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Short survey on the existence of slices for the space of
Riemannian metrics
Diego Corro and Jan-Bernhard Kordaß
Abstract. We review the well-known slice theorem of Ebin for the action
of the diﬀeomorphism group on the space of Riemannian metrics of a closed
manifold. We present advances in the study of the spaces of Riemannian
metrics, and produce a more concise proof for the existence of slices.

1. Introduction
The presence of a group action on a smooth manifold has been a successful tool in the study of the topology of manifolds, as well as their geometry (cf.
[AB15, Bre72, Kob72]). In [Pal61], Palais showed that given certain topological
conditions on the action of the group, one could integrate the normal bundle of
an orbit to obtain an equivariant tubular neighborhood called a slice. A result
guaranteeing its existence is referred to as a slice theorem. Such a theorem allows
us to study the action of a Lie group G on M locally, as well as the quotient map
π : M → M/G. The required topological condition is automatically satisﬁed by
any compact group, and slices have played an important role in the study of such
actions.
Furthermore, the proof of the slice theorem, for the case when the group G and
the manifold M are ﬁnite-dimensional, is rather geometric. It has been exploited in
the so-called Symmetry Program, to study and construct, metrics satisfying lower
curvature bounds on a given smooth manifold, with a prescribed group contained
in the symmetry group (see [Gro02, Gro17]).
When attempting to reproduce this proof for the case when the dimensions
of the acting group G and the manifold M are both inﬁnite, a series of technical
obstructions arise. Each of these technical points has to be addressed in order to
show the existence of a slice. This is the core of Ebin’s work in [Ebi70] for the
action of the group of diﬀeomorphisms Diﬀ(M ) on the space of Riemannian metrics
R(M ) for a closed smooth manifold M . The action is by pulling back Riemannian
metrics along diﬀeomorphisms. To view it as a left action, we set φ·g := (φ−1 )∗ g for
φ ∈ Diﬀ(M ) and g ∈ R(M ). Namely, in [Ebi70] the following theorem is proved.
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Slice Theorem. Let M be a closed smooth manifold and consider the Fréchet
Lie group of diﬀeomorphisms Diﬀ(M ). Given a Riemannian metric γ ∈ R(M ),
there exists a submanifold Sγ containing γ such that the following hold:
(i) For any φ ∈ Diﬀ(M )γ , we have φ · Sγ ⊂ Sγ .
(ii) If φ ∈ Diﬀ(M ) is a diﬀeomorphism such that φ · Sγ ∩ Sγ = ∅, then
φ ∈ Diﬀ(M )γ .
(iii) There exists an open neighborhood U of the identity right-coset in
Diﬀ(M )/ Diﬀ(M )γ , and a cross-section χ : U → Diﬀ(M ), such that the
map F : U × Sγ → R(M ) given by
F (u, s) = χ(u) · s,
is a homeomorphism onto an open neighborhood of γ in R(M ).
The slice theorem has acquired recent relevance in Riemannian geometry regarding the study of the moduli space M(M ) of Riemannian structures on M .
This space is the orbit space R(M )/ Diﬀ(M ), and parametrizes possible Riemannian geometries on M up to isometry. Since the proof of the Slice Theorem is by
local means, the slice theorem holds for any open Diﬀ(M )-invariant submanifold
of R(M ). Particular examples of such invariant open manifolds are the subsets
of Riemannian metrics satisfying some strict lower (resp. upper) curvature bound.
For example, we may consider the space of Riemannian metrics with positive sectional curvature Rsec>0 (M ). The orbit space Msec>0 (M ) := Rsec>0 (M )/ Diﬀ(M )
describes isometry classes of metrics with positive sectional curvature on M . Moreover, we can consider the action of closed subgroups of Diﬀ(M ), such as Diﬀ 0 (M ),
the subgroup of diﬀeomorphisms homotopic to the identity. A particular example
for a space of metrics with an upper curvature bound is the Teichmüller space (cf.
[FS17]).
Ebin’s approach to prove the Slice Theorem is as follows. He ﬁrst considers
a ﬁxed Riemannian metric and a ﬁxed volume element on M . Then he ﬁxes a
degree of diﬀerentiability s ∈ N ∪ {∞}, and deﬁnes an inner product (−, −)s on
the space of sections Γs (S 2 T ∗ M ). The downside is that the space Γs (S 2 T ∗ M ) is
not complete with respect to this inner product. Completing it yields a Sobolev
space H s (S 2 T ∗ M ). Furthermore, the topology of this Sobolev space does not
depend on the choices of the Riemannian metric, and the volume element on M
(see [Ebi70, Sec. 3]). Ebin then proceeds to show the existence of a slice for the
action of the group of diﬀeomorphisms on this Sobolev space.
For M a closed smooth manifold, the study of a Riemannian structure for the
space R(M ) has greatly advanced in the last 50 years. Namely, Freed and Groisser
in [FG89], and later Gil-Medrano and Michor in [GMM91] have studied the space
R(M ) with a canonical non-complete Riemannian structure, given by an L2 -metric
(cf. [KM97]). They study the Levi-Civita connection of such a metric, and show
the existence of an exponential map.
Remark 1.1. The original result in [Ebi70] considers only orientable manifolds. In the present proof we believe this hypothesis is not necessary.
The proof we present does not rely on the technical work done in the setting of
Sobolev spaces in [Ebi70]. Furthermore, the advances in the study of topological
group actions gives a clearer picture of the construction used in the proof of the slice.
This allows us to describe up to homeomorphism a neighborhood of an orbit of the
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action of Diﬀ(M ) on R(M ). We observe that the isotropy group of a Riemannian
metric γ ∈ R(M ) is the group of isometries Isom(γ) of γ. When M is compact, the
group Isom(γ) is a compact Lie group (see [MS39]).
Theorem B. Let M be a closed smooth manifold, and consider Diﬀ(M ) acting
on R(M ). For a ﬁxed Riemannian metric γ let Sγ be the slice through γ. Then a
closed neighborhood of the orbit Diﬀ(M )(γ) ⊂ R(M ) is homeomorphic to
Diﬀ(M ) ×Isom(γ) Sγ .
This theorem allows to describe a neighborhood of the orbits, which can be
regarded as a topological equivariant tubular neighborhood.
Remark 1.2. The original approach followed by Ebin relies on the fact that
the Fréchet manifold of Riemannian metrics has a graded family of Riemannian
metrics generating the topology. This approach has been generalized in [DR19], to
show the existence of slices for a more general family of Fréchet spaces and Fréchet
Lie group actions.
This article is organized as follows. In the ﬁrst part we present the general
theory of smooth actions by ﬁnite-dimensional Lie groups on ﬁnite-dimensional
manifolds. For this setting we give a proof of a slice theorem, to which we will
point later when proving a slice theorem for the action of Diﬀ(M ) on R(M ). We
recall an inﬁnite-dimensional manifold structure for R(M ), which is modeled on
a class of metric spaces called Fréchet spaces. Then we present the L2 -metric
on R(M ) studied by Gil-Medrano and Michor in [GMM91]. This L2 -metric is
Diﬀ(M )-invariant, and has an exponential map. Finally, we present the proof of
the Slice Theorem and the Theorem B. These are based on the proofs for the
ﬁnite-dimensional case. We end this work by stating some consequences of the slice
theorem.
2. Preliminaries
Conventions. We will henceforth use the following conventions:
(1) All manifolds, submanifolds and Lie groups are assumed to be smooth
and ﬁnite-dimensional, if not stated otherwise.
(2) By M we always denote a closed, ﬁnite-dimensional smooth manifold.
(3) We denote by G a Hausdorﬀ topological group; often a ﬁnite-dimensional
Lie group.
(4) The continuous map describing an action of a group on a space is denoted
by μ.
(5) For a smooth vector bundle E → M , we denote by Γs (E) for s ∈ N ∪ {∞}
the space of sections of diﬀerentiability s. Instead of Γ∞ (E), we will write
Γ(E).
2.1. Group actions. A group G equipped with a topology is called a topological group, if the multiplication m : G × G → G, and the inverse i : G → G are
continuous maps with respect to this topology. In the present work we will additionally assume that all topological groups are Hausdorﬀ and there is a second
countable basis of neighborhoods for the identity e ∈ G. This implies that for the
identity element e ∈ G, the set {e} is closed. The condition of {e} being closed
and G having a second countable basis for open sets containing e is equivalent to G
being metrizable, and the metric can be chosen left-invariant by [MZ55, Sec. 1.22].
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Let G be a topological group, and X be a topological space. We say that G
acts on X from the left, if there exists a continuous map μ : G × X → X such that:
(i) μ(e, p) = p for any p ∈ X;
(ii) μ(g, μ(h, p)) = μ(gh, p) for any g, h ∈ G and any p ∈ X.
For a ﬁxed p ∈ X the set G(p) := {μ(g, p) | g ∈ G} ⊂ X is called the orbit of
p. The subgroup Gp := {g ∈ G | μ(g, p) = p} is called the isotropy subgroup at p,
or the stabilizer of the action at p. From now on, we will denote μ(g, p) simply by
g · p. The subgroup given by intersection of all isotropy groups

Gp ,
p∈X

is called the ineﬀective kernel of the action. If this subgroup is trivial, the action is
called eﬀective. Any group action can be turned into an eﬀective action and hence
we will assume that all group actions in the present text are eﬀective. Moreover,
if at every point p ∈ X we have Gp = {e}, we say the action is free. An action is
transitive if the orbit of any point p ∈ X is the whole space X.
An action of G on X deﬁnes an equivalence relation ∼ on X. We say p ∼ q, if
and only if, p and q are contained in the same orbit. The quotient space obtained
from the action’s orbits is called the orbit space of the action, and is denoted by
X/G. The topology of X induces via the orbit quotient map π : X → X/G the
quotient topology on X/G. For any subset A ⊂ X, we denote its image under π by
A∗ . For a point p ∈ X we denote its image as p∗ .
An action μ of a topological group G on a topological space X is called proper,
if the map A : G × X → X × X deﬁned as
A(g, p) := (g · p, p),
is proper, i.e. the preimage of any compact subset of X under the map is a compact
subset of G × X. This concept was introduced by Palais in [Pal61]. If X is
metrizable, then we have the following characterization of proper actions.
Proposition 2.1 (Prop. 3.19 in [AB15]). Let G be a Hausdorﬀ topological
group, with second countable basis for open sets containing the identity e ∈ G, and
let X be a metrizable topological space. An action μ : G × X → X is proper, if and
only if, for any sequence (gn )n∈N in G and any convergent sequence (xn )n∈N in X,
such that (μ(gn , xn ))n∈N converges in X, the sequence (gn )n∈N admits a convergent
subsequence.
From this characterization of proper actions it easily follows that for a proper
action all isotropy groups are closed.
In the particular case when the group G is metrizable via a complete metric,
we have the following characterization for a proper action:
Proposition 2.2. Let G be a topological group with a complete left-invariant
metric inducing the topology of G, and X a metric space. An action μ : G × X →
X is proper, if and only if, for any sequence (gn )n∈N in G and any x0 ∈ X, if
the sequence (μ(gn , x0 ))n∈N converges to x0 in X, then (gn )n∈N has a convergent
subsequence.
Proof. It is clear that the conclusion of Proposition 2.1, implies the necessity
direction.
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Denote by ρ : G × G → R the complete left-invariant metric of G. We will
show that for any x ∈ X, the isotropy group Gx is compact, i.e. that any sequence
(gn )n∈N in Gx has a convergent subsequence, with limit in Gx . Since we have ρ an
invariant metric, Gx is a metric space. Consider (gn )n∈N ⊂ Gx ⊂ G an arbitrary
sequence. Then for all elements in the sequence, we have that μ(gn , x) = x. Thus
the sequence (μ(gn , x))n∈N is constant and thus it is a convergent sequence. From
our hypothesis, we conclude that there exists a convergent subsequence (gnk )k∈N ,
with limit some g0 ∈ G. From the continuity of μ, we have that μ(gnk , x) = x
converges to μ(g, x). By the uniqueness of limits, we see that μ(g, x) = x. Thus g
is an element of Gx , and we conclude that Gx is compact.
Since Gx is compact for any x ∈ X, we can assume, by averaging ρ over Gx ,
that ρ is Gx -invariant, by right multiplication. This induces a complete metric ρ̃
on the quotient space G/Gx .
Next we show that the action is proper by showing that the characterization
given in Proposition 2.1 holds. Consider ((gn , xn ))n∈N an arbitrary sequence in
G × X such that the sequence ((μ(gn , xn ), xn ))n∈N converges in X × X to (y, x).
We will show that there is a convergent subsequence of (gn )n∈N . Given ε > 0,
for suﬃciently large n ∈ N, we have that for the left-invariant metric d on X,
the inequality d(μ(gn , xn ), μ(gn , x)) = d(xn , x) < ε/2 holds. Since the sequence
(μ(gn , xn ))n∈N converges to y, for suﬃciently large n we have
d(y, μ(gn , x))  d(y, μ(gn , xn )) + d(μ(gn , xn ), μ(gn , x)) < ε.
Therefore, for n and m large enough,
−1
gn , x), x).
ε > d(μ(gn , x), μ(gm , x)) = d(μ(gm

From our hypothesis, there is a convergent subsequence, which we denote again by
−1
gn converging to some g0 ∈ Gx . This implies that for the complete metric ρ̃ on
gm
G/Gx , for large indices n and m we have :
ρ̃(gn Gx , gm Gx ) < ε.
This means, that the sequence (gn Gx )n∈N in G/Gx is a Cauchy sequence. Since ρ̃
is complete, there exists a convergent subsequence of (gn Gx )n∈N converging to gGx
for some g ∈ G, i.e. for large n we have
ε > ρ̃(gn Gx , gGx ) = inf{ρ(gn a1 , ga2 ) | a1 , a2 ∈ Gx }
= inf{ρ(gn a1 a−1
2 , g) | a1 , a2 ∈ Gx }  0.
Thus, there is a sequence (gn hn )n∈N in G converging to g. Since Gx is compact, we
can ﬁnd a subsequence (hnk )k∈N converging to h ∈ Gx . From this, using the triangle

inequality, we obtain that the sequence (gnk )k∈N converges to gh−1 in G.
Furthermore, when G is a smooth manifold, and the group operations m : G ×
G → G, and i : G → G are smooth we say that G is a Lie group. If M is a ﬁxed
smooth manifold, and G is a Lie group, then a smooth action by G on M is a
smooth map μ : G × M → M satisfying (i) and (ii) above.
The orbit space of a proper smooth action of a Lie group on a smooth manifold
is a second countable Hausdorﬀ space. If the action is not free, the quotient might
not be a closed manifold. For example, if we consider the 2-sphere and ﬁx an axis of
rotation, we have a smooth action by the circle on the 2-sphere with two ﬁx points.
The orbit space is homeomorphic to a closed interval.
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Theorem 2.3. Let G be a Hausdorﬀ topological group, with a second countable
basis for open sets containing the identity element e ∈ G, acting properly on a
metric space (X, d), where d is G-invariant.1 Fix p ∈ X, and consider μp : G → X
given by μp (g) = g · p. Let ρ : G → G/Gp be the quotient map. Then there exists
a G-equivariant homeomorphism μ̃p : G/Gp → G(p) onto the orbit through p such
that μ̃p ◦ ρ = μp . Furthermore, the orbit G(p) is a closed subspace of X.
G
ρ

G/Gp

μp

μ̃p

X

Proof. Consider g1 Gp = g2 Gp . Then g2−1 g1 ∈ Gp , and thus g2−1 g1 · p = p.
Therefore, we have g1 · p = g2 · p. I.e. if ρ(g1 ) = ρ(g2 ), then μp (g1 ) = μp (g2 ). Since
ρ is a quotient map, there exists a continuous, well-deﬁned map μ̃p : G/Gp → X
making the diagram commute. This map is injective, and its image is the orbit
G(p). We only have to proof that μ̃p is closed. Observe that since we have an
invariant metric, we can talk about convergent sequences. Take C ⊂ G/Gp closed,
and consider μ̃p (C) in X. Consider a sequence (gn · p)n∈N in μ̃p (C), with limit g · p.
From the properness of the G-action we have that the sequence (gn )n∈N converges
to g in G. Since ρ−1 (C) is closed in G, we have that g lies in ρ−1 (C), and thus gGp
is an element of C.

Remark 2.4.
(1) We used the properness of the action in Theorem 2.3 to show that the
inverse of μ̃p is continuous.
(2) In the following section, we will see that for a smooth, proper, eﬀective
group action by a Lie group on a smooth manifold M , we can always ﬁnd
an invariant metric on M . In this case, the conclusions of Theorem 2.3
can be strengthened to diﬀeomorphism for μ̃p , and smooth embedded
submanifold for G(p) (cf. [AB15, Proposition 3.41]).
(3) Moreover, we will see that the existence of a slice yields an improved
version of this theorem topologically describing a neighborhood of the
orbits.
2.2. The ﬁnite-dimensional slice theorem. A group action gives a partition of a smooth manifold M , whose global structure is described by the topological
space M/G. Thus, we can attempt to recover information about M from a separate
analysis of the orbits, and the orbit space. Proper actions, which where introduced
by Palais in [Pal61], are a good setting for this decomposition study. This follows from the fact that for a proper smooth action an orbit is an embedded closed
submanifold (see [AB15, Proposition 3.41]). Actually, the orbit at p ∈ M is diffeomorphic to G/Gp , and as stated above the orbit space is a second countable
Hausdorﬀ topological space.
There are stronger geometric consequences to the properness of a smooth action
by a Lie group G on a smooth manifold M . We say that a Riemannian metric γ
on M is G-invariant, if for any g ∈ G, the map
μg : M → M,
1 I.e.

p → g · p,

d(g · p, g · q) = d(p, q) for all p, q ∈ X and g ∈ G.
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is an isometry of γ. The following theorem states that for any proper smooth action
by G on M there exists at least one G-invariant metric.
Theorem 2.5 (Theorem 3.65 in [AB15]). Let G be a Lie group, and let M be
a smooth manifold. Further, let μ : G × M → M be a proper smooth action. There
exists a G-invariant Riemannian metric γ on M such that μG = {μg | g ∈ G} is a
closed Lie subgroup of Isom(M, γ).
We note that Isom(M, γ) is a Lie group by the theorem of Myers-Steenrod (see
[MS39]).
Combining this theorem with the fact that the orbits are closed, the orbit space
obtains the structure of a metric space, and the quotient map π : M → M/G is a
submetry with respect to the metrics on M and M/G. This means that the ball of
radius δ centered at p in M is mapped onto the ball of radius δ centered at p∗ in
M/G.
Remark 2.6. Furthermore by [Kan05], the G-invariant metric can be considered complete.
Definition 2.7. Let G be a Lie group acting continuously on a topological
manifold X. A slice through p ∈ X, is a closed embedded submanifold Sp of X
containing p such that:
(i) For any g ∈ Gp , we have g · Sp ⊂ Sp .
(ii) If g ∈ G is such that g · Sp ∩ Sp = ∅, then g ∈ Gp .
(iii) There exists an open neighborhood U of the identity right-coset in G/Gp ,
and a cross-section χ : U → G, such that the map F : U × Sp → X given
by
F (u, s) := μ(χ(u), s),
is a homeomorphism onto an open neighborhood of p in X.
Remark 2.8. This term can be naively generalized in several directions. Let
C be a subcategory of manifold objects in a category of topological spaces with
ﬁnite products and group objects. Let X be an object and G be a group object
in C acting on X internally, i.e. the action G × X → X is a morphism in C. For
p ∈ X, a slice is a closed embedding i : Sp → X with p ∈ Im(i) of an object Sp in
C satisfying (i) – (iii) above. If F in (iii) can be strengthened to be a morphism in
C, we call it an internal slice.
The main theorem states the existence of a slice for the action of Diﬀ(M ) on
R(M ) considered in C, the category of Fréchet manifolds.
We will give a proof of the existence of a slice for the case of ﬁnite-dimensional
Lie groups and smooth manifolds, which we will later retrace in the inﬁnite-dimensional setting.
Theorem 2.9 (Slice Theorem 3.49 in [AB15]). Consider a proper smooth action by a Lie group G on M , a smooth manifold. For arbitrary p ∈ M there exists
a slice Sp through p.
Proof. First we consider the G-invariant Riemannian metric γ given by Theorem 2.5. From the invariance of the metric γ, it follows that if λ : I → M is a
geodesic then for any g ∈ G, the curve g · λ(t) is a geodesic. Next we ﬁx p ∈ M , and
consider the normal space νp M to G(p) at p. We can ﬁnd an open set B contained
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in the tangent bundle T M , over which the exponential map is a diﬀeomorphism
onto its image. Set B ⊥ the intersection of B with the normal bundle νG(p) → G(p).
Set ε > 0 small enough, and let V consist of all normal vectors v ∈ B ⊥ with norm
less than ε. Take Vp ⊂ V to be an open ball of radius ε around the origin, contained
in the intersection of B with the normal space νp G(p) ⊂ Tp M of G(p) at p. We
claim that the image of Vp under expp is the desired slice through p.
From the fact that the action maps geodesics to geodesics, points (i) and (ii)
follow: Take g ∈ Gp and s = expp (t0 X) ∈ Sp . Then for the curve λ(t) = expp (tX)
we have that g · λ(t) is a geodesic. Since λ(0) = p, and g ∈ Gp , we have g · λ(0) = p.
Furthermore from the fact that X is normal to the orbit at p, and the G-invariance
of γ, it follows that g · γ is normal to the orbit at p. Thus g · s = g · λ(t0 ) lies in Sp
and hence Gp (Sp ) ⊂ Sp .
Now consider g an arbitrary element in G, such that for some s ∈ Sp , g · s ∈ Sp .
This means that g · s = s̃ for some s̃ ∈ Sp . Assume that g · p = p. Then we have
one point in the image of B under the exponential map exp, with two diﬀerent foot
points: g · s has g · p as base point for exp, and s̃ has p as a base point for exp.
Since the exponential map is a diﬀeomorphism on B, this is a contradiction. Thus
g · p = p.
To prove point (iii) we need to consider the right action of Gp on G given by
the group multiplication. Since this action is free, the ﬁbration ρ : G → G/Gp
is a (smooth) Gp -principal bundle (cf. [AB15, Corollary 3.38]). Thus there exists an open neighborhood U of the coset eGp ∈ G/Gp , such that the bundle
ρ|ρ−1 (U) : ρ−1 (U ) → U is trivial, i.e. there exists a cross-section χ : U → G of ρ.
By Theorem 2.3 there exists a homeomorphism μ̃p : G/Gp → G(p). Thus we may
assume that U is such that Ũ = μ̃p (U ) ⊂ exp(V ). Consider (g1 Gp , s1 ), (g2 Gp , s2 ) ∈
G/Gp × Sp and assume that F (g1 Gp , s1 ) = F (g2 Gp , s2 ). Then we have that
χ(g2 Gp )−1 χ(g1 Gp ) · s1 = s2 ∈ Sp .
By point (ii) we have that χ(g2 Gp )−1 χ(g1 Gp ) ∈ Gp . Thus g1 Gp = g2 Gp , and from
this it follows that s1 = s2 . Therefore, F is injective.
Given q ∈ exp(V ) there exists a unique vector v ∈ V , normal to the orbit
such that q = exp(v). Furthermore we can assume that for the projection map
π : V → G(p), we have that x = π(v) ∈ Ũ ⊂ G(p) (i.e we take v ∈ π −1 (Ũ )). Then,
there exists g ∈ G such that x = g · p. Thus for the homeomorphism μ̃p given by
Theorem 2.3, we have that μ̃−1
p (x) = gGp ∈ U . Observe that
χ(gH) · p = μp (χ(gH)) = μ̃p ◦ ρ(χ(gH)) = μ̃p (gH) = g · p = x.
Therefore, χ(gH)−1 · x = p. We remark that, since q lies in a geodesic normal to
G(p), and the Riemannian metric γ on M is G-invariant, then χ(gH)−1 · q lies in a
geodesic normal to G(p), which goes through p. Thus χ(gH)−1 · q lies on the slice
Sp . From this discussion it follows that (gGp , χ(gH)−1 · q) ∈ U × Sp and
F (gGp , χ(gH)−1 · q) = q.
In other words for q ∈ exp(π −1 (Ũ )), the inverse of F is given by


  −1
 
−1
−1
π(exp
(q))
,
χ
μ̃
(π(exp
(q)))
·q
F −1 (q) = μ̃−1
p
p
Therefore F −1 is a continuous function since it is given by continuous functions,
and thus F is a homeomorphism.
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The following result depends only on the existence of slices for every point in
the space acted on.
Theorem 2.10. Let G be a Lie group, X a topological manifold. Assume
μ : G × X → X is a proper action, such that for any point p ∈ X, a closed slice Sp
exists, satisfying (i), (ii) and (iii), and the isotropy group Gp is compact. Then a
closed neighborhood of the orbit G(p) is homeomorphic to
G ×Gp Sp .
Proof. We set Tub(G(p)) = μ(G × Sp ). Since the action of Gp leaves Sp
invariant, we consider the following action of Gp on G × Sγ : For h ∈ Gp and
(g, s) ∈ Sp , we set
h (g, s) = (gh, μ(h−1 , s)).
We denote the orbit space of this action by G ×Gp Sp , and we consider π : G × Sp →
G ×Gp Sp the orbit projection map. We deﬁne φ : G × Sp → Tub(G(p)) by φ(g, s) =
μ(g, s). Thus by deﬁnition the map φ is continuous and surjective. For (g, s) and
(gh, μ(h−1 , s)), we have that φ(g, s) = φ(gh, μ(h−1 , s)). From the fact that π is
a quotient map, it follows that there exists a continuous map ψ : G ×Gp Sp →
Tub(G(p)) making the following diagram commute
G × Sp
φ

π

G ×Gp Sp

ψ

Tub(G(p))

We will show that the map φ is an open map. Let U ⊂ G/Gp be an open neighborhood of the identity coset given by point (iii) of Deﬁnition 2.7. For the quotient
map p : G → G/Gp the subset p−1 (U ) × Sp ⊂ G × Sp is open. Consider the
map F : U × Sp → X given by point (iii). Set N = F (U × Sp ) ⊂ X, which is
open. Since we have χ(U ) ⊂ p−1 (U ) for the cross-section χ : U → G, we have
N ⊂ φ(p−1 (U ) × Sp ). Let (g, s) ∈ p−1 (U ) × Sp . Since the action of Gp on the ﬁbers
of p : G → G/Gp is transitive, there exists h ∈ Gp such that


g = χ gGp h.
 
 
 
Thus φ(g, s) = φ(χ gH h, s) = μ(χ gH h, s) = μ(χ gH , μ(h, s)). Since μ(h, s) is
an element of Sp by property (i) of the Slice, then φ(g, s) ∈ N . Thus the image
under φ of an open set in G × Sp is open in Tub(G(p)). Therefore φ is a quotient
map, and ψ is a homeomorphism.

2.3. Fréchet spaces. Let F be a real vector space. A seminorm on F is a
real valued function · : F → R such that:
(i) f  0 for any vector f ∈ F ;
(ii) f + g  f + g for all vectors f, g ∈ F ;
(iii) λf = |λ| f for any vector f ∈ F , and any λ ∈ R.
A family of seminorms { · α | α ∈ Λ} deﬁnes a unique topology on F such that a sequence (fk )k∈N converges to f if and only if for all α in Λ, the limit of ( fk − f α )k∈N
is 0. We call (F, { − α }) with this induced topology a locally convex topological
vector space. This topology is metrizable if and only if Λ is countable as a set. In
this case we say that a sequence (fk )k∈N is Cauchy if for any ε > 0 there exists an
N ∈ N, such that for n, m  N and for all α ∈ Λ we have fn − fm α < ε. We

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

74

D. CORRO AND J.-B. KORDASS

say that a metrizable locally convex topological vector space is complete if for any
Cauchy sequence (fk )k∈N there exists f ∈ F , such that (fk )k∈N converges to f in
(F, { − α }). A Fréchet space is a complete, metrizable, locally convex topological
vector space.
We can deﬁne derivatives in Fréchet spaces as follows. Let E and F be Fréchet
spaces, and let U ⊂ E be an open subset. Consider a continuous map f : U → F .
We say that f is diﬀerentiable at x ∈ U in the direction of v ∈ E, if the diﬀerential
f (x + tv) − f (x)
Df (x)v := lim
t→0
t
1
exists. We say that f is of class C (U ) if the limit exists for arbitrary pairs (x, v)
in U × E, and the map Df : U × E → F is continuous in both arguments. By
considering
Df (x + sh)v − Df (x)v
,
lim
s→0
s
we can deﬁne the second derivative D2 f : U × E → F , of f .
Remark 2.11. It does not make sense to consider the partial derivative of Df
with respect to v, since Df (x)v is linear in v.
By iterating this deﬁnition, we can deﬁne for k ∈ N maps of class C k , and maps
of class C ∞ between Fréchet spaces.
Definition 2.12. Given a Hausdorﬀ topological space M, we say that it is
modeled on a Fréchet space F in an analogous way to smooth ﬁnite-dimensional
manifolds. Namely, M is modeled on F if there exists an atlas {(Ui , φi ) | i ∈ I},
where each Ui ⊂ M is open, and each φi : Ui → F is a homeomorphism onto its
image. Furthermore, if Uij = Ui ∩Uj = ∅, the transition map φi ◦(φj )−1 : φj (Uij ) →
φi (Uij ) is a map of class C ∞ between Fréchet spaces.
Remark 2.13. Since Fréchet spaces are not necessarily ﬁnite-dimensional, a
Fréchet manifold is not necessarily ﬁnite-dimensional. Furthermore, they diﬀer
from Banach manifolds in several aspects. Among the most crucial diﬀerences
is the absence of an inverse function theorem for arbitrary Fréchet manifolds (cf.
[Ham82]).
2.4. Compact-open topology. We ﬁx two smooth manifolds M , and N . We
denote the set of all smooth maps between M and N by C ∞ (M, N ). Let k ∈ N ∪
{∞}. There exists a topology on C ∞ (M, N ) with the following property: a sequence
of maps in C ∞ (M, N ) converges if and only if the ﬁrst k derivatives converge
uniformly on compact subsets of M . This topology is called the compact-open C k topology 2 . Whereas, if M is a compact manifold, we will also call it the C k -topology.
In general, the compact-open C ∞ -topology is metrizable (cf. [KM97, Corollary
41.12]). This topology is relevant to us by the following result:
Theorem 2.14. If M is compact, then for any smooth vector bundle π : E → M
over M , the space of smooth cross-sections Γ(E) with the C ∞ -topology induced from
C ∞ (M, E) is a Fréchet manifold.
Proof. See [KM97, Sec. 42].



2 Other common names in the case k = ∞ are weak topology, e.g. [Hir94], or topology of
uniform convergence over compact subsets, e.g. [TW15].

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

EXISTENCE SLICES SPACE OF RIEMANNIAN METRICS

75

In particular, the space of Riemannian metrics R(M ), which is an open subset
in Γ(S 2 T ∗ M ), is a Fréchet manifold.
A topological group G, which is also a Fréchet manifold, is called a Fréchet
Lie group if the operations of multiplication and taking inverses are smooth in the
Fréchet sense.
Theorem 2.15 (Theorem 43.1 in [KM97]). For a compact smooth manifold
M , the group Diﬀ(M ) of all smooth diﬀeomorphisms of M is an open Fréchet
submanifold of C ∞ (M, M ), and composition and inversion are smooth.
Corollary 2.16. For M a closed smooth manifold, the group of smooth diffeomorphisms Diﬀ(M ) is a Fréchet Lie group.
We can deﬁne the Lie Algebra of a Fréchet Lie group as the tangent space to
the identity element. The Lie bracket is deﬁned via the adjoint representation. The
Lie algebra can be identiﬁed with the set of left-invariant vector ﬁelds on the group
(see [KW09]). The Lie algebra of Diﬀ(M ) is identiﬁed in the following theorem.
Theorem 2.17 (Theorem 43.1 in [KM97]). Let M be a closed smooth manifold. The Lie algebra of the Fréchet Lie group Diﬀ(M ) is the Lie algebra Γ(T M ),
of all smooth vector ﬁelds on M , equipped with the negative of the usual Lie bracket.
Furthermore, the exponential map exp : Γ(T M ) → Diﬀ(M ), V → φV (1) is given
by evaluating the ﬂow φV of a vector ﬁeld V at time 1.
Remark 2.18. Moreover, for M compact, the Fréchet structure at the tangent
space of IdM ∈ Diﬀ(M ) induces a complete left-invariant metric on G, inducing
the topology (see Theorem at the end of page 53 in [Sub85]).
2.5. Riemannian structure on the space of Riemannian metrics. We
can deﬁne a Riemannian metric σ on R(M ) as follows. Given a Riemannian metric
γ on M , we identify the tangent space of R(M ) at γ with the sections Γ(S 2 T ∗ M )
(see for example [KM97],[Cla09]). Consider S and T , two symmetric (0, 2)-tensors
in Γ(S 2 T ∗ M ). We set

 
trγ (S, T ) dvol(γ) =
σγ (S, T ) :=
γ ij Sil γ lm Tjm dvol(γ),
M

M

where dvol(γ) denotes the Riemannian volume density with respect to γ.
Surprisingly, the topology induced by the Riemannian metric σ on R(M ) is
weaker than the topology induced by the Fréchet atlas. For this reason, we say
that σ is a weak Riemannian structure. One reason why we are not recovering the
original topology on R(M ) via σ is that R(M ) equipped with σ is not complete in
the sense that each tangent space (which can be identiﬁed with Γ(S 2 T ∗ M )) is not
complete with respect to the interior product σ. Its completion is a Sobolev space
(cf. [Ebi70],[GMM91]).
We note that it is still possible to take directional derivatives of σ, and thus we
can attempt to deﬁne the Levi-Civita connection of σ via the Koszul formula:
σ(∇X Y, Z) =Xσ(Y, Z) + Y σ(Z, X) − Zσ(X, Y )
− σ(X, [Y, Z]) − σ(Y, [X, Z]) + σ(Z, [X, Y ]).
The fact that the tangent spaces of (R(M ), σ) fail to be complete with respect to σ,
implies that ∇X Y may, a priori, not exist. We point out that in case it does exists,
the Koszul formula implies it is unique. The possible non-existence of ∇X Y has
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as a consequence the fact that there may be directions in R(M ) where we cannot
deﬁne the exponential map of σ.
A possible work-around for this problem, is to proceed as in [Ebi70], and
complete the tangent spaces of (R(M ), σ) to obtain Sobolev spaces.
In [GMM91], they show that the exponential map, exp : T R(M ) → R(M ), of
the metric σ is actually deﬁned everywhere in R(M ), and for any tangent direction.
Furthermore, we have the following theorem.
Theorem 2.19 (Theorem 45.13 in [KM97]). The mapping (π, exp) : T R(M )
→ R(M )×R(M ) is a diﬀeomorphism from an open neighborhood of the zero-section
in T R(M ) onto an open neighborhood of the diagonal in R(M ) × R(M ).
This theorem has the following consequence.
Corollary 2.20. Given γ ∈ R(M ), there exists an open neighborhood of γ in
R(M ) over which the exponential map is a diﬀeomorphism.
2.6. Action of the diﬀeomorphism group. There is a smooth right action
of Diﬀ(M ) on the space of Riemannian metrics R(M ) via pullbacks. Since we are
interested in a left action, and the inverse map is smooth in Diﬀ(M ), we consider
the left action deﬁned as
μ : Diﬀ(M ) × R(M ) → R(M ),

(φ, γ) → (φ−1 )∗ γ.

Note that this action is linear with respect to the Fréchet structure, i.e. for a
ﬁxed φ ∈ Diﬀ(M ), the map
μφ : Γ(S 2 T ∗ M ) ⊃ R(M ) → Γ(S 2 T ∗ M ),

S → μ(φ, S)

is a linear map. We also point out that for a ﬁxed element γ ∈ R(M ), the isotropy
group Diﬀ(M )γ consists of all isometries of (M, γ).
As stated before, for M compact, the group of smooth diﬀeomorphisms Diﬀ(M )
is a Fréchet Lie group. We recall that there is an identiﬁcation of the Lie algebra
of Diﬀ(M ) with the algebra of smooth vector ﬁelds Γ(T M ). Fix γ ∈ R(M ), and
set
μγ : Diﬀ(M ) → R(M ), φ → μ(φ, γ)
with derivative (μγ )∗ : Γ(T M ) → Tγ R(M ). Furthermore, for a vector ﬁeld X ∈
Γ(T M ) denote by φX
t : M → M the ﬂow of X at time t. In these terms, the
derivative is given by
d X ∗
(φ ) γ = L−X (γ).
dt −t
Remark 2.21. Recall that the Riemannian metric γ induces a Riemannian
metric on the bundle of 1-forms (see [AH11]), which for ω1 , ω2 ∈ Ω1 (M ) we denote
by γ(ω1 , ω2 ), as well.
If X1 and X2 are the dual vector ﬁelds of the 1-forms ω1 and ω2 , respectively,
we have
γ(ω1 , ω2 ) = γ(X1 , X2 ).
(μγ )∗ (X) =

With this, for the Riemannian structure σ introduced in Section 2.5 we have the
following (cf. [Bla00])

σ(LX (γ), S)γ = −2
(∇i S ij )Xj dvol(γ) = 2γ(ω, div S).
M
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Here div S is the divergence of S with respect to γ. Thus a symmetric 2-tensor
is perpendicular to the orbit of Diﬀ(M ) at γ, if and only if, the divergence of S
vanishes. By the work of Berger and Ebin in [BE69], the tangent space Γ(S 2 T ∗ M )
of R(M ) at γ splits as
∼ Tγ Diﬀ(M )(γ) ⊕ Ker(div).
(2.1)
Γ(S 2 T ∗ M ) =
From the discussion above, this decomposition is compatible with the inner product
σγ and we denote νγ Diﬀ(M )(γ) := Ker(div).
Remark 2.22. The metric σ deﬁned in section 2.5 is invariant under the action
of Diﬀ(M ) on Γ(S 2 T ∗ M ) via pullback. This follows from the fact that the action
of Diﬀ(M ) is linear (see [Ebi70, p. 20]).
Also, it was proven by Subramaniam in his Ph.D. thesis ([Sub85]), that the
action of Diﬀ(M ) on R(M ) is proper for a compact action. For the sake of completeness we provide a sketch of the proof here.
Theorem 2.23. Let M be a closed smooth manifold.
Diﬀ(M ) on R(M ) is proper.

Then the action of

Proof (see [Sub85, p. 67]). We recall from Remark 2.18 that Diﬀ(M ) has
a complete left-invariant metric. Therefore, by Proposition 2.2, the condition of
being proper is equivalent to the following statement: If we consider a sequence
(fn )n∈N of diﬀeomorphisms of M such that for some ﬁxed Riemannian metric γ,
the sequence of Riemannian metrics (fn∗ γ)n∈N converges to γ with respect to the
C ∞ -topology in R(M ), then there exists a subsequence (fnk )k∈N converging with
respect to the C ∞ -topology in Diﬀ(M ).
We will prove that this statement holds in two steps. First we show that with
respect to a cover there exists a subsequence converging on each neighborhood with
respect to the C 1 -topology. Second, we will show that the limit functions agree on
the overlaps of the neighborhoods, and that the subsequence converges with respect
to the C ∞ -topology.
Lemma 2.24. Let {Uλ }1≤λ≤N be an open cover of (M, γ) by normal coordinates.
Then there exists a subsequence (fnk )k∈N of (fn )n∈N converging over each Uλ with
respect to the C 1 -topology.
Let m denote the dimension of M . Consider an open cover of (M, γ) by normal
coordinates Uλ with 1 ≤ λ ≤ N , each one centered at some point pλ ∈ M . Choose
an orthonormal basis {Vλ1 , . . . , Vλm } of Tpλ M with respect to the metric γ. Since
fn∗ γ converges uniformly to γ, given K > 1 we have for all λ, j, and for suﬃciently
large n
Vλj
= (fn )∗ (Vλj ) < K
∗
fn γ

γ

This implies that the vectors Vλj are contained in the disk bundle DMK , which has
as ﬁber the disk of radius K with respect to each metric fn∗ γ. We note that the
total space DMK is compact since M is compact. We now proceed to construct
the subsequence (fnk )k∈N . First we consider the sequences of points (fn (pλ ))n∈N .
We begin by considering the point p1 . From the compactness of M , we can ﬁnd
a convergent subsequence (fnk1 )k1 ∈N of functions of (fn )n∈N , such that when we
evaluate them at p1 we have a convergent sequence (fnk1 (p1 ))k1 ∈N . Denote the
limit point q1 . We then evaluate the functions fnk1 at p2 , and use the compactness
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of M to obtain a new subsequence (fnk2 (p2 ))k2 ∈N of (fnk1 (p2 ))k1 ∈N , with limit q2 .
We do this ﬁnitely many times to obtain a subsequence (fnkN )kN ∈N of (fn )n∈N such
that for all λ the sequence (fnkN (pλ ))kN ∈N converges to qλ .
We apply the same process to the subsequence (fnkN )kN ∈N , using the compactness of DMk , but now with all the bases {Vλ1 , . . . , Vλm } and indices λ, to obtain a
subsequence (fnk )k∈N such that for each index λ, the sequence (fnk (pλ ))k∈N converges to qλ in M , and for each index 1  j  m, the sequence ((fnk )∗ (Vλj ))k∈N
converges to Wλj ∈ Tqλ M in T M .
From now on we consider only the subsequence (fnk )k∈N , and write it as
(fn )n∈N .
So far we have considered arbitrary normal neighborhoods. We now discuss
which should be the neighborhoods we should consider. Since we have that the
γ-norm of (fn∗ )∗ (Vλj ) is less than K, the limit vectors Wλj have γ-norm less than
2K. We will assume from now on that the normal neighborhoods Uλ are normal
balls of radius δ < 2K centered at the points pλ .
Denote by dn the metric induced on M by the Riemannian metric fn∗ γ, and by
d the metric induced by γ. By deﬁnition, since fn∗ γ converges to γ with the respect
to the C ∞ -topology, we have that the metric functions dn converge pointwise to d.
This implies that if q is contained in the ball of radius δ centered at p with respect to
d, then for a given ε, and n large enough, q is contained in the (δ + ε)-ball centered
at p with respect to dn . Furthermore from the energy functional, the minimizing
geodesic between p and q with respect to fn∗ γ converges to the minimizing geodesic
with respect to γ. This also implies that the injectivity radius of fn∗ γ converges to
the injectivity radius of γ. These observations imply that for a ﬁxed p and ε, if q
is contained in the normal ball of radius δ centered at p, then for large n we have
that q is contained in the normal ball of radius (δ + ε) centered at p.
Take q ∈ Uλ . In particular we can write
⎛
⎞

aλ j Vλj ⎠ .
q = expγpλ ⎝
j

Then for large k we have that q is in the normal ball of radius 2δ with respect to
fn∗ γ. Thus we can write
⎛
⎞

∗
f γ
anλ j Vλj ⎠ .
q = exppnλ ⎝
j

Recall that the minimizing geodesics αn joining pλ to q with respect to fn∗ γ
convergeto the minimizing geodesic α joining q to pλ with respect to γ.
Since the
vectors j anλ j Vλj are the tangent vectors to the geodesics αn at pλ , and j aλ j Vλj
is the tangent vector to α at pλ , then for each λ and j we have that the coeﬃcient
anλ j converges to aλ j .
We
now deﬁne

 the limit function fλ : Uλ → M . For q ∈ Uλ with q =
j
γ
we set
exppλ
j a λ j Vλ
⎛
⎞

fλ (q) = expγqλ ⎝
aλ j Wλj ⎠ .
j
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Observe that this function is smooth over Uλ . Using
the fact that fn is an isometry

∗
fn
γ 
j
∗
from (M, fn γ) to (M, γ), and that q = exppλ
j anλ j Vλ , we have:
∗
fn
γ
pλ

fn (q) = (fn ◦ exp

⎞
⎛

)⎝
anλ j V j ⎠ = expγ
λ

⎛

fn (pλ )

⎝

j

Thus the sequence (fn (q))n∈N converges to expγqλ




anλ j (fn )∗

⎞

V j ⎠.
λ

j


j

aλ j Wλj


= fλ (q) over Uλ

with respect to the C 1 -topology.
Lemma 2.25. The limit functions fλ and fμ agree on the overlaps Uλ ∩ Uμ
for all λ, μ and thus deﬁne a diﬀeomorphism f on M . Moreover, there exists a
subsquence of (fn )n∈N converging to f with respect to the C ∞ -topology.
Consider q ∈ Uλ ∩ Uj . On one side we have that the sequence (fn (q))n∈N
converges to fλ (q) in M . On the other side we have that the sequence (fn (q))n∈N
converges to fj (q) in M . Thus fλ (q) = fj (q). Since the limits fλ agree on the
overlaps of the open cover {Uλ } of M , there is a global well-deﬁned function f : M →
M . This function f is onto, since it is an open map, of a compact space to a
connected Hausdorﬀ space. It is also injective: This is true by construction for
the restriction of f to each open set Uλ . Consider dγ the metric on M induced
by γ. From the compactness of M , it follows that there exists L > 0 such that
if dγ (p, q) < L, then p and q lie in some Uλ . Take p = q in M and assume that
dγ (p, q) > L. We now consider dfn∗ γ . Since fn is an isometry between (M, dfn∗ γ )
and (M, dγ ), we have that dfn∗ γ (p, q) > L. Since we have that (fn∗ γ)n∈N converges
to γ uniformly over M , (fn (p))n∈N and (fn (q))n∈N converge to f (p) and f (q),
respectively. Therefore, dγ (f (p), f (q))  L and in particular f (p) = f (q). Thus f
is injective.
Since by construction f restricted to each Uλ is smooth, f is a diﬀeomorphism of
M . We will show that the sequence (fn )n∈N converges to f with respect to the C ∞ topology. To do this, we prove by induction that the sequence (fn )n∈N converges
to f with respect to the C k -topology, for all k ∈ N. The basis of induction is k = 1.
The statement holds true by construction. Next we assume that the sequence
(fn )n∈N converges to f with respect to the C k -topology. This implies that the ﬁrst
partial derivatives of the functions fn and fn−1 converge to the ﬁrst derivatives of
f and f −1 with respect to the C k−1 -topology. Let Γn and Γ denote the Christoﬀel
symbols of fn∗ γ and γ respectively. Since fn∗ γ is converging uniformly to γ with
respect to the C ∞ -topology, for all indices r, s, t we have that Γn rst converges to
Γrst with respect to the C ∞ -topology. Since each fn is a diﬀeomorphism, from the
transformation law under change of variable,
Γn jk =

 ∂(f −1 )j ∂(fn )s ∂(fn )t
 ∂(f −1 )j ∂ 2 (fn )r
n
n
r
Γ
+
,
st
r
k
r
∂x
∂x
∂x
∂x
∂xk ∂x
r,s,t
r

we see that the second partial derivatives of fn must converges to the second partial
derivatives of f with respect to the C k−1 -topology. This implies that the sequence

(fn )n∈N converges to f with respect to the C k+1 -topology.
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3. Proofs of the Slice Theorem and Theorem B
We begin by noting that given a slice by the Slice Theorem and properness of
the Diﬀ(M ) action by Theorem 2.23, the proof of Theorem B is entirely analogous
to the proof of Theorem 2.10 in the Fréchet setting.
Our starting point for the proof of the Slice Theorem is the Riemannian metric
σ on R(M ) presented in section 2.5, which is deﬁned in local coordinates as



σ(α, β)γ :=
tr γ −1 αγ −1 β dvol(γ).
M

We ﬁx a Riemannian metric γ ∈ R(M ). Using the metric σ, and the fact that
the orbit Diﬀ(M )(γ) is closed, we split the tangent space of R(M ) at γ into two
(inﬁnite-dimensional) tangent subspaces: One tangent to the orbit Diﬀ(M )(γ), and
the normal complement νγ Diﬀ(M )(γ) with respect to σγ (see (2.1)).
Remark 3.1. Recall that the space normal to the orbit at γ is given by the
symmetric 2-forms with 0 divergence with respect to γ (see [Bla00, BE69]).
We will now follow the proof of Theorem 2.9 (the classical Slice theorem) to
show the existence of slices for the action of Diﬀ(M ) on R(M ).
Thus we need to show that the exponential map of σ is invariant under the
action of Diﬀ(M ). Recall by Theorem 2.19 that this exponential map is a local
diﬀeomorphism onto some open subset U ⊂ R(M ) around γ.
Lemma 3.2. The exponential map of σ is invariant under the action of Diﬀ(M ).
Proof. From the Koszul formula we have uniqueness for the Levi-Civita connection of σ. Since σ is a Diﬀ(M )-invariant Riemannian metric, by the uniqueness,
the Levi-Civita connection is Diﬀ(M )-invariant. This implies that the action of
Diﬀ(M ) respects geodesics. Hence, the exponential map is Diﬀ(M ) invariant. See
[FG89, KM97, GMM91].

With this lemma we can proceed to present the proof of the main theorem.
Proof of the Slice Theorem. We observe that we may consider the open
neighborhood V to be a small ball around the origin in νγ Diﬀ(M )(γ). We set
Sγ = expγ (V ). We claim this is the desired slice.
We prove that for Sγ deﬁned above, point (i) holds. First, since the metric σ
is Diﬀ(M )-invariant, and Isom(γ) is a closed Lie subgroup, then σ is also Isom(γ)invariant. Recall that η ∈ Sγ is, by deﬁnition, contained in a geodesic λ, containing
γ, and which is normal to the orbit Diﬀ(M )(γ). For f ∈ Isom(γ), from Lemma 3.2,
we have that f · λ is a geodesic through f · γ = γ. Furthermore, from the invariance
of σ under the Isom(γ)-action, and the fact that the geodesic λ is normal to the
orbit, we have that f · λ is normal to the orbit, as well. Also from the invariance
of σ, it follows that the distance of f · η to the orbit Diﬀ(M )(γ) is the same as the
distance of η to the orbit Diﬀ(M )(γ). Thus by the deﬁnition of Sγ , we have that
f · η lies in Sγ , i.e. f · Sγ ⊂ Sγ . This proves point (i).
Point (ii) follows from the fact, due to Theorem 2.19, that the normal exponential map on the neighborhood V ⊂ νγ Diﬀ(M )(γ) of a point in the zero section
is injective, when V is small enough. We now state how to show point (ii). Take
f ∈ Diﬀ(M ), and η, ψ ∈ Sγ such that f · η = ψ (i.e. assume f · Sγ ∩ Sγ = ∅).
Furthermore assume that ψ and η are at a distance less than δ > 0 from γ. Since
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the action of Diﬀ(M ) is by isometries with respect to σ, it follows that the distance
between f · γ and f · η = ψ is the same distance as the one between γ and η. Thus
by the triangle inequality we have that the distance between γ and f · γ is less than
2δ. By taking δ small enough this implies that f · γ and γ are contained in V . Since
η is in Sγ , by the invariance of the Riemannian metric σ, and the invariance of the
exponential map of σ, ψ is contained in Sf ·γ . From the fact that ψ is contained in
Sγ , it follows that ψ is in the image of expγ . On the other hand, ψ lies in Sf ·γ , thus
in the image of expf ·γ . Since the exponential map is injective on V , we conclude
that γ = f · γ.
The proof of point (iii) follows verbatim as in the proof of Theorem 2.9, using
the fact that the map ρ : R(M ) → R(M )/ Diﬀ(M ) is a principal ﬁber bundle. 
Remark 3.3. The condition of properness for the action of Diﬀ(M ) on R(M )
is necessary for the proof of point (iii), as we need that the orbit Diﬀ(M )(γ) is
homeomorphic to the homogeneous space Diﬀ(M )/ Isom(γ).
4. Consequences of the Slice Theorem
For a given compact manifold M , several interesting consequences regarding
the action of the diﬀeomorphism group on the space of Riemannian metrics follow
from the Slice Theorem.
The ﬁrst one is Theorem B, giving a description of a neighborhood of an orbit of
Diﬀ(M ) inside R(M ) up to homeomorphism. This result directly follows together
with Theorem 2.10.
Another interesting consequence is a statement on the relations of isometry
groups of Riemannian metrics which are close to each other in R(M ).
Proposition 4.1 (Theorem 8.1 in [Ebi70]). Let γ ∈ R(M ) be an arbitrary
ﬁxed Riemannian metric on M . Then there exists an open neighborhood V of the
identity in Diﬀ(M ), and an open neighborhood N of γ in R(M ), such that for any
σ ∈ N , there exists an f in V such that:
f −1 Isom(σ)f ⊂ Isom(γ).
Proof. Take V  any open neighborhood of the identity in Diﬀ(M ). Consider U
the open neighborhood of the identity coset in Diﬀ(M )/ Isom(γ) given by the Slice
Theorem. We recall that there exists a continuous cross-section χ : U → Diﬀ(M )
of the projection map π : Diﬀ(M ) → Diﬀ(M )/ Isom(γ).
Set U  = U ∩π(V ), which is open in Diﬀ(M )/ Isom(γ). Setting V = π −1 (U  ) we
get an open neighborhood of the identity in Diﬀ(M ). We point out, that χ(U  ) ⊂ V .
We consider the homeomorphism F : U × Sγ → R(M ), and set N = F (U  × Sγ ).
For σ ∈ N , it follows from the deﬁnition of F , that
σ = χ(u )s,
for some u ∈ U  , and s ∈ Sγ . This implies that s = χ(u )−1 σ. We set f := χ(u ).
Consider h ∈ Isom(σ) arbitrary. Then by our choices, (f −1 ◦ h ◦ f )(s) = s.
From point (ii) of the Slice Theorem it follows that f −1 ◦ h ◦ f ∈ Isom(γ). Since h
is arbitrary, it follows that
f −1 Isom(σ)f ⊂ Isom(γ).
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Let Rtriv (M ) be the collection of all Riemannian metrics on M with trivial
isometry group. The following Corollary about Rtriv (M ) follows from the previous
Proposition.
Corollary 4.2 (Corollary 8.2 in [Ebi70], Theorem 1 in [Kim87]). Rtriv (M )
is open in R(M ).
Proof. Take γ ∈ Rtriv (M ). Then, by the previous proposition there exists an
open neighborhood N of γ in R(M ) and V an open neighborhood of the identity
in Diﬀ(M ), such that for any σ in N , we have
f −1 Isom(σ)f ⊂ Isom(γ) = {IdM },
for some f ∈ V . This implies that Isom(σ) is trivial. Since σ ∈ N is arbitrary, we
conclude that N ⊂ Rtriv (M ). Thus Rtriv (M ) is open in R(M ).

Furthermore, given γ an arbitrary Riemannian metric on a compact n-manifold,
we can deform it in such a way that the absolute value of the Ricci curvature
increases only on a small neighborhood U of M . Then by increasing the curvature at
n points inside U , we get a deformation of γ which is at one point very asymmetrical.
I.e. we are able to deform γ into a Riemannian metric in Rtriv (M ).
Theorem 4.3 (Proposition 8.3 in [Ebi70]). The open set Rtriv (M ) is dense
in R(M ).
Remark 4.4. The proof of the previous Theorem does not use the Slice Theorem. It only depends on the topology we consider in R(M ).
This means that a generic metric has trivial isometry group. This agrees with
the notion of the principal stratum in the setting of smooth proper Lie group
actions on smooth ﬁnite-dimensional manifolds. We consider the projection map
p : R(M ) → M(M ) from the space of Riemannian metrics to the moduli space.
Then by continuity, the set p(Rtriv (M )) is open dense in M(M ). Furthermore, from
the invariance of the metric σ with respect to Diﬀ(M ), we can deﬁne a Riemannian
metric on p(Rtriv (M )). Thus we obtain the following Corollary:
Corollary 4.5. For a compact manifold M , an open dense set of M(M )
admits a Fréchet, and a Riemannian structure.
Furthermore, the slice theorem allows us to lift paths from the moduli space,
to R(M ).
Proposition 4.6. Let λ : [a, b] → M(M ) be a path. For γ ∈ R(M ) there exists

 = λ.
a path λ̃ : [a, b] → R(M ) with λ(a)
= γ and π ◦ λ
Proof. By Theorem B, for any t ∈ [a, b] there exists an open neighborhood of
λ(t) homeomorphic to Sγt / Isom(γt ), where γt is any metric such that π(γt ) = λ(t).
Since [a, b] is compact, there exist ﬁnitely many open neighborhoods Sγti / Isom(γti )
covering λ[a, b]. We recall that Isom(γt ) is a ﬁnite-dimensional Lie group. Then
from [Bre72, Chapter II, Theorem 6.2], there exists such a lift over each open
cover.
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