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Surfaces with big automorphism groups
Shulim Kaliman
In memory of Professor Selim Krein, whose Voronezh winter mathematical schools
were of immense beneﬁt to the author
Abstract. We describe a classiﬁcation of Gm -actions on quasi-homogeneous
(Gizatullin) surfaces and recent results about A1 -ﬁbrations on these surfaces
and their algebraic automorphism groups. We present also a classiﬁcation of
generalized quasi-homogeneous surfaces, where a normal complex aﬃne surface V is generalized quasi-homogeneous if the group of holomorphic automorphisms of V acts transitively on the complement to a ﬁnite subset in V .

Introduction
The aim of this survey is to present recent developments in the theory of aﬃne
algebraic surfaces with big automorphism groups, i.e. automorphism groups that
possess open orbits with ﬁnite complements. Unless it is stated otherwise, we
consider these surfaces over the ﬁeld of complex numbers C.
The classical example of such a surface is the plane C2 which we equip with
a coordinate system (x, y). Let us recall some facts about the group of algebraic
automorphisms Aut(C2 ) of C2 . It contains the subgroup of aﬃne transformations
A2 = {ϕ = (q1 , q2 ) ∈ Aut(C2 )| deg q1 = deg q2 = 1} and the subgroup E2 of
elementary automorphisms that are of the form (x, y) → (a1 x + b, a2 y + p(x)),
where q1 , q2 ∈ C[x, y], p ∈ C[x], a1 , a2 ∈ C∗ , and b ∈ C. The Jung-van der Kulk
theorem states that Aut(C2 ) is the amalgamated product of A2 and E2 , i.e. every
element α of Aut(C2 ) can be presented as a composition α = ϕ1 ◦ ψ1 ◦ . . . ◦ ϕm ◦ ψm ,
where ϕi ∈ A2 and ψi ∈ E2 are determined uniquely modulo the subgroup A2 ∩ E2 .1
The group Aut(C2 ) itself is not algebraic and the theorem of Wright [26] states that
every algebraic subgroup G of Aut(C2 ) is of bounded length. That is, there exists
m0 > 0 such that every α ∈ G can be presented as a composition ϕ1 ◦ψ1 ◦. . .◦ϕm ◦ψm
with m ≤ m0 . By Serre’s theorem [22], such a subgroup is isomorphic to a subgroup
of either A2 or E2 . This fact yields the earlier results of Gutwirth [16, 17] and
Renschler [21] that state that in suitable polynomial coordinate systems on C2
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1 This theorem is valid over any ﬁeld (not necessarily algebraically closed or of characteristic
zero).
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every eﬀective Gm -action2 is given by
(1)

(x, y) → (λk x, λl y), where λ ∈ C∗ and k, l ∈ Z are coprime,

and every Ga -action is given by
(2)

(x, y) → (x, y + tp(x)), where t ∈ C+ .

Actually, Gutwirth formulated his result (which implies (2)) in terms of A1 -ﬁbrations.
Recall that an A1 -ﬁbration is a dominant morphism  : X → B of algebraic varieties such that general ﬁbers of  are isomorphic to C. If X and B are aﬃne then
there is a Ga -action whose general orbits are ﬁbers of . Vice versa, every nontrivial Ga -action on an aﬃne algebraic variety X of dimension at most 3 generates
an A1 -ﬁbration into an aﬃne base B (the so-called categorical quotient morphism
[11]). In this terminology the Gurwirth’s result says that every polynomial on C2
which yields an A1 -ﬁbration is a variable (more precisely, a variable in a suitable
coordinate system). A much more delicate fact is the Abhyankar-Moh-Suzuki theorem that says that an irreducible polynomial whose zero locus is isomorphic to
C is a variable or, equivalently, every plane curve isomorphic to C can be sent
to a coordinate line by an automorphism of C2 . It is worth mentioning that the
analytic analogue of this statement does not hold - there are proper holomorphic
embeddings of C into C2 such that their images cannot be sent to a coordinate line
by holomorphic automorphisms of C2 [10]. However, there is a positive result in
the analytic setting - M. Suzuki proved in [25] that every holomorphic C∗ -action
on C2 can be presented in a suitable holomorphic coordinate system by Formula
(1). Nothing like this can be true in the case of the holomorphic Ga -actions.
The author expresses his gratitude to the referee for useful comments.
1. Danielewski’s Surfaces
In this section we consider one of the simplest nontrivial examples of a surface with a big automorphism group - a Danielewski’s surface S1,p . Recall that a
Danielewski’s surface is a hypersurface in C3x,y,z 3 such that it is given by Sn,p =
{(x, y, z) ∈ C3 : xn y = p(z)} where p is a polynomial of degree at least 2 with
simple roots. The remarkable fact established by Danielewski is that Sn,p ×C is isomorphic to Sk,p ×C while for diﬀerent n and k ∈ N the surfaces Sn,p and Sk,p are not
isomorphic (i.e. these surfaces yield a counterexample to the general version of the
Zariski cancellation conjecture). Actually, in the original approach of Danielewski
and Fieseler a stronger fact was established: the fundamental groups of Sn,p and
Sk,p at inﬁnity are diﬀerent which implies that they are not even homeomorphic.
However, there are other methods to prove the absence of isomorphism between
S1,p and Sn,p for n ≥ 2, which are more interesting for the purpose of this survey.
Namely, one can see that S1,p admits two obvious A1 -ﬁbrations x : S1,p → C and
y : S1,p → C and, therefore, it admits two Ga -actions with diﬀerent general orbits.
On the other hand, for n ≥ 2 there is no A1 -ﬁbration on Sn,p but the obvious one
x : Sn,p → C. It is worth studying underlying reasons for this fact.
Consider C2x,z as the complement in S  = P1 × P1 to the lines C0 = {x = ∞}
and C1 = {z = ∞}. Let C2 = {x = 0}. Suppose for simplicity that p(z) = z(z − 1).
Let π : S̃ → S  be the blowing up of S  at the two points in C2 given by x = z = 0
2 Recall that a G -action (resp. G -action) on an algebraic variety X is an algebraic action
m
a
of the group C∗ (resp. C+ ).
3 The lower indices mean that C3 is equipped with a coordinate system (x, y, z).
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and x = z − 1 = 0 and let Ci be the proper transform of Ci . Then one can
see that the Danielewski surface S1,p is obtained from S̃ by removing the divisor
D = C0 + C1 + C2 , i.e. S̃ is a simple normal crossing (SNC) completion of S1,p
with D as the boundary divisor.
Recall that the weighted dual graph Γ of a closed SNC curve in a complete
surface is the graph whose vertices are the irreducible components of the curve, the
edges between the vertices are the intersection points of these components, and the
weight of every vertex C is the selﬁntersection number C · C of this component C
in the surface. Since after blowing the surface up at a smooth point of C one has to
reduce the selﬁntersection number of the proper transform of C by 1 and Ci ·Ci = 0
(for Ci in S  ), we have the following linear dual graph of D:
C0
c
0

C1
c
0

C2
c.
−2

It is a classical fact [2] that any smooth rational curve C in a smooth complete
surface Y with selﬁntersection C · C = 0 is a ﬁber of a P1 -ﬁbration Y → B onto
a curve B. In particular, C0 induces a ﬁbration τ : S̃ → P1 . Note that C1 is a
section of this ﬁbration since it meets C0 transversely. Therefore, the restriction of
τ to S1,p is an A1 -ﬁbration (that is nothing but the one provided by the function
x). The only ﬁber of τ diﬀerent from P1 is the ﬁber over 0 ∈ P1 containing C2 . It
contains also two exceptional (−1)-curves E0 and E1 of π, where each Ei meets C2
transversely and Ei ∩ S1,p corresponds to the line x = z − i = 0 in S1,p .
One can see that the dual graph of the SNC-curve D+E0 +E1 has the following
form:
c −1
(3)

c
0

c
0

c
−2

c.
−1

In order to obtain S2,p , one has to consider the blowing up of S̃ at the two points
x = z = y = 0 and x = z − 1 = y = 0 and remove the proper transforms of D and
also of E0 and E1 (whose weights in the resulting surface are equal to -2). This
leads to the following dual graph for the boundary divisor of the SNC-completion
of S2,p
c −2
c
0

c
0

c
−2

c.
−2

We see that this graph is not linear and this is the crucial diﬀerence.
2. Gizatullin surfaces
Theorem 2.1. ([12] ) Let V be a normal aﬃne surface diﬀerent from C∗ × C
or the torus T = C∗ × C∗ . Then the following are equivalent:
(i) V admits two diﬀerent A1 -ﬁbrations with aﬃne bases;
(ii) Aut(V ) has an open orbit whose complement is at most ﬁnite;
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(iii) V admits an SNC-completion Ṽ such that every component of D = Ṽ \ V is
rational and the dual graph Γ(D) of D is
C1
C2
Cn
C0
c
c
...
c
c
m
w
w
1
n
0
where n ≥ 0, m ∈ Z, and every wi ≤ −2.
Furthermore, for the given surface V the ordered sequence of weights
[[w1 , w2 , . . . , wn ]] is unique up to the reversion [[wn , . . . , w2 , w1 ]], while m can be
chosen arbitrarily.
Remark 2.2. One can easily see that the automorphism group Aut(V ) acts
transitively on V when V = C∗ × C or V = T, i.e. statement (ii) is valid for each
of these surfaces. However, they do not satisfy (i) and (iii).
Definition 2.3. (1) A surface with such an SNC-completion is called a Gizatullin (or quasi-homogeneous) surface.
(2) The graph in Theorem 2.1 (iii) is called a zigzag. In the case of m = 0 we
call such a zigzag standard.
(3) The P1 -ﬁbration deﬁned by C0 on Ṽ has only one non-general ﬁber and it
contains C2 , . . . , Cn and some other irreducible curves called feathers. The union
of D and feathers is an SNC-curve and its dual graph is called the extended graph
of the zigzag.
Remark 2.4. In a smooth Gizatullin surface the complement to the open orbit
of Aut(V ) may be non-empty (Danilov-Gizatullin and Kovalenko [19]).
Recall that given a (−1)-vertex in a dual graph with at most two neighbors (a
so-called linear vertex), we can contract it, which leads to a change of the graph as
below:
c
w1

c
c
⇐⇒
c
c
.
w
2
−1
w1 + 1 w2 + 1
Using these transformations, we can expand the Gizatullin theorem further.
Theorem 2.5. ([12] ) A normal aﬃne surface is a Gizatullin surface or C∗ ×C
if and only if any SNC-completion of this surface has rational components and its
dual graph is contractible to a linear one.
Hence one can see that the surface S2,p in the previous section is not a Gizatullin
surface and thus it has only one A1 -ﬁbration.
3. Danilov-Gizatullin surfaces
Definition 3.1. Let a smooth surface V with the Picard group diﬀerent from
Z2 have an SNC-completion with rational components and a dual graph of the form
C0
c
0

C1
c
−1

C2
c
−2

...

Cn
c.
−2

Then it is called a Danilov-Gizatulin surface (e.g. the Danielewski surface S =
{xy = z(z − 1)} is a Danilov-Gizatullin surface).
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Using transformations
C1
c
−1

C0
c
0

C2
c
−2

...

Cn
C0
c =⇒ c
−2
1
...

=⇒

C3
c
−2

c
−1

Cn
c =⇒
−2

...

c
n

we get an SNC-completion of this surface by an irreducible curve of selﬁntersection
index n. One can check that this completion is a Hirzebruch surface Σd over P1
and the curve is a section L with L · L = n, where d ≤ n.
Theorem 3.2. ([5]) The isomorphism class of a Danilov-Gizatullin surface is
completely determined by the number L · L (which is called the index of the surface).
Remark 3.3. Though the standard zigzag of such a surface is unique, the
extended graph is not. Here is its general form in which the index t can take any
value from 2 to n
c −1
C1
c
0

C0
c
0

(4)

C2
c
−2

...

Ct
c
−2

...

Cn
c
−2

c.
−1

4. Gm -actions on normal surfaces
Notation 4.1. We abbreviate by Ak = [[(−2)k ]] the weighted linear graph
with k vertices of weight −2 each and by a box with a rational weight e/m the
weighted linear graph
e/m
C1
Cn
c
...
c
=
−k1

−kn

with k1 , . . . , kn ≥ 2, where m/e coincides with the continuous fraction [k1 , . . . , kn ]4 ,
0 < e < m and gcd(m, e) = 1. A box with the weight (e/m)∗ will denote the similar
linear chain of vertices with the reverse order of the weights.
Theorem 4.2. ([6]) A standard zigzag occurs as the boundary divisor D of a
smooth Gizatullin surface V = C2 or C × C∗ with a nontrivial Gm -action if and
only if it can be written in one of the forms
C0
(A)

c

c

0

0

(e1 /m1 )∗

Ct

c

−2 − r

e2 /m2

C0
or

(B)

c

c

0

0

Am1 −1

Ct

c

−2 − r

where r ≥ 0, mi ≥ 1, gcd(ei , mi ) = 1 for i = 1, 2, and either
e1
e2
e1
e2
1
+
= 1,
or
+
=1−
.
m1
m2
m1
m2
m1 m2
Furthermore, the extended graph Γext (D) has only one branch vertex Ct .
a sequence of real numbers k0 , . . . , kn with k0 , . . . , kn−1 ≥ 2 and kn ≥ 1 we let
[k0 , . . . , kn ] be the continued fraction deﬁned inductively via [k0 ] = k0 and [k0 , . . . , kn ] =
1
.
k0 − [k ,...,k
]
4 For

1
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A few words about the proof of this result. By the Sumihiro theorem [23], there
exists a Gm -equivariant completion Ṽ of V . One can show that such a completion
can be chosen as a zigzag. Hence the Gm -action preserves the 0-vertex C0 and the
P1 -ﬁbration associated with it. In particular, it preserves the feathers (since they
are components of the singular ﬁber of this ﬁbration) and the points where the
feathers meet the components of the boundary. Therefore, if Ci is a branch point
of Γext (D), then the restriction of the Gm -action to it is trivial, since it has at least
three ﬁxed points on Ci P1 . Another easy claim is that when this Gm -action is
trivial on two components of the boundary, then it is trivial on V . This yields the
last claim of the theorem, from which it is not diﬃcult to extract the rest.
Remark 4.3. When r = 0 in class (B) from Theorem 4.2, then V is just a
Danilov-Gizatullin surface with the extended graph as in (4). When r ≥ 1 and
t = n, then there are r + 1 feathers F, F1 , . . . , Fr that are neighbors of Ct (in the
case of t = n there is one extra feather neighboring Ct ). Furthermore, F1 , . . . , Fr
are (−1)-vertices in Γext (D), while the weight of F is 1 − t.
Definition 4.4. (1) We call a Gizatullin surface special if it has a dual graph
as in class (B) from Theorem 4.2 with r ≥ 1. It is special of type I if either t ∈ {2, n}
or r = 1. Otherwise it is special of type II.
(2) We say that two Gm -actions (resp. A1 -ﬁbrations) on an algebraic surface
V are equivalent if there exists an automorphism of V that transforms one into the
other.
Theorem 4.5. ([7, 9]) Let V be a smooth aﬃne surface with a nontrivial Gm action. Then this action is unique up to equivalence and taking the inverse action
λ → λ−1 if and only if V is not a toric surface 5 , a Danilov-Gizatullin surface of
index n ≥ 4, or a special Gizatullin surface.
In the case of a Danilov-Gizatullin surface V with an extended graph Γext (D) as
in (4), the multiplicities of the two feathers in the singular ﬁber of the P1 -ﬁbration
ψt : Ṽ → P1 associated with C0 are 1 and t − 1 respectively. As we mentioned,
when Ṽ is a Gm -equivariant completion, then the Gm -action preserves ψt and, in
particular, the A1 -ﬁbration ψt |V : V → C. This enabled P. Russell to conclude
that for diﬀerent values of t such actions are not equivalent, i.e. there are at least
n − 1 non-equivalent Gm -actions on V . In fact, there are no more [6]. In the case
of special smooth Gizatullin surfaces, one has the following.
Theorem 4.6. [8]) Let V be a special smooth Gizatullin surface. If V is of
type I, then the equivalence classes of Gm -actions on V form in a natural way a
1-parameter family, while in case of type II they form a 2-parameter family.
The proof of this result is based on a diﬃcult generalization of Theorem 3.2
[8, Corollary 6.1.4] that can be formulated in the following form:
C, the isomorphism class of the
Up to an aﬃne transformation of Ct \ Ct−1
special Gizatullin surface V from Theorem 4.2 (B) is uniquely determined by the
set of points {Fi ∩ Ct }ri=1 .
5 Recall that a surface is called toric if it admits an eﬀective algebraic action of the torus
T. The list of smooth aﬃne toric surfaces consists of T, C∗ × C and C2 while every other aﬃne
normal toric surface can be obtained as the quotient of C2 with respect to a linear action of the
group of d-roots of unity for some d ∈ N.

Licensed to AMS.

SURFACES WITH BIG AUTOMORPHISM GROUPS

191

5. A1 -ﬁbrations
There is an analogue of Theorem 4.5 for A1 -ﬁbrations.
Theorem 5.1. ([7]) Let V be a smooth aﬃne surface with a nontrivial Gm action such that V is not a Danilov-Gizatullin surface of index n ≥ 4 or a special
Gizatullin surface. Then V admits at most two non-equivalent A1 -ﬁbrations V →
A1 .
In the case of a Danilov-Gizatullin surface, the number of non-equivalent A1 ﬁbrations is ﬁnite when the index n ≤ 5. If n ≥ 6, then there exist A1 -ﬁbrations that
are not invariant under any Gm -action (unlike the ones discussed in the previous
section). It is unknown if the number of such ﬁbrations is ﬁnite for n = 6.
Theorem 5.2. ([8, Example 6.3.21]) If V is a Danilov-Gizatullin surface of
index n ≥ 7, then V carries continuous families of pairwise non-equivalent A1 ﬁbrations with the number of parameters being an increasing function of n.
The similar fact holds for special Gizatullin surfaces.
Theorem 5.3. ([8, Corollary 6.3.22]) Let V be a special Gizatullin surface with
a zigzag of length n. Then there are families of pairwise non-equivalent A1 -ﬁbrations
V → A1 depending on r(n) ≥ 1 parameters with limn→∞ r(n) = ∞.
There is no analogue of the Abhyankar-Moh-Suzuki Theorem for Gizatullin
surfaces. Indeed, consider the Danielewski surface S = {xy = z(z − 1)} and the
curves L1 and L2 in it given by x = 1 and by x = z = 0 respectively. Both of them
are isomorphic to C, but there is no automorphism of S that transforms one into
the other, since L1 is a principal divisor while L2 is not.
A more delicate question was studied in [15]. It turns out that, if the Picard
group Pic(V ) of a Gizatullin surface V is not a torsion group, then there may exist
an aﬃne line L
C in V that is not a component of a ﬁber of any A1 -ﬁbration
V → C. Actually, the authors found such an L for which the logarithmic Kodaira
dimension of V \ L is nonnegative, while for any component of a ﬁber of an A1 ﬁbration the similar dimension is −∞.
6. Amalgams
Recall that a tree is a connected (non-weighted) graph without cycles. Consider
a pair (T, G) that consists of a tree T and a collection G of vertex groups (GP )P ∈vertT
and edge groups (Gν )ν∈edgeT such that for every edge ν = [P, Q] of T , there are
monomorphisms Gν → GP and Gν → GQ identifying Gν with proper subgroups
of the vertex groups GP and GQ . Then one can construct a unique group G =
lim→ (T, G) called the free amalgamated product of the vertex groups, where G is
freely generated by the subgroups (GP ) and (Gν ) with uniﬁed subgroups GP ∩GQ =
Gν for each ν = [P, Q] ∈ edgeT [22, Ch. I, Sections 4,5].
The following analogue of the Jung-Van der Kulk theorem was proved in [5].
Theorem 6.1. Let V be a Danilov -Gizatullin surface of index n ≤ 5 and
Auto (V ) be the connected component of identity in Aut(V ). Then Auto (V ) is an
amalgamated product of at most three algebraic groups.
On the other hand, the following result holds [20].
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Proposition 6.2. Let Y be a normal aﬃne variety that does not admit a
unipotent group action with a general orbit of dimension ≥ 2. Suppose that the
connected component Auto (Y ) of identity in Aut(Y ) is an amalgamated product of
a countable number of algebraic groups. Then the set of non-equivalent A1 -ﬁbrations
on Y over aﬃne bases is countable.
In combination with Theorems 5.2 and 5.3, this Proposition yields the next
fact.
Theorem 6.3. ([20]) Let V be either a Danilov-Gizatullin surface of index
n ≥ 7 or a special Gizatullin surface. Then Auto (V ) is not an amalgamated product
of a countable number of algebraic groups.
Another characterization of the complexity of the automorphism groups of
Gizatullin surfaces was found by Blanc and Dubouloz [3]. Namely, there exists
a surface V such that for the normal subgroup N (V ) ⊂ Aut(V ) generated by all
algebraic subgroups of Aut(V ) the quotient Aut(V )/N (V ) contains a free group on
an uncountable set of generators.
7. Generalized Gizatullin surfaces
Recall that a holomorphic vector ﬁeld ν on a complex space X is called complete
d
Φ(x, t) = ν(Φ(x, t)) with initial data Φ(x, 0) = x has a solution
if the ODE dt
Φ(x, t) deﬁned for all values of complex time t ∈ C and every starting point x ∈ X,
i.e. the ﬂow Φ(∗, t) yields a complex one-parameter subgroup of the holomorphic
automorphism group Authol (X).
Every Ga -action (resp. Gm -action) on an algebraic variety X is the ﬂow of a
complete algebraic vector ﬁeld which is called locally nilpotent (resp. semi-simple).
However, there are complete algebraic vector ﬁelds that are neither locally nilpotent
nor semi-simple and their ﬂows are not algebraic but only holomorphic actions of
C+ . Up to conjugation by elements of Aut(C2 ), such complete algebraic ﬁelds on
C2 were classiﬁed by Brunella [4]. Consider some examples of these ﬁelds.
∂
Example 7.1. The vector ﬁeld yx ∂x
is complete, but its ﬂow (x, y) → (ety x, y)
is not algebraic, i.e. elements of this ﬂow are only holomorphic automorphisms. Of
course, the canonical forms of complete algebraic vector ﬁelds found by Brunella
∂
∂
∂
+ p(xn y m )[ny ∂y
− mx ∂x
]
are more complicated and here is one of them: ax ∂x
where a ∈ C, n, m ≥ 1 are coprime and p(z) ∈ C[z].

Definition 7.2. Denote by AAut(X) the subgroup of the group Authol (X) of
holomorphic automorphisms of X generated by the elements of the ﬂows of complete algebraic vector ﬁelds on X. We call a normal aﬃne surface V a generalized
Gizatullin surface if AAut(V ) admits an open orbit whose complement is at most
ﬁnite.6
The technique of Brunella and some fundamental results of McQuillan were
originally used in the proof of Theorem 7.4 below that describes generalized Gizatullin surfaces. It was later extracted in a much easier way from the next very
general result of Guillot and Rebelo on semi-complete vector ﬁelds [14].
6 It is worth mentioning that in all Kovalenko’s examples [19] the group AAut(V ) acts transitively on V while Aut(V ) does not.
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Theorem 7.3. Let V be a normal aﬃne algebraic surface that admits a nonzero
complete algebraic vector ﬁeld. Then either:
(1) all complete algebraic ﬁelds share the same rational ﬁrst integral (i.e. there
is a rational map f : V  B such that all complete algebraic vector ﬁelds on V
are tangent to the ﬁbers of f ), or
(2) V is a rational surface with an open orbit of AAut(V ) and, furthermore, for
every complete algebraic vector ﬁeld ν on V there is a regular function f : V → C
(depending on ν) with general ﬁbers isomorphic to C or C∗ such that the ﬂow of ν
sends ﬁbers of f to ﬁbers of f .
As we have mentioned, Theorem 7.3 is an essential ingredient in the proof of
the following main result of [18].
Theorem 7.4. A normal complex aﬃne algebraic surface V is generalized
Gizatullin if and only if it admits an SNC-completion V̄ for which the boundary
V̄ \ V is connected, consists of rational curves, and has a dual graph that belongs
to one of the following types
(1) a standard zigzag or a linear chain of three 0-vertices (i.e. Gizatullin surfaces
and C × C∗ ),
(2) a circular graph with the following possibilities for weights
(2a)

((0, 0, w1 , . . . , wn )) where n ≥ 0 and wi ≤ −2,

(2b)

((0, 0, w)) with −1 ≤ w ≤ 0 or ((0, 0, 0, w)) with w ≤ 0,

(2c)

((0, 0, −1, −1));

c −2

C̃1
E
(3)

c

−1

c −2

C̃1

c −2
E

c

−1

c −2

C̃1

c −2

(5)

c

−1
C̃2
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C1

c

where n ≥ 0, w0 ≥ 0

Cn
...

w1

c

and wi ≤ −2 for i ≥ 1,

wn

C0

c

−2

C̃2

E

c

w0

C̃2

(4)

C0

C̃1
C0

c

w0

c −2

C1

c

w1

E

Cn
...

c −2

c

wn
C̃2

where n ≥ 0, w0 ≥ 0
and wi ≤ −2 for i ≥ 1;

c

moreover k ≤ −1 if n = 0

k

while for n > 0 one has

c −2

k ≤ −2,
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c −2

C̃1
E
(6)

C̃1

c −2
E

c

c

−1
C̃2

where k ≥ −1.

k

c −2

C̃2

c −2

Remark 7.5. With the exception of (2a), every graph in Theorem 7.4 can appear as the dual graph of an SNC-curve in a rational surface. In order to guarantee
the same in (2a), one has to impose the following additional necessary and suﬃcient
assumption: there is a linear chain C1 + . . . + Cn of rational curves with weights
[[u1 , . . . , un ]] such that ui ≥ wi , the curve C2 + . . . + Cn−1 is contractible and the
weights of the proper transforms of C1 and Cn become zero after this contraction.
Without going into a rather technical description of the proof of this result, let
us consider some interesting examples.
Example 7.6. (a) Consider hypersurfaces {xp(x) + yq(y) + xyz = 1} ⊂ C3x,y,z ,
where the polynomials 1 − xp(x) and 1 − yq(y) have simple roots only (say, x + y +
xyz = 1). None of them admits nontrivial algebraic Ga or Gm -actions, but they
are generalized Gizatullin surfaces and as in the case of the torus, for each such a
surface V the dual graph of an SNC-completion V̄ can be chosen as a cycle.
(b) The following special case of (5)
C̃1 c −2

C̃1 c −2
E

c

−1
C̃2 c −2

C0
c
0

E
c
−1
C̃2 c −2

yields a surface which is a locally trivial twisted C∗ -ﬁbration over C∗ (i.e. it is
nothing but a complexiﬁcation of the Klein bottle).
We conclude the paper with a theorem describing some singular generalized
Gizatullin surfaces, which include a unique non-toric surface of this type.
Theorem 7.7. ([18]) Let V0 be a normal generalized Gizatullin surface such
that for a complete algebraic vector ﬁeld ν0 on V0 there is a surjective rational ﬁrst
integral f0 : V0  B into a complete curve B. Then
(1) either V0 is toric (and, in particular, quasi-homogeneous), or V0 is isomorphic to the hypersurface y(x2 + y 2 ) + z 2 = 0 and, in particular, it has (−D4 )singularity7 ;
7 A singularity of type −D
2
n
2
n+1 is locally isomorphic to the hypersurface yx + y + z = 0 in
C3x,y,z .
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(2) up to a constant nonzero factor ν0 is semi-simple.
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