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Preface

Vertex operator algebras are a class of algebras underlying a number of recent
constructions, results and themes in mathematics. These structures arose naturally
from vertex operator constructions of representations of affine Lie algebras and in
the work of Frenkel-Lepowsky-Meurman and Borcherds on the “moonshine module”
for the Monster finite simple group. The physical notion of “chiral algebra” in
two-dimensional conformhal quantum field theory is essentially equivalent to the
mathematical notion of vertex operator algebra. These algebras can be understood
as “string-theoretic analogues” of Lie algebras and also of commutative associative
algebras, and they play €undamental roles in a range of areas of mathematics and
physics.

In November 1983, before the notion of vertex (operator) algebra was formal-
ized, a conference titled “Vertex Operators in Mathematics and Physics” was held
at The Mathematical Sciences Research Institute in Berkeley, and one of us was
a co-organizer of that conference. New and recent developments in mathematics
and physics at that time were announced and discussed, many of them centering
around the theme of certain operators called “vertex operators.” These develop-
ments involved representations of affine Lie algebras and of the Virasoro algebra,
combinatorial identities, the moonshine module and the Monster, integrable sys-
tems, conformal field theory and string theory. Two-dimensional conformal field
theory was being formalized around that time, and string theory was destined to
flourish in “the first string theory revolution” in 1984. There was already a sense
that interesting things were likely to happen if mathematicians and physicists in-
teracted at workshops such as these. The proceedings of that conference were
published in the Mathematical Sciences Research Institute Publications #3, edited
by J. Lepowsky, S. Mandelstam and I. M. Singer, Springer—Verlag, New York, 1985.

During the years after that conference, we have witnessed many deep and ex-
citing developments in the areas of mathematics and physics related to vertex op-
erators. The study of representations of affine Lie algebras and the moonshine
module led to the notion of vertex (operator) algebra, and Borcherds completed
the proof of the “monstrous moonshine” conjectures of Conway-Norton. The study
of integrable systems stimulated the theory of quantum groups. Two-dimensional
conformal field theory was greatly developed as a mathematical and physical the-
ory linking a number of seemingly disparate areas. As a result of the “revolution”
in 1984, string theory became the main candidate for a unified theory of all the
fundamental forces. These subjects have become some of the most active research
areas in mathematics and physics.

From the beginning of these developments, some of the most significant progress
on both the physics and mathematics sides has continued to benefit from cross-
pollination between the physical and mathematical points of view. To help promote
such interaction, a workshop called “Vertex Operator Algebras in Mathematics and
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viii Preface

Physics” was held at The Fields Institute for Research in Mathematical Sciences,
Toronto, October 23-27, 2000. It was felt that such a workshop would be very
appropriate at this time. In some sense, this conference, devoted to a variety
of topics related to the theme of vertex operator algebras, can be viewed as a
kind of sequel to the 1983 conference. We hope that it has promoted continuing
and mutually beneficial interaction between mathematicians and physicists. The
present volume consists of papers based on many of the talks at the conference.

Here is a brief outline of the papers in this volume. In the paper of T. Abe and
K. Nagatomo, the authors establish the finiteness of the dimensions of conformal
blocks over the projective line associated to a vertex operator algebra satisfying a
certain finiteness condition. P. Bantay’s paper reviews the theory of permutation
orbifolds and applies it to symmetric product orbifolds and the conformal-field-
theoretic “congruence subgroup problem.” The paper by J. Fuchs and C. Schweigert
studies algebra objects in tensor categories and applies the results to the description
of boundary conditions in two-dimensional conformal field theory. R. Griess’s paper
is one in a series of papers exploring vertex operator algebras of a certain type, their
automorphism groups, and the automorphism groups of their weight 2 parts.

In the paper by G. Hohn, the notion of genus of a quadratic form is generalized
to vertex operator algebras, and extension problems for vertex operator algebras are
related to the associated modular braided tensor categories. Y.-Z. Huang’s paper
discusses the relationship between Riemann surfaces with boundaries and the the-
ory of vertex operator algebras, in connection with the definition of two-dimensional
conformal field theory in the sense of Kontsevich and Segal and its generalization
to open-closed conformal field theories. In the paper by H. Li, the author’s earlier
results on how to construct (generalized) vertex algebras from certain sets of vertex
operators are summarized, with an emphasis on the viewpoint that vertex (opera-
tor) algebras are “algebras” of vertex operators, and related results are developed.
A. Milas's paper studies Lie (super)algebras of differential operators on the circle
from the vertex operator algebra point of view, and discusses relations with the
zeta-function and modularity.

The paper of M. Primc extends results in the author’s joint work with A. Meur-
man on defining relations for standard modules for A(ll) and Agl), and relations
among the relations, to general affine Lie algebras. A. Recknagel’s paper reviews
central ideas from string theory and conformal field theory and discusses “transla-
tion rules” from the standard description of strings and branes to notions from the
world-sheet approach. In the paper by V. Schomerus, the author reviews and de-
velops recent work on the relation between noncommutative geometry, open strings
and D-branes in nontrivial backgrounds. The Schweigert—Fuchs paper investigates
the mathematical structure of the world sheet in two-dimensional conformal field
theories.

The present time seems particularly ripe for a resurgence of interaction between
mathematicians and physicists studying a range of aspects of vertex operator alge-
bra theory and related subjects. We hope that the papers in this volume will be
helpful to both experts and beginners and will contribute to new developments in
this exciting area of mathematics and physics.

We would like to thank The Fields Institute for inviting us to organize this
conference within their program entitled “Infinite Dimensional Lie Theory and Its
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Applications.” Thanks are also due to their cheerful and expert staff for helping
with the running of the conference and with the preparation of this volume.

S. Berman
Y. Billig

Y .-Z. Huang
J. Lepowsky
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