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Preface 

Vertex operato r algebra s ar e a  clas s o f algebra s underlyin g a  numbe r o f recen t 
constructions, result s an d theme s i n mathematics . Thes e structure s aros e naturall y 
from verte x operato r construction s o f representation s o f affin e Li e algebra s an d i n 
the wor k o f Frenkel-Lepowsky-Meurman an d Borcherd s o n th e "moonshin e module " 
for th e Monste r finite  simpl e group . Th e physica l notio n o f "chira l algebra " i n 
two-dimensional conforrha l quantu m field  theor y i s essentiall y equivalen t t o th e 
mathematical notio n o f verte x operato r algebra . Thes e algebra s ca n b e understoo d 
as "string-theoreti c analogues " o f Li e algebra s an d als o o f commutativ e associativ e 
algebras, an d the y pla y fundamental role s i n a  rang e o f area s o f mathematic s an d 
physics. 

In Novembe r 1983 , befor e th e notio n o f verte x (operator ) algebr a wa s formal -
ized, a  conferenc e title d "Verte x Operator s i n Mathematic s an d Physics " wa s hel d 
at Th e Mathematica l Science s Researc h Inst i tut e i n Berkeley , an d on e o f u s wa s 
a co-organize r o f tha t conference . Ne w an d recen t development s i n mathematic s 
and physic s a t tha t t im e wer e announce d an d discussed , man y o f the m centerin g 
around th e them e o f certai n operator s calle d "verte x operators. " Thes e develop -
ments involve d representation s o f affin e Li e algebra s an d o f th e Virasor o algebra , 
combinatorial identities , th e moonshin e modul e an d th e Monster , integrabl e sys -
tems, conforma l field  theor y an d strin g theory . Two-dimensiona l conforma l field 
theory wa s bein g formalize d aroun d tha t time , an d strin g theor y wa s destine d t o 
flourish i n "th e first  strin g theor y revolution " i n 1984 . Ther e wa s alread y a  sens e 
tha t interestin g thing s wer e likel y t o happe n i f mathematician s an d physicist s in -
teracted a t workshop s suc h a s these . Th e proceeding s o f tha t conferenc e wer e 
published i n th e Mathematica l Science s Researc h Inst i tut e Publication s # 3 , edite d 
by J . Lepowsky , S . Mandelsta m an d I . M . Singer , Springer-Verlag , Ne w York , 1985 . 

During th e year s afte r tha t conference , w e hav e witnesse d man y dee p an d ex -
citing development s i n th e area s o f mathematic s an d physic s relate d t o verte x op -
erators. Th e stud y o f representation s o f affin e Li e algebra s an d th e moonshin e 
module le d t o th e notio n o f verte x (operator ) algebra , an d Borcherd s complete d 
the proo f o f th e "monstrou s moonshine " conjecture s o f Conway-Norton . Th e stud y 
of integrabl e system s stimulate d th e theor y o f quantu m groups . Two-dimensiona l 
conformal field  theor y wa s greatl y develope d a s a  mathematica l an d physica l the -
ory linkin g a  numbe r o f seemingl y disparat e areas . A s a  resul t o f th e "revolution " 
in 1984 , strin g theor y becam e th e mai n candidat e fo r a  unifie d theor y o f al l th e 
fundamental forces . Thes e subject s hav e becom e som e o f th e mos t activ e researc h 
areas i n mathematic s an d physics . 

From th e beginnin g o f these developments , som e o f the mos t significan t progres s 
on bot h th e physic s an d mathematic s side s ha s continue d t o benefi t fro m cross -
pollination betwee n th e physica l an d mathematica l point s o f view . T o hel p promot e 
such interaction , a  worksho p calle d "Verte x Operato r Algebra s i n Mathematic s an d 
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V l l l Preface 

Physics" wa s hel d a t Th e Field s Institut e fo r Researc h i n Mathematica l Sciences , 
Toronto, Octobe r 23-27 , 2000 . I t wa s fel t tha t suc h a  worksho p woul d b e ver y 
appropriate a t thi s time . I n som e sense , thi s conference , devote d t o a  variet y 
of topic s relate d t o th e them e o f verte x operato r algebras , ca n b e viewe d a s a 
kind o f seque l t o th e 198 3 conference . W e hop e tha t i t ha s promote d continuin g 
and mutuall y beneficia l interactio n betwee n mathematician s an d physicists . Th e 
present volum e consist s o f paper s base d o n man y o f the talk s a t th e conference . 

Here i s a brief outlin e o f the paper s i n this volume. I n the pape r o f T. Ab e an d 
K. Nagatomo , th e author s establis h th e finiteness  o f th e dimension s o f conforma l 
blocks ove r th e projectiv e lin e associate d t o a  verte x operato r algebr a satisfyin g a 
certain finiteness  condition . P . Bantay' s pape r review s th e theor y o f permutatio n 
orbifolds an d applie s i t t o symmetri c produc t orbifold s an d th e conformal-field -
theoretic "congruenc e subgroup problem." Th e paper by J. Fuchs and C . Schweiger t 
studies algebra objects i n tensor categorie s and applie s the results to the descriptio n 
of boundary condition s in two-dimensional conforma l field theory. R . Griess' s pape r 
is one in a series of papers exploring vertex operator algebra s of a certain type , thei r 
automorphism groups , an d th e automorphis m group s o f thei r weigh t 2  parts . 

In the paper b y G. Hohn , th e notio n o f genus of a quadratic for m i s generalized 
to vertex operator algebras , and extension problems for vertex operator algebra s ar e 
related t o th e associate d modula r braide d tenso r categories . Y.-Z . Huang' s pape r 
discusses th e relationshi p betwee n Rieman n surface s wit h boundarie s an d th e the -
ory of vertex operator algebras , in connection with the definition o f two-dimensiona l 
conformal field  theor y i n th e sens e o f Kontsevic h an d Sega l an d it s generalizatio n 
to open-close d conforma l field  theories . I n th e pape r b y H . Li , th e author' s earlie r 
results on how to construct (generalized ) verte x algebra s from certai n set s of vertex 
operators ar e summarized , wit h a n emphasi s o n th e viewpoin t tha t verte x (opera -
tor) algebra s ar e "algebras " o f vertex operators , an d relate d result s ar e developed . 
A. Milas' s pape r studie s Li e (super)algebra s o f differentia l operator s o n th e circl e 
from th e verte x operato r algebr a poin t o f view , an d discusse s relation s wit h th e 
zeta-function an d modularity . 

The paper o f M. Prime extends result s in the author' s joint wor k with A. Meur -
man o n definin g relation s fo r standar d module s fo r A\  an d A" 2 >

 ana ^ relation s 
among th e relations , t o genera l affin e Li e algebras . A . Recknagel' s pape r review s 
central idea s fro m strin g theor y an d conforma l field  theor y an d discusse s "transla -
tion rules " fro m th e standar d descriptio n o f strings an d brane s t o notion s fro m th e 
world-sheet approach . I n th e pape r b y V . Schomerus , th e autho r review s an d de -
velops recent wor k on the relation betwee n noncommutativ e geometry , ope n string s 
and D-brane s i n nontrivia l backgrounds . Th e Schweigert-Fuch s pape r investigate s 
the mathematica l structur e o f th e worl d shee t i n two-dimensiona l conforma l field 
theories. 

The present tim e seems particularly rip e for a  resurgence of interaction betwee n 
mathematicians an d physicist s studyin g a  range o f aspect s o f vertex operato r alge -
bra theor y an d relate d subjects . W e hop e tha t th e paper s i n thi s volum e wil l b e 
helpful t o bot h expert s an d beginner s an d wil l contribut e t o ne w development s i n 
this excitin g are a o f mathematic s an d physics . 

We woul d lik e t o than k Th e Field s Institut e fo r invitin g u s t o organiz e thi s 
conference withi n thei r progra m entitle d "Infinit e Dimensiona l Li e Theor y an d It s 



Preface i x 

Applications." Thank s ar e als o du e t o thei r cheerfu l an d exper t staf f fo r helpin g 
with th e runnin g o f the conferenc e an d wit h th e preparatio n o f thi s volume . 

S. Berma n 
Y. Billi g 

Y.-Z. Huan g 
J. Lepowsk y 
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