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Preface 

These note s ar e base d o n a  one-semeste r graduat e cours e I  gav e a t Th e Field s In -
stitute i n Fall , 199 5 as part o f the homotop y theor y progra m whic h constituted th e 
institute's majo r progra m tha t year . Th e purpos e o f the cours e wa s to brin g grad -
uate student s wh o ha d complete d a  firs t cours e i n algebrai c topolog y t o th e poin t 
where the y coul d understan d researc h lecture s i n homotopy theor y an d t o prepar e 
them fo r th e other , mor e specialized , graduat e course s bein g hel d i n conjunctio n 
with th e program . Th e note s ar e divide d int o tw o parts : prerequisite s an d thos e 
which constitute d th e cours e proper . 

Part I , th e prerequisites , contain s a  revie w o f materia l whic h migh t b e taugh t 
in a  firs t cours e i n algebrai c topology . Althoug h i t i s probabl e tha t eac h o f th e 
topics discusse d ther e ha s appeared i n some  suc h course , i t seem s unlikely tha t an y 
individual firs t cours e would contain al l of these topics. Th e students were expecte d 
to use this section to help fill in the gap s in their backgroun d knowledge . Chapte r 4 
(homological algebra ) i n particular contain s some material which is likely to be new 
to mos t reader s a t thi s level . No t al l o f th e materia l i n Par t I  i s applie d i n thes e 
notes; muc h i s presente d fo r completenes s o r t o giv e a  bette r overal l pictur e o f a 
topic. Th e reade r ma y wis h t o ski m o r ski p sections , referrin g bac k t o the m i f 
needed. I t i s hope d tha t Par t I  wil l provid e a  usefu l summar y fo r student s an d 
non-specialists wh o ar e intereste d i n learnin g th e basic s o f algebrai c topology . 

Experts in homotopy theory will recognize immediately upon seeing the chapte r 
titles fo r Par t I I tha t i t i s no t possibl e t o cove r al l o f thos e topic s i n detai l i n a 
one semeste r course ; indee d man y o f the m coul d constitut e th e materia l fo r suc h 
a cours e al l b y themselves . Thes e notes , whic h wer e availabl e i n preliminar y draf t 
form a t th e tim e o f the course , contai n man y detail s whic h wer e referred t o durin g 
the lecture s bu t no t presente d i n detail . 

An attempt ha s been made to make these notes self contained in an expositiona l 
sense. Eve n i n th e section s o n prerequisite s th e developmen t contain s motivatio n 
for th e majo r idea s an d exac t statement s o f definitions an d theorem s althoug h th e 
proofs ar e usuall y omitte d i n thos e sections . Th e percentag e o f statement s fo r 
which a  proo f i s give n increase s throughou t th e notes , startin g a t nearl y 0 % i n 
Part I , increasin g dramaticall y i n Par t II , nearin g 100 % by Chapte r 11 . Althoug h 
time constraint s prevente d m e fro m doin g s o i n al l cases , I  wa s particularl y con -
cerned abou t providin g a  proof fo r thos e statements fo r whic h a  proof i s not readil y 
available i n th e standar d textbook s o n th e subject , sinc e th e origina l paper s ar e 
often harde r fo r student s a t thi s leve l t o read . 

The cours e consiste d o f eigh t majo r topic s whic h appea r a s the eigh t chapter s 
of Par t II , numbere d 7-14 . Th e firs t o f these , Chapte r 7 , i s a  length y chapte r 
on "classica l homotop y theory" . I t contain s cellula r approximation , th e Hurewic z 
theorem, propertie s o f if-space s an d co-fif-spaces , Whitehea d an d Samelso n prod -
ucts, an d a  larg e amoun t o f spac e devote d t o th e manipulation s o f fibration s an d 
cofibrations. I t als o introduce s th e Jame s construction , Hopf-invarian t maps , an d 

xi 
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Lusternik-Schnirrelmann category . Som e of this materia l appear s i n many places in 
the literatur e whil e other part s woul d fal l int o the categor y o f "fol k theorems" . Fo r 
example, man y produc t an d wedg e decompositions whic h resul t fro m manipulatin g 
fibrations an d cofibration s ar e given . Thes e ar e wel l know n an d i n everyda y us e 
but no t eas y t o find  i n th e literature . 

Chapter 8  contain s th e basic s o f simplicia l sets . I t discusse s Ka n complexes , 
the singula r complex , simplicia l groups , simplicia l abelia n groups , an d ho w th e 
homotopy theor y o f simplicia l set s parallel s tha t o f topologica l spaces . Howeve r 
some material , suc h a s th e simplicia l classifyin g constructio n an d simplicia l loo p 
construction, i s omitted an d reader s who intend t o make large use of simplicial set s 
will nee d t o consul t a  boo k devote d explicitl y t o tha t subjec t fo r extr a details . I n 
these notes , simplicia l set s ar e use d primaril y i n discussin g localizatio n (Chapte r 
12). Althoug h i t i s no t explicitl y a  statemen t abou t simplicia l sets . Th e fac t 
that th e quotien t ma p fro m th e singula r chai n comple x o f a  space t o tha t comple x 
modulo it s degenerat e subcomple x i s a chain homotop y equivalenc e appear s i n thi s 
chapter a s a  consequenc e o f a  theore m o n simplicia l abelia n groups . Thi s i s use d 
later i n thes e note s i n th e sectio n o n Adams-Hilto n models . 

Chapter 9  is a  brie f introductio n t o fibre  bundles . Basi c definitions , classifica -
tion theorems, and Milnor' s construction ar e given. A  student o f algebraic topolog y 
would b e wel l advised t o read mor e on this subject , fo r exampl e i n Milnor' s "Char -
acteristic Classes " [MS] . 

The materia l o f Chapte r 1 0 on Hop f algebra s i s taken mostl y fro m th e classi c 
paper b y Milno r an d Moor e [MM ] on this subject . Th e reade r will  have to refe r t o 
that sourc e fo r proof s whic h (s)h e canno t wor k ou t alone . 

Chapter 1 1 is a long chapter o n spectral sequences . Th e first  hal f o f the chapte r 
develops th e genera l theor y o f spectra l sequence s includin g a  discussio n o f filtered 
complexes, exac t couples , an d th e notio n o f convergenc e o f th e spectra l sequenc e 
of a filtered  complex . Then , wit h on e exception, th e majo r spectra l sequence s use d 
in homotop y theor y ar e discusse d individuall y i n th e secon d hal f o f th e chapter . 
It i s probabl y inevitabl e tha t part s o f thi s chapte r wil l b e heav y goin g fo r reader s 
who ar e seein g th e materia l fo r th e first  tim e an d rereadin g i s recommended. Th e 
major spectra l sequence in homotopy theor y omitted fro m thes e notes is the Adam s 
spectral sequence . I n the contex t o f the homotopy progra m a t Th e Field s Institute , 
it woul d no t hav e mad e sens e t o includ e tha t i n thi s cours e sinc e a n entir e cours e 
on th e Adam s spectra l sequenc e wa s bein g give n b y Sta n Kochma n alongsid e thi s 
course. Reader s ar e referre d t o th e companio n volum e b y Sta n Kochma n i n thi s 
monograph serie s fo r a  complet e discussio n o f th e Adam s spectra l sequence . Th e 
presentations o f the two forms o f the Eilenberg-Moor e spectra l sequence , tha t fro m 
base to fibre an d tha t fro m fibre  t o base are given from opposit e point s o f view. Fo r 
the second, we take a geometric approach and obtain the spectral sequence by means 
of a  suitabl e filtration  o n a  space . Thi s ha s som e obviou s advantage s includin g 
giving u s fo r fre e th e commutativit y o f th e spectra l sequenc e wit h cohomolog y 
operations an d read y generalizatio n t o generalize d (co)homolog y theories . Fo r th e 
first Eilenberg-Moor e spectra l sequenc e w e tak e a  ver y algebrai c approac h closel y 
related t o Eilenber g an d Moore' s origina l proof . Thi s allow s th e demonstratio n o f 
homological technique s usefu l i n othe r context s an d als o demonstrate s clearl y ho w 
much informatio n i s los t whe n on e passe s fro m th e singula r chai n comple x o n a 
space t o it s homology . Th e reade r shoul d b e awar e howeve r tha t ther e ar e mor e 
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geometric approache s t o derivin g thi s spectra l sequence , althoug h i t woul d mak e 
sense t o first  develo p th e propertie s o f a  categor y o f spectr a t o avoi d havin g t o 
express th e statement s i n a n awkwar d form . Se e Smit h [Sm ] fo r a  derivatio n fro m 
this poin t o f view . Als o include d i n thi s chapte r i s a  discussio n o f Adams-Hilto n 
models. Fro m a  logica l poin t o f view, thi s materia l woul d fit  bette r int o Chapte r 7 , 
but th e proof o f the main theorem use s some material presente d i n Chapter 11 . Th e 
section on Adams-Hilton model s also contains a  brief introductio n t o the homotop y 
theory o f differentia l grade d algebras . 

Chapter 1 2 discusse s localizatio n an d completion . Alternativ e method s o f lo -
calization ar e mentioned , an d detail s ar e give n fo r th e Bousfield-Ka n constructio n 
with a n outlin e o f th e proo f tha t i t doe s indee d construc t a  localization . Ther e i s 
also a n introductio n t o cosimplicia l set s whic h ar e use d i n th e construction . Th e 
reader i s referre d t o th e boo k b y Bousfiel d an d Ka n [BK ] fo r mor e informatio n 
about cosimplicia l set s an d th e Bousfield-Ka n construction . 

The mai n purpos e o f Chapte r 1 3 i s t o develo p th e connectio n betwee n gen -
eralized cohomolog y theor y an d representin g spaces , an d i n particula r th e Brow n 
Represent ability Theorem . Thi s provides th e framewor k fo r th e discussion o f coho-
mology operations i n the following chapter . Spectr a an d stabl e homotop y concept s 
are introduced , bu t ther e i s muc h mor e tha t ca n b e (an d ha s been! ) sai d o n thes e 
subjects. Mor e informatio n ca n b e foun d i n Sta n Kochman' s monograp h i n thi s 
series. Th e reade r i s als o referre d t o th e book s b y Adam s [A2 ] an d Lewis , May , 
Steinberger [LMS ] for detaile d constructio n o f categories o f spectra an d thei r prop -
erties. Th e reade r intereste d i n stabl e homotop y theor y wil l wan t t o rea d som e 
works devote d entirel y t o tha t subject . 

The las t chapte r applie s materia l fro m man y o f the earlie r chapter s t o th e dis -
cussion o f cohomology operation s an d i n particular th e constructio n an d propertie s 
of the Steenro d algebra , an d som e sample applications . Ther e i s also a glimpse int o 
the subjec t o f secondary cohomolog y operations . 

The topic s covere d i n thes e note s are , fo r th e mos t part , thos e referre d t o i n 
Adams guid e [Al] . A n omissio n fro m th e topic s mentione d ther e i s Postnikov sys -
tems, bu t th e reade r wh o ha s understoo d th e mai n idea s o f thes e note s shoul d 
be abl e t o find  an d understan d a  discussio n o f thi s withou t muc h difficulty . Th e 
main additio n t o th e topic s i n Adam s lis t i s localizatio n an d completio n (Chap -
ter 13 ) whose growth int o a  major subjec t ha s taken plac e during th e interva l sinc e 
[Al] appeared . 

The reader o f these notes should watch for occasiona l out-of-sequence numbers . 
In th e interes t o f collectin g togethe r materia l o n a  give n subject , occasionall y th e 
statement o f a  theore m whos e proo f require s late r technique s will  appea r i n a n 
earlier sectio n i f i t fits  wit h th e materia l a t han d an d th e reade r ca n b e reasonabl y 
expected t o understan d th e statemen t a t tha t time . I n thes e case s th e fac t tha t 
the theorem' s numbe r show s that i t belong s t o a  later sectio n wil l serve to aler t th e 
reader tha t th e statement i s being given only for referenc e an d intuitiona l purposes , 
and tha t th e statemen t wil l reappear i n the appropriat e plac e an d wil l no t b e use d 
in th e interva l i n th e proo f o f othe r theorems . 

Another conventio n use d i n thes e note s i s i n connectio n wit h th e symbo l • . 
This symbo l i s used t o mea n "en d o f discussion" an d s o in addition t o appearin g a t 
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the end of proofs may also appear a t th e end of examples or at th e conclusion of the 
statement o f a  theorem whos e proo f ha s eithe r bee n omitte d o r give n previously . 

I would like to thank those who attended the course both for their contribution s 
to th e cours e an d fo r pointin g ou t th e mistake s an d misprint s whic h the y observe d 
in earlie r draft s o f thes e notes . I n particula r I  mentio n Kaspe r Anderson , Woj -
cieck Chacholsky , Arleig h Crawford , Jaspe r Grodal , Sado k Kallel , Michae l Mather , 
Jerome Scheerer , an d Bjor n Schuster . Abov e al l I  want t o than k Matve i Libin e fo r 
his invaluable assistanc e i n th e preparatio n o f these notes , ranging fro m correctio n 
of misprint s an d mathematica l error s t o stylisti c suggestion s an d advic e o n whic h 
additional proof s o r examples would b e most usefu l t o a  reader seein g this materia l 
for th e firs t time . Finall y I  woul d lik e to than k Th e Field s Institut e fo r providin g 
an atmospher e an d facilitie s s o conducive t o th e discussio n o f mathematics . 

Paul Selic k 
October 199 6 



Summary o f Globa l Notatio n 

For eac h notation , w e giv e a  brie f descriptio n and/o r th e neares t resul t o r 
section numbe r t o th e spo t wher e th e notatio n i s first  defined . Som e notation s 
appear mor e tha n onc e i n th e followin g lis t whe n th e sam e symbo l i s use d fo r 
different thing s i n differen t contexts . 

the Steenro d algebr a whe n th e prim e i s understoo d 
the dua l o f the Steenro d algebr a whe n th e prim e i s 
understood 
the mo d p  Steenro d algebr a 
Adams-Hilton mode l o f a  spac e 
the categor y o f abelia n group s 
Alexander-Whitney homomorphis m 
classifying spac e o f a  topologica l grou p 
boundaries o f a  chai n comple x 
nth Milno r filtratio n o n the classifyin g spac e o f a 
topological grou p 
complex number s 
reduced con e on a  pointe d spac e 
cellular chai n comple x o f a  spac e 
reduced mappin g con e of a  functio n 
the categor y o f chain complexe s 
derived functo r o f D 
n-dimensional comple x projectiv e spac e 
often use d fo r th e differentia l i n a  chai n comple x 
elements infinitel y divisibl y b y i  i n the D-ter m o f a n 
exact coupl e 
direct limi t o f D-ter m i n a n exac t coupl e 
boundary ma p o f a  simplicia l se t 
differential i n th e i? r-term o f a  spectra l sequenc e 
or the compositio n j rkr i n a n exac t coupl e 
n-dimensional dis k 
term i n a n exac t coupl e 
degenerate sub-chain-comple x o f a  simplicia l se t 
differential grade d algebr a 
total spac e o f the universa l bundl e o f a  topologica l 
group 
nth Milno r filtratio n o n th e tota l spac e th e universa l 
bundle o f a  topologica l grou p 
term i n a  spectra l sequenc e o r exac t coupl e 
exterior algebr a o n a  vecto r spac e o r fre e modul e 

A 
A* 

A{p) 

A(-) 
AB 
AW 
B(-) 

Bn(-) 
Bn(-) 

C 
C(-) 
CV(-) 
Cf 

cc 
CoTor 
Cpn 

d 

b 

b 
di 
dr 

Dn 

Dr 

D(-) 
DGA 
E(-) 

En(-) 

ET 

E(V) 

14.2.1 
14.5.1 

14.2.1 
11.10.7 

5.5.2 
9.2.2 
4.1.1 
9.2.2 

7.1.16 
5.4.1 
7.1.16 
4.2.1 
11.11.1 

11.3.2 

11.3.2 
8.1.1 
11.3.2 

11.3.2 
8.5.1 
11.6.1 
9.2.2 

9.2.2 

11.2.1 
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E[S] exterio r algebr a o n th e vecto r spac e o r fre e modul e 
generated b y a  se t 
derived functo r o f Hor n 
Eilenberg-Zilber homomorphis m 
a filtere d objec t 
nth filtratio n o f a  filtere d objec t 
nth fa t wedg e of a  pointe d spac e 
associated grade d objec t t o a  filtered objec t 
Hurewicz homomorphis m 
relative Hurewic z homomorphis m 
set o f morphism s i n a  category . Equivalen t t o C_(— , —) 

homology o f a  chain comple x o r spac e 
reduced homolog y o f a  spac e 
homology o f a  chai n comple x o r spac e wit h coefficient s 
in a  modul e 
homology o f a  spac e wit h loca l coefficient s 
reduced homolog y o f a  spac e with coefficient s i n a 
module 
cohomology o f a  cochai n comple x o r spac e 
reduced cohomolog y o f a  spac e 
cohomology o f a  cochai n comple x o r spac e wit h 
coefficients i n a  modul e 
cohomology o f a  spac e wit h loca l coefficient s 
reduced cohomolog y o f a  space wit h coefficient s i n a 
module 

algebraic grou p homolog y 
algebraic grou p cohomolog y 
function obtaine d fro m a  homotop y b y fixing a  valu e 
oft 

I th e interva l [0,1 ] o r it s simplicia l equivalent . 
Sometimes als o use d fo r th e cellula r chai n comple x 
of the interva l 

/(—) 10.1. 2 augmentatio n idea l o f a  grade d algebr a 
io inclusio n x  H- » (x, 0) o f a  spac e int o it s produc t 

with [0,1 ] 
i\ inclusio n x  i— > (x,  1 ) o f a  space int o it s produc t 

with [0,1 ] 
morphism betwee n D r term s i n a n exac t coupl e 

interior o f a  set . Equivalen t t o (— ) 
cokernel o f the augmentatio n i n a  grade d coalgebr a 
morphism fro m D r t o E r i n a n exac t coupl e 
James constructio n o n a  pointe d spac e 
nth stag e o f Jame s constructio n o n a  pointe d spac e 
morphism fro m E r t o D r i n a n exac t coupl e 
compactly generate d topolog y o f a  spac e 

Ext 
EZ 

*(-) 
^ n ( - ) 

FW„(-) 
Gr(-) 
hx 

h(X,A) 

Homc(-, - ) 

# . ( - ) 
# • ( - ) 
H.(-,G) 

H.H'L) 
H*(-,G) 

# • ( - ) 
£*(-) 
H*(-,G) 

H*{-*L) 
H*(-,G) 

H?s(-) 
* * ( - ) 
Ht 

4.3.5 
5.5.2 
11.1.1 
11.1.1 
7.9.1 
11.1.1 
7.4.3 
7.4.3 
1.1.1 

4.1.1 
4.1.1 

11.9.1 
4.1.1 

4.1.1 
4.1.1 

11.9.1 
4.1.1 

4.3.8 
4.3.8 

3.1.1 

i' 

I n t ( - ) 

J(-) 
f 
J(-) 

U-) 
kT 

R/c 

11.3.2 

10.1.2 
11.3.2 
7.9.1 
7.9.1 
11.3.2 
2.6.1 
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K(ir,n) 
L{V) 
L[S] 

Ln(~) 
lim 

lim 
<— 
lim1 

< 
Mf 

Map(X,Y) 

Map,(A-,y) 

(-)-mods 
N 
N 
N(~) 
NDR 

PH 
PH 
p ' ( - ) 
pf 

V 
-p&k 

PID 

Q 
QH 
Q(-) 

13.4.3 

4.3.4 
1.2 

1.2 

4.7 

7.1.16 
2.3.8 

2.3.8 

4.3.8 
8.5.1 
7.1.10 
10.4.1 
7.1.4 
7.9.1 
7.1.16 
14.3.9 
14.5.3 

10.4.1 
13.3.1 

QL 

Sir) 
s 

Si 
gn 

5*(-) 

sik>A\~) 

S(V) 

S[X] 

14.5.3 

8.1.1 

5.2 
5.6 
7.4.1 

sd 5.2.4 

space wit h on e nonvanishin g homotop y grou p 
free Li e algebr a o n a  vector spac e o r fre e modul e 
free Li e algebra o n th e vecto r spac e o r fre e modul e 
generated b y a  se t 
left derive d functo r 
direct limi t 

inverse limi t 

derived functo r o f li m 

reduced mappin g cylinde r o f a  functio n 
space o f continuou s function s o r functio n spac e of 
simplicial sets . Equivalen t t o Y x 

basepoint preservin g function s betwee n pointe d spaces . 
Equivalent t o Y x whe n X  an d Y  ar e pointe d space s 
category o f modules ove r a  rin g 
natural number s 
sum withi n th e grou p rin g o f al l element s o f a  grou p 
normalized sub-chain-comple x o f a  simplicia l se t 
neighbourhood deformatio n retrac t 
primitive element s i n a n augmente d coalgebr a 
path spac e 
Moore pat h spac e 
mapping pat h spac e of a  functio n 
Steenrod reduce d powe r operatio n 
Milnor primitiv e i n th e Steenro d algebr a 
principal idea l domai n 
rationals 
indecomposable quotien t i n a n augmente d algebr a 
infinite loo p spac e forme d b y takin g th e direc t limi t o f 
nnsn(-) 
Milnor primitiv e i n th e Steenro d algebr a 
real number s 
n-dimensional rea l projectiv e spac e 
reduced suspensio n o f a  chai n comple x o r a  spac e 
often use d fo r a  chai n homotop y 
degeneracy ma p o f a  simplicia l se t 
n-dimensional spher e 
symmetric grou p o n n-symbol s 
singular chai n comple x o f a  spac e 
singular cochai n comple x o f a  spac e 

Eilenberg subcomple x o f a  spac e 
free commutativ e algebr a o n a  vecto r spac e o r fre e 
module 
free commutativ e algebr a o n the vecto r spac e o r fre e 
module generate d b y a  se t 
barycentric subdivisio n operato r 
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the categor y o f pointed set s 
7.5.14 shearin g ma p 
8.4.1 singula r comple x o f a  simplicia l se t 

the categor y o f spectra l sequence s 
14.3.9 Steenro d squar e 

the categor y o f simplicia l set s 
4.3.8 generato r o f a  cycli c grou p 
10.1.1 ma p whic h perform s th e grade d interchang e o f the tw o 

factors o f a  tenso r produc t 
tangent spac e o f a  manifol d 
tensor algebr a o n a  vecto r spac e o r fre e modul e 
tensor algebr a o n th e vecto r spac e o r fre e modul e 
generated b y a  se t 
the categor y o f topologica l space s an d continuou s 
functions 
the categor y o f pointed topologica l space s an d basepoin t 
preserving continuou s function s 

4.3.5 derive d functo r o f <g> 
11.7.1 tota l comple x o f a  doubl e complex . Als o used fo r a 

simplicial se t forme d fro m a  cosimplicia l simplicia l se t 
11.7.1 produc t tota l comple x forme d fro m a  doubl e comple x 
10.5.1 universa l envelopin g algebr a o f a  Lie algebr a 

integers 
8.5.4 simplicia l se t forme d b y taking th e fre e abelia n grou p 

in eac h degre e 

12.2.3 p-adic s 
4.1.1 cycle s o f a  chai n comple x 
11.2 cycle s i n jE^-ter m o f a  spectra l sequenc e 
4.5 natura l transformatio n fro m th e identit y arisin g fro m a 

pair o f adjoin t functor s 
4.5 natura l transformatio n t o th e identit y arisin g fro m a 

pair o f adjoin t functor s 
11.8.1 rt h Bockstei n homomorphis m whe n th e prim e i s 

understood 

11.8.1 rt h mo d p  Bockstei n homomorphis m 
divided polynomia l algebr a o n a  vecto r spac e o r fre e 
module 

10.1.7 divide d polynomia l algebr a o n th e vecto r spac e o r fre e 
module generate d b y a  se t 

10.1.7 a  basi s elemen t i n a  divide d polynomia l algebr a 
4.1.5 connectin g homomorphis m i n a  lon g exact homolog y 

sequence 
5.2.1 boundar y ma p i n th e singula r chai n comple x o f 

a spac e 
5.2.1 homomorphis m o f singula r homolog y group s denne d 

by compositio n wit h inclusio n o f a  fac e 



& 
A* 
An 

AN 
e 

5.2 
8.1.6 
5.2 
8.1.3 
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6 4.4. 3 coboundar y i n a  cochai n comple x o r connectin g 
homomorphism i n a  lon g exac t cohomolog y sequence . 
In a  cochain comple x obtaine d b y dualizin g a  chai n 
complex, i t i s the Horn-dua l o f <9 , up t o sig n 
inclusion o f a  fac e int o th e standar d n-simple x 
category whic h ca n b e used t o defin e simplicia l set s 
the standar d n-simple x 
simplicial se t whos e realizatio n i s the standar d n-simple x 
coaugmentation o f a  coalgebr a o r th e "coaugmentation " 
map i n a  cotripl e 

7] augmentatio n o f a n algebr a o r th e "augmentation " ma p 
in a  tripl e 

7] 14.6. 3 Hop f ma p fro m S 3 t o 5 2 o r it s suspensio n 
T)n 14.6. 3 ma p fro m 5 n + 1 t o S n obtaine d b y th e suspendin g Hop f 

map 
fi multiplicatio n o f an if-spac e o r Hop f algebr a o r th e 

action o f a n #-space . Als o used fo r th e "multiplication " 
in a  triple . 
generator o f H n(S

n) 
natural transformatio n use d i n constructin g Steenro d 
operations 
projection ont o th e first  facto r o f a  produc t 
projection ont o th e secon d facto r o f a  produc t 
homotopy grou p 
stable homotop y grou p 

ip comultiplicatio n o f a n co-H -space o r Hop f algebra . 
Also used fo r th e "comulitiplication " i n a  cotripl e 

Gj 8.1. 3 ma p fro m th e standar d ( n 4- l)-simplex t o th e 
standard n-simple x whic h collapse s a  fac e 
loop spac e 
Moore loo p spac e 
transgression homomorphis m 
generator o f the dua l o f the Steenro d algebr a 
generator o f the dua l o f the Steenro d algebr a 
canonical conjugatio n o f a  Hop f algebr a 
set o f subsets o f a  se t 
set o f morphisms i n a  category . Equivalen t t o 
Homg(- , - ) 

complement o f a  se t 

closure o f a  se t 

interior o f a  set . Equivalen t t o In t (—) 
boundary o f a  se t 

^n 

Ox 

n' 
TT" 

*n(-) 

" * ( " ) 

14.3. 

3.1.3 
3.1.3 

O(- ) 
n'(-) 
r(~) 
Tk 

& 
X 
2(") 

£(-,-) 

R c 

( - ) 

R 
d(-) 

7.1.4 
7.9.1 
11.9.4 
14.5.1 
14.5.1 

1.1.1 
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Yx 2.3. 8 spac e o f continuous function s o r o f continuou s 
basepoint preservin g function s i f the space s ar e 
pointed. Equivalen t respectivel y t o eithe r Ma p (X,Y) 
or Map * (X, Y). Ca n als o mea n functio n spac e of 
simplicial set s 

= 1.1. 2 isomorphis m i n a  category , includin g homeomorphis m 
between topologica l space s 
homotopy equivalenc e betwee n pointe d space s 
homotopic fo r map s o f spaces o r chai n complexe s o r 
simplicial set s 
homotopic relativ e t o a  subse t 
one-point unio n o f pointe d space s 
reduced smas h produc t o f pointe d space s 
coproduct o f objects i n a  categor y 
product o f objects i n a  categor y 
map induce d usin g th e universa l propert y o f a 
coproduct 
map induce d usin g th e universa l propert y o f a  produc t 
tensor produc t 
cotensor produc t 
map o n homotop y induce d b y lef t compositio n 
union 
cup produc t o r relativ e cu p produc t 
intersection 
cap produc t o r relativ e ca p produc t 
attaching construction . Th e spac e obtaine d b y gluin g 
X toY  v i a / . 

—| 4. 5 adjoin t functor s 
| -  |  degre e o f a n elemen t i n a  grade d se t 
| — |  8.1. 3 realizatio n o f a  simplicia l se t 
a *  (3 3.1. 4 produc t o f path s 
(—)*(—) 7.7. 1 reduce d joi n o f pointed space s 
* basepoin t o f a  pointe d spac e o r th e ma p sendin g ever y 

element t o th e basepoint . Als o used fo r th e basepoin t 
of a  simplicia l se t 

G *A  H 3.3. 1 amalgamate d fre e produc t 
a] •  [P] 7.2. 6 actio n o f the fundamenta l groupoi d 

* 3.1. 1 ma p o n homotop y induce d b y righ t compositio n 
* 4.1. 2 ma p induce d o n homolog y 
* ma p induce d o n cohomolog y 
* dua l spac e 
* 12. 2 cosimplicia l objec t obtaine d fro m a  tripl e 

completion wit h respec t t o a  nitratio n 
(p) 12.2. 2 localizatio n o f a  space o r modul e 
(n) 2.7. 1 n-skeleto n o f a  CW-comple x o r simplicia l se t 

n-fold reduce d smas h produc t o f a  pointe d spac e 

« 
r s ^ 

* (rel(-) ) 
V 
A 

II 
n 
_L 

T 

® 

• 
(")# 
U 
U 

n 
n 
XUfY 

3.1.2 
3.1.1 

3.1.1 
3.1.1 
3.1.1 
1.2 
1.2 
1.2 

1.2 
4.3.5 
10.3.1 
3.1.1 

5.6.1 

5.7.2 
1.7 

(n) 
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7! 
f 
Er =>^(- ) 
<- - > 
( - - ) 
[-.-] 

[-,-] 
{ - . - } 
{7, P, <*} 
X/G 
X/A 

R 
R(V) 
R[S] 
R[G] 

RooH 

7.1.3 
9.1.2 
14.4.4 
4.4.3 
7.8.1 
7.8.1 

3.1.3 
3.1.3 
14.7 
3.2.3 
7.1.6 

4.4.3 

12.2 

pullback o f a  bundl e 
spectral sequenc e abut s t o filtere d objec t 
Kroncker produc t 
Samelson produc t 
Whitehead product . Als o use d fo r th e operatio n i n a 
Lie algebr a 
pointed homotop y classe s o f pointed map s re l basepoin t 
stable homotop y classe s o f map s 
Toda bracke t 
space o f coset s 
cofibre o f a n inclusio n 
degree n  self-ma p o f a  spher e 
chain comple x concentrate d i n degre e 0 
polynomial algebr a o n a n .R-modul e 
polynomial algebr a o n th e i?-modul e generate d b y a  se t 
group rin g o f the grou p G  ove r th e rin g R 
Bousfield-Kan contructio n o f the rin g flona  pointe d 
simplical se t 
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DG A-homotopy, 13 7 
G-space, 1 7 
if-group, 6 2 
/ / -map, 6 2 
//-space, 6 2 
iVDfl-pair, 5 8 
H-algebra, 10 5 
B-coalgebra, 10 5 
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