


Selected Titles in This Series 

13 B . V . Rajaram a Bhat , Georg e A . Elliott , an d Pete r A . Fi l lmore , Editors , 
Lectures o n operato r theory , 200 0 

12 Salm a Kuhlmann , Ordere d exponentia l fields,  200 0 

11 Tibo r Krisztin , Hans-Ott o Walther , an d Jianhon g Wu , Shape , smoothnes s an d 

invariant stratificatio n o f a n attractin g se t fo r delaye d monoton e positiv e feedback , 199 9 

10 Jif f Patera , Editor , Quasicrystal s an d discret e geometry , 199 8 

9 Pau l Selick , Introductio n t o homotop y theory , 199 7 

8 Terr y A . Loring , Liftin g solution s t o perturbin g problem s i n C*-algebras , 199 7 

7 S . O . Kochman , Bordism , stabl e homotop y an d Adam s spectra l sequences , 199 6 

6 K e n n e t h R . Davidson , C*-Algebra s b y example , 199 6 

5 A . Weiss , Multiplicativ e Galoi s modul e structure , 199 6 

4 Gerar d Besson , Joachi m Lohkamp , Pierr e Pansu , an d Pete r Pe terse n 
Miroslav Lovric , Maun g Min-Oo , an d McKenzi e Y.-K . Wang , Editors , 
Riemannian geometry , 199 6 

3 Albrech t Bottcher , Aa d Dijksm a an d Hein z Langer , Michae l A . Dritsche l an d 
James Rovnyak , an d M . A . Kaashoe k 
Peter Lancaster , Editor , Lecture s o n operato r theor y an d it s applications , 199 6 

2 Victo r P . Snaith , Galoi s modul e structure , 199 4 

1 S tephe n Wiggins , Globa l dynamics , phas e spac e transport , orbit s homoclini c t o 
resonances, an d applications , 199 3 



This page intentionally left blank 



FIELDS INSTITUTE 

MONOGRAPHS 

T H E FIELD S INSTITUT E FO R RESEARC H I N MATHEMATICA L SCIENCE S 

Lectures o n 
Operator Theor y 
B. V. Rajarama Bha t 
George A. Elliot t 
Peter A. Fillmor e 
Editors 

American Mathematica l Societ y 
Providence, Rhod e Islan d 

http://dx.doi.org/10.1090/fim/013



The Field s Institut e 
for Researc h i n Mathematica l Science s 

T h e Field s Ins t i tu t e i s name d i n honou r o f t h e Canad ia n ma themat i c i a n Joh n Charle s 
Fields (1863-1932) . Field s wa s a  visionar y wh o receive d man y honour s fo r hi s scientifi c 
work, includin g electio n t o t h e Roya l Societ y o f C a n a d a i n 190 9 an d t o t h e Roya l Societ y o f 
London i n 1913 . Amon g othe r accomplishment s i n th e servic e o f t h e internat iona l m a t h -
emat ics community , Field s wa s responsibl e fo r establishin g t h e world ' s mos t prestigiou s 
prize fo r ma themat ic s research—th e Field s Medal . 

T h e Field s Ins t i tu t e fo r Researc h i n Mathemat ica l Science s i s suppor te d b y grant s fro m 
the Ontar i o Ministr y o f Educa t io n an d Trainin g an d th e Na tu ra l Science s an d Engineerin g 
Research Counci l o f Canada . T h e Ins t i tu t e i s sponsore d b y McMaste r University , t h e 
University o f Toronto , th e Universit y o f Water loo , an d Yor k University , an d ha s affiliate d 
universities i n Ontar i o an d acros s Canada . 

2000 Mathematics  Subject  Classification.  P r i m a r y 46L05 , 46L10 ; 
Secondary 46L37 , 46L80 , 46L85 . 

Library o f Congres s Cataloging-in-Publicat io n D a t a 

Lectures o n operato r theor y /  B . V. Rajaram a Bhat , Georg e A . Elliott , Pete r A . Fillmore , editors , 
p. cm . -  (Field s Institut e monographs , ISS N 1069-527 3 ;  13 ) 

Includes bibliographica l references . 
ISBN 0-8218-0821- 4 (alk . paper ) 
1. Li e groups-Congresses . 2 . Representation s o f groups-Congresses . I . Rajaram a Bhat , 

B. V. , 1966 - II . Elliott , Georg e A. , 1945 - III . Filmore , Pete r A. , 1936 - IV . Series . 
QA387.L42 199 9 
512'.55-dc21 99-05225 4 

CIP 

Copying an d reprinting . Materia l i n thi s boo k ma y b e reproduce d b y an y mean s fo r edu -
cational an d scientifi c purpose s withou t fe e o r permissio n wit h th e exceptio n o f reproductio n b y 
services tha t collec t fee s fo r deliver y o f document s an d provide d tha t th e customar y acknowledg -
ment o f th e sourc e i s given . Thi s consen t doe s no t exten d t o othe r kind s o f copyin g fo r genera l 
distribution, fo r advertisin g o r promotiona l purposes , o r fo r resale . Request s fo r permissio n fo r 
commercial us e o f materia l shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n 
Mathematical Society , P .O . Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o 
be mad e b y e-mai l t o reprint-permissionQams.org . 

© 199 9 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

This publicatio n wa s prepare d b y Th e Field s Institute . 
Visit th e AM S hom e pag e a t URL : ht tp: / /www.ams.org / 

10 9  8  7  6  5  4  3  2  1  0 4 0 3 0 2 0 1 0 0 9 9 



Contents 

Preface x i 

Part 1 . C*-Algebra s 1 

Chapter 1 . C*-Algebras : Definition s an d Example s 3 
1.1. Elementar y Theor y o f C*-Algebra s 3 
1.2. Example s 4 
1.3. Basi c Reference s 6 

Chapter 2 . C*-Algebras : Construction s 9 
2.1. Injectiv e Morphism s ar e Isometri c 9 
2.2. Tenso r Product s 9 
2.3. Reduce d Grou p C*-Algebra s 1 3 
2.4. C*-Dynamica l System s an d Crosse d Product s 1 3 
2.5. Rotatio n Algebra s 1 4 
2.6. Direc t Limit s 1 4 

Chapter 3 . Positivit y i n C*-Algebra s 1 7 
3.1. Positiv e Linea r Functiona l 1 7 
3.2. Th e GNS-Constructio n 1 9 
3.3. Positiv e Linea r Map s 2 0 

Chapter 4 . K-Theor y I  2 5 
4.1. Cohomolog y Theory : Definitio n an d Example s 2 5 
4.2. Th e Functo r K x 2 6 
4.3. Half-exactnes s o f K\  2 8 
4.4. Th e Functo r K 0 2 8 
4.5. Bot t Periodicit y 3 0 

Chapter 5 . Tenso r Product s o f C*-Algebra s 3 3 
5.1. Th e Algebrai c Tenso r Produc t 3 3 
5.2. Representation s o f A  ® a B  3 3 
5.3. Completin g th e Algebrai c Tenso r Produc t 3 4 
5.4. Simpl e C*-Algebra s an d th e Minima l Tenso r Produc t 3 6 
5.5. Functorialit y o f the Tenso r Produc t 3 7 
5.6. Exampl e 3 8 
5.7. K-Theor y o f Tenso r Product s 3 8 
5.8. Positiv e Functional s an d Trace s o n A  ® 7 B  4 0 

Chapter 6 . Crosse d Product s I  4 3 
6.1. Constructin g th e Crosse d Produc t 4 3 



vi Content s 

6.2. Covarian t Representations of a C*-Dynamical Syste m Correspondin g 
to Non-Degenerat e Representation s o f the Crosse d Produc t 4 4 

6.3. Reduce d Crosse d Product s 4 5 
6.4. Som e Example s an d Result s 4 5 
6.5. Dualit y Theor y 4 7 

Chapter 7 . Crosse d Product s II : Examples 4 9 
7.1. Notatio n an d Basi c Fact s 4 9 
7.2. Cycli c Grou p Action s o n th e Circl e 5 0 
7.3. Bunce-Dedden s Algebra s I  5 0 
7.4. Bunce-Dedden s Algebra s I I 5 1 
7.5. Toeplit z Algebra s 5 1 
7.6. Crosse d Product s a s Continuou s Field s 5 1 
7.7. Connes ' Analogu e o f the Thor n Isomorphis m 5 2 

Chapter 8 . Fre e Product s 5 5 
8.1. Independenc e 5 5 
8.2. Freenes s 5 5 
8.3. Fre e Product s o f C*-Algebra s 5 6 
8.4. K-Theor y o f Free Product s 6 0 

Chapter 9 . K-Theor y II : Root s i n Topolog y an d Inde x Theor y 6 3 
9.1. Characterizatio n o f the if-Functor s 6 3 
9.2. Som e Algebrai c K-Theor y 6 4 
9.3. Th e Boundar y a s Inde x Ma p 6 4 
9.4. Fredhol m Operator s 6 5 
9.5. Source s o f A-Fredholm Operator s 6 7 
9.6. Som e KK-Theory 6 8 

Chapter 10 . C*-Algebrai c K-Theor y Mad e Concrete , o r 
Trick o r Trea t wit h 2 x 2 Matri x Algebra s 7 1 

10.1. M 2 a s a  Subalgebr a 7 1 
10.2. M 2 a s a  Quotien t Algebr a 7 1 
10.3. Exampl e (se e [6] ) 7 2 
10.4. Unitar y an d Projectio n Structur e 7 3 

Chapter 11 . Dilatio n Theor y 7 7 
11.1. Unitar y Dilation s 7 7 
11.2. Representation s o f A (D) 7 9 
11.3. Generalization s 8 0 
11.4. Operato r Space s 8 1 
11.5. Application s 8 2 
11.6. Mor e Operato r Dilation s 8 3 

Chapter 12 . C*-Algebra s an d Mathematica l Physic s 8 7 
12.1. Histor y 8 7 
12.2. Quantu m Mechanic s 8 7 
12.3. Statistica l Mechanic s 8 8 
12.4. System s Wit h Infinit e Number s o f Particle s 8 8 
12.5. Tomita-Takesak i Theor y 9 0 

Chapter 13 . C*-Algebra s an d Severa l Comple x Variable s 91 



Contents vi i 

Part 2 . Vo n Neuman n Algebra s 9 9 

Chapter 14 . Basi c Structur e o f von Neuman n Algebra s 10 1 
14.1. Preliminarie s 10 1 
14.2. Orderin g o f Projections 10 2 
14.3. Type s o f Factors 10 4 
14.4. Th e Dimensio n Functio n o n a  H i Facto r 10 5 

Chapter 15 . Vo n Neuman n Algebra s (Typ e H i Factors ) 10 9 
15.1. Predua l 10 9 
15.2. Th e Dimensio n Functio n an d it s Extensio n 11 0 
15.3. Th e Standar d For m o f a  Typ e H i Facto r 11 1 
15.4. Example s 11 3 
15.5. Conditiona l Expectation s 11 4 

Chapter 16 . Th e Equivalenc e Betwee n Injectivit y an d Hyperfiniteness , 
Part I  11 5 

Chapter 17 . Th e Equivalenc e Betwee n Injectivit y an d Hyperfiniteness , 
Part I I 12 5 

Chapter 18 . O n th e Jone s Inde x 13 5 
18.1. Introductio n 13 5 
18.2. Constructin g th e Jone s Projection s 13 6 
18.3. Iteratin g th e Basi c Constructio n 13 7 
18.4. Proo f o f the Theore m 13 8 

Chapter 19 . Introductor y Topic s o n Subfactor s 14 1 
19.1. Loca l Inde x Formula e 14 1 
19.2. Algebrai c Consideration s 14 2 
19.3. Th e equalit y I(R)  =  {4cos 2^ |  n >  3 } (J [4 , oo) 14 5 
19.4. Commutin g Square s 14 6 

Chapter 20 . Th e Tomita-Takesak i Theor y Explaine d 15 1 
20.1. Modula r Theor y 15 1 
20.2. Se t Up ; Standard Representatio n 15 1 
20.3. State s 15 2 
20.4. Modula r Operator s 15 2 
20.5. A  Conjugat e Linea r Operato r 15 3 
20.6. Dow n t o Eart h Structur e 15 4 

Chapter 21 . Fre e Product s o f von Neuman n Algebra s 15 7 
21.1. Non-Commutativ e Probabilit y Space s 15 7 
21.2. Fre e Produc t o f von Neuman n Algebra s 15 9 
21.3. Freenes s i n th e Worl d o f Rando m Matrice s 15 9 
21.4. Som e Propertie s o f L(¥ n) 16 1 

Chapter 22 . Semigroup s o f Endomorphism s o f B(H)  16 3 
22.1. Basic s an d Numerica l Inde x 16 3 
22.2. Invariant s an d Classificatio n 16 6 
22.3. Path-Space s 16 9 



viii 

Part 3 . 

Chapter 

Classification o f C*-Algebra s 

23. AF-Algebra s an d Brattel i Diagram s 
Brief Histor y 
23.1. 
23.2. 
23.3. 

Chapter 
24.1. 
24.2. 

Chapter 
25.1. 

Chapter 
26.1. 
26.2. 
26.3. 
26.4. 
26.5. 
26.6. 

Chapter 
27.1. 
27.2. 
27.3. 
27.4. 
27.5. 
27.6. 
27.7. 

Part 4 . 

AF-Algebras 
Bratteli Diagram s 
Characterizing AF-Algebra s 

24. Classificatio n o f Amenable C*-Algebras . I 
Classification o f AF-Algebras . Isomorphis m Theore m 
EHS Theore m 

25. Classificatio n o f Amenabl e C*-Algebras . I I 
Classification o f AI-Algebra s 

26. Simpl e AI-Algebra s an d th e Rang e o f the Invarian t 
The Invarian t 
The Tracia l Stat e Spac e an d th e Pairin g wit h KQ 
Convexity Theor y 
Interval Algebra s an d AI-Algebra s 
Some Propertie s o f the Invarian t o f a  Simpl e AI-Algebr a 
The Rang e o f the Invarian t 

27. Classificatio n o f Simpl e Purel y Infinit e C*-Algebra s 
Simplicity 
Infiniteness 
Non-Stable K-Theor y 
Real an d Exponentia l Ran k 
A Dichotom y fo r Simpl e Purel y Infinit e C*-Algebra s 
The Invarian t 
The Rang e o f the Invarian t 

Hereditary Subalgebra s o f Certai n Simpl e No n 

Contents 

173 

175 
175 
175 
175 
177 

181 
181 
184 

187 
187 

193 
193 
193 
194 
197 
197 
198 

199 
199 
200 
203 
204 
205 
205 
206 

Real 
Rank Zer o C*-Algebra s 20 7 

Preface 20 8 

Chapter 28 . Hereditar y Subalgebra s o f Certai n Simpl e No n Rea l Ran k 
Zero C*-Algebra s 

Introduction 
28.1. Propertie s o f Hereditar y Subalgebra s o f A I Algebra s 

Chapter 29 . Th e Isomorphis m Theore m 
29.1. Th e Theore m 
29.2. Th e Dimensio n Rang e 
29.3. Th e Affin e Spac e 
29.4. Th e Existenc e Theore m 
29.5. Th e Uniquenes s Theore m 
29.6. Th e Intertwinin g 

Chapter 30 . Th e Rang e o f the Invarian t 
30.1. Constructio n o f Hereditary Subalgebra s Wit h Give n Invarian t 

209 
209 
209 

213 
213 
215 
215 
219 
223 
226 

231 
231 

Bibliography 241 



Contents i x 

Part 5 . Path s o n Coxete r Diagrams : Fro m Platoni c Solid s an d 
Singularities t o Minima l Model s an d Subfactor s 24 3 

Preface 24 4 
Acknowledgements 24 4 

Chapter 31 . Th e Kauffman-Lin s Recouplin g Theor y 24 5 
31.1. Jone s Projection s 24 5 
31.2. SU(2)  an d th e Symmetrize r 24 7 
31.3. Plana r Wir e Diagram s 25 0 

Chapter 32 . Graph s an d Connection s 25 3 
32.1. Path s o n Graph s 25 3 
32.2. Essentia l Path s o n Graph s 25 4 
32.3. Connection s 25 6 
32.4. Th e Canonica l Connectio n o n a  Grap h 25 9 

Chapter 33 . A n Extensio n o f the Recouplin g Mode l 26 5 
33.1. Fusion s an d th e 0-Numbe r 26 5 
33.2. 6j-Symbol s 26 6 
33.3. Ne w Thic k Wire s 26 7 
33.4. Evaluatin g Tangle s 26 8 
33.5. Recouplin g 27 0 
33.6. Braidin g 27 2 
33.7. Doubl e Triangl e Algebra s 27 9 
33.8. Ne w Very Thic k Wire s 28 1 
33.9. Chira l Projector s 28 4 
33.10. Gap s o n Coxete r Graph s 28 7 
33.11. Compariso n o f Minima l Projection s 29 1 

Chapter 34 . Relation s t o Minima l Model s an d Subfactor s 29 7 
34.1. Modula r Invariant s 29 7 
34.2. Connection s o n Coxete r Graph s 29 9 
34.3. Generalize d Intermediat e Subfactor s o f the Jone s Subfactor s 30 4 
34.4. Dua l Principa l Graph s o f the Jones-Okamot o Subfactor s 30 7 
34.5. Quantu m Kleinia n Invariant s 30 8 

Bibliography 323 



This page intentionally left blank 



Preface 

The article s i n thi s volum e ar e base d fo r th e mos t par t o n lecture s give n a t 
The Field s Institut e fo r Researc h i n Mathematical Science s b y participant s i n th e 
program, "Operato r Algebra s an d Applications" , hel d durin g th e yea r 1994-199 5 
in Waterloo , Ontario . (I t i s th e nint h volum e relate d t o th e proceeding s o f thi s 
program.) 

The scientific organizin g committee for thi s program consisted o f Alain Connes , 
Man-Duen Choi , Kennet h R . Davidson , Georg e A . Elliot t (chairman) , Pete r A . 
Fillmore, David E. Handelman, Nige l Higson, Vaughan F. R. Jones , Ian F. Putnam , 
and Dan-Virgi l Voiculescu . 

In orde r o f appearanc e (i n thi s volume) , th e lecture s (togethe r wit h th e cor -
responding note-takers , mentione d i n parentheses ) wer e Pete r Fillmor e (thre e lec -
tures: Dougla s Harder , Pete r Friis , Jako b Mortensen) , Christophe r Phillip s 
(Jonathan Samuel) , Mikae l R0rda m (Jonatha n Samuel) , Bernd t Brenke n (Davi d 
Kerr), Alexande r Kumjia n (Pete r Friis) , Kennet h Dykem a (Teres a Bates) , Jerom e 
Kaminker (Richar d Gjerde) , Man-Due n Cho i (Andre w Dean) , Kennet h Davidso n 
(Douglas Harder) , Dere k Robinso n (Teres a Bates) , Nobert o Salinas , Alexandr u 
Nica (Davi d Kerr) , Gabrie l Nag y (Thoma s Gaugui n Houghton-Larsen) , Flori n 
Boca (tw o lectures : Kevi n Fitzgeral d an d Walte r Schreiner , Clau s Dahl) , Jame s 
Mingo (Thoma s McLeister) , Flori n Boc a (Clau s Dahl) , Man-Due n Cho i (Espe n 
Husstad), Kennet h Dykem a (Kennet h Stevens) , William Arveso n (Rajaram a Bha t 
and Ilean a Ionescu) , Ol a Brattel i (Jonatha n Samuel) , Georg e Elliot t (tw o lectures : 
Massoud Amini) , Jespe r Villadse n (Andre w Dean) , Mikae l R0rda m (Pete r Friis) , 
Irina Stevens (Ph.D. Thesis), Adrian Ocneanu (specia l lecture series: Satosh i Goto) . 

The editor s trus t tha t th e recor d o f these lecture s wil l b e pertinent , a t leas t i n 
some degree , t o al l futur e investigation s int o th e subject . 

B. V . Rajaram a Bha t 
George A . Elliot t 
Peter A . Fillmor e 

Toronto, Augus t 17 , 199 9 
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