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Preface 

This volum e collect s a  se t o f contribution s b y participant s o f th e Worksho p 
"Partially hyperboli c dynamics , laminations , an d Teichmulle r flow"  hel d i n th e 
Fields Institut e i n Januar y 2006 . Thi s Worksho p brough t togethe r severa l leadin g 
experts i n tw o ver y activ e fields  o f contemporar y dynamica l system s theory : par -
tially hyperboli c dynamic s an d Teichmulle r flow . The y ar e unified b y idea s comin g 
from th e theory o f laminations an d foliations , dynamica l hyperbolicity , an d ergodi c 
theory, whic h mad e interactio n betwee n expert s fro m differen t fields  natura l an d 
productive. Thes e ar e th e mai n theme s o f th e curren t volume . 

Roughly speaking , the main goal of dynamical systems theory i s to describe th e 
statistical behavior of trajectories o f a typical system of some natural class. Tremen -
dous progress in this direction was made in the 1960-1970' s by Smale, Anosov, Sinai , 
Ruelle, an d othe r people , wh o achieved thi s goa l fo r uniforml y hyperboli c systems . 
These ar e system s fo r whic h al l recurren t orbit s diverg e (uniformly ) exponentiall y 
rapidly, eithe r i n forwar d o r backwar d time . Thes e system s exhibi t sensitiv e de -
pendence o n initia l conditions , an d generat e horseshoes , strang e attractors , an d a 
variety o f comple x behaviours . Paradoxically , thi s extrem e instabilit y make s the m 
both treatabl e an d statisticall y robust . 

A natural extensio n o f this clas s relaxes the property o f exponential divergenc e 
of al l recurren t orbit s leadin g t o th e clas s o f partially  hyperbolic  systems . I n th e 
mid 1990' s C . Pug h an d M . Shu b formulate d a  program o f exploring th e Boltzman 
Ergodicity Conjecture  fo r thi s class . Thi s le d t o a n explosiv e developmen t o f th e 
field in th e pas t decad e tha t wa s reflected a t th e Workshop . 

The mai n conjectur e b y Pug h an d Shu b i s tha t th e generi c volume preserving , 
partially hyperboli c syste m i s robustly  ergodic.  Th e impressiv e progres s tha t ha s 
been recently achieve d in this direction appear s in the articl e by Federico and Mari a 
Rodriguez Hert z an d Rau l Ures . Thei r articl e provide s a n up-to-dat e surve y o f 
partially hyperboli c dynamics . I t include s a  discussion o f the recen t wor k o f Burn s 
and Wilkinso n whic h remove s som e o f th e integrabilit y assumption s i n Pug h an d 
Shub's earlie r results , an d whic h weaken s th e "exponentia l bunching " hypotheses . 
In a separate paper by the same authors, the Pugh an d Shub Conjecture i s proved in 
the case that th e neutral direction of the partially hyperbolic splitting has dimension 
one. 

Beyond hyperbolicit y an d partia l hyperbolicit y lie s the concep t o f a  dominated 
splitting: orbit s group themselves into families whos e relative behaviour i s exponen-
tially distinct : th e hyperboli c dichotom y tha t stabl e vector s exponentiall y shrin k 
while unstable vector s exponentially stretc h i s replaced b y exponentia l deca y o f th e 
ratio o f stable-to-unstable. Th e concep t ha s it s origins in the work s o f Pliss, Mane , 
and Liao . It s curren t stat e i s expose d i n a  surve y pape r b y Enriqu e Pujals , wit h 
various application s t o surfac e diffeomorphisms , billiards , an d geodesi c flows. 

vii 
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Finally, robus t dynamic s beyon d thos e wit h dominate d splitting s ar e explore d 
in a survey pape r b y Lorenzo Diaz . Th e key ideas there ar e those of "blenders " an d 
"heterodimensional cycles. " Dia z pay s particula r attentio n t o th e las t outstandin g 
case o f Smale' s Stabilit y Conjectur e fro m th e 60s : "Th e generi c C 1 surfac e diffeo -
morphism satisfie s Axio m A  and th e no-cycl e condition (i t i s therefore structurall y 
stable)". Thi s i s an ope n questio n eve n o n th e 2-sphere ! 

The Teichmuller  flow  i s a  conservativ e flo w o n th e modul i spac e o f quadrati c 
or abelia n differential s o n Rieman n surface s whic h play s a  crucia l rol e i n th e stud y 
of severa l basi c classe s o f low-dimensiona l dynamica l systems , suc h a s interval  ex-
change transformations  (IET's)  an d billiards  in  polygons  wit h rationa l angles . I t 
can b e viewe d a s th e renorm-grou p fo r thes e dynamica l systems . 

The foundation s o f th e fiel d o f Teichmulle r dynamic s wer e lai d dow n abou t 
twenty years ago in the pioneering work of H. Masur and W. Veech who proved by its 
means the unique ergodicit y o f the typica l IET (Keane  Conjecture).  Mor e recently , 
A. Zoric h an d M . Kontsevic h formulate d a  serie s o f conjecture s o n th e Lyapuno v 
spectrum o f the flow and on the related deviation s fo r the ergodic averages of IET's. 
The Zorich-Kontsevich  Conjectures  wer e prove d b y G . Forni , wit h th e exceptio n 
of the simplicit y o f the spectrum . Thi s las t ste p ha s been recentl y accomplishe d b y 
A. Avil a an d M . Viana . 

The fundamenta l ide a underlyin g al l application s o f Teichmulle r dynamic s t o 
the theor y o f IET's , measure d foliations , translatio n surface s o r rationa l polygona l 
billiards ca n b e summarize d a s follows . An y suc h syste m determine s a n abelia n 
or quadrati c differentia l i n th e modul i space , an d th e dynamica l propertie s o f th e 
system ca n b e rea d of f fro m th e propertie s o f th e closur e o f th e correspondin g 
orbit o f th e natura l SL(2,R)-actio n o n th e modul i space . I n thi s perspectiv e th e 
fundamental problem s o f the theor y ar e relate d t o th e classificatio n o f al l SL(2,R ) 
orbit closure s an d o f al l SL(2,R ) invarian t measures . Fo r example , Veec h prove d 
that i f th e SL(2,R ) orbi t o f a  translatio n surfac e i n th e modul i spac e i s closed , 
then ever y directiona l flo w i s either completel y periodi c o r uniquel y ergodi c ( Veech 
Dichotomy). Th e stud y o f suc h surfaces , calle d Veech  surfaces, i s currentl y a  ver y 
active area of research. I n particular, K . Calta and C . McMullen have independentl y 
obtained a  complet e classificatio n o f al l Veech surface s i n genu s two . 

In he r livel y tal k a t th e Workshop , Karian e Calt a addresse d on e o f the crucia l 
open problem s i n Teichmulle r dynamics , tha t is , th e classificatio n o f al l measure s 
invariant unde r th e SL(2,R ) action . Sh e presente d partia l result s fo r th e modul i 
space o f abelia n differential s o n surface s o f genu s two . He r join t pape r wit h Joh n 
Smillie i s a  surve y o f th e "algebrai c theory " o f translatio n surface s (o r abelia n 
differentials) whic h i s behin d man y spectacula r recen t advance s i n th e theor y o f 
Veech surfaces an d o f SL(2, R) invarian t measure s in genus two. I n higher genu s th e 
theory is not yet a s effective bu t man y ideas, such as the notion of "  J-invariant", ca n 
be generalized and will presumably play a crucial role, for instance in the descriptio n 
of exceptiona l surfaces , characterize d b y th e propert y tha t thei r SL(2,R ) orbi t i s 
not dens e i n a n appropriat e stratu m o f the modul i space . 

Related theme s ar e discusse d b y Joh n Smilli e an d Bara k Weiss , wh o surve y 
their recen t wor k aime d a t th e classificatio n o f SL(2,R ) close d invarian t sets , i n 
particular o f close d Teichmulle r disk s an d o f Veec h surfaces , b y mean s o f severa l 
new geometri c an d combinatoria l invariant s o f translation surfaces . Togethe r wit h 
the surve y b y Calt a an d Smillie , thi s surve y provide s a n efficien t introductio n t o 



Preface IX 

the theory o f Veech surfaces an d o f Veech groups . Th e surve y i s concluded b y a  lis t 
of open problems . 

Important application s of Teichmiiller dynamic s to IET's (an d related systems ) 
are presente d i n thi s volum e b y Marcel o Viana , wh o expande d hi s tal k a t th e 
Workshop int o a  surve y o f Zoric h theor y o n th e deviation s o f ergodi c average s o f 
IET's an d o f hi s join t wor k wit h Avil a mentione d above . A s a  preparation , thi s 
paper provide s a n introductio n t o th e dynamic s o f IET' s fro m th e renormalizatio n 
point o f vie w o f th e Rauzy-  Veech-Zorich  inductions,  whic h ar e equivalen t t o firs t 
return map s o f the Teichmiille r flo w t o appropriat e transvers e sections . 

Another importan t applicatio n o f Teichmiille r dynamic s i s give n b y Yitwa h 
Cheung an d Ale x Eskin who revisit Masur' s wor k on the Keane conjecture b y prov-
ing a  stronger criterio n fo r th e uniqu e ergodicit y o f IET's . The y presen t a n outlin e 
of thei r recen t proo f tha t a  minima l IE T i s uniquel y ergodi c provide d tha t th e 
corresponding Teichmiille r orbi t doe s no t escap e t o infinit y to o fast . Th e Cheung -
Eskin resul t i s nearl y optima l an d illustrate s i n a  refine d wa y th e basi c principl e 
that "Diophantine " propertie s o f point s o f th e modul i spac e ca n b e rea d of f fro m 
the rat e o f escape o f thei r orbit s unde r th e Teichmiille r geodesi c flow. 

The ergodi c theor y o f th e Teichmiille r flow  wa s discusse d a t th e Worksho p i n 
the tal k b y A . Bufeto v wh o presente d hi s proo f o f th e Centra l Limi t Theore m fo r 
the flow  base d o n Veech' s constructio n o f th e "zippere d rectangl e flow " an d o n 
the direc t analysi s o f th e relate d Rauzy-Veech-Zoric h algorithms . I n thi s volume , 
Artur Avil a an d Alexande r Bufeto v presen t th e proo f o f a  relate d theore m o n th e 
exponential deca y o f correlation s fo r th e Zoric h induction . Thi s resul t stem s fro m 
earlier work by Bufetov on the problem and from work of Avila, Goueze l and Yoccoz, 
who recently prove d th e exponentia l deca y o f correlations fo r th e Teichmiille r flow. 

At th e Worksho p A . Zoric h gav e a n introductio n t o th e field  o f Teichmiille r 
dynamics i n th e firs t tw o lecture s o f hi s mini-course . I n th e thir d lecture , h e wen t 
on t o describ e th e connecte d component s o f th e strat a o f th e modul i spac e o f 
abelian differential s i n topologica l an d combinatoria l terms . Thi s discussio n wa s 
further elaborate d upo n i n the tal k b y H . Masur wh o described hi s joint wor k wit h 
Zorich o n the generi c degeneration s o f quadratic differential s nea r th e boundar y o f 
the modul i space . Thi s work extends to the case of quadratic differential s a n earlie r 
work b y A . Eskin , H . Masu r an d A . Zoric h dealin g wit h abelia n differentials . A 
complete outline of all the main ideas and methods of this development i s presented 
in the pape r b y Howard Masu r an d Anto n Zoric h tha t close s the secon d par t o f th e 
volume. 

The las t par t o f the book contains severa l contributions o n miscellaneous topic s 
related t o th e mai n theme s o f th e Workshop . I t i s opene d wit h a n introductor y 
survey b y Andrze j Bi s on foliations an d lamination s tha t describe s basi c propertie s 
of thes e object s wit h a  focu s o n th e entrop y invariant . I t proceed s wit h a  numbe r 
of example s o f foliation s relate d t o fracta l set s tha t posses s variou s interestin g 
properties. 

Ruelle-Sinai thermodynamica l formalis m i s one th e mos t powerfu l method s i n 
the smoot h ergodi c theory . However , it s application s usuall y requir e som e kin d 
of symboli c mode l o f a  syste m unde r consideration . Th e surve y pape r b y Yako v 
Pesin an d K e Zhan g extend s thi s machiner y t o a  larg e clas s o f dynamica l system s 
admitting a  "towe r representation " ( a specifi c symboli c descriptio n wit h infinitel y 
many states) . 
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In lat e 1970 s Kato k constructe d a n exampl e o f a n area-preservin g two-dimen -
sional surfac e diffeomorphis m whic h i s measure-theoreticall y isomorphi c t o th e 
Bernoulli shift . Th e ide a wa s t o find a  smoot h realizatio n t o a  Thurston' s pseudo -
Anosov map . Th e pape r b y Marlie s Gerbe r i n thi s volum e give s a  new, technicall y 
simpler, versio n o f thi s construction . (I n fact , a s Pesi n ha s recentl y prove d an d 
presented a t th e Workshop , an y manifol d o f dimensio n a t leas t thre e admit s suc h 
a diffeomorphism. ) 

In mid 1990' s Lyubich an d Minsk y constructe d a  hyperbolic three-dimensiona l 
lamination associcate d t o an y rationa l endomorphis m /  o f th e Rieman n sphere . 
This laminatio n ca n b e refine d t o a  natura l horocycl e laminatio n tha t encode s 
properties o f th e derivativ e cocycl e o f / . Th e pape r b y Alexe y Glutsu k prove s 
minimality o f this horocycl e laminatio n i n the conve x co-compact case . Thi s resul t 
is analogou s t o th e classica l Hedlund' s Theore m fo r horocycl e flow s o n Rieman n 
surfaces. 

The limi t se t o f an y finitely  generate d Kleinia n grou p carrie s a  nic e geometri c 
measure calle d th e Patterson-Sulliva n conforma l measure . Th e las t pape r i n th e 
volume, b y Mar k Pollicott , give s a  constructio n o f suc h a  measur e fo r a  clas s o f 
non-discrete group s o f Mobiu s transformations . 

June 200 7 
Giovanni Forni , Mikhai l Lyubich , 
Charles Pugh , an d Michae l Shu b 
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