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Introduction 

One o f th e mos t significan t development s i n th e las t decad e i n theoretica l 
physics (hig h energy ) is , arguably , strin g theor y an d mirro r symmetry . Strin g the -
ory proposes a  mode l fo r th e physica l worl d i n which the fundamenta l constituent s 
are 1-dimensiona l mathematica l object s "strings " rathe r than O-dimensiona l object s 
"points". Mirro r symmetr y i s a conjecture i n string theor y accordin g t o whic h cer -
tain "mirro r pairs " o f Calabi-Ya u manifold s giv e ris e t o isomorphi c physica l the -
ories. ( A Calabi-Ya u variet y o f dimensio n d  i s a  comple x manifol d wit h trivia l 
canonical bundl e an d vanishin g Hodg e number s h l,° fo r 0  <  i  <  d.  Fo r instance , a 
1-dimensional Calabi-Ya u variet y i s an ellipti c curve , a  2-dimensiona l Calabi-Ya u 
variety i s a  K 3 surface , an d i n dimensio n 3  we simpl y cal l i t a  Calabi-Ya u three -
fold.) Calabi-Ya u manifold s appea r i n strin g theor y becaus e i n passin g fro m th e 
1 O-dimensional space-tim e t o a  physicall y realisti c descriptio n i n fou r dimensions , 
string theor y require s tha t th e additiona l 6-dimensiona l spac e b e a  Calabi-Ya u 
manifold. 

Though th e ide a o f mirro r symmetr y originate d i n physics , th e field  o f mirro r 
symmetry has exploded in recent years onto the mathematical scene . I t has inspired 
many ne w development s i n algebrai c geometry , tori c geometry , Rieman n surfaces , 
infinite dimensiona l Li e algebras , amon g others . Fo r instance , mirro r symmetr y 
has bee n use d t o tackl e th e proble m o f countin g th e numbe r o f rationa l curve s o n 
Calabi-Yau threefolds . 

In the course of studying mirror symmetry, i t has become apparent tha t Calabi -
Yau varietie s enjo y tremendousl y ric h arithmeti c properties . Fo r instance , arith -
metic object s suc h a s modular forms , modula r function s o f one and mor e variables , 
algebraic cycles , L-functions , an d p-adi c L-functions , hav e poppe d u p ont o th e 
scene. Moreove r specia l classe s o f Calabi-Ya u manifolds , e.g. , Ferma t typ e hy -
persurfaces, o r thei r deformation s pertinen t t o mirro r symmetry , offe r a  promisin g 
testing groun d fo r physica l prediction s a s wel l a s rigorou s mathematica l analysi s 
and computations . 

The goa l of the workshop was to bring togethe r t o the Field s Institute experts , 
recent Ph.D. s an d graduat e students , workin g i n o r studyin g Calabi-Ya u varietie s 
and mirro r symmetr y i n physics , geometr y an d arithmetic , an d t o exchang e idea s 
and lear n the subject s first-hand  whil e mingling wit h researcher s wit h differen t ex -
pertise. W e expected these interactions to lead to progress in solving open problem s 
in mathematic s an d physic s a s wel l a s t o pav e th e wa y t o ne w developments . 

The organizin g an d scientifi c committe e o f th e worksho p consiste d o f Victo r 
Batyrev (Universit y o f Tubingen) , Shinob u Hoson o (Universit y o f Tokyo) , Jame s 
D. Lewi s (Universit y o f Alberta) , Bon g H . Lia n (Brandei s University) , Norik o Yu i 
(Queen's University), and S.-T . Yau (Harvar d University) (wh o served as a scientifi c 
advisor t o th e committee) . 

xi 



X l l 

There wer e abou t 4 0 registered participant s -  mathematician s an d theoretica l 
physicists - fro m ten countries. Th e workshop was enormously successful i n fulfillin g 
our goal . Al l participant s wer e ver y happ y wit h th e workshop . Man y expresse d 
their satisfactio n b y sayin g tha t the y learne d a  lo t fro m thi s workshop . S.-T . Ya u 
(Harvard) (on e hal f o f the workshop' s namesak e "Calabi-Yau" ) actuall y too k par t 
in th e worksho p fo r tw o days , i n spit e o f hi s bus y schedule . P . Candela s (Oxford ) 
expressed hi s appreciatio n sayin g tha t "i t wa s a  ver y stimulatin g workshop" . S . 
Muller-Stach (Essen ) wrot e tha t h e appreciate d th e synergeti c powe r whic h cam e 
from th e variet y o f backgroun d tha t th e participant s had , an d thi s worksho p wa s 
much more valuable than a  conference consistin g of specialists in a given area XYZ. 

The problem session on the las t da y of the workshop turned ou t t o be a real hit . 
Many participants proposed futur e problem s and research directions on Calabi-Ya u 
varieties an d mirro r symmetry , an d engage d i n ver y livel y discussion s whic h mad e 
us almos t forge t th e closin g tim e o f the workshop . 

One o f th e significan t outcome s o f th e worksho p migh t b e tha t w e ar e finally 
beginning to understand th e mirror symmetr y phenomen a o f Calabi-Yau threefold s 
from th e arithmeti c poin t o f view , namel y i n term s o f th e relation s betwee n zeta -
and L-function s o f mirror pair s o f Calabi-Yau manifolds . W e also formulated som e 
future direction s o f research endeavor s o n mirro r symmetry , e.g. , furthe r studie s of 
algebraic cycle s in connectio n wit h D-branes . 

Here i s a  brie f summar y o f the worksho p schedul e (fo r a  ful l schedule , se e be -
low). Afte r welcomin g addres s o f the ne w director , Kennet h Davidson , th e kick-of f 
lecture o f th e worksho p wa s delivere d b y Professo r S.-T . Ya u o n th e Mirror  prin-
ciple. Hi s lectur e serve d t o se t th e ton e o f the entir e workshop . Th e schedul e wa s 
arranged s o tha t invite d speaker s delivere d introductor y lecture s i n th e morning s 
and mos t o f th e afternoo n lecture s wer e fo r talk s o n recen t developments . Ther e 
were lon g break s betwee n lecture s s o tha t participant s wer e abl e t o engag e i n in -
formal discussions . Th e lecture s wer e roughly divide d int o si x groups : 

I. Mirro r Principl e (S.-T . Yau ) 
II. Tori c Geometr y an d Mirro r Symmetr y (V . Batyrev , S . Hosono , T . Ito , B . 

Lian) 
III. Periods , GK Z Hypergeometri c System s an d Mirro r Symmetr y i n Calabi -

Yau Manifold s (C . Doran , S . Hosono , B . Lian , M . Saito ) 
IV. Modul i Theor y o f Calabi-Ya u Manifold s (P . Berglund , I . Dolgachev , A . 

Todorov) 
V. Regulator s o f Algebrai c Cycle s o n Calabi-Ya u Manifold s an d Mirro r Sym -

metry (A . Collino , P . L . de l Angel , J . Lewis , S . Muller-Stach ) 
VI. Zeta-Function s an d L-serie s o f Calabi-Yau Varietie s an d Mirro r Symmetr y 

(P. Candelas , d e l a Ossa , Y . Goto , R . Schimmrigk , J . Stienstra , S . Tankeev , F . 
Villegas, H . Verrill , N . Yui ) 
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About thi s Volum e 

This volume i s the proceeding s o f the workshop , an d i t present s article s o n th e 
recent development s o n Calabi-Ya u Varietie s an d Mirro r Symmetry . Som e o f th e 
articles ar e written-u p version s o f the talk s presente d a t th e workshop , an d other s 
report o n subsequen t development s o f th e topic s presente d a t th e workshop . I n 
addition, th e editor s have solicited article s from non-participant s whic h ar e in tota l 
accordance wit h th e worksho p theme . 

One o f the goal s o f the Field s Communicatio n Serie s i s to publis h article s tha t 
reach a s wide audienc e a s possible . Toward s thi s goal , the editor s encourage d eac h 
author t o includ e a n expositor y componen t t o thei r paper . Al l paper s include d 
here have been refereed rigorously , an d a  number o f articles went throug h extensiv e 
revisions t o reac h th e standar d impose d b y th e Field s Communicatio n Series . 

Here i s a  brie f descriptio n o f the article s i n thi s volume . 
The papers are divided roughly into two categories, namely Geometri c Method s 

and Arithmeti c Methods . 

Geometric Method s 

The article s o f Batyrev an d Materov , an d o f Chian g an d Roa n addres s a  tori c 
geometric approac h t o stud y Calabi-Ya u manifolds . Batyre v an d Materov , usin g 
the Cayle y trick , defin e th e notio n o f mixe d tori c residue s an d mixe d Hessian s as -
sociated wit h r  Lauren t polynomial s / i , • • •  , fr, an d conjectur e tha t th e value s o f 
mixed tori c residue s o n th e mixe d Hessian s ar e determine d b y mixe d volume s o f 
the Newto n polytope s o f / i , • • •  , jfr. Further , usin g th e mixe d tori c residues , the y 
generalize thei r Tori c Residu e Mirro r Conjectur e t o th e cas e o f Calabi-Ya u com -
plete intersections in Gorenstein tori c Fano varieties obtained fro m nef-partition s o f 
reflexive polytopes . Chian g an d Roa n determin e th e explic t tori c variet y structur e 
of H i l bA l ^ ( C n ) fo r n  =  4,5 wher e A\{n)  i s the specia l diagona l grou p o f al l orde r 
2 elements, and further throug h the toric data of Hilb ^ n ' (Cn) , they obtain certai n 
toric crepan t resolution s o f C n /Ai(n),  an d sho w tha t differen t crepan t resolution s 
are connecte d b y flop s o f n-folds fo r n  —  4,5 . 

The Picard-Fuch s differentia l equation s an d thei r interaction s wit h K-theor y 
via Abel-Jacob i map s ar e th e mai n them e o f th e articl e o f de l Ange l an d Muller -
Stach. Th e authors consider familie s o f Calabi-Yau manifolds , an d study the differ -
ential equation s associate d t o the norma l function s arisin g fro m algebrai c cycle s i n 
the higher Cho w groups. The y describe the connection to the theory o f analyticall y 
completely integrabl e Hamiltonia n systems , an d giv e severa l examples . 

Lewis give s a  surve y o n regulator s o f Cho w cycle s wit h a  specia l emphasi s o n 
Calabi-Yau varieties . I n thi s articl e h e offer s evidenc e tha t i t i s th e Calabi-Ya u 
varieties tha t provid e th e mos t interestin g example s o f regulato r calculations . H e 
also arrive s a t explici t formula e fo r th e regulator s unde r consideratio n 

Hosono describes a  method o f counting BP S state s usin g holomorphic anomal y 
equations. H e studie s Gromov-Witte n invariant s o f a  rationa l ellipti c surfac e vi a 
holomorphic anomal y equations . Afte r formulatin g invariant s unde r th e affln e E$ 
Weyl grou p symmetry , th e autho r determines , fro m Gromov-Witte n invariants , 
conjectured invariant s an d th e numbe r o f BPS states . 



xiv 

Arithmetic Method s 

The zeta-function s o f a  one-paramete r famil y o f quinti c threefold s ove r finit e 
fields, and of their mirror manifolds ar e studied in the article of Candelas, de la Ossa 
and Villegas . On e of the remarkable propertie s o f mirror symmetr y i s the existenc e 
of a mirror manifol d W  fo r which the roles of the complex structure parameter s an d 
the Kahle r parameter s ar e reversed wit h respec t t o those of the orgina l Calabi-Ya u 
manifold M.  Th e interpretatio n o f th e mirro r symmetr y phenomeno n b y mean s 
of th e zeta-function s o f a  mirro r pai r o f quinti c Calabi-Ya u threefold s i s the mai n 
theme o f thei r paper . A  speculatio n i s tha t ther e i s a  "quantu m modification " 
of th e zeta-function s tha t th e zeta-function s o f a  mirro r pai r ar e th e inverse s o f 
each other . I n mirro r symmetr y a n importan t rol e i s played b y th e larg e comple x 
structure limit , an d th e zeta-functio n seem s t o manifes t a n arithmeti c analogu e o f 
the larg e comple x structur e limi t whic h involve s 5-adi c expansion . 

The modularity questio n of Calabi-Yau varietie s are addressed i n the articles of 
Yui, Verrill , an d o f Dieulefai t an d Manoharmayum . B y th e modularit y o f Calabi -
Yau varieties defined ove r Q , we mean that th e associated .L-serie s are conjecturall y 
determined b y some modula r forms . Yu i gives updates o n the modularit y questio n 
of Calabi-Yau varietie s of dimensions 1 , 2 and 3  with a  special emphasis o n Calabi -
Yau threefold s define d ove r Q . Discussion s o n th e modulait y o f rigi d Calabi-Ya u 
threefolds ar e appended b y the articl e of Verrill on the calculation o f the L-serie s of 
certain rigi d Calabi-Ya u threefolds . Dieulefai t an d Manoharmayu m giv e sufficien t 
conditions fo r rigi d Calabi-Ya u threefold s ove r Q  t o b e modula r i n term s o f th e 
2-dimensional Galoi s representations . Yu i furthe r addresse s th e modularit y ques -
tion fo r non-rigi d Calabi-Ya u threefold s whos e Galoi s representation s ar e highl y 
reducible. 

Hypergeometric differentia l equation s play essential role in the article s of Long, 
and o f Villegas. Lon g gives an interpretation o f a Shioda-Inose structure associate d 
to a  certain family o f K3 surfaces i n terms of Picard-Fuchs equations . I n particular , 
the autho r construct s th e j-invarian t o f a  one-paramete r famil y o f ellipti c curve s 
which give s ris e t o a  Shioda-Inos e structur e o f a  particula r one-paramete r famil y 
of M n-polarized K 3 surfaces. Villega s characterise s al l those Calabi-Ya u manifold s 
which aris e fro m hypergeometri c functions . Ther e ar e i n tota l 1 4 such Calabi-Ya u 
manifolds o f dimensio n 3 . 

Various p-adic methods are employed in several articles. Ito , using p-adic Hodge 
theory an d the Chebotarev densit y theorem, prove s that birationa l smooth minima l 
models ove r C  hav e equa l Hodg e number s i n al l dimensions . Thi s generalise s a 
result o f Batyre v o n Bett i numbers . Lia n an d Ya u stud y th e integralit y propert y 
of certai n n-t h root s o f th e mirro r map s o f Calabi-Ya u manifolds , usin g Dwork' s 
theory o f p-adi c hypergeometri c functions . Stienstr a investigates , fo r familie s o f 
smooth projectiv e varietie s ove r a  localize d polynomia l rin g Z[#i,-- - javJfD" 1], 
the conjugat e filtration  o n De Rham cohomolog y ®Z/iVZ . A s n — » o o this lead s t o 
the concep t o f the ordinary  limit,  whic h seems to be the non-archimedean  analogue 
of the  large  complex structure  limit 

A number o f articles discuss exclusively Calabi-Ya u manifold s i n positive char -
acteristic. Got o studie s K 3 surface s wit h symplecti c grou p action s i n character -
istic p  >  0 . Amon g othe r things , h e compute s Picar d numbers , th e heigh t o f 
formal Braue r group s an d th e Arti n invariant , wit h specia l attentio n t o familie s o f 
K3 surface s i n weighte d projectiv e spaces . I n Stienstra' s secon d pape r Ordinary 
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Calabi-Yau-3 crystals,  i t i s show n tha t crystal s wit h th e propertie s o f crystallin e 
cohomology o f ordinary Calabi-Ya u threefold s i n characteristi c p  >  0 exhibit a  re -
markable similarit y wit h th e wel l know n structur e o n th e cohomolog y o f comple x 
Calabi-Yau threefold s nea r a  boundar y poin t o f th e modul i spac e wit h maxima l 
unipotent loca l monodromy . I n particular , ther e ar e canonica l coordinate s an d a n 
analogue o f th e prepotentia l o f th e Yukaw a couplin g i n positiv e characteristic , a s 
well a s in p-adic settings . 

The articl e o f Schimmrig k Aspects  of  conformal  field theory  from  Calabi-Yau 
arithmetic describe s a  link betwee n arithmeti c o f Calabi-Yau manifold s vi a Hasse -
Weil zeta-function s o f the varieties , an d th e underlyin g conforma l field  theory . H e 
shows tha t th e algebrai c numbe r fields  determine d b y th e fusio n rule s o f th e con -
formal field  theory ar e derived fro m th e number-theoreti c structur e o f the cohomo -
logical Hasse-Wei l zeta-functio n o f the variety . 

In th e secon d article , Schimmrig k an d hi s collaborator s addres s som e myster -
ous observatio n mad e b y Gre g Moor e tha t arithmeti c structure s o f th e so-calle d 
black hol e attracto r varietie s admi t comple x multiplication . The y describ e furthe r 
developments an d generalization s o f thi s observation , an d argu e ho w arithmeti c 
structures ar e use d i n strin g theory . 
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