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Preface 

"Mathematics goes  to  great  pains  to  create  expressions  for  relation-
ships which  pass  empirical  comprehension." 

Carl Gustav  Jung  in  "Memories,  Dreams,  Reflections" 

This monograp h i s base d o n graduat e course s whic h th e author s gav e a t th e 
Thematic Progra m o n Automorphi c Form s a t th e Field s Institut e i n th e sprin g o f 
2003. Th e progra m wa s organize d b y J . Arthur , T . Haines , H . Kim , R . Murty , 
G. Pappas , an d F . Shahidi . Thes e course s wer e intende d fo r pos t docs an d ad -
vanced graduat e student s i n order t o introduce them to the Langlands functorialit y 
conjecture an d it s consequence s i n numbe r theor y an d representatio n theory . I n 
particular, w e wante d t o sho w the m ho w automorphi c //-function s pla y a  crucia l 
role i n th e theory . Ther e hav e bee n som e ne w development s i n th e theory , mos t 
notably, functorialit y o f the symmetri c cub e an d symmetri c fourt h o f cuspida l rep -
resentations o f GL(2)  an d functorialit y o f classica l groups . Thes e development s 
make us e o f automorphi c L- functions, namely , th e combinatio n o f convers e theo -
rems o f Cogdel l an d Piatetski-Shapir o an d th e Langlands-Shahid i method . Th e 
aim o f the themati c progra m wa s to revie w thes e development s an d encourag e th e 
discovery o f a s ye t unknow n implication s o f functorialit y t o numbe r theory , an d 
vice versa . 

Besides th e courses , ther e wa s a  weekl y semina r o n automorphi c form s give n 
by members . Ther e wer e tw o workshops : on e o n Shimur a varietie s an d relate d 
topics, organize d b y T . Haine s an d G . Pappas , an d th e othe r o n Automorphi c L-
functions, organize d b y H . Ki m an d R . Murty . I n addition , S . Kudl a gav e th e 
Coxeter Lecture s o n Arithmeti c thet a serie s an d P . Sarna k gav e the Distinguishe d 
Lectures o n Automorphi c L-function s an d equidistribution . 

This monograp h i s no t a t al l a  comprehensiv e accoun t o f automorphi c forms . 
The mos t seriou s omission s ar e trac e formula s an d Shimur a varieties , namely , th e 
geometric poin t o f vie w o f automorphi c forms . However , i n orde r t o compensat e 
for this , there wa s a  summer schoo l o n Harmonic Analysis , th e Trac e Formul a an d 
Shimura Varieties , sponsore d b y the Cla y Mathematic s Institut e i n th e summe r o f 
2003. I t wa s organize d b y J . Arthur , D . Ellwoo d an d R . Kottwitz . Thei r lectur e 
notes will be published soo n and w e believe that i t wil l complement ou r monograp h 
very nicely . 

Let u s describ e ou r monograp h i n detail . Th e Langland s functorialit y conjec -
ture ca n b e roughl y formulate d as : i f H  an d G  ar e tw o reductiv e group s ove r a 
number field  F , the n t o eac h homomorphis m o f L-group s (ft  :  LH — • L G, ther e i s 
associated a  lif t o f automorphi c representation s o f H  t o automorphi c representa -
tions o f G.  On e exampl e woul d be : tak e H  t o b e th e grou p consistin g o f a  singl e 
element an d G  t o b e GL(2) . The n L H i s a  Galoi s grou p an d th e proble m i s tha t 
of associatin g a n automorphi c for m t o a  two-dimensiona l Galoi s representation . 

xi 



Xll Preface 

A partia l solutio n ha s bee n use d b y Andre w Wile s i n hi s proo f o f Fermat' s Las t 
Theorem. I t ha d bee n though t tha t onl y th e trac e formul a develope d b y Arthu r 
and other s wa s promisin g fo r th e functorialit y conjecture . Indee d th e trac e for -
mula metho d ha s bee n successfu l i n som e cases , mos t notably , cycli c bas e chang e 
of GL(n)  du e t o Arthu r an d Clozel . 

At thi s moment , th e convers e theorem s o f Cogdel l an d Piatetski-Shapiro , i f 
combined wit h th e Langlands-Shahid i method , provid e severa l instance s o f functo -
riality. Thes e are L-function techniques . Th e converse theorems determine whethe r 
a certai n globa l representatio n o f GL(n)  whic h i s just a  produc t o f al l loca l ones , 
is a n automorphi c representation . I n orde r t o us e th e convers e theorem , w e nee d 
to stud y certai n automorphi c L-functions , namely , w e need t o prov e that thes e au -
tomorphic L-function s ar e entire , satisf y functiona l equations , an d ar e bounde d i n 
vertical strips . Ther e ar e tw o way s o f studying automorphi c L-functions . 

The first  on e i s called th e metho d o f integra l representations . I t expresse s cer -
tain automorphi c L-function s a s integral s o f automorphi c forms , ofte n integrate d 
against Eisenstei n series . Sometimes , i t i s called th e Rankin-Selber g method . Thi s 
method ha s bee n investigate d b y a  larg e numbe r o f mathematicians , goin g bac k 
to Hecke , Ranki n an d Selberg . However , on e run s int o seriou s difficultie s upo n 
studying th e metho d a t archimedea n places . Bu t th e theory i s complete for GL(n). 
This i s th e subjec t o f th e firs t cours e b y J . Cogdell . I n Cours e On e w e presen t 
a comprehensiv e accoun t o f th e theor y o f L-function s fo r GL(n)  vi a integra l rep -
resentations. W e begi n wit h th e classica l theor y o f Hecke . The n w e tur n t o th e 
modern theor y o f automorphi c representation s an d thei r L-functions , bot h loca l 
and global , a s develope d b y Jacquet , Piatetski-Shapir o an d Shalika . W e conclud e 
with a n expositio n o f the convers e theorems fo r GL(n)  an d thei r applicatio n t o th e 
question o f globa l functoriality . 

The secon d metho d o f studyin g automorphi c L-function s i s calle d th e 
Langlands-Shahidi method . Thi s i s th e subjec t o f th e secon d cours e b y H . Kim . 
Many automorphi c L-function s appea r a s normalizing factor s o f intertwining oper -
ators i n th e constan t term s o f Eisenstein series . W e can stud y the m wit h th e hel p 
of many propertie s o f Eisenstein series . Eve n thoug h th e goa l of this cours e was t o 
explain recen t strikin g result s such a s functoriality o f the symmetri c cub e and sym -
metric fourt h o f cuspidal representation s o f GL(2) , we try t o giv e a  comprehensiv e 
account o f th e Langlands-Shahid i method , withou t assumin g an y previou s knowl -
edge of automorphic representations . Becaus e of time constraints , man y proofs ha d 
to b e omitted . I n thos e cases , w e always provide d th e reference s fo r th e proofs . 

In th e thir d cours e b y R . Murty , w e loo k a t th e application s o f the Langland s 
functoriality conjectur e t o analyti c numbe r theory , especiall y to the Sato-Tat e con -
jecture, the Ramanujan conjecture , th e Selber g eigenvalue conjecture , Artin' s holo -
morphy conjectur e an d th e Langland s reciprocit y conjecture . W e emphasiz e ho w 
the Langland s progra m propose s t o solv e eac h o f thes e conjectures . W e the n ap -
ply th e recen t wor k o f Ki m an d Shahid i o n symmetri c powe r L-function s t o thes e 
conjectures a s wel l a s relate d question s i n analyti c numbe r theory . 

James W . Cogdel l 
Henry H . Ki m 

M. Ra m Murt y 
January 200 4 
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