [47, 48, 84, 89, 90] is a well-studied
construction appearing in various mathematical [14, 71, 72, 96] and physical contexts [15, 27, 30–32, 41, 52–57, 69, 77] and the references therein. Although we will
not build it here, we will sketch how the commutation relations can be studied by
looking at the particular example associated with f4 . The deﬁning representation,
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26, can be represented as an element in h3 (O):
⎛

(3.44)

h1
H = ⎝ψ
χ

ψ∗
h2
V

⎞
χ∗
V ∗ ⎠ , V, ψ, χ, ∈ O, h1 , h2 , h3 = −h1 − h2 ∈ R.
h3

Since f4 ∼
= a (3; O) + g2 the action on H is given by,
ˆ
δH = [T, H] + dH

(3.45)

where T is an element of a (3; O) and can be written as

(3.46)

⎛
β−α
T = ⎝ xs
−xc

−x∗s
−β
xv

⎞
x∗c
−x∗v ⎠ , xv , xs , xc ∈ O, α, β ∈ ImO.
α

Splitting T into its oﬀ-diagonal part X and the diagonal part A and substituting
back in equation (3.45) the transformation becomes:

(3.47)


 

ˆ
δH = [X, H] + [A, H] + dH
=: [X, H] + M̂ H.

By turning oﬀ X for the moment and calculating the explicit variation of each
entry in H one ﬁnds that the second part in (3.47) corresponds exactly to an so(8)
transformation according to 10 and, hence, f4 ∼
= 3O+tri(O). Alternatively, we could
have started with the algebra tri(O) + 3O and, by repeated variations, deduced all
commutation relations, which would indeed conﬁrm it is isomorphic to f4 . The
above process can be repeated for any of the division algebras leading to:
(3.48)

sa(3; A) ∼
= tri(A) + 3A.

ˆ and
One can follow the exact same procedure but now allowing for M̂ ⊗ 1̂ + 1̂ ⊗ M̃
X ⊗ X̃ leading to the magic square formula in Barton-Sudbery form [14]:
(3.49)

M(A, Ã) = tri(A) ⊕ tri(Ã) + 3(A ⊗ Ã).

The commutation relations between the X ⊗ X̃ generators come with a free parameter w = ±1 which distinguishes between the compact and a particular non-compact
real form of the complexiﬁed algebra [1]. In this review we are interested in the
latter choice which leads to the Lorentzian FRT magic square as in 6.
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4. The magic pyramid of supergravities
In this last section we will ﬁrst study how the relations in the previous section
lead to a very natural formulation of sYM theories in D = n + 2 over the NDAs
[3, 10, 70]3 . We will then use this formulation to assign a physical interpretation to
the magic square formula, which will allow us to extend it to all D = n + 2, thus
building the so-called magic pyramid of supergravities.

4.1. Super Yang-Mills in D = n+2 over the division algebras. The theories we wish to study are listed in 11. We start this section with a few observations
to motivate the formulation of this class of sYM theories over the NDAs:
• It is obvious from 11 that the NDAs have a dual role. The ﬁrst is related to
the spacetime dimension D = n+2 and to the fact that in these dimensions
the on-shell, i.e. so(n), vector and spinor representation spaces are given
by v(n) ∼
= s(n) ∼
= An . The second role is related to the number of
supercharges Q = 2n and to the fact that the total bosonic and fermionic

spaces are given by v(n) ⊕ Rn −n ∼
= s(n)N ∼
= A . Simply put A is the
algebra in which the theory is formulated, but only once the spacetime
subalgebra A is ﬁxed can we interpret the degrees of freedom correctly
using the relation n = N n [3]. Note, for spacetime dimensions D = n+2
the minimal so(1, n + 1) spinor representations are given by An -doublets,
so that Q = N × 2n, in agreement with 2.
• The minimal theories in D = n + 2 labelled as ,
1 ,
3 ,
6 
7 have a very
natural description over the NDAs [3, 10, 70]. The ﬁrst hint comes from
the isomorphism sl(2; A) ∼
= so(1, n + 1) [88], which implies that the usual
oﬀ-shell formulation of the minimal theory in D = 4 for the complexes can
be generalised to all A. Furthermore, these are the only theories where A
and A are the same. This is due to the fact that there is a single spinor
and no scalars and so the interpretation between spacetime and internal
degrees of freedom is redundant. Finally we observe that the full global
symmetry algebra in these cases is tri(A).
• The D = 3 theories have been assigned labels identical to the ones of which
they are descendants. This is because they only diﬀer on interpretation:
in the higher-dimensional theory the degrees of freedom are all spacetime
while in the D = 3 descendants they are all internal. Simply put, the
theories with A ∼
= A have a single vector and a single spinor valued in A
while their D = 3 descendants have n scalars and n spinors, both valued
in R.
With these observations it is obvious that as far as the symmetries are concerned
all the hard-work has been done in the previous section. Since we have the simple
transformation rules for ,
1 ,
3 ,
6 
7 all we have to do is provide a consistent
interpretation for the remaining theories and understand how their transformations follow. The resulting picture is described in 12, the content of which can be

3 Note,
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summarised by the following expressions:
∼ An−δ
(4.1)
v(n) =
n1

(4.3)


S(n, n ) ∼
= Rn −n+δn1
s(n) ∼
=A

(4.4)

v(n) ⊕ S(n, n ) ∼
= s(n)N ∼
= An

(4.5)

N = n /n

(4.6)

st(n) = so(n)

(4.7)

int(n, n ) = a(N ; D) ⊕ q(n, n )

(4.8)

q(n, n ) = δn1 δn 4 so(3) ⊕ δn1 δn 2 so(2)  δn2 δn 8 u(1)

(4.2)



Here, we have used st to denote the spacetime little group algebra. The Kronecker
deltas reﬂect the fact that in D = 3 the vector dualises to scalar leading to an
enhancement of the R-symmetry and that in D = 4 the maximal multiplet is selfconjugate and thus cannot support the u(1) of the R-symmetry.
Table 11. The super-Yang-Mills theories in D = n + 2. They are
labelled with circled numbers for ease of reference. The labelling
in terms of division algebras is explained below. We have included
the global symmetries of the on-shell theories as a direct sum of the
global on-shell spacetime algebra so(D − 2) and the global internal
algebra int.
D

Q = 16

10


1 : (O, O ) : so(8)

6


2 : (H, O ) : 4usp(2)


3 : (H, H ) : 3usp(2)

4


4 : (C, O ) : u(4)


5 : (C, H ) : u(2)⊕u(1)


6 : (C, C ) : 2u(1)

3


1 : (R, O ) : so(8)


3 : (R, H ) 3so(3)


6 : (R, C ), 2so(2)
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Table 12. sYM in D = n + 2 and their Fano plane interpretation.
D

Q = 16

10


1 : (O, O )
v(8) ∼
= O, s(8) ∼
=O
st(8) = so(8)
V : 8v , ψ : 8s

Q=8

Q=4

Q=2

The theory is
formulated in O so full
Fano plane. Both the
vector and the spinor
are full octonions.
6


2 : (H, O )
v(4) ∼
= H, S(4, 8) ∼
=H
s(4) ∼
=H
st(4) = 2sp(1)
int(4, 8) = 2sp(1)
V : (2, 2; 1, 1)
φ : (1, 1; 2, 2)
ψ:
(2, 1; 2, 1)+(1, 2; 1, 2)
The theory is
formulated in O so
again full Fano plane.
Both the vector and a
single spinor are
quaternions so a
quaternionic subspace of
the plane is playing the
role of spacetime while
the remaining bases are
internal. Therefore the
scalars are an internal
quaternion while all the
fermionic dof form a
complex pair of
quaternionic spinors.

4


4 : (C, O )
v(2) ∼
= C, S(2, 8) ∼
= R6
s(2) ∼
=C
st(2) = u(1)
int(2, 8) = su(4)
V : 1−2 + 12
φ : 60
ψ : 4−1 + 41
The theory is
formulated in O so
again a full Fano plane.
Both the vector and a
single spinor are
complex numbers so we
choose one imaginary
base of the Fano plane
as spacetime. The
remaining six bases are
internal and thus we
have six real scalars.
The fermionic dof form
a quaternionic pair of
complex spinors.

3
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:
1 (R, O )
S(1, 8) ∼
=O
s(1) ∼
=R
int(1, 8) = so(8)
φ : 8v
ψ : 8s


3 : (H, H )
v(4) ∼
=H
s(4) ∼
=H
st(4) = 2sp(1)
int(4, 4) = sp(1)
V : (2, 2; 1)
ψ : (2, 1; 2)
The theory is
formulated in H and
it can be obtained in
two ways. The ﬁrst is
to start with 
1 and
simply use quaternions
instead of octonions.
The second is to start
with 
2 and simply
throw away the
internal quadrangle of
the Fano plane.


5 : (C, H )
v(2) ∼
= C, S(2, 4) ∼
=C
s(2) ∼
=C
st(2) = u(1)
int(2, 4) = u(2)
V : 10−2 + 102
φ : 120 + 1−2
0
ψ : 21−1 + 2−1
1


6 : (C, C )
v(2) ∼
=C
s(2) ∼
=C
st(2) = u(1)
int(2, 2) = u(1)
V : (−2, 0) + (2, 0)

This is most easily
obtained as a
truncation of .
4
Throwing away a
quadrangle leaves only
two internal imaginary
bases. Therefore we
are left with a complex
scalar while the
fermionic dof are a
complex pair of
complex spinors.

This theory is a
truncation of 
4 by
throwing away all
six imaginary
internal bases, with
eﬀect of truncating
out all scalars and
leaving only a single
complex spinor.
This theory can also
be obtained by
starting from 
1 and
using complexes
instead of octonions.


3 : (R, H )
S(1, 4) ∼
=H
s(1) ∼
=R
int(1, 4) = 3so(3)
φ : (2, 2, 1)
ψ : (1, 2, 2)


6 : (R, C )
S(1, 2) ∼
=C
s(1) ∼
=R
int(1, 2) = 2so(2)
φ : (−2, 0) + (2, 0)
ψ : (−1, 1) + (1, −1)

ψ : (−1, 1) + (1, −1)


7 : (R, R )
S(1, 1) ∼
=R
s(1) ∼
=R
int(1, 2) = ∅
φ:1
ψ:1
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4.2. Magic pyramid formula. The results of the previous subsection allow
us to give a more physical version of the magic square formula, one that explains why
the Lie algebras correspond to the the U-duality algebras of supergravity theories
in D = 3:
g(1, n , ñ ) = int(1, n ) ⊕ int(1, ñ ) + s(1)N ⊗ s(1)Ñ
(4.9)

+ s(1)N ⊗ s(1)Ñ + S(1, n ) ⊗ S(1, ñ )

where the ﬁrst and second square brackets correspond to the maximal compact
subalgebra h and the non-compact complement p, respectively. The formula corresponds to the decomposition of the adjoint representation of g under g ⊃ h ⊃
˜ The fact that this is the unique decomposition implies that the knowlint ⊕ int.
edge of the decomposed form together with the compact and non-compact parts is
enough to deduce g.
In order to extend the magic square of supergravities to a magic pyramid of
supergravities we extend the formula to all n. The correct extension is determined
by the non-compact generators: as mentioned earlier the scalars of the theory
parametrise the symmetric coset G/H, therefore understanding the squaring origin
of the scalars will give the extension. In general there are three terms from which
scalars can result and we will now study each one of them separately:
V ◦ Ṽ . This is the on-shell tensor product between the Left and Right vector
ﬁelds which decomposes into a symmetric traceless part, an antisymmetric part and
a trace part with the scalar d.o.f. corresponding to the latter. Since both vector
ﬁelds are singlets under their respective global internal symmetries, the resulting
scalar will be a singlet as well; therefore, since our formulae denote representation
spaces with respect to int(n, n ) ⊕ int(n, ñ ) × δn2 u(1)d , the scalar from this tensor
product will simply contribute as R ⊗ R. However, in D = 3, we have dualised the
vector into a scalar and thus this dof has already been taken into account in the
scalar vector space; in order to avoid double counting this term will come with a
coeﬃcient (1 − δn1 ). Furthermore, we should note that in D = 4 the on-shell 2-form
potential corresponding to the antisymmetric part of the tensor product dualises
to a scalar and thus this contributes an extra δn2 R ⊗ R term. Putting everything
together, the vector ⊗ vector contribution to the scalar coset space is:
(4.10)

(1 − δn1 )R ⊗ R + iδn2 R ⊗ R.

The i next to the second term is to highlight the fact that in D = 4 the two terms
will always carry opposite charges with respect to u(1)d .
ψ ◦ ψ̃. The second scalar contribution comes from the on-shell tensor product
between the spinors of each sYM theory. Upon tensoring two spinors the tensor
space s(n) ⊗ s(n) decomposes on the Cliﬀord-algebra basis with each coeﬃcient
corresponding to a p-form potential; as a result, the 0-rank form will contribute to a
scalar. However, some minimal theories may contain spinors of opposite u(1) charge
or symplectic pairs of spinors, therefore in these cases the product contributes more
than one scalar. Thankfully, we have already encoded this in our division-algebra
parametrisation of minimal spinors and therefore the scalar contribution from the
tensor of two minimal spinors is D[1, 1]. Moreover, since we are not working only
with minimal theories and each of the sYM might have more than one spinor, the
total contribution comes from tensoring the total spinor spaces s(n)N ⊗ s(n)Ñ and
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therefore the spinor ⊗ spinor contribution to the scalar coset space is:
(4.11)

D[N , Ñ ],

which can be thought of as an N × Ñ matrix with entries valued over D.
φ ◦ φ̃. The third and ﬁnal contribution to the scalar coset space comes from
tensoring the scalars between the Left and Right sYM theories. This is the simplest
term since the full tensor product between the total scalar spaces will contribute
to scalars and therefore the last term is simply:
(4.12)

S(n, n ) ⊗ S(n, ñ ).

Putting all this together we arrive at the magic pyramid formula:
(4.13)
g(n, n , ñ ) = int(n, n ) ⊕ int(n, ñ ) ⊕ δn2 u(1)d + D[N , Ñ ]
+ (1 − δn1 )R ⊗ R + iδn2 R ⊗ R + D[N , Ñ ] + S(n, n ) ⊗ S(n, ñ ) ,
where the complete set of commutation relations are given in [7]. One can now apply
the formula for all possible values of (n, n , ñ ) and arrive at the magic pyramid of
supergravities as in 2.

Figure 2. The magic pyramid of U-duality groups obtained from
the product of two sYM theories in D = 3, 4, 6, 10 [1].

5. Conclusion
We have seen that squaring super Yang-Mills theories in D = n + 2 dimensions
leads to a magic pyramid of supergravity theories, with global symmetries given by
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the magic pyramid formula, the base of which is the familiar magic square. Note,
however, that the vertical axis of the magic pyramid is on a diﬀerent footing to
the horizontal axes in the sense that for D = 6, 10 the exceptional groups do not
appear.
Remarkably, this can be remedied in D = 6 by considering the square of tensor, rather than vector, multiplets. This gives rise to the so-called conformal magic
pyramid, given in 3 [1]. Using the same principles for tracking the squaring origin of scalars we ﬁnd that, when squaring the maximal tensor multiplets of the
same chirality, we get G = E6(6) corresponding to a conjectured N = (4, 0) chiral conformal gravitational theory with a gravi-gerbe ﬁeld in place of the graviton
[1, 26, 43, 58, 59, 62, 63]. Simply following the maximal pattern D = 3, 4, 6 with
E8(8) , E7(7) , E6(6) suggests that there may be an exotic theory with G = F4(4) in
D = 10, as suggested in 3. What this theory might be, if it exists at all, remains
to be seen.

Figure 3. The conformal magic pyramid of U-duality groups obtained from the product of two conformal theories in D = 3, 4, 6 [1].
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