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spectral adj. \ "spEktr@l \

2. a. Having the character of a spectre or phantom; ghostly, unsubstan-
tial, unreal.

5. a. Of or pertaining to, appearing or observed in, the spectrum. Also
applied to a property or parameter which is being considered as a
function of frequency or wave-length, or which pertains to a given
frequency range or value within the spectrum.

From Oxford English Dictionary

https://www.oed.com/view/Entry/186080
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Preface

Various distinct physical phenomena, such as wave propagation, heat diffu-
sion, electron movement in quantum physics, oscillations of fluid in a con-
tainer, can be modelled mathematically using the same differential operator
— the Laplacian. Its spectral properties depend in a subtle way on the ge-
ometry of the underlying object, e.g., a Euclidean domain or a Riemannian
manifold, on which the operator is defined. This dependence — or, rather,
the interplay between the geometry and the spectrum — is the main subject
of spectral geometry.

The roots of spectral geometry go back to the famous experiments of the
physicist Ernst Chladni with vibrating plates in the late eighteenth century
to early nineteenth century, as well as to the investigations of Lord Rayleigh
on the theory of sound some decades later. The celebrated question of Mark
Kac, “Can one hear the shape of a drum?”, motivated a lot of research in
the second half of the twentieth century and helped spectral geometry to
emerge as a separate branch of geometric analysis.

Modern spectral geometry is a rapidly developing area of mathematics,
with close connections to other fields, such as differential geometry, mathe-
matical physics, number theory, dynamical systems, and numerical analysis.
It is a vast subject, and by no means does this book pretend to be compre-
hensive. Our goal was to write a textbook that can be used for a graduate or
an advanced undergraduate course, starting from the basics but at the same
time covering some of the exciting recent developments in the area which
can be explained without too many prerequisites. The authors have taught
such courses over the past few years at different locations, in particular at
the Université de Montréal and the Hebrew University of Jerusalem, and
they have taught shorter courses at the Universities of Cardiff and Reading,
as well as at several summer schools and instructional conferences; see, e.g.,
[BouLev07]. The present book is based in part on our lecture notes.

ix
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Introduction

Overview

The central theme of the book is spectral geometry of the Laplace operator
on bounded Euclidean domains and compact Riemannian manifolds. Most
of the time, we consider the classical Dirichlet or Neumann boundary condi-
tions, except for the last chapter, where instead of the spectral parameter in
the equation we look at the less explored Steklov problem with the spectral
parameter in the boundary conditions.

The main topics discussed in the book can be summarised as follows:

• spectral theorems,

• eigenvalue inequalities,

• spectral asymptotics,

• nodal geometry,

• isospectrality and spectral invariants.

To cover these subjects we use a variety of techniques, such as variational
principles, elliptic regularity, symmetrisation, conformal maps, harmonic
analysis, and heat equation methods. Throughout the presentation we tried
to keep a balance between the following principles:

• Focus on phenomena. For that reason, in many cases the proofs
are given in the Euclidean setting, with indications on how the
argument can be extended to the Riemannian case.

• Avoid black boxes as much as possible. While it is often unfeasible
to present all the details, we at least tried to explain the main ideas
behind the proofs.

xiii



xiv Introduction

• Keep generality reasonably wide to include most interesting ex-
amples. In particular, in the Euclidean setting we mostly consider
Lipschitz boundaries, whilst on manifolds we deal with smooth Rie-
mannian metrics.

The highlights of the book include:

• Spectral theorems and elliptic regularity. In particular, we discuss
in detail both interior and boundary regularity of eigenfunctions.

• Weyl’s law for the eigenvalue counting function.

• Friedlander–Filonov inequalities between Dirichlet and Neumann
eigenvalues.

• Polya’s conjecture for tiling domains and Berezin–Li–Yau–inequali-
ties.

• Courant and Pleijel nodal domain theorems.

• Yau’s conjecture on the size of the nodal sets.

• Isoperimetric inequalities for eigenvalues: Faber–Krahn, Cheeger,
Szegő–Weinberger, and Hersch.

• Universal inequalities for eigenvalues.

• Heat trace asymptotics.

• Isospectrality and transplantation of eigenfunctions.

• Spectral geometry of the Steklov problem.

While many of these topics can be found in other books, having all these
subjects under one cover makes this book quite different from the others.
At times, our exposition of classical results contains some features which
have not been emphasised previously. For example, we prove Courant’s
nodal domain theorem for Dirichlet eigenfunctions without any regularity
assumptions on the boundary. Moreover, some of the material is based on
recent research and therefore cannot be found in textbooks, such as the
section on Yau’s conjecture and essentially the entire chapter on the Steklov
problem.

Plan of the book

The book is organised as follows.

In Chapter 1 we introduce our main hero, the Laplacian, and discuss sev-
eral examples for which its eigenvalues and eigenfunctions can be calculated
explicitly.

In Chapter 2 we lay the foundations for further material and explain the
proofs of the weak and the strong spectral theorems for the Laplacian. This
chapter includes mini-crash courses on the theory of selfadjoint unbounded



Plan of the book xv

linear operators, as well as on the Sobolev spaces and elliptic regularity. Our
emphasis is on presenting the main tools and ideas, such as the Friedrichs
extension, the a priori estimates, and Nirenberg’s method of difference quo-
tients, while referring the reader interested in full details to the existing
literature.

Chapter 3 is concerned with the variational principles for eigenvalues and
their applications. Apart from basic results such as domain monotonicity,
Dirichlet–Neumann bracketing and Weyl’s law, we prove the Friedlander–
Filonov inequalities between Dirichlet and Neumann eigenvalues, the
Berezin–Li–Yau inequalities, and Pólya’s conjecture for tiling domains.

Chapter 4 focuses on the nodal geometry of eigenfunctions. We give a
complete proof of Courant’s nodal domain theorem, explaining some delicate
issues arising for domains with nonsmooth boundary that have often been
omitted in other sources. We also discuss Yau’s conjecture on the volume of
nodal sets, including recent breakthrough developments due to Logunov and
Malinnikova. In particular, we give a sketch of the proof of a polynomial
upper bound on the size of the nodal set. Some related topics, such as the
density of the nodal set and the lower bound on the size of the nodal set in
dimension two, are also presented. As an application of results on the local
structure of the nodal set we prove multiplicity bounds for eigenvalues on
surfaces.

In Chapter 5 we collect various geometric eigenvalue inequalities, such
as the Faber–Krahn inequality, Cheeger’s inequality, the Szegő–Weinberger
inequality, as well as Hersch’s inequality and other isoperimetric inequalities
of surfaces. The latter is an actively developing subject and several recent
advances are discussed in detail. This chapter also includes the universal
inequalities, as well as related commutator identities.

The heat equation and results on heat kernel asymptotics are presented
in Chapter 6. As an application, we prove Weyl’s law on Riemannian man-
ifolds. The spectral invariants arising from the heat asymptotics naturally
lead us to the study of isospectrality. Some partial answers are given to the
question “Can one hear the shape of a drum?”, mentioned above. We present
Milnor’s example of flat isospectral tori which has fascinating connections
to the theory of modular forms, and the celebrated Sunada construction of
isospectral manifolds based on algebraic ideas. We also describe a rather
elementary but ingenious transplantation technique that yields isospectral
but not isometric planar domains. Some recent results on spectral rigidity
are also discussed.

In the past decade, the study of the Steklov problem and of the Dirichlet-
to-Neumann map became one of the most active directions in spectral geom-
etry. This is the subject of Chapter 7. We define the Steklov spectrum and
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prove isoperimetric inequalities for Steklov eigenvalues. Using the connec-
tion between the Dirichlet-to-Neumann map and the boundary Laplacian,
we obtain results on the asymptotics of the Steklov spectrum by means
of the Hörmander–Pohozhaev identities and Weyl’s law for the Laplacian
on manifolds. We also provide a detailed exposition of recent results on
the asymptotics of sloshing eigenvalues as well as Steklov eigenvalues on
curvilinear polygons. Finally, we discuss the Dirichlet-to-Neumann map
for the Helmholtz operator and use its properties to give another proof of
the Friedlander–Filonov inequalities between Dirichlet and Neumann eigen-
values originally presented in Chapter 3.

Appendix A contains a short introduction to numerical spectral geom-
etry, which provides the students with all the necessary tools for a quick
numerical calculation of eigenvalues and eigenfunctions of planar domains.

In Appendix B we collect some standard background definitions and
notation which we use throughout the book.

Possible courses based on this book

The book is to a large extent self-contained and is accessible to students
and researchers with a basic knowledge of PDEs, functional analysis, and
differential geometry. We do not really require prior knowledge of the theory
of distributions and Sobolev spaces and explain the main notions we need.
Throughout the book we often stay in the Euclidean setting and, where
necessary, provide references for a reader unfamiliar with the fundamentals
of Riemannian geometry. While graduate students in mathematics are the
main targeted audience for the book, it could also be used, in parts, for
teaching an advanced undergraduate course, as well as for both introductory
and advanced mini-courses.

In our experience, essentially the whole book with the exception of the
most advanced sections (§§2.2, 4.3, and 7.2–7.4) can be covered in a one-
semester course. There are various ways to create shorter courses using the
diagram of dependencies given on page xvii.

For example, one could teach the first three chapters only, or the first
three chapters followed by one of the Chapters 4–7, with some minor ad-
ditions and adjustments. Finally, the material of each of Chapters 1–3 can
be taught as an introductory level mini-course, and each of the remaining
chapters as a more advanced course.

Last, but not least, the book contains many exercises! The more dif-
ficult ones are provided with references and hints. A user-friendly tutorial
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Chapter 4

§4.3

Chapter 5 Chapter 6 Chapter 7

§§7.2–7.4

Chapter 3

Chapter 2

§2.2

Chapter 1

Appendix A (for numerical exercises)

Appendix B (background notation)

The diagram of chapter dependencies. The subsections in shaded boxes
may be omitted for all but advanced courses. The dashed arrows indicate
that while there is some dependency of material there, the corresponding
chapters may be taught separately from each other.

on numerical spectral geometry presented in Appendix A could also help
teachers who would like to introduce a computational component into their
classes.

What is not in this book: Some further reading

As mentioned in the preface, the field of spectral geometry extends beyond
the scope of this book. Below we discuss some interesting and important
topics for further reading.

In order to keep the prerequisites to a minimum, we focused on results
that can be presented without using pseudodifferential operators and micro-
local analysis. As a consequence, apart from nodal geometry, we did not
explore much the properties of eigenfunctions. We refer to [Sog17] and
[Zwo12] for an exposition of results on asymptotic eigenfunction bounds,
as well as questions arising in the fascinating area of mathematical quantum
chaos, such as Shnirelman’s quantum ergodicity theorem.
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Throughout the book, we have almost exclusively dealt with the case of
bounded domains and compact manifolds, for which the Laplace spectrum
is discrete. A lot of interesting phenomena occur in other geometric set-
ups. We refer to [Bor16] and [DyaZwo19] for recent developments of
the spectral theory on infinite area hyperbolic spaces and the mathematical
theory of resonances.

In this book, we focus on the Laplacian and the Dirichlet-to-Neumann
map and do not touch other important operators. A modern exposition of
the spectral theory of Schrödinger operators, with a particular focus on the
celebrated Lieb–Thirring inequalities (closely linked to the Berezin–Li–Yau
inequalities featured in Chapter 3), can be found in [FraLapWei23]. Many
interesting geometric questions arise in the study of the spectrum of the
Dirac operator, and we refer to [BerGetVer04,Fri00,Gin09] for further
reading on this subject. Recent results on spectral geometry of potential op-
erators, which are related to the Dirichlet-to-Neumann map, can be found
in [RuzSadSur20]. A detailed introduction to the rich and actively devel-
oping theory of quantum graphs, which makes a cameo appearance in §7.3
of this book, can be found in [BerKuc13].
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7–29, DOI 10.1007/s40316-017-0078-x. MR3777504 ↑149

[Cha84] I. Chavel, Eigenvalues in Riemannian geometry, including a chapter by B. Ran-
dol, with an appendix by J. Dodziuk, Pure and Applied Mathematics, vol. 115,
Academic Press, Inc., Orlando, FL, 1984. MR768584 ↑x, 14, 15, 17, 20, 125,
153, 188

[Che71] J. Cheeger, A lower bound for the smallest eigenvalue of the Laplacian, Prob-
lems in analysis (Sympos. in honor of Salomon Bochner, Princeton Univ.,
Princeton, N.J., 1969), Princeton Univ. Press, Princeton, N.J., 1970, pp. 195–
199, DOI 10.1515/9781400869312. MR0402831 ↑149, 150

[Che75] S.-Y. Cheng, Eigenfunctions and nodal sets, Comment. Math. Helv. 51 (1976),
no. 1, 43–55, DOI 10.1007/BF02568142. MR397805 ↑107, 132, 133, 134

[Chu97] F. R. K. Chung, Spectral graph theory, CBMS Regional Conference Series in
Mathematics, vol. 92, Published for the Conference Board of the Mathematical
Sciences, Washington, DC; by the American Mathematical Society, Providence,
RI, 1997. MR1421568 ↑158

[ChuGriYau96] F. R. K. Chung, A. Grigor′yan, and S.-T. Yau, Upper bounds for eigenvalues of
the discrete and continuous Laplace operators, Adv. Math. 117 (1996), no. 2,
165–178, DOI 10.1006/aima.1996.0006. MR1371647 ↑180

[CiaFus02] A. Cianchi and N. Fusco, Functions of bounded variation and rearrangements,
Arch. Ration. Mech. Anal. 165 (2002), no. 1, 1–40, DOI 10.1007/s00205-002-
0214-9. MR1947097 ↑143

[CiaKarMed19] D. Cianci, M. Karpukhin, and V. Medvedev, On branched minimal immersions
of surfaces by first eigenfunctions, Ann. Global Anal. Geom. 56 (2019), no. 4,
667–690, DOI 10.1007/s10455-019-09683-8. MR4029852 ↑171

[Col17] B. Colbois, The spectrum of the Laplacian: a geometric approach, Geomet-
ric and computational spectral theory, Contemp. Math., vol. 700, Amer.
Math. Soc., Providence, RI, 2017, pp. 1–40, DOI 10.1090/conm/700/14181.
MR3748520 ↑155

[ColDod94] B. Colbois and J. Dodziuk, Riemannian metrics with large λ1, Proc. Amer.
Math. Soc. 122 (1994), no. 3, 905–906, DOI 10.2307/2160770. MR1213857
↑165, 173

[ColElS03] B. Colbois and A. El Soufi, Extremal eigenvalues of the Laplacian in a confor-
mal class of metrics: the ‘conformal spectrum’, Ann. Global Anal. Geom. 24
(2003), no. 4, 337–349, DOI 10.1023/A:1026257431539. MR2015867 ↑173

[ColElSGir11] B. Colbois, A. El Soufi, and A. Girouard, Isoperimetric control of the
Steklov spectrum, J. Funct. Anal. 261 (2011), no. 5, 1384–1399, DOI
10.1016/j.jfa.2011.05.006. MR2807105 ↑217

[ColGGS22] B. Colbois, A. Girouard, C. Gordon, and D. Sher, Some recent developments
on the Steklov eigenvalue problem, arXiv:2212.12528. 263

https://www.ams.org/mathscinet-getitem?mr=2916382
https://www.ams.org/mathscinet-getitem?mr=1315592
https://www.ams.org/mathscinet-getitem?mr=3812813
https://www.ams.org/mathscinet-getitem?mr=3777504
https://www.ams.org/mathscinet-getitem?mr=768584
https://www.ams.org/mathscinet-getitem?mr=0402831
https://www.ams.org/mathscinet-getitem?mr=397805
https://www.ams.org/mathscinet-getitem?mr=1421568
https://www.ams.org/mathscinet-getitem?mr=1371647
https://www.ams.org/mathscinet-getitem?mr=1947097
https://www.ams.org/mathscinet-getitem?mr=4029852
https://www.ams.org/mathscinet-getitem?mr=3748520
https://www.ams.org/mathscinet-getitem?mr=1213857
https://www.ams.org/mathscinet-getitem?mr=2015867
https://www.ams.org/mathscinet-getitem?mr=2807105
https://arxiv.org/abs/2212.12528


Bibliography 303

[ColGirHas18] B. Colbois, A. Girouard, and A. Hassannezhad, The Steklov and Laplacian
spectra of Riemannian manifolds with boundary, J. Funct. Anal. 278 (2020),
no. 6, 108409, 38, DOI 10.1016/j.jfa.2019.108409. MR4054110 ↑231, 233

[ColMin11] T. H. Colding and W. P. Minicozzi II, Lower bounds for nodal sets of eigenfunc-
tions, Comm. Math. Phys. 306 (2011), no. 3, 777–784, DOI 10.1007/s00220-
011-1225-x. MR2825508 ↑114

[CdV73] Y. Colin de Verdière, Spectre du laplacien et longueurs des géodésiques
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uscript, J. Spectr. Theory 12 (2022), no. 1, 195–225, DOI 10.4171/jst/399.
MR4404812 ↑230, 233, 235, 236, 259, 260

[GirLPS19] A. Girouard, J. Lagacé, I. Polterovich, and A. Savo, The Steklov
spectrum of cuboids, Mathematika 65 (2019), no. 2, 272–310, DOI
10.1112/s0025579318000414. MR3884657 ↑223, 251

[GirNadPol09] A. Girouard, N. Nadirashvili, and I. Polterovich, Maximization of the second
positive Neumann eigenvalue for planar domains, J. Differential Geom. 83
(2009), no. 3, 637–661, DOI 10.4310/jdg/1264601037. MR2581359 ↑164

[GirPPS14] A. Girouard, L. Parnovski, I. Polterovich, and D. A. Sher, The Steklov spectrum
of surfaces: asymptotics and invariants, Math. Proc. Cambridge Philos. Soc.
157 (2014), no. 3, 379–389, DOI 10.1017/S030500411400036X. MR3286514

↑236

[GirPol10a] A. Girouard and I. Polterovich, Shape optimization for low Neumann and
Steklov eigenvalues, Math. Methods Appl. Sci. 33 (2010), no. 4, 501–516, DOI
10.1002/mma.1222. MR2641628 ↑224

[GirPol10b] A. Girouard and I. Polterovich, On the Hersch–Payne–Schiffer inequali-
ties for Steklov eigenvalues, Funct. Anal. Its Appl. 44 (2010), 106–117.
DOI 10.1007/s10688-010-0014-1. 225

[GirPol12] A. Girouard and I. Polterovich, Upper bounds for Steklov eigenvalues
on surfaces, Electron. Res. Announc. Math. Sci. 19 (2012), 77–85, DOI
10.3934/era.2012.19.77. MR2970718 ↑229

[GirPol17] A. Girouard and I. Polterovich, Spectral geometry of the Steklov problem (survey
article), J. Spectr. Theory 7 (2017), no. 2, 321–359, DOI 10.4171/JST/164.
MR3662010 ↑220, 224, 236, 263

[GorHerWeb21] C. Gordon, P. Herbrich, and D. Webb, Steklov and Robin isospectral manifolds,
J. Spectr. Theory 11 (2021), no. 1, 39–61, DOI 10.4171/jst/335. MR4233205
↑209

[GorWebWol92] C. Gordon, D. Webb, and S. Wolpert, Isospectral plane domains and sur-
faces via Riemannian orbifolds, Invent. Math. 110 (1992), no. 1, 1–22, DOI
10.1007/BF01231320. MR1181812 ↑200, 204

[GreNgu13] D. S. Grebenkov and B.-T. Nguyen, Geometrical structure of Laplacian eigen-
functions, SIAM Rev. 55 (2013), no. 4, 601–667, DOI 10.1137/120880173.
MR3124880 ↑12

[Gre86] A. G. Greenhill, Wave Motion in Hydrodynamics, Amer. J. Math. 9 (1886),
no. 1, 62–96, DOI 10.2307/2369499. MR1505437 ↑219
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[HeiKilMar93] J. Heinonen, T. Kilpeläinen, and O. Martio, Nonlinear potential theory of de-
generate elliptic equations, Oxford Science Publications, Oxford Mathematical
Monographs, The Clarendon Press, Oxford University Press, New York, 1993.
MR1207810 ↑51, 104
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with Lipschitz boundary, arXiv:2304.04047. 230

[RudWigYes21] Z. Rudnick, I. Wigman, and N. Yesha, Differences between Robin and Neu-
mann eigenvalues, Comm. Math. Phys. 388 (2021), no. 3, 1603–1635, DOI
10.1007/s00220-021-04248-y. MR4340938 ↑261

[RuzSadSur20] M. Ruzhansky, M. Sadybekov, and D. Suragan, Spectral geometry of partial
differential operators, Monographs and Research Notes in Mathematics, CRC
Press, Boca Raton, FL, 2020, DOI 10.1201/9780429432965. MR4590446 ↑xviii

[SafVas97] Yu. Safarov and D. Vassiliev, The asymptotic distribution of eigenvalues of
partial differential operators, translated from the Russian manuscript by the
authors, Translations of Mathematical Monographs, vol. 155, American Math-
ematical Society, Providence, RI, 1997, DOI 10.1090/mmono/155. MR1414899
↑82, 86, 87, 88, 89

[San55] L. Sandgren, A vibration problem, Medd. Lunds Univ. Mat. Sem. 13 (1955),
1–84. MR72348 ↑230

[Sar90] P. Sarnak, Determinants of Laplacians; heights and finiteness, Analysis, et
cetera, Academic Press, Boston, MA, 1990, pp. 601–622, DOI 10.1016/B978-0-
12-574249-8.50033-X. MR1039364 ↑210

[Sav01] A. Savo, Lower bounds for the nodal length of eigenfunctions of the
Laplacian, Ann. Global Anal. Geom. 19 (2001), no. 2, 133–151, DOI
10.1023/A:1010774905973. MR1826398 ↑117

[Sch90] A. Schiemann, Ein Beispiel positiv definiter quadratischer Formen der Dimen-
sion 4 mit gleichen Darstellungszahlen, Arch. Math. (Basel) 54 (1990), no. 4,
372–375, DOI 10.1007/BF01189584. MR1042130 ↑197

https://doi.org/10.1007/bf01328494
https://www.ams.org/mathscinet-getitem?mr=2456
https://www.ams.org/mathscinet-getitem?mr=4484231
https://arxiv.org/abs/2211.15172
https://www.ams.org/mathscinet-getitem?mr=1462892
https://www.ams.org/mathscinet-getitem?mr=3336925
https://doi.org/10.1070/SM1972v018n02ABEH001766
https://arxiv.org/abs/2304.04047
https://www.ams.org/mathscinet-getitem?mr=4340938
https://www.ams.org/mathscinet-getitem?mr=4590446
https://www.ams.org/mathscinet-getitem?mr=1414899
https://www.ams.org/mathscinet-getitem?mr=72348
https://www.ams.org/mathscinet-getitem?mr=1039364
https://www.ams.org/mathscinet-getitem?mr=1826398
https://www.ams.org/mathscinet-getitem?mr=1042130


318 Bibliography

[Sch97] A. Schiemann, Ternary positive definite quadratic forms are determined
by their theta series, Math. Ann. 308 (1997), no. 3, 507–517, DOI
10.1007/s002080050086. MR1457743 ↑197

[SchYau94] R. Schoen and S.-T. Yau, Lectures on differential geometry, lecture notes pre-
pared by W. Y. Ding, K. C. Chang [G. Q. Zhang], J. Q. Zhong and Y. C. Xu,
translated from the Chinese by W. Y. Ding and S. Y. Cheng, with a preface
translated from the Chinese by K. Tso, International Press, Cambridge, MA,
1994. MR1333601 ↑x, 150, 165, 174

[Ser73] J.-P. Serre, A course in arithmetic, translated from the French, Graduate
Texts in Mathematics, No. 7, Springer-Verlag, New York-Heidelberg, 1973. DOI
10.1007/978-1-4684-9884-4. MR0344216 ↑196
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Mathématique, vol. 33, L’Enseignement Mathématique, Geneva, 1986.
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Szegő–Weinberger inequality . . . . . . . 159

T

Thomas–Reiche–Kuhn sum rule . . . .177
tiling domain . . . . . . . . . . . . . . . . . . . . . . . 91
torsional rigidity . . . . . . . . . . . . . . . . . . . 146
transplantation of eigenfunctions . . .201

U

uniformisation theorem . . . . . . . . . . . . 166
universal inequalities . . . . . . . . . . . . . . 174

V

vanishing order . . . . . . . . . . . . . . . . . . . . 119
variational principle

Dirichlet Laplacian . . . . . . . . . . . . . . . 59
Dirichlet-to-Neumann map . . . . . . 255
Laplace–Beltrami operator . . . . . . . .60
Neumann Laplacian . . . . . . . . . . . . . . 60
quadratic form . . . . . . . . . . . . . . . . . . . 57
Steklov problem . . . . . . . . . . . . . . . . . 218

W

wave equation . . . . . . . . . . . . . . . . . . . . . . . 2
one-dimensional . . . . . . . . . . . . . . . . . . . 3

weak derivative . . . . . . . . . . . . . . . . . . . . . 26
weak solution . . . . . . . . . . . . 31, 32, 37, 42
Weinstock inequality . . . . . . . . . . . . . . .224
Weyl’s conjecture . . . . . . . . . . . . . . . . . . . 87
Weyl’s law . . . . . . . . . . . . . . . . . . . . . . . . . . 82

on a Riemannian manifold . . . . . . .191
Steklov problem . . . . . . . . . . . . . . . . . 230

Y

Yang’s inequalities . . . . . . . . . . . . . . . . . 174
Yang–Yau bound . . . . . . . . . . . . . . . . . . 169
Yau’s conjecture . . . . . . . . . . . . . . . . . . . 117

Z

Zaremba problem . . . . . . . . . . . . . . . . . . . 63



Selected Published Titles in This Series

237 Michael Levitin, Dan Mangoubi, and Iosif Polterovich, Topics in Spectral
Geometry, 2023

235 Bennett Chow, Ricci Solitons in Low Dimensions, 2023

232 Harry Dym, Linear Algebra in Action, Third Edition, 2023
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It is remarkable that various distinct physical phenomena, such as wave propa-

gation, heat diffusion, electron movement in quantum mechanics, oscillations of 

fluid in a container, can be described using the same differential operator, the 

Laplacian. Spectral data (i.e., eigenvalues and eigenfunctions) of the Laplacian 

depend in a subtle way on the geometry of the underlying object, e.g., a Euclidean 

domain or a Riemannian manifold, on which the operator is defined. This depen-

dence, or, rather, the interplay between the geometry and the spectrum, is the 

main subject of spectral geometry. Its roots can be traced to Ernst Chladni’s 

experiments with vibrating plates, Lord Rayleigh’s theory of sound, and Mark 

Kac’s celebrated question “Can one hear the shape of a drum?” In the second 

half of the twentieth century spectral geometry emerged as a separate branch 

of geometric analysis. Nowadays it is a rapidly developing area of mathematics, 

with close connections to other fields, such as differential geometry, mathemat-

ical physics, partial differential equations, number theory, dynamical systems, 

and numerical analysis.

This book can be used for a graduate or an advanced undergraduate course 

on spectral geometry, starting from the basics but at the same time covering 

some of the exciting recent developments which can be explained without too  

many prerequisites.
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